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A unified methodology to solve problems of frictionless unilateral contact as well as

adhesive contact between linear elastic solids is presented. This methodology is based

on energetic principles and is casted to a minimization problem of the total potential

energy. Appropriate boundary integral forms of the energy are defined and the quadratic

problem form of the contact problem is proposed. The problem is solved by the

collocation boundary element method (BEM). To solve the quadratic problem two

algorithms are developed, both being variants of the well-known conjugate gradient

algorithm. The difference between them is given by the explicit construction or not of

the quadratic-problemmatrix. This matrix has the same physical meaning as the stiffness

matrix commonly used in the context of the finite element method (FEM). Both symmetric

and non-symmetric formulations of this matrix are presented and discussed, showing

that the non-symmetric one provides more accurate results. The present procedure, in

addition to its interest by itself, can also be extended to problems where dissipative

phenomena take place such as friction, damage and plasticity. Essential steps of the

numerical implementation are briefly presented and the numerical solutions of some

standard problems of frictionless contact are given and compared to those obtained

by other well-known BEM and FEM procedures for contact problems.

Keywords: unilateral frictionless contact, adhesive contact, linear elasticity, boundary element method, stiffness

matrix in BEM, total potential energy minimization

1. INTRODUCTION

Contact problems (Johnson, 1985), often present in engineering applications, represent one of
the most important and interesting topics of mechanics. Contact between deformable bodies is a
complex and inherently non-linear problem. It is essentially a boundary phenomenon which has a
strong effect on stress and displacement fields in the vicinity of the boundary of the contacting
bodies. Phenomenologically one of the simplest models of contact is given by the Signorini
(1959) contact condition, that imposes the strict non-penetrability of the bodies in contact. After
early studies by Hertz (1896), many contact problems have been solved analytically. However,
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complicated geometries or loads, as well as, more complex
interfacial conditions (e.g., adhesion, cohesion, friction, etc.),
require the use of numerical methods (Wriggers, 2006; Yastrebov,
2013). Unilateral frictionless contact problems for deformable
bodies are usually numerically solved by the finite element
method (FEM) or boundary element method (BEM).

For crack onset and growth modeling (see Panagiotopoulos
et al., 2013; Roubíček et al., 2013), the first two authors with
coworkers developed an energy based procedure implemented
by BEM. In these applications, contact between crack faces
should be considered, hence it is important to present in detail
the theoretical background as well as details of the numerical
procedure for problems of unilateral (i.e., Signorini) and adhesive
frictionless contact. Hereinafter, this framework is referred to as
Energetic approach for the solution of elastic Contact problems by
BEM (EC-BEM).

Unilateral frictionless contact stands for the case where there
is no other material in the interfaces (=contact zones) between
elastic bodies. For this case the (Signorini, 1959) condition
models the exact non-penetrability of the bodies in contact, by
the following relations, Eck et al. (2005):

• The relative normal displacement at the interface cannot be
larger than the initial distance between the bodies in contact.

• Stresses can be transmitted only if contact takes place.
• Only compressive normal tractions can be transmitted

through the contact zone.

Adhesive unilateral contact is represented by bodies connected
across their common interfaces by a continuous distribution of
springs, similar to the Winkler spring model, with (possibly)
distinct normal and tangential elastic stiffnesses whose values
range from zero to infinity.

Several approaches for solving contact problems by BEM
were developed in the past. In engineering literature an
approach based on incremental-iterative procedures was
developed and widely used from the very beginning (see París
and Garrido, 1989; Katsikadelis and Kokkinos, 1993; París
et al., 1995), among others. In this approach successive
increments of load are applied and the Signorini contact
condition is verified in each step by an iterative procedure.
A BEM methodology for frictionless contact problems,
based on the strong formulation of the problem, where the
position of contact zones is defined through geometrical
parameters is presented in Méchain-Renaud and Cimetière
(2000).

In contrast to these approaches, the present approach
for solving frictionless contact problems is based on general
energetic considerations. Usually this approach requires
the minimization of the potential energy under unilateral
constraints on displacements (Gurtin, 1972; Lazaridis and
Panagiotopoulos, 1987; Panagiotopoulos and Lazaridis,
1987), although different approaches may also be found
(see Kalker and Randen, 1972), where instead of the
potential energy the minimum enthalpy principle is employed,
formulated as a boundary integral equations method, valid
for frictionless contact problems in the absence of dissipative
processes.

In the present work the contact problem is modeled
as a quasi-static and rate-independent process, (Wriggers
and Panagiotopoulos, 1972) (neglecting inertial and viscous
forces) for linear elastic solids. In section 2 the energetic
approach employed is presented. In section 3, the energetic
principles formulated in boundary integral forms amenable to
numerical implementation are introduced. A particular BEM
implementation is presented in section 4. A procedure for
computation of matrices in an explicit form that may be used
in quadrature programming algorithms is described in section 5.
Some details for analysis of a possible contact between elastic
bodies, through interface elements, are presented in section 6,
while specific features of the minimization algorithms are
described in sections 7 through 10. Finally, in section 11, results
of two-dimensional multi-region simulations are presented and
compared to solutions obtained by other BEM and FEM
techniques available in the literature, showing that the present
framework is suitable to confront problems of contact between
elastic bodies.

2. THEORETICAL BACKGROUND

Consider a finite number N of linear elastic bodies possibly in
frictionless contact. Let these bodies be represented by mutually
disjoint subdomains �i ⊂ R

2 (i= 1, ...,N) with Lipschitz
boundaries ∂�i=Ŵi (see Figure 1) and the unit outward normal
and tangential vectors νi and τ i, with τ i = (−(νi)2, (ν

i)1).
Let C

(i) denote the elastic stiffness tensor of subdomain
�i, ui(x, t) the time dependent displacements on �i, ei(ui) =
1
2

(

(▽ui)T + ▽ui
)

the small strain tensor, σ i(ui) = C
(i)ei(ui) the

stress tensor, pi(ui) = σ i(ui)νi the boundary tractions, σ i
n =

pi(ui)νi and σ i
t = pi(ui)τ i the normal and tangential component

of boundary tractions, respectively.
Let Ŵi

j ⊂ Ŵi denote the part of the boundary Ŵi which possibly

can contact with �j (j = 0, ...,N and j 6= i), referred to as
potential contact zone of�i with�j. We also consider a possible
contact with a rigid obstacle on a part of Ŵi denoted as Ŵi

0.
We assume that the rest of Ŵi is partitioned into the Dirichlet

and Neumann parts of the boundary, Ŵi
D and Ŵi

N, respectively.
Time-dependent boundary displacement and traction vectors,
uiD(x, t) and piN(x, t), are prescribed on Ŵi

D and Ŵi
N, respectively.

Thus, e.g., any admissible displacement ui(x, t) on �i has to be
equal to the prescribed displacement uiD(x, t) on Ŵ

i
D. Let

ŴD =
⋃

1≤i≤N

Ŵi
D and ŴN =

⋃

1≤i≤N

Ŵi
N. (1)

In the simplest case of conforming or receding contact with a zero

initial gap, Ŵi
j can be equal to Ŵ

j
i , but in general, e.g., in the case

of advancing contact or a positive gap, they do not coincide. The
initial contact zone (in the undeformed configuration) between
subdomains �i and �j, and also the active contact zone (the set
of points on each subdomain which will enter in contact in the

deformed configuration) both should be included in Ŵi
j and Ŵ

j
i .

Specially, Ŵi
j and Ŵ

j
i may be larger than ∂�i ∩ ∂�j for modeling

an advancing contact.
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FIGURE 1 | Schematic illustration of the geometry and of the notation for the

2D case of N = 3 subdomains in contact including a rigid obstacle.

We assume that an intermediate contact surface, denoted as
Ŵij = Ŵji, can be defined for each couple of potential contact
zones, with one-to-one and onto (bijective) and continuous

mappings (projections) between Ŵi
j , Ŵ

j
i and Ŵij. A discretized

version of such mappings is briefly introduced in section 6. A
recent comprehensive revision of different projection techniques
for a general contact configuration can be found in Yastrebov
(2013). Additionally a normal direction is defined at each point

of Ŵij by a unit normal vector νij (= −ν
j
i ) (outward with respect to

�i). Recall that all Ŵi
j , Ŵ

j
i and Ŵij are defined in the undeformed

configuration. In the simplest case of conforming or receding

contact with a zero initial gap, typically, Ŵi
j = Ŵ

j
i = Ŵij.

The contact zone ŴC in the present problem is defined by the
union of all intermediate contact surfaces

ŴC =
⋃

0≤i<j≤N

Ŵij. (2)

The initial normal distance (gap) between some points xi ∈ Ŵi
j

and xj ∈ Ŵ
j
i corresponding each other by the above defined

mappings is given by the scalar gap function gij = (xj − xi)νij
defined on the intermediate contact surface Ŵij. A positive value
of the gap functionmeans an initial separation whereas a negative
value means an initial overlapping between the bodies in contact.
This gap function is denoted as gn on ŴC.

Similarly, we also define [u]ij = uj(xj) − ui(xi) on Ŵij as the
signed difference of displacements (displacement jump) between

some points xi ∈ Ŵi
j and x

j ∈ Ŵ
j
i corresponding each other by the

above defined mappings. The normal and tangential components
[u]n and [u]t on ŴC, respectively, are defined as [u]n = [u]ijν

i
j

and [u]t = [u]ijτ
i
j . According to this definition, [u]n, referred

FIGURE 2 | Constitutive relations for the unilateral frictionless contact

considered.

to as opening, decreases when subdomains�i and�j are getting
closer, and [u]n+gn ≥ 0 should hold. [u]t is referred to as sliding.
Therefore, [u]ij = [u]nν

i
j + [u]tτ

i
j . In fact, the model does not

depend on the chosen orientation, and indices i and j are omitted
when displacement jump is defined on ŴC. The relations between
the components of the tractions and displacement jump on a
unilateral contact surface are shown in Figure 2, which indicates
that σn ≤ 0 if [u]n + gn = 0 (contact), no overlapping being
allowed, whereas σn = 0 if [u]n+gn > 0 (separation), and σt = 0
in both cases.

The elastic strain energy E stored in the volume � =
⋃

1≤i≤N �
i is

E (u) =

N
∑

i=1

E
i(ui) =

N
∑

i=1

∫

�i

1

2
C
(i)ei(ui):ei(ui) d�. (3)

Then, the total potential energy functional, also referred to as the
stored energy functional, is defined as

5(t, u) =







E (u)− W (t, u) if u = uD on ŴD,
[u]n ≥ −gn on ŴC,

∞ elsewhere,

(4)

where, W (t, u) =
∑N

i=1

∫

Ŵi
N
ui(x, t) · piN(x, t) dS gives the work of

external forces in �, the body forces being neglected for the sake
of simplicity.

According to Fichera (1964, see also Kalker and Randen, 1972;
Panagiotopoulos and Lazaridis, 1987), the minimizer u(t) of the
total potential energy functional 5(t, u) at each time t is the
solution of the unilateral frictionless contact considered.

Remark 1 (Adhesive unilateral frictionless contact). We refer to
adhesive unilateral frictionless contact as the case where a
continuous distribution of springs exists on an interface, i.e.,
a contact zone. The normal and tangential elastic stiffnesses
of an interface, κn ≥ 0 and κt ≥ 0, respectively, may have
different values (Figure 3). The interface response is considered
frictionless, since no frictional dissipation of energy is considered,
the tangent stiffness describing an adhesive elastic behavior. The
elastic energy stored in such an adhesive interface (layer) is

EC(u) = ECn(u)+ ECt(u), (5)

Frontiers in Built Environment | www.frontiersin.org 3 November 2018 | Volume 4 | Article 56

https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org
https://www.frontiersin.org/journals/built-environment#articles


Panagiotopoulos et al. BEM Energetic Approach to Contact

FIGURE 3 | Constitutive relations for the adhesive unilateral contact

considered.

where the components corresponding to the normal and
tangential directions, respectively, are

ECn(u) =

{ ∫

ŴC

κn
2 [u]n

2 dS if [u]n ≥ −gn on ŴC,

∞ elsewhere,
(6)

and

ECt(u) =

∫

ŴC

κt

2

[

u
]

t
2 dS. (7)

The total potential energy is augmented by the elastic energy
stored in the adhesive interface layer giving

5(t, u) = E (u)+ EC(u)− W (t, u). (8)

The relations between the components of the tractions and
displacement jump on an adhesive interface layer are shown in
Figure 3, which indicates that σn ≤ 0 if [u]n + gn = 0 (contact),
whereas σn = κn[u]n if [u]n + gn > 0 (separation). Additionally,
σt = κt[u]t in shear. In this case, gn represents the width of
the adhesive layer. If [u]n > 0 then the layer is under tensile
stresses and we do not allow to break it, whereas if [u]n < 0 then
the layer is under compressive stresses and we assume a linear
behavior until the two domains enter in contact, no overlapping
being allowed.

It is easy to realize, that for vanishing interface stiffnesses, κn → 0
and κt → 0, the above described Signorini unilateral contact
model is recovered, cf. Figures 2, 3.

3. ENERGY PRINCIPLES IN BOUNDARY
INTEGRAL FORMS

For given body forces Fi in the elastic domain �i, the following
equilibrium condition holds:

−divσ i(ui) = Fi in�i,

which multiplied by some virtual displacement field ũi and
integrated by parts over�i gives

∫

�i
σ i(ui) : ǫi(ũi) d�−

∫

Ŵi
σ i(ui) · νiũi d x =

∫

�i
Fiũi d�. (9)

This expression may be seen as the principle of virtual work,
for virtual displacements ũi. The dependence of stresses and
subsequently tractions on displacements is explicitly indicated in
the notation used. By assuming zero body forces (Fi=0) (in the
present work) and choosing ũi=ui, the volume integral in (3) is
replaced by the boundary integral

E
i(ui) =

1

2

∫

Ŵi
uipi(ui) dS. (10)

Furthermore, the total potential energy for�i is

5i(t, ui) = E
i(ui)−

∫

ŴN
i
ui(x, t)piN(x, t) dS. (11)

In order to formulate the problem as a quadratic programming
problem involving boundary values only, we further proceed
manipulating (11). Similar formulations may be found in Antes
and Panagiotopoulos (1992) (see chapter 8), where also a proof
of existence and uniqueness of solutions is provided, and in Aour
et al. (2007), however without the extent and the analysis
introduced in the present work.

In the following, the BVP for a sub-domain�i is considered in
a similar way as in Panagiotopoulos et al. (2013). Hereinafter in
this section we will omit superindex i, for the sake of simplicity.
Let uη and pη, respectively, denote the displacement and traction
solutions of this BVP restricted to Ŵη , η = C, D and N, e.g.
uC = u|ŴC and pD = p|ŴD . We study here a mixed-type operator
M which formally assigns (pC, pD, uN) to the known boundary
data (uC, uD, pN) of the original BVP P

O shown in Figure 4, and
may be partitioned using the following block structure as

(
pC
pD
uN

)

=

(
MCC MCD MCN

MDC MDD MDN

MNC MND MNN

)(
uC

uD

pN

)

. (12)

The columns of the aforementioned block operator M are
associated to the sub-problems P

η defined in Figure 4. The
displacement solution of a subproblem P

η is denoted as uη.
From the principle of superposition the displacement solution of
the full problem P

O may be reconstructed by the sum:

u = uC + uD + uN. (13)

In view of (10) and (11), the total potential energy for the mixed
type BVP P

O may be written in an expanded form as

5(t, u)=
1

2

∫

ŴC

uC(u)pC(u)dS+
1

2

∫

ŴD

uDpD(u)dS−
1

2

∫

ŴN

uN(u)pNdS,

(14)

where we tacitly assumed that u fulfills the Dirichlet and
Neumann boundary conditions. By substituting the unknown
data for problem P

O from (12), the total potential energy can
be written as

5(t, uC) =
1

2

(∫

ŴC

uCMCCuC dS+

∫

ŴC

uCMCDuD dS+

∫

ŴC

uCMCNpN dS
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FIGURE 4 | Solution of a mixed BVP PO for a single elastic domain given as a superposition of the solutions of the three sub-problems PC,PD and PN.

+

∫

ŴD

uDMDCuC dS+

∫

ŴD

uDMDDuD dS+

∫

ŴD

uDMDNpN dS

−

∫

ŴN

pNMNCuC dS−

∫

ŴN

pNMNDuD dS−

∫

ŴN

pNMNNpN dS

)

. (15)

From (15) it is clear, that since, at time t, uD and pN are a priori
known prescribed values, the total potential energy is actually a
function of only the contact displacements uC. We further modify
(15) in order to keep the unknown contact displacements uC in
the integrals onŴC part only, by utilizing the following reciprocity
relations between the elastic solutions of P

C and P
N

−

∫

ŴN

pNMNCuC dS =

∫

ŴC

uCMCNpN dS (16)

as well as between the solutions of P
C and P

D,

∫

ŴD

uDMDCuC dS =

∫

ŴC

uCMCDuD dS. (17)

A similar reciprocal relation holds true for the solutions of P
N

and P
D,

−

∫

ŴN

pNMNDuD dS =

∫

ŴD

uDMDNpN dS. (18)

Notice a somewhat surprising presence of the negative sign in
(16) and (18). It should be mentioned that (16), (17) and (18)
hold only approximately in the case of numerical solution of the
pertinent problems.

Substituting the relations (16) and (17) into the expression
(15) gives

5(t, uC) =

∫

ŴC

uC

(1

2
MCCuC+MCDuD+MCNpN

)

dS+
1

2

∫

ŴD

uDMDDuD dS

+
1

2

∫

ŴD

uDMDNpN dS−
1

2

∫

ŴN

pNMNDuD dS−
1

2

∫

ŴN

pNMNNpN dS (19)

The present problem can be defined now in an explicit form as
a quadratic programming problem. By observing here that the
last four integrals in (19) are constant with respect to uC, we
may omit them in the minimization procedure since they do not
have influence on the minimizer of the total potential energy.
This leads to the following simplified expression including only
the variable part of the total potential energy functional (for
the sake of simplicity the notation of this functional is kept the
same):

5(t, uC) =
1

2

∫

ŴC

uCMCCuC dS

︸ ︷︷ ︸

A (uC)

+

∫

ŴC

uC

(

MCDuD(t)+MCNpN(t)
)

dS

︸ ︷︷ ︸

- b(t, uC)

(20)

After a suitable discretization of uC by means of a linear
combination of standard vector shape-functions

uC(x) =

MC∑

i=1

φi(x)ξi (21)
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where MC is the number of displacement degrees-of-freedom
(DOFs), typically nodal values of displacement components, on
the contact zone ŴC. The expression in (20) may be rewritten
as an algebraic representation of the corresponding quadratic
function

5(t, ξ ) =
1

2
ξTAξ − ξTb(t), (22)

where ξ is a vector of the nodal displacements uC on ŴC, and A is
a kind of the boundary stiffness matrix associated to ŴC.

Recall that (20), (21) and (22) refer to a single domain. Then,
the total potential energy for the assemblage of N bodies is
defined as follows

5 =

N
∑

i=1

5i(t, uiC). (23)

This leads to the fact that the algebraic representation of the
total potential energy 5 for the assemblage in of N bodies in
(23) adopts the same form as in (22), however, with the matrix
A defined as a block diagonal matrix formed by the individual
matrices Ai for subdomains�i,

A = block-diag
{

A1, . . . ,AN
}

, (24)

and similarly the vector b defined as a block vector by formed by
the individual vectors bi for�i

bT =
{

(b1)T , . . . , (bN)T
}

. (25)

4. BOUNDARY ELEMENT METHOD

As can be seen, the possibilities for a numerical implementation
of the above framework are quite wide, the key issue is the
approximation of the operators M

i
CC, M

i
CD and M

i
CN for each

subdomain �i. Several numerical methods, such as the finite
element method (FEM) or boundary element method (BEM),
may be utilized. Since the adjacent bodies represented by �i

(i =, 1, . . . ,N), possibly in contact, are linearly elastic, collocation
BEM or symmetric Galerkin BEM provide an intrinsic advantage
herein. In the present implementation, the collocation BEM has
been adopted.

The BEM is closely related to the map between the prescribed
boundary conditions in displacements or tractions and the
unknown boundary displacements or tractions. In pure Dirichlet
and Neumann boundary-value problems (BVPs), these maps are
called Steklov-Poincaré and Poincaré-Steklov maps, respectively,
and BEM can be considered as an approach to discretize these
maps. In the present computational procedure, the role of the
BEM analysis, applied to each subdomain �i separately (which,
in fact, makes this problem very suitable for parallel computers),
is to solve the corresponding BVPs on each �i. For this goal, we
numerically solve the Somigliana displacement identity (see París
and Cañas, 1997; Aliabadi, 2002),

ciml(y)u
i
m(y)+

∫

Ŵi
− uim(x)T

i
ml(x, y) dSx =

∫

Ŵi
pim(x)U

i
ml(x, y) dSx,

(26)

where y ∈ Ŵi and uim(x) and pim(x) denote the m-component
of displacement and traction vectors, respectively. The weakly
singular integral kernel U i

ml
(x, y), two-point tensor field, given

by the Kelvin fundamental solution (free-space Green’s function)
represents the displacement at x in the m-direction originated
by a unit point force at y in the l-direction in the unbounded
linear-elastic medium defined by C

(i). The strongly singular
integral kernel Ti

ml
(x, y), two-point tensor field, represents the

corresponding tractions at x in the m-direction. The coefficient-
tensor ci

ml
(y) of the free-term is a function of the local geometry of

the boundary Ŵi at y, and may be evaluated by a closed analytical
formula for isotropic elastic solids (seeMantič, 1993). The symbol
∫

− in (26) stands for the Cauchy principal value of an integral.
Consider a discretization of the boundary Ŵi by a boundary

element mesh, which is also used to define a suitable
discretization of boundary displacements ui(x) and tractions
pi(x) by interpolations of their nodal values along Ŵi denoted as
ui and pi, respectively. By imposing (collocating) the Somigliana
identity (26) at all boundary nodes (called collocation points) we
set the BEM system of linear equations for Ŵi, typically written as
Hiui = Gipi (see París and Cañas, 1997; Aliabadi, 2002). The
solution of this system provides the unknown nodal values of
boundary displacements and tractions.

In the present computational implementation of BEM,
straight elements with piecewise linear continuous interpolation
for displacements and piecewise linear (possibly discontinuous)
interpolation for tractions are adopted, respectively. On the ŴC

part of the boundaries, usually standard continuous interpolation
for tractions is used.

In the context of BEM, operators M
i
IJ, of (12), with I, J=C,D

and N do not need to be explicitly constructed, since what we
actually need are the resultant tractions or displacements for each
sub-problem, as also shown in Figure 4. Thus, we need to solve
these three sub-problems for each subdomain�i by BEM.

5. EXPLICIT COMPUTATION OF THE
MATRIX A AND VECTOR B

The matrix A in (22) has the physical meaning of a boundary
stiffness matrix for a subdomain. Several established techniques
may be utilized for its computation, a survey of such techniques
based on the BEM may be found in Hartmann (1981) and
Tullberg and Bolteus (1982). Hereinafter a new methodology for
computing A is introduced. This methodology is consistent with
the present energetic approach and leads directly to a symmetric
form of A. From (20), the quadratic form A and linear form b
write as

A (ξ ) =
1

2
ξTAξ =

1

2

MC∑

i,j=1

aijξiξj, (27)

b(ξ ) = ξTb =

MC∑

i=1

biξi, (28)

withMC being the number of displacement DOFs on the contact
zone ŴC.
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Choosing ξ (i) defined as

ξ
(i)
i = 1, ξ

(i)
j = 0,∀j 6= i, (29)

then (27) simplifies to

A (ξ (i)) =
1

2
aii → aii =

MC∑

k,l=1

ξ
(i)
k
ξ
(i)
l

∫

ŴC

φkMCCφl dS. (30)

Solving the above problem P
C by BEM sequentially for all i =

1, . . . ,MC, and by utilizing the first integral of (20), we may
compute all the diagonal components aii of matrix A.

Furthermore, in order to compute the non-diagonal

components aij we choose ξ (i,j) defined as

ξ
(i,j)
i = ξ

(i,j)
j = 1, ξ

(i,j)
m = 0,∀m 6= i, j, (31)

then, similarly to (30),

A (ξ (i,j)) =
1

2

(

aii + ajj + aij + aji
)

=
1

2
aii +

1

2
ajj + aij (32)

=
1

2

MC∑

k,l=1

ξ
(i,j)

k
ξ
(i,j)

l

∫

ŴC

φkMCCφl dS. (33)

Having computed the diagonal elements aii we may compute
from the last equation also the non-diagonal elements,
considering aij = aji, by

aij =
1

2





MC∑

k,l=1

ξ
(i,j)

k
ξ
(i,j)

l

∫

ŴC

φkMCCφl dS− aii − ajj



 . (34)

Similarly, solving the above problems P
D and P

N by BEM, the
computation of vector b is carried out by using the first set of

vectors ξ (i) and computed by the second integral in (20), and its
components are given as

b(ξ (i)) = bi → bi = −

MC∑

k=1

ξ
(i)
k

∫

ŴC

φk
(

MCDuD+MCNpN
)

dS.

A more direct relation of the matrix A to a respective stiffness
matrix could be understood for the case of a single domain where
the whole boundary Ŵ coincides with ŴC (see also section 10).
Although by the procedure described above a direct symmetric
stiffness matrix may be constructed, this matrix was found to
lack the properties of equilibrium and rigid motion representation,
which are satisfied only approximately and although after a mesh
refinement their fulfillment is improved nevertheless they are
not fully satisfied. A further detailed study of the properties of
this matrix is given in section 10. Additionally in section 9,
some alternative modified procedure in order to construct a non-
symmetric matrix A together with the reasoning of its necessity
is proposed and discussed.

6. THE CONTACT DESCRIPTION VIA
INTERFACE ELEMENTS

Usually, a unilateral frictionless contact law is defined by a
geometric condition of non-penetration (also referred to as
compatibility of displacements), a static condition of no tension
and no friction and equilibrium of forces (see Renaud and Feng,
2003). In the context of small displacements deformation, we
may write the non-penetration condition in the normal direction
associated to the surfaces under contact (see below). The exact
portion of the boundaries�i and�j which will really contact, the
so-called active contact zone, is a priori unknown, for this reason

initially we consider Ŵi
j and Ŵ

j
i as potential contact boundaries,

which should include the points of the active contact zone (see
Figure 1).

FIGURE 5 | (A) Interface elements constructed on an intermediate surface between two domains under possible contact, and (B) main and secondary elastic

domains, corresponding nodes and interface elements.
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The establishment of relations that impose the non-
penetration also referred to as Signorini condition, is one of
the most crucial parts of the present formulation. Some of the
BEM formulations for contact problems enforce compatibility
of displacements on one of the domains, while on the other
the equilibrium is enforced (cf. Blázquez et al., 1998b; Graciani
et al., 2005). These equilibrium conditions might be given
in weak sense instead of their strong form (see Blázquez
et al., 1998a). In the present methodology only compatibility
conditions are enforced between the bodies in potential contact,
by establishing the non-penetration condition which include the
evaluation of the displacement jump [u] and gap gn along ŴC,
while the equilibrium of contact tractions arises through the
enforcement of the principle of minimum of the total potential
energy.

The interconnection of the subdomains as well as the
consideration of Signorini kinematical conditions is succeeded
by the intermediate surface discretized by interface elements, as
shown in Figure 5A. Let us consider an intermediate surface
between two bodies. The gap gn, at this surface may be
considered as finite or zero valued. For each node of the
interface elements we define a local reference system and each
relative displacement may have an opening (normal) and sliding
(tangential) component. In the case of contact problems of two
deformable bodies where only small changes in the geometry are
assumed and also themesh of each elastic domain is a conforming
one, it is possible to incorporate the contact constraints on a
purely nodal basis. However, for the general case of nodes being
arbitrarily distributed along the potential contact zone between
two bodies, which can occur, e.g., when automatic meshing is
used for these bodies, further consideration must be taken into
account in the definition of Signorini contact conditions. Such
techniques have been developed in the case of BEM in Blázquez
et al. (1998b), Graciani et al. (2005), Blázquez et al. (2006),
Graciani et al. (2009), and Vodička (2000). Nevertheless, the
necessity of non-conforming algorithms may also occur in small
displacements contact problems and conforming discretizations
as shown in Blázquez and París (2009). The non-penetration
conditions for the case of non-conforming mesh are considered
in the normal direction of the intermediate surface at interface
nodes. Each interface node, related to a pair of the adjacent
BEM node and boundary point, the latter may coincide with a
BEM node or just be located on a BEM element as depicted in
Figure 5B. For the latter case, the displacements of the boundary
point are computed by the respective displacements of the nodes
of this BEM element. The Signorini conditions, that also take into
account a possible initial gap (or a finite thickness of the adhesive
layer) are imposed on the normal displacements of those pairs.
We will write here the conditions taken into account for two
different cases referring to Figure 5B. In the first case, the BEM
node is denoted as im (main) and the adjacent boundary point
coincides with another BEM node denoted as is (secondary), and
the following condition is taken into account:

[

um(im)− us(is)
]

n ≥ −gn(i). (35)

In the next case, the BEM node is denoted as lm (main) and
the adjacent boundary point, denoted as ls (secondary), does not
coincide with any BEM node (see Figure 5B), then the following
condition is taken into account:

[

um(lm)− us(ls)
]

n ≥ −gn(l) ⇒

[

um(lm)−
Lln

Lkn
us(ks)−

Lkl

Lkn
us(ns)

]

n ≥ −gn(l). (36)

The entire set of such equations may be given in a more compact
algebraic form in terms of new variables

fi = cijuj, (37)

where fi is given by the ith constraint expression, cij is the so-
called constraint matrix and uj are the components of normal
displacements on the potential contact zone, which are the
only variables included in the minimization procedure for the
frictionless contact as will be shown in the following section.
The inclusion of the tangential components of displacements on
the contact zone in the case of adhesive frictionless contact is
straightforward and will be omitted here for the sake of brevity.

7. MINIMIZATION OF TOTAL POTENTIAL
ENERGY

As shown in section 2, the contact problem can be formulated as a
minimization problem of the total potential energy functional
defined in (4). In section 3 appropriate boundary integral forms
of this functional were derived in order to generate a pure
boundary value problem, as in (10) or (11), which was further
manipulated in order to derive a quadratic functional in (20).
In section 1 it was assumed, that the problem is a quasi-static
one (neglecting inertial and viscous effects), introducing by this
way a (pseudo)time variable t into the stored energy functional
in (4). Finally, in section 6 it was shown that in order to define
the minimization problem as a simple bound constrained one it is
advantageous to work with variables fi defined by (37). Making a
time discretization by adopting, for simplicity only and without
loss of generality, an equidistant partition of [0,T] with a fixed
time-step τ > 0, assuming T/τ ∈ N, the minimization of
the total potential energy functional defined in (4) leads to the
following (formally written) recursive minimization problem:

minimize F
k(f ) = 5(kτ , u(f ))

subject to f≥− g

}

(38)

to be solved successively for k = 1, ...,T/τ . Here, f is the vector
defined by Equation (37) and g the vector that contains the gap
values.

For the numerical resolution of the above minimization
problem there are two possible approaches, always taking into
account the transformation in (37), the first is to directly
minimize the objective function of type given in (11). In this
case we may use a general algorithm for bound-constraint
optimization problems, such as the L-BFGS-B by Zhou et al.
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(1997). However, it is usually advantageous to solve the problem
as a quadratic one and for this reason we utilize (23) or its
algebraic form as in (22). A variety of algorithms for quadratic
programming may be found in Dostál (2009). Notice that,
using the algebraic form of (22), the problem may be stated
as a Linear Complementarity Problem (LCP), cf. (Gakwaya
et al., 1992; Stavroulakis and Antes, 1997), and may be solved,
for example, by Lemke’s algorithm. For the present EC-BEM
computer implementation, we use a modified conjugate gradient
method which does not need an explicit form of matrix A and
vector b in (22) and directly minimizes (23). Its pseudocode is
given in Table 1. Nevertheless, also the conventional conjugate
gradient method is reproduced in Table 2 following Dostál
(2009). A further discussion on differences between these two
variants of the conjugate gradient algorithm is given in section 9.

Regardless of the minimization algorithm we use, except if it
would be a derivative free algorithm, we always need to calculate

TABLE 1 | (M1) Conjugate gradient method (CG) adapted for EC–BEM.

Given a quadratic form A (x) and a linear form b(x)

with x ∈ R
n

Step 0. {Initialization.}

Choose x0 ∈ R
n, set g0 = A ′

x (x
0)− b′x (x

0),

p1 = g0, k = 1

Step 1. {Conjugate gradient loop.}

while ‖ gk−1 ‖> ǫ

Solve BEM for displacements pk on ŴC

αk =‖ gk−1 ‖2 /A (pk )

xk = xk−1 − αkpk

gk = gk−1 − αkA ′
x (p

k )

βk =‖ gk ‖2 / ‖ gk−1 ‖2

pk = pk−1 − βkpk

k = k + 1

end while

Step 2. {Return the solution.}

x̂ = xk

TABLE 2 | (M2) Conjugate gradient method (CG).

Given a matrix A

and a vector b with x ∈ R
n

Step 0. {Initialization.}

Choose x0 ∈ R
n, set g0 = A x0 − b, p1 = g0, k = 1

Step 1. {Conjugate gradient loop.}

while ‖ gk−1 ‖> ǫ

αk =‖ gk−1 ‖2 / 12 (p
k )T Apk

xk = xk−1 − αkpk

gk = gk−1 − αkApk

βk =‖ gk ‖2 / ‖ gk−1 ‖2

pk = pk−1 − βkpk

k = k + 1

end while

Step 2. {Return the solution.}

x̂ = xk

the partial derivatives of the potential energy5. An alternative to
compute these derivatives would be to use finite differences but
such an approach was proved to be extremely time consuming.
For this reason, we set up an analytical computation of derivatives
of5. By applying the chain rule of differentiation we obtain

∂5

∂fi
=
∂5

∂uj

∂uj

∂fi
, (39)

and by inverting (37)

ui = rijfj, (40)

where rij = (c−1)ij, which substituted into (39) leads to

∂5

∂fi
=
∂5

∂uj
rji. (41)

Having established the quadratic formula for (23), the derivatives
in (41) can be easily defined. In section 8 we give a more general
treatment on how to define the derivatives of the total potential
energy (11) with respect to a displacement component.

8. DERIVATIVES OF THE TOTAL
POTENTIAL ENERGY WITH RESPECT TO
DISPLACEMENTS

When the minimization problem (38) is formulated as a
quadratic programming problem, derivatives of 5, for a single
domain, with respect to the degrees-of-freedom (DOFs) of
displacements uC on the potential contact zone can be easily
computed.

However, we might also treat the minimization problem as
a general one. In that case we might need the derivatives of
5 as given in (11). The total potential energy functional 5
from (11), for a single domain, is a function of u defined on
Ŵ, but it also contains the tractions p, which are functions of
displacements, i.e., p(u), and for this reason the derivatives with
respect to u cannot be computed in a straightforward manner.
The displacement and traction variables, according to the BEM
formulation, are discretized for x ∈ Ŵ as

u(x) =
∑

i

φi(x)ui, (42a)

p(x) =
∑

i

ψi(x)pi, (42b)

where φi(x) and ψi(x) are the vector shape-functions associated
to DOFs i defining the boundary values of displacements and
tractions, respectively. The partial derivative of the total potential
energy with respect to a DOF ui is the functional derivative with
the test function being the vector shape-function φi associated to
this DOF

∂5(u)

∂ui
= lim
δui→0

5
(

u+ φi(x) δui
)

−5(u)

δui
, (43)
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where utilizing (11) leads to

5
(

u+ φi(x) δui
)

=

1

2

∫

Ŵ

p
(

u(x)+ φi(x)δui
) (

u(x)+ φi(x)δui
)

dx

−

∫

ŴN

(

u(x)+ φi(x)δui
)

pN dx =

1

2

∫

Ŵ

(

p
(

u(x)
)

u(x)+ p
(

u(x)
)

φi(x)δui + p
(

φi(x)
)

u(x)δui

+ p
(

φi(x)
)

δu2i φi(x)
)

dx

−

∫

ŴN

(

pNu(x)+ pNφi(x)δui
)

dx, (44)

where the linearity of the tractions p(u) with respect to the
displacements u was used. Note that the term in the above
integral which includes a higher order term (δu2i ) is dropped out
in the limit in (43). Introducing the above expression in (43) leads
to

∂5(u)

∂ui
=

1

2

∫

Ŵ

(

p
(

u(x)
)

φi(x)+ p
(

φi(x)
)

u(x)

)

dx

−

∫

ŴN

pNφi(x) dx =

∫

Ŵ

p
(

u(x)
)

φi(x) dx

−

∫

ŴN

pNφi(x) dx, (45)

where the reciprocity between the two states:
(

(u(x), p
(

u(x)
))

and
(

φi(x), p
(

φi(x)
))

was used. Equation (45), after introducing
also (42b) (actually the tractions computed by the (numerical)
solution of the Dirichlet problem with the boundary conditions
given by u on Ŵ), will result in the following formula, for a single
domain, appropriate for the EC-BEM implementation:

∂5(u)

∂ui
=

∫

Ŵ

ψj(x)φi(x)pj dx−

∫

ŴN

ψj(x)φi(x)pNj dx. (46)

The integration in (46) does not need to be extended all over
the boundary Ŵ since ψj and φi are local vector shape-functions
whose support is given only by the boundary elements associated
to the DOFs j and i, respectively. Taking also into account that,
for the minimization problem under study, the relevant DOF are
associated to ŴC and their support is a part of ŴC, supp φi ⊂ ŴC,
Equation (46) can be further simplified as

∂5(u)

∂ui
=

∫

Ŵ

ψi(x)φi(x)pi dx. (47)

This expression gives the relevant numerically computed
gradient of the potential energy in the present problem in terms
of the numerically computed boundary tractions on ŴC.

9. A CRITICAL COMPARISON OF
ALGORITHMS M1 AND M2

In Tables 1, 2 of section 7, two variants of the conjugate gradient
method considered, M1 and M2, respectively, were described

by pseudocodes, where M2 is the original version introduced
byDostál (2009). Themain difference between these two variants,
is that in M1 we do not explicitly calculate the matrix A, since
instead of using the vector-matrix-vector product 1

2x
TAx and

the matrix-vector product Ax, we use the quadratic form A (x)
and the derivative A

′(x). In reference to M2, we initially need
to compute the matrix A, as it is described in section 5 (actually
it is the Step 0 in Table 2), which might be time consuming,
but then the rest of the procedure, that is actually the conjugate
gradient loop, showed to be fast enough. On the contrary, for
M1 the initialization (Step 0) is direct and fast, however each
time we need to compute the value of the quadratic form A (x)
and its derivative A

′(x), that is in each kth step of the conjugate
gradient loop (Step 1 in Table 1), a BEM solution is required.
Nevertheless, the influence BEM matrices need to be computed
only once, for all the iterations and time steps. Additionally,
having decomposed the matrix of the linear algebraic system of
equations produced by BEM (e.g., by LU- or QR-decomposition),
each time that the solution of this system is required, only a
back-substitution takes place.

Details of the algorithms for constrained minimization
problems can be found in Dostál (2009). In this work, for
both variants of the conjugate algorithms, we employed Polyak’s
algorithm for bound constrained minimization (Algorithm 5.2
in Dostál, 2009), for which the number of iterations is bounded
by Ñ= n22n, while for the standard conjugate gradient algorithm
by N= n, with n being the number DOFs, i.e., the order of the
matrix A. However, according to Dostál (2009), this bound for
Polyak’s algorithm may be considered too pessimistic.

It was found, in this work, that in M2 the usage of the
symmetric matrix described in section 5, leads to exactly the
same results for the energy calculation as in M1, i.e., A (x) =
1
2x

TAx. However, the accuracy of the results for displacements
and tractions was worse in M2 using the symmetric matrix than
in M1, especially for points near a change of boundary condition
type (that is fromŴC toŴN). Previously, similar observations were
made in BEM by de Paula and Telles (1989) and Tullberg and
Bolteus (1982), when the symmetric stiffness matrices was chosen
instead of the non-symmetric one. We conclude that the source
of this lose of accuracy in our context is because the numerically
computed derivatives (gradient) of the quadratic form used in
M1 and M2 may be quite different, i.e., A

′(x) 6= Ax, when
the symmetric matrix A is used in M2 and if in M1, instead of
computing explicitly the gradient of the quadratic form, we use
its expression in terms of the boundary tractions according to
section 8. In order to overcome this difficulty in M2 application
we proceed to construct a consistent non-symmetric matrix Ã for
its usage in M2.

In Antes and Panagiotopoulos (1992), it is claimed that the
stiffness matrix constructed by BEM should be symmetric due
to Betti’s theorem, and not because of the numerical method
used to compute the unit displacement response. This might
be equivalent with our consideration here, that the reciprocity
statements in the context of a numerical implementation of BEM
are only approximately valid. In order to construct the non-
symmetric matrix Ã, we solve by BEM a problem, for each ith
DOF of displacements on ŴC, such that each time this is the only
non zero component and equal to the unit value. The ith column
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of the Ã matrix consists of the derivatives ∂A
∂uj

, with uj being a

DOF of displacements on ŴC.
It can be shown, and also it was numerically verified, that

the matrix A of section 5, is the symmetric part of matrix Ã

constructed here, i.e., A = ÃT+Ã
2 .

10. PROPERTIES OF THE SYMMETRIC
AND NON-SYMMETRIC BEM MATRICES: A
AND Ã

As mentioned in Table 2, the matrix A is assumed to be
symmetric and positive definite. However, it is well known
that it is possible to apply the conjugate gradient method
of Hestenes and Stiefel (1952) also to non-symmetric systems
after a minor modification of the method (e.g., solving ÃTÃξ =

ÃTb instead of Ãξ = b). The well established and reported
fact of a convergence property reduction in the conjugate
gradient method for nonsymmetric, Saad and Schultz (1985), and
general inconsistent systems, Axelsson (1980), did not have any
significant influence on the numerical examples studied here. The
linear system matrix computed by the collocation BEM, using
the procedure described in section 5, may not be positive definite
even if it is symmetric. Actually, this is the case when the Dirichlet
and potential contact boundary parts, ŴD and ŴC, are empty,
whereas a non-empty Dirichlet part guarantees also the positive
definiteness.

In order to numerically explore properties of the eigensystem
of the BEM system matrix, we consider a circular elastic body
of radius r= 5.0, whose Young’s modulus is E= 1000.0 and
Poisson’s ratio ν = 0. Assuming the entire boundary of the
body as a potential contact zone, i.e., ŴC =Ŵ, we construct the
matrix A as described in section 5, and compute its eigenvalues
and eigenvectors. It is observed that three small, possibly
negative, eigenvalues exist which approximate the theoretically
zero eigenvalues associated to the three rigid body motions of
the circular domain. Two negative eigenvalues have almost equal
value of −6.116E-6, and correspond to translations, whereas the
third one is several orders of magnitude smaller, taking the value
of 7.395E-9 and corresponds to a rotation. In Figure 6 deformed
shapes given by some eigenvectors of the matrixA are plotted, for
the above defined circular body. Note that for n nodes we have 2n
kinematic DOFs and eigenvectors.

In Figure 7 (left) it is shown how the theoretically
zero eigenvalues associated to rigid body translations are
approximated by the two equal and small (possible negative)
eigenvalues of the symmetric and non-symmetric BEM matrices
A and Ã, respectively, for a refinement of the boundary
element mesh. The absolute values of the numerically computed
eigenvalues are plotted in logarithmic scale. These eigenvalues
are negative for the symmetric matrix A. Recall that the number
of nodes is one half of the number of DOFs. We may observe
that these two small eigenvalues are numerically zero regardless
discretization in the case of the non-symmetric matrix Ã. Thus,
the symmetric matrix A describes the rigid body motions only
approximately (an approximation which is improved with a
mesh refinement), while in the case of the non-symmetric matrix
Ã these rigid body motions are well represented. Finally, in

Figure 7 (right) the largest and smallest positive eigenvalues for
a mesh refinement are plotted, for both matrices A and Ã, a very
good agreement being observed.

In order to numerically study the influence of the application
of A instead of Ã in BEM calculations, we present the following
trivial example whose solution is a rigid body translation. A
quadrangular domain is considered with zero tractions on the
right and left sides, thus they belong to ŴN. On the upper
side, which belongs to ŴD, positive normal displacements (in
the outward normal direction) are prescribed together with
zero horizontal displacements. The bottom side is in frictionless
contact with an obstacle, thus it belongs to ŴC. This problem is
quite trivial, since the solution is a rigid body translation in the
vertical direction with zero tractions along the whole boundary
of the domain. Recall, that in the present computational
implementation, both displacements and tractions along the
bottom side are considered as unknowns. Figure 8 (left) shows
that numerically zero horizontal displacements are obtained, and
similarly Figure 8 (right) shows that the vertical displacements
accurately represent the rigid body translation by applying the
methodM1, and also by applying the methodM2 where however
the non-symmetric matrix Ã is used. On the other hand, when
the symmetric matrix A is used in the method M2, both results
for horizontal and vertical displacements are not so accurate
although they improve with the mesh refinement. The main
difference from the exact solution is observed near the corners
where ŴC intersects with ŴN.

11. NUMERICAL EXAMPLES

A numerical implementation of EC-BEM for both cases of
contact was accomplished using an in-house BEM software
(Panagiotopoulos, 2017) developed, mainly by the first author,
in Java programming language. Linear continuous elements with
two nodes are used for the analysis of several examples assuming
plane strain conditions. The results obtained by this code are
compared with the results obtained by 2D BEM codes developed
previously by Blázquez et al. (1998a,b, 2006), and Graciani
et al. (2005) in which standard techniques of BEM for contact
problems essentially based on the so-called displacement and
load scaling techniques (recently also referred to as Sequential
Linear Analysis, SLA) (París and Blázquez, 1994) are deployed,
as well as by the commercial FEM code ANSYS.

The energetic implementation of the first case of contact
described, the Signorini contact, is tested in section 11.1 by
solving two problems: one of them with receding contact, in
section 11.1.1, and another with advancing contact in section
11.1.2. The case of adhesive unilateral contact is tested in section
11.2 with a similar problem to that used as example of receding
contact to test the numerical solution of the Signorini contact
problem.

11.1. Numerical Examples to Test the
Signorini Contact Implementation
11.1.1. A Case of Receding Signorini Contact
The first problem studied is shown in Figure 9. The geometry
is composed by two rectangular solids �1 and �2 in frictionless
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FIGURE 6 | Some of the eigenvalues and the corresponding eigenvectors of the symmetric BEM matrix A represented by the deformed shapes for the circular body.
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FIGURE 7 | Left: Absolute values of the two equal and small eigenvalues (associated to rigid body translations) of the BEM matrices A and Ã for a mesh refinement.

Right: The largest and smallest positive eigenvalues of A and Ã for a mesh refinement.

FIGURE 8 | Numerical results along the contact zone, for the trivial contact problem whose solution is a vertical rigid body translation. Left: Horizontal displacements,

ũ1 represents the exact zero horizontal displacement. Right: Vertical displacements, ũ2 represents the exact vertical displacement.

contact. The shorter rectangle�1, located below, has dimensions
(L7 + L8 + L9) × h1, see Table 3 for lenght values. Vertical
and horizontal displacements are restrained, respectively, along
a horizontal segment of length L1 at the lower edge and the
lower-left corner of the rectangle. A larger rectangle �2 with
dimensions

∑6
i=1(Li) × h2 is located at the top. Its vertical and

horizontal displacements are restrained, respectively, along an
horizontal segment at the lower edge and the upper-right corner.
In addition, a uniform vertical displacement uD is imposed
along a segment with dimension L3 at the upper edge of this
rectangle. A segment of length L8 along the common edge of
both solids is defined as potential contact zone, while L7 and L9
are assumed to be traction free zones, since separation of the
solids is expected, thus, no interpenetration of solids happens
along L7 and L9. The material of both solids is assumed to be
linear elastic and isotropic with properties of aluminum shown
in Table 3.

In the case of the BEM models presented below, the mesh
used is set by the number of elements ni with i= 1, 2, ..., 9

FIGURE 9 | Representation of the receding problem studied: Two beams in

contact, �1 and �2, subjected to bending.

corresponding to the segment of length Li and nh1 and
nh2 corresponding to the segments with lengths h1 and h2
respectively. Element length is constant along each segment. In
the case of the FEM model, solids are meshed in such a way
that the nodes along their edges coincide with those in BEM
models. Values for the different meshes used here are presented
in Table 4.
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TABLE 3 | Geometry, elastic properties and the imposed displacements.

Model A B

L7 (m) 0 0.32

L8 (m) 0.8 0.1

L9 (m) 0 0.38

uD (mm) 0.035

E1 = E2 (GPa) 70

ν1 = ν2 0.35

L1 (m) 0.1

L2 (m) 0.55

L3 (m) 0.1

L4 (m) 0.05

L5 (m) 0.5

L6 (m) 0.1

h1 (m) 0.05

h2 (m) 0.05

TABLE 4 | Values for the variables ni .

Mesh: 1 2 3 4

n1 20 20 20 20

n2 110 110 110 110

n3 20 20 20 20

n4 10 10 10 10

n5 100 100 100 100

n6 20 20 20 20

n7 0 64 64 64

n8(�1) 160 20 20 60

n8(�2) 160 20 40 120

n9 0 76 76 76

nh1 10 10 10 10

nh2 10 10 10 10

Along the potential contact zone defined between both solids,
two distinct types of contact are considered: (a) unilateral
frictionless Signorini contact analyzed in this section, as well as
(b) adhesive unilateral frictionless contact shown in section 11.2.

Firstly, computation is carried out taking the model A with
the mesh 1 (see Tables 3, 4 respectively). The boundary of the
domain �1 is discretized by 340 elements, and that of �2

by 580 elements. The EC-BEM computation works with 160
interface elements along the segment denoted as L8, requiring the
optimization of a quadratic problem of 322 DOFs. Note that n8 in
Table 4 is the same for both solids, so themesh along the potential
contact zone is conforming.

The model is solved by applying the above algorithm.
Figure 10 shows the deformed shape, with the scale factor of 500,
predicted by the EC-BEM. Note that the potential contact zone is
divided into three regions: two segments at both extremes of the
initial contact zone where both solids are separated and an active
contact zone in the central segment.

The numerical results along the potential contact zone are
of most interest. Figure 11 shows the normal tractions and

relative normal displacements along this boundary part. The
central region has compressive tractions and null opening, as
expected. On the contrary, normal tractions are almost zero
along the regions with a positive relative normal displacement.
It is interesting to recall that, in any iteration, during the
minimization in the EC-BEM procedure the initial potential
contact zone is assumed as a Dirichlet boundary part. According
to this, the simultaneity between compressive tractions and null
opening or null tractions and positive opening is not explicitly
imposed by the algorithm used, as in most contact algorithms.
However, the results obtained show that these conditions are well
predicted by the energy optimization procedure.

Results from the EC-BEM algorithm described here are
compared in Figure 12 with the results computed for the same
problem with a classic point method algorithm implemented
in BEM and the code ANSYS using an Augmented Lagrange
algorithm. Note that the agreement between the predictions is
accurate in spite of the strong qualitative difference between
the different algorithms. The most significant difference is the
presence of fictitious oscillations predicted by the EC-BEM at
the extremes of contact zone, which do not appear in other
numerical results. Also in Figure 12, a second solution obtained
by the EC-BEM algorithm and a finer mesh (mesh 2 in Table 4),
where additionally a reduced potential contact zone (model B)
was assumed, is shown. As can be seen there, the oscillations
are reduced, together with the maximum values of the fictitious
tensional tractions.

Previous results were obtained using conforming meshes
along the potential contact zone. Results obtained with non-
conforming meshes are presented in the following. However,
strategies presented here for non-conforming meshes are very
simple, more advanced formulations may be combined with
the present framework for contact problems using energetic
principles.

In order to evaluate the influence of a non-conforming mesh
on the results obtained by the present algorithm, a computation
with the model B and the mesh 3 (see Tables 3, 4 respectively)
is carried out. Mesh 3 as well as mesh 4, which have a reduced
potential contact zone given by L8, are defined in view of results
of the previous analysis. The number of elements along the
potential contact zone of�2 (top) is twice that of�1 (bottom).

As can be seen in Figure 13-top, the normal tractions along
the contact boundary of �2, which is the one with finer mesh,
present some oscillation around the smooth solution of tractions
of �1. This behavior does not depend on the choice of main
and secondary domain, a distinction which actually is just
auxiliary. Note that, this oscillatory behavior reduces with mesh
refinement. In order to observe the reduction of these oscillation,
a finer mesh, at the contact boundaries, is employed (mesh 4
in Table 4), maintaining the ratio of number of elements at
both sides of the contact zone. Figure 13-bottom shows the
comparison of tractions along the boundary of�2 for the coarser
and finer mesh. Note that these oscillations are slightly reduced.

11.1.2. A Case of Advancing Signorini Contact
The indentation of a half cylinder against an elastic foundation is
considered. This is an advancing contact problem as the length of
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FIGURE 10 | Deformed shape for example A with Signorini contact, with the scale factor of 500.

FIGURE 11 | Normal tractions and the relative normal displacements

computed along the potential contact zone by the algorithm EC-BEM, for both

domains �1 and �2.

FIGURE 12 | Comparison of tractions computed along the contact zone by

the algorithm described here (EC-BEM) and the point method with BEM

(PM-BEM) and the FEM code ANSYS using an Augmented Lagrange

algorithm. The EC-BEM solution corresponds to model A with Mesh 1, while a

finer one also included here, for model B with Mesh 2 (see Tables 3, 4,

respectively).

the contact zone depends on the value of the prescribed loading.
The problem geometry, shown in Figure 14, is composed by a
rectangle with dimensions L1 × h1 and a half circle with radius

FIGURE 13 | Normal tractions computed along the potential contact zone by

EC-BEM, for both domains and for two non-conforming Meshes 3 and 4 of

Table 4, with uD = 0.035 mm.

h2. The potential contact zone is defined by the length L2 and the
angle φ for the rectangle and the circle respectively. Vertical uD
and null horizontal displacements are imposed along the whole
straight edge of the half circle.

Linear elastic and isotropic behavior is assumed for both
solids, values of Young’s moduli E and Poisson’s ratios ν
being given in Table 5, where also the geometrical dimensions
can be found. The number of elements along each boundary
part are detailed in Table 6. Frictionless Signorini contact
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FIGURE 14 | A half elastic cylinder on an elastic rectangle.

TABLE 5 | Geometry, elastic properties and imposed displacements.

Model A B

uD (mm) 37.5 37.5

E1 = E2 (GPa) 70 70

ν1 = ν2 0.35 0.35

L1 (m) 1.5 1.5

L2 (m) h2 sinφ h2 sinφ

h1 (m) 0.75 0.75

h2 (m) 0.75 0.75

φ (◦) 18 45

TABLE 6 | Values for the variables ni defining the different meshes.

Mesh 1 2 3

n1 13 26 94

n2 6 12 100

nh1 7 13 47

nh2 7 13 47

nφ 6 12 100

n90◦−φ 8 16 53

nL1−L2 11 22 61

is considered on the potential contact zone. Due to the
fact that this is an advancing contact problem, we are
interested in tracking the evolution of the load, which is a
non-linear function of the prescribed displacements. In the
numerical solution the vertical displacement is introduced
by increasing 10 times this displacement in a monotonic
way leading to the value uD shown in Table 5 at the
step 10.

The problem is solved using the EC-BEM code described
above with the mesh 1 (see Table 6), where n1, n2, nh1 and nφ
correspond to the number of elements on the boundary part
defined by L1, L2, h1 and φ respectively. n90◦−φ is the number of

FIGURE 15 | Deformed shape predicted by EC-BEM for Mesh 1 of Table 6.

elements along the arc of the half cylinder which is not a potential
contact zone and nL1−L2 is the number of elements at the two
parts of the upper edge of the rectangle which are not potential
contact zones.

The deformed shape predicted by this code is represented in
Figure 15. Consequently, as expected, the vertical displacement
imposed on the half circle results in its indentation onto the
rectangle. A part of the potential contact zone is in active
contact.

In a similar way to the example described in section 11.1.1
and for comparison purposes, the problem is solved by the BEM
code implementing a classic algorithm of contact by Blázquez
et al. (1998a, 2006). The results of the deformed shape around
the contact zone for both meshes in Table 6 are represented
in Figure 16. Results obtained by the codes using different
meshes (see Table 6) and distinct lengths of the potential contact
zone (see Table 5). The aim of this figure is to compare both
algorithms, and, for that reason, results obtained with the same
mesh are grouped. Macroscopically both solutions for EC-BEM
and PM-BEM show a very good agreement. However, it is
interesting to see in the detailed plot of solutions for mesh 1,
plotted in Figure 17, that results for EC-BEM, even for this
coarse mesh, show a very good agreement with the Reference
solution.

A comparison of tractions along the potential contact zone
predicted by EC-BEM, PM-BEM and the reference solution is
represented in Figure 18. In this figure, unlike those described
previously, results are grouped by the method, in order to
evaluate the influence of the mesh on the results for each method.
Notice that both codes present more accurate results for finer
meshes, thus confirming the expected solution convergence with
mesh refinement.

The resultant force along the upper part ŴD of the half
cylinder can be estimated from the results of tractions predicted
by both methods. In particular, we focus on the vertical
component Fy of this force because it is the only one which
produces work since horizontal displacements are zero by the
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FIGURE 16 | Comparison of the deformed boundaries around the contact

zone predicted by EC-BEM, for two different meshes (Mesh 1 and 2 of

Table 6 in the top and bottom plot, respectively) with the Reference solution

by PM-BEM (using Mesh 3 of Table 6).

boundary conditions. This value is calculated by the integration
of stresses over ŴD,

Fy =

∫

ŴD

σyydx (48)

where σyy represent the normal tractions at the nodes. The
integral is calculated by a standard quadrature.

The values of the resultant force Fy, calculated for the 10
steps by both codes, are represented in Figure 19 as a function
of the vertical displacement imposed. Both codes predict that
stiffness is increasing with the vertical displacement, as typical
for the Hertz contact problems. The reason is that the contact
zone between both solids is enlarging, with a consequence that
the global system becomes stiffer.

FIGURE 17 | Detailed comparison of the deformed boundaries around the

contact zone predicted by EC-BEM and PM-BEM for coarse meshes (Meshes

1 and 2 of Table 6) together with the Reference solution by PM-BEM (using

Mesh 3 of Table 6).

11.2. Numerical Examples to Test the
Adhesive Contact Implementation
This section aims to compare the results obtained by the energetic
approach and commercial FEM code (ANSYS, 2010) in the case
of the elastic contact described in section 2. To this effect, the
problem of receding contact studied above is solved again, this
time with the contact conditions of the adhesive elastic contact.

The problem represented in Figure 9 is studied with the
properties of model A, see Table 3, and the mesh 1, see Table 4.
The stiffness parameters, assumed for this example, are κn=150
GPa/m and κt=0.

Results from the EC-BEM computations for displacements
and tractions along the boundary between both solids are
presented in Figure 20. As expected, zones with tensions
correspond to positive relative displacements (external zones for
example) and zones with compressions correspond to vanishing
relative displacements (zones adjacent to the previous ones). In
this case, a strongly complex zone is predicted at the center of the
boundary, which will be studied below.

For comparison purposes, the problem is solved using the
FEM code (ANSYS, 2010) setting the contact properties in the
following way:

• Contact behavior: No separation (always)
• Contact: Surface to surface
• Contact algorithm: Penalty method
• Contact detection: At nodal points (normal from contact

nodes)
• Opening contact stiffness (KFOP): κn

Results for tractions in the solids obtained by ANSYS and
the EC-BEM code are compared in Figure 21. In the upper
figure we can observe that the agreement along the four zones
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FIGURE 18 | Comparison of the normal tractions computed by EC-BEM and

PM-BEM along the interface for different meshes.

described above is accurate. It is interesting to focus on the
zone in the middle of the boundary where tractions looks
like vanishing at the scale of the upper figure. Lower figure
shows the complexity of this zone, which is composed by two
lateral regions where both solids are separated and a central
region where both solids are under contact (compression). The
agreement between both results is reasonable in spite of the very
small scale compared to the tractions obtained on the whole
boundary.

A subsequent analysis is carried out by multiplying the
displacement uD by 100 without modifying any other parameters
in both codes. In this case, the results from the energetic
approach presented here remain qualitatively similar, whereas
the results from ANSYS present some problems to match
the complex central zone. To the knowledge of authors, this
could be solved by modifying some of the values of the key-
options which configure the contact algorithm of ANSYS. This
shows the robustness of the energetic approach compared to
other contact algorithms, where convergence depends on the
value of certain non-physical parameters of the numerical
model.

FIGURE 19 | Force Fy predicted by both methods as a function of the

imposed vertical displacement uD.

FIGURE 20 | Normal tractions and normal relative displacements along the

potential contact zone in the example of Figure 9 with the adhesive elastic

contact computed by EC-BEM, and with uD = 0.035 mm.

12. CONCLUDING REMARKS

A novel approach for contact problems of elastic bodies was
presented. This method is based on the energy principles
expressed by boundary integrals. The solution of contact
problems is obtained by the minimization of the total
potential energy. Appropriate algorithms to solve the
quadratic problems were presented. The cases of conforming
as well as non-conforming meshes for contact zone were
addressed.

Numerical examples, showing the suitability of the present
framework to solve typical contact problems were examined,
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FIGURE 21 | Comparison of the normal tractions computed by EC-BEM and

ANSYS for the adhesive elastic contact, with uD = 0.035 mm.

and also successfully compared to other well established BEM
methodologies as well as a commercial FEM code.

The proposed framework can be easily incorporated to
existing BEM or FEM codes. Possible extension to the case
of elastodynamics, where instead of the principle of virtual

work we may use the principle of virtual power in order

to compute the total energy (kinetic plus elastic), using only
boundary values, of tractions and velocities, is possible. For
this it might be convenient to utilize a formulation such
as that introduced in Panagiotopoulos and Manolis (2010,
2011).

Finally, the present framework is found to be very useful
in the case where also dissipative mechanisms exist on the
boundaries or common interfaces of elastic bodies. In such cases
we may apply energetic approaches to solve the corresponding
non-linear problems as was shown in previous publications
by some of the present authors (e.g., Panagiotopoulos et al.,
2013).
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