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Abstract

This talk will connect two combinatorial topics:
lattice paths and matroids. Particular attention
will be given to Catalan paths and the correspond-
ing Catalan matroids, as well as to several natu-
ral generalizations. In particular, we will show
that the Tutte polynomial of the n-th Catalan ma-
troid is a two-variable polynomial counterpart of
the n-th Catalan number, and we will show that
the coeflicients of the Tutte polynomial give a re-
fined enumeration of Catalan paths according to
two basic lattice path parameters. In addition to
establishing connections between these fields and
giving lattice path interpretations of some of the
most important invariants of matroids, this work
also leads to new and attractive theorems about
lattice paths.

All of the background in matroid theory that
is needed to understand this talk will be provided.

There are many well-known connections
between matroid theory and enumeration (see,
for example, [1, 3]). For instance, the chro-
matic and flow polynomials of graphs are spe-
cial evaluations of the Tutte polynomial; the
general setting for studying Tutte polynomials
is matroid theory. Likewise, from the Tutte

polynomials of certain matroids, one can ob-
tain the number of acyclic orientations of a
graph, the number of regions of an arrange-
ment of hyperplanes, and the weight enumera-
tor of a linear code. The study of lattice paths
is a branch of enumerative combinatorics for
which connections with matroid theory have
only recently been discovered; these connec-
tions will be the focus of this talk.

Catalan paths are the lattice paths that
go from (0,0) to (n,n), that use East and
North steps of unit length, and that do not
go above the line y = z; such paths are enu-
merated by the Catalan numbers 1, 1, 2, 5, 14,
42,132, 429, ..., which are given by

C, = 1 <2n>
n+1\n

The k-Catalan numbers are a natural and well-
studied generalization of the Catalan numbers

given by
1 (k+1)n
k
Cn = kn+1( n )

This sequence enumerates the k-Catalan
paths, that is, the lattice paths that go from
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(0,0) to (kn,n), that use East and North
steps, and that do not go above the line y =
z/k. We show that there is a natural bijec-
tion between the Catalan paths from (0, 0) to
(n,n) and the bases of a certain rank-n ma-
troid on 2n elements, the n-th Catalan ma-
troid. We also develop a counterpart for k-
Catalan paths. This is further generalized, as
we describe next. Assume we have two lattice
paths, P, and P,, that use East and North
steps, that go from (0,0) to (m,n), and such
that P, never goes above P,. Let P be the
collection of lattice paths that use East and
North steps, that go from (0, 0) to (m,n), and
that go neither above P; nor below P,. There
is a natural bijection between P and the bases
of a certain matroid.

As is true of the other connections be-
tween enumeration and matroid theory cited
above, the Tutte polynomial plays a central
role in this work. While computing Tutte
polynomials is very hard in general, certain
structural features of the Catalan matroids
and some of their generalizations make these
Tutte polynomials relatively easy to compute.
The coefficients in these polynomials have
simple descriptions in terms of lattice paths.
Among the results we will discuss in the talk is
the following theorem for k-Catalan matroids.

Theorem 1 The coefficient of z'y’ in the
Tutte polynomial of the k-Catalan matroid MF*
is the number of lattice paths that go from
(0,0) to (kn,n), use East and North steps, do
not go above the line y = z/k, have ezactly j
East steps on the z-axis, and return to the line
y = z/k exactly 1 times.

This lattice path description of the co-
efficients of the Tutte polynomials allows us
to obtain the following generating function for
the sequence of Tutte polynomials for the k-
Catalan matroids M§, MF Mk, ...

Theorem 2 Let
_ _ 1 (k+Dn\ ,
C—C(z)—fv;;kn-f-l( n )z

be the generating function for the k-Catalan
numbers. The generating function

3 H(ME;z,y)2"

n>0

for the Tutte polynomials of the k-Catalan ma-
troids is

zzyk 1
1+ i — .
1- ZZj:l yJCk—]+1 1~z2C

A close examination of the Tutte polyno-
mials of these matroids has led to new theo-
rems about lattice paths, among which is the
following theorem. The polygonal line B that
the following result refers to is the lattice path
that consists of the following sequence of steps:
k — 1 North steps, n — 1 strings, each of which
consists of k£ East steps followed by ¥ North
steps, and a final string of k¥ — 1 East steps.

Theorem 3 The number of paths that go
from (0,0) to (nk — 1,nk — 1), that use East
and North steps, and that do not go above the
polygonal line Bfl 18 kCrn_1.

The formula in this theorem is striking:
k times every k-th Catalan number, or, more
precisely, k times the number of Catalan paths
with the same endpoints. Equally notable is
the following fact. If the bounding polygonal
line Bf is altered slightly, with k (rather than
k — 1) initial North steps and final East steps,
the number of lattice paths that result is not
SO easy to count; the only known formulas are
in terms of determinants.

This direction for developing the subject
hints at yet another connection between enu-
meration and generalizations of the Catalan
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matroids: we establish a connection between
certain matroids and the following problem of
current interest in enumeration [2].

THE (k + [,l) TENNIS BALL PROB-
LEM.

Assume we have a sequence of dis-
tinct balls by,b9,..., b(k+l)n- At
stage 1, the first k& + [ balls
bi1,bs,...,bgsy are put in bin A and
then I balls are moved from bin A to
bin B. At stage 7, the next k+1{ balls
b(i—1) (k+0)+15 OG=1) (k+1)+2> - - - Di(k+1)
are put in bin A and then some set
of I balls from bin A are moved to
bin B. (Thus, any balls that remain
in bin A at the end of the (i — 1)-
st stage are among those that can go
into bin B at stage i.) How many
different sets of nl balls can be in bin
B after n iterations?

The rich interplay of ideas from the study

of lattice paths and the theory of matroids that
will be outlined in this talk suggest that these
newly discovered enumerative aspects of ma-
troid theory are ripe for further exploration
and many interesting results remain to be dis-
covered.
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