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BLOWING UP ACYCLIC GRAPHS AND
GEOMETRICAL CONFIGURATIONS !

Carlos Marijuan

Abstract

Blowing up is a useful technique in algebraic and
analytic geometry. In particular, it is the main tool for
proving resolution of singularities. Hironaka [3] proved
in 1964 that every algebraic variety over a field of char-
acteristic zero admits a resolution of singularities which
is obtained by successive blowing ups of certain regu-
lar centers. Moreover, he proves the stronger version of
embedded resolution of singularities, i.e., for every (sin-
gular) subvariety X of a smooth variety Z there exists
a sequence of birational morphisms

(1

such that m; is the blowing up of Z;_; at a regular center
C; which is transversal to the exceptional divisor E;—1
of mi—10.....0m1, and such that the strict transform Xn
of X at Zx is smooth and transversal (normal crossing)
to the exceptional divisor Ex.

The embedded resolution of singularities was ex-
tended to analytical spaces in 1974 in [1] . Recently
Villamayor [6] proved a canonical theorem of embedded
resolution of singularities, i.e., 2 procedure to define a
concrete sequence such as (1) for each variety X. This
leads us to consider an algorithmic point of view (see
(71, [2]).

Looking for such an algorithmic viewpoint, our
initial motivation, in this paper, is to try to understand
the behaviour, after blowing up 741, of the set (or a
subset) of subvarieties E; created at Z; by the sequence
of transformations.

More precisely, we are interested in the following
question: if m: 2" - Z is a blowing up of a smooth
variety at a regular center C, and if € is a smooth geo-
metrical configuration of subvarieties of Z, try to de-
scribe the transform € of € in Z’, i.e., the set of strict
transforms of subvarieties in € not included in C and
the fibers of those contained in C, as well as the irre-
ducible components of the intersections of such objects.
Here, by a smooth configuration, we mean a subset of
smooth subvarieties meeting pairwise transversally, i.e.,

ZN—>ZN_1—> ..... —)Zl—)Z():Z,

1Supported by DIGICYT PB91 0210 C0201

such that at each point in the intersection, both subva-
rieties are locally described by the vanishing of elements
in a common system of parameters.

To focus this question in a combinatorial way, we
associate an incidence graph to each configuration, i.e.,
the acyclic directed graph given by the inclusion order-
ing on the subvarieties of the configuration, weighted
by the dimensionality of those subvarieties. Then we
introduce, in a purely combinatorial way (section 2),
the blowing up of a weighted acyclic digraph with cen-
ter at one of its points. The main result in the paper
(section 3) proves that the digraph associated to the
blow up configuration ¢!’ is the transitivization of the
blow up of the digraph associated to the configuration
C.

To complete the paper, we give a canonical proce-
dure to "desingularize” (in some sense) a general acyclic
digraph. Namely, from a given acyclic digraph we ob-
tain another one, that we call total or geometric blow
up, by blowing up successively the levels of the points
of the original digraph. The geometric blow up has a
nice structure which is made up from hypercubes and it
is also provided of a nice weight function, as it is deter-
mined by the weight of a maximal dominant element.

1. BASIC CONCEPTS AND NOTATIONS.

A graph we will mean a couple (X, G) where
X isafinitesetand G C X x X—{(z,z):z € X}.
Elements in X and G are called points and arcs
respectively. A labeling of X by the label set F is
a bijective map & : E — X, z(e) being denoted by
z. for any e € E.

A path joining the point z; with z4 in (X, G)
of length ¢g—1 is an injective map s: {1, 2, .....,q} =
X, g > 2, such that (s(i),s(i + 1)) € G, and it
will be denoted alternatively as s(1)s(2).....s(q) or
If 2125.....24 is a path and (zq,71) €
G then the sequence z1z5..... Ty is said to be a
cycle. A graph is said to be acyelic if it has no
cycles. Finally for a semipath in (X, G) we mean
an injective sequence such that for any i,1 < ¢ <
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g — 1, one has either (s(i),s(i + 1)) € G or (s(i +
1),s(?)) € G. Semicycles can be defined in the
same way.

A subgraph of (X, G) is a graph (Y, H) with
Y € X and H C G. For the induced sub-
graph on Y we will mean the graph (Y,G/Y)
where G/Y =GN (Y x Y).

Given a graph (X,G), the equivalence rela-
tionship z = y iff z and y are in a semipath gives
rise to the partition of X into connected compo-
nents X = X; U U X,. Roughly speaking
the connected components are the induced sub-
graphs (X;,G/X;). If r = 1 the graph is con-
nected.

For a point z € X we will consider the sets 7
(resp. z) consisting of z and those points y € X
such that there exists a path from y to z (resp. z to
Y)- A point z is said to be dominant if (y,z) € G
for any y € 7.

Acyclic graphs have some nice properties.
First, for an acyclic graph there exists at least
one point r (resp. y) such that T = {z} (resp.
y = {y}). Such a point will be said to be a mini-
mal (resp. maximal) in the graph. Moreover, the
points in an acyclic graph (X, G) can be distributed
by levels Ng, Ny, ..... as follows:

No = {z € X : z is minimal in (X, G)},

and recursively for p > 1,

~1
Noy={zeX- pU N; : z is minimal in
- =0 b1

(X - iUO Ni, G/X — iUO Ni)}.

k

Thus one has a partition of X, X = {J N;, k

i=0
being the height of the graph, i.e., the greatest
index such that N;, # 0.

Second, we have the following characterization
of acyclic graphs: A graph (X, G), with card(X) =
n, is acyclic if, and only if, there exists a labeling
of X by the label set E = {1,.....,n} such that if
(zi,z;) € G then i < j. In this case, we will say
that (X, G) is naturally ordered.

Given two graphs (X, G), (X’,G’), by a graph
morphism from (X,G) to (X',G’) we mean a
mapping A: X — X’ such that for every arc
(z,y) € G , one has either A(z) = A(y) or
(A(z),A(y)) € G'. The morphism is an isomor-
phism when it has an inverse, i.e., if A is bijective

and (x,y) € G if and only if (A(z),A(y)) € G .
The morphisms which take maximal points to max-
imal points will be called dominant.

A graph (X, G) is said to be transitive if for
any pair of arcs (z,y), (y, z) with z # z, then (z, 2)
is also an arc. The graph is antisymmetric if it
has no pair of symmetric arcs, ie., if (x,y) and
(y,z) are not both in G for = # y. A transitive
graph is acyclic if and only if it is antisymmetric,
and an acyclic transitive graph (X, G) has a partial
ordering (X, <) where z < y iff (z,y) € G. For an
acyclic graph (X, G) the transitivized graph is the
graph (X, G?) where

G* = GU{(z,y) : ¢ # y and there exists a
path z1.....74,9 > 2, with z; = z and z, = y}.

Example. If X = {z; : 1 < i < 12} and
G = {(z1,25), (5, 27), (27, 29), (21, 27), (1, T3),
(.’1,‘3,.’239), (.’153,.7312), (Illa 1512), (I27 xﬁ)’ (x67 -7:8)’

(z8, T10), (%2, 28), (X2, Z10), (Z6, T10), (T2, Ta),
(z4,710)} then (X,G) is a naturally ordered
acyclic graph with two connected components
(X1,G1) and (X2,G2). The connected compo-
nent (X2, G2) is the induced subgraph on Zjp =
{z2, 4, 76, Ts, Z10} and Z1p is the unique dominant
maximal element of the graph (X, G).

The map A:X; — X, given by A(r12) =
Z4,(z11) = z2 and A(z;) = Ts4, for any ¢ < 9,
is a nondominant graph morphism. The transi-
tivized graph of the induced subgraph on Zg =
{z1,$3,.’l}5,$7,1‘9} is (Tg,G/Egt) with G/fgt =
G/T9 U {(21,z9), (z5,79)}. This graph is isomor-
phic to the connected component (X2, G2) and the
restriction of the map A to Tg is now a dominant
isomorphism between both of them.

A weight map on an acyclic graph (X,G)
is an increasing map w: X — IN, i.e., such that
w(z) < w(y) for any (z,y) € G. The triplet
(X, G, w) will be called a weighted acyclic graph
and the weight map will be said to be transver-
sal on (X,G) if for every pair of points z,y one
has w(z) + w(y) < w(z) + w(2’) for any 2,2/ € G
such that z € maz(T N7) and 2’ € min(z N y)
where maz(—) (resp. min(—)) stands for the set
of maximals (resp. minimals) for the induced sub-
graph. A path z;....z, is said to be complete
for the weight w if for any ,2 < i < ¢, one has
w(z;) = w(ri-1) + 1. A weighted acyclic graph
(X,G,w) is said to be completely transver-




Comunicaciones

193

sal for w if all paths in (X,G) are complete for
w. Two given weighted acyclic graphs (X, G, w),
(Y, H,v) are equivalent if there exists an isomor-
phism of graphs ® : (X,G) — (Y, H) such that
w(z) — v(®(x)) =k for k fixed and any z € X.

Finally, for two given graphs (X, G),
(X',G’) we will denote by (X x X',G x )
the product graph on X x X’ where G x G’
denotes the set of arcs {((z,7'),(y,%')) €
(XX X)x(X x X'):(z=yand (z,9) € G')
or ((z,y) € G and =’ = ¢/)}.

Throughout the paper several graphs will be
constructed from original ones. The point sets X’
for such graphs will usually be denoted by X’ =
{Za : a € I'} where I' is an explicitly described set
. Moreover, I’ will usually be a subset of sequences
G1eennns ip of elements of some known label set (the
label set of some known graph) for various integers
p. Sometimes p will be 1; thus, elements in various
graphs will usually be denoted as z; for the same
subindex ¢, which will not be a loss of generality.

2. BLOWING UP ACYCLIC GRAPHS.

In this section we give the main concept of this
paper, the blowing up at a point of an acyclic graph
with transversal weight map. -

Let X = {z; : i € I} be a finite set of points
and let (X,G,w) be a connected acyclic graph,
with a dominant maximum element z, and with
transversal weight map w: X — IN. (If the acyclic
graph (X, G) does not have a dominant maximum
element, we can consider the acyclic graph obtained
from (X, G) connecting every point z; € X with a
new point z. by means of the arc (z;,z)).

Having fixed a point z. € X, which we shall
call blowing up center, let us consider the fol-
lowing parts in the set of points X:

a) the set of points connected to the blowing
up center by a path: T,

b) the set of points connected from the blowing
up center by an arc: z. T = {z; : (z¢,z;) € G},

¢) the set of points connected from the blowing
up center by a path: z} = z. — {z.},

d) the set of paths connecting . with z. 1
without passing through Z. U z. 1, which we shall
call transversal paths to the blowing up center,
i.e., the set A, given by
Ac={s:{1,...,q} > X :¢>2,5(1) e T,

s(i) T Uz Torl<i< q,8(q) € zc 1},

e) the set of points which are not joined by
a path to the blowing up center through which
some transversal paths pass and which we shall call
transversal points to the blowing up center:

B. = {z; € X — (T Uz, 1) : there exists a
path s € A with s(i) = z,,1 <i < g}.

For each transversal point z; € B, we will
consider the set A.(z:) of transversal paths s ¢
A passing through z, its first term being, s(1),
maximal in (X,G) of the set of the first terms of
the transversal paths passing through z, and its
last term being, s(g), minimal in (X, G) of the set
of the last terms of the transversal paths passing
through z; :

Ac(zt) = {s € Ac : s(i) = z; € B, for any
1 <i<gq, s(l) € maz{s'(1) : s’ € A, 5'(j) =
z; for any 1 < j < ¢'},s(q) € min{s'(¢') : §' €
Ac,s'(k) = 2; for any 1 < k < ¢}}.

Finally, set B, = {z, € B, : there exists a
path s € Ac(z,) with s(2) = z, and w(s(1)) +
w(s(q)) —w(xe) — 1 > w(z:)}.

2.1 DEFINITION. Let (X,G,w) be a connected
acyclic graph with dominant maximum element
and with transversal weight map w, z. be a point
of G and B., B/ the sets introduced before. We de-
fine the blow up of (X, G, w) with center at z. and
relative to B, to be the graph (X¢, Ge, we) where

Xe=(X- -.’I_Ic) U {:Eij 1T € Te, Tj € T T} U {.’L',;j:
(zi,25) € G,z € T — {xc} 25 € 22 — 2 T U T,
with Te = {zp; : 2, € B, s € Ac(z),5(1) = 21},

and
Ge= (G~ G/Tc —{(z4,2;) € G : zi € Ty € zk}
—{(zh:2t) € G:xy € Be,s € Ac(2s),5(1) = Zh})
U(G/Z: x Gz 1)
U{(?L‘ij,.’l,‘j) (xi,xj) € G,z; € Te,x; € zi}
U{(zhe, Th), (The, @¢) : 74 € BL,s € Ac(ze),

s(1) = zn, $(2) = 21, 5(g) = T4}
U{(.’L’hk,l’t) I € BC - B(I:,S S AC(:Et),

s(1) = za,5(2) = 1, 5(q) = z&}
U{(znt;s The;) : o1;, 21, € BL,s € Ac(ay,),

s € Ac(xy,), (1) = s'(1) = zp, (%> 21;) € G}

The weight map we: X. — I is defined by:
we(z;) = w(z;) ,ifz; € X, N X,
we(Ts5) = w(zs) + w(zj) — wlz,) — 1, if T €
Xe =X —T,, we(zn) = w(ze) — 1, if zpe € Te..
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Notice that the new graph is defined by pre-
serving some labels 7 and adding new labels ij, ht,
etc .. .to the labeling set. In other words, one has
that the point set X, can be obtained from X by
replacing the points of T, with those of T, x z. T,
adding a point z;; for each arc (z;,z;) connecting
z; € T —{x.} with z; € z% — z. 1; and also adding
the points of the set T.. The induced subgraph by
(X,G) on X —7Z, is preserved and the induced sub-
graph on Z. is replaced by G/Z. x G/z. 1T which
is connected to G/z. 1 from {z.} X G/z. 1. The
points (z;, ;) € T. X z. T are denoted by z;; and
then the arcs (z;,z;) € G connecting T, with z¥ be-
coming arcs (z;;,2;) € Ge. The arcs (zh,z:) € G
disappear and each point z,: € T., associated to
the transversal path s passing through z; € B,
with s(1) = zp, $(2) = x4, s(q) = x, is linked to
the subgraph G/Z. x G/z. 1 in the point z,x and
to the induced subgraph on X —Z, in the point ;.
If, on the contrary, s(2) = z: € B, — B., then the
arc (zn,z¢) of G is replaced by the arc (zpg,x:) in
G.; moreover, some of the points zn; € T, can be
connected to each other.

2.2 PROPOSITION. The blow up graph
(Xe,Geswe) is a connected acyclic graph
with dominant maximum element and with
transversal weight map. The sets B. and T,
are empty if and only if for each transversal
point z; = s(2), with s € A.(z:), one has
w(s(1)) + w(s(q)) = wlzc) +w(zs).

2.3 DEFINITION. Under the conditions of defin-
ition 2.1, the blowing up of a connected acyclic
graph (X,G,w) at a point z. is defined to be the
morphism 7.: (X., G, we) = (X, G,w) given by

me(zj) =25, if z; € XN X

we(Tij) = x4, if 45 € Xc — X — T and

ﬂ’C(:l:m) = xp, if zp € T.

It is clear that if (z,y) € G., then either
me(z) = we(y) or (me(z),mc(y)) € G since for
the arcs (zpe,z:) € Ge, with zny € T¢, one has
zp = s(1) and z: = s(2), and for the other arcs it
is obvious. In consequence, 7. is a dominant mor-
phism of acyclic graphs.

We will call exceptional divisor to the max-
imal point x., of the induced subgraph on X, — X
and each point z;,, with z; € T, — z., will be said
to be an exceptional fiber of z; in the excep-
tional divisor; so that the induced subgraph on

{Ziz:z; € E.} will be refered to as the excep-
tional subgraph of the blow up graph. The points
z; € X. N X, preserving the label by the blowing
up, shall be called strict transforms (of the points
z; € X—Z.). The points z.; with z; € z. 7 shall be
called the cuts of the exceptional divisor z., with
the strict transform z; and the points z;;, with
T; € Tc ~ T, T € z. T, the cuts of the exceptional
fiber z;, with the strict transform z;. Finally, the
points zp: € T, will be called transversal cuts of
the exceptional fiber x;, with the strict transform
Tt.

2.4 THEOREM. If two given weighted acyclic
graphs (X, G, w), (Y, H,v) are equivalent by means
of an isomorphism & and if 7. (X, Ge,we) —
(X,G,w), nt:(Ye, He,ve) = (Y,H,v) are their
blowing up morphisms with center at z., y. =
®(x.), respectively, then the blow up acyclic graphs
(Xe, Ge,we) , (Ye, He,ve) are equivalent for an iso-
morphism A such that 7, o ® = A o n. and
we(z) — ve(A(z)) = wly) — v(2(y)) = k, where
y = m¢(x) and k is a constant integer.

2.5 REMARK. 1) If the blowing up center is a
minimal point z, of the weighted acyclic graph
(X,G,w), then there is no transversal point and
so Ao, B, and T, are empty sets. In this case, we

will denote the blow up graph with center in z, by
(Xo,Go,w,) where:

Xo=(X —{zo}) U{zo; : ; € 7, 1} and
Go =G — {(20,25) : T € To 1}
U{(z0j, Zok) : (zj,2k) € G/z0 1}
U{(.’on,xj) 1T € X T}

The transversal weight map wo: X, — N is
given by wo(z;) = z;ifz; € XoNX = X—{z,} and
by wo(Zoj) = w(z;) — 1 if zo; € Xo — X. The 7,-
blowing up of (X, G) is the acyclic graph morphism
To: (Xo, Go, wo) — (X, G,w) given by 7o(z;) = z;
if £; € X, N X and by mo(z,;) = z, otherwise.

2) Acyclic transitive graphs (that represent
partial orderings) are especially interesting from
the point of view of blowing ups. If (X?, G*,w?) is
a graph of this kind, under the conditions of defini-
tion 2.1 one has, in general, that its blow up graph
(X%, Gt,w?) is not transitive. More precisely, in
(X, G, wt) we have z. T= z* and so the point set
of the blow up graph is
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Xt =(X*-T)U{zi: 5 € Teyzy € 22U T

Now, the arcs of the set {(z;, ;) : (z;,2;) €
G',z; € T.,z; € z:} are redundant by transi-
tivity over the arcs (zij,zc;) € G'/T. x Gt/x?
and (Z¢;, ;). For every path x4, &e,....2¢,_,T¢, €
Ac(zey), with z;, = =z, and Ty, = Zk, since
wk(zhk) < wi(zk), there exists i, with 2 < ¢ < g—1,
such that wi(zy,_,) < wi(znk) < wi(zs,), i. e
Ty, € Bl and z;, € B. — B.. Also the arcs
(Thk,T¢;) are redundant for j > ¢ and the arcs
(.’.Ehtj,.l‘hk) are redundant for 7 < ¢ — 1. Thus,
one has, on the one hand, the arc (zhk,z:,) and,
on the other, the path zp,....2n:,_, connected
to the product graph G'/Z. x G'/z% by the arc
(Zht;_,, Thx) and to the path z4,.....z¢,_, by the arcs
(@t 24;),2<j<i— 1.

On the contrary, the transitivity fails on
G'/Z.xG"/x}, on the connection of this with G*/z*
and on the connection, between them, of the paths
Thtg-eeerTht;_y AN TiyeeeenTe, .

3. GRAPHIC REPRESENTATION OF
THE BLOWING UP FOR A GEOMETRIC
CONFIGURATION.

Throughout this section, for a variety we will
mean a connected and smooth algebraic or complex
analytic variety, and all the subvarieties consid-
ered will be connected and smooth. Two subvari-
eties are said to be transversal if at each point
of their intersection there exists a system of local
coordinates x1,....., Z, such that both varieties are
locally defined by z; = 0,i € A and z; = 0,5 € B,
A and B being non empty subsets of {1,2,...,n},
A¢ Band B ¢ A.

Let us consider a smooth geometric config-
uration C, i.e., a set consisting of a variety Z and
a finite subset of subvarieties such that

(1) for each couple of subvarieties in €, either
there is an inclusion, their intersection is empty or
they are transversal

(2) each component of the intersection of two
subvarieties in €, is a subvariety in C.

If C C Z is a subvariety of dimension r and
Z' the blow up of Z with center C, then the points
in the inverse image by the blowing up morphism
pc:Z" = Z, of a point P € C correspond biunivo-
cally to the sets of (r + 1)-vector subspaces of the
tangent space to the ambient variety, TpZ, con-

taining the tangent space to the blowing up center,
TpC. That is to say, to each point P € C corre-
sponds in Z’ the fiber

Fp = { Vector subspaces of TpZ generated by
TpC and a vector v ¢ TpC}.

On the other hand, the inverse image of the
blowing up center C is the exceptional divisor
E.. = U Fp . One has codimzFp = r + 1,

PeC
codimzE.; = 1 and a bijection between Z’ and
(Z—-C)U E,.

If the subvariety J contains the blowing up
center C, we will denote the strict transform of J
in Z’ by J', i.e. J' is the closure in Z’ of the inverse
image of J — C by the blowing up morphism, i.e.,
p5'(J = C) = J'. The intersection of the excep-
tional divisor E., with the strict transforms J’ will
be denoted by CJ'. One has dimJ’ = dimJ and
dimCJ = dimJ — 1.

If I is a subvariety contained in C, we will
denote the fiber of I in the exceptional divisor E,,

by F;, = |J Fp. Let us denote the cuts of each
Per
fiber F;, with each strict transform J’ of a variety J

as above by IJ'. One has dimF;, = dimI+dimZ—
dimC —1 and dimlJ’ = dimI + dimJ — dimC — 1.

If T represents a transversal subvariety to the
blowing up center C in a subvariety H, then each
vector tangent to T in a point P € H has its cor-
responding vector subspace V' € Fp and the strict
transform T” is a subvariety of Z’ for which the in-
verse image of P by the blowing up morphism is
the collection of subspaces V € Fp corresponding
to the vectors v € TpT, so that pz}(T — C) = T".
The intersection of the strict transform 7" with the
exceptional divisor E., will be denoted by HT".
One has dimT’ = dimT and dimHT’ = dimT — 1.

If L is a disjoint subvariety with C, we will de-
note its corresponding transform in Z’ by L’. One
has dimL' = dimL.

Let €’ be the blow up configuration, i.e.,
the configuration of the subvarieties of Z’ consist-
ing of the objects Z', E,..,J' and CJ' for J O C, F,
and IJ' for I C C,T" and HT' for T transver-
sal to C, and L' for LNC = @, and J,I,T,L in
the configuration €. Note that all the above ob-
jects are (connected and smooth) subvarieties of
Z'. Then the blowing up morphism gives rise to
the map p.: €' — C given, with notations as above,
by pe(Z') = Z,pe(Ecz) = C,pe(J') = J,pc(CJ') =
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C,pe(Fiz) = pe(1J") = Ipe(T') = T,pc(HT') = H
and p(L') =L

We can associate a weighted directed graph
(X, G, w) to each geometric configuration C where
points in X represent the subvarieties in C, the arcs
represent the inclusion relations between them, so
that (H, K) € G iff H C K, and the weights are the
dimensions of the corresponding subvarieties. Thus
in the above situation, both the smooth geometric
configuration € formed by the vanety Z and their
subvarieties, and its blow up €’ have associated
weighted graphs (X,G,w) and (X',G’,w') which
clearly are connected transitive acyclic and have
only one maximal element (Z and Z') which domi-
nates the points in its respective graph. Note that
the weight maps w and w’ are transversal because
of the condition (1) of transversality in the geomet-
ric case. We can associate a dominant graph mor-
phism p.: (X’,G’) = (X, G) to the map pe: € — €
in a natural way.

We will prove that the concept of blowing up
for a weighted acyclic graph given in the preced-
ing section supports the blowing up of the asso-
ciated geometric configuration; more precisely, we
are going to prove that the blow up of the graph
(X,G,w), associated to the geometric configura-
tion €, at the blowing up center C, is an acyclic
graph (X., G, w.) whose transitivized is the graph
(X’,G',w’) associated to the configuration C.

31LEMMA. IfT, C T3 C ... C Ty—1 is a chain in
the geometric configuration €, of transversal sub-
varieties to the blowing up center C, T1 C T2 a
component of the intersection of T;—; and C, and
T, a minimal subvariety of those that contain Tg-1
and C, then for every i, with 2 < i < g —1, and
with notations as above, one has:

a) hT! C TlT’

b) dimT\T] = dzmTlT’ if and only if ThT)
T, C T;. And in this case, dimT} + dimT; =
dimC + dimT;.

c) dimTT] < dimT; 1Té if and only if ThT}
T\T,NT;. And, in this case, dimTy + dimT, >
dimC + dimT;.

d) either T, C T} for any ¢ > 2, or there
exists an i, with 2 < 4 < g, such that T'\T, C T} for
i<j<qand T} = TlT’CT’for2§J<z

eylfhch C ... cTq is a complete chain
(i.e., if dimT4q = dimT; + 1,i=1,...,9 — 1) and
i is the smaller integer for which TlTé C T/, then

Il

dimTy, = dimC +i— 1.

3.2 THEOREM. Let € be a geometric configu-
ration of subvarieties of Z and let (X,G,w) be
the associated graph labeled by the own config-
uration € by means of the bijection Z:C — X
which takes each subvariety H in a point of X de-
noted by z, the weight being given by w(zn) =
dimH. Let €' be the blow up configuration of
C with center at C € € and (X[, G.,w) its
associated weighted graph. The map p.:C' —
C induces a dominant acyclic transitive graph

morphism o.: (X.,GL,wl) = (X,G,w) given by
o(K') = zn where H = p(K') for K' € €. Let
(X, Ge,we) be the weight acyclic transitive blow
up graph of (X, G,w) on the blowing up center z.
and let 7 (Xe, Ge,we) = (X, G,w) be the corre-
sponding blowing up.

Then, the weighted graph (X[, G, wy) is iso-
morphic to the transitivized of (X, Ge,wc) by an
isomorphism A. preserving the weights and such
that 0. = 7. 0 A..

4. GEOMETRIC MODIFICATION FOR
ACYCLIC GRAPHS.

If (X,G,w) is a connected acyclic graph with
dominant maximum element and with transversal
weight map, its blow up (Xc,Gc,w.) is a graph of
the same kind, so it can be blown up again at any of
its points. If the graph (X, G, w) is labeled by the
label set E = {1,2,.....,n},n being the Card(X),
so that the graph is naturally ordered by levels,
ie., if z; € Np,z; € Ny and p < g, then i < j, we
can blow up successively with center on z;, from
i=1toi=mn.

4.1 DEFINITION. With conditions as above, if the
blow up of (X,G,w) with center on z; is denoted
(X1,G1,w1) and if, for every i = 2,..,n, the blow
up of (X;—1,Gi—1,w;—1) with center on z; is de-
noted (X;,G;,w;), then the graph (Xn,Gnywn)
will be called total or geometric blow up
of (X,G,w). Each blowing up on z; has as-
sociated the graph morphism m;: (X;, Gi, wi) —
(Xi-1,Gi-1,wi—1) defined at 2.3; then the mor-
phism 7: (Xp, Gn,ws) = (X,G,w) will be called
geometric modification of (X,G,w), where 7 =
Ty O O ... o n. We will also consider, for every
i, with 1 < i < n, the partial geometric modi-
fication 71 o w3 0 ..... o mi: (Xi, Gy, wi) = (X, G, w)
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and we will say that (X;, G;, w;) is the i*® partial
geometric blow up of (X, G, w).

These concepts are relative to the ordering of
the elements of X. If z;,.....,z, are consecutive
points of level No and (zy(y),..... yTs(q)) is a per-
mutation of these points, the ¢** partial geomet-
ric blow up (X, G4, w,) follows also as the succes-
sive blowing ups of the points z4(y), ....., Ts(q)- Note
that, in these blowing ups there is no transversality
since B, is empty.

Once a blowing up with center on a point z,
with 1 < ¢ < ¢, has been realized the induced
subgraph by the graph (X.,G,w.) on the point
set {Zc; : ; € z: T} is a transversal structure at
the next blowing up of the graph (Xg, G4, w,) with
center on a point z; such that (z¢,z;) € G. In
this transversal structure, every transversal path
Zcjy--.--Lejy, 18 connected to the path zj,.....zj, by
the arcs (z¢j;,;), for 1 <4 < k, and w(zy;,) =
w(zj,) — 1, and then, for every transversal point
Zcj; of this path, one has z.;, ¢ B.. Moreover, for
each semicycle formed by the paths zcj,Zcj,. , %,
and Tcj;Tj;Tj;49, ONE has ’u}((L'ch_l) + w(mji) =
w(Zes;) +w(xj,,, ). Therefore, at the blowing up of
(Xq,Gq,wy) with center at a point x;, € Ni, such
that (rc,z;) € G, there exist transversal points
but both B, and T, are empty.

If zr41,....,z, are consecutive points of
level N, and (Ts(ry1);--- To(u)) IS @ permu-
tation of these points, then, the wu!* par-
tial geometric blow up (X,,G.,w,) also results
from the successive blowing ups at the points
Z1yeeeey Try Ts(ri1)s ooy Ts(u)- 1N cOnsequence, if X

k

is classified by levels, X = |J N, , with k =
p=0
height(X, G), the geometric blow up (X,,Gn, wn)
also results from the successive blowing ups at
the points Ts(1)s -eeer s Ts(n)s (:cs(l), ..... ,IIZs(n)) being
a permutation of zi, ....., £, preserving the order of
the levels, ie., if z,) € Np,Ts(j) € Ny and p < g,
then s(i) < s(j). In all steps the transversal sets
B{ and T are empty and so, after proposition 2.2,
we can state:

4.2 THEOREM. If (X, G, w), with Card(X) = n, is
a connected acyclic graph naturally ordered by lev-
els with dominant maximum element z, and with
transversal weight map, then its geometric blow
up (Xn,Gn,wn) is a connected weighted graph

with dominant maximum element z, and with
completely transversal weight map. The weight
w(Z2) = wn(z.) of the dominant maximum point
determines the weight map w, as follows: if z €
Xn, then wy(z) is equal to w(z,) minus the length
of any path connecting z with z,. The graphic
structure (X,,Gn,ws) is, therefore, independent
of the weight map w given for the original graph
(X,G,w).
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