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ABSTRACT

The xy-Menger number with respect to a given integer ¢, for every two vertices x, y in
a connected graph G, denoted by ¢, (x, y), is the maximum number of internally disjoint
xy-paths whose lengths are at most ¢ in G. The Menger number of G with respect to
£ is defined as ¢;(G) = min{¢,(x,y) : x,y € V(G)}. In this paper we focus on the
Menger number of the strong product G; X G, of two connected graphs G; and G, with
at least three vertices. We show that £,(G; ® G3) > ¢¢(G1)&(Gy) and furthermore, that
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Mgnger number Ce42(G1 ® Gy) > £0(G1)8e(Gy) + &¢(Gy) + £¢(Gy) if both G; and G, have girth at least
Bounded edge-connectivity 5. These bounds are best possible, and in particular, we prove that the last inequality is
Edge-fault-tolerant diameter reached when G; and G, are maximally connected graphs.

Edge-deletion problem

1. Introduction

Throughout this paper, all the graphs are simple, that is, with neither loops nor multiple edges. Notations and terminology
not explicitly given here can be found in the book by Chartrand and Lesniak [2].

Let G be a graph with a vertex set V = V(G) and an edge set E = E(G). Let x and y be two distinct vertices of G. A path
from x to y, also called an xy-path in G, is a subgraph P with vertex set V(P) = {x = ug, uq,...,u, = y} and edge set
E(P) = {upuq, ..., u,_1u,}. This path is usually denoted by P : ugu; ...u, and r is the length of P, denoted by I(P). Two
xy-paths P and Q are said to be internally disjoint if V(P) N V(Q) = {x, y}. Acycle in G of length r is a path C : upuy ...u,
such that ug = u,. The girth of G, denoted by g(G), is the length of a shortest cycle in G, and if G contains no cycles, then
g(G) = oo. The set of vertices adjacent to v € V(G) is denoted by Ng(v). The degree of v is dg(v) = |Ng(v)|, whereas
8(G) = min,ey(g) dg(v) is the minimum degree of G.

The distance between two vertices x, y € V(G), denoted by d¢(x, y), is the length of a shortest xy-path. If there is no
xy-path in G, it is said that dg(x,y) = oo. The diameter of G is defined as Diam(G) = max{d¢(x,y) : x,y € V(G)}. A
graph G is connected if for any two distinct vertices x, y € V(G) there is an xy-path. The connectivity « (G) of a graph G is
the minimum number of vertices whose deletion from G produces a disconnected or a trivial graph. There is an important
research on this topic (see, e.g., [3]). From Menger’'s Theorem, Whitney [9] proved in 1932 that a graph G is r-connected,
that is, ¥ (G) > r, if and only if every pair of vertices in V (G) is connected by r internally disjoint paths. In [9] the author also
shows that ¥ (G) < §(G). A graph G is maximally connected if the previous bound is attained, that is, if  (G) = §(G).

Given two distinct vertices x, y in a connected graph G, the xy-Menger number with respect to a positive integer ¢ is the
maximum number of internally disjoint xy-paths in G whose lengths are at most £. It is denoted by ¢;(x, y). The Menger
number of G with respect to £ is defined as ¢,(G) = min{¢,(x,y) : x,y € V(G)}. This parameter was introduced in [5].
Clearly, if £ < Diam(G), then ¢,(G) = 0 and also, for every integer £ > |V(G)| — 1, the Menger number ¢;(G) = «(G).
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The determination of ¢, (G) is an open and interesting problem when Diam(G) < ¢ < |V(G)| — 2. Observe that ¢, (G) is an
increasing function on ¢ and that ¢,(G) < «(G) for every positive integer .

For an information system modeled by a graph G, the Menger number can be an important measure of the communication
efficiency and fault tolerance. For instance, in a parallel computing system, the efficiency can be analyzed in terms of the
number of disjoint routes of information which are able to connect two points in a short period of time. In a real-time system,
the information delay must be limited since any message obtained beyond the bound may be worthless. A natural question
is to compute or estimate how many routes ensure the transmission of information in an effective time.

Ma, Xu, and Zhu [6] found a lower bound on the Menger number of the Cartesian product of two connected graphs G; and
G,. Namely, they prove that ¢, ¢, (G10Gy) > &¢,(G1) + &, (Gy). This bound is an equality when G; and G, are paths and,
therefore, G;JG; is a grid network.

In this work we study the Menger number of the strong product of two connected graphs. The strong product G, X G, of
two connected graphs G; and G, is defined on the Cartesian product of the vertex sets of the generators, so that two distinct
vertices (x1, x) and (y1, y») of G{ X G, are adjacent if x; = y; and x,y» € E(G,),0rx1y1 € E(Gy) andx, = y,,0rxy; € E(Gy)
and x,y, € E(G,). From this definition, it follows that the strong product of two connected graphs is commutative.

It is well known that the product of graphs is an important research topic in Graph Theory (see, e.g. [1,4,7,8,10]). A
fundamental principle for network design is extendibility. That is to say, the possibility of building larger versions of a
network preserving certain desirable properties. For designing large-scale interconnection networks, the strong product is
a useful method to obtain large graphs from smaller ones whose invariants can be easily calculated.

In this paper, we prove that the Menger number &;(G; X G;) > &;(G1)¢¢(Gy), for any two connected graphs with
at least three vertices. Moreover, if both G; and G, have also girth at least 5, then we prove that {;2(G; X G;) >
£0(G1)Ze(Gy) 4 £¢(G1) + £¢(Gy). These two lower bounds are best possible in a double sense. On the one hand, we provide
examples that show that the hypothesis cannot be relaxed. And on the other hand, we give examples of graphs G; and G,
for which both these lower bounds are sharp.

2. Main results

Given two connected graphs G; and G, in this paper we focus on ¢;(G; X G;), the Menger number of the strong product
G1 X G, with respect to an integer £. First of all, let us notice that ¢,(G; X G,) = 0 for integers £ < Diam(G; X G;) =
max{Diam(G,), Diam(G,)}, hence, from now on we assume that £ > max{Diam(G), Diam(G,)}.

To estimate the Menger number ¢,;(G; X G;), we must find a lower bound on the number of internally disjoint paths
of length at most ¢ that join any two arbitrary vertices in V(G; X G,). The proof is constructive and in the following
lemmas we provide these paths. To do that, for distinct vertices x1,y; € V(Gy), we consider ¢; = ¢y(x1,Yy;) internally
disjoint xqyi-paths Py, ..., Py, in Gy of length at most £. Similarly, for distinct vertices x,,y, € V(G;), we consider
{2 = &o(x2, y2) internally disjoint x,y,-paths Qq, ..., Q;, in G, of length at most £. Without loss of generality we assume
that I(P;) = min{l(P;) : i € {1,..., ¢1}} and that I(Q;) = min{l(Q)) : j € {1, ..., {}}. Also, for any x,y,-path Q; in G, of
length at least 2, we denote by (Q;)’ the new path obtained from Q; by removing its endvertices.

Observe that for every v € V(G;), the subgraph of G; X G, induced by the set {(x, v) : x; € V(G;)} is isomorphic to G;.
For this reason, this subgraph will be denoted by Gj. Analogously, for each u € V(Gy), the set G5 = {(u, x2) : X, € V(G)}
induces a subgraph isomorphic to G,. Thus, each x,y,-path Q; in G, induces an (u, x,) (u, y2)-pathin G5, which will be denoted
by Q.

%he first result provides a lower bound on the Menger number between two distinct vertices (x1, x3), (1, y2) in V(G1XG,)
such that either x; = y; or x, = y,.

Lemma 2.1. Let G, and G, be two connected graphs with at least three vertices. Let x;,y; € V(G;) be two distinct vertices,
i = 1, 2. For every integer £ > max{Diam(Gy), Diam(G,)} the following assertions hold:

(i) There exist at least (§(G1) 4+ 1)¢¢(G,) internally disjoint (x1, X2) (X1, ¥2)-paths of length at most £ in G; X G,. Furthermore,
if G1 has girth at least 5, then there exist at least §(Gy) additional internally disjoint (x1, x2) (X1, y2)-paths of length at most
{4 2.

(ii) There exist at least {;(G1)(8(G,) + 1) internally disjoint (x1, X2) (V1, X2)-paths of length at most £ in G X G,. Moreover, if
G, has girth at least 5, then there exist at least §(G,) additional internally disjoint (x1, X2) (¥1, X2)-paths of length at most
{4 2.

Proof. By the commutativity of the strong product of two graphs, it suffices to prove (i). Denote by ¢, = ¢¢(G). Let us
consider any vertex x; € V(Gp) and two distinct vertices x,,y, € V(G;). Then there are at least ¢, internally disjoint
Xa¥2-paths, Qy, ..., Qg,, in G of length at most £.

Now, we introduce some general constructions of (x1, X,) (X1, y2)-paths in Gy K Gy. Letu € Ng, (x1) andj € {1, ..., &} If
I(Q;) > 2, then vertices (x4, x2) and (x4, y») are adjacent to the first and to the last internal vertex of Qj“, respectively. Hence,
it makes sense to consider the path R, : (1, xz)(Qj“)’(xl, ¥2) in Gy X G,. Notice that I(R, j) < £. Also, when there exists a
vertex wy € Ng, (1) \ {x1}, we can consider the (xq, x2)(x1, ¥2)-path Ry, : (x1, X2)(u, xz)(Q;””)’(u,yz)(xh y,) of length at
most £ + 2.



Observe that vertices (x1, x) and (x1, y,) belong to the same copy G’z‘1 of G1 ®G,. Therefore, Qfl e Q;; are &, internally
disjoint (x1, X2)(x1, y2)-paths in G; X G, of length at most £. To construct the remaining paths, we distinguish whether x,y-
belongs to E(G,) or not. -

First, assume that x,y, € E(Gy), thatis, [(Q;) = 1. Letu € Ng,(x1). The paths R, : (x1, x2)(u, x2)(x1,y2) and
ﬁu : (X1, x2)(u, y2) (x1, y2) are contained in G;XG; and they have length 2 < £. Moreover, since G, is a simple graph, for every
j€{2,..., ¢} the path Q; has length at least 2 and there exists the path R, j. Hence, Qn, ..., "21 sRu Ry, Ry, ..., Ry, for
every u € Ng, (x1) are atleast {, + 28(G1) + 8(G1) (&2 — 1) = (8(Gq) + 1)&2 + 8(Gy) internally disjoint (x1, X2) (X1, y2)-paths
of length at most £ in G; X G,.

Second, assume that x,y, ¢ E(Gy). Forj € {1,...,%} and u € Ng, (x1), we consider the path R, ;. Thus, we have
(dg, (x1) + 1)&, internally disjoint (x1, x2) (x1, y2)-paths of length at most £. If there exists a vertex u € N, (x1) such that
dg, (u) = 1, notice that dg, (x;) > 2 and then (d¢, (x1) + 1)¢2 = 38, = 25 + 1= (8(G1) + 1) + 8(Gy). Otherwise, there
exists a vertex wy € Ng, (u) \ {x;} for every u € Ng, (x1). We assume that g(G;) > 5, then w, # w, forallu, v € Ng, (1)
with u # v. Hence, the paths R,,,, u € Ng, (x1), are at least §(G,) internally disjoint (x1, X2) (X1, y2)-paths of length at most
£+2in Gl X G2. d

Now in the following two lemmas we study the number of internally disjoint paths between two vertices in V(G; X G;)
which come from two different vertices in G; and from another two different ones in G,. Using paths of length at most ¢ in
the generator graphs G; and G,, we construct paths in G; X G, whose lengths are also at most .

Lemma 2.2. Let G; and G, be two connected graphs with at least three vertices and £ > max{Diam(G,), Diam(G,)} be an integer.
For every two distinct vertices x1, y1 € V(Gy) and every two distinct vertices X, y, € V(G,), there exist at least ;(G1) £¢(G2)
internally disjoint (x1, X2)(V1, ¥2)-paths in G; X G, of length at most £.

Proof. Denote by ¢ = £¢(Gy) and §; = §¢(Gy). Let Py, ..., Py, be ¢; internally disjoint x,y;-paths of length at most £ in

Gy and Qy, ..., Q, be &, internally disjoint x,y,-paths of length at most £ in G,. Let us assume that P; : u{)ui] ... uil_, for
ie{l,...,¢) and that Q; : %ﬂ...tfij,forj e {1,..., &)}, where (u{),v{,) = (x1,X;) and (ui_,v@) = (y1,y>). For each
ie{l,...,¢}andeachj € {1, ..., &}, associated to the x;y;-path P; in G; and to the xzyz—path Q; in G, we consider the

(X1, X2) V1, y2)-path R; j in Gy X G; as follows:

(1) Ifr; < Sj then

(ups vp) (i, ¥}) ... (uf, ), | ifri =1
(U, ) -+ (g V] ) o (g vy )y, v), ifr > 2,
(ii) If r; > s; then
(ug’ Ué))(ull’ Ull)(u;«Ia Ul])s iij =1
(g, V) . (Ug g, V) o (g, v )y v]), i > 2.

R,‘J .

R,'J‘ .

i i i
si—1° ri—1° i’

The length of the path R; j is I(R; ;) = max{r;, s;} < £. Since each path R;; is associated to specific paths P; and Q;, they are
internally disjoint in G; X G, and the proof is complete. O
Using paths of length at most ¢ in the generator graphs G; and G,, we have just constructed ¢,(G1)Z¢(G,) internally

disjoint paths in G; X G, of length at most £ which join two given vertices in G; X G,. But if we allow the length of the paths
in G; X G, to be at most £ + 2, it is possible to construct £;(G1)&¢(G2) + &£¢(G1) + £¢(G2) such paths.

Lemma 2.3. Let G, and G, be two connected graphs with at least three vertices and girth at least 5. Let £ > max{Diam
(G1), Diam(G,)} be an integer. For every two distinct vertices x,y, € V(Gy) and every two distinct vertices x,,y, € V(Gy)
there exist at least £;(G1)&¢(G2) + £¢(Gy) + &¢(Go) internally disjoint (xq, x2) (Y1, y2)-paths of length at most £ 4 2 in G; X G,.
Proof. Let us denote by ¢; = £¢(Gy) and &, = &¢(Gy). Let Py, ..., P, and Qq, .. ., Qg, be internally disjoint paths defined as
in the proof of Lemma 2.2, that is, P; : uu, . .. uii and Q; : vpv ... v§j, where (X1, X) = (ub), v)) and (y1,y2) = (uii, véj.), for
ie{l,...,&1}tandj € {1,..., &} Next, we provide &; &, + {1 + & internally disjoint (x1, X2)(y1, y2)-paths in G; X G, of
length at most £ + 2.

(I) First, by considering the x;y;-path P; in Gy and the x,y,-path Q; in G,, we construct three pairwise internally disjoint
(X1, X2) V1, ¥2)-paths in G; X G, of length at most £ + 2. These paths are denoted by R/m, R;,1 and R* and their construction
is done according to the length of the paths P; and Qy, that is, depending on r; and s;.

(a) Ifr; = 1and s; = 1, that is, if P; : x1y; and Q; : x,y», then
Ryt (1, x2) (X1, ¥2) V1, Y2)s
Rt (1, %)(¥1, %) (v1,2) and
R*: (x1, %) (V1,¥2)
are such paths. Their lengths are I(R’“) = l(ﬁm) =2andI(R*) = 1.



(b) Ifr; = 1and s; > 2, then
Ryt (ug, vg) ... (ug, vl )y, v)),
Ry (ug, vg)(uy, vy) ... (u, v}

Notice that I(R’“) = I(Em) = 57 < £.In this case, it is impossible to construct in G; X G, one more path induced
only by P; and Q. We solve this problem in two different ways depending on the value ¢;.

Assume that ¢; = 1. Since x1y; € E(G;) and Gy has at least three vertices, there exists a vertex u € V(G;) such that
either ux; € E(Gy) or uy; € E(G;). Without loss of generality, we consider that ux; € E(G;) and hence the first and
the last internal vertex of the path Q; are adjacent in G; X G, to (x1, X2) and (x4, y»), respectively. Thus, we obtain the
(x1, X2)(V1, y2)-path

(%1, x2)(Q1) (%1, ¥2) V1, ¥2),

whlchhaslengthl—i-s] 24141441
If ;‘1 > 2,since g(G1) > 5 and r; = 1, the path P, exists and has length r, > 4. Recall that u0 = u0 = X1, u1 = u =

Y1, Vg = X and vs1 = y,. We consider the path R* : (u}, vg)(ul, v)R (ug, vsl)(u], vS]), where

2 1y (1,2 1 2 12 o] :
(ur2 1,vo)(ur2 25vl)..l.(uz,v])(uzl,vz), ifs; =2
1 .
R: (ur2 1,vo) (u ,2 —sp Usy—1) - - - (U7, U5, _q), ifr, > syand sy # 2
1 2 1 :
(urz_l,vl) (u,z_l, Vg, —ppg1) - - (UT, Vg _q),  if 1y < spandsy # 2.

The design of this path R* must be combined with the ones of R, ; and ﬁz,l described below. That is the reason why it
becomes necessary to distinguish several cases to construct these three internally disjoint paths associated to the paths
P1, P, in G; and Q; in G,. Notice that [(R*) = max{s;, 1} +2 < £ + 2.

(c) The case r; > 2 and s; = 1 is similar to the previous one due to the commutativity of the strong product of graphs.

(d) If ry > 2and sy > 2, then

1 1 1 1 1 1 1 1 :
R {(uo, V) -+ - (Ugs Vg, q) o (U gy 05 ) (Uy , vg), iy < s
1,1 1

11yl o1 1 1 1 :
(ug, vg) (U, V) - .. (Ug,_q, V) - (U, Vg ), ifry > sq,

1o 11 ;
Tél 1 {(UO,UO)(UPU(%) -(u ri2 V- 1) i"(?rﬂvS]]’ ) ifry <s
(ug vg) - .- (u ri—si+1° V) - - Uy v (U vg), i > s,

and
11 1 1 1 1 11 ;
. {(uo,vo)...(ur11,vrl1)...(ur11,v$11)(url vg), ifr < s
1.1 1 1 1 1 T o1 :
(g, Vo) -+ - (Ug, 1, Vg 1) -« (U _q, Vs ) (U, v ), Bf Ty > 1.

In this case l(R’“) = l(ﬁm) = max{ry, s1} + 1 < £ + 1, whereas [(R*) < £. These three paths prove constructively the
desired result when¢; = ¢ = 1.

(IN)If &1 > 2, then associated to the x,y,-path Q; in G, and to each xqy;-path P;in Gy, i € {2, ..., {1}, we construct two
(X1, X2) (¥1, y2)-paths R; 1 and R; 1 of length at most £ + 2 in G; K G, as follows.
If s; = 1, then

. i 1 i 1 i 1
15 (ug, vg) - - (U _q, Vo) (U, V7)),
. i 1 i 1 i 1
Ri1 @ (up, vg) (Ui, vq) ... (u'ri, V).

As we have previously mentioned, the difficulty to construct the paths R; ; and ﬁm takes root in the fact that they must
be internally disjoint with the path R* considered in (I).
If s; = 2, then

. i 1 i 1 i 1 i 1
1 (u:), V) - (ulri,p Uo)(ulrﬁ]a U])(ulri» v,),
. i 1 i 1 i 1 i 1
Ri 1 (ug, vo) (U, v) (U3, ) .. (W, V).
If , = 3 and s; > 3, then
. i 1 i 1 i 1 i 1 i 1
Ri1t (ug, vo) (U, vy) - .. (U, v, 1) (g, vg,) (3, vg,),
. i 1 i 1 i 1 i 1 i 1
Ri 1 (up, vo) (U, vp) (U, vy) - .. (U3, vy, 1) (U3, V).
Ifr; > sy > 3, then

i 1yl g1 i 1 P
R i(ug, vo) (g, vp) o (U, V) - (urfl, Usl)(ur, vsl if s1 is odd
i Ayl o1 o
(ué)» vy) (U, U]) (url —s;+10 ¥ ) (ur, 2 51 2)(ur, 2 51 1)(ur1_1, Ugl)(urx USI if 51 is even,
. {(uo,vo) (u r, S]H,vo) (u,ﬁ], 5 2)(u,ﬁ1, 5 1)(url Us1 if s1 is odd
(Up, vp) - - - (1] ri— 51+2,v0) (ur,—l’ 5-3) - (U y, 51 1) (U vs1) if s, is even.



Ifs; > r; > 3, then

i Ayl o1 i1 i 1 i1 P
R (ulo, v(l,)(u}, vll) e (u’], Uslrri+3) . (”lrrZ’ vsf o (u’rf_, vg,), ifriisodd
L1 . .
5 (ugs v) Uy, vg) e (U Vg ) e (U g vg ) (U, v ), if rj is even,
i e oy ] i o1 i1 P
R (up, vo) (uy, v?)(u’z, Vi) e (U Vg, ) e (U V), if r; is odd
L1 - i 1 i i 1 i 1 i 1 i 1 i 1 : :
(ugs Vo) (U, V) (Uy, V1)« v (U, Vg, i q) v (U g, Vg, ) (U, 5y, vg ), if i is even.

The length of the paths R; ; and ﬁi.l is at most max{r;, s;} + 2 < £ + 2. Notice that they are internally disjoint with all
the paths described in (I).

If &, = 1and ¢; > 2, then (I) and (II) provide 3 + 2(¢; — 1) internally disjoint (x1, x3) (¥1, ¥2)-paths of length at most
£+ 21in Gy K Gy, as it is desired.

() If & > 2, then the commutativity of the strong product of graphs leads us to deduce the existence of 2(5; — 1)
internally disjoint (x1, X2)(¥1, y2)-paths Ry jand Ry j, forj € {2, ..., &} in G; K G,, constructed in an analogous way as in
(II). They are associated to the x;y;-path P; in G; and to the x,y,-paths Q,, ..., Q;, in G,.

If {1 = 1and & > 2, then (I) and (III) provide 3 + 2(¢; — 1) = 2, + 1 internally disjoint (x1, X2)(y1, y2)-paths of length
at most £ + 2 in G; X G, and the proof is finished.

(IV)If¢; > 2and &, > 2 then, fori € {2,...,¢1}andj € {2, ..., {}, associated to each x;y,-path P; in G, and to each
X,¥»-path Q; in G,, we consider the path

g, vg) e W V) 1;;__1)(11;, v, ifr <
T o vp) - g vy vy (v, i s
It is easy to see that I(R;) = max({r;, s;} < £ and that these ({; — 1)(¢&, — 1) paths R;; are internally disjoint with all the
previous paths because they are associated to different paths in the generator graphs G; and G,.
Ifgg >2and & > 2,(Ito(IV) provide3+2(& — D+ 261 — 1D+ (&1 — D(& — 1) = &8 + & + & pairwise internally
disjoint (xq, X2) (1, y2)-paths in G; X G, of length at most £ + 2. O

Making use of these previous lemmas, we provide next two lower bounds on the Menger number of the strong product
of two connected graphs.

Theorem 2.1. Let G, and G, be two connected graphs with at least three vertices and ¢ > max{Diam(G,), Diam(G,)} be an
integer. The following assertions hold:

(1) e(G1 R Gy) = e(G1)Ee(Gy).
(i) Ce42(G1 W G2) > £e(G1)8e(G2) + £e(Gr) + &e(Go) if g(Gy) = 5fori=1, 2.

Proof. Let us consider vertices x1, y; in V(G;) and x5, y, in V(G;).

(i) Ifx; = yy and x, # y, (resp. if x; # y; and x, = y,), then, by Lemma 2.1, there exist at least (§(Gy) + 1)¢¢(Gy) >
£e(G1)Ze(Gy) (resp. £¢(G1)(8(Gy) + 1) > £¢(G1)¢e(Gy)) internally disjoint (x1, x2) (¥1, ¥2)-paths of length at most £ in
G1 X G,. If x1 # y; and x; # y, then, by Lemma 2.2, there exist at least £, (G1)¢(G,) internally disjoint (xq, X2) (1, ¥2)-
paths of length at most ¢ in G; X G,. Therefore, {; (G X G3) > £¢(G1)&¢(Ga).

(ii) Assume also that G; and G, have girth at least 5. If x; = y; and x, # y-, then, by Lemma 2.1, there exist at least
(8(G1) + 1)&e(G2) +8(G1) = £(G1)Ee(Gy) + ¢(Gz) + &¢(Gy) internally disjoint (x1, x2) (v1, ¥2)-paths of length at most
£ 4 2 in G; X G,. The same conclusion is obtained when x; # y; and x, = y,, due to Lemma 2.1. If x; # y; and x, # Y-
then, by Lemma 2.3, there exist at least £;(G1) & (G2) 4+ £¢(G1) + £¢(G,) internally disjoint (x1, X2) (y1, y2)-paths of length
at most £ + 2 in Gy ® G,. Hence, £¢12(G1 ® Gy) > £e(G1)8e(G2) + $e(Gr) + 4e(G). O

Theorem 2.1(i) provides a tight bound. In fact, the equality ¢;(G; X Go) = £;(G1)Z¢(G>) holds, for instance, when G; and
G, are both isomorphic to the path Py ; of length ¢, or when G; and G, are isomorphic to the cycle G, of length 2¢ + 1 or
when G; = Py4 and G, = Cy41 (see Fig. 1).

Also, Theorem 2.1(ii) is best possible in the sense that the hypothesis cannot be relaxed. On the one hand, the bound in
Theorem 2.1(ii) may not be attained when at least one of the generator graphs has two vertices. For example, ¢; (P, X P3) <
k(P,®P3) = 2 < §(P2)Ee(P3) + ¢¢(Py) + & (P3) for £ > 2.0n the other hand, the same bound may fail when the hypothesis
of girth at least five is not fulfilled. For example, let G, be the graph formed by two cycles of length 5 which share a common
vertex z, and let G, be a cycle of length 4. We consider an integer £ > max{Diam(G,), Diam(G,)} = 4. Clearly ¢,(G;) = 1,
because z is a cut vertex of Gy, and ¢;(G;) = 2. Let us consider two distinct vertices x1,y; € V(Gy) \ {z} such that any
X1y1-path in G; passes through z. For any two vertices x,, y, € V(G,), it is impossible to construct five internally disjoint
(%1, X2)(¥1, y2)-paths in G; K G, because each of these paths must contain a vertex of the subgraph G;. But this graph has
only four vertices because it is isomorphic to G, that is, to the cycle of length 4.

As a consequence of Theorem 2.1 we obtain the following result.

Corollary 2.1. Let G, and G, be two maximally connected graphs with at least three vertices and girth at least 5. If £ is an integer
such that é'g (Gl) = K(G]) and {g (Gz) = K(Gz), then §[+2(G1 X Gz) = 5(61 X Gz)



(z1,22)

Fig. 1. Unique path of length 2 in P; X Cs joining vertices (x1, x2) and (y1, y2).

Proof. Taking into account Theorem 2.1, the maximal connectivity of graphs G; and G, and the fact that §(G; X G;) =
8(G1)8(Gy) + 8(Gy) + 8(Gy), it follows that
Le42 (G1 B G2) = £o(Gr) £e(Go) + £e(Gr) + £¢(Ga)
= k(G1) k(G2) + «(G1) + k(Ga)
= §(Gy1) 8(Gy) + 8(Gy) +8(G)
= 3(G1 X Gy).

\%

Since the other inequality is trivial, the desired result is proved. O

As £¢(G) < k(G) for every graph G and there exists an integer £ < |V(G)| — 1 for which the previous inequality is in fact
an equality, from Corollary 2.1 it follows the following corollary whose proof is straightforward.

Corollary 2.2. Let G, and G, be two maximally connected graphs with at least three vertices and girth at least 5. Then G X G,
is maximally connected.

Applying Corollary 2.1 and considering that for integers n > m the Menger number ¢,_1(C,) = ¢—1(Cp) = 2, we
determine & 1(Cy, ® Cpp).

Corollary 2.3. For integersn > m > 5, let C, and Cy, be two cycles of lengths n and m respectively. Then ¢,11(C, X Cy,) = 8.
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