O-critical sets of Latin squares having © as a principal autotopism
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ABSTRACT:

Any principal autotopism © of a Latin square L € LS(n), whose elements are in a set N of n symbols, gives a signific

about the symmetry of L. Although ©-critical sets of L can be then used in Cryptography to get the access structure of a secret shari

size of the smallest one is still an open problem. Because © can be decomposed into triples of a partial Latin square [6], we propose

depending on the order of L allowing to give an upper bound of the previous size. This algorithm reduces the previous problen

the smallest critical set of a Latin subrectangle of L of order k& X n, which can be decomposed at the same time int

symbols of V.

1 Introduction
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/, i cipal isotopism. An isotopism which maps L to itself is
// // n T, is its autotopism group, U(L) = {© € T, : L® = L}.
in squares L such that © € U(L) is denoted by LS(O). Finally, the

or nis a n X n array with elements chosen from a set of n symbols, such

-

ost once in each row and in each column. The set of partial Latin squares of

/ // S(n). Isotopisms of partial Latin squares are defined in a similar way than that

.

though now () = (). In particular, the sets U (P) and PLS(©) are similarly defined.
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3 said that a fixed P € PLS(n) can be uniquely completed to a Latin square L € LS(n) if L is the
/ nique Latin square such that P C L and it is denoted P € UC(L). If any proper subset of P can be
completed to two distinct Latin squares, it is said that P is a critical set of L and it is denoted P € C'S(L).
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Fixed L € LS(n), scs(L) denotes the size of the smallest critical set of L and scs(n) denotes the minimum

of ses(L) for all L € LS(n).

3 Partial Latin squares related
to principal isotopisms

Algorithm 2.

i) We take po; = j for all j € N.
it) Fized i ¢ S§U Sg, we 1mpose Py = 1.
iii) We put in the natural order the elements of S§ \ Sg and we assign them consecutively to the

elements p;y (also in the natural order) which are still without an assigned value.

i) Finally, we follow the CCPM.

that P € PLS((6,7,¢))},
such that P € PLS((v,0d,€))}.

the set of principal isotopisms given by: ©; ~ O, <

S(©3). The equivalence class of each principal isotopism ©

= (2 -1

Theorem 3 ([6]). There exists a bijection between the set of equivalence classes of non-trivial principal
isotopisms © such that A(©) > 0 and the set of partial Latin squares P = (p;j) of order n and size
(2k—1) - (%)2, such that:

i) In P, all the cells of its first row and column are filled. Besides, py; = j Vj € N.

i) Indeed, there exist T rows and 3 columns in P such that all its cells are filled.

iii) There is an unique way of decomposing P in 2k — 1 disjoint blocks By, By, ..., B 4, BY, ..., Bf_4,
where the blocks corresponding to the filled rows (columns) of P are denoted with the r (c) index.
By denotes the block of the intersection of filled rows and columns.

i) There exist two F-cycles Cy and Cy, such that By € PLS((Cy,Cy,€)). Besides, for all i €
{1,2,....k — 1}, B € PLS(C1) and Bf € PLS5(C5).

To prove the previous result, it is enough to consider the map © — Pg. Indeed, fixed a partial Latin square
P verifying these properties, we can find a principal isotopism © = («, (3, €) such that P = P. To obtain
it, let (IV,-) be the partial quasigroup having P as its multiplication table. Now, we must keep in mind

the next:

-
Algorithm 4.

i) We take C§ = Cy and Coﬁ = Cs, in such a way that ¢y = Cg,o = 0.
i) For i from 1 to k — 1, let m§® = ¢y be the minimum in the natural order of N \ Ué.j) S¢. So,
Cf = (i choo/cg,l p,;;;foo/cg2 pchO/Cg,%_l); where | denotes the right division on (N, ).

iit) For j from 1 to k — 1, let mf = Cf,o be the minimum in the natural order of N \ Ug;& S;B. So,

Cf = (C]@,o 08"1\0520 0872\0?’0 08‘7%_1\0570), where \ denotes the left division on (N, -).
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/ aring scheme is a method of sharing a secret key A, by giving n pieces of information called

v

hares and it cannot be done from unauthorized groups of them. The access structure 1" is the set of all

o n participants, in such a way that K can be reconstructed from certain authorized groups of

the previous authorized groups. An example of this by using Latin squares is the following [2, 8]: Fixed a
Latin square L = (l;;) € LS(n) as the secret key and made public its order n, each share is then a triple
(i,7,0;;) € L and the set of all the used triples is denoted by S. So, if some participants get a critical set
of L by sharing its corresponding triples, they will obtain as consequence the secret key L. The access

structure is then I' = {P € PLS(n) : P C J¢{(¢,4,0;;)} € L and 3C € CS(L) such that C C P}.
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Given P € PLS(n), contained in L, and § C U(L), it is defined the extended autotopy P¥ = Jg.; P° €
PLS(n).
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Fixed L € LS(n), P € PLS(n) contained in L and § C U(L), it is defined F(P) = P~ where < § >
is the subgroup of U (L) generated by §. Then, P is uniquely §-completable to L, which is denoted as
P € UCk(L), if §(P) € UC(L). Furthermore, P is a F-critical set of L if P € UC3(L) and Q ¢ UC3(L)
for all ) C P.
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In [5], fixed a Latin square L = ([;;) € LS(n) as the secret key and made public its order n, it is allowed
to consider triples (4, 7,l;;) € L and a set F of principal autotopisms © = («a, 3,€) € U(L) as shares of
a secret sharing scheme. So, if some participants get a §-critical set of L, being § C F, by sharing its

corresponding triples and principal autotopisms, they will obtain as consequence the secret key L.
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4 Critical sets related to

principal isotopisms

ce the previous partial Latin square to the

= scs(0) < 3.

e size of the smallest set of triples equivalent to ©, we have therefore

n—2,ifk=1,

(B—1)-(2k—1) =2, if k # 1.

Proposition 5. scs(0) <

er way, in the previous example, we can not find a partial Latin subsquare of C such that [©]
ained from it. We will say then that C' is a critical set of [©]. The set of critical sets of [O] will be
oted by C'S(|©]). So, the study of critical sets of principal autotopisms will be therefore related to that

of the access structure of any secret sharing scheme using Latin squares and principal isotopisms.

Keeping in mind all the previous process, we obtain:

'n| k | Upper bound of scs(©) [ n| k& | Upper bound of scs(0) |
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2  The Canonical Construction Path
Method (CCPM)

Proposition 1 ([5]). Let © = («a, 3,7) € I, be a non-trivial isotopism. If one of the permutations c, 3 or =y
is equal to €, then A(©) > 0 if and only if the other two permutations are both the composition of k cycles of
length 7.

From now on, © = (o, 3,€) € Z,, will be a non-trivial principal isotopism, such that A(©) > 0. So, a = Cj o Cf o...0 O} |
and 8 = CPoCl0o ..o 05_17 where 9 = (020 . cg,%_1> is a cycle of length # for all 0 € {a,3}. Now, fixed
i € {0,1,...,k — 1} and 6 € {a, 8}, we will define the set S = {cg’j :j € 1{0,1,...,% — 1}}. If we want to find a
Latin square L = (l;;) € LS(O), then we can use the CCPM. This algorithm allows to decompose L in the subsquares
e L. o) st €{0,1, .. ¢ —1}}, for all4,j € {0,1,...,k — 1}. Finally, it is useful to define also the following

1,8 7J

sets S = {lst L (s, t,ls) € RiL’j} , for all 4,5 € {0,1,....k — 1}.

O = ((01)(23), (03)(12),¢): L € LS(©)?
Y
( loo lo1 lo2 los )
Step 1: L € LS(4) > L= [ {° 1 12 13
lo ls1 I3z lss
o o= =
Step 2: From the cycles (01) and (03) : {ggg z 23 zg = g ey

Step 3: From the cycles (01) and (12) lov = ha =0 = R = - 2 g - ?i [é If Z
. Do J lp=l1=c = 2 i (= L= e f g h
h g f e
Step 4: From the cycles (23) and (03) {520 7 533 B lez = RY = (; Y 2)
23 = (30 =
= = ¢
: In=lp=1Ff 1 == e
Step 3: From the cycles (23) and (12) ey > R = & A
o = Uil =
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5 ©-Critical sets of Latin squares

Lemma 6. In the CCPM, the following asserts are verified:
a) |S™) =%, foralli,j €{0,1,....k —1}.

b) Uf:_ol S4 =N, for all j € {0,1,....,k — 1} and U?;é St =N, for alli e {0,1,....,k —1}.
c) If (i,7) # (s,t), then S% N S*' = () wheneveri=s or j =t.

d) If ls is known, being (s,t,ls) € Rz’j, then the T cells (u,v,ly,) of R%j such that l,, = ly are known.

Proposition 7. scsg(L) < k- n.

@ for alli € {0,1,...,k—1}. Then, if we know
L by using the CCPM with all these elements and
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Lemma 8. R} o = {l o 01 €{0.1 . k=1}1€ {01, F =13} = N, for all j €{0,1,....k — 1}.

cse of L can be reduced to the calculus of the size of the smallest critical set of a Latin rectangle of order
an be decomposed at the same time into k regions, each of them having all the symbols of N. Therefore, if we

0= U;:é R%,@ € LS(k,n), we have the following:

Proposition 9. scse(L) < scs(Rro).

© = ((01)(25)(34), (01)(23)(45),e); | 5 = 3 3 1 0| = Critical set:

© = ((014)(235), (023)(145), €);

By construction, it is immediate that scs(Rre) > k- (n — k). We give then the following conjecture:

Conjecture 10. scsg(L) < k- (n—k). As a consequence, the smallest size of an authorized group of a secret

sharing scheme having © and the triples of L as shares is smaller or equal than 2n — 3, if k = 1 and smaller or

equal than (2 —1)-(2k—1) =2+ k- (n—k), if k # 1.
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