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Abstract

Given a Latin square L and a subset § of its autotopism group U(L), we study in
this paper some properties and results which partial Latin squares contained in L
inherit from U(L), by using §. In particular, we define the concept of F-critical set
of L and we ask ourselves about the smallest one contained in L.
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1 Introduction

A Latin square L of order n is a n X n array with elements chosen from the set
N ={0,1,...,n — 1}, such that each symbol occurs precisely once in each row
and each column. The set of Latin squares of order n is denoted by LS(n). If
L = (I;;) € LS(n), the orthogonal array representation of L is the set of n?
triples {(i,,0;;) : 1,7 € N}. The previous set is identified with L and so, it
is written (4, j,1; ;) € L, for all 4,7 € N. It is said that L is an entropic Latin
square if Uy, ;1,, = lj,1,, for all 4, 7,5, € N.
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Let S,, be the symmetric group on N. An isotopism of Latin squares of
order n is then a triple © = (o, 8,7) € Z, = S, X S, X S,,. If we apply ©
to a Latin square L € LS(n), it is verified that a, 8 and ~ are respectively,
permutations of rows, columns and symbols of L. The resulting square L°®
is also a Latin square and it is said to be isotopic to L. In particular, if
L = (l;;), then L® = {(i,j,v (lafl(i),ﬁfl(j)) :0 <i,j5 <n—1}. An isotopism
which maps L to itself is an autotopism. The stabilizer subgroup of L in S3
is its autotopism group, U(L) ={© € Z,,: L® = L}.

A partial Latin square, P, of order n, is a n X n array with elements chosen
from a set of n symbols, such that each symbol occurs at most once in each
row and in each column. The set of partial Latin squares of order n is denoted
by PLS(n). The size of P, |P|, is the number of non-blank cells. If L € LS(n)
we will denote by L;; the partial Latin square contained in L such that the
unique filled cell of L; ; is (7, 7,1; ;). Thus, given P € PLS(n) we can ever find
a subset Ip C N x N such that P = U(m)elp L;;.

It is said that P can be completed to a Latin square L € LS(n) it P C L. If
L is the unique one in such conditions, it is said that P is uniquely completable
to L and it is denoted P € UC/(L). If besides any proper subset of P can be
completed at least to two distinct Latin squares it is said that P is a critical
set of L and it is denoted P € C'S(L). Given L € LS(n), scs(L) denotes the
size of the smallest critical set of L and scs(n) denotes the minimum of ses(L)
for all L € LS(n). Analogously, lcs(L) denotes the size of the largest critical
set of L and lcs(n) denotes the maximum of les(L) for all L € LS(n).

2 Extended autotopisms of partial Latin squares

An isotopism of partial Latin squares of order n will be a triple © = (a, 8,7) €
Z,., where v(() = 0.

Lemma 2.1 Let P € PLS(n) be contained in a Latin square L € LS(n) and
let © € Z,,. The following asserts are verified:

a) P° is also in PLS(n) and |P®| =|P|,
b) If Q € PLS(n) verifies that P C Q, then P® C Q°.
c¢) If P can be completed to L, then P® can be completed to L°. O

Lemma 2.2 Given L € LS(n), let ©1,045 € U(L) be two distinct autotopisms
of L. Let us consider L;, j,,Li, ;, € PLS(n) with (i1,51) # (i2,J2). Then
Lt # LgY, and L # LY 0
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Now, let us consider L € LS(n) and let § C U(L). If P € PLS( ) can
be completed to L, we will define PS € PLS(n) as PS = {Jg; P®. Then, we
will say that PS is an extended autotopy of P.

Lemma 2.3 Let us suppose L € LS(n), P € PLS(n) contained in L and
§ CU(L). Then, -5 O

Example 2.4 Let L = ( ) € LS(2). So, U(L) = {(Id, Id,Id),((Id,(01),

(01)),((01),1d,(01)), (( ), (01), d)} Let us take now by example § =
((I1d, Id, Id), (Id, (01), (01))}, P = ) € PLS(2) and Q = ( ) e PLS(2).
Then, we can prove that PS = ( 1) and PYUD) = [, = Q% = QY1) <

In general, given L € LS(n), there does not exist a subset § of (L) and
P € PLS(n) such that P C L and P¥ = L. This is due to that the most of
Latin squares has only the trivial autotopism group [1], U(L) = {(Id, Id, Id)}.
We can therefore ask ourselves about conditions under which we can obtain a
similar result to Example 2.4:

Theorem 2.5 FEvery entropic Latin square is an extended autotopy of each of
its proper partial Latin squares. d
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Example 2.6 Let L = (1 2 o> € LS(3). It is entropic and verifies that
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U(L)| = 18 [1]. Let § = {(as, au, au,,) Fsen, where ag = Id, ag = (012), ap =
(021). So, |§| =9 and P® = L for all P € PLS(3) contained in L. <

3 Ceritical sets by considering /(L)

Given L € LS(n) and § C U(L), let < § > be the subgroup of U (L) generated
by composing the elements of FUF !, where §' = {07! = (a7, 371,771 :
© = (a,8,7) € §+ C U(L). Now, given P € PLS(n) contained in L, let
us denote by §(P) the partial Latin square P<3>. We will then say that
P is uniquely §-completable to L and it will be denoted by P € UC3(L) if
§(P) € UC(L). We will say that C' is a §-critical set of L if C' € UC5(L) and
P g UC3(L) for all P C C. So, we are interested in the smallest size scsz(L)
of a §-critical set of L.

Lemma 3.1 Let L € LS(n). The next assertions are verified:

a) Given §1,82 CU(L) such that §1 C Fo, then scsz, (L) < scsz, (L).
b) If § CU(L) is such that | <F > | > les(L), then scsz(L) = 1. O



Lemma 3.2 Let L € LS(n), P € PLS(n) contained in L and § CU(L). Let
C € CS(L) be such that |C| = ses(L). If C C §(P) then, scsz(L) < |P|. So,
scsz(L) < ses(L), for all § CU(L), such that § # 0. O

Proposition 3.3 Let L € LS(n), P € PLS(n) contained in L and § C U(L).
Then, scsz(L) = minpeprsm) {|P|: 3C € CS(L) such that C C §F(P)}. O

01234 01 % % %
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Example 3.4 Let L= | 23401 | € LS(5), C=|++=+«+| €CS(L)and P =
34012 * ok ok ok 2
40123 * x x 2 3

oo | € PLS(5). Let § = {((04321),1d, (04321))} C U(L). So, C C

*****

PUPS =] .suss and therefore, scsz(L) <4 < 6 = scs(L). <

3.1  An algorithm to obtain an upper bound of scsz(L)

Lemma 3.5 Let L = (l;;) € LS(n), § C U(L), P € PLS(n) be contained
in L such that |P| = scsz(L) and C € CS(L) be contained in §(P). For all
i,7 € N, there exist (s,t,ly) € C and © € < F > such that L% =Lgy. O

Lemma 3.6 Let L € LS(n), § CU(L), P € PLS(n) be contained in L such
that |P| = scsz(L) and C' € CS(L) be contained in §(P). Then P C §(C). O

In general, given L = (l;;) € LS(n), P = U, jyes, Lij € PLS(n) contained
in L and § C U(L), we must be interested in an algorithm which allows us to
obtain the number scsz(L). To do it, let §(P) = U(iJ)Ug(P) L;; € PLS(n),
which is contained in L. Given (i, j,;;) € §(P), let us consider:

SZ-Z = {(s,t,lsx) € P such that L, ; C §(Ls;)} C P.
Lemma 3.7 Let L € LS(n), P,QQ € PLS(n) be both contained in L and
§ CUL). If Q C F(P) and P C F(Q), then P = U(z‘,j)eIQ S and Q =
Q
Utierr 555 H
Theorem 3.8 Let L € LS(n) and § CU(L). Then scsz(L) is equal to:

. : ) , B o c
Cenégr%L) {mln {P :3lp C Iz being P = U Li;, C= U Si,j} } .
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i, being
P = Uajer, Lij € S(C). So, given (s,t,ls) € C, there exists © € < § >
and (i,7) € Ip such that L = L;;. Then, L6 t = L, and so, (s,t,ls) €
§Y(P) = (P). Therefore, we have that C' C 3( ). So, from Proposition
3.3, scsz(L) is smaller than the signaled minimum. Now, let P € PLS(n)
contained in L be such that |P| = scsz(L). From Proposition 3.3, there exist
C € CS(L) contained in §(P). Besides, from Lemma 3.6, P C F(C). So,
Lemma 3.7 involves C' = U jcs, SE;, being Ip C Iy, and therefore, by
using Proposition 3.3 again, scsz(L) is bigger than the signaled minimum. O

Proof. Let C' € CS(L) and Ip C Igc) be such that C' = ;cs, S¢

The computation of the minimum of the previous theorem allows us to
obtain scsz(L) but it can be an arduous process. In a concrete case, a first
upper bound of sesz(L) can be given by the following way: let C' € C'S(L)
be such that |C] = scs(L). Let us obtain F(C) and next all the sets Sf.
If the cardinality of all these sets is one, then we cannot improve the upper
bound of scs(L) by using this critical set C'. In the other case, let ny > 1 be
the maximum of the mentioned cardinalities and let us take ngl a set with
cardinality n;. Let us now fixe (s1,t1,ls,s,) € SC . and let ©; € § be such

11,J1
that Lgltl = L;, j,- Let us then consider C = C'\ (S5 \ {(s1,t1,15,1,)}) and

= CP1 C 09, So, |P,| = |Cy] < |C| and it can be seen that C' C F(P;) and
therefore sesz(L) < |Ch] < ses(L). Now we can take the same procedure with
(' instead of C'. If the cardinality of all the corresponding S is one, then we
cannot improve the upper bound of scsz(L) by using this method with C. In
the other case, we take SZ 5, & set with cardinality ny > 1, the maximum of
the mentioned cardinalities, and we fixe (s9,t2,ls,:,) € Sglm Let us observe
that it is necessary to take (sg,t2, ls,,) = (51,11, ls,¢,) Whenever it is possible.
So, we consider Cy = C \ (Sglj2 \ {(Sg,tg,ls2t2)}) C (1, being ©5 € § such
that L?jtg = Li, ,- Let P, = C* C CP2. By construction, C; C F(P,) and
so, PL C §(C1) C3(F(R)) = 3(P2>- Finally, C C §(P1) C §(F(F2)) = S(P2).
Therefore, scsz(L) < |Py| = |Cy| < |Cy|. We repeat all this procedure until

we find that the maximum cardinality of all the corresponding sets S; ; is one.

01 % 34
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Example 3.9 In Example 3.4, where F(C) = [23+01 |, we can see that,
34 %12
4 0 x 23
1,ifj=1o0r3
for all + € N, Sf]! = ’? ‘7 “F2 et us then take for exam-
’ 2,if j =0 or 4.

ple 5§, = {(0,0,0),(1,0,0)} and let us consider (0,0,0) € S§,. So, Cy =



C\Lipg = [vrnn= . Besides, it will be P, = C; because Léff) = Loo.

* x x 2 3

So, C C §(P) = §(C) and scsz(L) < |Cy] = 5. Now, for all i € N,
1,if j = 0,1 or 3,

|SZ-C1| = o Let us take S) = {(3,4,2),(4,4,3)} and
" 2,if j = 4. ’
01 % % %
let us consider (3,4,2) € Sgo. So, Co = Cy\ Lyy = |«x»x+| = Py, as
* * 2

* ok ok 2 ok
L% = Lgy. So, C C §(P,) = F(C) and scsz(L) < |Cy] = 4, as we have seen
in Example 3.4. Thus, Sg]? =1 for all 7,7 and so, the algorithm finishes. <
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