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ABSTRACT. This paper is concerned with the existence and continuous depen-
dence of mild solutions to stochastic differential equations with non—instantaneous
impulses driven by fractional Brownian motions. Our approach is based on a
Banach fixed point theorem and Krasnoselski-Schaefer type fixed point theo-
rem.

1. Inmtroduction. Stochastic differential equations have many applications in sci-
ence and engineering, and for this reason, these equations have been receiving much
attention over the last decades (see, e.g., [4, 8, 10, 34, 15, 19, 30, 29, 1] and ref-
erences therein). Also, in recent years, stochastic differential equations driven by
fractional Brownian motions (fBm) have attracted much attention and there are
only a few papers published in this field (see, e.g. [9, 11, 12]). Boudaoui et al. [6]
discussed the existence of mild solutions to stochastic impulsive evolution equations
with time delays, driven by fBm with Hurst index H > %

On the other hand, impulsive effects exist in several evolution processes in which
states are changed abruptly at certain moments of time, related to fields such
as economics, bioengineering, chemical technology, medicine and biology etc (see
[20, 33, 13, 27, 28]). Boudaoui et al. [8] obtained several new sufficient conditions
to ensure the local and global existence and attractivity of mild solutions for sto-
chastic neutral functional differential equations with instantaneous impulses, driven
by fractional Brownian motions.
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Recently, Herndndez and O’Regan [18] initially study on Cauchy problems for a
new type of first order evolution equations with non—instantaneous impulses. For
example, impulses start abruptly at the instant t; and their action continue on a
finite time interval (¢x,sk]. This type of problem motivates to study certain dy-
namical changes of evolution processes in pharmacotheraphy [26, 14, 32]. As a
motivation, we can mention a simple situation concerning the hemodynamical be-
havior of a person who has a decompensation of the glucose level (either high or low
level). Then, this person can be prescribed some intravenous insulin to compensate
the level. Since the introduction of the drug in the bloodstream and its absorp-
tion are gradually continuous processes, we can interpret the above situation as an
impulsive action which remains active for a period of time, so a non-instantaneous
impulse is taking place.

Hence, it is important to take into account the effect of impulses in the investi-
gation of stochastic delay differential equations driven by fBm.

In this paper, our main objective is to establish sufficient conditions ensuring
existence and continuous dependence of mild solutions to the following first order
stochastic impulsive differential equation:

dy(t) = [Ay(t) + f(tﬂyt)]dt + g(t7yt)Bg(t)7 te Jk = (Sk;tk+1]7k = 0, T, My, (1)

y(t) :hk(tayt) te (tkask]ak: 17 , 1M, (2)
y(t) = ¢(t) € Dg,, for ae. te Jy=(—00,0], (3)
in a real separable Hilbert space H with inner product (-,-) and norm || - ||, where

A : D(A) C H — 'H is the infinitesimal generator of a strongly continuous
semigroup of bounded linear operators {S(t),t > 0} satisfying [|S(¢)[|? < M,
Bg is a fractional Brownian motion on a real and separable Hilbert space IC,
with Hurst parameter H € (1/2,1), and with respect to a complete probability
space (Q, F,F:, P) furnished with a family of right continuous and increasing o-
algebras {F;,t € J = [0,T]} satisfying F; C F. The impulse times ¢, satisfy
O0=th=s50<t1 <81 <t2<"'<tm§8m<t7,L+1=T.

As for y; we mean the segment solution which is defined in the usual way, that
is, if y(+,+) : (—00,T] x Q — H, then for any t > 0, y;(-,-) : (—00,0] x Q@ — H is
given by:

y(0,w) =yt +0,w), for € (—0,0], w € Q,
Before describing the properties fulfilled by the operators f, g,o and hg, we need to
introduce some notation and describe some spaces.

In this work, we will use an axiomatic definition of the phase space Dg, intro-
duced by Hale and Kato [17].

Definition 1.1. Dy, is a linear space of family of Fj-measurable functions from
(—00,0] into H endowed with a norm | - |p,, , which satisfies the following axioms:
(A-1): If y : (=00, T] — H, T > 0 is such that yo € Dz, then for every
t € [0,T) the following conditions hold
(1): yr € D,
0): [y(0)] < Llellos,
(iii): o, < K()sup{lly(s)] 10 < s < £} + N@)llyollos,
where £ > 0 is a constant; K, N : [0,00) — [0,00), K is continuous, N
is locally bounded and K, N are independent of y(-).
(A-2): For the function y(-) in (A-1), y; is a Dg,-valued function for ¢t € [0, 7).
(A-3): The space Dz, is complete.
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Denote
K =sup{K(t):t € J} and N =sup{N(t): t € J}.

Now, for a given T' > 0, we define

D, ={y: (=00, T) x Q@ —=H, yls, € C((tk, tit1], H), for allw € Q, for k=0,...

Yo € Dr,, and there exist y(t;) and y(t;)
tel0,T

endowed with the norm

1
1Yl = ll¢llps, + sup (Elly(s)|*)?,
0<s<T

where J, = (tg, tg41], K =0,1,--- ,m, and Jy = (—o0,0].

Then we will consider our initial data ¢ € Dx,.

Assume that Bg is a K-valued fractional Brownian motion with increment co-
variance given by a non-negative trace class operator @ (see next section for more
details), and let us denote by L(K,H) the space of all bounded, continuous and
linear operators from K into H.

Then we assume that hy, € C((tg, sp|xDg,, H) forallk =1,--- ,m, f : IxDg, —
Hand 0 : J x Dr, — L§) (K, H) Here, L¢)(K, H) denotes the space of all Q-Hilbert-
Schmidt operators from IC into H, which will be also defined in the next section.

The plan of this paper is as follows. In Section 2 we introduce notations, defi-
nitions, and preliminary facts which are useful throughout the paper. In Section 3
we state and prove our main results by using the Banach fixed point theorem and
Krasnoselskii-Schaefer type fixed point theorem [3]. The continuous dependence of
mild solutions to problem (1)-(3) is investigated in Section 4. Finally, in Section 5,
an example is exhibited to illustrate the applicability of our results.

2. Preliminaries. In this section we introduce notations, definitions, and prelim-
inary facts which will be used throughout this paper. In particular, we consider a
fractional Brownian motion as well as the Wiener integral with respect to it. We
also establish some important and helpful results for our analysis. Needless to say
that we could omit this whole section and refer to other works already published for
these preliminaries (see, e.g. [6] and the references therein), but we aim at making
this paper as much self contained as possible and this is why we decided to include
this material in this section.

Recall that (Q, F, F;, P) is a complete probability space furnished with a family
of right continuous increasing o-algebras {F;,t € J} satisfying F; C F.

Definition 2.1. Given H € (0,1), a continuous centered Gaussian process 37 =
{BH(t),t € R}, with the covariance function

Ru(t,5) = BB ()6 (s)] = 5 (2 + 152 — |t = s[*), 1,5 € R

is called a two—sided one—dimensional fractional Brownian motion, and H is the
Hurst parameter.

Now we aim at introducing the Wiener integral with respect to the one-dimensional

s
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Let T > 0 and denote by A the linear space of R—valued step functions on [0, 77,
that is, ¢ € A if

n—1
w(t) = Z xil[shsi—l)(t)’
i=1

where t € [0,T],z; E Rand 0 = 51 < s9 < -+ < 5, = T. For ¢ € A we define its
Wiener integral with respect to 37 as

| w0105 (0) = X (5" si0) - 57 (5.

Let H be the Hilbert space defined as the closure of A with respect to the scalar
product

(Lpo,61 Lo,8))m = Ru (2, s).
Then, the mapping

n—1 T
= 11 Si,8ie1) d H
6= il A W(0)dp" (o)

is an isometry between A and the linear space span {3 (t),t € [0, 7]}, which can
be extended to an isometry between H and the first Wiener chaos of the fractional
Brownian motion WLQ(Q){ﬁH(t),t € [0,T]} (see [31]). The image of an element
) € ‘H by this isometry is called the Wiener integral of 1) with respect to 8. Our
next goal is to give an explicit expression of this integral. To this end, consider the
kernel .

Ky(t,s) = cHsl/Z_H/ (u— s)A=3/2H=1/2 gy,

S

1/2
13(51—(2+,_;1%)) , with B(:,-) denoting the Beta function, and ¢ < s.

It is not difficult to see that

oKy, .
T (69 =en

where cg = (

i-H
t)z (t—s)H 4.

s
Consider the linear operator Kj; : A — L?([0,T]) given by

(io)s) = [ 2052 e s

Then
(Kiljo,)(s) = Ku(t, s)1j4(s),

and K is an isometry between A and L?([0,7]) that can be extended to A (see
[2]). Considering W = {W(t),t € [0,T]} defined by

W (t) = 87 ((Kx) 1),

it turns out that W is a Wiener process and 37 has the following Wiener integral
representation:

t
BE(t) = / Ky (t,s)dW (s).
0
In addition, for any ® € A,

T T
/ @@WH@MW«@=1/<Kz¢xwmvw
0 0
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if and only if K3;® € L%([0,T)).

Also denoting
L3([0,7]) = {® € A, K ® € L*([0,T])},
since H > 1/2, we have

LY ([0, T)) € L3([0, 1), (4)
see [23]. Moreover, the following useful result holds:
Lemma 2.2. . For ® € LYH([0,T)),
H(H -1 / [ 1@l - w2 < el @l o

Next we are interested in considering a fractional Brownian motion with values
in a Hilbert space and giving the definition of the corresponding stochastic integral.

Let Q € L(K,H) be a non-negative self—adjoint operator. Denote by LOQ (K, H)

the space of all £ € L(K,H) such that fQ% is a Hilbert-Schmidt operator. The
norm is given by

‘SE%(K,H) = tr(§Q¢").

Then £ is called a @-Hilbert-Schmidt operator from I to H.

Let {3 (t)}nen be a sequence of two-sided one-dimensional standard fractional
Brownian motions mutually independent on (2, F, P). When one considers the fol-
lowing series

> B (t)en, t>0,
=1

where {e, } nen is a complete orthonormal basis in &, this series does not necessarily
converge in the space K. Thus we consider a K—valued stochastic process Bg (t)
given formally by the following series:

= Zﬁf(t)Qéena t 2 Oa

which is well-defined as a K-valued @-cylindrical fractional Brownian motion.
Let ¢ : [0, T] — L) (K, H) such that

oo

(Al
Z HKH(SDQZen)HLl/H([O,T];H) < 0 (5)

n=1

Definition 2.3. Let ¢ : [0,7] — L§(K,H) satisfy (5). Then, its stochastic
integral with respect to the fractional Brownian motion Bg is defined, for t > 0, as
follows

t
| etasg s Z / QY 2endfH (s) Z / Kir(0Q"2e,)) (5)dW ().
Notice that if
Z H@Ql/Qen”Ll/H([o,T];H) < 00, (6)
n=1

then in particular (5) holds, which follows immediately from (4).
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Lemma 2.4. [11] if ¢ : [0,T] — L (K, H) satisfies

T
| 106 s < o

then the series in (6) is well defined as a H-valued random variable and we have

¢ 2 t
E‘ [ o) <28 [ o)y ey s
0 0

Definition 2.5. The map f: J x Dz, — H is said to be L?>-Carathéodory if

(i): t — f(t,v) is measurable for each v € Dx;
(ii): v — f(t,v) is continuous for almost all ¢ € J;
(iii): for each ¢ > 0, there exists o, € L'(J,RT) such that

E|lf(t,v)||* < ay(t), for all HU||2D]:O < g and for a.e. t € J.

Definition 2.6. The map g: J x Dg, — LY (K, H) is said to be L*-Carathéodory
if

(i): t — g(t,v) is measurable for each v € Dg,;
(ii): v+ g(t,v) is continuous for almost all ¢t € J;
(iii): for each ¢ > 0, there exists ay, € L*(J,RT) such that

EHg(t,v)Hi%(,C’H) < aqq4(t), for all ||v\|%f0 < ¢ and for a.e. t € J.
The following result is known as Gronwal-Bihari Theorem.

Lemma 2.7. [5] Let u, g: J — R be positive real continuous functions. Assume
there exist ¢ > 0 and a continuous nondecreasing function h: R — (0,4+00) such

that
t

u(t) < c—l—/ g(s)h(u(s))ds, Vte.J

Then
t
u(t) < H! </ g(s)ds> , Vteld

provided

—+o0 d b

5l
— > g(s)ds.
[oa= o

Here H™! refers to the inverse of the function H(u) = Cu % for u>c.

One of the key tools in our approach is the following form of Burton-Kirk’s fixed
point theorem

Theorem 2.8 (Burton-Kirk’s fixed point theorem [3]). Let E be a Banach space,
and G1,Gy : E — E be two operators satisfying:

1. G1 is a contraction, and
2. Gy is completely continuous

Then, either the operator equation y = G1(y) + Ga(y) possesses a solution, or the
set 2 = {y € E:NG1(¥) + \Ga(y) =y, for some X € (0, 1)} is unbounded.
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3. Existence of mild solution. In this section, we first establish the existence of
mill solutions to stochastic differential equations with non-instantaneous impulses
driven by fractional Brownian motions (1)-(3). More precisely, we will formulate
and prove sufficient conditions for the existence of solutions to (1)-(3) with infinite
delay. In order to establish the results, we will need to impose some of the following
conditions.

o (H1) There exist constants Ly > 0, such that

E[f(t,¢1) — f(t,¢2)[1* < Lyl — 625,
for all ¢1,¢2 € Dyt € (S, tht1] and k=0,...,m.
o (H2) There exist constants Ly > 0 such that
Ellg(t, $1) = 9(t, )l 70 (.30 < Lollér — é2lp,,

for all ¢1,¢2 € Dy, t € (Sg, 1] and k=0,...,m.
e (H3) There exist constants Ly, > 0, for all ¢1,¢ps € Dg,, t € (tk, sx] and
k=1,...,m such that

Elhi(t, 61) = hi(t, 2)|* < L, llér = d2llp,
and
hi € C((tg, k) X Dg,, H), forall k=1,--- ,m.

e (H4) f and g are a L?-Caratheodory map and for every t € [0, 7] the function
t — f(t,y) and t — g(t,y), y: € Dg, are mesurable

e (H5) For the initial value ¢ € Dy, there exists a continuous nondecreasing
functions 1,1 : [0,00) — [0,00) and p,p; € L*(J,R,) such that

Blf I < p®vlylp,,)
and
Bllg(t )13 e < 21 (91,)
for a.e. t € J and y € Dr, with
brt1 brt1 o ds
K /Sk p(s)ds + Ko /Sk pi(s)ds < . PO E G
where

Ko =AK*MEB|$(0)* + AN?||gll3,, . K1 = 8K>Mty, Ky = 16K>MH" ",

k=0, ,m,

for t € [0,t1], and
ARIMEBOP + V00, 1R2M(s: )

0

)

1—12K2ML, 1—12K2ML,
for t € [sg,trs1], K=1,--- ,m.
24 K2 M H2H -1
2 = —1,f0r t € [sg,tpy1], k=1,---,m.

1-12K2MLy,
e (HG6) Operator A : D(A) C H — 'H is the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators {S(t)}, t € J which is
compact for t > 0 in H.

Now, we present the definition of mild solutions to our problem.
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Definition 3.1. Given ¢ € Dg,, a H—valued stochastic process {y(t),t € (—o0,T]}
is called a mild solution of the problem (1)-(3) if y(¢) is measurable and F;-adapted,
for each t > 0, y(t) = &(t) on (—o0,0], for each ¢t > 0, y(t) = hp(t,y) for all
t € (tx,sk] and each k =1,--- ,m, and

y(t) = S(t)e(0) +/0 S(t—8)f(s,ys)ds +/0 g(s, ys)ngd(s) for all t € [0, ¢1]

y@)zsu—swhuam%n41/ S@—Sﬁﬁﬂkﬂs+/09@wdd35ﬂﬁ

Sk

for all t € sy, tr41] and every k =1,--- ,m.

For our main consideration of Problem (1)-(3), a Banach fixed point is used
to investigate the existence and uniqueness of solutions for impulsive stochastic
differential equations.

Theorem 3.2. Assume conditions (H1)-(HS3) are satisfied and
Lo = max{puy, po, p3} < 1,

where py = AMK2(2L; 4+ 2Ht31,), po = 2K2Ly,, and ps = 6MK2(Ly, +
Ly(tisr — sk)? + 2H (tgr1 — sp)* Ly). Then, for every initial function ¢ € Dx,
there exists a unique associated mild solution y € Dg, of the problem (1)-(3).

Remark 1. It is worth mentioning that the assumption Ly < 1 in Theorem 3.2
implies some kind of smallness of the functions f, g and hj in comparison with the
periods of time when the impulses are active or viceversa.

Proof. We first transform problem (1)-(3) into a fixed point one. Consider operator
® : Dy, — Dg, defined by

¢@%t€(*@ﬁm, t

SW00)+ [ (=) f(ssp)ds + [ St - 9gls,p)dBY (), it € oot
0 0

hk(t7yt)v ift e (tkask]v .

S(t — sk)hi(sk,ys,) + / S(t—s)f(s,ys)ds

t
+/ S(t - S)g(svys)ng(S)v ift e [Skatk-‘rl]vk = 1327' e, Mm.

For ¢ € Dx,, we define (/5 by

~on o(t), t € (—o0,0],
“ﬂ‘{swww te [0.7);

then ¢ € Dy, .
Let y(t) = 2(t) + ¢(t),—c0 < t < T. Tt is evident that z satisfies zg = 0, for all
t € (—00,0],

z(t):/o S(t—s)f(s,zs+$s)ds+/o S(t — 5)g(s, 2 + 8)dBE (3). £ € [0. 1],
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Z(t) = hk(t, Zt + (,gt),t € (tk, Sk]
and

t
2(t) = S(t — sk)hi(sk, 25, + ¢s,.) + / St —s)f(s,zs + ¢s)ds
Sk
+/ S(t - 8)9(8725 + (gs)ng(S), ifte [sk7tk+1]; k= ]_727 cee,m.
Sk

Set D}_T ={z € Dg,, suchthat zy=0¢€ Dg} and for any z € Dg, we have
1 1
I2ll7r = llz0llps, +sup(Ell2(®)]*) = sup(E]=(t)]*)z,
teJ teJ
then (D, .|| - || 7) is a Banach space.
Let the operator P D'}-T — ID;:T defined by
0, if t € (—00,0],
t t
/O S(t— ) (s, 2 + Ba)ds +/0 S(t — 5)g(s, 2 + $s)dBL(s). £ € [0, 11],
hilt 2+ Gt € (Bt
S(t — 1)k (51, 20y + Do) +/ S(t — ) f(5, % + B)ds
Sk

t
+/ S(t—s)g(s, zs + ¢s)dB (s), if t € [sp, tria]-
Sk

From the assumption it is easy to see that  is well defined. Now we only need
to show that ® is a contraction mapping.

Case 1: For u, v € D'}-T and for ¢ € [0, 1], we have

B ®(u)(t) — ®(v)(t)]|?
<oF H / S(t— 8)(F(51s + D) — F(5 0+ $0))ds

2

t 2

+2E] S(t = 5)(g(5, s+ 32) — g(s, 00 + G2))dBE (5)
0
< OMHT + 2HBY L) 0 — vl

<2M(83Ly +2H3 L) x [QIN(Z sup Ellu(s) — v(s)]|?
0<s<T

+2N o3, + 2N lvol3, |

<AMEK2(83L; + 2H12P L) 0<su£ E|lu(s) —v(s)|?
<s<ty

Since HuOH%TO =0, HUOH%}_O = 0. Taking the supremum over ¢, we obtain
3 3 7~ H
[ (u) - @(U)H%}T <AMEK*(HLy +2H1" L) |Jv — Ml?yﬁa
Case 2: For u, v € D'}-T and for t € (tx, sk], k=1,2,---,m, we have

B0 - SOOI < B [huttu+ 50 — hlt, v+ 30|

o
2R Ly, |u— ],
T

VAN VANVA
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Case 3: For u, v € D'}-T and for t € (sg,tr41], k=1,2,--- ,m, we have

E||®(u)(t) — (v)(¢)]|? - ~
< BE||S(t — tr) (A(sk, s, + bs,) — Bk, Vs, + &5,)]I>

/ S(t — 8)(f(s,us + ds) — f(s,05 + &5))ds

Sk

+3E)

t
+3EH |5t 510t + 82— glssv. + BN G)
0
< 3MLn, = ol +3MLy(tess — 512l — olid,,
F6H (th 1 — 512 L) — ul3,.
< 6ME?(Lp, + Ly(terr — s1)* + 2H (tgy1 — s6)* Ly |2 — ?JH%;
T

From above, we obtain

[@u ~Bolly, < Lollu =l |
which implies that d is a contraction and therefore has a unique fixed point
z € D,. Since y(t) = 2(t) + d(t), t € (—oo,T), then y is a fixed point of the
operator ® which is a mild solution of the problem (1)-(3). This completes the
proof.

O

The second result is established using a Krasnoselskii-Schaefer type fixed point
theorem. As we can easily see, we will weaken the assumption Ly < 1 in Theorem
3.2, but at the same time we need to impose some Carathéodory and Nagumo type
of assumptions as well as an additional smallness hypothesis. The counterpart is
that we can prove existence of at least one bounded solution for any initial value
satisfying appropriate assumptions.

Theorem 3.3. Assume that hi(t,0) = 0,t > 0, k € N*, and hypotheses (H3)—(H6)
hold. If Ly = max{2K2Ly, ,2MK2Ly,, } < 1 then, problem (1)-(3) possesses at least
one mild solution on (—oo,T].

Proof. As in the proof of Theorem 3.2, we first transform our problem (1)-(3) into
the same fixed point formulation, and keep the same notation for the operators ®, ®
and the spaces Dx,. and D;ET

Now we split our operator d into two parts in the following way:

0, ift e (—OO,tl],
() =< Ptz + de)it € (b sel bk =1,...,m,

S(t — sp)hi(sk, zs, + Gsy)s i1 E [spytes], k=1,....m,
and
0, if t € (—o00,0],
0, te (tr, sk, k=1,...,m,

By (2)(1) = /St—sf(s 20 + B)ds

/ S(t—s)g(s, zs+¢5s)dBQ() ift € [sk,toy1],k=0,...,m
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To use Theorem 2.8 we will verify that ®; is a contraction while @5 is a completely

continuous operator. For the sake of convenience, we split the proof into several
steps.

Step 1: 61 is a contraction.

Case 1: For u, v € D'}-T and for t € (tx, sk], k=1,2,--- ,m, we have
~ ~ ~ 2
B|@u)(t) = @) < B |[hult e +60) = hilt v+ 60)
< 2Ry, Ju— 2,
Fr
Case 2: For u, v € D'}-T and for t € [sk, tk11], K =1,2,--+ ,m, we have

E|(@1u)(t) — (@) ()2 < ElS(t — si)[h(sk, s, + bs,) — A5k, vs, + 0s,)]12

< 2MK2Ly, |lu— |2,
Fr

Taking the supremum over ¢, we obtain

@1 (1) — @1(v) < Liflu—vl%, -
T Fr

1%
F
Thus ®, is a contraction.

Next, we aim to prove that the operator </I;2 is completely continuous.
Step 2 : &, is continuous .

Let 2™ be a sequence such that 2" — 2z in ’DI}-T. Then, for t € (sg,trt1]s
k=0,1,---,m, and thanks to (H4) ,
we have by the dominated convergence theorem

B|[(B22™)(t) — Bo(2)(1)]|?

/ S(t = $)[f(s, 27 + Be) — F(5, 75 + Bu)lds

Sk

2
§2E‘

2
+2F ‘

/ S(t — $)lg(s, 27 + Ba) — g(s, 20 + Go)ldBE ()

t
<M (thpr — 1) / Ellf(s, 20+ 82) — f(5.70 + d)|Pds
Sk
t
FAMH (ty1 — s,)*" /Gk Ellg(s, 25 + 6s) = 9(s, 25 + 6:)l7g (e 3y d5— 0.

-~ . . ’
as n — +o0o. Thus &5 is continuous on D]_-T.

Step 3. ‘52 maps bounded sets into bounded sets in D/}-T.

Let us first define B, = {z € D/}-T, ||Z||2D/ < q,} where ¢ > 0 is a given
Fr

number.
The set By is clearly a bounded closed convex set in Dz, . We then have

lze + dellp,, < 2012l + 16:l5,,)

< A(N?|9l1p,., + K>(a+ ME||6(0)]*))
= q/.
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Now, to prove that <T>2 maps bounded sets into bounded sets in D;ET, it is enough
to show that for any ¢ > 0, there exists a positive constant [ such that for each

zeB,={z¢ D/}-T : ||z||§), < ¢}, one has ||</I\>2(z)||2D/ <l
Fr Fr
Let z € By, then for each t € [sg,tx41], K =0,1,--- ,m, we have
E||[(222)(t)]?
tet1 N tet1 R 2
_F / S(t—s)f(s,zs+¢s)ds+/ S(t — 5)g(s, 2 + $:)dBY (s)
o tht1 N 2 o tht1 R 2
< 2ME / f(s,25 + ¢5)ds|| + QME‘ / 9(s, 25 + ds)dBE (s)
Sk Sk

k+1 .
< M (tpsr — 1) / p()8(1|2 + Bsll%,. )ds
Sk
tht1

+ ~
<M (s =50 [ ps)n (s + Bl )ds

Sk

< 2M (thgr — sx)0(q) 1Pl + AMH (tkgr — sx)*7 11 (q)[lpa || 20
=1,

where

= max {QM(thrl — s51)0(q)|pllps + AMH (typ1 — Sk)QH_1w1<q,>”p1”L1} ,

and therefore

1B (2) <l

=¥
Dy

Step 4 : The map <f>2 is equicontinuous .
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Let 71,70 € (Sk,thy1), k= 0,--- ,m, 71 <2 and z € B, we have

B||($22)(r2) = (B22)(m) |
<Oftin—50) [ 1S 5) = S = IPE| (s, + 5| ds

S
k_rl

Hwﬂrﬂm/ 1S(r2 — ) — S(ry — $)PENf(s5, 26 + d)[2ds
TlT; € R
+wﬂrww/|wm—@Wmma%+@W@

T1

+12H(tk+1 — Sk)QH_l X
T1—€ ~
< [t ) = S(r = SIPElgls. 2+ 50 g e s

Sk

+12H(tk+1 — Sk)zHil X
T1 ~
< [ St = 5) = S(r = ) PElg(s, 20+ B2 e s

1— T N
H12H (b — 50T [ 1802 = 5) PElg(s, 2+ 82 e

T1

<6ltne =) [ 150 = 5) = Sl - )y (s)ds

Sk
le

F6(tert — i) / 1S(rs — ) — S(r1 — )|y (s)ds

T1—€
1 To

+6M (tgr1 — sk)/ ay (s)ds

+12H (tg41 — sk)QH_l/ |S(me —s) — S(m1 — s)||2alq/ (s)ds
Ski'l

F12H (tger — sk)QH—l/ 1S(rs — 5) — 8(r1 — 8)|ay (s)ds

T1—€
1 To

+12MH (tgy1 — Sk)zH_l / Qg (s)ds.

T1
The right-hand side tends to zero as 75 — 7, — 0, and e sufficiently small, since the
compactness of S(t) for ¢t > 0 implies the continuity in the uniform operator topology

[25]. This proves the equicontinuity. Here, we consider the case 0 < 7y < 75 < T,
since the cases 71 < 170 <0 or 71 <0 <79 <T are easier to handle.

Step 5. (</15ng)(15) is precompact in H

As a consequence of Steps 3 to 4, together with the Arzela-Ascoli theorem, it
suffices to show that </132 maps B, into a precompact set in H.

Let si <t < txy1 be fixed and let € be a real number satisfying s < € < t. For
z € By we define

(Be2)(t) = S(6) /  S(t—s—6) (5, 20t-Ba)ds+S () / S(t—s—c)gls, 2 tB0)ABE (5).

Sk Sk

Since S(t) is a compact operator, the set
Ye(t) = {®a(2)(t) : 2 € By}

is precompact in H for every €, s < € < t. Moreover, for every z € B, we have
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Bl|@22)(t) ~ (@22)()
<t =) [ IS¢ - IPEIf (s, + 5| ds

t—e

t
+8H (t 1 — s1)2 ! / 1St = $)IPEllg(s, 2 + 60) 20 e s
t—e

t
<AM (tg41 — sk)/ ay (s)ds
t—e
¢
+8M H (tg41 —sk)szl/ oy (s)ds.

t—e

Thus, there are precompact sets arbitrarily close to the set Y, (£)={®ac(2)(t) : z €
B,}. Hence the set Y (t) = {®2(2)(t) : z € By} is precompact in H, and therefore,
the operator ®5 is completely continuous .

Step 6 : A priori bounds.
Now it remains to show that the set

E:{zGD}_—T :z:)@g(z)—i—)@l (;) ,for some 0 < A < 1}

is bounded.
Case 1: For each t € [0, 4]

t ¢
2(t) = / S(t —s)f(s,2s + ¢s)ds +/ S(t — 8)g(s, zs + ¢s)dBS (s).
0 0
This implies, for each t € [0, t1],
t
Ellz(t)]? §2Mt1/ p(8)Y (|25 + &5 D, )ds
0

t
CAM A / Pr()1 (12 + B3, )ds.
0

But

2(||ZtH%f0 + ||¢t||%f0)

<
< 4K? sup ]EHZ(S)IIQ+4f~(2MEH¢(0)||2+4ﬁ2|\¢ll%fo-
s€|0,t1

[| 2t +</5t||%f0

If we set w(t) the right hand side of the above inequality we have that

|2 + ¢t||%;0 < w(t),

and therefore (7) becomes

Ell=(t)|2 <2Mt, / p(s)(uw(s))ds + AMHH-1 / p1 ()n (w)ds,
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Using (8) in the definition of w, we have that

w(t) < 4K2~<2Mt1A/0 p(s)w(%(s)/)\ds—i—élMHtle/o pl(s)wl(w)ds> )
+HKPME|¢(0)[* +4N?(| 9|3, -

Thus, we obtain

t

mws&+m1@@wmmm+mﬁpwwmmww (10)

where Ko = 4K2M E||¢(0)[|2 + 4N2\|$||%FO, Ky = 8K2Mt,, and
Ky = 16 K2MH3 1,

Let us denote the right-hand side of the inequality (10) by v(t). Then we
have

v(0) = Ko, w(t) <w(t), t €10,t],
and
v'(t) = Kip(t)(w(t)) + Kapr ()1 (w(t)), t € [0, ]
Using the increasing character of 1 and 11 we obtain
v'(t) < Kip(t)y(v(t)) + Kap1 ()1 (v(t)), for a.e. t € [0,t1].

This implies, for each t € J, we have

’U(t) dS t1 t1 [e'e] dS
—_— d d _—
Lo o <50 ) pers e [T < [t
By Lemma 2.7,

vwsrf(ARmMﬂ+&mwmQ,temm1

where "
du

Do(x) = —_—.
R P Oy T
Hence, there exists My, > 0 such that

¢ + GllD,, < My,

From equation (8)

t1 t1
Ellz(@t)]? < 2Mt1/ p(8)¥(My,)ds +4MHt?H_1/ p1(s)Y1(My,)ds.  (11)
0 0
Thus
1503, < L
T
Cas 2: For each t € (tg, sk, k=1,---,m
2(t) = hi(t, 2 + or)
This implies, for each t € (¢, sk,
Ellz(0)]* < Lugllze + ¢l (12)

If

20 + 0ellD, < w(t),
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and therefore (12) becomes

E|z(t)|? <Lp,w(t).

(13)
Using (13) in the definition of w(¢), we have that
w(t) < AK?Ly,w(t) + 4K2ME|$(0)[? + AN?(|6]3,,.. . (14)
Thus, we obtain
4K ME|$(0)[2 + 4N?|||3
w(t) < _ D% — M, (15)
1—-4K2Ly,
This implies there is a constant M;, > 0 such that
w(t) < Mtk, t e (Sk,tk].
So ~
Hzt + ¢t||D]-‘0 < Mtw te (Skatk]’
From equation (13) we obtain that
E|Z(t)|2 < L, My, (16)

Thus
eI, < Lu

Cas 3: For each t € [sg,tr11], k=1---,m

2(6) = St — s1)hi (50 70, + Bon) + / S(t — 5)f (5,20 + Go)ds

t
+ [ (= s)gts. 2+ BaBY (),
0
This implies, for each t € J,
E|2(t)||* <3MLp, |2,

t
+ bl + 30 s =) [ 90+ Bl s

t
+ 6MH (tes1 — sp)?7 ! / pi(s)¥n(ll2s + ¢sllp,, ds. (17)
0
But
Iz + éellB,, 2(|zellp ., + lléelB,,)

4K? S[l(l)pT] Elz(s)]* + 41?2ME|$(0)|2 + 4N2||¢||%70~
sec|0,

<
<

If we set w(t) the right hand side of the above inequality we have that

|2 + ¢t||%f0 < w(t),

and therefore (17) becomes

Bl2(8)|[2 <3M Ly, w(t) + 3M (trs1 — 1) / p(s)(w(s))ds

Sk
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t
+6MH (tpy1 — sk)QH_l/ p1(8)Y1 (w)ds.

sk

Using (18) in the definition of w, we have that

wit) < 4R? <3MLhkw(t) +3M (0 =) [ pls)olwlo)ds

Sk
+AMH (b — s1)2 [ pl(s)wl(w)d8> + 4K ME|$(0)]2
+AN?(|ol3,., -
Thus, we obtain

t

wlt) < Ko+ Ky / ()0 (w(s))ds + Ko / p1(8)n (w(s))ds. (20)

Sk Sk
where
AKPME|(0)] +4N?(|0]13, P 12K2M (tjiq — i)
0= =~ ’ - P
1—12K2M Ly, 1—12K2M Ly,
_ 2UKZMHET!
T 1 12K2ML,,

Let us denote by v(t) the right-hand side of inequality (20). Then we have
v(0) = Ko, w(t) <v(t), t € [sp,tur1],b=1,---,m
and
V' (t) = Kip(t)p(w(t)) + Kapy (t)ih1 (w(t)), t € [sk, taya]-
Using the increasing character of 1 and 11 we obtain
V(1) < Kip(t)(v(t)) + Kapi ()1 (v(t)), for a.e. t € sk, thi1]-
This implies, for each t € J, we have
’L)(t) dS _ tet1 _ tht1 [e'e] dS
— < Kl/ p(s)ds +K2/ p1(s)ds < _
/U(O) P(s) + 11 (s) s s Ky ¥(s) +11(s)
By Lemma 2.7, we have
L tet1
o <07 ([ upto) + e )1 sntia
sk
where

o dw)
M@= [ 5w+ o)

Hence, there exists My, ., > 0 such that
212
2 + dellp,, < My,

From equation (18) we obtain that

tht1
E|l2(0)| <3MLy, My, +3M(txsr — s1) / p(8)p (M, )ds

Sk
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tet1
+6MH (ty 1 — sk)QH—l/ p1(8)1 (M, )ds. (21)
Sk

Thus, there exists Ly, ., > 0 such that

HZHQD]__; < Ltk+1'

This implies that the set = is bounded.

As a consequence of Theorem 2.8 we deduce that ® has a fixed point, since
y(t) = z(t) + ¢(t), t € (—o0,T]. Then y is a fixed point of the operator ¥ which is
a mild solution of the problem (1)-(3). O

4. Continuous dependence of mild solutions. In this section we will prove
that continuous dependence of mild solutions with respect to the initial data.

Theorem 4.1. Suppose that assumptions (H1)—(H3) are fulfilled and the following
inequalities hold as well:

Ly = max{8MK2(t?L; + Ht?" L), 4Ly, K2, 12M K?(Ly,, + 3L + HZP L)} < 1.

Then for each ¢,¢* € Dz, and y(t) = z(t) + gg(t), y*(t) = z*(t) + o (t) the corre-
sponding mild solutions of the system (1)-(3), the following inequalities hold:

- 8Ma*(M +1)(t3Ly + Ht3H L,)

* |12 n T (2
Z-z ! = ¢_¢ 7t€ Ovt }
===, <R, ganr 10 O bt € Ot
ALp, 2(M +1) ~ ~
®12 hie * (|2
po 2, < m A T g te(tsl k=12, m
R e T Rl S A L
and
.12 12Mo?(M + 1) (In, + 3Ly + H37Ly) ~ ~, )
Iz = 2"l = =9 2 oH ¢ —¢ ||Df0,
Fr 1-12MK?(Ly, +t5Ly + Ht3"' L)
fort € (sg,tppa], b =1,2,--- ,m.

Proof. Estimating for ¢ € [0, ¢1], we have

2

Ell=(t) - =02 < 2E\ [ 8=tz 4 ) = .25+ Bl

2

+2E /Ot S(t = )lg(s, 26 + 65) — (s, 23 + 67)|dB (s)
But
oo+, < 2l +1803,) )
< 4K2568[L(1)%>T]E||z(8)|\2+4K2MEII¢(0)H2+4N2||¢H%FO
< 4K? SSB?T]EIIZ(S)HQ +40*(M + 1)l|¢ll5,, .

where o2 = max{K?2, N2}.

Blla(t) - (0 < 2MBLAR?z - 2|3, +402(M + D6~ &1B,,)
~ T ~ ~
+2MHt%HLg(4K2||zfz*||%, +40‘2(M+1)H¢*¢*H2Df0)
Fr
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which implies that

. 8Moa?*(M +1)(t3Ly + HBH L) ~ -,
lz—2*2, < et Dl PR P
F 1—8MK2(t3L; + H37 L)
For t € (tx, sk, k =1,2,--- ,m, we have
—~ —~ 2
Ellz(t) = P < B[t 2+ 60) = helt, 2 + 67)
< Lhk(4K2Hz—Z*II§,; +4o*(M +1)ll¢ — ¢*11%,.,)
T
which implies that
. AL, o> (M + 1), ~ -,
e = 253, < M- G,
F 1—4Lth2

In a similar way, when ¢ € [s, tx+1], we have

Ellz(t) - z*()IIF < 3E||S(t—5k)[h(8k7zsk+¢Aﬁsk)—h(8k7Z§k+<2A5§k)]||22

t
+3E’/ S(t—s)[f(s,zs—l—qASS)—f(s,z:—i—qAS:)]ds

t 2
S(t—s)[g(s, zs + ¢s) — g(s, 25 + ¢2)|dBS (s)
Sk~ e N
3MLp, (4K7%|z = 2|17, +4a*(M +1)|é - ¢7II5,. )
~ T o~ o~
HIMETLp (4K 2 — 272, +4a*(M +1)[l6 - ¢*(3,, )
Fr

+BMHRT Ly (AR |l2 = 2|3, + 40> (M + D6~ 573,
T

+3E

IA

which implies that

2 < 12Moz2(M~+ D (lp, + 3Ly + HE2T L))
Pre = 1 —=12MK2?(Lp, + 2L + H2F L)

16— 1%,

|z — 2
O

5. An example. Consider the following stochastic partial differential equation
with delays and impulsive effects

Sut,€) = Zyult,) + F(tu(.,€))
ot u( )58, (1,6) € Jlsintina] x (0,7, -
Wt = Hyltu(o€), k=1 m,
ut('ao) = ut(.,ﬂ'):O,tG [07
u(t,) = o(t,§),—00<t<0,0<6 <,

where Bg denotes a fractional Brownian motion, the impulse times ¢ satisfy 0 =
to=50 <t1 <81 <ty <-+ <tpm < 8m <tme1 =7T. As for u; we mean the segment
solution which is defined in the usual way, that is, if u(-, -, -) : (—o0, T]x X [0, 7] xQ —
H, then for any t > 0, us(-.,-,-) : (—o0,0] x [0, 7] x Q@ — H is given by:

us(0,&,w) = u(t + 0,&, w), for € (—o0,0], w € Q,

F,G:[0,T] x Dg, — R are continuous functions.
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Let
y(t)(f) = u(tvga ) teld, e [077T]7

hk(t=¢)(€) = Hk(t7¢(97§))ﬂ RS (_0070]7 §€ [OaﬂL k=1,---,m,
f(t,0)(§) = F(t,9(6,)), 6 € (—00,0], £ € [0,7],

$(0)(§) = ¢(0,¢), 0 € (—o0,0], & €[0,7],
Take K = H = L%([0,7]). We define the operator A by Au = v, with domain
D(A) ={ueH,u" €¢H and u(0)=u(r) =0}
Take K = H = L?([0,7]). We define the operator A by Au = %u. with domain
D(A) = {u eH, géﬂ 253 €H and u(0)=u(r)=0}.

Then, it is well known that

o0
- Z n?(z,en)en, 2 € H,

n=1

and A is the infinitesimal generator of a strongly continuous semigroup of bounded
linear operators {S(¢)}¢>0 on H, which is given by
o0

St)u = Ze*”%(u, en)en, u € H, and e, (u) = (2/7)"/?sin(nu),n = 1,2,---,
n=1

is the orthogonal set of eigenvectors of A. It is well known that {S(¢)}, t € J, is
compact, and there exists a constant M > 1 such that ||S(¢)||*> < M .

In order to define the operator @ : K — K, we choose a sequence {c,, },>1 C RT,
set Qe,, = o,¢e,, and assume that

oo

r(Q) =Y _ on < .

n=1

Define the process Bg(s) by

Bg = Z \/Un%lj(t)ena
n=1

where H € (1/2,1), and {7} ,.en is a sequence of two-sided one-dimensional frac-
tional Brownian motions mutually independent.
In the case of t € (—o0,T|. Assume now that
(i): For all K = 0,1--- ,m, the function f : [sg,tks1] X Dy, — H defined by
ft,w)(-) = F(t,u(-)) is continuous and we impose suitable conditions on F'
to verify assumption (H1). For example we take

¢
1+ l¢llps,

(#4): For all k = 0,1---,m, the function g : [sg,tx11] X Dr, — LGH(K,H)
defined by g(¢,u)(.) = G(t,u(.)) is continuous and it is easy to impose suitable
conditions on G to make assumption (H2) hold. We take

G(t,¢) =t* +sing, te0,T], ¢ € Dx,.

F(t,g)=t+ € 10,71, ¢ € Dr,.
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(iii): For all k = 1,2---,m, the function hy : (tg,si] X Dr, — H defined
by hi(t,u)(.) = Hg(t,u(.)) is continuous and it is easy to impose suitable
conditions on Hj, to make assumption (H3) hold.

Hk(ta¢)):Kk¢7§€Qa kzl?"'am7 tE[O7T]7 (bED]:oa
where K e R, k=1,...,m.
Thus the problem (22) can be written in the abstract form

dy(t) = Aly(t) + f(t,ye)ldt + g(t, ) BG (1), t € Jp = (sg,thyr],k=0,---,m
y(t) = hk(t7yt) te (tkask]a k= 17 s, M,
y(t) = ¢(t), for a.e.t e (—o0,0].

Thanks to these assumptions, it is straightforward to check that (H1)-(H3) hold and
thus assumptions in Theorem 3.2 are fulfilled, ensuring that system (22) possesses
a mild solution on (—o0, 7).
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