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We study the linear stability of an interface between air and a low conducting liquid in the presence
of unipolar injection of charge. As a consequence of charge injection, a volume charge density
builds up in the air gap and a surface charge density on the interface. Above a certain voltage
threshold the electrical stresses may destabilize the interface, giving rise to a characteristic cell
pattern known as rose-window instability. Contrary to what occurs in the classical volume
electrohydrodynamic instability in insulating liquids, the typical cell size is several times larger than
the liquid depth. We analyze the linear stability through the usual procedure of decomposing an
arbitrary perturbation into normal modes. The resulting homogeneous linear system of ordinary
differential equations is solved using a commercial software package. Finally, an analytical method
is developed that provides a solution valid in the limit of small wavenumbers. © 2006 American
Institute of Physics. �DOI: 10.1063/1.2363219�

I. INTRODUCTION

When a layer of low conducting liquid is subjected to a
corona discharge in air, for example, in a point-to-plate ge-
ometry, there appear instabilities of the liquid surface.1–4

These instabilities are clearly associated to the electric forces
that act upon the liquid. If the liquid conductivity is very low,
a space charge distribution is developed in the bulk and the
forces are volume forces. This is the case when the electric
relaxation time in the liquid � /� is greater than the time of
transit of ions through the liquid layer thickness, d / �KlE�
�� is the liquid permittivity, � the liquid conductivity, Kl the
ion mobility in the liquid, d the liquid layer thickness, and E
the average electric field in the liquid�. Under these circum-
stances, an ion can traverse the liquid layer before being
neutralized, there is net electric charge in the bulk and
the electric conduction regime is not Ohmic. Taking as typi-
cal values Kl=10−9 m2/V s, �=10−11 F/m, d=10−3 m, and
V=100 V, a conductivity of less than 10−12 S/m is needed in
order to fulfill this condition �it should be noted that this
value depends on the voltage, as well as on the geometrical
configuration�. The kind of instability that appears in such a
good insulating liquid layer is referred to as the instability
induced by unipolar injection. This is a classical electrohy-
drodynamic �EHD� instability, and it has been the subject of
many experimental as well as theoretical studies.5–7 It is
characterized by an hexagonal pattern of cells with a typical
size of the order of the liquid layer thickness, and the liquid
motion starts at a definite value of the potential drop through
the liquid. Several devices can be envisaged to inject charge
in the liquid. In the experiments where the injection is
achieved by corona discharge, the voltage drop through the
liquid is determined by the corona current.3

On the other hand, if the electric relaxation time is
smaller than the time of transit of ions, any charge present in

the volume is neutralized before it can travel a significant
distance. The liquid volume is electrically neutral and the
conduction regime is Ohmic. Now, the classical EHD insta-
bility due to unipolar injection is not possible, since there is
no electrical volume force. However, there is surface charge
on the liquid-air interface and the electric field acts upon this
charge via the electrical stresses. Dealing with liquids in the
Ohmic regime, but still low conductivity, the surface charge
is of the same sign as the corona current. The electric field
pushes the liquid against the plate and can disturb the sur-
face. Experimental observations1–3 show that an EHD insta-
bility emerges that is characterized by a pattern of cells with
a typical size several times the liquid layer thickness. This
instability has been observed in a point-to-plate geometry,
and the non-homogeneous field acting onto the liquid surface
produces a variable cell size: the cells are smaller at the
center and their size increases outward. This variable size
precludes the formation of a perfect hexagonal pattern, and
the whole liquid surface takes an appearance that reminds
that of a rose window in a Gothic cathedral. This is why this
instability is referred to as the rose-window instability.2

Besides the size of the cells, other characteristics distin-
guish experimentally the rose-window instability from the
EHD volume instability. They are associated more to the
value of the electric field at the liquid interface than to the
corona current. Also, the size of the cell neatly decreases
when the electric field increases, whereas in the EHD volume
instability this size remains largely unchanged.

The point-to-plate geometry is a difficult one for a the-
oretical analysis. Another complication from the theoretical
point of view is associated with the existence of the corona
threshold, below which there is no corona current. Fortu-
nately, some experiments have been carried out in a triode
configuration: point-grid plate.3 The voltage applied to the
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grid helps to control the corona current, and allows us to
have a corona current for any value of the grid-to-plate volt-
age. Moreover, the grid-plate configuration can be reason-
ably approximated by two infinite parallel planes. This is the
configuration studied in this work, where two infinite hori-
zontal electrodes are considered. The upper electrode is the
injecting one and is in contact with the air. This electrode
simulates the grid, and the injection process the corona cur-
rent that passes through the grid. The liquid is disposed onto
the lower electrode. We address the problem of the electro-
hydrodynamic stability of the liquid layer, when a voltage
difference is applied between both electrodes, and there is
charge injection from the upper one.

Interfacial electrohydrodynamic instabilities have been
the object of classical studies in electrohydrodynamics, like
those of Taylor and McEwan8 or Melcher and Smith,9 and
they are reviewed in the book by Melcher.10 However, in all
these works the conduction regime is considered to be
Ohmic. Therefore, the ratio of conductivities or permittivities
determined the surface charge and the electrical stresses. The
problem considered in this paper differs from that studied by
Melcher9 in the appearance of surface charge due to the in-
jection from the upper medium. This injection process intro-
duces another parameter and makes the problem more com-
plex. We will try, when possible, to compare our results with
the corresponding limit situations in the classical EHD
studies.

A theoretical study of the instability of a non-Ohmic/
Ohmic fluid interface has already been published.11 The ba-
sic equations we write now are the same as set in that work.
However, in Ref. 11 the liquid motion was neglected under
the hypothesis that the balance of normal stresses determines
the instability threshold, the tangential stresses being negli-
gible. But shear stresses are strictly negligible only under
certain conditions, and their role should be analyzed.12 We
now take into account the liquid motion in the stability
analysis. We will show that, although some of the main con-
clusions in Ref. 11 still hold, the critical values are notice-
ably affected by the inclusion of the velocity in the
calculations.

In Sec. II we write the basic equations, obtain the unper-
turbed solution, and introduce linear perturbations and nor-
mal mode analysis. Section III presents the numerical
method employed to solve the equations and the results ob-
tained. In Sec. IV we develop an analytical method valid in
the limit of a small wavenumber. The most significant limit
situations are also studied in this section. Finally in Sec. V
we recall the main conclusions of the paper.

II. POSITION OF THE PROBLEM

A. Basic equations

We consider two infinite horizontal parallel plane elec-
trodes a distance h apart, and subjected to a potential differ-
ence V. Over the lower electrode there is disposed a liquid
layer of thickness d and finite conductivity �. Air fills the
upper part of the gap and charge is injected from the upper

electrode. Other liquid properties are denoted as � for den-
sity, � for viscosity, � for surface tension, and � for the
dielectric constant. We choose our coordinates in such a way
that the vertical axis is z, z=0 corresponds to the unperturbed
liquid surface, z=d to the lower electrode, and z=−L �h=d
+L� to the upper one.

The electrical equations in the airgap are

�2� = −
q

�0
, �1�

�q

�t
+ � · J = 0. �2�

Here J=KqE, q stands for charge density, K for ion
mobility, E for the electric field, and � for the electric po-
tential. The transport of charge in air is non-Ohmic and a
spatial charge density is built. An average mobility K is as-
sumed for the ions. The drift velocity of ions in air is usually
much greater than the fluid velocity, and this is why we
neglect the convection term �qu� in Eq. �2�. Also, charge
diffusion is neglected �see Ref. 7 for details�.

The mechanical equation in the air is assumed to be that
of the hydrostatic equilibrium:

− �p + �agez + qE = 0, �3�

where p is the pressure, �a the air mass density, g the accel-
eration of gravity, and ez the unit vector in the z direction.
Once the liquid surface is perturbed, this equation cannot be
but an approximation. In effect, any wavy perturbation of the
liquid surface will produce a gradient of the charge density
parallel to the electrodes. In that case the last term of the
left-hand side of the equation will have a nonzero curl,
�qÃE. Therefore, it cannot be balanced by a pressure term.
However, air movement above the liquid surface has a small
influence on the liquid, due to the difference in viscosity of
both fluids, and we can go ahead, as a first approximation,
without computing the velocity field in air.

The electrical equations for the liquid are

�2� = 0, �4�

J = �E , �5�

and the mechanical equations:

� · u = 0, �6�

�� �u

�t
+ u · �u� = − �p + �gez + � �2u . �7�

To these equations we have to add suitable boundary
conditions. Assuming that the electrodes are rigid and perfect
conductors, the boundary conditions at both electrodes are as
follows:
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� = V, at z = − L ,

q = q0, at z = − L ,

�8�
� = 0, at z = d ,

u = 0, at z = d .

The condition on the charge density at the injecting elec-
trode, where we assume that q0 does not depend on the elec-
tric field, is referred to as the autonomous injection hypoth-
esis. When the injected charge density is large enough all the
electrical quantities become independent of the level of in-
jection, the so-called strong injection limit, and that hypoth-
esis is no longer relevant. This limit is often encountered in
the experiments.

At the interface we have the following boundary condi-
tions �the brackets �A�=Al−Aa denote the jump of a quantity
A across the interface�:

�E� Ã n = 0, �9�

��E� · n = qs, �10�

where � is the electrical permittivity of the corresponding
medium, qs is the surface charge density, and n the unit
vector normal to the surface and pointing toward the liquid.
The charge conservation equation at the interface is

�qs

�t
+ �s · �qsu� + �J� · n − �qu� · n = 0, �11�

where �s is the divergence operator restricted to the
surface.12 An alternative, but equivalent, form of this conser-
vation equation may be found in.13 The kinematic condition,
expressing that the surface is a material one, is

−
�f

�t
+ uz + u · �sf = 0, �12�

where the interface is defined by the function z= f�x ,y�.
Finally, we have to impose the balance of tangential and

normal total stresses, that is,

�t · ��u + �uT� · n + qsE · t = 0, �13�

where t is a unit vector tangent to the interface, and

− �p� + �n · ��u + �uT� · n + ���E · n�2� − �1

2
�E2�

− ���s · n� = 0. �14�

These two conditions play a key role in the problem.
Some essential features of the rose-window instability are
consequences of the balance of normal stresses. On the other
hand, as soon as the liquid surface is disturbed there appear
electric tangential stresses, which can only be compensated
by the liquid motion. Only in certain limit circumstances, for
example in the case of a perfect conductor, is it safe to ne-
glect the liquid velocity.

B. Nondimensional equations

We take as units d for distances, �d2 /� for time,
�2 / ��d2� for pressure, V /d for the electric field, and �0V /d2

for charge. With this choice of units, and denoting the non-
dimensional quantities with the same symbols as the dimen-
sional ones, the nondimensional equations in the air are

�2� = − q , �15�

M

U1/2

�q

�t
+ � · �qE� = 0, �16�

− �p +
�a

�
g*ez + UqE = 0, �17�

and in the liquid we have

�2� = 0, �18�

J = SE , �19�

�u

�t
+ u · �u = − �p + g*ez + �2u . �20�

The boundary conditions at the electrodes are

� = 1, at z = − L ,

q = C, at z = − L ,

�21�
� = 0, at z = 1,

u = 0, at z = 1,

and at the interface,

�E� Ã n = 0, �22�

� �

�0
E� · n = qs, �23�

M

U1/2� �qs

�t
+ �s · �qsu� − �qu� · n� + �J� · n = 0, �24�

−
�f

�t
+ uz + �sf · u = 0, �25�

t · ��u + �uT� · n + UqsE · t = 0, �26�

− �p� + n · ��u + �uT� · n + U�� �

�0
�E · n�2�

− �1

2

�

�0
E2�� −

g*

Bo
��s · n� = 0. �27�

The following nondimensional parameters govern the
problem:
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U =
�0�V2

�2 , M =
1

K
	�0

�
, C =

q0d2

�0V
,

�28�

S =
�d2

K�0V
, g* =

�2d3

�2 g, Bo =
�gd2

�
.

The parameter U is the ratio of the electric to the viscous
forces in the liquid. Parameter M−1 is a nondimensional mea-
sure of the mobility of the ions in air. Parameter C measures
the level of injection, for it compares the injected charge per
unit area q0d with the surface charge density �0V /d induced
in the electrodes in the absence of injection. Parameter S is a
nondimensional group proportional to the liquid conductiv-
ity. If air were treated as an Ohmic conductor with some
definite conductivity, S would simply be the ratio between
both conductivities. But air is not an Ohmic conductor, hence
the relative importance of the liquid conductivity depends on
the applied voltage. Finally, g* is a nondimensional measure
of the acceleration of gravity, �r is the relative permittivity of
the liquid, and Bo is the usual Bond number representing the
ratio between the gravity and capillary forces.

C. Static solution

Equations �15�–�20� admit a static solution, which is the
starting point for the stability analysis. This solution corre-
sponds to zero liquid velocity, a flat liquid interface, and a
steady current through both fluids, air and liquid. The solu-
tions for the electric field and charge density are, in the air, as
follows:

E0z�z� = a�z + b�1/2, �29�

Q0�z� =
a/2

�z + b�1/2 , �30�

and in the liquid,

E0z =
a2

2S
, �31�

Q0 = 0. �32�

The electric current through the system and the surface
charge at the interface are

J0 =
a2

2
, �33�

Qs0 = �r
a2

2S
− ab1/2. �34�

The pressure is, in the air,

p0�z� = P0a + ��a

�
g* + UJ0��z + L� , �35�

and in the liquid,

p0�z� = P0l + g*z , �36�

P0a and P0l being constants. The constants a and b are func-
tions of the parameters S, L, and C, and are implicitly given
by the equations

a2

2S
+

2

3
a�b3/2 − �b − L�3/2� = 1, �37�

a/2

�b − L�1/2 = C . �38�

Equation �34� shows that for low values of S the charge
density is positive, i.e., of the same sign as the injector.
Hence the electric field pushes the liquid against the lower
electrode. For large values of S the situation is reversed, and
the charge is of opposite sign to that of the injector. In that
case the field pulls the liquid up. This is the usual situation
when dealing with good conductors. There is a definite value
of S for which the charge density is zero.

It is interesting to compute the electric pressure jump at
the interface:

1

2
�rE0z

2 �0 + � −
1

2
E0z

2 �0 − � =
1

2
a2��r

a2

4S2 − b� . �39�

As expected, it also changes sign with S, although for a
different value from that corresponding to zero surface
charge. The equations that implicitly define both transition
values differ by a factor 	�r. It can be shown that, for small
S, the electric pressure jump is a decreasing function of the
liquid layer thickness. This is a potentially unstable situation,
because if we perturb the surface, those regions where the
liquid is thinner will suffer a greater pressure. Something
similar, but with the sign of the pressure jump reversed, oc-
curs for the case of large values of S.

D. Linearization

To carry out a linear stability analysis of the unperturbed
state, we introduce the following perturbation variables:

��x,y,z,t� = �0�z� + ���x,y,z,t� ,

E�x,y,z,t� = E0�z� + E��x,y,z,t� ,

q�x,y,z,t� = Q0�z� + q��x,y,z,t� , �40�

p�x,y,z,t� = p0�z� + p��x,y,z,t� ,

J = J0 + J�.

The introduction of these variables in Eqs. �15�–�20� yields,
upon linearization, in the air,

�2�� = − q�, �41�

M

U1/2

�q�

�t
+

dQ0

dz
Ez� + 2Q0q� + E0

�q�

�z
= 0, �42�

− �p� + U�Q0E� + q�E0� = 0, �43�

and in the liquid,
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�2�� = 0, �44�

J� = SE�, �45�

�u

�t
= − �p� + �2u . �46�

The pressure term in Eq. �46� can be eliminated taking
twice the curl in both sides, giving

��2 −
�

�t
��2u = 0. �47�

In order to linearize the boundary conditions at the
interface, we follow the usual procedure of extending the
functions outside its initial domain by means of a Taylor
expansion.14 For example, the electric potential at
zs= f�x ,y , t� is

��x,y,zs,t� = ��x,y,0,t� + � ��

�z
�

�z=0�
f�x,y,t� + . . . .

Introducing the perturbation and neglecting second order
terms,

��x,y,zs,t� = �0�x,y,0,t� + ���x,y,0,t�

+ � ��0

�z
�

�z=0�
f�x,y,t� + . . . .

We follow the same procedure for any quantity defined
at the interface. The boundary conditions become

����0 = − �d�0

dz
�

0
f , �48�

� �

�0

���

�z
�

0
= − qs� − � �

�0

d2�0

dz2 �
0
f , �49�

M

U1/2� �qs�

�t
− Qs0

�uz

�z
�0 + �� + SEz��0 + �

− Q0�0 − �Ez��0 − � − E0z�0 − �q��0 − � = 0, �50�

−
�f

�t
+ uz�0 + � = 0, �51�

�s
2uz�0 + � −

�2uz

�z2 �0 + �

− UQs0��s
2���0 + � +

d�0

dz
�0 + ��s

2f� = 0, �52�

− �p��0 − �1 −
�a

�
�g*f + 2

�uz

�z
�0 + � +

g*

Bo
�s

2f

− U� �

�0
E0z

���

�z
�

0
= 0, �53�

Eq. �49� allows us to eliminate qs� in Eq. �50�, which
becomes

M

U1/2�− Qs0
�uz

�z
�0 + � − � �

�0

�

�t

���

�z
�

0
− � �

�0

d2�0

dz2 �
0

�f

�t
�

+ SEz��0 + � − Q0�0 − �Ez��0 − � − E0z�0 − �q��0 − �

= 0. �54�

Some algebraic steps allow us also to eliminate the pres-
sure p� in Eq. �53�. Taking the x derivative of the x compo-
nent of Eq. �46�, the y derivative of the y component and
adding the results one obtains

− �s
2p� =

�3uz

�z3 + �s
2�uz

�z
−

�

�t

�uz

�z
, �55�

where the continuity equation has been used to eliminate ux

and uy. Following a similar procedure with Eq. �43� in the air
yields

− �s
2p� = UQ0�s

2��. �56�

These expressions permit us to obtain the jump at the inter-
face ��s

2p��0. Applying the operator �s
2 to Eq. �53� and sub-

stituting for ��s
2p��0, one finally obtains

�3�s
2 −

�

�t
� �uz

�z
�0 + � +

�3uz

�z3 �0 + �

− U�Q0�0 − ��s
2���0 − � + � �

�0
E0 �s

2���

�z
�

0
�

− �1 −
�a

�
�g��s

2f +
g�

Bo
��s

2�2f = 0. �57�

E. Normal mode analysis

The above equations are linear and their coefficients do
not depend on x, y, or t. Therefore, they are amenable to a
normal-mode analysis. Accordingly, we assume the perturba-
tion variables to have the form

f�x,y,t� = f0e�tei�kxx+kyy�,

���x,y,z,t� = g�z�e�tei�kxx+kyy�, �58�

uz�x,y,z,t� = u�z�e�tei�kxx+kyy�,

and obtain the following set of equations, in the air:

� M

U1/2� + 2Q0�z� + E0�z�
d

dz
�� d2

dz2 − k2�g +
dQ0

dz

dg

dz
= 0,

�59�

in the liquid:

� d2

dz2 − k2�g = 0, �60�

� d2

dz2 − k2 − ��� d2

dz2 − k2�u = 0, �61�

and for the interface:

�g�0 = �E0�0f0, �62�
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−
M

U1/2�Qs0
du

dz
�0 + � + �� �

�0

dg

dz
�

0
+ �f0� �

�0

d2�0

dz2 �
0
�

− S
dg

dz
�0 + � + Q0�0 − �

dg

dz
�0 − � + E0�0 − �

	�d2g

dz2 − k2g��0 − � = 0, �63�

− �f0 + u�0 + � = 0, �64�

d2u

dz2 �0 + � + k2
u�0 + � + UQs0�E0�0 + �f0 − g�0 + ��� = 0,

�65�

d3u

dz3 �0 + � − �3k2 + ��
du

dz
�0 + �

+ Uk2�Q0�0 − �g�0 − � + � �

�0
E0

dg

dz
�

0
�

+ k2�1 −
�a

�
+

k2

Bo
�g*f0 = 0. �66�

We assume that the principle of exchange of stabilities
holds in this problem, so that marginal stability occurs for
�=0.15 Throughout the rest of the work we shall be con-
cerned with the study of only marginally stable states.

Up to here our equations were defined on the interval
�−L ,0� for the air and �0,1� for the liquid. It is convenient to
have all functions defined on the same interval. Therefore,
we define h�z�=g�−Lz� and finally get the following set of
equations on the domain 0
z
1:

� d3

dz3 −
L

b − Lz

d2

dz2 − L2�k2 +
1

4

1

�b − zL�2� d

dz

+ L3 k2

b − Lz
�h�z� = 0, �67�

� d2

dz2 − k2�g�z� = 0, �68�

� d2

dz2 − k2�2

u�z� = 0, �69�

with the following boundary conditions:

h�1� = 0, �70�

d2h

dz2 �1� = 0, �71�

g�1� = 0, �72�

u�1� = 0, �73�

du

dz
�1� = 0, �74�

g�0� − h�0� = � a2

2S
− ab1/2� f0, �75�

M

U1/2��r
a2

2S
− ab1/2�du

dz
�0� + S

dg

dz
�0� −

ab1/2

L2

d2h

dz2 �0�

+
a

2Lb1/2

dh

dz
�0� + k2ab1/2h�0� = 0, �76�

u�0� = 0, �77�

d2u

dz2 �0� + k2U��r
a2

2S
− ab1/2�� a2

2S
f0 − g�0�� = 0, �78�

d3u

dz3 �0� − 3k2du

dz
�0� + k2U��r

a2

2S

dg

dz
�0� +

ab1/2

L

dh

dz
�0�

+
a

2b1/2h�0�� + k2�1 −
�a

�
+

k2

Bo
�g*f0 = 0. �79�

Thus we have to solve a ninth order homogeneous system of
ODE’s with ten boundary conditions.

III. NUMERICAL SOLUTION AND RESULTS

The boundary value problem formulated above is
approached by utilizing a boundary value problem solver
available in version 6.1 of MATLAB, namely bvp4c.16 This
MATLAB function implements a collocation method that uses
cubic splines to approximate the solution.

The algorithm is particularly well suited for the compu-
tation of the dispersion relation U�k�, due to the possibility of
taking advantage of a continuation technique. The method
consists in using the solution obtained for a given value of k
as an initial guess for the solution corresponding to the next
value of k. The continuation technique is also most useful
when checking the robustness of the solution. The solution
computed with a given error tolerance �a parameter that is
chosen by the user� is used as the initial guess for a new
computation with a more stringent error tolerance. If the re-
sults keep stable, we can be confident about the solution thus
obtained.

Typical dispersion diagrams U�k� are shown in Figs. 2�a�
and 2�b�, corresponding to values of the parameters for

FIG. 1. Geometrical configuration of the system.
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which Qs0�0 and Qs0
0, respectively. U�k� is the critical
value of the stability parameter U corresponding to marginal
stability of normal modes with wavenumber k, for fixed val-
ues of the rest of parameters. Since an arbitrary perturbation
will generally contain all possible modes, the minimum of
the curve U�k� gives the true critical value of the stability
parameter U, above which the system is unstable against
linear perturbations. As it can be seen in the pictures the
critical value of U is smaller for Qs0�0.

The dispersion diagram obtained by neglecting the ve-
locity of the liquid in the computation has also been included
in Fig. 2�a�. In this curve U always increases with k, so that
the minimum value is reached when k=0. This is in sharp
contrast with the dispersion diagram obtained when the liq-
uid velocity is included in the calculation, where the mini-
mum is always reached at a finite value of the wavenumber
k. The liquid motion plays a stabilizing role for small wave-
number perturbations. The effect of liquid motion is less no-
ticeable for k greater than 1.

The other relevant parameter besides U that can be eas-

ily varied in an experiment, for a given liquid, is S. Figure 3
shows the dependence of the critical value U upon S. Two
branches appear in the plot, separated by a gap where no
solution is found. Left and right branches correspond to val-
ues of S for which Qs0�0 and Qs0
0, respectively. The gap
limits roughly correspond to the values of S that make zero
the charge density and the electric pressure jump, respec-
tively. The system is linearly stable in the gap for any value
of the stability parameter U. It is important to realize that the
existence of the gap does not mean that we can find an in-
terval of values of conductivity of the liquid in which the
static state remains stable, no matter how high the applied
voltage V is. In fact, in an actual experiment with a fixed
value of the conductivity �, when V is turned on from zero S
takes very large values at the start, decreasing monotonically
as V is being raised. Thus, a value of S will eventually be
reached low enough for the system to become unstable.

A most interesting graph is obtained by drawing the
stable and unstable regions in the �� ,V� plane �Fig. 4�. This
graph is readily obtained from Fig. 3, by making the appro-
priate transformations between the experimentally measur-
able dimensional quantities � ,V and the nondimensional pa-
rameters S ,U. This diagram is susceptible of an experimental
verification if the liquid conductivity is varied with the help
of adequate additives. The values of the several liquid prop-
erties involved correspond to cyclohexane.

It is also of interest to study the variation of the critical
voltage with the liquid layer thickness. The results obtained
for castor oil, computed for values of the parameters for
which experimental results were available,3 are shown in
Fig. 5. We have plotted, for the purpose of comparing the
critical voltage obtained, neglecting the liquid velocity. The
experimental and theoretical values do not match exactly, but
they follow the same trend: the critical voltage increases with
the liquid layer thickness. The values computed taking into
account the liquid motion are in better agreement with the
experimental ones. The critical wavelength is nonzero when
the velocity of the liquid is taken into account. The computed

FIG. 2. Dispersion relation U�k� �C=10, L=12.5, Bo=0.347, g*=0.047,
�r=4.69, �a /�=1.25	10−3, M =9.6	10−4 �the last three parameters corre-
spond to castor oil��. �a� S=1	10−4 �Qs0�0�; a comparison of results tak-
ing into account �solid line� and neglecting �dotted line� the liquid motion.
�b� S=5	10−2 �Qs0
0�.

FIG. 3. The critical value of U vs S �C=10, L=12.5, Bo=0.446,
g*=1.029	104, �r=2.0, �a /�=1.54	10−3, M =10.66	10−4 �the last three
parameters correspond to cyclohexane��. The surface charge density Qs0 is
positive on the left branch and negative on the right branch.
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wavelength is of the order of 10 mm, compatible with the
observed typical size of the cells. Nevertheless, this compari-
son between theory and experiment must be considered with
caution, and a more systematic comparison is desirable, for
which new and more extensive measurements are needed.

IV. ANALYTICAL SOLUTION FOR k\0

The numerical algorithm described above breaks down
when k→0. The reason is that for k=0, Eq. �78� reduces to
d2u /dz2�0�=0, a boundary condition that cannot be satisfied
together with Eqs. �73�, �74�, and �77�. Fortunately, the
ODEs can be somewhat simplified in this regime, thus allow-
ing a closed form analytical solution.

The equation for the velocity of the liquid, Eq. �69�, can
be solved exactly for any value of k:

u�z� = �A1 + B1z�ekz + �C1 + D1z�e−kz. �80�

The constants are to be chosen so that the boundary condi-
tions given by Eqs. �73�, �74�, and �77� are satisfied, which
gives

C1 = − A1, �81�

B1 = − A1
2k − 1 + e−2k

2k
, �82�

D1 = A1
2k + 1 − e2k

2k
. �83�

The equation for the electric potential in the liquid, Eq. �68�,
can likewise be exactly solved:

g�z� = A2ekz + B2e−kz, �84�

where B2=−A2e2k to satisfy the boundary condition given by
Eq. �72�.

No closed form solution can be found for the electric
potential in the air, Eq. �67�, when k�0. However, for small
values of k that equation can be replaced to a certain degree
of accuracy by the equation

�b − Lz�2d3h

dz3 − L�b − Lz�
d2h

dz2 −
L2

4

dh

dz
= 0, �85�

whose general solution is

h�z� = A3�b − Lz�3/2 + B3�b − Lz�1/2 + C3, �86�

with the constants related by

B3 = A33�b − L� , �87�

C3 = − A34�b − L�3/2, �88�

in order to satisfy the boundary conditions given by Eqs. �70�
and �71�.

When the expressions obtained for u�z�, g�z�, and h�z�
are introduced into the remaining boundary conditions at the
interface, Eqs. �75�–�79�, we obtain a homogeneous linear
system of four equations in the unknowns A1, A2, A3, and f0:

�dij��
A1

A2

A3

f0

 = 0. �89�

The matrix elements dij are functions of the parameters
M, U, S, Bo, g*, L, and C, as well as of the wavenumber k.
The secular equation,

det�dij� = 0, �90�

yields a dispersion relation that gives U as a function of k,
for given values of the parameters of the system.

Though it is possible to write down explicit general ex-
pressions for the matrix elements dij, they are too cumber-

FIG. 5. Critical voltage as a function of liquid layer thickness for castor
oil ��=958 kg/m3, �r=4.69, �=7	10−11 s /m, �=0.57 kg/ �m s�, �
=0.039 N/m, �a=1.2 kg/m3, K=10−4 m2/ �V s�; injection level: C=10;
geometric parameters: d=0.65, 0.90, 1.25, and 1.60 mm, h=d+L=15 mm�.
A comparison between results, taking into account ��� and neglecting ���
the liquid motion. The experimental results �	� are from Ref. 3.

FIG. 4. Stability and instability regions for cyclohexane in the �� ,V� plane
��=779 kg/m3, �r=2.0, �=10−3 kg/ �m s�, �=0.0247 N/m, �a=1.2 kg/m3,
K=10−4 m2/ �V s�; injection level: C=10; geometric parameters:
d=1.2 mm, L=15 mm�. The two oblique asymptotes are parallel in this
semilogarithmic plot.
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some to be substituted into the secular equation. We consider
in the Appendices the different regimes of interest, solving
the corresponding simplified secular equation in each case.
The results are summarized in the following scheme �critical
voltages are expressed as dimensional quantities�.

• Perfect conductor �S→��:

— Strong injection �C→��,

Vc
2 =

4

9

�

�0
gL3. �91�

— Weak injection �C→0�,

Vc
2 =

�

�0
gL3 �92�

• Insulating liquid �S→0�:

— Strong injection �C→��,

Vc
2 = �

d3

�
g. �93�

— Weak injection �C→0�,

Vc
2 =

g�� − �a�
�

�d + �rL�3

�1 − �r�2 . �94�

The last two cases, of very insulating liquid, do not corre-
spond to any physical situation, since at very low conductivi-
ties the liquids behave non-Ohmically. However, it is inter-
esting to give these results as they may be compared with
previous ones obtained by other authors.

The analytical solution has been very valuable to check
the numerical code. We have verified that the numerical re-
sults, computed for values of k as low as possible, coincide
with the analytical solution for any choice of the parameters.

V. CONCLUSION

We have studied the linear stability of a horizontal liquid
layer of finite conductivity subjected to charge injection from
the air above. The critical values of the voltage we have
computed are noticeably different from those obtained ne-
glecting the liquid velocity. Also the shape of the dispersion
relation U�k� is different, having a minimum for k�0 that is
absent when velocity is not considered.

The variation of the critical voltage with the conductivity
of the liquid exhibits two branches. The values of the critical
voltage for low conductivities are smaller than those for
higher conductivities, which makes the experimental obser-
vation of the instability easier for low conducting liquids.

We have calculated the critical voltage as a function of
the liquid layer thickness for one particular liquid, castor oil.
The dependence follows the same trend observed experimen-
tally. The critical voltages obtained when the liquid velocity
is taken into account in the computation are closer to experi-
mental values, compared to those obtained neglecting liquid
motion.

The problem has been solved analytically in the limit
k→0. This solution allows to recover the most important

limit situations �weak or strong injection, small or large con-
ductivity�. We have used this analytical solution to check
exhaustively the accuracy of the numerical code.
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APPENDIX A: STRONG INJECTION REGIME
„C\�…

The constants a and b appearing in the nonperturbed
solution are obtained from Eqs. �37� and �38�. The substitu-
tion of a from Eq. �38� into Eq. �37� leads to a single equa-
tion for b:

2C2

S
�b − L� +

4

3
C�b − L�1/2�b3/2 − �b − L�3/2� = 1. �A1�

For large values of C, the only possibility is b=L+x with
xL. Thus, we get the approximate simplified equation:

2C2

S
x +

4

3
Cx1/2L3/2 = 1, �A2�

whose solution is

x1/2 =
L3/2

3C
S��1 +

9

2L3S
�1/2

− 1� . �A3�

The value obtained for x1/2 is an increasing function of S
varying from 0 when S→0, to 3/ �4CL3/2� when S→�.
Therefore, x remains small in the whole range of values of S,
consistently with the assumption made at the start.

The fact that b�L, besides the approximation of the
exponentials for small values of k, greatly simplifies the ex-
pression of the interface boundary conditions, Eq. �89�,
which can now be written as

�
0 2k b3/2 c1

2

3
k3Mc2b1/2U−1/2 − 2kSb ab�3

2
− k2b2� 0

8

3
2c3U 0

1

k
c3

a2

2S
U

− 4 �r
a2

S
U −

1

k
abU

1

k
c4


	�

A1

A2

A3

f0

 = 0, �A4�

where c1, c2, c3, and c4 are defined as
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c1 =
a2

2S
− ab1/2, c2 = c3b1/2, c3 = �r

a2

2S
− ab1/2,

�A5�

c4 = 1 −
�a

�
+

k2

Bo
.

The secular equation, Eq. �90�, finally takes the form

p3U3/2 + p2U + p1U1/2 + p0 = 0, �A6�

with the coefficients given by

p3 =
1

6
M

c2c3

c1
a2b�1 + �r

a2

4S2�k2, �A7�

p2 = −
c3

c1
a2b1/2�b

2
+

3

2
− k2b2� +

2

3
a��r

a2

2S
�3

2
− k2b2� − Sb� ,

�A8�

p1 = −
1

6
M

c2c3c4

c1
bk2, �A9�

p0 = −
2

3

c4

c1
�a�3

2
− k2b2� + Sb3/2� . �A10�

The roots of Eq. �A6� can be obtained numerically, and the
least positive root is to be compared with the result obtained
in Sec. III from the numerical solution of the exact ordinary
differential equations.

The solution corresponding to S→� and k→0, a prob-
lem studied in Ref. 17, can be obtained at once from Eq.
�A6� by setting k=0:

lim
k→0

U�k� = −
p0�k = 0�
p2�k = 0�

=

2

3

c4

c1
�a

3

2
+ Sb3/2�

−
c3

c1
a2b1/2�b

2
+

3

2
� +

2

3
a��r

a2

2S

3

2
− Sb� .

�A11�

Now a�3/ �2L3/2� and b�L, so when S→� we get
U→ �4/9�g*L3. This is the limit value obtained in Ref. 17.

Similarly, the solution corresponding to k→0 and
S→0 can be readily obtained from Eq. �A6�, giving
U→g* /�r.

APPENDIX B: WEAK INJECTION REGIME „C\0…

1. Liquid with high conductivity „S\�…

The stability of a horizontal interface between air and a
highly conducting liquid under the influence of an initially
uniform vertical electric field, when no charge injection is
present, was thoroughly studied by Taylor and McEwan.8

The equation that gives the parameters of the unperturbed
state takes in this case the form

4

3
C�b − L�1/2�b3/2 − �b − L�3/2� = 1. �B1�

When C→0, it must be b→�, so we get

a � �2C

L
�1/2

, b �
1

2CL
. �B2�

The fact that b�L leads to the following expression for the
interface boundary conditions, Eq. �89�:

�
0 2k 3Lb1/2 c1

2

3
k3Mc2b1/2U−1/2 − 2kSb ab�3

2
− k23Lb� 0

8

3
2c3U 0

1

k
c3

a2

2S
U

− 4 �r
a2

S
U −

1

k
3abU

1

k
c4

�A1

A2

A3

f0

 = 0. �B3�

The secular equation takes the same form as Eq. �A6�,
with coefficients given now by

p3 =
1

2
M

c2c3

c1
a2b�1 + �r

a2

4S2

L

b
�k2, �B4�

p2 = −
c3

c1
a2b1/23�L

2
+

1

2
− k2Lb�

+
2

3
a��r

a2

2S
�3

2
− 3k2Lb� − 3Sb� , �B5�

p1 = −
1

2
M

c2c3c4

c1
Lk2, �B6�

p0 = −
2

3

c4

c1
�a�3

2
− k23Lb� + 3Sb1/2L� . �B7�

The solution of the secular equation for k→0 is
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lim
k→0

U�k� = −
p0�k = 0�
p2�k = 0�

=

2

3

c4

c1
�a

3

2
+ 3Sb1/2L�

−
c3

c1
a2b1/23�L

2
+

1

2
� +

2

3
a��r

a2

2S

3

2
− 3Sb� .

�B8�

Taking into account that now a��2C /L�1/2 and
b�1/ �2CL�, when S→�, we finally get U→g*L3. This is
the asymptotic value obtained in Ref. 8.

2. Insulating liquid „S\0…

The last asymptotic regime that will be considered is that
of an horizontal interface between two insulating fluids,
again when no charge injection is present, which was studied
by Melcher.10 Equation �A1� should now be carefully ana-
lyzed, since no unambiguous behavior can be ascertained for
b when C→0 and S→0: different solutions could be ob-
tained depending on how fast C and S separately approach
zero. However, in the case considered by Melcher no surface
charge density is supported by the interface. Therefore, we
must let C→0 and S→0 but subjected to the constraint

Qs0 = �r
a2

2S
− ab1/2 = 0. �B9�

Thus, Eq. �A1� takes now the form

2C�b − L�1/2� 1

�r
b1/2 +

2

3
�b3/2 − �b − L�3/2�� = 1. �B10�

When C→0 it should be b→�, and we arrive at the solution

a � � 2C

1

�r
+ L

1/2

, b �
1

2C� 1

�r
+ L� . �B11�

Since b→�, the interface boundary conditions lead to the
same system of equations obtained in the previous section,
Eq. �B3�. Likewise Eq. �B8� holds in this case. But now
c3=0 and c1= �1/�r−1�ab1/2, which yields

lim
k→0

U�k� =

c4� 1

�r
+ L�2�1

2
a + Sb1/2L�

� 1

�r
− 1��1

2
a − Sb1/2� . �B12�

Multiplying the numerator and denominator by a and taking
into account that a2 /2=Sab1/2 /�r directly gives

lim
k→0

U�k� = g*�1 −
�a

�
��

1

�r
+ L�3

� 1

�r
− 1�2 , �B13�

which is the result obtained in Ref. 10.
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