Accidental degeneracy and hidden symmetry: Rectangular wells
with commensurate sides
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Two-dimensional quantum square wells and rectangular billiards with commensurate sides are
simple systems which exhibit accidental degeneracies. We show that a recent analysis for square
wells can be similarly applied to rectangular wells with commensurate sidesi99® American
Association of Physics Teachers.

[. INTRODUCTION wheren,, n, are positive integers. These states satisfy the

In a recent paper we have shown that the impenetrablgo_ndltIon Unyn, =0 at the boundaries of the box, when the

square-well potential exhibits accidental degeneracy and th&/19in of the coordinate system is chosen at the lower left
it can be understood in terms of a hidden “dynamicalCOrner, as shown in Fig. 1.
symmetry.” ! The fact that part of the double degeneracies in 1€ System’s Hamiltonian

this system is not explained by the patent geometrical sym- B2 [ 2 52

metry of the square box is not widely appreciatesince H=—— (_2+ — 2)
double degeneracies are expected for thg, symmetry 2m \ gx= = dy

group of the square box. In other words, the unexpected rggives rise to the eigenvalues

sult is that some of the doublets do not transform as the

two-dimensional representationE” of #,, and thus the m?h2[n? n3

continuous symmetry of Ref. 1 has to be invoked in order to Enyn,= ﬁ L_§+ L_g ' ()

construct a larger symmetry groﬂlp.
The case of impenetrable rectangular wells is a more inwhich are in general nondegenerate. For commensurate side

triguing example of accidental degeneracy, which occurdengths, however, i.e.,

whenever the rectangle’s sides are commensurate, since in )

this situation no geometrical transformation can be found NLi=mL:=Lo, n,m integer, 4)

that transforms the degenerate states into each other. Fromya fingd

more technical point of view, the patent symmetry group of a

rectangular box has only one-dimensional representations. 9 2. 2.2
How can we understand this peculiar result? In this article En1n2: Z,u_Lz [n“n1+mn3]. 5

we shall show that rectangular boxes with commensurate 0

sides possess a discrete hidden symmetry that leads to a lieis then simple to see that the staigs, ,, and ¢, are

markable analog_y betwee” its states and those of the Squa(ﬁggenerate if the following conditions are satisﬁetj:2

box, from the point of view of symmetry. We shall thus be

able to relate the accidental degeneracy of the former to our nn,=mn,, mn,=nn;. (6)

previous work on the latter.

222

Givenn andm, Egs.(6) will be satisfied only for a subset of
all eigenvalues(3). As in the square-box case, additional

ll. COMMENSURATE RECTANGULAR-WELL degeneracies are found for “Pythagorean” identities such as

POTENTIAL

. _ (nNny)?+(mng)?=(nng)®+(mny)?, (7

A free particle enclosed by an impenetrable two- ) ) )

dimensional rectangu|ar well of Slddsl and |_2 has the which we shall not consider further in our dlSCUSS'}OI’].
eigenstates The double degeneraciﬁ1,n2= Eniyn; occurring when
(n1,ny) and (h;,ny) satisfy conditions(6) [and (h;,n5)
X n1’7TX . n27Ty . .
wnlnz(x,y)= sin sin , 1) #(n4,n,)], are the ones we would like to explain from the
VbLilo Ly Lo point of view of symmetry.
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Table I. Character table of the grouf,, .

%oy E C, ad o
, A, 1 1 1 1 x2,y?
. Oa A, 1 1 -1 -1 Xy
7 B, 1 -1 1 -1 , XZ
iyl B, 1 -1 -1 1 Y, yz

X

Fig. 1. Selected coordinate system for the rectangular-well potential.

as can be readily deduced from the action of the symmetry
transformationsRe #7,, on the eigenstate§l). From the
point of view of the patent symmetry of the rectangular box
there is no reason for the double degeneracy encountered. In
the next section we find a “hidden” symmetry operation that
leads to an explanation of this matter.

lll. HIDDEN SYMMETRY

The patent symmetry group of the rectangular box, with or

without commensurate sides, is the gratp, , whose struc-
ture is depicted in Fig. 2. It consists of the two reflectiors
and &°, the rotation throughr about thez axis, and the

identity E. The %5, character table is shown in Table I.
Since all the operations dof,, commute, the group is Abe-

When we substitute conditior§) into the eigenstated)
and use the relatiot¥) between the side lengths, we find

. nimXx . nymy
sin sin

2
rnr (X, =
d/nlnz( y) \/E Ll L2

lian, which in turn means that all its irreducible representa-

tions (irrep9 are one dimensiondlas mentioned in the In-
troduction. The eigenfunctions(1l) span irreducible
representations of the symmetry groép, in accordance
with the following:

Parity

Irrep label

ng

n;

Ay
A,

odd
even
even
odd

odd
even
odd
even

®

G;b
Fig. 2. Symmetry elements of the groép,, .
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2 . Mmnpx . nngwy
= sin sin

JLL, nL, mL,
2 . NwXx . nqwy ¢ ( )
= sin sin = X).
JLL, L, L, /mant
€)

Equation (9) leads to the remarkable result that when
zpniné(x,y) is degenerate t%lnz(x,y), it follows that

Ynin (6Y) = 53010, 06Y), (10

where we have used the notation of Ref. 1 and indicated by
a5 the operation that interchanges thandy coordinates in

the wave functions. As is clear from Fig. 1, th§ operation

is not a patenfgeometri¢ symmetry of the rectangular box,
but rather a hiddefdynamig symmetry of the system.

The problem is not yet fully solved, however, since, as
explained in Ref. 1, not all the cases of double degeneracy
can be explained by this symmetry. To illustrate this state-
ment we shall consider the case=2, m=1 in (4). The
spectrum of this rectangular box is shown in Fig. 3 up to the
first 12 levels. The states are characterized by the quantum
numbers Q1n,) and the symmetry label of>, . The states
fulfilling the conditions(6) are indicated in boldfaceng,n,).

Note that some states satisfp,0,)=(n;n;), so that no
degeneracy appears.

We now turn our attention to the doubly degenerate states.
In order to identify the cases where the operatprexplains
the degeneracy, it is convenient to construct a representation
of the operators. We first consider the doubl¢«t‘131, zp/;g),
which defines a subspace spanning the following representa-
tion for the operators associated with,, and the dynamical
operatoray:
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Fig. 3. Spectrum associated with a rectangular boxnfer2 andm=1 in
Eq. (4).

o

(11)

where we only need to specify the generatorsgf . From

the form of the representatiori$l) one can show that it is
not possible to diagonalize simultaneously these matrices.
This means that the representatitii) is irreducible and
consequently that the operatof; can be identified as the

sary, however, to define the new functions

Ay, ,B Ay B
Y= dopt i b= Yo— vg, (12

diagonalizes the representatiti8). This will happen when-
ever the partnersﬂlnz,wg,n,) carry the same irreducible
12

representatiol’ of 7, . It follows that the operatos§ can-
not explain the degeneracy for all cases. It turns out, how-

ever, that in complete analogy to the square-box systéra,
additional degeneracies can be explained by the introduction
of the integral of motion

2 2

o 5
oxs ay

where A;) indicates thez’,, character of the operator. This
“ 5, symmetry implies that the operator satisfies the require-
ment that it can connect the wave functions carrying the
same?5,, irreducible representation. In fact, the action of
DA over the spacél4) can be easily shown to be given by
the matrix

. 0 1
||<¢i|DAl|d’j>”:(l 0), i,j=1,2, (16)

which means that the operati5) interchanges the degen-
erate states and thus represents the additional hidden symme-
try necessary to explain the degeneracy of the wave func-
tions (4F . o', ).
nln2' nln2 ~

We have found two operators, namebfj and DA?,
which represent hidden symmetries of the rectangular box
with commensurate sides. These operators, together with
“5,, generate a group which, however, is not the same as
the one appearing in the square-well system. This is a con-
sequence of the fact that in this case the symmetry element
a3 and the?>, group elements do not intersect, as can be
seen in Fig. 2. The discussion of the group generated by
these operators is beyond the scope of this paper. We only
wish to mention that such group corresponds to the planar
space grou‘b p4mm, which together with the integral of
motion D7 gives rise to the group (1)Cp4mm, which is
analogous to the group(1)0%,, appearing in the square-
box problemt

(15

IV. CONCLUSIONS

In this paper we have extended our previous analysis of
accidental degeneracy in the square-box system to the case
of rectangular wells with commensurate side lengths. Our

¥nain results are contained in Ed9) and (10), which indi-

cate that the subset of states in the latter system which satisfy
relations (6) are closely linked to the states in the former
from the point of view of symmetry. In this respect, the

since they are the ones that carry the labels corresponding tgctangular-well’s accidental degeneracy and its explanation

the full symmetry*

in terms of a connection to the square-box system perhaps

On the O'éherB hand, the representation generated by th@present a more subtle and interesting result than that found
functions @/ 5#,5) is reducible, as can be shown from its for the square box itself, where part of the degeneracy can be

explicit form
-1 0
DC=| 5 4]
13
. -1 0 0 1
D(O.v)_ 0 -1 ’ D(Ud)_ 1 0 .
The change of basis
G1=UnZt s, b= Ui — ok, (14)

631 Am. J. Phys., Vol. 66, No. 7, July 1998

explained by the patertt,, symmetry*
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