ResearchGate

See discussions, stats, and author profiles for this publication at:

Gene mutations in evolution algebras by means
of strong isotopisms

Presentation - June 2016

CITATIONS READS
0 17
3 authors:
Universidad de Sevilla a Universidad de Sevilla
22 PUBLICATIONS 9 CITATIONS 111 PUBLICATIONS 140 CITATIONS
SEE PROFILE SEE PROFILE

@ Universidad de Sevilla

153 PUBLICATIONS 345 CITATIONS

SEE PROFILE
All content following this page was uploaded by on 19 June 2016.
The user has requested enhancement of the downloaded file. All in-text references are added to the original document

and are linked to publications on ResearchGate, letting you access and read them immediately.


https://www.researchgate.net/publication/304114476_Gene_mutations_in_evolution_algebras_by_means_of_strong_isotopisms?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/304114476_Gene_mutations_in_evolution_algebras_by_means_of_strong_isotopisms?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Oscar_Falcon_Ganfornina?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Oscar_Falcon_Ganfornina?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universidad_de_Sevilla?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Oscar_Falcon_Ganfornina?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Raul_Falcon2?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Raul_Falcon2?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universidad_de_Sevilla?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Raul_Falcon2?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Juan_Valdes4?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Juan_Valdes4?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universidad_de_Sevilla?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Juan_Valdes4?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Raul_Falcon2?enrichId=rgreq-78a589d852b1b573bda5d250a3d32bfc-XXX&enrichSource=Y292ZXJQYWdlOzMwNDExNDQ3NjtBUzozNzQ3MzIxNzMxMzU4NzJAMTQ2NjM1NDUyMDYyNw%3D%3D&el=1_x_10&_esc=publicationCoverPdf

Gene Mutations in Evolution Algebras by means of

Strong Isotopisms

<> a->) Raul Falcon

(Joint work with Oscar Falcén and Juan Nifiez)

Department of Applied Mathematics |. University of Seville.

Pilsen. June 9, 2016.

5th European Seminar on Computing
June 5-10, 2016
Pilsen, Czech Republic

Radl Falcén Gene Mutations in Evolution Algebras by means of Diagonal Isot






s 02 &

yr bt e / '©©

©) 5
\ O

] 8K 4 Y
Frocsal '@
d? Jafou[ c )
o;'jaﬂzd‘;m \

Radl Falcén Gene Mutations in Evolution Algebras by means of Diagonal Isot



z;%?emu af
Biploid

ogaﬂz’dm

X %

Radl Falcén Gene Mutations in Evolution Algebras by means of Diagonal Isot



iy

&

C

/ ;
F e l"'
l© ©§<:>>

\ O

] 8K 4 Y
Frocsal '@
d? Jafou[ c )
o;'jaﬂzd‘;m \

Radl Falcén Gene Mutations in Evolution Algebras by means of Diagonal Isot



CONTENTS

0@ Genetics and algebra
@ Isotopism classes of asexual diploid organisms
@ Isomorphism classes of asexual diploid organisms

Radl Falcén Gene Mutations in Evolution Algebras by means of Diagonal Isot



|. Genetics and algebra
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Genetics.

@ Gene: Molecular unit of hereditary information.

e Deoxyribonucleic acid (DNA): It contains the code to
synthesize proteins and determines the attributes that
characterize each organism.

e Allele: Distinct forms of genes related to an attribute (color
of eyes: brown, green and blue alleles).

@ Chromosomes: Long strands of DNA formed by ordered
sequences of genes.

o They carry the genetic code of any organism.

e In the process of reproduction, the attributes of the offspring
are inherited from the alleles contained in the chromosomes of
the parents.

:
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e Diploid organisms carry a double set of chromosomes (one of
each parent).

@ They reproduce by means of sex cells (gametes), each of
them carrying a single set of chromosomes.

@ The fusion of two gametes of opposite sex gives rise to a
zygote, which contains a double set of chromosomes.

KK — K;
i—1 "
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Sexual reproduction: Genetic algebras.

e Nonassociative algebras in genetics (Etherington, 1939).

Mendel's laws + Sexual reproduction + Inheritance

0

Fusion of gametes into a zygote

Algebraic multiplication with probabilistic structure constants
related to the gametic output.

e Genetic algebra: Basis of alleles {e,..., e}

n
€i€; = E Cijk€k
k=1
Hence,

n
D ik =1
k=1
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Sexual reproduction: Genetic algebras.

o Mendelian inheritance: e;je; = 1(ei + ¢).

@ For a diploid organism:

‘ (551 (5]
= €1 %(61 + 62)
& | e+ e) e

Radl Falcén Gene Mutations in Evolution Algebras by means of Diagonal Isot



Asexual reproduction: Evolution algebras.

=

An n-dimensional algebra over a field K is
said to be an evolution algebra if it admits
a natural basis {ej,..., ey} such that

(1) e,-ej:0 Ifl#_j,

(2) eej = ngn ajjej, for some aj1, ..., a; € K.
yr bt ¢ L ’
@® __00 @o©
c ) c D
\ -
G %G = ¢ 7*e

T = (Zj<n aijej, ..., Zj<n apjej) = Structure tuple of At.
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Asexual reproduction: Evolution algebras.

Theorem (Casas et al., 2014)

Every two-dimensional non-abelian complex evolution algebra A is
isomorphic to exactly one of the next algebras

o dimA? =1:
° E1 = A(el,O)-
o E2 = A(el,el)-
° B3:= Aeter,—a—e):
o E4 = A(EZ,O)'
o dim A% =2:

O E53,b = A(e1+aez,bel+ez)-
E5a,b = E5b,a.
o Eg, = A(62,61+a€2)'

2k

a 2k L.
Eea:Egb(:)B:cosT—&-/sm
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Isotopisms of algebras

Two algebras A and A’ are isotopic if

f(u)g(v) = h(uv), for all u,v € A,

where f, g and h are regular linear transformations

Abraham Adrian Albert from A to A/
1905-1972

L (f’g7 h) = ISOtOpiSm (N)
e f = g = Strong isotopism (~)
e f =g = h= Isomorphism (=)

Literature: Division, Lie, Jordan, absolute valued, structural
algebras, ...

What about genetic algebras?
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Isotopisms of genetic algebras

o (Holgate, 1966; Campos, 1987).

Isotopisms of genetic algebras.

Mutation of alleles in the inheritance process.

@ Mutation algebras: Before the formation of a zygote, each
allele e; mutates to e; with probability p;;.

n n
ce = : E pjie = E PikPji€i - €k
=1

k=1

What about evolution algebras?
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Isotopisms of evolution algebras

Two evolution algebras with equal structure tuples up to
permutation of their components and basis vectors are strongly
isotopic.

E1:=A(e0) = Es = A(e0)

Proposition

Any evolution algebra is strongly isotopic to an evolution algebra
with a structure tuple of lower-triangular form.

Es = A(elJrez,*el*ez) = A(eh*el)

(4 4)-(32)

Radl Falcén Gene Mutations in Evolution Algebras by means of Diagonal Isot



Isotopisms of evolution algebras

Two evolution algebras with equal structure tuples up to
permutation of their components and basis vectors are strongly
isotopic.

E1:=A(e0) = Es = A(e0)

Proposition

Any evolution algebra is strongly isotopic to an evolution algebra
with a structure tuple of lower-triangular form.

E53’b = A(el+ae2,be1+e2) = E507o = A(el,ez)

(6 1)(o 1)
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Isotopisms of evolution algebras

Two evolution algebras with equal structure tuples up to
permutation of their components and basis vectors are strongly
isotopic.

E1:=A(e0) = Es = A(e0)

Proposition

Any evolution algebra is strongly isotopic to an evolution algebra
with a structure tuple of lower-triangular form.

Es, = A(ez,e1+ae2) = E50,o = A(ehe2)

(v2)=(s7)
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Isotopisms of evolution algebras

@ Annihilator: Ann(A) ={ue€ A| uv =w =0, for all v € A}
o Derived algebra: A2 = {uv | u,v € A}

Dimensions of annihilators and derived algebras are preserved by
isotopisms.

Proposition

There exist three non-abelian strongly isotopism classes of
two-dimensional complex evolution algebras:

A(el,O) A( and A(

el,el) 61,62)
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Isotopisms of evolution algebras

'@
(e,. 0 c©_)G> ® ¢ D
-
'@
(©J© (o) )
(El L’I) \-
‘,..f
(]
< D
-
‘oo
C©)@> (0] )
-
(9],92) Liee Jrere
[l
O _0 ™5
o (-

What about non-complex evolution algebras?
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Isotopisms of evolution algebras

e &,(K) = n-dimensional evolution algebras over K.
0 Enm(K) ={A € &(K) | dimAnn(A) = n— m}

Every evolution algebra in Ep.m(K) holds, up to isomorphism,

e,-e,-;éO{:)igm

Proposition

A€Eum®) A N ifm
A e 5n;m/(K)
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Isotopisms of evolution algebras

Proposition
a) Eno(K) = {A(O,O)}-

b) €11(K) = {A(e,0)}-

c) En1(K) = {A(e;0), A(er,0)}, for all n > 1.
d) En1(K) ~ {Aee,0)}-

e) £2:2(K) = {A(er 1), Aler+ern)s Aler) -

f) gn;2(K) ~ {A(el,el)a A(el,ez)}'
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Isotopisms of evolution algebras

E2:2(K) = {A(e; )5 Aerte)> Aler) }
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Isotopisms of evolution algebras

Proposition
There exist three non-abelian strongly isotopism classes of
two-dimensional evolution algebras over any field:

Aler,0) Aler,er) and Aler,e2)
WLERd u%g
(e, 0 c®_)G> o [N
o -
X it s
@©®
C©)© (] ce
(e,.6) - %)
yier s
@
<5 :
-~
it s s
@@ 0]
<
C\) O
(e,. ) Jires R4
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lIl. Isomorphism classes of
asexual diploid organisms
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Isomorphisms of evolution algebras

Theorem

The isomorphism group between A, A’ € E,(F) is identified with
the algebraic set defined by the ideal

IR = (> fuduc' iy = D cifem | i,jym < n) + (det(F)T! = 1),
k,l=1 =1

where F denotes the regular matrix related to an isomorphism f.

Require: A set S of n-dimensional algebras over a finite field.
Ensure: C, the set of isomorphism classes of S.
l:c=o0.
2: while S # 0 do
Take A € S.
S =5\ {A}.
C:=CuU{A}.
for A" € S do

if [V(I9™)] > 0 then

S:=S\{A}.

i end if
0: end for
1: end while
2: return C.

BEB©Q @ Noolw
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Iso

rphisms of evolution algebras

q Structure tuples
2 (0,0) (e2,0) (e1,0) (e1, €1)
(e1 + e2, €1 + &) (e2, €1) (e2, €1 + &) (e1, €1 + )
(e1, &
3 (0,0) (e2,0) (e1,0) (e1,2e1)
(e1 + €2, 2e1 + 2e2) (e1, e1) (e2, 1) (e2,e1 + &)
(e2, &1 + 2e2) (e1 + €2,2e1 + &) (e1, €1 + &) (e1,2e1 + e2)
(e1, e2)
5 (0,0) (e2,0) (e1,0) (e1, €1)
(e1 + €2, 4e1 + 4e2) (e1,2e1) (e2, e1) (e2,e1 + )
(e2, €1 + 2e2) (e2, €1 + 3e2) (e2, €1 + 4e2) (e1 + 2, €1 +2e9)
(e1 + ez, €1 + 3e2) (e1 + €2, €1 + 4ep) (e1 + e2,2e1 + &) (e1 + €2,3e1 + &)
(e1 + 2,261 + 3e2) (e1 + e2,3e1 + 2e3) (e1, €1 + &) (e1,2e1 + )
(e1,3e1 + €2) (e1,4e1 + &) (e1, &)
7 (0,0) (e2,2€1 + e2) (e1 + €2, €1 + 2e) (e1 + €2, 3e1 + 5e2)
(e1,0) (e2,2e1 + 3e2) (e1 + e, e1 +3e2)  (e1 + e2,3e; + 6ep)
(e2,0) (e2,3e1 + &) (e1 + e2, e1 + 4e2) (e1 + e2, 4e1 + 3e2)
(e1, e1) (e2,3e1 + 3e2) (e1 + e2, e1 + 5ep) (e1 + e2, 4e1 + 5e2)
(e1,2e1) (e1,e1 + &) (e1 + €2, e1 + be) (e1 + €2, 4e1 + 6e2)
(e1,3e1) (e1, e1 + 2e2) (e1 + €2,2e1 + ) (e1 + €2, 6e1 + 3e2)
(e1, e2) (e1, e1 + 3e2) (e1 + 2,261 +3e2) (e + e, 6e1 + 5e7)
(e2,€1) (e1,3e1 + &) (e1 + €2, 2e; +4e2) (1 + 2,66e1 + 6e2)
(e2, €1 + &) (e1, 3e1 + 2e2) (e1 + €2, 2€1 + 5e2)
(e2, €1 + 3e2) (e1, 3e1 + 3e2) (e1 + €2, 2e1 + bep)
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Isomorphisms of evolution algebras

The sets E>(Fg), with q € {2,3,5,7}, are respectively distributed
into 9, 13, 23 and 38 isomorphism classes.

Complexity time: g2("™) + O(n®n!).

q ‘ Run time  Usage memory
2 | 0 seconds 0 MB

3 | 3 seconds 0 MB

5 | 38 seconds 80 MB

7 | 278 seconds 1360 MB

Intel Core i7-2600, with a 3.4 GHz processor and 16 GB of RAM

Is it possible a general classification?
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Isomorphisms of evolution algebras

° {A,: Alaer +ber,cer+deo) € &£2,2(K)
A" = A(ae|+8e ve|+oe})

@ f = Isomorphism such that

f(e) = fey + finey, forall i € {1,2}

From the computation of the reduced Grébner basis:

(ad — bc)fi1f =0,
(ad — bC)fl2f22 =0.
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One-dimensional derived algebra (ad = bc)

o A= A(e{,'ye{) v 7é 0
fitfo1 = fiofp =0

o fi1=Ffp=0=f =0l

o by =fip=0=c=nf

A(elvcel) = A(el,cm2e1)

o A/ = A(eé,éeé) 5 7£ 0
fit =fho =0,
fio =1/0,
fi = c/d.

A =A
(e2,ce) (e1.,cer)
Radl Falcén Gene Mutations in Evolution Algebras by means of Diagonal Isot



One-dimensional derived algebra (ad = bc)

0 A=Al re) (e +e) v #0
Y ?é _17
fii=fa=1/(v +1),
f21 — _7f227

c=7(y +1)*%.

) =

Aerterclerter)) = Aferc(c+1)2er)
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Two-dimensional derived algebra (ad # bc)

a) Aer,der) = Aler,e2) d#0
b) A(er+es,des) = Aler,derter) d+#0
€) Ales,c2mier) = Alercer) (€:m #0)

d) Alertercer) = Ale, L (erte) c#0

e) A(e1+ez,ce1+dez) = A(el+ez,d%(§e1+e2)) c,d#0,c#d

I

f) A(el7cel+de2) (e1,ye14+0e2) d, ) ?é 0, C(S2 = dz’}/

Il

A
g) A(eg,ce1+de2) A(ezzﬁeﬁrﬁez) c,d,m#0

v
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Isomorphisms of evolution algebras

Isomorphism classes in &5 2(K):

(*] A(el,cel) (o 7& 0.

© Aleyter—e1—er)-

° A(el,ce1+de2) d#0
o A(eg,ceﬁ-deg) C 7& 0
° A(e1+e2,ce1+deg) c, d 7& 0
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