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Resumen de la tesis doctoral:
D-modulos algebraicos y cohomologia de familias de Dwork

Una familia de Dwork es una deformacién monomial uniparamétrica de una hipersu-
perficie de Fermat. Debido a su conexion con las funciones L de sumas de Kloosterman
y la simetria espejo, entre otras aplicaciones, resultaria deseable calcular algebraica y
p-adicamente la parte invariante por la accion de cierto grupo de automorfismos de su
cohomologia de Gauss-Manin.

Como paso previo, en esta tesis se lleva a cabo dicho célculo sobre un cuerpo al-
gebraicamente cerrado de caracteristica cero, usando de un modo puramente algebraico
aspectos diversos de la teoria de D-mddulos, como los formalismos de las seis opera-
ciones de Grothendieck, los D-mdédulos de Hodge mixtos o la transformada de Fourier,
destacando importantes resultados debidos principalmente a Katz sobre D-mddulos en
dimensién uno e hipergeométricos.

Probamos también algunos resultados complementarios; los principales son la pre-
sentacién de una relacién entre los exponentes de un complejo de cohomologia de Gauss-
Manin y la aciclicidad de un complejo de Koszul, y la existencia de dos sucesiones es-
pectrales de tipo Mayer-Vietoris para la localizacion de un complejo de D-moddulos, fi-
nalizando con el calculo de la cohomologia del complemento abierto de un arreglo de
hiperplanos arbitrario.

Doctoral thesis’ abstract:
D-médulos algebraicos y cohomologia de familias de Dwork
(Algebraic D-modules and cohomology of Dwork families)

A Dwork family is a one-parameter monomial deformation of a Fermat hypersurface.
Due to its connection with L-functions of Kloosterman sums and mirror symmetry, among
other applications, it would be desirable to compute algebraically and p-adically the in-
variant part of their Gauss-Manin cohomology under the action of certain subgroup of
automorphisms.

As a previous step, in this thesis we perform such calculation over an algebraically
closed field of characteristic zero, by using in a purely algebraic way several topics of
D-module theory, such as the formalisms of Grothendieck’s six operations, mixed Hodge
modules or Fourier transform, highlighting some important results mainly due to Katz
about D-modules in dimension one and hypergeometric ones.

We also prove some complementary results; the main ones are the presentation of a re-
lation between the exponents of a Gauss-Manin cohomology complex and the acyclicity of
a Koszul complex, and the existence of two Mayer-Vietoris-like spectral sequences for the
localization of a complex of D-modules, finishing with the calculation of the cohomology
of the open complement of an arbitrary arrangement of hyperplanes.
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Introduccion

Pero tu lo has dispuesto todo
con medida, numero y peso.
SAB 11, 20B

Un poco de historia

Esta tesis doctoral pertenece a las ramas més antiguas de las matemaéticas, la geometria y la
teoria de nimeros. Sin embargo, pronto debemos retirar este velo de solemnidad o tradicién, pues
observaremos dichas disciplinas clasicas desde un punto de vista algebraico. El texto presente
en las siguientes paginas es parte de un proyecto en geometria aritmética, esto es, trabajar con
problemas u objetos de naturaleza aritmética desde la geometria algebraica. En esta seccién
bosquejaremos su motivacién historica.

Un objeto conocido en la teoria de ntimeros son las sumas de Kloosterman. Se definieron
originalmente en un contexto analitico, pero recuérdese que esta tesis pertenece al ambito de los
métodos algebraicos, por lo que asi trataremos cualquier concepto que aparezca. Fijemos una
potencia ¢ de un primo p, y un entero positivo n. Sea w = (wy,...,wy,) una (n + 1)-upla de
enteros positivos tales que med(wy, ..., w,) = 1, y definamos H,, ,,, para cada m > 1, como el
subgrupo de (F;m)nH de vectores (zo, ..., z,) cumpliendo que zi° - ...z = 1. Sean ahora
¥ un cardcter aditivo de Fy y a = (ay, ..., a,) otra (n + 1)-upla, esta vez de elementos de Fym.
Una suma de Kloosterman generalizada serd para nosotros una suma exponencial de la forma

Sm(w,,0) = Y oTrg .k, (Z ai13i> -
i=0

EeHw,m

Hendrik Kloosterman solamente definié estas sumas para ¢ = p, m = 1, n = 1y w; = 1
(cf. [KIH]), e incluso en este caso bastante mds simple resultaron ser de utilidad al estudiar la
representabilidad de los enteros mediante formas cuadraticas. A lo largo de los anos se han
hallado muchas aplicaciones de ellas, y se han convertido en una herramienta esencial de la
teoria analitica de nimeros.

Cualquier tedérico de niimeros algebraico sabe que una manera muy fructifera de entender el
comportamiento de una suma exponencial, inspirandose en la formulacion de las conjeturas de
Weil en [We|, es definir la funcién L asociada a dicha suma e intentar estudiarla mediante una
teoria de cohomologia apropiada, llamada cohomologia de Weil. Asi se llama a una cohomologia
que satisfaga ciertos axiomas provenientes de la topologia algebraica y la cohomologia singular,



como la dimensién finita, la dualidad de Poincaré o la existencia de una férmula del punto fijo de
Lefschetz, entre otros. La funciéon L es simplemente la funcién generatriz asociada a la familia

en m de sumas exponenciales S, (w, 1, o)

oo Tm
L(U], 111, «, T) = exp (Z Sm(wv ¢a a)m) .
m=1

Ya podemos presentar otro de los protagonistas de esta introduccién: las familias de Dwork.
A lo largo de esta tesis trabajaremos sobre un cuerpo de caracteristica cero k, asi que fijémoslo
ahora para el resto del texto. Consideremos de nuevo la (n+1)-upla w de los anteriores pérrafos,
y llamemos d,, = >, w;. Una familia de Dwork es una familia de ecuacién, parametrizada por
A,

Ko s x4+ alde — Azfo . oa¥n =0 C P x AL

Bernard Dwork las introdujo, &), 1 en particular, durante su estudio p-ddico de la funcién zeta
de una hipersuperficie proyectiva sobre un cuerpo finito, pues eran bastante ttiles al intentar
entender el efecto de una deformacién en la funcién zeta (cf. [Dw]). Por ejemplo, nétese que
cuando n = 2y todos los w; son uno, recuperamos la familia hessiana de curvas elipticas, siempre
y cuando A3 # 27.

Otra manera de entender el comportamiento de la familia con respecto a dicha deformacién
es calcular la cohomologia de Gauss-Manin de &, ,,, que no es mas que la cohomologia relativa
con respecto a la variedad de pardmetros, A' en nuestro caso. Al comienzo de los afios setenta
del siglo pasado, Nicholas Katz prob6 en [Ka2| que las clases de la cohomologia de grado medio
verificaban una ecuacién diferencial hipergeométrica.

De nuevo Katz ([Ka3]) hace que volvamos a las sumas de Kloosterman. Sea G el cociente
por el grupo diagonal f4, (1,...,1) del subgrupo de automorfismos de &, ,, dado por

{(Cow-‘,é‘n) eu  TL e = 1},
1=0

actuando sobre P" mediante el producto componente a componente. Si k es ahora un cuerpo
local p-adico cuyo cuerpo residual sea [y, el cociente de &, ,, bajo la accién de G, que es la
clausura proyectiva en P" x Al de otra familia denotada por Ynw, €s una elevaciéon a k de Hy, 1
y tenemos que

L(w, ,a,T) = [ (det (1- o—kTm’g;M(yn,w)))(_lw .
k

En la férmula, los o; son ciertas elevaciones del endomorfismo de Frobenius de F, y Hawm
representa la cohomologia de Gauss-Manin usando una cohomologia de Weil (torcida de manera
apropiada en funcién de v). En los tiempos de este avance espectacular, la tinica cohomologia
de Weil conocida era la cohomologia ¢-adica.

La cohomologia ¢-adica ha demostrado siempre ser una teoria muy potente al lidiar con este
tipo de problemas aritméticos, siendo por ejemplo el contexto en el que se demostraron por
primera vez todas las conjeturas de Weil, por Pierre Deligne en [De2|. Sin embargo, algunos
objetos, como el poligono de Newton p-adico de la funcién L, son invisibles a este enfoque y seria
deseable contar con una buena teoria de cohomologia de Weil p-adica, extendiendo el trabajo



pionero de Dwork de la década de los sesenta del siglo pasado. Desde entonces hasta ahora, han
aparecido varias teorias p-addicas, pero o bien ninguna es capaz de cumplir todos los axiomas
requeridos o bien no son tan universales como seria deseable con respecto a la categoria de
variedades a la que se deben aplicar. No fue hasta 2006 cuando Kiran Kedlaya en [Ke| demostré
las conjeturas de Weil de manera puramente p-adica, usando la cohomologia rigida.

La cohomologia rigida parecia ser la tan esperada teoria con la que podriamos trabajar en
condiciones. Sin embargo, solo funciona bien globalmente, es decir, tomando imagenes directas
sobre un punto, y necesitamos una cohomologia que cumpla el formalismo de las seis operaciones
de Grothendieck: imagenes directas e inversas usuales y extraordinarias, productos tensoriales
y funtores hom, todo ello junto con la dualidad, y si es posible, con una teoria de pesos como
la de la cohomologia ¢-adica. La idea es trabajar con D-mddulos definidos sobre un cuerpo p-
adico, de una manera parecida a la teoria analitica de D*°-mddulos complejos, pero con métodos
algebraicos.

Hay dos aproximaciones, distintas en cierto modo, a esta teoria. La primera es el formalismo
de los D-mdédulos aritméticos de Pierre Berthelot, introducido en |Be|. Esta teoria, partiendo
de la cohomologia rigida, se ha desarrollado en los tltimos afios principalmente debido a Daniel
Caro, ofreciendo y prometiendo importantes resultados (cf. [Hu,/CT}|Car,|/AC]). La otra idea,
de Zoghman Mebkhout y Luis Narvdez Macarro, presentada en [MN1], se trata de considerar
D;{T—médulos sobre esquemas formales débiles. Recibié un gran empuje en dimensién uno por
parte del trabajo de Gilles Christol y Mebkhout sobre el teorema del indice de las ecuaciones
diferenciales p-adicas que culminé en [CM], y en un contexto més general, ha sido estudiada en
profundidad por Alberto Arabia y Mebkhout, dando lugar a la teoria de DLT—médulos especiales
(cf. [MN2,Me4, AM|Me5]).

Volveremos a los D-modulos, pero comentemos antes la historia reciente de las familias de
Dwork. Desde el hallazgo de la conexién con las sumas de Kloosterman, poco mas se avanzé con
ellas hasta la incursion de la fisica tedrica. El calculo de los puntos racionales o la cohomologia
de Gauss-Manin de ciertas variedades de Calabi-Yau con buenas propiedades, como algunas
familias de Dwork, interesa a los fisicos especialistas en teoria de cuerdas y simetria espejo
(cf. [CDR]). Debido a ese nuevo interés en ellas, muchos redescubrieron las familias de Dwork
como una buena herramienta para trabajar en otros problemas. Podemos citar, por ejemplo,
el trabajo [Ba] de Sergey Barannikov, generalizado posteriormente por Antoine Douai y Claude
Sabbah en [DS], en el que la cohomologia de Gauss-Manin de Y, ,, aparece como la cohomologia
cudntica de los espacios proyectivos ponderados n-dimensionales, mediante su estructura de
Frobenius. Otro trabajo importante es [HST], en el que Michael Harris, Nick Shepherd-Barron
y Richard Taylor demuestran la conjetura de Sato-Tate en toda su generalidad, entre otros
impresionantes resultados, estudiando las familias de Dwork originales &, 1.

El problema de calcular la cohomologia de Gauss-Manin, tanto del cociente Y, 4, de la famila
de Dwork X, ,, como de toda ella, también se ha afrontado en numerosas ocasiones. Podemos
dividir los trabajos por su contexto aritmético y la estrategia utilizada. Desde el punto de vista
¢-adico, Katz calcula en [Ka7| toda la cohomologia de X}, ,, usando la potencia de la maquinaria
étale. Antonio Rojas Leén y Daqing Wan usan las mismas técnicas en |RW|, como via para
hallar las funciones zeta de momentos de la familia de Dwork original y su cociente. Estos
trabajos son bastante completos y exprimen el formalismo ¢-adico.



Ahora podemos movernos a los p-ddicos y observar un panorama mucho mas interesante.
Debido a la ausencia de una buena teoria de cohomologia que satisfaga las seis operaciones de
Grothendieck, una parte significativa del trabajo se remite a Dwork, usando los métodos clasicos
del andlisis p-ddico. Citamos, por ejemplo, el trabajo [KIR| de Remke Kloosterman en el que
se da la expresion de la matriz de la conexion integrable de Gauss-Manin que uno obtiene al
evitar los puntos singulares dependiendo de funciones hipergeométricas p-ddicas, usando una
interesante mezcla entre las cohomologias de Dwork y rigida. O el articulo [Yu| de Jeng-Daw
Yu que estudia la variacién de la raiz unidad de la familia de Dwork original, también mediante
técnicas provenientes de Dwork con un toque de cohomologia cristalina.

Sobre los complejos la situacion es similar a la del parrafo anterior. Un enfoque distinto,
computacional, pero aun asi a la Dwork-Katz, es el de Adriana Salerno, que en [Sal| proporciona
un algoritmo para calcular la matriz de la conexiéon de Gauss-Manin. También Yu y Katz, en
sus articulos mencionados arriba, trabajan en el contexto complejo, respectivamente, hallando
una seccién horizontal de la conexién, y expresando la cohomologia de Gauss-Manin de J_me en
funcién de D-médulos hipergeométricos usando métodos analiticos trascendentes.

Se podria decir que no queda nada por probar, y sin falta de razén en cierto sentido. Sin em-
bargo, recuérdese que queriamos hallar una manera p-adica algebraica de conocer la cohomologia
de gauss-Manin de la familia de Dwork X, ,, o de su cociente Y, ,,. Ninguna de las dos aproxi-
maciones a una buena teoria p-adica de cohomologia o D-médulos constituye una herramienta
plenamente operativa, asi que como un primer paso en aquella direccién, se deberia realizar este
proyecto, al que pertenece esta tesis, usando D-moédulos de manera puramente algebraica, y eso
es lo que se lleva a cabo aqui. Mas concretamente, damos una expresién de la cohomologia
de Gauss-Manin de )Y, ,, sobre cualquier cuerpo algebraicamente cerrado de caracteristica cero
usando la teoria algebraica de D-mddulos. Debemos notar ademds que a pesar de que nuestra
idea inicial era realizar el cdlculo de la cohomologia de Gauss-Manin de ), ,, tanto algebraica
como p-adicamente, este paso con D-mddulos algebraicos tradicionales requirié mas esfuerzo del
planeado y pensamos seguir adelante en esa direccién. (Ver la ultima seccién, “Open questions
and further projects”, para mas informacion.)

Resultados principales y contenido

Al final de la anterior seccién hemos mencionado que hemos trabajado con D-mdédulos alge-
braicos. ;A qué se debe este uso? Hemos dicho antes que las clases de cohomologia se pueden
derivar con respecto a la variable que representa el parametro, y ademads, que satisfacen ciertas
ecuaciones diferenciales, apareciendo la cohomologia de Gauss-Manin de ), ,, de manera natural
como la imagen directa por la proyeccién sobre la variedad de pardmetros del haz de estructura
Oy, ..,- En segundo lugar, podemos utilizar las seis operaciones de Grothendieck, tal y como las
formula Mebkhout en [Mel|, una transformada de Fourier como en el trabajo [DE| de Andrea
D’Agnolo y Michael Eastwood y una teoria de pesos, los médulos de Hodge mixtos de Morihiko
Saito (cf. [Sa]). Los D-médulos también ofrecen la posibilidad de enunciar resultados topolégicos
o trascendentes en términos algebraicos analogos. Es mas, contrariamente al contexto ¢-adico,
mas abstracto, podemos realizar calculos explicitos y usar la existencia de un algoritmo de di-
visién para operadores diferenciales gracias a Francisco Castro Jiménez (cf. [Ca]). Por tltimo,



pero no por ello menos importante, existe una buena teoria de D-mddulos en dimensién uno, e
hipergeométricos en particular, desarrollada por Katz en [Kab]. No es nuestra intencién devaluar
el resto de teorias o construcciones mencionadas antes, pues son formalismos muy profundos y
utiles, pero el punto realmente interesante de esta tesis es el uso del trabajo de Katz.

Enunciemos ahora los resultados principales de esta tesis. Cada variedad que hemos presen-
tado es una familia dentro de P™ x A!, y denotaremos por p, las restricciones a cualquiera de
aquellas de la segunda proyeccién candnica.

Teorema. Sea K, = Pn,+ Oy, .- Eriste un morphismo candnico de complejos de Dy1-mddulos
(anrOme)G — K, tal que las cohomologias de su cono son todas sumas directas de copias
del haz de estructura Oy .

El siguiente teorema nos da una expresién detallada de K, y utiliza en su enunciado D-
moédulos de Kummer e hipergeométricos, denotados respectivamente por ICo y H (s 55). Se
definen en las secciones [1.3] y y apareceran por todo el texto.

Teorema. Eziste un complejo de Dg,,-modulos K,, tal que, llamando j a la inclusion canonica
Gy, — Al e 1, al endomorphismo de G,, dado por z — 27 tenemos que jTK, = tF K,. Este

complejo verifica lo siguiente: H'(Kp) = 0 sii ¢ {—(n —1),...,0}, H(K,) = O(((;fz”_l) para
todo —(n—1) < i< —1, y en grado cero tenemos la sucesion exacta

0— G, — HUK,) — 0%, —0,
siendo G, un Dg,, -modulo cuya semisimplificacion es

6= P K.iodFu

ac A% {1}
Los pardametros a,b son enteros en {1,...,d,} y
A%b: i+£7'”,@+iy_”,%+£ N iju_jdl — atb ,
wy  dp woy  dp Wy,  dp dn, dn, dn,
que es el congunto de fracciones (k+b)/d, con k # a tales que existeni =0,...,nyj=1,...,w;

cumpliendo que j/w; = k/d,.
En la semisimplificacion de Gy, el médulo F,, es el Dg,, -modulo hipergeométrico irreducible

1 1 n 1 dn
Kya, ®og,, Hy, <cancel(,...,w0,...,,... Yn, - .. >)

wWo Wo Wn, ’ wn7 dn’ ’ dp

La imagen inversa por ¢, se deshace de la incertidumbre en la eleccién de b, pero no de
a. Aun asi, cada D-médulo de Kummer en la semisimplificacién de G, pasa a ser un haz
de estructura, por lo que en cualquier caso podemos caracterizar la parte no constante de
(pn,JrOXn’w)G como jiyi,t Fy,, tomando b = d,,. Este es el principal resultado que han obtenido
otros cuando han calculado la expresiéon de la cohomologia de Gauss-Manin de Y, .. Aun
resolviendo nuestro principal objetivo, nos gustaria conocer con exactitud el complejo K, que a
pesar de ser auxiliar, es bastante interesante de por si. Por ello nos gustaria poder afirmar que
a = b = d,, incondicionalmente. Hablaremos de esto més detalladamente en el dltimo capitulo
de conclusiones, pero creemos firmemente que podremos evitar la mencion a esos parametros

que perturban la belleza del enunciado. De momento lo que podemos afirmar es:



Teorema. FEn las condiciones del teorema anterior, si existe un indice i tal que w; = 1, entonces

a=0b=d,, y st cada w; es primo con d,, se tiene que a = d,.

Noétese que cuando n = 1, por asuncién tenemos que med(wp,wy) = 1, asi que en este caso
los dos w; son primos con d; y entonces a = d;.

Esta tesis requiere del lector que esté familiarizado con el lenguaje de las categorias derivadas
y que posea una base de geometria algebraica y algunas nociones de D-moédulos. Expliquemos

el contenido de cada capitulo.

El primer capitulo contiene la mayoria de las nociones de teoria de D-mddulos necesarias
para los siguientes. Como acabamos de decir, esperamos del lector cierto conocimiento de
la teoria algebraica de D-médulos. No obstante, en la primera seccién recordamos algunos
conceptos basicos de dicha teoria e incluimos resultados elementales y ttiles, como la existencia
del triangulo de escision, el teorema del cambio liso de base o las férmulas relativas de Kiinneth
y de la proyeccién.

Continuamos definiendo, en la siguiente seccidn, el concepto de extension intermedia y carac-
teristica de Euler-Poincaré de un complejo de D-mdédulos coherentes (visto siempre como ele-
mento de la correspondiente categoria derivada). Esta seccién se centra especialmente en el caso
unidimensional, pero damos algunos resultados en un contexto general. El objetivo de la seccién
es caracterizar las extensiones intermedias por su ausencia de subobjetos o cocientes puntuales y
proporcionar dos férmulas para el cdlculo de la caracteristica de Euler-Poincaré de un D-moédulo
sin cocientes puntuales (o una extensién intermedia, en particular), inspiradas en el trabajo de
Deligne sobre conexiones integrables con singularidades regulares [Del].

La préxima seccion trata de manera algebraica un concepto inspirado en la topologia: la
monodromia. Se exponen varios resultados sobre los exponentes de un D-mddulo en una sin-
gularidad, junto con otros sobre la existencia de algunos exponentes en un complejo de coho-
mologia de Gauss-Manin relacionada con la sobreyectividad de cierto morfismo, y nociones que
necesitaremos posteriormente, cuando intentemos hallar los exponentes de K.

Terminamos el capitulo con su seccién mas importante; aquella en la que estudiamos D-
modulos de caracteristica de Euler-Poincaré 0 y —1, presentamos los D-médulos hipergeométricos,
estudiando sus propiedades béasicas y clases de isomorfia, terminando por caracterizarlos medi-
ante ellas. Este capitulo estd basado fundamentalmente en el trabajo de Katz en [Kab)|, in-
cluyendo un importante resultado, debido a Frangois Loeser y Sabbah, de su articulo |LS].

El segundo capitulo contiene gran parte de nuestro problema principal. En la primera seccién
sentamos las bases del calculo de la cohomologia de Gauss-Manin de ), ., explicando en mu-
cho mayor detalle las construcciones geométricas comentadas en los parrafos histéricos de esta
introduccién. Probamos también el primero de nuestros teoremas principales y presentamos la
estrategia inductiva que nos servira de ayuda para probar las primeras afirmaciones del segundo
de nuestros teoremas principales, empezando por el caso inicial en el que n = 1.

Gracias a los resultados del primer capitulo podemos caracterizar un D-médulo hiper-
geométrico por medio de algunas de sus propiedades algebraicas, tales como su rango genérico,
su caracteristica de Euler-Poincaré, su regularidad o los exponentes en sus singularidades, y
casi todo esto se trata en la segunda seccién. Primero exploramos las consecuencias del proceso
inductivo, describiendo explicitamente parte del tridngulo distinguido que nos acompana a lo



largo de la seccion. Después hallamos la parte constante de K, y describimos las propiedades
de G, excepto sus exponentes en el origen e infinito. Las herramientas usadas en estas pruebas
son bastante variadas en cuanto a su naturaleza, pero todas ellas pertenecen o bien a lo que
asumimos que el lector conoce, o bien a lo comentado en el primer capitulo. Al final usamos en

gran medida el potencial de los D-médulos que enumeramos al justificar su uso, pero no todo.

Y si no es todo, es porque en el tercer capitulo lidiamos en detalle con la transformada de
Fourier de complejos de D-modulos, desde el punto de vista funtorial. Gracias a Katz podemos
relacionarla con la operacién de convolucién, motivada por el contexto aritmético. También estu-
diamos en la primera seccién el comportamiento de ciertos tipos de D-mdédulos hipergeométricos
al tomar la convolucién de ellos con otros D-médulos, para llegar a un resultado que nos permite
expresar la transformada de Fourier de ciertas extensiones de la imagen inversa por la r-ésima
potencia en G, de un D-mdédulo hipergeométrico irreducible en funcién de otro hipergeométrico.
Las pruebas de estos resultados y las de las secciones a se incluyen porque de manera
opuesta a las referencias que hemos encontrado en la literatura a la parte ¢-ddica de [Kab|, no
hemos hallado muchas a su trabajo con D-mddulos.

Estos ultimos resultados nos son enormemente utiles para terminar la prueba de nuestro
segundo teorema principal. Calculamos primero la transformada de Fourier de K,,, gracias a
una sugerencia de Sabbah, como Douai y él en [DS|. Luego discutimos los posibles valores de
los exponentes de G,, incluyéndose a continuacién una manera alternativa de hallar la parte
no constante de K, siguiendo otra sugerencia de Sabbah. También demostramos los casos
particulares en los que med(d,,, w;) = 1 para todo i = 0,...,n, o que algin w; es igual a uno.
Este ultimo caso ocupa la mitad de la secion, y es una aplicacién de los resultados de la segunda
parte de la seccién [I.3] Deberfamos anadir que aunque el capitulo se llama “monodromy”,
“monodromia” en espanol, no se hace ninguna mencion seria a ella en todo el texto, sino que
pretende ser un sinénimo de “exponentes”.

En el cuarto capitulo proporcionamos algunos complementos a nuestros teoremas principales.
No son muy importantes, pero ayudan a completar el estudio de los objetos tratados en esta
tesis. En la primera seccién discutimos la variacién de la cohomologia de Gauss-Manin de
Yn,w al considerar deformaciones monomiales uniparamétricas cualesquiera, esto es, al evitar
asumir condicién alguna sobre los nimeros w;, como med(wo, ..., w,) = 1 0 w; > 0 para todo
1 = 0,...,n. Estas asunciones resultan ser bastante interesantes, puesto que en cuanto una
de ellas no se cumple, la cohomologia de Gauss-Manin de ), ,, se simplifica extremadamente,
siendo sélo o bien la suma directa de componentes irreducibles relacionadas con el caso en el que
los w; no comparten un divisor, o bien un grupo de copias del haz de estructura Og,,. También
nos preguntamos cuando son enteros los exponentes en el origen o en el infinito de K, o K,

respectivamente, y caracterizamos estos fenémenos en funciéon de la divisibilidad de los w;.

En la segunda seccién demostramos una relacién inductiva entre los distintos D-mddulos

hipergeométricos F,, siguiendo el estilo del proceso inductivo general.

Por dltimo, en la tercera seccién incluimos algunos calculos explicitos de las extensiones de
la imagen inversa por una potencia d-ésima de un D-moédulo hipergeométrico de exponentes

racionales. Esto nos permite hallar una expresién cercana a lo explicito para la extensién inter-
media de ¢} F,.



Finalmente, en el apéndice presentamos un interesante subproducto del objetivo de esta tesis.
En un momento dado necesitdbamos una prueba algebraica usando D-mddulos de un resultado
que calculara la cohomologia global de de Rham de un arreglo de hiperplanos. Aunque este
hecho es de sobra conocido, no encontramos un enfoque como desedbamos. Esto evoluciond en
el articulo independiente |Cas|, en el que presentamos dos sucesiones espectrales de tipo Mayer-
Vietoris para la localizacién de ciertos Ox- o Dx-mddulos, siendo X una variedad algebraica,
sobre el abierto complementario de una subvariedad cerrada Y = |J;Y; de X. Después de
una pequena introduccién al apéndice, la primera seccién contiene los resultados béasicos sobre
sucesiones espectrales que necesitamos después.

En la segunda seccién podemos encontrar més definiciones y un resultado vital para probar la
existencia de las dos sucesiones espectrales, estando la primera de ella en esta seccién también.
Esta trata con Ox-moédulos casi-coherentes, pero la segunda, en la tercera seccion, se define
solamente para Dx-mddulos, al usar el funtor imagen directa para conseguir tener un enunciado
relativo, independiente de la variedad de partida.

En la cuarta seccion del apéndice demostramos de manera puramente algebraica la férmula
de Orlik y Solomon para el polinomio de Poincaré de la cohomologia de de Rham global del
complementario de un arreglo de hiperplanos en funcién de su conjunto parcialmente ordenado

de interseccién, en virtud de la sucesion espectral de la seccién anterior.



Introduction

But you have disposed all things
by measure and number and weight.
Wisp 11:20B

A bit of history

This dissertation can be seen as part of the oldest branches of mathematics, geometry and
number theory. However, we soon have to move this veil of solemnity or tradition away, since
we are going to look at those ancient disciplines from an algebraic point of view. The text in
the following pages belongs to a project in arithmetic geometry, that is to say, approaching to
arithmetic problems or objects from the side of algebraic geometry. In this section we cast a
glance over its historical motivation.

A well-known concept in number theory is that of Kloosterman sums. They were originally
defined in an analytic context, but recall that this thesis belongs to the realm of algebraic
methods, so we will treat in that way every notion appearing here. Fix a prime power ¢, say of
p, and a positive integer n. Let w = (wy,...,w,) be an (n + 1)-uple of positive integers such
that ged(wo,...,w,) = 1, and define Hy, p, for every m > 1, as the subgroup of (]F;';m)n+1 of
vectors (o, . .., xy) satisfying zy° - ... - zf'» = 1. Let now v be an additive character of F, and
a = (ag,...,an) be another (n + 1)-uple, this time of elements of Fyn. For us, a generalized

Kloosterman sum is an exponential sum of the form

w RN Z Yo Trp o /Fq (Z CtﬂL',) .

]}EHw m

Hendrik Kloosterman only defined those sums for ¢ = p, m = 1, n = 1 and w; = 1 (cf. [KIH]), and
even in that quite simplified case, they turned out to be of use when studying the representability
of integers by quadratic forms. Over the years many applications of them have been found, and
they have become an essential tool of analytic number theory.

Every algebraic arithmetician knows that a very fruitful way to understand exponential sums,
inspired by the formulation of Weil conjectures in [We|, is to define the L-function associated
with such a sum, and try to study it by means of a suitable cohomology theory, named Weil
cohomology, which is a cohomology satisfying some axioms coming from algebraic topology
and singular cohomology, such as finite dimensionality, Poincaré duality or the existence of a

9
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Lefschetz fixed point formula, among others. The L-function is just the generating function

derived from the family in m of exponential sums S, (w, ¥, @)

e.9] Tm
L(wa @Z), «, T) = exXp (Z Sm(wv ¢a a)m> .
m=1
Now we can introduce another main character of this introduction: Dwork families. Through-
out all this dissertation we will work over a fixed field of characteristic zero k, so fix it once and
for all. Recover the (n + 1)-uple w of the previous paragraphs, and take d,, = >, w;. A Dwork
family is a family with equation, parameterized by A,

Ko 1 x4+ ade —Azlo . g =0 C P x AL

Bernard Dwork introduced them, X}, ; in particular, during his study of the p-adic properties of
the zeta function of a projective hypersurface over a finite field, for they turned out to be quite
useful when trying to understand the effect of a deformation on the zeta function (cf. [Dw]).
As an example, note that when n = 2, all the w; are one and A3 # 27, we recover the Hessian
family of elliptic curves.

Another way of understanding the behaviour of the family with respect to that deformation
is computing the Gauss-Manin cohomology of &, ,,, which is nothing but relative cohomology
with respect to the variety of parameters, Al in our case. At the beginning of the seventies,
Nicholas Katz proved in [Ka2| that the classes of the middle-degree part of the cohomology
satisfied a hypergeometric differential equation.

Katz again (|Ka3]) makes us go backwards and return to Kloosterman sums. Let G be the
quotient by the diagonal group pg4, (1,...,1) of the subgroup of automorphisms of X, ,, given
by

{(co,...,m eu T = 1},
1=0

acting on P by component-wise multiplication. If k is now a p-adic local field whose residue
field is I, then the quotient of &}, ,, by the action of G, which is the projective closure in P" x Al
of another family called Y, 4, is a lifting to k of H,,; and we have that

L(w, g,0,T) = ] (det (1 - akT|’H’él\4(J‘J,L,w)))(_m+1 .
k

In the formula, the o; are certain liftings to k of the Frobenius endomorphism on F;, and Hawm
means Gauss-Manin cohomology using some Weil cohomology theory (properly twisted in terms
of ¢). In times of this stunning advance, the only one known was ¢-adic cohomology.

f-adic cohomology has proved to be very powerful when dealing with this kind of arithmetic
problems, being for instance the setting in which all the Weil conjectures were first proved to
be true by Pierre Deligne in |[De2]. However, some objects, such as the p-adic Newton polygon
of the L-function, are invisible to this approach and it would be desirable to have a good p-adic
Weil cohomology theory, extending the pioneering work of Dwork in the sixties. From that
moment to now, several p-adic theories have arisen, but they failed in either some of the axioms
required or the universality of the category of varieties to which they apply. It was not until
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2006, when Kiran Kedlaya in [Ke] proved the Weil conjectures in a purely p-adic way, using
rigid cohomology.

Rigid cohomology seemed to be the long-awaited theory with which we could properly work.
However, it only works fine if we work globally, that is to say, taking direct images over a
point, and we need a theory holding the formalism of Grothendieck’s six operations: usual and
extraordinary direct and inverse images, tensor products and hom functors, all together with
duality, and if possible, a theory of weights as with ¢-adic cohomology. The main idea is to work
with D-modules defined over a p-adic field, in a similar way to analytic D*°-module theory over
C but with algebraic methods.

There are two somewhat different approaches to this idea. The first one is the formalism
of arithmetic D-modules, due to Pierre Berthelot, started at [Be]. This theory, evolving from
rigid cohomology, has been mainly developed in the last years by Daniel Caro, offering and
promising important results (cf. [Hu, CT}Car, AC]). The other idea, of Zoghman Mebkhout and
Luis Narvaez Macarro, introduced at [MN1], was to consider Diﬁ—modules over weak formal
schemes. In dimension one, it received a big support from the work by Gilles Christol and
Mebkhout on the index theorem for p-adic differential equations culminating at [CM]|, and in
the general setting, has been deeply studied by Alberto Arabia and Mebkhout, giving birth to
the theory of special D;T—modules (cf. [MN2,Me4, AM, | Me5]).

We will come back to D-modules, but let us comment on the recent history of Dwork families.
Since the finding of the connection to Kloosterman sums, very few was done with them until
the incursion of theoretical physics. The calculation of the rational points and the Gauss-Manin
cohomology of certain Calabi-Yau manifolds with good properties, such as some Dwork families,
is of interest to physicists working in string theory and mirror symmetry (cf. [CDR]). Because
of this new interest on them, many rediscovered Dwork families as a good tool to deal with
other problems. We can cite, for instance, the work [Ba] of Sergey Barannikov, later generalized
by Antoine Douai and Claude Sabbah in [DS], in which the Gauss-Manin cohomology of Y, 4,
is studied as the quantum cohomology of weighted n-dimensional projective spaces, by means
of its Frobenius structure. Another work of importance is [HST], where Michael Harris, Nick
Shepherd-Barron and Richard Taylor prove the Sato-Tate conjecture in all its generality, among
other impressive results, by studying the original Dwork families X, ;.

The problem of calculating the Gauss-Manin cohomology of either the quotient ), ., of the
Dwork family A}, ,, or the whole of it has been also quite addressed. We can divide the diverse
works by its arithmetical setting and its way of attacking the problem. From the f-adic point
of view, Katz in [Ka7| computes all the cohomology of &, ,, by using all the power of the étale
machinery. Antonio Rojas Leén and Daging Wan in [RW], as a way to find the moment zeta
functions for the original Dwork family and its quotient, use the same techniques. These works
are quite complete and make the most of the f-adic approach.

We can move to p-adics now, and observe a more exciting panorama. Because of the absence
of a good cohomology theory satisfying Grothendieck’s six operations, a significative part of the
work is done referring to Dwork’s classical methods of p-adic analysis. We can cite, for instance,
the work |[KIR] of Remke Kloosterman giving the expression of the matrix of the integrable
Gauss-Manin connection that one obtains when avoiding singular points in terms of p-adic
hypergeometric functions using an interesting mixture of rigid and Dwork’s cohomologies. Or
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Jeng-Daw Yu’s paper [Yu] studying the variation of the unit root of the original Dwork family,
also with techniques going back to Dwork with a touch of crystalline cohomology.

Over the complex numbers, the situation is similar to the previous paragraph. A different,
computational, approach, but still ¢ la Dwork-Katz, is that of Adriana Salerno in [Sal|; she
provides an algorithm to give the matrix of the Gauss-Manin connection. Also Yu and Katz,
in their papers above referred, treat the complex setting, respectively, by finding an horizontal
section to the connection, and expressing the Gauss-Manin cohomology of jnyw in terms of
hypergeometric D-modules using analytical transcendental methods.

One could say that nothing is to be proved yet, and not mistakenly in some sense. However,
recall that we wanted to find a p-adic algebraic way of knowing the Gauss-Manin cohomology
of the Dwork family &, ,, or V, .. None of the two approaches to a good p-adic cohomology, or
D-module theory form a fully operational tool, so as a first step in that direction, one should be
able to perform this project, to which this thesis belongs, using D-modules in a purely algebraic
way, and that is what we carry out here. More concretely, we give an expression of the Gauss-
Manin cohomology of YV, ., over any algebraically closed field of characteristic zero using the
theory of algebraic D-modules. We have also to remark that although our first idea was to try
to carry out the computation of the Gauss-Manin cohomology of V), ,, algebraic and p-adically,
this step with usual algebraic D-modules took more effort than expected and we plan to keep on
moving forward in that direction. (See the last section, “Open questions and further projects”,

for more information.)

Main results and contents

At the end of the previous section we have said that we have worked with algebraic D-modules.
Why algebraic D-modules? We wrote before that the cohomology classes can be derived with
respect to a variable representing the parameter, and moreover, they satisfy certain differential
equations, and the Gauss-Manin cohomology of V), ., appears naturally as the direct image by the
projection onto the variety of parameters of the structure sheaf Oy, ,. Secondly, we can make
use of Grothendieck’s six operations as formulated by Mebkhout in [Mel|, a Fourier transform
as in the work |[DE] by Andrea D’Agnolo and Michael Eastwood and a theory of weights,
Morihiko Saito’s mixed Hodge modules (cf. [Sa]). D-modules also have the possibility of stating
topological or transcendent results in an algebraic analogous way. Furthermore, contrarily to
the more abstract f-adic setting, we can also make explicit calculations and use the existence
of a division algorithm for differential operators due to Francisco Castro Jiménez (cf. [Cal).
And last, but not least, there exists a very good theory of D-modules in dimension one, and
hypergeometric ones in particular, developed by Katz in [Kab]. We would not want to devalue
the rest of theories above, because they are very deep and useful formalisms, but the really
interesting point in this thesis is the usage of Katz’s study.

Let us state now the main results of this thesis. Every variety presented before is a family
included in P" x A', and we will denote by p,, the restrictions of the second canonical projection

to any of them.

Theorem. Let K, = Pn,+ Oy, - There erists a canonical morphism of the complexes of Dy -



13

modules (pn7+OXn’w)G — K, such that the cohomologies of its cone are direct sums of copies
of the structure sheaf Oy .

The following theorem gives us a detailed expression for K,, and uses in its statement Kummer
and hypergeometric D-modules, denoted respectively by K, and #(a;; 5;). They are defined
in sections [I.3] and respectively, and will appear throughout the whole text.

Theorem. There exists a complex of Dg,, -modules K, such that, denoting by j the canonical
inclusion G, — Al and ,, the endomorphism of G, given by z — 2z~ % we have that jTK, =
LK, This complex satisfies the following: HY(K,) = 0 if i ¢ {—(n —1),...,0}, H(K,) =

(’)(((;f;:"‘l) as long as —(n — 1) <1 < —1, and in degree zero we have the exact sequence

0— G, — HO(K,) — 0% — 0,
Gn being a D-module whose semisimplification is
gzs = @ ICa @ fn'
a€ ALY

The parameters a,b are integers in {1,...,d,} and

1 b wo b w b 1 d a+b
AW =8 — 4 N s —
" {w[)—’_dn7 ,w0+dn7 ,wn—i_dn} {dn7 7dﬂ} { dn }7
which is the set of fractions (k + b)/d, with k # a such that there exist i = 0,...,n and

j=1,...,w; holding that j/w; = k/d,,.
In the semisimplification of G, the module F,, is the irreducible hypergeometric Dg,, -module

1 wo 1 wy, 1 dp,
b/dn ®OGm H’Yn (Cance <w07 7w07 7wn7 7wn7dn’ 7dn

The inverse image by ¢, gets rid of the choice of b, but not a. However, each Kummer
D-module appearing in the semisimplification of G,, becomes a structure sheaf, so in any case
we can characterize the nonconstant part of (pn,+OXnyw)G as jipt Fn, taking b = d,. This
is the main result that other have obtained when they have computed an expression for the
Gauss-Manin cohomology of Y, ,,. Even though having accomplished our main goal, we would
like to know exactly the complex K,,, which despite being auxiliary, is quite interesting in itself.
We would like to claim that ¢ = b = d,, unconditionally. We will talk in a more detailed way
of this in the last chapter of concluding remarks, but we strongly believe that we will be able
to avoid to mention those parameters disturbing the beauty of the statement. At this moment

what we can affirm is:

Theorem. Under the notation and conditions of the previous theorem, if there exists an index
i such that w; = 1, then a = b = d,, and if w; is prime to d, for every i we have that a = dy,.

Note that when n = 1, by assumption we have that ged(wp,w1) = 1, so in this case, we
always have that both of the w; are prime to d; and then a = d;.

This thesis requires from the reader to be familiarized with the language of derived categories,
a background in algebraic geometry and some notions from D-modules. Let us explain the
contents of each chapter.
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The first chapter contains most of the concepts of D-module theory needed in the next ones.
As we have just said, we expect the reader to have some knowledge on algebraic D-module theory.
Nevertheless, in the first section we recall some basic facts of it and provide some elementary
useful results, such as the existence of the excision triangle, the smooth base change theorem or

the relative Kiinneth and projection formulas.

We continue by defining, in the next section, the concept of intermediate extension and
Euler-Poincaré characteristic of a complex of coherent D-modules (always seen as an element of
the corresponding derived category). This section is mainly concerned with the one-dimensional
case, but we also give a few results in a general setting. Its goal is to characterize intermediate
extensions in terms of their absence of punctual subobjects or quotients and provide two formulas
to compute the Euler-Poincaré characteristic of a D-module without punctual quotients (or an
intermediate extension, in particular), inspired by the work of Deligne on integrable connections
with regular singularities |[Del].

The following section deals algebraically with a topologically inspired concept: monodromy.
Some results about the exponents of a D-module at a singularity are exposed, together with
some other on the existence of some exponents at a Gauss-Manin cohomology complex related
to the surjectivity of certain morphism and notions that we will need afterwards, when we try
to find the exponents of K.

We finish the chapter by the most important section of it; that in which we study D-modules
of Euler-Poincaré characteristic 0 and —1, introduce hypergeometric D-modules, studying their
basic properties, their parameters and their isomorphism classes, ending by characterizing such
a D-module by them. This chapter is mainly inspired by the work of Katz in [Kab|, including
an important result due to Francois Loeser and Sabbah, of their paper |LS].

The second chapter contains a big part of our main problem. In the first section we state the
grounds of the computation of the Gauss-Manin cohomology of V), ., explaining in much more
detail the geometrical constructions commented at the historic paragraphs of this introduction.
We also prove the first of our three main theorems and present the inductive strategy that will
serve to us in order to prove the first pieces of the second main theorem, starting by the initial
case when n = 1.

Thanks to the results of the first chapter we can characterize a hypergeometric D-module by
means of some of its algebraic properties, such as its generic rank, Euler-Poincaré characteristic,
regularity and exponents at its singularities. Almost all of them are issued in the second section.
We first explore the consequences of the inductive process, describing explicitly part of the
distinguished triangle which accompany us along the section. We then find the constant part of
K,, and describe the properties of G,, except for their exponents at the origin and infinity. The
tools used at these proofs are quite varied in nature, but all of them belong either to what we
assume already known by the reader, or the notions of the first chapter. In the end we use a lot
of the potential of algebraic D-modules that we enumerated when we were justifying the use of
those objects, but not all.

And if it is not all, it is because in the third chapter we deal in detail with the Fourier
transform of complexes of D-modules, from the functorial point of view. Thank to Katz we
can relate it with the convolution operation, motivated by the arithmetical setting. We also
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study in the first section the behaviour of certain kinds of hypergeometric D-modules when
convolved to other D-modules, to reach at a statement which allows us to express the Fourier
transform of some extensions of the inverse image by an r-th power map in G,, of an irreducible
hypergeometric D-module in terms of other hypergeometrics. The proofs of these results and
those of sections to are mostly included because contrarily to the references that we have
found in the literature to the ¢-adic part of [Ka5|, we have not discovered many to its work on
D-modules.

These last results are extremely useful to us, in order to end the proof of our second main
theorem. We first compute the Fourier transform of K,,, thanks to a suggestion of Sabbah, as
he and Douai do in [DS]. Then, we discuss the possible values of the exponents of G,, and we
include afterwards an alternative way of finding the nonconstant part of K,,, following another
suggestion of Sabbah. We also prove the particular cases in which ged(d,,w;) = 1 for every
i =0,...,n or some w; is equal to one. This last case fills half the length of the section, and it is
an application of the results of the second part of section We should add that even though
the chapter is called “monodromy”, no serious mention to it is made throughout the whole text,

but it is intended to represent a synonym for “exponents”.

In the fourth chapter we provide some complements to our main theorems. They are not
a big deal, but they help to complete the study of the objects treated at this thesis. In the
first section we discuss the variation of the Gauss-Manin cohomology of V), ,, when we move to
general uniparametric monomial deformations of Fermat hypersurfaces, that is to say, when we
avoid to assume any condition on the numbers w;, as ged(wo, ..., w,) = 1 or w; > 0 for every
it =0,...,n. Those assumptions turn out to be quite interesting, because as soon as one of them
does not hold, the Gauss-Manin cohomology of V), ,, simplifies enormously, being just either the
direct sum of several irreducible pieces related to the case in which the w; do not share a divisor
or a bunch of copies of the structure sheaf Og,,. We also wonder when the exponents at the
origin or infinity of K,, or K,, respectively, are all integers, and characterize those circumstances
in terms of the divisibility of the w;.

In the second section we prove an inductive relation between the different hypergeometric
D-modules F,, following the style of the general inductive process.

Finally, in the third section we include some explicit calculations of the extensions of the
inverse image by a d-th power map of a hypergeometric D-module with rational exponents. This
permits us to find a pseudo-explicit expression for the middle extension of ¢,} F,.

Finally, in the appendix we present an interesting byproduct of the main goal of this thesis.
At some point we needed an algebraic D-module proof of a statement computing the de Rham
global cohomology of a hyperplane arrangement. Although this fact is quite well-known, we
did not found an approach to it as desired. This evolved to the independent paper [Cas|, in
which we present two Mayer-Vietoris-like spectral sequences for the localization of certain Ox-
or Dx-modules, X being an algebraic variety, over the open complement of a closed subvariety
Y = {J,Yi of X. After a small introduction to the appendix, the first section states the basic
results about spectral sequences that we need afterwards.

In the second section one can find some more definitions and a crucial result used to prove
the existence of the two spectral sequences, the first of them being at that section, too. That one



16

deals with quasi-coherent Ox-modules, but the second one, at the third section, is defined just
for Dx-modules, since we use the direct image functor to manage to have a relative statement,
independently of the ground variety.

In the fourth section of this appendix we prove in a purely algebraic way the formula of Orlik
and Solomon for the Poincaré polynomial of the complement of an arrangement of hyperplanes
in terms of the combinatorics of its intersection poset, for global de Rham cohomology, by virtue

of the spectral sequence of the previous section.



Chapter 1

D-modules 1in dimension one

The successful construction of all machinery

depends on the perfection of the tools employed;

and whoever is a master in the arts of tool-making
possesses the key to the construction of all machines.
CHARLES BABBAGE

1.1 Reminder on D-modules

In this section we will recall some notions and results from algebraic D-module theory that will
be useful in the rest of the text. We will state most results without a proof; anyway, those and
much more can be found at [Bo|, [HTT] or [Mel].

An algebraic variety, or just variety, will mean for us a separated finite type scheme over
any field, reducible or not; anyway we will always work over an algebraically closed field of
characteristic zero. Whenever we talk about the dimension or the codimension of a variety Z,
we will understand that they are the sections of the locally constant sheaf kz defined by taking
the values dim Z; and codim Z; at each connected component Z;. It will make sense because
we will assume that the variety is either equidimensional or smooth, this implying that all of
its connected components are equidimensional. For any scheme X, we will denote by mx the
projection from X to a point.

Let then X be an algebraic variety, and let Ox and Dx be its structure sheaf and the sheaf
of differential operators on it, respectively. We will denote by Mod(Dx) the abelian category of
left Dx-modules.

In order to take advantage of all the power of D-module theory we must move to the derived
setting. We will denote by Db(DX) the derived category of bounded complexes of Dx-modules.
We can also define the derived categories D2(Dy), D?(Dx) and DY (Dx) of complexes of Dx-
modules with coherent, holonomic and regular holonomic cohomologies, each of them being a full
triangulated subcategory of the precedent. Whenever we talk about a complex of D x-modules,
we will understand them as objects of the corresponding derived category, which will be clear
from the context.

17
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Definition 1.1.1. Let f : X — Y be a morphism of smooth varieties. The direct image of
Dx-modules is the functor f, : DP(Dx) — DP(Dy) given by

fiM =Rf. (Dy.x @B M),
where Dy . x is the (f_lDy, DX)—bimodule

Dy, x = wx D10y fil Homo, (wy,Dy),

called the transfer D-module for the direct image of f. In the formula, wx is the right D x-module
of top differential forms on X.

Remark 1.1.2. When f : U < X is an open immersion, f, = R f., because Dy y = f~ Dy =
Dy.

When f: X =Y xZ — Z is a projection, Dy, x ®%X M is nothing but a shifting by dim Y’
places to the left of the relative de Rham complex of M

DRj(M) =0 — M — M®oy Q)7 — ... — Moy Vy/z — 0,

so we will have that f, = Rf,DRy(e)[dimY] ([Bo, VI.5.3.1], [HTT, 1.5.28], [Mel, 1.5.2.2]).
When Z is a point, the functor R f; is just the derived global sections functor RI'(X,e), and in
that special case the functor fy is just a shifting of global de Rham cohomology.

Let us introduce now another important image functor in D-module theory.

Definition 1.1.3. Let f : X — Y be a morphism of smooth varieties. The inverse image of
Dx-modules is the functor f* : D’(Dy) — DP(Dx) given by

fTM:=Dx_y ®JI?71DY M,
where Dx_,y is the (DX, fflpy)—bimodule

Dx_y = 0x ®@f-10, f Dy,
called the transfer D-module for the inverse image of f.

Remark 1.1.4. Just by substituting the expression of Dy _,y into the formula for f we see
that the inverse image of Dx-modules coincides with the derived inverse image of Ox-modules,
Lf e =0x ®§;_IOY f~'e. Then, if f is a flat morphism, f*+ = f*. In the special case in which
f:U < X is an open immersion, f* = f~1.

Definition 1.1.5. The duality functor is defined as

Dy = (RHomp, (e, Dx)[dimx])*"

where eleft

is the equivalence of categories given by Homo, (wx,e) from right Dx-modules to
left ones.
Given a morphism f : X — Y of smooth varieties, we define the extraordinary direct and

inverse images as fi = Dy f4Dx and f' = Dy ft Dy, respectively.
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Remark 1.1.6. If the variety X is clear from the context, we will use the notation M* instead of
writing DM. In particular, in local coordinates (z1,...,,), if M can be presented as Dx /(P),
then M* is the quotient of Dx by the left ideal generated by the adjoint of the operator P,
denoted by P!, where

<Z au«c)a“) = 3 (-0 au(a)

ueN” ueNT

(cf. [HTT, p. 70], [Mel] 1.4.1]).

Assume that we restrict ourselves to the derived category DP(Dx) of complexes of coherent
Dx-modules. Then, if the morphism f is proper, fy = fi ([HTT} 2.7.2], [Mel, 1.5.3.13]), and if
f is smooth, f* = f' (cf. [HTT, 2.4.5, 2.7.1]). Those two statements are very deep and useful
results in D-module theory.

Definition 1.1.7. Let X and Y be two smooth varieties. We can define two tensor products of
D-modules. The first one, interior tensor product (although we will omit the first word) is just

the derived tensor product over the structure sheaf Ox

®6, : D’(Dx) x D*(Dx) — DP(Dx).
The second one, the exterior tensor product

X : D’(Dx) x DP(Dy) — D*(Dxxy),

is defined by M XN = 7rfr/\/l ®ngy 772+ N, where the m; are the canonical projections from
XxYtoXandY.

Remark 1.1.8. If we have two Dx- and Dy-modules M and N, respectively, that can be pre-
sented as

M :Dx/(Pl,...,Pm) and N:Dy/(Ql,...,Qn),
with P; € I'(X,Dx) and Q; € I'(Y, Dy), then by [OT) 6.1] we know that

MIZN%DXXY/(P17"'7Pm7Q17"'7QTl>7

seeing the operators P; and @Q); as elements of I'(X x Y, Dxyy).

The inverse image preserves both tensor products in such a way that
FfMes, N) = (fTM e, fN),
and consequently by definition,
(f x9) " (MEN) = (fTMBgTN)

((HTT, 1.5.18]).

Apart from that, we can express not only the exterior tensor product in terms of the interior
one, but in the opposite way too; denoting by Ax : X — X x X the diagonal immersion,
M ®%X N =2 AL (MR N) for every couple of complexes M and N
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The four direct and inverse images, the tensor product and the right derived Hom functor
are part of what is known of as the formalism of Grothendieck’s six operations. The categories
of complexes of holonomic and regular holonomic D-modules are stable by all of them, together
with duality, satisfying certain adjunction isomorphisms ([Mel, 11.9.2, 11.9.3.1]). This makes
DP(Dx) a very comfortable class of coefficients to work with.

Remark 1.1.9. Recall that every holonomic D-module is both Noetherian and Artinian and
then of finite length (cf. [Bo, V.1.16.1], [HTT, 3.1.2], [Mel, 1.2.4.3]), so all of them admit a
composition series. This allows us to define the semisimplification of a holonomic D-module as
the direct sum of all of its composition factors. It is well defined thanks to the Jordan-Holder
theorem.

Once we have defined the context in which we are going to work, let us state several inter-

esting facts.

Lemma 1.1.10. (Relative Kiinneth formula) ((HTT, 1.5.30]) Let f : X - X' and g: Y —
Y’ be two morphisms between smooth varieties, and let M € D?(Dx) and N' € D2(Dy) be two
complezes of D-modules. Then,

(f x )+ MRN) = fLMR g, N.

Remark 1.1.11. In the particular case when both M and A are the structure sheaves on X and
Y, and f and g are mx and 7y, we obtain the global Kiinneth formula

TxxY,+Oxxy £ 7x,+O0x ®k my,4+ Oy.

For the next result we will use the algebraic local cohomology of D-modules defined in the

appendix in remark

Proposition 1.1.12. (cf. [Bo, VI.8.3], [HTT) 1.7.1], [Mel, 1.6.1.2]) Let X be a smooth algebraic
variety, and let Z be a closed subvariety of it. Denote by j : X —Z — X and i : Z — X the
embeddings. Then, for any M € D®(Dx) we have the excision distinguished triangle in D (Dx)

RO gM — M — j it M.
If Z is smooth, then RI' - M = iyit M[— codimx Z].

Proposition 1.1.13. (Base change theorem) (|[HTT, 1.7.3]) Let us consider the cartesian

diagram of smooth varieties:

Then for any M € D2(Dx) we have a natural isomorphism in D®(Dx)

gTAM figt M.



1.1. REMINDER ON D-MODULES 21

Another important result is the projection formula. Although it is a well-known result from
general O x-module theory ([Hal| I1.5.6], [Mel, Appendice B]), we will state here a version which
can be deduced from the last proposition (JHTT, 1.7.5]), because we will not need a broader
statement than the following.

Corollary 1.1.14. (Projection formula) Let f : X — Y be a morphism between smooth

varieties, and let M and N as in the previous proposition. Then we have the isomorphism
M@, N = fr (M, fTN).

Remark 1.1.15. Suppose that f: X — Y is a morphism between smooth affine varieties and let
M be a complex of coherent Dx-modules. Then H'f; M = 0 for every i > 0, since Dx is a
quasi-coherent Ox-module (cf. [Bo, VI.5.3.3], [HTT, 1.4.15]).

Moreover, factoring f as the composition of the immersion of the graph of f into X x Y
and the restriction of the canonical projection over the second component, we can deduce from
remark that H'f, M = 0 for any i < —dim X, reducing that bound to i < —dim Z if f is
a projection and X =Y x Z.

Lemma 1.1.16. Let X = Y X Z be the product of two smooth affine varieties such that Z
1s equidimensional of dimension one. Let f be the first canonical projection, and let K be a

complex of coherent Dx -modules. Then for any integer i we have the exact sequence
0— H (F+H'K) — H (f+K) — H ™ (L HTK) — 0.

In particular, if X is also of dimension one (and so'Y is zero-dimensional), the exact sequence
above splits and

[ K =@ (H (i HE) o 17 (FHK)) [,
i
Proof. Let us fix 7 and consider the truncation triangle
TSiK — K — TZi—i-lKv

and apply f; to it. By the remark above, H¥ f,7<; K = 0 for any k > i, and H'f, 75; 11K = 0 for
every | < i. Moreover, we can also deduce that H'f17<;K = H° (/4 H'K) and H'f17>i1 K =
H! ( frHHK ) Therefore, the long exact sequence of cohomology of the triangle above con-
tains the piece

0— HO (L H'K) — H (f+K) — H ' (fHTK) — 0.

When dim X = 1, the direct image of K by fi is a bounded complex of k-vector spaces,
and this makes the exact sequence to split. In this category, every object is isomorphic to its
cohomology complex, as we see in the next paragraph. Consequently,

fr K = G}H%K)[—z’] = @w‘ (feHK) [—i — j],

and we would be done.
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Let thus C be a complex of k-vector spaces of the form
dnfl dn
C=...—Cho1 — Cp —=Cphqy1 —>....
Let us write Z, = kerd,, and B,, =imd,,—1. We can form the following exact sequences:
0— 2, — Cy, — Bpy1 —0

0—B, — Z,— H'C —0

As a consequence, since every exact sequence of vector spaces splits, we can claim that C,, =
B, ® Bp+1 €& H*C. Let m, : Cp, — H"C be the composition of that isomorphism with the
projection over the third summand. Now 7 = {m,} : (C,d,) — (H"C,0) is a morphism of
complexes, for m,d, = 0 by definition. Moreover, H"w = idgnc, so C is quasi-isomorphic to
@, H"C[—n)]. O

1.2 Intermediate extensions and Euler-Poincaré characteristic

In this section we will work with two important features of D-modules such as the intermediate
extension functor and the Fuler-Poincaré characteristic. Although they can be defined in any
dimension, the study of those two notions in dimension one can lead us to a much better
understanding of the D-modules we will deal with. Many of the results found in this section
either belong to |Kab| § 2] or are analogous to some other from there. We recall that we are

working over a chosen algebraically closed field of characteristic zero k.

Remark 1.2.1. Let X be a smooth algebraic variety, and let j : U — X be the canonical inclusion
of an open subvariety of it. If j is affine, for any holonomic Dy-module M both direct images
jiM and j, M are single holonomic Dx-modules. We have that jj M = M, so by adjunction
there exists a morphism of Dx-modules M — ji M.

Definition 1.2.2. Keeping the notation of the remark, the intermediate (or middle, or minimal,

or canonical) extension of M is the image of the canonical morphism j1M — j; M and is denoted

by jiz M.

Remark 1.2.3. The middle extension of a Dy-module M is its unique extension, up to an
isomorphism, that is both a quotient of jiM and a subobject of j. M. Indeed, for any Dx-
module N such that jTAN = M, we have by adjunction a morphism N — j. M. On the other
hand, jTN* = (7N)*, because of j being smooth, so we have a morphism N* — j, M* and
by duality, we finally obtain a canonical morphism M — A. And finally, if there were two
objects sitting between 5 M and j; M, they would differ only at some subobject or quotient
with support contained in X — U, but since the connecting morphisms would be, respectively,
surjective and injective, those parts should be zero.

Proposition 1.2.4. Let X be a smooth variety, and let M be a holonomic Dx-module whose

support is not contained in any closed subvariety of X. Then M is irreducible if and only if there

exists an open subvariety U < x of it such that j= M is an irreducible integrable connection on

U and M = ji, it M.
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Proof. Suppose first that M is irreducible. By [HTT, 3.1.6] we know that there exists an

open subvariety U <y X such that jTM is an integrable connection. Since M is irreducible,
it cannot have neither a subobject nor a quotient, so in particular, the canonical morphisms
JiitM — M — jjT M must be surjective and injective, respectively, and then j, it M = M.
Consequently, j ™M is irreducible; if it were not, then there would exist a holonomic module
N C jTM, but then we would have that 5, N C jiyjTM = M, which is impossible by
assumption.

Regarding the reciprocal statement, if 7 M is irreducible and does not have any singularity
on U and M 2 j,, 7 M, then any nonzero subobject N of M must have the same restriction to
U as M, but in that case they can only differ by a Dx-module supported on a closed subvariety
Z C X — U of X, which contradicts that M = ji, j7M as in the remark above. O

Remark 1.2.5. Note that in the proof of the proposition we have used that the restriction of M
to some open subvariety of X is an integrable connection (eventually zero), and so a locally free
Op-module. Whenever we talk about the generic rank of a Dx-module we will mean the rank
as an Op-module (which is well-defined) of any of such of their restrictions, and we will denote
it by rk M.

We now restrict ourselves to the one-dimensional case and state several result concerning
the middle extension of a Dx-module. We will start by another characterization of it.

Definition 1.2.6. Let X be a smooth equidimensional algebraic variety of dimension one,
and let z € X be a point. We define the delta Dx-module at x as the punctual Dx-module
0 = Dx/Dx1,, where I, is the ideal of definition of x.

Proposition 1.2.7. Let X be a smooth equidimensional variety of dimension one, U be an open
subvariety of it and M be a holonomic Dx -module. Then we have an isomorphism M = j,, jT M
extending the identity over U if and only if the following condition is satisfied:

Homp, (M, ;) = Homp, (6, M) =0
for every point x of X — U, or equivalently by duality, either
HomDX (M) 59&) = HomDX (M*v 690) =0

or
Homp, (05, M) = Homp, (05, M*) = 0.

Corollary 1.2.8. Keeping the previous notation, if M has no singularities on X , then ji j =M =
M for any embedding j : U — X.

Corollary 1.2.9. With the same notation as before, for any holonomic Dy-module M, j1 Dy M =2
Dy jiy M.

The proofs of the proposition and its two corollaries can be found at [Ka5, 2.9.1, 2.9.1.1,
2.9.2.2]. Although he considers C as his base field, the proofs are completely algebraic and do
not depend on the choice of the field, providing it is algebraically closed of characteristic zero.
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Lemma 1.2.10. Let X be a smooth equidimensional algebraic variety of dimension one, and
let p be a point of it. Denote by j : X — {p} — X the canonical inclusion, and choose a formal
parameter x at p such that @Xp >~ k[[x]]. Let L € T'(X,Dx) be an nonzero operator of degree n
in O such that viewed as an element of k[[z]] ®o Dx it can be written as

L = Z x' P;(20/0x).

>0
Then the following conditions are equivalent:
i) L (resp. L') operates injectively on 6.
i) L (resp. L') operates bijectively on 8.
i11) The so-called indicial polynomial Py(t) has no negative (resp. nonnegative) integer roots.

i) j1j*Dx /(L) = Dx/(L) (resp. j+j"Dx/(L) = Dx/(L)).

Proof. The proof of this result is a combination of those of [Kab, 2.9.2, 2.9.3, 2.9.4]. We include
them here for the sake of completeness.

Obviously 7 is a consequence of .. Let us prove that i is equivalent to iv. By duality it
suffices to prove the statement with the (usual) direct image. We know that j,j"Dx/(L) &
Dx/(L)[1/x], so in this case, v is equivalent to the fact that P +— z P is bijective on Dx/(L).

It is injective if and only if for every a,b € Dx such that xa = bL, there exists ¢ with
a = cL, but then zcL = bL, and so xc = b, that is to say, the morphism « — «L is injective on
Dx /xDx = 8%, or equivalently by duality, L' acts injectively on d,.

Now the fact that P + P is surjective on Dx /(L) is equivalent to saying that for any
a € Dx, there exist b and ¢ such that a = xb + cL, which happens if and only if o — «l is
surjective on 0%, or by duality, L' acts surjectively on 4.

Now is when the condition on L makes sense. It can be defined intrinsically, independently of
the parameter z; it just says that L, acting on Ox_1 = Unm, I,™, sends every power of the ideal
of definition of p to itself. Therefore, for every integer m it induces a k-linear endomorphism
over I7" /"1, which is nothing else but multiplication by Py(m).

Thus we can choose x in such a way that if 9 is the derivation of Ox with respect to which we
take the adjoint of an operator, then d(x) = 1. This is possible, since in any case 0 = f(x)d/0x,
f being some unit of k[[z]], but then we just have to take z to be a formal primitive of f~.

Choosing x in that way, the adjoint of L' is

L'= inPi(—l — i —x0),
i>0
so the indicial polynomial of L' is just Pf(t) = Py(—1 — t) and the assumption on L holds for
L*, too, and by duality we just have to prove the rest of the proposition with it.

Note that 6, is isomorphic, via the morphism Zi,j o'l Zz}j o (:L’j_l), to the Dx-
module k [zF] /k[z] = k((x))/k[[z]]. By the assumption on L, every k-vector space F_,, =
x~"k[[x]]/k[[z]] is mapped to itself by L, and their union is d,, so L' acts injectively on 4, if
and only if it does so on every F_,,. Since F_,, is finite-dimensional for each m, it is equivalent
to say that L' acts bijectively on every F_,, and so on d,.
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We just need to see that ii is equivalent to iii, but this is easy; L', on F_,,/Fi_;,, induces
the multiplication by Py(m — 1), so it will be bijective on d, if and only if Py(t — 1) does not
have positive integer roots. O

Proposition 1.2.11. Let X be a smooth equidimensional algebraic variety of dimension one, let
P, ...,Pr be points of it anAd x; be formal parameters at the p; as in the previous proposition, and
letU=X—{p1,...,pr} s X. Given a holonomic Dx-module M, let d; denote the dimension
of the k-vector space of formal meromorphic solutions at p;

Homp,, (j+M’ @X,Pi[1/$i]) = Homp,, (]+M Qoy k((‘rl))? k(($l)))7

which is finite-dimensional. Then, if Homp, (M, 6p,) =0 for everyi=1,...,r,

,
Jrit MM = Do
i=1
Proof. This proposition is a slight generalization of [Kab| 2.9.8], so we will mostly reproduce its
proof here.

Let us assume without loss of generality that z; has no zeros other than p;, and let us prove
first that Extl{)x (j+j+./\/l, @X7Pi> =0 for £ = 0,1. The first vanishing is trivial, since j,j* M
is a localization on z;, among others, and no element of @X% & k[[z;]] can be divided by z;
without limit. Let us show the second one, in which this property of x; being a unit only in one
of the two Dx-modules is playing also an important role.

It will be enough to prove that any short exact sequence of Dx-modules

O—>@X7pii>Ai>B—>O
splits, B being a Dx|[1/z;]-module. This splitting must be unique because of the vanishing of
the first Ext. In fact, O X,p; 18 a direct summand of A; the other summand will be denoted by
C, being the intersection [, "4, which is obviously a Dx-submodule of A.

Now 6X,p¢ NnNC =0. If ngt, there would exist some a € (/9\X,p7; and ¢, € A for every n > 0
such that a = z'¢,. Since a would be mapped to zero by g, all of the ¢,, would belong to ker g,
too, and then, a would be indefinitely divisible by x;, which is impossible. Let then a belong to
A, and let us see that it is the sum of two elements from O x,p; and C. If it is in the image of f,
we have nothing to prove. But if it is not, its equivalence class in coker f = B does not vanish
as well as z; "(a + im f) for every n, and so a will be in C' + @X@..

Let us now return to the statement of the proposition and form the exact sequence

The last term is holonomic and supported at the p;, so its composition factors will be r; copies of
each d,,. Actually the factors are direct summands, since the endomorphism of 9, given by multi-
plication by x; is surjective, and then, ExtIDX (0p,;, 0p;) = 0. Apply the functor Homp (o, O X,pi)
to that sequence. Because of the vanishing of the Ext that we have already proved, we obtain

an isomorphism

~ -~ o~ T
Homp, (M, Ox,,) = Exth, (j+5*M/M,Ox,,) = Exth, (6, 0x,) -
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If we replace M by Ox and proceed analogously, we get that Ext%)X (6171'76)(7177;) = k for
J+iTOx/Ox = @, 6p, and Ox is dense in 6X,p¢v SO

Homyp,, (M’é\X,pJ =
Now consider another exact sequence,
0— @X,pi — (’3X,pi[1/a:i] — 6, — 0.

Since by assumption, Homp, (M, d,,) = 0, by applying the functor Homp, (M, e) to the se-
quence we can deduce that

Homp, (M,@Xmi) = Homp, (M,@X,pi[l/xiD =~ Homp,, (j+M,@X7pi[1/xi]) ,

because the formal meromorphic solutions at p; only depend on the behaviour of M on a

punctured neighborhood of p;. In conclusion, r; = d;, as we wanted to prove. O

Note that the statement remains true if we take a Dy-module M and consider the quotient
Jj+M/j+ M, which is the approach of Katz, with U = X — {p}. This proposition allows us
to formulate several results about the Euler-Poincaré characteristic of a Dx-module and its
intermediate extension, as we will see. But before that, let us go back to the case of general

dimension.

Definition 1.2.12. Let X be a smooth equidimensional algebraic variety of dimension n and
let M be a complex of holonomic Dx-modules. We define the Euler-Poincaré characteristic of

M as

X(M) = (=) > (=1)* dim HFryx M.

k

Remark 1.2.13. The definition makes sense because the cohomologies H*7 X+ are vector spaces
of finite dimension and do not vanish only for a finite amount of degrees. The multiplication by
(—1)™ is motivated by the classical geometrical setting, so that whenever k = C the topological
Euler-Poincaré characteristic of X is the same as the algebraic one of Ox. Since x is an
additive function, by lemma (going downstairs in the dimension of X) we have that
M) = S (= 1DFx (HEM).
Corollary 1.2.14. (cf. [Kab, 2.9.8.1]) Let X be a smooth equidimensional variety of dimension
one, let U be an open subvariety of X (with j the inclusion of the former in the latter) and let
M be a holonomic Dx-module such that Homp, (M, d,) = 0 for every p not belonging to U.
Denote by Solf, the k-vector space of formal meromorphic solutions of M at p and by d, its
dimension. Then,

XM) =x(GTM)+ Y dy

peX-U
Proof. By definition, x(j M) = x(j+jtM), so by proposition [1.2.11
X(M) = X (it M) = dpx(p
p¢U

The statement follows from the fact that x(,) = —1, for the map 0 : k((z))/k[[z]] — k((z))/k[[x]]
is injective and its cokernel is k - 271, O
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Let us expose here one more notion that we will need in order to formulate properly the next
result. We have mentioned that there exist a property of D-modules called regularity. This is
in fact just a glimpse of a theory of irregularity for D-modules. Although it can be defined in

any dimension (cf. [Me2,Me3]), we will stay in the one-dimensional case.

Definition 1.2.15. Let X be a smooth curve, and let p € X and M be a holonomic D x-module.
Suppose that, choosing a local parameter x at p, we can write in local coordinates in an open
neighborhood U of p that M = Dx/(L), being

L= Zar )" € T(U, Dx).

Then the irregularity of M at p, denoted by Irr,(M), is the positive integer number

max {r—vplar)} — (n — vp(an)),

vp(a) being the vanishing order of a at p.

For a general holonomic Dx-module M = D/I, since I'(U, Dx) is a division ring, we can
take a Grobner basis of I, denoted by {L1, ..., L,}. Then the irregularity at p of M is the same
as that of D/(Ly).

A holonomic Dx-module is said to be regular at a point p € X if Irr,(M) = 0. If for every
p € X, j+ M is regular at p (j being the open immersion X — X), M is defined to be regular.

Corollary 1.2.16. (cf. [Kab, 2.9.9]) Let X and U be as in the previous corollary and let
M be a holonomic Dx-module such that its restriction to U 1is a integrable connection and
Homp, (M, é,) = 0 for every p not belonging to U. For any such p define the integers

drop, = rk M —d,, and
totdrop,, = Irr,(M) + drop,, .

They are nonnegative and

Proof. The number drop,, is nonnegative because any differential equation has at most as many

formal local solutions as its degree, and Irr, (M) is always nonnegative, too.
The formula for the Euler-Poincaré characteristic follows from Deligne’s formula [Dell p.
111] for an integrable connection

XGTM) =1k(GTM)X(Op) — Y Ty (i M)

peU-U

and the previous corollary, knowing that, by proposition [1.2.11} x(Oy) = x(Ox) — card(X —
U). O
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1.3 Exponents of a D-module

This section is more like an interlude between the preceding and the following, but it affects the
rest of the text in such a way that we cannot ignore it. As we keep our way to gain more insight
into certain kinds of D-modules, we have to sharpen our assumptions, and in this section we
will focus on the case in which X is an open subvariety of the affine line. From now on, we will
denote by D, the product x0,, omitting the variable as long as it is clear from the context.

The exponents of a Dx-module are very related to the monodromy of its algebraic or formal
solutions. This notion is topological in nature when k = C, but we can manage to work in
an algebraic way with a similar concept, and because of that, we will usually use both names,
monodromy and exponents, to mention the phenomenon and the object of study. Although
this theory can be constructed in any dimension thanks to the formalism of the V-filtration,
the Bernstein-Sato polynomial and the vanishing cycles of Malgrange and Kashiwara (cf. [Ma],
[Kas1] [MM] or the appendix by Mebkhout and Sabbah at [Mel| § II1.4]), it is defined in a much
more simple way in dimension one. We refer to the seminal [Mi] for those interested in knowing
the topological motivation.

Definition 1.3.1. A Kummer D-module is the quotient K, = Dg,,/(D — «), for any « € k.

Remark 1.3.2. Note that, by a twist by x, any two Kummer D-modules K, and Kz are isomorphic
if & — (3 is an integer. Then K, = Og,, for any o € Z.

Proposition 1.3.3. Let M be a holonomic Dx-module, let p be a point of X, and fix a formal
parameter x at p such that Ox , = k[[z]]. The tensor product M ®o, k((x)) can be decomposed
as the direct sum of its reqular and purely irregular parts.

Now suppose that M ®@¢,, k((x)) = k((z))[D]/(L), where

L=Y"a'4/(D) € k[][D)

with degp L = g > go = degp Ao. Then, the rank of (M ®o, k((z)))

ng

s go, and if this last

reg
degree is positive and Ag(t) = v [;(t — a;)™, its composition factors are Ko, p with multiplicity
ni, where Kgp is the tensor product over k((x)) with the isomorphic image of the Kummer
D-module Kg under the translation 0 — p.

Moreover, if the roots of Aog(t) are not congruent modulo Z, then
(M @0y k((2))),eg = k((2))[D]/(Ao(D)) = @k((w))[D]/(D —a)"™.

Proof. The decomposition into regular and purely irregular parts of the tensor product M ®¢
k((z)) is a well-known fact of the theory of integrable connections over a field (cf. [Kal, 11.5,
11.9]).

The rest is analogous to [Kab|, 2.11.7]. This result can be stated in fact for any algebraically

closed field of characteristic zero, as any previous result over which it lies. O

Proposition 1.3.4. (Formal Jordan decomposition lemma) Let M, p and = as before,

and suppose that M is reqular at p. Then,
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i) M®o, k((z)) is the direct sum of reqular indecomposable k((z))[D]-modules.
it) Any regular indecomposable k((x))[D]-module is isomorphic to
Loc(a, na) = k((z))[D}/(D — a)"™.
where « is unique modulo the integers.

iii) For any two regular indecomposables Loc(c, ng) and Loc(B,ng), and i = 0,1, the vector
space Ext%x (Loc(a, na), Loc(8,ng)) is of dimension min(ng,ng) if « — B € Z, being zero
otherwise.

iv) Given o € k, the number of indecomposables of type Loc(a, m) at the decomposition of
M ®o, k((x)) is the dimension of the vector space Homp, (M ®o K_ap, k((2))).

Proof. When k = C, there is a topological proof as in [Kab, 2.11.8]. However, we can give a
purely (linear) algebraic proof of that.

Since M is holonomic, it is a finitely generated torsion Dg,,-module, and so will be M®k((z))
over k((x))[D]. This ring is a noncommutative principal ideal domain, so by the structure
theorem for finitely generated modules over such a ring [Ja, § 3, theorem 19] we obtain that
M@k((z)) is the direct sum of indecomposable k((x))[D]-modules. They must be regular since
M is, and that proves point i.

Therefore, we can affirm that

r

M@ k((z)) = Pk((2))[D]/(Ai(z, D)),
i=1
where A;(z, D) = ;5 29 A;;(D) and every Aj has its roots incongruent modulo the integers.

By the previous proposition,

k((2))[D]/(Ai(z, D)) = k(())[D]/(Aio(D)).

Now, since k is algebraically closed and k((z))[D]/(Aio(D)) = k[D]/(Ai(D))@kk((x)), applying
again the structure theorem for finitely generated modules over a commutative pid this time, we
get point i, once that we realize that k((z))[D]/(D — a) = k((x))[D]/(D — « — 1) by twisting
by x.

Let now be Loc(a, no) and Loc(8,ng)) as in point i. We can suppose that both a and
belong to the same fundamental domain (exhaustive set of representatives without repetitions)
of k/Z, up to isomorphism. Since Loc(a, ny) is a flat k((x))-module, we can assume that oo = 0.
Now the vector spaces ExtiDX (Loc(a, nq), Loc(B,ng)) are just kernel and the cokernel of D™«
over Loc(83,ng). If = 0, then the statement is easy to check. And if 3 # 0, both are zero for
Loc(B,ng) is a successive extension of K3, and D" is bijective over them. Point 4v is just an

easy consequence of the two preceding ones. O

Those two propositions show that the equivalence classes modulo Z of the numbers a ap-
pearing in the decomposition of the tensor product of a holonomic Dx-module with k((x)), and
their associated n, are intrinsic to the Dx-module and quite important, actually, to know its
behaviour at a point, so that motivates us the following definition.
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Definition 1.3.5. Let M, p and z as in proposition The exponents of M at p are the
values «; such that

(M B0y k((2)))op = @D Loc(ai, )

seen as elements of k/Z. For each exponent «; we define its multiplicity to be n;.

Remark 1.3.6. For the sake of simplicity, we will usually refer both an exponent and some of its
representatives in k in the same way.

Exponents are considered unordered and eventually repeated. Note that, when k = C,
that notion of multiplicity of an exponent « is related to the size of the Jordan blocks of local

2mic

monodromy associated with the eigenvalue e“™*, and not to its multiplicity as a root of the

characteristic polynomial of the monodromy. However, this two notions are the same under
some special conditions (cf. corollary or lemma [1.4.11]). Anyway, in our algebraic setting,
whenever we mention “Jordan block” we will mean a regular indecomposable Loc(a,ng), in

analogy with the complex analytic case.

In the next chapter we will focus in the particular case in which our Dx-module is the zeroth
cohomology of the direct image of the structure sheaf of an affine space. In this case we can

state this particular result:

Proposition 1.3.7. Let n be a fized positive integer, and let R = k((t))[z1,...,2n]|. Let f €
k[z1,...,7,) and denote by f! its partial derivatives. Let a € k and let po = Oy — (1 + a)t™*
be an endomorphism of k((t)). Denote also by f the associated morphism A™ — A'. Then, «
mod Z is not an exponent of the Dy1-module HC f1 Opn at the origin if and only if the morphism

D : R — R
(a,b',...,b") +—— ((f —t)a, (01 + flpa)bly ..., (On + f,’Lapa)b”)

1s surjective. If it is not surjective, the number of Jordan blocks associated with « is the dimen-

sion of the cokernel of ® as a k-vector space.

Proof. Let K = f1Opn. Since K is a complex of regular holonomic D,1-modules, by proposition
[L.3.4] we can claim that

H(K) ®o,, k() = @ k()[D)/(D - 5,)™.
i=1

Therefore, a will be an exponent of #"(K) if and only if the endomorphism
D —o:H(K)®o,, k((t) — H(K) ®0,, k((t))
is surjective, for
Ext ) (K(D)DY/(D — ). k() [D)/(D ~ B)*) = 0,

whenever a # 8 mod Z, for ¢ = 0,1 and any k.
Now let us decompose the morphism f as the closed immersion into its graph ir followed by
the projection on the first coordinates m, so that we have to prove that D — « is surjective on

T4+ Opnsar (x1)/Ognsnr ®o,, k((1)),
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for the graph of f is smooth in A?+!,

Note that we are always dealing with affine morphisms and quasi-coherent Oyn 41-modules
and we are taking tensor products with k((¢)), so it suffices to work from now on with the global
sections of the objects involved in the proof.

Let us denote by M = k(z,t] [(t — f)~*] /k[z,?]. Recall that we are interested in the last
cohomology of DR (M) (for 74 is just a relative de Rham). Since k((¢)) is flat over k[¢], tensor
products with the former over the latter commutes with cohomology, and thus we are going to
deal with

Mioe = k((t))[a] [(t — £)7'] /(1)) [];
it is a module over R and D := R(0¢, 01,y ..., 0n).
Let us introduce just a bit more of notation that we are going to use. We will denote by Dy,
D, and ng the rings k((¢))(0%), k[z](D1, ..., 0n) and k((¢t))[z](D1, ..., Opn), respectively.
Summing everything up, @ mod Z is not an exponent of the Dy1-module H°f,Oyn at the
origin if and only if

R! Homp, (Dt /(D — @), R" Homp_ (R, Mloc)> —0.

Note that R & ﬁz ®p, k[z], so by extension of scalars

R" Homﬁz (R, Mloc) ~R" HOHID£ (]k[g], Mloc) .

Now applying the derived tensor-hom adjunction,
R' Homp, (Dy/(D — ), R" Homp, (k[z], Mioc)) = R™ ™ Homp, (D/(D — o) K k[z], Mioe) =

~ R Hom (ﬁ/(D —a,01,...,00), Mloc> :

the last isomorphism being by extension of scalars again.
Now note that M. is autodual, being the direct image by a closed immersion of the autodual
object k[z], so it is equivalent to prove that

Rt Homﬁ (Mlomﬁ/(D +1+4+,0q,... ,8n)> =0.

The second D-module above is nothing but R - ¢t~17%, where t~1=® should be understood as a

symbol. The actions of the partial derivatives are the usual ones in R of 01, ..., 0,, and regarding
8ta
O (a- t_l_o‘) =0a) t 1+ (-1 —a)t ta-t7T

In order to finish all this construction, take into account that the annihilator of the class of
(t— f)~tin My, is the left ideal (f —t,01 + {0y, ..., 0n + f10;); indeed, each of its generators
make it vanish and the ideal is maximal. Therefore, M),. can be presented as

Mioe 2 D/(f —t,01 + f10s,. .., 0n + [L00).

Consequently, & mod Z is not an exponent of the Dyi-module H°f,Oxn at the origin if and
only if the k-linear homomorphism ® : R"*! — R given by

o= (f_taal+f{90aw-'aan+fr/ﬁpa)
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is surjective.

The statement on the dimension of the cokernel follows easily by reversing the isomorphisms
and applying point #4 of proposition O

Corollary 1.3.8. Under the same conditions as in the proposition, if the Koszul complex
K*(R; f —t,01+ f1®as---,0n+ [hpa) is acyclic in degrees dy to di (eventually equal to zero or
n + 1, respectively), then o mod Z is not an exponent at the origin of any of the cohomologies
HEf L Opn fordy—1<k+n<d.

Proof. Note that the operators f —¢,01 + f{@a, - .., On + [, 0o commute pairwise, so the Koszul
complex K*(R; f —t,01 + f1©as---,0n + flpa) is well defined. If it is acyclic at degree k, then

R* Homy (MIOC,ZS/(D t14a,0,... ,an)) —0.

In a similar way to the proof of lemma[1.1.16|and reversing the isomorphisms given in the proof
of the proposition, that object is the extension of the

R’ Homp, (Dt /(D — o), R/ Homp,_ (R, Mloc))

with j = k and j = k — 1. As a consequence, for every ¢ and j with dy — 1 < j < dy such an

object must vanish, and in conclusion, the endomorphism
D—a:H(K)ok((t) — H (K) @ k((t))

is surjective for dg — 1 < j+n < dj, so @ mod Z is not an exponent at the origin of any of the
cohomologies H7 f, Oun for such values of j. O

We finish this section by providing several results or notions regarding the field of formal

Laurent series.

Lemma 1.3.9. Let ¢ : k((t)) — k((t)) be a k-linear automorphism of k((t)) such that o(Kk[[t]] -
t*) = K[[t]] - t*. Then, for any k-linear endomorphism + of k((t)) such that (k[[t]] - t¥) C
K[[t]] - t*T1, the sum ¢ + v is another automorphism of k((t)).

! we can assume that ¢ = id. We will write the elements of k((t)) as

Proof. Multiplying by ¢~
a=>3", apt".

Let then b be a fixed formal Laurent series and let us see if there exists an a € k((t)) such
that (id +1)(a) = b. Evidently, the exponents of the least powers of ¢ (which is called the order)

of both of a and b will be the same, so let us write
a= Z apt® | P(a) = Z ayt® and b= Z byt
k>m k>m+41 k>m

From the equation (id+%)(a) = b we deduce that a,, = b,,. Now call a! = a — a,,t"™ and
bt = b — (id +%)(am,t™); both of them have order equal to m + 1. We have that

(id +¢)a' = (id +¥)a — (id +) (amt™) = b

Thus we can start over again the same process with a; and b;. Since this can be continued for
every power of ¢, we can deduce the surjectivity of id +v. Moreover, if we take by = 0 for every
k € Z, it follows that every aj vanishes too, so id 4+ is also injective. O
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Definition 1.3.10. Let r be an element of k. Then we can define the operators Dy, = t0; + r,
and analogously D; ,., fori =1,...,n. We will write ¢, = 0 +rtTl = t~'Dy,. They are k-linear
endomorphisms of k((¢)), so we can also consider them as operating within any k((¢))-algebra

by extension of scalars.

Remark 1.3.11. It is easy to see that Dy, (and so ¢,) is an automorphism of k((¢)) for every r
not an integer and only for them, for D;, sends a power tk of t to (k4 r)t*. In this case we can

define another operator that will be of interest from now on:

Definition 1.3.12. Fix an element « of k, and let  and s be two other elements of k such that
o + s is not an integer. Then we can define the operator A, s =t + ¢},

Let R, = k((t))[z1,...,2n] and 8 € k. We can also define the k-linear endomorphisms of
R, given by Agp, . s =t+ ﬁDwgo;}rs, where i = 1,...,n.

S
In the following, for the sake of simplicity, we will denote by A, and D, the operators A,
and Dy ,, respectively.
Remark 1.3.13. As before, A, ¢ is not always an automorphism of k((t)), as App, s of Ry. Since
Ay sPa+s = Dt atrts, the former is bijective whenever a + r + s is not an integer. Analogously,
ApD, . sPats = BDir+ Dy ars. It sends thz¥ to (B(u;+7)+a+k+s)thFzl, so App, s 1s bijective
if and only if, for every integer I, we have that (I + r) + a + s is not an integer.
Now we could wonder about the commutativity of those operators that we have just defined.
We have the following:

Lemma 1.3.14. Let o and 8 be two elements of k, and r, ', s and s’ four another elements

of k such that neither a + s nor o+ s’ are integers. Then, the following relations hold:

L d Ar,s‘PaJrs = Dt,a+r+57 ‘PaJrsAr,s = Dt,a+r+s+1-

Pa = tilDt,a = Dt,cx—&—ltil , Lo = a1t Dt,aSOﬁ = Soa—lDt,B'

Dt,oth,ﬂ = Dt,ﬂDt,a’ PaPp = PB+1Pa—1, AnsAr’,s’ = A'I‘/,S’—lAT7S+1‘

o Apst =tArsy1, App,,,sTi = TiABD, 1 ,s-

Proof. The proof is easy (but not necessarily simple), using for each relation some of the ones
proved before and the Leibniz rule. ]

1.4 Hypergeometric D-modules

Let us return again to our journey into D-modules of dimension one. In this section we will
restrict our setting a bit more by assuming that X = G,,. Almost any result stated here is
inspired or directly equal to some other of [Kab, § 3], but the section has a different organization
and some of the results have different proofs, so we will write them all. In fact, apart from Katz’s
superb reference, we have not found in the literature an algebraic approach to hypergeometric
D-modules as his.

Recall that our base field k was already assumed to be algebraically closed. To make the
notation coherent with that of the next chapter, we will denote by A the parameter at the origin,
instead of x. Before going on, let us digress a little.
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Proposition 1.4.1. Let M be a holonomic Dg,,-module. Its Euler-Poincaré characteristic is

zero if and only if its composition factors are Kummer D-modules.

Proof. By corollary[1.2.16] the Euler-Poincaré characteristic of a holonomic Dg,,-module is never
positive, and it is additive, so we just need to show the equivalence when M is irreducible.

If M = K, since it has no singularities at G,, we can apply Deligne’s formula. M has a
regular singularity both at zero and infinity, so x(M) = 0.

Suppose then that x(M) = 0. In this case, by proposition we have that M, being

irreducible, coincides with ji;jT M, for any open subvariety U N Gy, of Gy, in which M is an
integrable connection. Then we can apply again corollary Since x(Og,,) = 0, we have
necessarily that all the singularities of M are regular, and drop,, M = 0 at every point of G, — U,
so M is an integrable connection on G,,. Therefore there exists a square matrix A of elements
of k [A*] of order r such that M = D¢ /(D — A). Now we can apply to this connection the
theorem of the cyclic vector [DGS, 4.2] to obtain that M is isomorphic to Dg,, /(P (A, D)), with
P being a nonconstant polynomial of k [y*,¢]. (Note that although the proof of the theorem
of the cyclic vector requires the connection to be defined over a function field k(X), it only
actually needs that X is invertible, as in our case, providing a global proof in G,,.) Now M
has a regular singularity at zero, so the degree in A of the coefficients of P cannot be negative
(cf. [Del}, 1.1.2]). Taking p = A~1, we have that D, = —D,, so by the same argument, the order
at p of the coefficients of P must vanish too, and thus, P is a polynomial only in D. Since k is
algebraically closed and M is irreducible, deg P(D) = 1, for if it were greater we would have a
composition factor of M consisting of the quotient of Dg,_ by the left ideal generated by any

m

factor of P(D). In conclusion, M = Dg, /(D — «). O

Lemma 1.4.2. Let r be a positive integer, and let us denote by [r] the map defined by taking
r-th powers at P', defined by [r](xo : x1) = (xf, : 7). Then,

r—1
[r]+0g,, = @Ka/r'
a=0

Proof. [r]+Og,, is the direct image by an étale morphism of degree r of a regular holonomic
Dg,,,-module of Euler-Poincaré characteristic zero, so it will share all those properties with Og,, ,
apart from having a generic rank equal to r.

Let us now consider the following cartesian diagram:
L}Gm ]
O

C:
| o o
G, —— G,

[r]

C, is the curve of G2, with equation 2" — y” = 0, and the m; are the respective canonical

projections. C, is actually the disjoint union of r lines, so

[r]*[r]4+Og,, = m24+0c, = Of, .
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Since [r]TKq = Kyq, we can deduce that

JrOGm @ lCaI )

where ra; is an integer.

On the other hand, thanks to the projection formula,

[r4+Og,, ® K1/ = [r]1 (Og,, ® [r]TK1),) = [r]1Og,,-

That is why we can write each «; as ay + (¢ — 1)/r, so we have that

+0Gm @’Cz/rv

as we wanted. ]

Corollary 1.4.3. Let r a positive integer, and let M and N be two complexes of coherent
Dg,,-modules. Then,
,
[l M= P Mo, Ko
a=1
and
[ e M = @D he M,
CEpr

where hy, is the homothety X — n\. Moreover, if both complexes are of irreducible cohomologies,
then [r]* M = [r]* N if and only if there exist some integers a; such that H'M = HN ® Ka,r-

Proof. The first assertion follows from the projection formula and the lemma above, since
[rl+[r]" M = 1]+ (Og,, ®o,, [1"M) = ([1+06,,) ®0og,, M.

To prove the second formula we use the same cartesian diagram as in the proof of the proposition,
so that [r]T[r] M = 1o 7" M. The curve C, is the disjoint union of the lines I; of G2, with
equation z — (y = 0 for every ( € pu,, all of them cyclically exchangeable by the automorphisms
Vet (z,y) = (z,Cy). Take 77 and 73 to be the restrictions of the projections ; to the line ly of
C,. Then,

mmi M= @S ¢yt M e P i ((w?)*l) M= P he M.

CELr CEpr CEMr

As with the last point, since [r] is an étale morphism, [r]* and [r], are both exact functors of
Dg,,-modules, so we can suppose that M and A are concentrated in degree zero. Then we know
that [r] [r]* M = [r], [r]* N, so since every M ® K, ;. is irreducible, there will exist two indexes
ay and ag such that M ® Ky, /. = N ® Kay/r- Now take ap = az — a; and we are done. O

We have just characterized, up to semisimplification, the holonomic Dg, -modules of Euler-
Poincaré characteristic zero. The next step should be wondering about those of characteristic
—1. That simple and apparently easy question will accompany us for the rest of this section,

and will be crucial in the future.
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What we can claim right know is that the composition factors of any holonomic Dg,, -
module of Euler-Poincaré characteristic —1 will be a finite amount of Kummer D-modules and
an irreducible Dg, -module of characteristic —1, which can be a delta Dg,,-module supported at
any point of G,,. Therefore, we have to be more precise in our search and look for the irreducible

nonpunctual holonomic Dg,,-modules of characteristic —1.

Definition 1.4.4. Let (n,m) # (0,0) be a couple of nonnegative integers, and let P and @ be
two polynomials in k[t] of respective degrees n and m.

The hypergeometric D-module associated with P and @ is defined as

H(P,Q) :=Dg,,/(P(D) = AQ(D));

the operator at the quotient is called the hypergeometric operator associated with P and Q.
Another way of denoting a hypergeometric D-module is by finding the roots of P and @), if

any, and naming them aq,...,a, and Sy, ..., By, writing

Holrs ooy Bry oy ) i=De/ (1[0 =) =AT[(D=8)) .
i=1 j=1

where v € k is the quotient between the leading coefficients of P and Q.

Remark 1.4.5. The excluded type (n,m) = (0,0) corresponds to punctual delta Dg, -modules

on Gy, since
Hy(0;0) = Dg,, /(v — A)-

Let inv be the inversion operator in G,,. For the sake of simplicity, we will denote the
D-module H (o, ..., 0m; 01, .., Bm) by Hy(cu; ;). It is easy to check the following identities:

o H(ai; By) ®og,, Ky = Hoy (i + 15 B; + n).
* hn’+%7(ai;'8j) = h:?r*l/H'Y(ai; BJ) = Hﬂm(ai? 5])
o invy My (o By) 2 invt My (s B) 2 H(_qynsm oy (—Bj; —a).

o DH, (ai; B5) = H(—1yntmy(—ai; =1 — B;), where the adjoint operator is taken with respect
to D)\.

Proposition 1.4.6. The Euler-Poincaré characteristic of any hypergeometric D-module is —1.

Proof. The following proof is a completion of the sketchy one of [Kab| 2.9.13].
Let H = Dg,,/(H) be a hypergeometric D-module, where H = P(D) — AQ(D). By duality,
its characteristic is that of the complex Rrg,, «\RHomp, (H*,Og,,), that is to say,

H':k[M\F] — k [\F].

For each pair of integers r < s, let V(r,s) be the k-vector subspace of k [A\*] generated by the
powers of X of degree between r and s. Then H' maps any V(r,s) to V(r,s + 1). As long as
r < s, H', defined over the quotients V(r,s)/V(r,s — 1) and V(r,s)/V(r — 1,s), takes A\* to
Q(—s — AT and A" to P(—7)\", respectively.
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Let us denote by C,, the complex ¢, := H* : V(—n,n) — V(—n,n + 1). By the previous
paragraph and the snake lemma, the inclusion ¢, 41 of C), into Cj,11 is a quasi isomorphism
if P(n+1) #0 # Q(—n — 2), so for a big enough n, the cohomology of C),, does not change.
The cohomology of the direct limit of the system {C},, iy, } remains the same too, since taking
direct limits is an exact functor. Now we only have to note that the direct limit of the C), is our

original complex

H':k [M\F] — k [\F],
and the Euler-Poincaré characteristic of any C,, is
dim ker ¢,, — dim coker ¢,, = dimker ¢, — (2n + 1 — (2n — dimker ¢,,)) = —1.

O

Proposition 1.4.7. Let H := H,(cu;f;) be a hypergeometric D-module of type (n,m). If
n # m, it has no singularities on G,. If n > m (resp. m > n), it has a regular singularity at
the origin (resp. infinity) and an irregular singularity at infinity (resp. the origin) of irreqularity
one.

If n = m, H is reqular, with singularities only at the origin, the point at infinity and v, where
the Jordan decomposition of its local monodromy (of its exponents) is a pseudoreflection, that is,
the space of formal meromorphic solutions Solf, is (n—1)-dimensional. Moreover, H = ji4 jTH,
J being the inclusion of G, — {7} into Gy, unless its composition factors are a punctual delta

Dg,,-module supported at v and some Kummer D-modules.

Proof. If n # m, the poles of the hypergeometric operator associated with v, the a; and the f;
can only be at zero and infinity, so ‘H is an integrable connection on G,,. Then, we can apply
corollary [1.2.16] to find that

—1=—TIrrg —Irr .

The statement follows from the fact that if n > m, then there are not poles at the origin in the
matrix form D — A(M) of the integrable connection H, or at infinity if m > n.

If n = m, the singularities of H are at 7, and perhaps, at the origin and the point at infinity.
Since its Euler-Poincaré characteristic is —1, if it has a punctual subobject or quotient, by the
additivity of x, it must be a unique delta Dg, -module supported at some point of G,,, providing
a singularity for . Therefore, H must be an extension of ¢, and a Dg,,-module of characteristic
zero, which by proposition has Kummer D-modules as composition factors.

Then suppose that H has no punctual subobject or quotient. Then, by proposition [1.2.7] it
is isomorphic to 714 jTH, j being as in the statement. In particular we can apply again corollary

[[2.16] to find that

—1 = —TIrrg — Irrop — totdropﬂY .

Analogously as when n # m, there is not any pole at v in the matrix form D — A(X) of the
integrable connection Hg,, —{,}, s0 Irr,, = 0. On the other hand, drop, > 0, so H has regular
singularities at the origin and infinity. Since then, drop, = 1, we have that dim Solfy = n — 1,

as we wanted to prove. O
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We have seen that any hypergeometric D-module is of Euler-Poincaré characteristic —1 and
its behaviour at P! can be quite understood from its parameters. This phenomenon is much

deeper and in the following results we are going to show it.

Proposition 1.4.8. (cf. [Kab, 2.11.9, 3.2]) Let H := H(cy; ;) be a hypergeometric D-module.
It is irreducible if and only if for any pair (i,j) of indexes, o — B; is not an integer.

Proof. In order to prove one direction of the equivalence, it will suffice for us to prove that if
H is irreducible, then for any choice of o) and B; congruent modulo Z to the «; and the g;,
respectively, H' = H,(c; ﬁ;) is isomorphic to H. As a consequence, we could choose every
a; and (; in the same fundamental domain of k/Z. The condition «;, — fj, € Z means now
that o, = Bj,, but then D — «;, right divides the hypergeometric operator and thus H has the
Kummer D-module IC%.O as a composition factor, contradicting the fact that it is irreducible.
In fact, by inversion and induction, it is enough to prove the claim if n > 0, of = a; — 1
and o = o for i > 1. Let us write, as usual, H = H(P,Q). Then there exists a polynomial
R(t) € k[t] such that P(t) = (t — a1)R(t). The product at the right by (D — a; + 1) at Dg,,

induces a morphism of Dg, -modules
‘(D—a1+1):7-[—>7-l/,

for (D — a1)R(D) = AQ(D)) (D — a1 +1) = (D — a1) (D + 1 — a1)R(D) — AQ(D)).

Now D — aj + 1 cannot be in the ideal generated by (D + 1 — a1)R(D) — AQ(D), because
the degree in A of the former is smaller than that of the latter. Therefore, the morphism is not
zero, and by irreducibility, it is injective. If n # m both Dg,, -modules are in fact integrable
connections, so locally free Og,, -modules, and so the morphism is surjective, too. And if n = m,
we could reproduce the argument over G,,, — {7}, so the eventual cokernel will be supported at -,
but then the Euler-Poincaré characteristic of H' would be —1, that of H, plus the characteristic
of that punctual Dg, -module, which is at least —1, too. This contradicts proposition and
so H' = H.

Suppose now that  is reducible and for any pair of indexes (4, j), &; — (3; is not an integer.
Since x(#H) = —1, by inversion we can suppose that it has a Kummer D-module I, as a quotient.
In that case, P(D)—AQ(D) will annihilate an expression of the form A% Z?: . @i\, where a,b € Z
and A“ must be interpreted as a symbol verifying that D (A\*) = aA®. However, looking at the
extremal degrees, we necessarily have that P(a 4+ a) = 0 and Q(a + b) = 0, making P and Q
share, up to an integer constant, a root, which is impossible. ]

Corollary 1.4.9. ([Kab, 3.2.2]) Let H := H.(cu; B;) be an irreducible hypergeometric D-module
of type (n,m), and fix a fundamental domain I of k/Z. Then,

i) The Jordan decomposition of the regular part of H at the origin is
H @ k((N)reg = EK((AM)D]/(D — ),
acl

where ng is the amount of o; congruent to o modulo Z. If n > m, each exponent occurs

just at one Jordan block.
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it) The Jordan decomposition of the reqular part of H at the point at infinity is

H o k((1/3) = @(A/MNDI/D - 5",

Bel

where ng is the number of 3; congruent to 8 modulo Z. If m > n, each exponent occurs at

a single Jordan block.

Proof. By the proposition we can already assume that every «; and j3; are at the fundamental
domain 7, and so, we can apply proposition to obtain the Jordan decomposition stated.
We only have to prove the uniqueness of the Jordan blocks for each exponent.

Let P and @ be as usual. By inversion we can assume that n > m, and taking tensor
products with a Kummer D-module, it is enough to see that if 0 is the only integer root of P,
then the exponent 1 has a unique Jordan block associated to it. The number of Jordan blocks
associated with the exponent 1 is the dimension of the k-vector space of formal meromorphic
solutions of #, Solfg = Homp, (H ®@k((A)),k((A))).

Let a = 2%3",o,a;A%, with ag # 0, be an element of k(()\)) annihilated by H = P(D) —
AQ(D). The term of least degree of Ha is P(d)ag\?, so d = 0 since it is the only integer root
of P by assumption. Then a € k[[A]] and we have the recursion P(i)a; = Q(i — 1)a;_1, for any
i > 0. Since P(i) # 0 for any i > 0, every coefficient a; is determined by ag, in such a way that

Q(z—l)Q(O)
P@)-...- P(1)

a; = ag.
Therefore, the space of formal meromorphic solutions is one-dimensional and so, there exists a
unique Jordan block for the exponent 1. ]

Proposition 1.4.10. (|[Kab| 3.3]) Let H = H(ay;5;) be a hypergeometric D-module of type
(n,m). Its isomorphism class as Dg,,-module determines n and m, the set of all of the a; and
Bj modulo Z, and if either H is irreducible or n = m, the point vy.

Proof. By inversion, we can assume that n > m. Then n is the generic rank of H and m the
dimension of its regular part at infinity. The values of the a; and 8; mod Z are the exponents
of H at those points, as seen in the previous corollary. We only have to show that ~ is intrinsic
to H too, in the two special cases stated above.

If n = m, by proposition [I.4.7} v is the unique singularity of X within G,,, and thus is
characterized by the behaviour of H. If n # m, by the same proposition, H is an integrable
connection on G,,. Suppose that H is irreducible. If v were indistinguishable from another
point of G, the homothety h,, for some 1 # 1, would be an automorphism of H. However,
that would contradict [Kadl 2.3.8], since by proposition again, the irregularity of H at
infinity is one. O

This proposition shows that in the regular or the irreducible case, all the parameters of a
hypergeometric D-module are intrinsic to it, so we could wonder about the converse of this
statement, that is to say, in which way those parameters determine the D-module.



40 CHAPTER 1. D-MODULES IN DIMENSION ONE

Lemma 1.4.11. ([Kab, 3.7.2]) Let M be an irreducible nonpunctual Dg,,-module of Euler-
Poincaré characteristic —1. Then, for any o € k,

dim Solfy (M ® Ky) + dim Solf oo (M ® Ky) < 1.

In particular, in the formal Jordan decomposition at the origin (or infinity) of M, each exponent

occurs at a single indecomposable Loc(a, ny), viewing the exponents as elements of k.

Proof. Let j be the canonical inclusion G,, — P!. By proposition [1.2.11| we have the short exact
sequence
0 — jixM — j4 M — §p ® Solfp B ®k Solfe — 0.

Let us find some of their de Rham global cohomologies. By irreducibility,
H g1 M 2 H g, M 2T (G, Homp,, (Og,,, M)) = 0,
because if it did not vanish, then M = Og,, which is impossible because x (M) = —1. Therefore,
Homp1  jy M 2 HOmg, M k.

On the other hand, we already know that /H_17TP1’+(5P = 0 and %Oﬁpl’Jr(;p = k, p being either
zero or infinity.

Finally, H17T]1:017+j!+M = 7-[_1771}»1,+j!+/\/l*, by corollary Since ji M* is a subobject of
J+M*, applying mp1 4 to the short exact sequence 0 — ji  M* — jL M* — jL M* /5, M* — 0
and taking its long exact sequence of cohomology gives us that H_IWP17+ JieM* is a subspace
of 7‘[_17TP17+j+M*, which vanishes, for the same reason as H_17T]p17+j+M.

Summing up, the long exact sequence of cohomology associated with the triangle

1 4 i M — 1 4 j M — mp1 | 6o @ Solfg @71'[[»17_,_(500 R Solf
contains a fragment given by
oo — Hmp1 | j+ M — Solfy @ Solf o, — 0,

and we are done. O

Proposition 1.4.12. (cf. [Kabl 3.5.4]) Let My and My be two irreducible regular holonomic
Dg,, -modules of generic rank n > 1 such that none of them have any singularity on Gy, — {7},
for some point v € G, where both of their local monodromies are a pseudoreflection, sharing

the set of exponents at zero and infinity. Then, My and My are isomorphic as Dg,, -modules.

Proof. In this proof we go beyond the borders of algebraic methods and carry out an analytic
proof, for what we need to fix only here k to be C. We will discuss this situation after the proof.
Denote by j and k, respectively, the canonical inclusions G,, — {7y} < P! and k : G, —
{7} = G, and by N the tensor product M} ®o,; M. What we will really prove is that
X(ji+kTN) = 2. Then, since
1
XGkTN) = > (1) dim Himpr jig kYN,

i=—1
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at least one of the first or last cohomologies will not vanish. Suppose that so does happen with
the first one. Then, H_lﬂ'pl’+j!+k+./\/’ is

I (P, RHomp,, (jisOg,, ).k N)) = T (P, RHomp,, (ji+Og,, ). J+kTN))

since we are adding to the second D-module just a punctual part, which does not affect the first
one because of being a middle extension. And now, by adjunction,

I (P, RHomp,, (ji+Og,, —fy},J+k"N)) =T (Gm — {71, RHomp,, ., (17514 Og,,—{4} kJrN)) =

=T (G — {7}, RHomp,, ) (5" My, kT Mo)) =Homp, (K My, K My),

where the last isomorphism is just the result of applying the way-out lemma [Hall 7.1] to the
+ A o + +
—{7} (O(Gm—{'y}7 k N) = 'Hompﬁm%v} (k ./\/ll, k ./\/lz)
Therefore, we obtain a nonzero morphism between k™ M and k* Ms, which must be bijective
since both its source and its target are irreducible by proposition The image by kit of
that morphism gives us another one between M; and My that is an isomorphism again because

simpler one Homp,
m

of them being irreducible intermediate extensions.

Now if H17TP17 L+ kTN # 0, by duality and corollary we can follow the same argument,
having that 7—[17TP17 LN = 7—[_17@17 +Ji (M5®0,, M) and obtaining an isomorphism between
Mo and M.

Let us now apply proposition to 51 kTN and j. Then we get a short exact sequence

0 — ji k"N — j kTN — 60 @ 65 @ 6t — 0,

where each d,, is the dimension of Solf, for p = 0, v, c0. By the additivity of the Euler-Poincaré
characteristic,

X(j!+/{7+/\/) = X(j+k+N) +do + d,y + doo-

Note that x(j+kTN) = x(kTN) and kTN is a regular integrable connection on G, — {7}.
Consequently, by Deligne’s formula Xkt N) = —n?.

The D-module N is regular; by virtue of proposition [1.3.4] and the previous lemma we can
affirm that dim Solfy = dimSolf,, = n. Only d, is what remains to be found. The global
monodromy of each of the M; induces a representation on the fundamental group of G,, — {~},
which can be thought of as a group with three generators a, b and ¢ such that abc = 1 (cf., for
example, [Sal, § 2.2]). Now the local monodromies of both M; and M at v are pseudoreflections,
so the only noninteger exponents, if any, are determined by those at zero and infinity of the M;,
and consequently, they are the same.

If every exponent of the M; is one, then taking A\, as a good formal parameter at -,
M; @ C((Ay)) 2 C((M))" 2 & C((\M)[D)/(D — 1)%,

so dim Solf, = (n —2)? + 2+ 2(n — 2) = n? — 2n 4 2. If there exists an exponent different from
one, then

M; @ C((Ay)) = C((A))" " & C((M)D]/(D — ),
for some noninteger 7, and thus dim Solf., = (n—1)?+1 = n? —2n+2. Summing up, x(ji+N) =
—n? +2n+n?—2n +2 =2, as desired.
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To end the proof and return to our general ground field k, we just need to invoke the Lefschetz
principle; in the end everything defined at this proof can be defined over an extension of Q of
finite transcendence degree, embeddable in C. O

Remark 1.4.13. This proposition is in fact a regular version of a rigidity theorem for holonomic
Dg,,-modules without singularities in G,, — {y}. The analytic proof that we have given above is
a bypass to overcome the only point used for which we have not found an algebraic equivalent.
The only algebraic approach to this sort of problem in the setting of D-modules that we have
found in the literature is the work by Bloch and Esnault [BE|. See the last section, “Open
questions and further projects”, for a more detailed analysis and more information.

Corollary 1.4.14. Let M be a nonpunctual irreducible reqular holonomic Dg,, -module of Euler-
Poincaré characteristic —1 with singularities at the origin and infinity. Then M is a hypergeo-

metric D-module.

Proof. Let j be the canonical inclusion into G,, of an open subvariety U of it on which M
has no singularities. Then, M 2 j, 57 M by proposition Applying now -1 =
— ZpeGm_U drop, M, so there is a unique point v on G;, on which M has a singularity, the
monodromy there being a pseudoreflection. The result follows from comparing M and the
hypergeometric D-module H(c; B;), where the equivalence classes of the a; and the $; modulo
the integers are the exponents of M at the origin and infinity. O

Remark 1.4.15. In fact, the corollary is part of the deeper result [Kab, 3.7.1], which states that
every irreducible holonomic Dg,, -module of characteristic —1 is a hypergeometric D-module. It
uses the irregular analogue of the previous proposition, [ibid., 3.7.3], which provides an isomor-
phism between two integrable connections on G,, of characteristic —1 that share their formal
Jordan decompositions at zero and infinity. We will not use that result in the text, but its
importance makes impossible for us to omit it for the sake of the completeness of the section.

We have also included this approach to try to show a bit the importance of having a rigidity
theorem for regular connections on G,, minus a point. However, there exists another strategy
to prove the statement of the corollary in its general way, independently of the regularity and
only with algebraic methods, appearing at [LS]. Thanks to it we can still claim that in this
dissertation every statement has an algebraic proof.

Proposition 1.4.16. (cf. [LS, Théoreme 1]) Let M be a nonpunctual irreducible holonomic

Dg,,-module of Euler-Poincaré characteristic —1. Then M is a hypergeometric D-module.

Proof. In order to prove this result we are going to introduce the algebraic Mellin transform for
Dg,,-modules. Let us make the change of variables s = D and A\ = ¢!, such that k [)\, )\_1] (D)
becomes D1 := kls] <t,t_1>, the ring of finite difference operators, which is nothing but the
localization at t of the quotient of the free algebra k(s,t) by the relation ts = (s + 1)t. The
Dg,,-module M, seen as a module over the second ring, will be denoted by 9t. Write IM(s)
for the tensor product M @y, k(s); it is a finite dimensional k(s)-vector space for M being

holonomic.
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Let us prove firstly that x(M) = — dimy,) M(s). The Euler-Poincaré characteristic of the
Dg,,-module M can be seen as the characteristic of the complex of k-vector spaces

Cs(M) : 0 — M = M — 0,

where the leftmost term is placed at degree zero.

Say that dimy(,) M(s) = 7, so take a basis {mi,...,m,} of M(s) over k(s), and denote by
My the free k[s]-module k[s](my, ..., m,) (note that the generators form a linearly independent
set over k(s)). Just by applying the commuting relation between s and ¢ it is clear that

Mo @y k() = Mo @y k(s) = M

for every k € Z. For every j > 0, define 91; to be ngj t'9. Then the 9M; form an increasing
filtration of M. Indeed, any element from 9 can be written as a sum m = >, (fi(s)/gi(s)) m;.
Denote by ¢g(s) the least common multiple of the g;. Then, since p(s + 1)t = tp(s) for every
p € k[s], g(s + 1)tm € M; for a large enough value of j.

Moreover, every graded element of that filtration is of k[s]-torsion. We have that t*9t, Qu]s]
k(s) = Mo @y[q k(s) for k = £1, in particular. Then, there exist two polynomial a'(s),a”(s) €
k[s] such that each of the tm;, t~'m;, respectively, live in 9y when multiplied by them. Call
their product a(s). Consequently, a(s + j)a(s — )M ;41 € M;. For a large enough value of j,
the polynomials s and a(s + j)a(s — j) are relatively prime, so the complex Cs(M;41/M;) is
exact. In conclusion, there is a quasi-isomorphism, induced by the inclusion, between Cy(9;)
and Cs(9M) for j > 0. Now we can use the same argument as in the proof of proposition m
Taking direct limits is an exact functor, so the cohomology of C(9) is the direct limit of those
of Cs(M;). Since My is free of rank r, the multiplication by s is injective and

X (Cs(M;)) = X (Cs(Mo)) = — dimy, (k[s]/(s5))" = —r

for every j > 0, and then, x(M) = — dimy 4 IM(s).

Now we can affirm, by assumption, that we have an irreducible Dji1-module of dimension 1
over k(s). Let m be a generator of 9t as a Di-module. Then, m in itself forms a basis of M (s),
so tm = a(s)m for some a(s) € k(s). Let m’ = h(s)m be another basis of M(s). The matrix
(actually a single element from k(s)) a’(s) associated with the map ¢- is then a(s)h(s+1)/h(s).
Choosing appropriately h, we can claim that a'(s) = —Q(s)/P(s), such that P and @ do not
share a root modulo Z. Now denote D1 - m’ by 9. Then, writing § for the Mellin transform
of the hypergeometric Dg,,-module H(P,Q), we obtain a surjective morphism between $) and
9, which must be bijective for the former is irreducible. But then, if h(s) = p(s)/q(s),

M = Dyp1-m' = Dp1 - q(s)m’ = Dy - p(s)m = Dy - m = I,

because all of them are irreducible Dyi1-modules of rank one.
Summing up, by undoing the Mellin transform we obtain that M must be isomorphic to the

hypergeometric Dg,, -module H(P, Q) and we are done. O
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Chapter 2

Gauss-Manin cohomology

Le voyageur qui franchit sa montagne dans la direction
d’une étoile, s’il se laisse trop absorber par ses problémes
d’escalade, risque d’oublier quelle étoile le guide.
ANTOINE DE SAINT-EXUPERY

2.1 Setting the problem

In this section we begin to work with Dwork families and the “interesting” part of its Gauss-
Manin cohomology, as treated in the introduction, recalling some of the notions presented there.
We will describe the approach to follow and prove some basic facts that will be of use later on.

Let n be a positive integer and let w = (wo, ..., wy,) € Z;”gl be an (n + 1)-uple of positive
integers such that ged(wy,...,w,) = 1. We will denote by d,, the sum > w; > n + 1 and by
Yn the product (d,)~% [[; w;". Let us fix as our ground field an algebraically closed field of
characteristic zero k, and let us consider the family, parameterized by A € Al, of projective
hypersurfaces of P™ given by:

Ko - 28 4 ade —Azfo . a¥n =0 C P" x Al = Proj (k[zo, . . ., x,]) x Spec (K[\]).
This family is an example of what can be known of as a generalized Dwork family, consisting
of the deformation of a Fermat hypersurface by an arbitrary monomial in every variable. Any
other family of the form

aoxg"+...+anxfll"—b)\acg’om..-:cﬁ":OCIP’"xAl,

more general a priori, is isomorphic to one of the previous by the homography z; — n;x;,
A= ani_wi, where 7; is a d,-th root of a;.

Proposition 2.1.1. &, ,, is a smooth quasi-projective variety. Denoting by pp : X0 — Al the
restriction to X, . of the second canonical projection, this morphism is smooth over the open

subvariety U, = {)\ € Al |y N9 £ 1}.

45
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Proof. Let us write, for the sake of simplicity, 5° - ... zi» = 2. The partial derivatives of
xg” + ...+ :Uﬁ" — Az with respect to the x; and A are

0; = dnx?”_l — Aw;z" " % and 5, = —z",

respectively. If 0y = 0, then some z; must vanish, and if, in addition, §; = 0 for every ¢, all of the
x; will be zero, which is impossible. Therefore, &, ,, is smooth. Since at the singular points of
the fibers of p,, we have that z; # 0 for every ¢, we can multiply by them the partial derivatives
d;, obtaining that dnxf" = —w; Az for every i, so wox?" = wimg". But then, substituting the
xf” in the equation of X, 4, (d,/ wg)xg" = A\z". Taking d,-th powers at each side, we get that
din = )\in IL; w;", so if we do not have that equality, we will find ourselves at a nonsingular

fibre. O

There exists an important subgroup of the group of automorphisms of &, ,,, being the one

which will provide us our main object of study. Let

:U’(c)ln = {(COaaCn) eugjl

n

[1¢ = 1} ,

i=0

and let G = '“2n /A, the quotient of ugn by the diagonal subgroup, acting linearly over X, ., by

((Cos-v-3Cn), ((zo s vt xn), X)) —> ((Coxo : - .. Gup), A).

Since G is a finite group, X, . /G is another projective variety. The action of G leaves

invariant only the polynomials generated by the monomials :c?" and 2", so X, /G is

iy c Pt ox AL
n+1

wo w —
Tyl xpr =

{ To+ ...+ Tpn = ATpp

Substituting in the second equation the value of x,11 given by the first one, and taking x¢o = 1,
we find that &, ., /G is the projective closure of

ymw::cql”l~...-x,1f"()\—a;1—...—a:n)w°:1CG%xAl:Spec(k[:c{c,...,x,il,)\]).

In this sense we will write 37n7w for X, ., /G.
Let Z, ., be the following variety:

P atn (I— g — = 2)"0 = XN C A" x A = Spec (k [z, ..., @0, N]) .

n

When the context is clear, we will omit the (n + 1)-uple w from Z,, ,,.
Then if, abusing a bit of the notation, we denote by p, every restriction of the second

canonical projections, we can form the following cartesian diagram:

yn,w - p;l(o) &) Zn,w - p;l(o) 5

p,{ 0 Jpn

Gm = Gm

where &, (z,\) = ((z1/A, ..., 2,/A), A7%) (note that it is the restriction of an endomorphism
of G and 1,,(2) = 27,
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Proposition 2.1.2. The families Yy, , and 2, ,, are smooth, while their projective closures are

not. The projections py, from Yn . and Z, ., are smooth, respectively, over the open subvarieties
U, and G, — {7}

Proof. Yn. and Z, ., are smooth for being, respectively, a n-dimensional torus and a graph.
However, their projective closure will have singularities at their sections at infinity independently
of A, because both of them are the cartesian product of the same arrangement of hyperplanes
with Al

Regarding the fibers of p,, since the section at infinity of 37n7w is independent of A, the
singular fibers of ), ,, will be over the same points of Al as those of )7”711,. Now, the quotient
map from A&, ., to )7”7“, is G-equivariant by definition, as well as p,. Then the singular locus of
Pn - J_/mw — Al is the same as that of p,, : Xnw — A, which is U,.

With respect to the fibers of Z,, ,,, note that ¢, is an étale morphism outside of its section
with equation A = 0, where it is ramified. Therefore, Z,, ,, will have nonsingular fibers on the

image by ¢, of U,, except for the origin, that is to say, G, — {n}- O

Remark 2.1.3. Our goal is to calculate the invariant part under the action of G of the Gauss-
Manin cohomology of &), ,, relative to the parameter A, or in other words, (pn’JrOXn’w)G. This
must be understood as follows.

G acts linearly over X, ., and in fact, over P" x Al. Then for any G-equivariant Dy, - or
Dpny p1-module (cf. [Kas2, 3.1.3], noting that quasi-G-equivariance and G-equivariance coincide
due to the finiteness of G) we have an action (the same as a G-equivariant O-module) of the Lie
algebra associated with G, which, by the latter being finite and abelian, it is the commutative
group algebra k[G]. In our case, Oy, , is a G-equivariant Dy, ,-module by [Kas2, Example
3.1, ii], and since py, is a G-equivariant morphism by definition, the direct image p, 4 induces a
G-equivariant structure on p, 4Oy, , (cf. [Kas2, p. 169]).

In this sense, whenever we talk about the invariant part of a D-module M, we will understand
its image by the functor Homy g (k, M).

In fact, what we are really interested in is the nonconstant part of (pn?+(’);(n7w)c, that is,
everything which is not a successive extension of structure sheaves, and we can actually restrict
ourselves to an affine context in order to find it:

Theorem 2.1.4. Let K,, = p,, 1Oy, . There ezists a canonical morphism of the complexes of
Dy1-modules (anrO;(n’w)G — K, such that the cohomologies of its cone are direct sums of
copies of the structure sheaf Oxu.

Proof. Let us see Yy, as a quasi-projective variety in P* x Al and call M := R’ [Fnso] Opny p1[1].
Let Jx and Jy be the ideals of definition of &}, ,, and X, ,,/G, respectively. The action of G can
be easily extended to P™ x A!, and seen in that way, the invariant part under the action of G of
the rings OPnXAl/ijv is, by construction, OP'nXAl/j)’)C (cf. [Hr, p. 127]). Since we are working
with a finite abelian group and sheaves of k-vector spaces, we can claim thanks to Maschke’s
theorem that the functor ¢& = Homy ¢ (k, ®) is exact.

Furthermore; G is finite, and thus isomorphic to the product of some cyclic groups. Then
the invariant part of a sheaf of k-vector spaces (or Dpny g1-modules, in particular) is the kernel
of the product of the linear maps ¢, — id, the a; and ¢,; being the generators of G and their
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associated actions on the sheaf. Now recall the definition of algebraic local cohomology from
remark Since o is a kernel and an exact functor, it commutes with derived functors of
left exact ones. In particular, so it does with RHomo, (e, Opnya1), and then the invariant part
of RI[x, ,]Opnyxa1[1] under the action of G' must be M.

Now abusing of notation by calling p, to the second canonical projection of P* x A', note
that p, +Ox, ., = pn+RI(x, ,|Opnxar[l], because A, is smooth (cf. proposition .
If we prove that taking invariants and direct image by p, commute, then we will have that
(pn,—i-OXn,w)G = pn,-‘rM'

The morphism p,, is a projection, so the functor p, y is the image by Rp, . of the relative
de Rham complex DR,,, shifted n — 1 degrees to the left. By the same reasons as in the first
paragraph, Rp, . (as well as the shifting) commutes with e“. The relative de Rham complex
is a complex of sheaves of k-vector spaces whose objects are Dpn 41-modules, more precisely in

our case, N ®o Qoo a1 /Al for some Dpn, p1-module N. The connecting morphisms are k-

m 1
linear, and thenﬂ}) (;’fxequivariant. Since locally the differential modules are isomorphic to a direct
sum of copies of Opn a1, its objects will be locally isomorphic to the direct sum of copies of N.
Consequently, #& and DRy, will commute as well, and then, (pn7+OXnyw)G = pn4+ M.

Let now )75, be the intersection of the hyperplane at infinity with yn,w and denote by
i: PPl AN 5 P? x Al and j : A” x Al — P? x Al the canonical immersions. We have the

associated excision distinguished triangle
PR p-1, gy M — pn e M — pr 1 5T M,

where we can take RI'pn—1, 41 )M = i+it M thanks to P"~! x A! being smooth. Now, by [Mel,
1.6.2.4],
RF[Pnfl XAI}M = RP[ym](’)Pnflel [1] = WTRF[A} Opn-1[1],

A being the projective arrangement of hyperplanes such that o 18 the product AxA'. Then by
the relative Kiinneth formula, pp + RI'[pn—1,41]M is the tensor product mpn-1  RI’ [A] Opn—1[1]®x
Op1, so it has constant cohomologies.

Finally, j*M = RI'y, ,Opnxar by [ibid., 1.6.3.1]. Since Yy, is smooth, p, +jt M = K, so
in the end we have a triangle

G 7 .
(panFOXn,w) — Kn — pn,+z+z+/\/l,
the last complex being constant, and we are done. O

Remark 2.1.5. Since pj, is a proper smooth morphism and Oy, ,, is a pure Dy, ,,-module of weight
0, thanks to [Sa, 4.5.3, 4.5.4] we know that p, 1Oy, , is a semisimple complex of D}&—modules,
that is, it is the direct sum of its cohomologies, them being in turn semisimple Dy1-modules.
Now note that p, + M is a direct summand of p, Oy, ,,, because the latter can be decomposed
as the direct sum of its eigenspaces associated with the action of G, occurring the former as the
invariant part, so in particular, it is a semisimple complex of Dj1-modules, too.

In particular, the theorem tells us that the nonconstant part of (pn,JrOXn’w)G is that of K,
which, because of being the former a semisimple complex of D41-modules, coincides with the
middle extension of its restriction to G,,.



2.1. SETTING THE PROBLEM 49

In this new context, we can state a more detailed theorem, but before doing so, let us
introduce some more notation.

Let us denote by (aq,...,ay) and (5, .., Bm) two unordered n- and m-uples, respectively,
of elements from k, i.e., seen as elements of the n- and m-fold symmetric product of k, re-
spectively. We will define their cancelation, denoted by cancel(aq,...,an;B1,...,08m), as the
result of eliminating from both tuples the elements that they share modulo Z, obtaining shorter
disjoint lists (cf. definition . In other words, assume that every o; and §; lie in the same
fundamental domain of k/Z and take

cancel(ai,...,an; B1,...,0m) =

:((al,...,an)—(51,...,ﬁn);(51,...,5n)—(al,...,an)),

where the subtractions remove only an element of the first tuple for each similar element of the

second one. For instance,
cancel (1,3/2,-3,1/3,2/3,0;1/6,1/3,1/2,-4/3,5/6,2,2,2) = (0,0;1/6,5/6,0,0).

Note that the difference between the lengths of the resulting tuples is still the same, since we
are taking from them the same amount of elements.
For each n and a,b € {1,...,d,}, let us denote by ALY the following set:

1 b wo b W, b 1 d, a+b
Avb = — 4 — 2 e Al R
" {w0+dn’ ’w0+dn’ 7wn+dn} {dn’ ’dn} { d,, }’

which is the set of fractions (k + b)/d,, with k # a such that j/w; = k/d,, for some i =0,...,n
and j =1,...,w;. ALY — {b/d,} will be empty if and only if d,, is prime to each w;. We will
denote by A%" the set AZ" — {1}.

Let us state now our following main theorem. We will prove it throughout this chapter and

the next one.

Theorem 2.1.6. Let j be the canonical inclusion from G,, to A'. There exists a complex of
Dg,, -modules K, such that j*K, = 7 K,. This complex satisfies the following: H'(K,) = 0 if

ig¢ {—(n—1),...,0}, H(K,) = O((;lnfl) as long as —(n — 1) <1i < —1, and in degree zero we
have the exact sequence

0— G, — HO(K,) — 0% — 0,

Gn being a D-module whose semisimplification is

6= P Ka®Fu,

a,bx

aEA,

for some a,b € {1,...,d,}. There, F, is the irreducible hypergeometric Dg,, -module

1 wo 1 wy, 1 dp
K H I —, 0, — e, — e, — s — e, — .
b/dn ®0Og,, Ty <Cance (wo o o o dn a,

Corollary 2.1.7. Under the same notations as above, the nonconstant part of (pny_k(’)xn’w)G 18
JretrH, where H is the irreducible hypergeometric D-module

cancel | —, ..., —, . .., =, ., T Ty ey T .
Yn w()v 711)0’ ’wn’ ’wn7dn7 ’dn
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Proof. Just note that any Kummer D-module of rational parameter of denominator d, gets
mapped to Og,, by ¢;}. Then the nonconstant part of (pnﬁ(’);(n’w)G, by virtue of theorem m
and remark is jiyo,b Fr, which is independent of the value of b, so the latter can be taken
equal to d,. O

Apart from pursuing our main goal, we could try to understand completely the complex
K,,, which despite seeming auxiliary, we consider that it is interesting enough in itself. At this

moment this is what we can state:

Theorem 2.1.8. Under the notation and conditions of the previous theorem, if there exists an
index © such that w; = 1, then a = b = d,,, and if w; is prime to d, for every ¢ we have that

a=d,.

Note that when n = 1, by assumption we have that ged(wg,w;) = 1, so in this case, we
always have that both of the w; are prime to d; and then a = d;.

Thanks to a combination mainly of proposition and corollary (or proposition
we can characterize G,, as in the theorem if we prove that its Euler-Poincaré characteristic
is -1, find its generic rank as Og,, -module, calculate the exponents at the origin and infinity
and know where in G, it has a singularity. At the end of the next chapter we summarize this
strategy in a more detailed way.

To prove theorems and [2.1.8] we will see in an alternative way the preceding construc-
tion. Let \,, be the morphism defined by

At A7 — Al

z — it ealn (- — =) '

Let Z, = M\ Y(G) = {z € GY, : 21+ ...+ x, # 1}. Therefore, by the base change theorem,
we can take K, = A\, 4Oz, .
We will make use of the following inductive process. Let us factor )\, through G2 :

(ﬂ'na)\n)

Z, G2, 2 G,

so that K, = ma 1 (7, \n)+Oz,. We focus now in finding L,, := (m,, A\p)+ Oz,

Consider now the isomorphisms ¢, from (G,, — {1}) x G, to itself given by (z,\) —
(2, A/ (297 (1= 2)%=1)), with d,,_; = 314 wi, and ¥y, from Z, — {2, = 1} to Z_1 X (G, — {1})
given by (21,...,2zn) = (1/(1 = 2n), -+ ,2n-1/(1 — ), 7,). Those morphisms form the carte-

sian diagram

T —{an =1} — 25 Z 1 x (G — {1})

(ﬂny)\n)l O J/ﬂ?x}\n—lﬂ'l

(G — {1}) X G —2" 4+ (G — {1}) X G

so by the base change theorem,
LG (11 %Gy = (T200) T K1

Let us obtain all the information about K that we will make use of during the inductive

process.
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Lemma 2.1.9. K is a reqular D-module over G,, such that its generic rank is di and it has a

unique singularity at ;.

Proof. Let C = )\1_1(71). Then, A; is an étale morphism from Z; — C to G,,, — {71} of degree
di, s0 A1+ Oz, —¢ will actually be a unique Dg,, _(,,}-module; moreover, it will be a locally free
Og,,—{}-module of rank d;, which will be the generic rank of Kj.

On the other hand, 7g,, +K1 = 7g,,—{1},+0c,, {1}, so the Euler-Poincaré characteristic
of K will be equal to that of Og,, (1}, which is -1. Therefore, thanks to the additivity of
the characteristic and corollary (or proposition , we will be able to find among
the composition factors of Ky some eventually trivial Kummer D-modules and an irreducible
hypergeometric Dg, -module (punctual or not), and so its only singular point within G,, must
be ;. O

2.2 Getting closer

In this section we will move forward towards the proof of our main theorem finding some
of the desired properties of K,,. All of the proofs are inductive, and in fact can be thought of as
a long proof divided into several pieces, each of them being at most a sentence of the statement
of the theorem. Despite this interdependence of the propositions of this section, the reader will
be able to check that no tautological circle appears. We will explain this in more detail.

For each n, the process of finding K,, depends on two inductive steps. Let, for each n > 2,
T, = {g S G?n_l |z1 4+ ...+ xpo1 # O}. Each T,, can be seen as a smooth closed subvariety of
Zy, by the identification T}, = T,, x {1}, and we will do that in what follows. From the diagram

Zp —Th EN Zn, <z— T, we can get the triangle
Oz, — j4i 0z, — i1itO0y,.
Let us consider the following commutative diagram:

Z. T, —? Zy— T,

(Wn,)\n)J{ J,(Fm}\n) J{(ﬂ'n,)\n)

(G — {1}) X Gy —2 G2, +— {1} X Gy

| k)

Gm Gm Gm

Applying (7, A\n)+ to the last triangle and taking into account the commutativity of the diagram,

we get a new one:
(T M) 10z, — (Tn, M) darj 7Oz, — (py An)wigit Oz,
In other words, defining M, := A\, 1, +Or,,
Ly — ji(madn) Kn1 — iy My,

where M, tells us what we lose when doing induction over (G, — {1}) x G, instead of G2,.
We will calculate its expression later on. What we are interested in is noting that K, depends
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on K,_1 and M,, for applying m ; to the last triangle we obtain the one which is going to be
useful for us:
Ky — mo 4 (m2dn) T Kno1 — M.

In the next proposition we will see that our method to make M,, explicit depends only on K,,_».
As a consequence, the inductive process goes as indicated in the following diagram, where an

arrow means that the object at the origin is used to find the object at the target:

Ms M
A N A AN
7/ N 7/ AN
Ve N Ve AN
- N2 N
Ki--+Ky——-+Kz3——-—>Ks—-—--+K5...
A N A
e N e
Ve N Ve
7 N e
Moy My
Lemma 2.2.1. Let wy,...,w, be an (n+ 1)-uple of positive integers, whose sum is d,,, and let
= xlr(zi+. .. 4x,) 0. Then, the syzygies of the Jacobian ideal J¢ = (f, f1,..., f}) C
k[z] are generated as a k[z]-submodule of k[z]"*! by the Euler relation (—dp,z1,...,r,) and the

Koszul-like syzygies

l’iibj(l'l —+ ...+ l‘n)

f

Proof. For the sake of simplicity, let us write z* and o for z{* - ... -z

(f]'-el- — fiej), for all1 <i < j<n.

Wn,

wnoand 1 + ... + Ty,

respectively, so that f = z%0™0, and l; = w;o + wox; for each ¢ = 1,...,n, and so f/ =
gW—eigwo=ly,

f is a homogeneous polynomial of degree d,,, so the Euler syzygy appears naturally among
the generators because of having its first component of degree zero. That is why we can divide
any syzygy by the Euler relation and restrict ourselves to finding the syzygies of (fi,..., f}).

Let (aj ..., ayn) € klz]™ such that >, f/a; = 0, or in other words
n
W Lgwo—l Z a;zt %1 = 0.
i=1

l—e l—en

This means that (aily,...,anly) is a syzygy of the ideal (z=7¢,... 2+

), so for each i, z;
must divide a;l; for being (x1,...,z,) a regular sequence in k[z]. Since x; and [; are prime to
each other, it follows that a; = z;b; for every i. Thus it follows that (by,...,b,) is a syzygy
of (l1,...,1,), generated by a regular sequence in k[z] too, just because it is an isomorphic
image of (x1,...,2y). (Indeed, the matrix of the change of basis has a determinant equal to
wi~d,, by Sylvester’s determinant theorem.) Therefore, there exist 9(i,j) € k[z] for every couple
1 <i < j <n such that

(brysbn) = Y gy (e — liej),

1<i<j<n
and then,
:L“il’jO' / /
(a1,...,ap) = Z 9(.5) 7 (fiei — fiej)
1<i<j<n
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n—1
Proposition 2.2.2. For each n, H(M,) =0 for anyi ¢ {—(n—2),...,0}, H'(M,) = Oéf;””)

whenever —(n — 2) <1i < —2, and there exists a positive integer m, such that

n—1—1

d
-1 ~ Al mn—1
H (]\4”):(9@7%3 @ @ ]Ca/dnfl’
a=1

and in degree zero,
nfl*1

d
H(My) = 0g e D Ky -
a=1

Proof. Let us define f = 2" - ... 2" (21 + ... + 2,—1)"0. We are going to introduce some
varieties associated with this polynomial. We will denote by 7, and Trfl"’l the subvarieties of
A"l X Gy, given by f — X = 0 (so that M,, = p, 1 O7.), and f — A\%-1 = 0. We will set F' to
be the Milnor fiber of the morphism associated with f, namely, F : f =1 cC AL,

When n = 2, f = x‘lh and then M, = @?;1 Kisq, by lemma m, and we are done, so

assume from now on that n > 2.

Consider now the following cartesian diagrams:

Yd,, _
FxG,, —% i1 TN

Tn
7"2J/ O lpn O Jpn

Gm id Gm [dn—1] Gm

I

where 77 is the second canonical projection, 14, , is the restriction to %d”_l of idgn—1 X[dy—1]
and « is the isomorphism given by (z,\) — (z1/A, ..., zp—1/\, A). All the varieties involved are
smooth, so by the base change theorem,

[dn—1]" My 2 pn 4O, 1 = 2 Opyg,, = (14 X idg,,)+(Or B Og,,) = 75+ OF @k Og,,-

That tells us that every cohomology of [d,_1]T M, is a direct sum of copies of Og,,, so for
every degree i there exist some nonnegative integers ¢; and some sets A; C {1,...,d,—1 — 1}
such that

H (M) =20 & D Kaya,_,-

a€A;
The global de Rham cohomology of M,, is that of T},, which thanks to proposition [A4.1]is
-1

D k)oK

i=—(n—1)

Then the constant part of the cohomology of M,, is concentrated in degrees —(n —2),...,0, by
virtue of remark [1.1.15] Moreover, from the calculation of the global de Rham cohomology of

M, we deduce that c_¢,_oy = 1, co = n—1and ¢;+cip1 = (z’+2—1) for every i = —(n—2),...,—1.
Therefore, ¢; = (Zf;iQ) We only have to prove that |A4;| = 0 for all i < —1 and Ay and A_;

are, respectively, m,, and m,, — 1 copies of {1,...,d,—1 — 1}.
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Consider a new cartesian diagram:

Tn M} anQ S Gm )

)\n><7rn1J O J/(/\n—QﬂTn—l)

™
G G2, " Gy,
where p and 1 are the isomorphisms given by, respectively,  +— (—z1/Tp—1,..., —Tn—1/Tn—1)

and (A, z) = ((—=1)% "0 \z=%~1 7). Thanks to lemma/|l.1.16, we can affirm that H'ng,, 1 (M, ®o,, Ka) =
0 for i < —2 and any rational number o = k/d,,_1, k being certain integer, if and only if A; = ()

for ¢ < —1. By using the base change theorem associated with the diagram above,
~ + +
TGt (Ma 805, Ka) 2 76,4714 ((118) " Koz Bog, 71 Ka ) -

By lemma again, we know that %iWGm,+ (Mn ®og,, ICa) depends on the cohomologies of
(M) T Ky ®@G$n ﬂf’lCa at degrees i, ¢ + 1 and ¢ + 2. Since for the values of ¢ in which we are
interested, all of them are copies of K, (for having K,_o only copies of Og, ), their images by
TG, + vanish, having that |A;| = 0 for any ¢ < —2.

Note now that the restriction of u to F, given by z — (—z1/%n-1,...,—Tpn—2/Tn_1), is
an étale map of degree d,—i, so the Euler-Poincaré characteristic of 7 Op, which equals
(—1)"2(14|Ao| —|A_1|), is dy—1(—1)""2 times that of K,,_5, which is in turn 1, so |Ag|—|A_1| =
dp—1 — 1. We will be done if we prove that all of the exponents k/d,,—1 of M, occur with the
same multiplicity.

In order to do that, we will apply corollary and try to study the acyclicity of the
complex K*(R; f —t,01 + f{®ay---,0n+ fha), where R =k((t))[z1,...,2,]. R is not only an
R-module in itself, but also a module over the commutative sub k-algebra S of its endomorphisms
generated by f —¢,01 4+ fipa,-..,0n + fl¢a. Then we can wonder about the regularity of the
sequence of operators defining the Koszul complex in terms of a noninteger rational number
« such that d,—1a € Z. In fact, what we are interested in is knowing the independence of «
(for the values under consideration) of the failure of the regularity of the sequence (f —¢,0; +
f1as--s0n + fl@a). In order to see that, we just need to show that the lack of injectivity of
the morphism

D : R — R
(a,b',...,b") +— ((f—t)a, (01 —{—f{goa)bl,...,(@n—l—fT’Lgoa)b”)
is independent of the concrete value of « € {1/dy,—1,...,(dn—1 —1)/dp-1}.

To prove that last statement we can assume, without loss of generality, that a and each
of the b’ are homogeneous, allowing them to vanish eventually. For the sake of simplicity, we

will use ¢, := O; + at™!, since the map = — —1 — x is a bijection modulo the integers on
{1/dp-1,...,(dp_1 —1)/dy_1}. Let us try to know what happens if there exist a,b',...,b" € R
homogeneous of degrees m, m + 1,...,m + 1, respectively, such that

fa+> " flgal = 0

3
—ta+2b§' = 0
i
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Thanks to the previous lemma, from the first equation we know that there exist homogeneous
polynomials F) g; j) € R for every 1 < i < j < n, of respective degrees m and m — 1 in the z;
(so that the g(; j) must be zero if m = 0), such that

a = —dn 1F
TiTj0

(pabl—a:zF—&-Z e(j —1) 7 fzg(iyj),izl,...,n.
JF#i

Substituting those values in the second equation and applying the Euler relation for F', we get
that

dn 1A m+n F + Z Z_] g(l,]) 0

=1 1<i<j<n
where

Lij) = ((wj = wi)o + (wo — wi)z; — (wo — wj)zi + wili0; — 1:0;) ¢5

for each pair 4, j); they depend on « only because they apply ¢!, which is always an isomorphism
for the values of a under consideration, to the g .
The operator acting on F'is A := dp_1Amin m+n . Now if d,,_1« is not an integer, A is invertible,

and so the system has a solution. This does not tell us anything new about the regularity of the
sequence; what is really new is that we can deduce from the equations that the behaviour of the
system when d,,_j« is integer is independent of the choice of «, as we wanted to know; should
the equation above have a solution, the lack of surjectivity of A occurs for any «, changing
appropriately m. In conclusion, all the classes modulo Z of the elements of {1,...,d,—1 — 1}

appear as exponents of every cohomology of M,, with the same multiplicity and we are done. [

Proposition 2.2.3. For each n > 1, H'(K,) = 0 whenever i ¢ {—(n —1),...,0}, H{(K,) =
Oéfjn"*l) for all —(n — 1) < i < —1 and in degree zero, we can find exactly n copies of Og,,
among the composition factors of H°(K,). The direct sum of the rest is a Dg,, -module of

FEuler-Poincaré characteristic —1, without any constant composition factor.

Proof. To deal in a better way with the cohomologies of K, let us separate the copies of Og,,
from the semisimplification of the rest of composition factors, such that H!(K,)* = 0% @ F;,
that is to say, let the direct sum of the nonconstant composition factors of H*(K,) be F;.

As in remark |1 we can deduce that H'(K,) = 0 for every i ¢ {—n,...,0}. Let us
proceed inductively. If n = 1 we already have everything proved at lemma so let us go
for the general case assuming that we know K, _1. Remember that we have the distinguished
triangle

K, —>7T2+(7T2(]5n) n-1 — M,.

Let us calculate the long exact sequence of cohomology of that triangle. Before doing that, we
should know the cohomologies of 7r27+(772¢n)+Kn_1. By lemma/|l.1.16{we have an exact sequence
for any ¢ of the form

0 — HOmy s H' (magpn) T K1 — Himo 1 (madn) T K1 — H o s H T (o) T Km1 — 0.

(mody) ™ is an exact functor of D-modules, so the images by it of the composition factors of
K,,—1 will be direct sums of the composition factors of (map,) " K,—1. On the other hand, if any
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of the cohomologies of H'(K,) is formed, among others, by an extension of Og,. by O&m for
certain a and b, it will necessarily be trivial (although that does not happen in general' consider
for instance the extension 0 — Og, — Dg,,/(D?) = Og,, — 0). In fact, by theorem the
cohomologies H!(5 T K,,) do not have any singularity at the origin. Now take into account that
those cohomologies are nothing but the image by ¢ of those of K, so any of the extensions
of Og, ~that we could have may be extended to the analogous over an affine line (G, and the

point at infinity), so they must be trivial, since
Extp  (Oa1,041) = R'T (A", RHomp,, (Ou1,O41)) = coker(dy : k[A] — k[N]) = 0.

Having proved this we can claim that the exact sequences above will split for any i # —1, 0.
Thanks to the global Kiinneth formula we know that w3 4 (m2¢,) " Og,, = Og,, [~1] @ OF, 0], so
the long exact sequence will be like this:

0= H ™MK, =0-0—H YK, 0Og, -0

n—1

. n—1
N Hl(Kn) N O((Gf;n72)+(z+n 1) N O(z+n 2) —

n—1
= HH(Ky) = H 2 (w4 (m2gn) T Kn) — Ott(;t:l) -
dp—1—1

= HHKR) = 1 (mo4 (maon) T K1) — O(n ! & D Kﬁc}:l —
a=1

dp—1—1

— HO(K) = HO (Mo, 4 (m2¢n) T Knn) — OF 1 @ @ Kefint =0,

where the composition factors of the two cohomologies of 7o 4 (ma¢, )T K;,—1 are, respectively,
those of H™1 (w4 (m2¢n)TGn_1) and (Z:;) + (ng) copies of Og,,, and those appearing at
HO (73 4 (T20n) T Gr—1) and 2n — 2 copies of Og
By irreducibility and the Jordan-Holder theorem, ¢, =0, c_(,—1) = 1 and F; = 0 for any
i # —1,0, so for those values of i, H"(K,) = O%.
Now note that the global de Rham cohomologies of K, and Oz, are the same. The second

m*

one is already known, thanks to corollary[A.4.2] so we will have the following system of equations:

n+1 .
Ci+ Ciy1 = (Hn),z:—n,...,—{i

hoi+eatea=(G5)
WOy + gt et oo = (31))
hY +co=n+1,

where hf is the dimension of the j-th global de Rham cohomology of F;. From the first equations

we obtain that ¢; = ( fori = —(n—1),...,—2, and since

i+n— 1)

hi' = dimT (G, RHomp,, (Og,,, F)),
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by irreducibility both hi_1 must vanish, so c_; = (n22) and our system can be reduced to:

hgl—FCo:n
h)+co=n+1.

Thanks to that, we can also affirm that almost every row of the long exact sequence above
is a single short exact sequence in itself, all of them with the zero object at the beginning and
the end, except for the two last ones. Paying attention to the amount of copies of Og,, in the
last of those short exact sequences, we get that ¢co +n—1 = 2n—2+r, r being the total rank of
the constant part of H° (2 4 (m2¢n)TGn-1). Therefore, n — 1 < ¢y < n. Let us see that co = n
by proving that r» > 1.

Although we do not know G,,_; explicitly, we just need to work with a Dg, -module whose
semisimplification is the same as that of G,,_1, like the (maybe reducible) hypergeometric Dg,, -
module G := H,,_, (a;; Bj), where the sets of the a; and the j3; are, respectively,

A i_’_ b @_’_ b wn_1+ b B a+b
Cwo  dat’ T T wo dpt’ T W dpea dn—1)’

1 dp—1 } {a + b}
B = N — .
{dn_l dn—l dn—l

Then, just by applying the chain rule it is easy to see that (ma¢,)"G = DG —{1})xCm / (P05 P1);

where

dnfl_l dnfl_l

Dyy Pr="n12""(1=2)"" J[ (Dx—a))=X [ (Dr-8)).
i=1 j=1

dpz — Wy

PR

Since ma 1 (m2¢n) "G = m24 (UG —{11)xGCom /G ((T260)TG)) [1], we should prove that there exists
a nonzero element at the cokernel of 9, over Dg,, [z, (2(1 — 2)) 1] [0:]/(Po, P1) such that its
image by D) vanishes.

In that case, let us know Dg, [z, g_l] [0.] better. Its elements can be written as
a = Z (Z(aijk + bijkz)gl) 8§8§,
j,k>0 \ieZ
with all of the a;j;, and the b, belonging to Og,,. Applying 0. to a we obtain that
0,a = Z <Z(cijk + dl-jkz)gi> 828’;,
j,k>0 \ieZ
where the following equations hold for every i, j, k:
Cijk = (1+ 20)bijr + (i + 1)aip1jk + Gij-1k
dijre = =200 + Daiyjk — (0 + Dbigajr + bij-1k

Since d_1,0,0 = 0 independently of the a;j; and the b1, e = (—w, + dnz)g~! cannot be the
image by 0, of any element of Dg,, [2, g_l] [0.]. Moreover, its degrees in 0, and J) are zero,
so it cannot belong to the ideal generated by Py and P, and its class in H0W2,+(W2¢n)+g is
nonzero. To finish this point, just notice that Dye = — Py + 0, which is zero at the quotient.
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Summing up, r = 1, and then ¢y = n, so h®; = 0 and h) = 1. This proves everything except
for H™1 (7 1 (m2¢n) T Gn_1) = 0, which would also give us that G_1 = 0. A priori, we only know
that it is a Dg,,-module of Euler-Poincaré characteristic zero, so it will be an extension of certain
nontrivial Kummer D-modules (actually a direct sum because of the same reason that implied
the absence of nontrivial extensions of copies of Og,,). As before, we will see that vanishing
with an explicit calculation; we have to show that the kernel of 0, at Dg,, [z,97 "] [0:]/(Po, P1)
is zero. This time we will write the elements of Dg,, [z, ¢ ] [0:] in a more useful way:

Since we are dividing by Py, every element can be written as a = ZZ]\L 0 aiDg\, with every
coefficient a; € Og,, [z,gfl] and g = z(1 — 2z). Let us show that we can take N = d,,_; — 2.
Indeed, let N > d,_1 — 1. Dividing again by Fy, we have that

N N
9. a= Z 0. (a;) f\ + Z(dnz — wn)g_laiDi\Jrl.
=0 =0

Since 0,a € (Py, P1), we can take the symbols with respect to D) of both elements and deduce
that

(dpz — wp)g tay =z (z“’”(l — z)dn-1 ’y;_llA)
for some z, and so,
an =y (271 = )%t =510

for some y. Then we can write a as the sum o’ + yDiV_d"“HPl, where degp, o’ < N. In

addition, we have that d.a belongs to the ideal (P, P;) if and only if 9,a" does.
Let then a = 2?26172 a; D}, and suppose that d.a € (P, P;). Doing the same calculation
as before, there will exist x and y belonging to Og,, [z, g_l] such that

(dpz—wn)g tag, o= (zw”(l — z)dn-1 %:_11)\> and ag,_,—2 =1y (zw”(l — z)dn-1 7;_11)\) .

Since deg Dy 0,a = d,,_1 — 1 and once we have divided by Py we know that it is a multiple of P,
we necessarily have that d,a = xP;. On the other hand, as we noted above, there must exist
some number «, not integer, such that (D) — a)a =y’ Py.

1

However, note that 0,a and (D) — a)(dpz — wy)g~ " a share their leading term in D), so

(0: — (Dx — a)(dnz —wy)g ') a
will vanish. Therefore, for every ¢ =0,...,d,—1 — 2 we will have that
D.(a;) — (dpz — wy)g~H(Dy — @)(a;) = 0.

Writing locally each a; as ZjeZ aij)\j, with each a;; belonging to k [z, g_l], we must have that,
for any ¢ and j,

9:(aij) = (dnz — wn)g_l(j — a)a;.
This differential equation has as a formal solution space the k-span of (zw”(l — z)dnfl)a_j,

which is not algebraic. In conclusion, H ™! (72,4 (m2¢n) T Gr—1) = G_1 = 0 and we are done. [J
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Note that the proof also shows that we have an exact sequence which will be very useful in
the following, namely

dn_1—1 dn_1—1
0— P icg;f;l:l — HO(Kp) = H (w4 (magpn) T K1) = O @ €D Koy 0.
a=1 a=1
Looking at the result that we have just proved and the statement of the theorem, it is not
just that among the composition factors of K,, there appear copies of Og,, and a Dg,,-module
of Fuler-Poincaré characteristic —1, but they are related in a particular way, adopting the form
of an exact sequence. That is what we are going to prove now.

Proposition 2.2.4. For every n > 1 we have the exact sequence
0— Gy — HOUK,) — 0%, —0,

where Gy, is a Dg,, -module of Euler-Poincaré characteristic —1, without copies of Og,, among

its composition factors.

Proof. Since by the previous proposition we know that O(’ém and no more copies of the structure
sheaf occur among the composition factors of H%(K,,), we will have enough if we prove that it
actually has a quotient isomorphic to Of, , defining G, as the subobject with which we take the
quotient.

Let us consider Z,, C A" x G,,, and let Z,, C P" xG,, and Z° C P! x G,, be its projective
closure in the first factor and its intersection with the hyperplane at infinity, respectively. For
the sake of simplicity, let us call M = RF[gn] OpnyG,,[1]. Then we can form the distinguished
triangle

M— M —i it M —

associated with the diagram A" x G,, i> P" x G, Lprlox Gp,.

Applying p,, 1 to the above triangle (and abusing a bit of notation by denoting by p,, all of
the projections over G,,), we obtain a new triangle, whose long exact sequence of cohomology
contains the following piece:

i — Hppi i M — HOpp it M — Hlp M — 0,

because j7 M is a coherent D-module over an affine variety and so ’Hipn7+j+M =0 for all 7 > 0.

Now, by [Mel], 1.6.3.1], jT M = RI'(z,0xnxG,,, which is nothing but the direct image of
Oz, by the closed immersion Z,, — A" x G,,, thanks to Z, being smooth. Then p, jTM is
actually our K,,. We will have proven the statement of the proposition if we show the following:

OgHt if2|n
Og,. if2¢n

Og,, if2]n

HOp,, it M = .
Pt { 0 if21n

and H'pp 4 M = {
Let us prove the first isomorphisms. Thanks again to [ibid., 1.6.3.1] and proposition [1.1.12

’L'+7:+M = Rr[lpm—l XGm] (RF[ZH]OPnXGm [1]) [1] = RF[ZSO]O[EML—I XGm[l] = WTRF[A] O[pm—l [1],
where A is the projective arrangement of hyperplanes

Acxy-oxp(zy+ ... 4x,) =0C P
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such that Z2° = A x Gy,.
Thus by the global Kiinneth formula

pn’+i+/\/l = ﬁ[pnfl,+RF[A] Opn-1[1] ®k Og,, -

We are then interested in knowing %17TIP7L—1’ +RF[ A Opn-1. From considering the diagram

M(A) =P 1 - A4 ERy S | (renaming j) and applying mpn-1 . We can obtain the distin-
guished triangle

7TIP>7L71,+RF[A] Opnfl — 7T]PTL71’+OHD7L71 — 7T]P>n71’+]+OM(A)

Note that M(A) is also the complement of an affine arrangement A, of n hyperplanes in general
position, taking x, = 0 as the hyperplane at infinity in P*~!. Therefore, by virtue of corol-
lary and knowing the global de Rham cohomology of the projective space, the following
fragments occur in the long exact sequence of cohomology of the triangle above:

0 — k" — H%WA#RP[A]OPM —k — 0,
if n is even, or
R HO’]T]pn—17+O]P>n—1 =k — Hoﬂpn—17+j+OM(A) ~ k" — Hlﬂ-]}bn—17+R]._‘[A] O]Pm—l — 0,

if n is odd.

The complex mpn-1 , j+O M(A) 18 isomorphic to the Orlik-Solomon algebra of the arrangement
Ag (cf. [Bri, 5]), which is generated by the inverse of the equations of each hyperplane in it, so
the morphism Hoﬂpn—17+0]pn—1 — Hoﬂpn717+j+OM(A) is zero and then,

k"t ifn | 2

%lﬂ'ﬂmn—l,+RF[A] Opn—l = { K™ 1f n f 9

We already have the first isomorphisms that we were seeking. Let us go for the second ones,
and let us go back to &), ,, to obtain them, but restricting the variety of parameters to G,,. We
already know that p, Oy, , is a semisimple complex of D-modules, and the middle extension
of its restriction to U} = G, — {)\d” — 7;1}, where p, is smooth. Every fiber over a point of
U is a smooth projective hypersurface, and so, except for degree zero, they will have the same
global de Rham cohomology as that of the projective space P"~!, seen as a subvariety of P*. In
particular, Hlpn#@p;l( o) = k if n is even, vanishing if n is odd. In that case, it is obvious that
Hopn#O;{nvw will vanish too, but what happens when n is even?

o0

Let us consider in that case Xfw and A%, to be the affine part of &), ,, and its intersection

with the hyperplane at infinity within the first factor of P® x G,,. Since X2  is affine and

n,w

Pn,+O xaf 18 quasi-coherent over Og,, we have the exact sequence
oo = HOpn s Oat. — Hpy 1 Oxge, — H'py 1 Ok, ,, — 0.

Note that X is the cartesian product of a Fermat hypersurface with G,,, so by the global

n,w

Kiinneth formula, Hopn7+OXﬁOw = O, » for some r > 0. We have then that 7{1pn7+(9p;1(U*) is
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a Dys-module of generic rank 1 and at the same time a quotient of OTU;, so it is nothing but
Op:. In conclusion, H'p, 4O, , = Og,, if n is even.

Now let us continue our journey passing from X, ,, to 37n7w, and from there to Z,,. Remember
that there was an étale morphism between the two latter defined by &, ((zo : ... : zp),A) =
(Azo:a1:...:2,),\"%). Since & is an exact functor in the category of D-modules and can

n

be extended to P" x G,, we have that RF[% ]OHDnXGm[l] >~ & M and by the smooth base

change theorem, p”’+RF[)7n,w]OP"XGm[1] = Lgp,n’_;_./\/l.

Since Hlpn,JrRF[)—,nyw]OanGm[l] is a direct summand of Hlpn7+(9xn,u,, it must be zero if n
is odd, and it can either be Og,, or vanish if n is even. However, if this last happened, then
7{1pn7+M would vanish too, because nothing else can vanish after taking the inverse image by an
étale map, and then, ?—[Opn’+ jtM =2 HOK,, would have a quotient equal to O(’éjnl, contradicting
the fact that it has only n copies of Og,, among its composition factors.

Therefore ’HI(L,‘Epn#M) is either Og,, or zero, if n is even or odd, respectively. In this last
case we have proved what we wanted to, so let us take n even. Since ¢, is an exact functor
in the category of Dg, -modules, H!(p, + M) must be a Kummer D-module, eventually trivial.
But it is a quotient of H°(p,, +iTM), which we already know that it is a direct sum of copies of
Og,,, so it will also be Og,,. This ends the proof of the second couple of isomorphisms. O]

Now what we have to prove are the rest of the properties of G,, that are of interest to us: its
generic rank, its singular points and its exponents at the origin and infinity.

Proposition 2.2.5. For every n > 1, the generic rank of G, is d, — 1, and it has a unique

singularity at G, namely at ~vy,.

Proof. We already know that G,, is a regular holonomic Dg, -module, and its Euler-Poincaré
characteristic is —1, so by corollary it will have a singularity at some point Ag. Its
restriction to the rest of G,, will then be a module with a connection of some rank to be
determined.

Since we know by lemma that the statement of the proposition is true for n = 1, let us
prove the rest by induction, and so let us assume its veracity for n — 1.

Recall that we had an exact sequence of the form

dn—lfl dn—lfl
0— @ ’C;"/Zl;ll — HOUK,) = HO (mo 4 (man) T K1) = OF ' & @ K = 0.
a=1 a=1

Then the generic rank of G,, plus d,,_1 is equal to the generic rank of mo 1 (m2¢,)TGn_1; let us
find that one.

(mo¢n)t Fn1 is a regular holonomic D-module over (G, — {1}) X G,,, having singularities
along the curve (m2¢n) ' (Yn_1) =: Cx : A = Yp_12%7(1 — 2)®-1. Fixing \; in G,,, the intersec-
tion of Cy and the line A = A1 are d,, points whenever \1 # ~,; it is formed by d,, — 1 points in
that case. Indeed, 9, (2" (1 — 2)%~1) = (wy, — dp2)z* (1 —2)%—1~1, which, within G, — {1},
only vanishes at z = wy,/d,, and for that value of z, v,_12%"(1 — 2)%-1 = ~,. The second

derivative of z2%7(1 — 2)%-1 does not vanish when z = w,,/d,, so we only lose one point when

Al = Yn-
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Now consider the cartesian diagram

(G — {13) X {0} =25 (G — {1}) X G .

s LT

) & Gom

By applying the base change formula,

¥ o4 (Todn) T Gno1 = mo i (madn) T Gnn.

Now since 72 4 (72¢,) 1 Gn—1 has no singularities at A\ # A, we have that ij{7r27+(7r2¢n)+gn_1
is a complex of k-vector spaces concentrated in degree zero for those values of A\. Thus it can be
seen as a single vector space, and its dimension equals the generic rank of 7r27+(772d>n)+gn,1.

On the other hand, since for a fixed A the morphism mo¢,i) is étale, i;\r(7r2¢n)+gn,1 is a

single Dg,, _{13-module and not a complex of them. Its Euler-Poincaré characteristic will be
dim?—l*17r27+ij\“(7rg¢n)+gn_1 — dimH0W27+ij(W2¢n)+gn_1 =
= —dimi{ 7o 1 (m2¢n) T Gno1 = —rkmo 4 (T2¢n) T Gn1.
The Dg,,-module G,_; has no punctual part, so applying proposition [L.2.16
X (ij\_(72¢n)+gn—l) = _(dn +dp1— 1)

when A # ~,, so in conclusion, the generic rank of G, must be d, + d,_1 — 1 —dp—1 = d,, — 1.
Now, if the point where G,, has a singularity were different from ~,, then we could do the same
process above and see that

X (i;\i_(ﬂ2¢n)+gn—1) = _(dn +dp-1 — 2)7

which cannot be possible. Therefore, A\g = y,. ]
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3.1 Fourier transform and convolution of D-modules

This section could fit in the first chapter, because its content is much more expository than
original. However, the notions and concepts defined here will be only of interest from now on,
specially at this chapter.

The Fourier transform of a D-module (also called Fourier-Laplace transform) is inspired
in both the classical tool from analysis and the much more modern Fourier-Mukai transform.
See [Bry]| or [DE| for more information. Anyway, we will treat just the one-dimensional case, and
in spite of including the proof of every result that we state, we follow the approach of [Kab| §§ 5,
6).

Definition 3.1.1. Let £ be the holonomic Dy2-module Dy2/(0; — y,0y — x). The Fourier
transform is a functor of DP(Dy1) to itself given by

FT =m ¢ (Wi" . ®%A2 £) ,
where the 7; are the canonical projections from A? to each of its factors Al.

Remark 3.1.2. The Fourier transform preserves coherence over Dy1 and holonomy, but not regu-
lar holonomys; it is an equivalence of categories when defined over the associated full triangulated
subcategories of D(D,1) with the first two properties.

It is also an exact functor in the category of holonomic Dyi1-modules. In local coordinates,
it just takes any operator L = Y. fi(z)8" into FT(L) = Y, fi(8)(—2), and M = D1 /(L)
into FT(M) = D1 /(FT(L)). Consequently, it exchanges the structure sheaf 0,1 and the delta
Dy1-module &g (cf. [Kabl 2.10.0]).

The Fourier transform will be quite useful for us, but before that we must introduce the

convolution of D-modules, following Katz’s approach in [Kab, § 5].

63
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Definition 3.1.3. Let X be a smooth algebraic group over a field of characteristic zero, and
let 1 : X x X — X be the product law on X. The convolution of two complexes of Dx-modules
M and N, denoted by M *x N, is the direct image pu4 (M K N).

Remark 3.1.4. It is straightforward to see that the convolution inherits the properties of the
product in X; it is always associative and if the product in X is commutative, so is *, too (in
our case, X will be G,,, with the usual abelian product). Its identity object is the punctual
Dx-module supported at the identity element e of X, since p(ie X idy) = idy, i being the

inclusion of e in X.

Lemma 3.1.5. (cf. [Kab, 5.1.9, 5.2.1]) Let M and N be two complexes of holonomic Dg,,-

modules. Then,
i) For any homomorphism ¢ from G, to itself, p* (o M x N) = M x (pTN).
i) For any n € Gy, hy+ (M x N) = (hy M) x N In particular, hy N = 6, « N
i) For any a €k, M *xN)@Kq = (MR Kq) * (N @ Ky).
Proof. Consider the cartesian square

id@m X

G2 LNy e .
MJ( 0 lu(wxid@m)
Gy —2 Gy

Then the first point is just the result of applying the base change formula to the Dg2 -module
MEN.
Regarding i, the first formula is a direct consequence of the fact that h,u = pu(h, x idg,, ).
The particular case follows from considering M = §1, the neutral element for convolution.
And about the third statement, we know by the projection formula that for any a, (M x
N) @Ko = py (MRN) @ ptKy). Then, the statement follows from p*Ko = Dg2 /(Dy —
a, D, — a) =2 K, XK, thanks to remark O

Proposition 3.1.6. ([Kab, 5.2.3]) Let M be a holonomic Dg,, -module, and let j be the canonical
embedding of G, into A'. Then,

T FT jiinv M 2 M+ Hq(0;0).

Proof. Let £ be the Dyi-module Dyi/(0 — 1), let H = H1(0;0) = j7L') and let ¢ be the
involution of G2, given by (z,y) — (!, zy). Note that u = o) and 14 = 1)+, Then,

MxH =y (rf M ®0gs Ty H) X o (Tr;r inv M ®0gs MJ”H) :
Denote now by 71, o or ji the extension to Al x G,, of the m; and . Then clearly
mop (7T vt M@0y, pIH) =R (j x idg,, )+ (7 invy M@0, (% idg, ) ATL),
which in turn is isomorphic to

For (7 inve M@o, L),
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thanks to the projection formula and the base change formula associated with the cartesian

square
G2 — Mom a1y, .
s 1l | lfr 1
Gom / Al

Let us write m; with a bar over them to name their extensions to A?. Applying again the smooth
base change associated with similar diagrams, we obtain the isomorphism

MM = 7, (7] jyinvy M ®o,, £) = jTFT jyinvy M,
if we prove that (idy1 xj)"L£ = gt £'. And that is trivial, since both of them are
Dpixg,,/(De — Dy, 0x —y) = Dpiyg,, /(0 — y,0y — ).
O

This operation of taking the convolution with a hypergeometric D-module of rank one will
lead us to consider the convolution of general hypergeometrics by using the next two results.

Lemma 3.1.7. Let P and Q be two nonzero polynomials in Kk[t] such that tP(t) and Q(t) do
not share any root modulo Z. Then,

H(P(t), Q1)) * H(t,1) = H(tP(t),Q(t)).
Proof. Since H(t,1) = H1(0;0), by the previous proposition we have that
H(P(t),Q(t) * H(t,1) = j* FT jy invy H(P (1), Q(t)) = j FT j1 H(Q(~t), P(~1)).
Now @ has no integer roots, so by lemma G H(Q(=1t), P(—=t)) = j1jTDu /(Q(—t) —
AP(—1)) = Dy1 /(Q(—t) — AP(—t)). In order to finish, just note that FT(D) = —D — 1, so
jTFT jiinvy H(P(1),Q(t) = D, /(FT(Q(~t) — AP(~1))) = H(tP(1 +1),Q(1 + 1)),
which is isomorphic to H(P(t), Q(t)), because of both having the same roots modulo Z. O

Proposition 3.1.8. ([Kab| 5.3.1]) Let P, Q, R and S be four nonzero polynomials in Kk[t] such
that PR and QS do not share any root modulo Z. Then,

H(P,Q) « H(R,S) = H(PR, QS).

Proof. The proof will depend on deg(RS). If it is zero, write R = r and S = s. Then,
H(R,S) = 0/, and H(PR,QS) = h,/s yH(P,Q) by remark And this D-module and
dr/s * H(P, Q) are isomorphic by lemma

Having proved that initial case, let us assume that deg(RS) > 0. By lemma (point @
with ¢ = inv) we can further assume without loss of generality that deg(R) > 1, and R(t) =
tRy(t). Then, by the previous proposition,

H(P, Q) * H(R,S) = H(P(t), Q(t)) * H(Ro(t), S(t)) = H(t, 1) = H(tP(t), Q) * H(Ro(t), S(t)).

Repeating the same argument factoring R and S we reduce ourselves to the first case, so in
conclusion, H(P, Q) * H(R,S) = H(PR, QS). O
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Lemma 3.1.9. (|[Kab, 6.3.5]) Let a € k. For any ~y,n € Gy,, we have the short exact sequence
0 — 0y —> Ho(a;0) x Hy(0; ) — Ko — 0.

Proof. Taking tensor product with K, and direct images by a homothety h¢ are exact functors,
so by lemma [3.1.5] we just need to prove the case in which @« = 0 and v = = 1. As a consequence
we can apply proposition [3.1.6]

H1(0;0) * H1(0;0) = j7FT jyinvy Hy(0;0) = 57 FT j H_1(0;0).

The Dg,,-module H_1(0;0) is isomorphic to jTDu1/(0 + 1) = j7Op1 - e, where e is a symbol
such that 0 -e = —e. Consider the exact sequence

0— Op1-e— i Op-e— 6 — 0,
for some r > 0. Now
jo O - e/Opn = Opl1/A] - e/Op - e 2 k((N) - e/KIN] - e = &,
so r = 1. Thus we can rewrite the previous exact sequence as
0— Dp1/(0+1) — j+H_1(0;0) — 5o — 0.

The functor j© FT is exact, and if we apply it to that sequence we obtain the one from the
statement. O

We have seen that hypergeometric D-modules behave well with respect to the convolution
whenever the result is irreducible; when they share some exponent both at zero and infinity
we cannot affirm an equality, although the semisimplification is still preserved (cf. the easy
consequence [Kab|, 3.7.5.2] from our discussion after corollary . This motivates us to define
a modified kind of hypergeometric D-module and study some of their properties. This will lead
us to the main result of the section.

Definition 3.1.10. Let ay,...,a, and f51,..., 5, be elements of k, and let v € G,,. The
modified hypergeometric D-module of parameters 7, a; and §; is defined as

MH (ai; B5) = hoy 4 (Hi(ar; 0) ..o Hi(am; 0) « Hi(0; B1) * ...« Hi(0; Bm)) -

The Dg,,-modules MH (a;; ) and MH(0; 5;) are defined analogously, but without convolving
with any H1(0; 8;) or Hi(a;0), respectively.

Remark 3.1.11. By the global Kiinneth formula, ng,, +(M *N) = ng,, + M Qk 7g,,, +N for any
pair of complexes of holonomic Dg,, -modules M and N, so in particular, any modified hyperge-
ometric D-module is of Euler-Poincaré characteristic —1, with its global de Rham cohomology
concentrated in degree 0. As with usual hypergeometrics, we have that

o MH,(ai; B)) ®og, Ky = MH (i +n; 85 +n).

b hn,+MH'y(ai§ 5]) = hgferH'y(aﬁ B]) = M/H'yn(ai; ﬂ])
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e inv, MHy(a,;; BJ) =~ invT M'H,Y(Oéi; ﬁj) = M’H(,l)nwn/,y(—ﬁj; —q;).

When the a; and the f; are disjoint modulo the integers, we know by proposition that
a modified hypergeometric of parameters v, a; and ; is isomorphic to the usual hypergeometric
of the same parameters. In fact, thanks to the previous three results, for any exponents we
consider, the semisimplification of both kinds of hypergeometrics is the same, and the effect of
taking the cancelation on the sets of exponents also coincides:

MM (cancel(a; B5)) = H(cancel(ay; 5;)).
Nevertheless, we can be a bit more precise and state the following:

Proposition 3.1.12. ([Kab, 6.3.9]) Let MH(y; Bj) be a modified hypergeometric D-module
and let n € k. Then, for any integer k we have the exact sequence

0— M’Hny(a@';ﬁj) — MH'y(aivn;ﬁjan + k) — ICTI — 0.

Proof. Up to isomorphism, we can assume that & = 0. By lemma we have the exact
sequence
0 — 6 — MHi(n;n) — K, — 0.

Now apply the functor M#H,(c; B;) * @ to it, to obtain the triangle
MH (as; B5) — MH (i, m; Bj,m) — MH(as; B5) * Ky
The statement follows from noticing that M%H (coy; 8;) * K,;) = K,,. By lemma
MH (i ) * Ky = Ky ®0g, (MHy(ai5 85) ®og, K—) * Og,,) -

Consider the automorphism 1 of G2, given by (x,y) ~ (z,2y). Then for any complex M of
holonomic Dg,, -modules,

M x OGm = T 4 (1/171)—% (./\/l X O(Gm) = 71'274_(./\/1 X OGm) = ﬂ@m7+M Rk O((;,m.

Since the global de Rham cohomology of any modified hypergeometric D-module is concentrated
in zero degree and one-dimensional, the claim above follows and we are done. O

Corollary 3.1.13. (|Ka5, 6.3.11]) With the same notation as above, let A be the set of param-
eters occurring at both the lists of the oy and the 3;. Then,

MH. (i3 B5)> =2 H(cancel(ay; 55)) © @ IC,.
neA

Now we can prove the results that will be of utility for us. They describe the effect of taking
the Fourier transform of the extensions of a Kummer pullback of an irreducible hypergeometric
D-module.

Lemma 3.1.14. (cf. [Kab, 3.5.6.1]) Let d be a positive integer. Then the direct image by [d] of
the Dg,, -module H1(0;0) is the hypergeometric D-module Hya(1/d, ..., d/d; D).
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Proof. The statement can be proved in two ways, which are included just for the sake of com-
pleteness. The Dg, -module Hga(1/d,...,d/d;0) is irreducible, because it cannot have any
Kummer D-module as a composition factor. And [d]+H1(0;0) is irreducible, too.

Indeed, suppose that it had a nonzero subobject M. Taking inverse images by [d], we would
have that [d]T M would be a subobject of

() ) 1 (0;0) = @D He(050),

CEpa
thanks to corollary Since all of the summands on the right-hand side are irreducible,
[d]* M should be a direct sum of some of them, say belonging to Z C pug. Now note that
he s ld)t = [d)t for every ¢ € pg, so Z = pg. In conclusion, [d]* M = [d]*[d]+H1(0;0), and M
would not be anything else but [d]+H1(0;0).
Then, in order to prove the existence of an isomorphism from it to [d]+H1(0;0), it will be
enough, by irreducibility, to find a nonzero morphism between them.
For any d > 1, let H* be the operator
d—1
H:=[[(D-j) -\
§=0
It belongs to the subsheaf of rings Dy of Dg,, of differential operators generated by A%, A=¢ and
D. Let us show that it is always a right multiple of D — A.
More concretely, we will show that

d—-1d—-1-k

Y s(d—j.k+1)NDF | (D - N),

k=0 j=0
where the s(a,b) are the Stirling numbers of the first kind. In fact, since

d

H =" s(d, j)D7 - ),
j=1
we have to show that
s(d,d) = 1,
d—1d—1—k '
M= 23T N s(d - gk DM
k=0 j=0
d—r d—1d—k 2
s(d,r) = s(d—j,r ZZ (d—j+1,k+ ))\<>
§=0 k=r j=1

The first equality follows by definition, as well as the second one; note that
d—j—1

o osld—jk+1)=11-1)-...-(1—d+j+1).
k=0

Since j < d, that amounts to 0, 4—1, the Kronecker delta for those values. Regarding the third
one, reordering the sums and separating them for each power of A, it is equivalent to prove that
for any e > r > 0,

e

s(e,r) —Zs(e+1,/~c+1)<l:),

k=r
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which can be proved by induction in e using the recurrence formulas for the binomial numbers
and the Stirling numbers of the first kind (cf. [AS, 24.1.1.11.A;, 24.1.3.11.A}).

Therefore, we can define the morphism of Dg-modules Dy/(H?) — H1(0;0) given by 1 ~ 1.
Note that Dya = D) /d € Dy, so the direct image by [d] of any complex of Dg,, -modules is itself
seen as a Dg-module. Thus our morphism above induces another one, namely

Da/(H?) — [d]1+H1(0;0),

which does not vanish either. Now make p := \%. Then Dg,, is isomorphic to Dy as a Dg,,-
module by the identification A\ — u, D — Dy, and under this change of variables,

d—1
He = a' [[(D, — j/d) - n.
=0

so we can define a nonzero morphism between H;a(0,1/d,...,(d — 1)/d;0) and [d]+H1(0;0).
Since a hypergeometric D-module remains the same when changing its parameters modulo the

integers, we are done.

The other method uses proposition Since H1(0; 0) is a Dg,,,-module of Euler character-
istic —1 and generic rank 1, then its image by [d]+ will be another Dg, -module of characteristic
—1, that is, a hypergeometric one, being its rank d. Write [d]+H1(0;0) = H~(a; 85). Applying
[d]T to that equality, we have that

P Hc(0;0) = g,/ | v/d* T[(D — dow) = X[ (D - dB)) | ,
i=1

CEpa j=1

sor =d and s = 0 (the set of the §; must be empty). In that case, our equality also shows us

that
[I¢=1=n/d

CEpg

so v = d%, which is characterized for M (cu; 0) is irreducible, thanks to proposition To
finish this second proof, the exponents of [d]"H(as; ;) are the classes of the da;, but they
must be integer because so the exponents of the #¢(0;() are. And tensoring with the Kummer
D-module Ky /4 gives by the projection formula that

[d]+ H1(0;0) ®oy,, Ki/a = [d]y (H1(0;0) ®oy,, [d]7K1/q) = [d]+Ha(0;0).
In conclusion, o; = i/d for every i = 1,...,d and we are done. O

Proposition 3.1.15. ([Kab, 6.4.1]) Let j be the canonical inclusion of Gy, into A, let d be a
positive integer, and let H(oy; ;) be an irreducible hypergeometric D-module of type (n,m).
Then,

5V ET g [d] My (s By) = [d] T MH(_yyminga sy (1/d, - .. d/d, —Bj; —ai).

Proof. Before going for that, just note that if some of the lists of the a; or the 8; were empty,

the argument would be the same, mutatis mutandis.
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We will use once again proposition Therefore,
GEFT o d] Y o (s B5) = ([d]F invy Hy(ais B5)) * Hi(0;0).
Now apply point ¢ of lemma with ¢ = [d] to find that
GTET g d Ho (s B) = [d]T (H(—aymin /o (=85 —ai) * [d] Hi(0;0)) .

Finally, just apply the lemma above to end the proof. O

Proposition 3.1.16. ([Kab, 6.4.2]) Under the same notations and conditions of the proposition

above,
T FT ji[d) T Hoy(cu; B;) [d]+’1’-[(_1)m+ndd/7(cancel(l/d, o d/d, =By —ay)).

Proof. Since [d] is an étale morphism, ji; takes irreducibles to irreducibles and j* FT is an
exact functor, both Dg, -modules at the statement are semisimple by assumption, and so it will
suffice to show that they have the same semisimplifications to obtain the isomorphism.

Up to taking direct or inverse image by the inversion in G,, we can assume that n > 0. If
m = 0, as in the proof of the previous proposition, the strategy described will remain the same.
Consider the short exact sequence

0 — jis [d] T My (ai; B5) — i [d) T Hy (i B5) — 65 — 0.
Let A be the set
A={ke{l,...,d}|k/d=qa; modZ for somei=1,...,n}.

Then by corollary and proposition we can affirm that » = card A. Consequently,
applying the exact functor j© FT to the exact sequence we have that

JTFT j[d] Y Hy (w3 8)% = 5T FT iy [d] T Hy (w3 8) @ O, -

On the other hand, by the proposition above and corollary [3.1.13] we know that

GEFT o [d) My (i B)*° = [d]T | H_yymengass (cancel(1/d, ..., d/d, —B;; —a;)) & @D Ky
neA

Thus comparing both expressions and getting rid of the common O, , we finally obtain that

57 EFT g [d) T Hy (s By) 2 [d) P H(_1ymengays (cancel(1/d, ..., d/d, —Bj; —ay)).
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3.2 Exponents of G,

In this section we will apply the results of the previous one to our context of chapter [2| to find
the exponents of G, or ¢ G, at both the origin and the point at infinity. We also provide the
proof of theorems [2.1.6] and [2.1.8] by using all the information given by the propositions of the

previous chapter, together with the calculation of the exponents.

Proof of theorem part one. The statement about the “constant” part of K, is part of
proposition and the existence of G, and the exact sequence

0— Gy — HUK,) — Of —0

follows from proposition

Now by proposition Gp, is a regular Dg,, -module of Euler-Poincaré characteristic —1,
of rank d,, — 1 and singularities at the origin and infinity, so by propositions [L.4.1] and [1.4.10]
and corollary (or proposition its semisimplification will consist of k& Kummer D-
modules and an irreducible hypergeometric D-module of type (d, — 1 — k,d, — 1 — k), with a

singularity at -y,, that is to say,
G =P Ka® Fu,

a€A

where |A| = k and F,, is an irreducible hypergeometric D-module of type (d, — 1 —k,d,, — 1 —k)
of the form H,,, (ou; B;).
Since we want to characterize the Kummer D-modules and F;,, we only need, by virtue

of propositions [1.3.4] and [1.4.10} to find the exponents of G,, at both zero and infinity. Thus

those occurring at both points will determine the Kummer summands, and the rest will be the
parameters of F,.

Recall that by proposition pn is a proper and smooth morphism at the origin, so
Pn,+Ox, ., does not have any singularity there, as well as every of its subobjects, like its invariant
part under the action of G. Now, as in the proof of theorem K, sits in a distinguished
triangle between (anrOXn’w)G and a complex whose cohomologies are just copies of Ou1, so
it cannot have a singularity at the origin either. Since j*K, = ¢f K, by construction, the
dn, — 1 exponents at the origin of G, can only be fractions of denominator equal to d,,, say with
numerators ki, ...,kq,—1 € {1,...,dn}. O

Let us find now the restriction by jT of the Fourier transform of K,. The strategy is similar
to and inspired by the one used in the first three sections of [DS]. Given an r-uple a in the
cartesian r-th power of some set, we will denote its i-th coordinate by a;.

Lemma 3.2.1. ([DS| 2.1]) Reorder the values of the w; in increasing order. Let {a(k),i(k)}r>0
be the sequence in N"*1 x {0,...,n} defined by the following recursion:

a(0) = (0,...,0) i(0)=0
a(k+1) = a(k) +e;y i(k+1)=min {z €{0,...,n}

a(k‘Jrl)i_ min a(k—l—l)j}'

Ww; 7=0,....,n wy

Then the following properties hold:
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i) For any k > 0,

a(k)i(r) - a(k + 1)igg1) - a(k)ik +1
Wik)y — Wik+1) Wik

i) a(dn) = (wo, ..., wn), and if k < dy, then a(k);x) < wik)-
ii) The map {0,...,dp — 1} = [T7L0{0, ..., w; — 1} given by k = a;y - e;x) is bijective.

Proof. Regarding the first point, if i(k 4+ 1) = i(k) the statement holds by definition of a(k + 1).
If not, then a(k +1);4+1) = a(k)i+1), and the two inequalities follow by the definitions of i(k)
and i(k + 1), respectively.

Let us show point éi. Note that if there exists an index j such that a(k); < wj, then by
definition a(k);) < wi(r), t00, s0 a(k+1);x) < wj). Therefore, no coordinate of a(k) surpasses
a w; until all of the a(k); are equal to the corresponding w;. As a consequence, the (n + 1)-uple
w can only be reached when k = d,,.

Only point 4 remains, but this is easy to show after the previous one; both sets have
the same cardinality and by definition and point ii the map is well defined and injective, so
bijective. O

Proposition 3.2.2. (cf. [DS, 3.2]) Let n > 1. Then, we have an isomorphism of complezes of
Dg,,-modules
JYET Ry 2 [do] H (JOZEZZ ) .

Proof. We already know the expression of K, up to the exponents of G,. Since ¢, is étale,
the functor F,, := jT FT j .. is exact and preserves semisimplicity. Then the cohomologies
of the complex j© FT K,, coincide with those of F, K, because they can be extended without
singularities to the origin, and so they will be the image by F;, of those of K,,. Let us see what
happens to each of them.

All the copies of Og,, appearing as composition factors of each H*(K,) become the punctual
delta module &y after applying FT jiy ¢, so they vanish when taking their restriction to G,
again. And something similar happens with the Kummer D-modules, if any, which are compo-
sition factors of H(K,,). By what we know of K,, (cf. the first part of the proof of theorem
, their respective parameters (the representatives of their exponents at both zero and the
point at infinity) must be rational numbers of denominator d,,, so their image by ¢, is Og,, and
so the result of applying to them j* FT j,, is zero anyway.

Therefore, j+ FT K,, will be concentrated in degree zero and only consist of F},F,, so by
proposition jTFT K, is just the inverse image by [d,] of an irreducible hypergeometric
D-module.

On the other hand, by definition,

JPFTK, = j m (nf ¢4 0a, ®0,, L),

where G, is the n-dimensional torus with equation zg° - ... 2" =1 and p(z) = o+ ... + zp.
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Note that K, = ¢, Og, . Consider the following diagram of cartesian squares:

Gn X Gy —— Gy x A " 5@, .
go><7r2l ] ls@xm O J(SD
Al X G, - A? Al
J m
ﬂzl O “QJ(
G, : Al

J
Applying the base change and projection formulas,

>~

jtmoy (7f 1 0a, ®o,, £) = jTm 1 ((¢ X m2) 4O, xar ®0,, L)
= Ty 4 (o X mo) T L =y 4 (p x m2) TG L
The inverse image by j(go x mg) of L, is not so easy to compute, but its direct image by the
closed immersion i : Gy, X G, — G x Gy, say M, is

M %DGnmﬂxGm/(gw—1,80—)\,...,8n—)\,8)\—x0—...—xn).

We then have to find the last cohomology of the relative (with respect to the last factor of
G x G,,) de Rham cohomology of M, or equivalently, the cokernel of

¥ (0g,[z]/(@¥ — 1) — (O, [al/ (" - 1))
(agy...,an) Z(& + A)(ai),

i=0
where the action of d) on R := (Og,, [z]/(z" — 1)) is given by multiplication by xo + ... + zp,.
Let a be an (n + 1)-uple of nonnegative integers, and let £ € R. Then every image of the
form (9; + \)(z®) will vanish in the cokernel N of ¢). We will build up the differential equation
that we are looking for from those elementary ones.
Fix a j € {0,...,n} and consider the element of R

n
d
Y@@+ M) (@) = (95 + M) ().
i=0 Wi
We know it vanishes in NV, and by the Euler relation and the action of 9\ on R, we have that

dpa; dy, ,
(D)\ 4 |a’ _ CL]) (ga) — 7)\£a+ej

J wj
on N. Now, for any k = 0,...,d, — 1, consider a = a(k) as in the previous lemma. Thanks to
it, for any such k,
d
(Dx + k — dps(k))(z®®)) = 2 agok+D)
w;
where the s(k) are the numbers j/w;, for i =0,...,nand j =0,...,w; — 1 ordered increasingly.

Then, starting by a = 0 and applying the d,, relations that we have found,

dn—1 ddn 4
(Dy — dps(k)) = = A"
1 I1

w;
=0 i=0 Wi
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in V. Up to a twisting by A, that is the equation defining the image by [d,]* of the irreducible

1 wo W,
v\ Wo wo Wn,

Summing up, j+ FT K, is the image by [d,]T of an irreducible hypergeometric D-module which

hypergeometric D-module

contains such a module in its composition series, so both are equal and we are done. O

Proof of theorem[2.1.6, part two. Write the exponents of G, at zero as a1, ..., aq,—1, all of them
thought of as elements of k/Z. Thus by propositions above and [3.1.16| we can be a bit more
specific and state that

d d d
<n,..., nwo,..., nwn’Q)) :cancel(l,...,dn,dnal,...,dadn_l;kl,...,kdn_l),
wo wo Wn,

where the cancelation operation now is made modulo d,Z, and not the integers, since we are
dealing with inverse images by [dy].

Let us understand how the process with the exponents of G, goes until obtaining those of
jTFT K,,. Let us denote by W,,, D,, and D/, respectively, the list of the o, {1,...,d,} and the
list of the k;/d,.

D, W, D, W,-D, D, — (D!, = W,) W,—D,
— e
D/, D), -W, (D, — (W, UD,)=10

First, we cancel the a; which are equal to some element from D/,. Then, those remaining cancel
again with the list D,. At this point there is no exponent at infinity left, and we add the
elements of D,, which have not been canceled to the remaining «;.

Up to taking tensor product with a Kummer D-module Ky /4, for some b =1,...,d,, the o;
must all be of the form j/w;, withi=0,...,nand j =1,...,w;.

If two elements of D/, coincide and are not equal to any of W, then both of them should
cancel with an element of D,,, which has no repeated numbers, so we would have some exponent
of 7 FT K,, at infinity, which is impossible. Consequently at least all but one of the repeated
values of D/, must cancel with some of W,,. In that case, despite we could manage to have an
empty list of exponents of 57 FT K,, at infinity, that is not possible either.

Suppose that we cancel all but one of the repeated values of D!, with some of W;,. Then, we
cannot replace that element of W, with its copy at D,,, because it is canceled too, contradicting
the fact that in the end we have at the origin all of the j/wj;. The last case to be considered is
when some elements of D], get canceled with some of W,,, but not of D,,. In that case, as before,
we only have another copy of the same element at D,, to replace many of them remaining, and
we cannot complete the list of the j/w;. In conclusion, all of the k; are different.

Summing up, up to a Kummer shifting by some b/d,,, the exponents at the point at infinity
of G, are, modulo Z, those of D,, divided by d,, except for certain a/d,, with a € D,,. At the
origin, we can find each number of the form j/w;, with ¢ =0,...,n and j = 1,..., w;, except
for the same a/d,,. In other words, there exist two integers a,b € {1,...,d,} such that modulo

the integers the exponents at the origin and infinity of G,, are, respectively,

1 b wo b Wh, b a+b
web .= - 4~ =24 = e
" {’wo—i_dn’ ’w0+dn7 7wn—i_dn} { dn, }
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1 d a—+b
pwb.— ) - Tl )
T e b

(We will avoid mentioning a and b in the symbols of W,, and D,, whenever it is clear from the
context.) This ends the proof of the theorem. O

and

We now include another way of ending the proof of theorem [2.1.6] as suggested to us and
outlined by Sabbah in a personal communication. It follows a different approach, focusing at
K, directly, instead of finding first the exponents of G,, up to the values of a and b. We will first
prove that the nonconstant part of j 7K, is

1 1 1 d
LZH% cancel —,...,@,...,—,...,%;—,...,—n .
wo wo Wnp, Wy dp dn,

Thus the exponents of G,, should be, up to a parameter b coming from tensoring with a Kummer
D-module Ky 4, all of the parameters of the hypergeometric above modulo Z, except for certain
a/d, which cannot exist, for we know that the rank of G, is d,, — 1 thanks to proposition m

First of stating and proving anything, we must introduce a new functor for complexes of

Dyi1-modules, Fourier localization.

Definition 3.2.3. Let M € D(D,1) be a bounded complex of Dy1-modules, and let j be the
canonical inclusion of G,,, into Al. We define its Fourier localization as

FLocM =FT7!j, jTFT M.

Proposition 3.2.4. The functor FLoc is exact in the category of coherent Dy1-modules. For
any holonomic Dy1-module M, there exists a canonical morphism M — FLoc M whose kernel
and cokernel are constant. In particular, the nonconstant composition factors of M and FLoc M

are the same.

Proof. The first claim follows from the fact that FT, j, and j* are exact in the respective
categories of coherent D-modules. By adjunction, we always have a canonical morphism N —
jji TN for any holonomic Di-module N, so taking N’ = FT M and applying FT~! we obtain
the desired canonical morphism.

Let us show the other claims. If we had a Dg, -module N such that FT~!j, A" = 0, then
necessarily N’ = 0. Then, if FT~!j,j* M for some D4i1-module M, it has to be supported just
at the origin, so FLoc only annihilates constant composition factors.

Assume now that M does not have any constant composition factor. Since FT is an exact
equivalence of categories, that means that F'T M has no punctual composition factor. Then we
can apply proposition to it so that we obtain the exact sequence

0—FTM— j jTFTM — &) — 0,

for some r > 0. Applying FT~! again we arrive at an exact sequence whose last term is constant,
so the statement about the cokernel is also proved. O

Proposition 3.2.5. For every n > 1, the nonconstant part of j*K,, is 1t H, where H is the

hypergeometric Dg,, -module

cancel | —, ..., —, . .., =, ., T Ty ey T .
Yn w()v 711)0’ ’wn’ ’wn7dn7 ’dn
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Proof. The discussion above shows that we just need to prove that j+ FLoc K, is isomorphic to
;7 H. By proposition we know that j© FT K,, & Dg, /(P), where P is

n w;

dnj d
D — — | = \%.
eI (7-5) -
=0 j=0
Taking the direct image by j is just localizing at X, so applying FT~! to the canonical morphism

Dy1/(P) — j+jt FT K, we can deduce that there exists another canonical morphism from the
nonconstant part M of Dy1/(Q) to FLoc K,,, with @ being the image by FT~! of P, that is,

n  w; d j
— Adn _ nJ
ocr I ()
1=07=0
Since the kernel and the cokernel of the first morphism is necessarily supported at the origin,
then both the kernel and the cokernel of M — FLoc K,, must be constant. However, by the
exactness of FLoc and proposition both D,1-modules have the same generic rank, for we
are canceling the same constant factors at each side, making that morphism bijective.
Now we just need to apply jT to the isomorphism M — FLoc K,,, and thus allowing ourselves
to invert \. But then we can multiply @ on the left by A% and since A% 9% = H;-lial(D —7)
(which can be easily proved by induction by using that AD = (D — 1)), we have in conclusion

that j+* FLoc K, is isomorphic to the nonconstant part of the quotient of Dg,, by the left ideal

dn_l n w; .
).

[T ®@-5)-x"TI11 (m#ﬁij

j=0 =0 j=0

generated by

which is isomorphic to the inverse image by ¢, of H, up to taking tensor product with £y /q,. U

After having proved theorem [2.1.6] we now have to discuss the particular cases in theorem
2.1.8} we will do it after proving a result about the exponents of K, at the origin when wg = 1
by using all the machinery introduced in the second part of section [L.3

Proposition 3.2.6. Let n > 1 be a natural number, R =k((t))[x1,...,zy,], and (wi,...,wy,) €
7%y be an n-uple of positive integers. Let now « be a rational number such that w;a is not an
integer for anyi=1...,n, and let \ =2y ... -z (1 —x1 — ... —xy,) € R. Then the k-linear

homomorphism ® : R"t' — R given by
¢ = (/\—t,al+/\’1<pa,...,an+/\;cpa) ,
18 surjective.

Proof. Let us assume that n > 2, but if we will comment throughout the proof the changes we
should do to treat the case in which n = 1.

Let us note some facts that we will made use of. Splitting A in homogeneous components,
we can write A = g+ v, with p = 2y - ... -zl and v = —p(z1 + ... + z,). We will denote

by J, = (v,vq,...,v),) the extended Jacobian ideal of v, and by S, its module of syzygies of

rrn

first order. It is straightforward to see that x;u; = w;p and that x;u = w;v — ;v for every
i=1,...,n. Apart from that, we know thanks to lemma[2.2.1]that S,, which is free, is generated



3.2. EXPONENTS OF Gn 77

by (—=dn,21,...,x,), the Euler syzygy (d, = 14+ > w; > n+1 is the degree of \), and for every
pair of indexes (4, j) such that 1 <14 < j <n, a Koszul syzygy of the form (vie; — viej)ziv;/p.
Evidently, if n = 1 we only have the Euler syzygy.

We will write each element of R as a sum of its homogeneous components, a = ), ak, as
we did with A\. Then let us pick an element c of R, which we can assume without loss of ge_nerality
to be homogeneous of degree m > 0, and let us say that there exist a, and n polynomials b® for
every i = 1,...,n, so that ®(a,b',...,b") = ¢, and see which conditions we have to impose on
them. For every r > 0, we will have that

Vyr—d, + H0r—d,+1 — tar + ZM@QPD& r—dp+2 + Z Vz(PCY 7" dn+1 + Zbr—i-l i = Cr-

We will consider that a only has nonvanishing k-th homogeneous components for k =m, ..., m-+
d, — 1, and each of the b’ for k =m +1,...,m + d,,. Thus our general formula will be useful
for us only for r =m,...,m+ 2d,, —

Let us start in the formula above by r = m + 2d,, — 1. We have that

Vamtdn,—1 1 Z%@a metdy, = 0-

Then (am+d,—1, goab}nern, ... ,cpabfnern) € S,, so there exist homogeneous polynomials in R, f
and g(; j), for every 1 <i < j <n of respective degrees m + d, — 1 and m + d,, — 2 such that

am—l—dn—l = _dnf

(:Oam—f—d xzf"i_z ]_Z
J#

Vg(”), i=1,...,n. >

where ¢ is the sign function for a nonzero real number; e(z) = |z|/z.
Let us go on by taking n = m + 2d,, — 2. Our general formula turns into

Vamidy, -2+ Hmid, 1+ Y HiPabhpa, + > Viabing,—1 = 0.
: :

We can replace a4, —1, and the goabfn g, by their values in terms of f and the g; j):

Vg id,—2 — dppf + szuzf +Y N e 7% [96.0) + D Vitabin a1 =
1§ %

= Umd,—2V + (—dnp + szm f+ Z Pabimid,—1 — ) (i — Dwjziga ) | vi =0,
JF#i

where we have used that z;u; = w;u. Now noticing that (d, — 1)p = z1py + ... + zppl,,

Untdn—2v+ Y, | Pablnra,—1 = D eli — Dwizigg ) | vi— fu=0.
i i
Note that, since f is homogeneous of degree m + d, — 1 > 0, there exist n homogeneous
polynomials f1),..., f(,) € R of degree m +d,, — 2 such that f = ), x;f(;). Using the formulas

Tih = w;v — ;. we can form again a syz of S, so there must exist new homogeneous
i % Yy y
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polynomials in R, f(!) and g&.l)j), of respective degrees m+d,, — 2 (note that if n = wp = wy = 1,
this would imply that f() is constant and we would stop this first part of the process) and

m + d,, — 3 such that

Uy —2 = —dn fN +D wif

Spab;n+dn71 = 33z‘f(1) - xif(i) + ZE(J — 1) < 'uj Vég((il,)j) + wjﬂﬁig(i,j)) s i=1,...,n.
J#i

So let us move on and see what happens when n = m + 2d,, — 3. Here our favorite formula reads

Vamitd,—3 T HOm+td,—2 Z Mé%bfnwnq + Z Vz{%bfnwn—Q = 0.

7 %

Writing @, 14, —2 and the @bt mtd, 1 like above and proceeding as in degree m + 2d,, — 2 yields

Am+d,,—3V — ,uf(l) + Z(wiﬂ - Zvlﬂg)f(z)"'

i

+ZZ ]_2 (wzx]VJg(( ))‘i‘wzwjﬂgzg)"i‘zgoa m+dy, 72V = 0.
1§

In this formula we can notice that each term of the form w;puf;) — Tl J(s) vanishes. Apart from
that, summing over all of the unordered pairs (4, j) the expressions e(j —i)w;w; HY(ij) Elves zero,
since except for the sign they are independent of the order of the indexes.

Thanks to f(!) being homogeneous of degree m~+d,, —2 > n—1 > 0, there exist n homogeneous
polynomials f((ll)), el f((ig € R of degree m + d,, — 3 such that f(!) = > xif((il)).

Acting as before, we obtain that there exist n other homogeneous polynomials of R, f(® and

ggiz)j), of respective degrees m — d,, — 3 and m + d,, — 4 (note that this would imply that all of

the g(.g) are zero if m =0, n = 2 and w; = 1 for all ¢) such that
(i,9)

Am+-dn—3 = 7dnf(2) + Z wif((il))
i
i 1 . . T35 2 .
@ab:n.;_dn_Q = :Elf@) - xlf((l)) + 25(] — 1) (”V;'g((i7)]) + jng((l)])> t=1,...,n
i a

For r = m +d,,...,m+ 2d,, — 4 (if possible) we will observe the same behaviour, but taking
further polynomials of the form f*) and g((f;), for 1 < i < j < n. More concretely, for every
r=m+1,....m+d, andeveryi=1,...,n,

r_1 = —dp fmFdn=T) +Z fuptdemr=y

i n—T m-+dnp—r— m+dn,—r m dn—r ’
ol =) Sy (B )
JFi

where the f*) and the g( ;) are homogeneous polynomials of R of respective degrees m+d,+k—1

and m+d,+k—2 (if n > 2 and m = 0, ggd”) U~ 0 for every pair (4, j). Moreover, we will express

every polynomial f*) for k < d, — 1, as f® = > i f((i’;), where the f((i];) are n homogeneous
polynomials of R of degree m + d,, + k — 2.
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Summing up, we have been able to express our first unknowns, the forms a; and b};, in
terms of many more polynomials, and we do not know anything about them but their degrees.
However, recall that we have other d,, equations left arising from our general formula. Those
will be the ones which will give us some information about our new unknowns.

Let us then take r = m + d,, — 1. Our formula is like this:

W — tamad, -1 + Z MZSOa 1 T Z bm+dn, =0.

We can now replace all of the forms above (thanks to ¢, being bijective). This changes sub-

stantially our formula into

—dppuf +szuf Dyd tf+Z$Mf(d” b szuzf(d" Dy

#30el =) (e wiang((5) + 3t + 30 D+

i ji

+2_ D cli-D=r

i i a

Summing w;w; ugég;)_ ) or V,Lj would give zero. Taking that into account together with the Euler
relation for y and ¢! f, and the fact that for every i, we have that z;u} = w;u, leads us to the

w; — 1 _
(— Zac- vi+ v+ 1/]’»61-> gpalg(m) = 0.
7

following equation in homogeneous polynomials of degree m + d,, — 1:

d Am+dn+n 1f Mf (dn—1) +Z(V(ZJ )9(i,5) +N( 99 Elﬂ)_ )) =0,
(4.5)

where the operators A, were defined at and, respectively, V{; j) and N(; ;) are the following
for each pair (i, 7):
1 -1,

.%'i.%'j ’ ’ wj — ’ w; 1
Vi = =, <Vj3i—%51‘+ o Vi T Vi) P
J (]

N( ) = wszu + w;x v ]

Now let us take an arbitrary r € {m +1,...,m + d,, — 2}, if possible. Our general formula
can be written as

_zscz,njLZ:br+1Z —

Substituting a, and all of the b 7.1 Dy their expressions and acting as the previous case, we
obtain that

A A g f7 ==Y szAD“f’”*d” Y (Tagal T Vel Y) =0,
(4,5)

with T(; ; being defined for every pair (7, j) as
Ty = (wiDiy — wiDj1) o

If » = m the only difference with the formula above is that we have c,, in the right-hand side.
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Therefore, as we said before, the second group of d,, equations allowed us to impose certain
conditions on the f*) and the g(( )) taking the form of a system of (homogeneous polynomial)
equations, namely

d Am+dn+n mtdptn_1 f — /Jf (dn=1) + Z ( (1.4)96.5) T N( ’J)Q((dn) 1)) =0
(4.4)
dnA%f( ZwlADzlf( +Z<T(Z] 2])+V(,])9Ez)])) =0
n Wy (Z,j)

dpn— (dn—3) (dn— ) (dn—=2)\ _
dnA%ZJrl f( Z szDz 1 f + Z (T(z ])g(l 7) Vv(%])-%z 7) ) =0
(4.5)
dn— (dn 2) (dn—2) (dn—1)Y _
dy Amgn f 1 Z “’ZADZ . + (T(i,j)g(z‘,j) + Vi 90.5) ) = Om
(4.9)

If n = 1, we would only have the first and the last ones. How to prove that this system has a
solution, and then, that ® is surjective? Let us denote by Sk the set {u € N™ : |u| = k}. For any
k=0,...,d,—2, we know that f*) = > $z’f((£)7 and that, obviously, supp(f(k)) = Smtd,+k—1-
Whenever that condition holds, we could choose the support of all of the f((;;), up to a reordering
on the set of exponents which would appear at each one. We will say that the support of
a polynomial f((i];) is maximal if it is the whole Sy, 14, —r—2.Then, without loss of generality,
assume the maximality of the supports of the following polynomials:

f(1) fork=d,—1—wy,...,d, — 2,
and for every i = 2,...,n,

F) for k=dp =1 —wy = —wiy o dy = 2 = w1 — = wi

(Obviously this definition of maximality and the assumptions on the f((g) are useless whenn = 1.)

Thanks to the choice of o and remark [1.3.13| we know that each Ap,, is invertible, so we can

w;

solve any f((g"_r_l) of maximal support in terms of f(@ =) and the g((d;) "1 and g((ldg)_ r), for
r=1,...,d, — 1, over all the possible support of the corresponding equation.

Now is when the choice on the supports of the f((s) makes sense. Start at the last equation by

)

solving f 4n=2) and replacing its value in the preceding equation, and do this with the polynomial

f((g) assumed to have a maximal support until we reach the first one. As a consequence, we will
have the following expression:

—w; —1 -1 -
dZ" Hwi Aty 4n—1 TnAp, | Amtdyin-2 ... - ;1Ap | ALﬁﬁn —p ) f =
_ gdn —w; —1 -1
= dn w; Am+dn+n—1 IL’nADn 1 Am+dn+n—2 et CUIADI 1 Cm,
i " T o Tor

(k)

where the dotted summand in the left-hand side is formed by the remaining f((s) and 945

Thanks to lemma [[.3.14] we can move all of the variables to the left and write

y (TA% - 1) Fn=D — yre,
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where

T - ddn H w ZAm+dn+n 1 A . Am+dn+n Wn A }Ll . Am+n+1 A_D:i 1 -
n —_— dn —

wn wn, ) wq

DTLUJ

—1
dn—1 n  w;

H Aprsgincs g HHA

i=1j5=1

Applying lemma I@I we know that YAmin — 1 is an automorphism of R, which besides
dn

preserves each monomial (although not their coefficients). Thus we can find f(@ =1 from ¢,
just by solving the equations on its monomials. All this process could be made independently
of the choice of m, n, all of the w; and ¢, so it finally proves the surjectivity of ® and the
proposition. O

Proof of theorem[2.1.8, We need to show the concrete values of a and b. When every wj is prime
to dy, it is impossible to have an equality of the form j/w; = a/d, for any j =1,...,w; — 1, so
the only rational number (a + b)/d,, that we can subtract from W, is b/d,.

The important case is when some w; is equal to 1 (say ¢ = 0 up to a reordering); here we
can be more precise. In this case we can show that A, Oz, has as exponents at the origin and
infinity Wimdn and Dg"’d”, respectively.

We have just seen that the exponents at the origin of K,, = A\, +Oz, can only be those of
the form j/w; mod Z, and each of them which is not integer occurs with the same multiplicity.
In fact, since the exponents of G,, form the set W, ® for some a and b, that multiplicity of each
noninteger exponent of G, must be one and, as a consequence, that of the integer one is n; that
e _ = W' Let us show now that that implies that
there is no possible choice of a and b other than a = b = d,,.

If a # d,,, then the value b/d,, appears at W,, with multiplicity n + 1, and if it is not 1, then
there must exist n + 1 different ji < wy such that ji/wi = j;/w; = b/d,,, but this is impossible

is, the exponents at the origin of G, are Wy,

because of the following lemma. Therefore, b = d,,, but in that case, since a # d,,, there would
exist an exponent at both the origin and infinity equal to 1, and in that case, G, would have a
composition factor equal to Og,,, which cannot happen by proposition @

Thus a = d,,. Then if b # d, there must exist again an exponent at both the origin and
infinity equal to 1, because the sets

1. b  w b %+£ [
ot e b . T

1 wo W,
L g S|
-t 0

must coincide. As before this is a contradiction, so in conclusion a = b = d,,. This ends the

and

proof of the particular cases, and thus the theorem. O

Lemma 3.2.7. Letn > 1 be an integer, and let (w1, . ..,wy,) an n-uple of positive integers. The

following conditions are equivalent:
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i) There exists another n-uple (ai,...,a,) of positive integers such that a; < w; for every

i=1,...,n, and the quotients a;/w; are all equal.
it) ged(wy, ..., wy) > 1.

Proof. The upwards part of the equivalence is easy, since if there exists some integer d dividing
all of the w;, then write w; = dv; and take a; = v;.

Let us proof the other implication. Since aj/w; = as/we, then w; and wy must share a
prime factor, say p. If n = 2 everything is proved, so assume that n > 2 and take r > 2 such

that, up to a reordering of the indexes, p divides wi, ws, ..., w,. Evidently, if r = n we are done,
so we can assume that r < n and p does not divide wy41,...,w,. For such values of ¢ and for
Jj = 1,...,r, we have that a;w; = a;w;, so p must divide a;. Therefore, we can simplify the

fraction a;/w; dividing by p both the numerator and the denominator. Renaming them as a;
and w; we return to a new pair of n-uples satisfying the first condition of the statement, so we
can assume from the beginning that a; and wy are prime to each other, reducing as before by
all of its common prime divisors in case they are not.

Consequently, doing the same as before, we can claim that the first » > 2 of the w; have a
prime common divisor p. Since ajw; = a;w; for every ¢ = r + 1,...,n and p cannot divide aq,

then plw; for every i and then ged(wy, ..., wy,) > 1. O



Chapter 4

Some complements

The mathematician’s patterns, like the painter’s or the poet’s
must be beautiful; the ideas, like the colours or the words
must fit together in a harmonious way.

G. H. HArDY

4.1 Special cases of (wy,...,w,)

In this section we deal with three particular cases of (n+1)-uples (wo, ..., w,) € Z>g. Although
the first two are not really interesting as we will see, they allow us to complete the study of the

Gauss-Manin cohomology of Y, ,, without imposing any condition on the monomial z¢°-. . .- zw".

The first condition that we could try to erase is that ged(wp,...,w,) = 1. If not, there
would be an integer d dividing all of the w;, and then, G and ), ,, would be reducible. In fact,
they would be the disjoint union of their irreducible components, all of them differing only by a

d-th root of unity. Going downstairs to the context of Z, ,,, we would have that

Pn,+0z, , = @ h¢4pn+Oz, 00
CEpa
so in the end, K, would be the direct sum of d copies of pnnL(’)ymw Ja> reducing the calculation

to the original setting.

So that case it is not quite important, but we can also consider the case in which for some
r > 0 and every ¢ = 0,...,r we have that w; = 0. This would complete all the existing
possibilities for the choice of the monomial z¢® - ... - 2% in the expression of X}, .

Under this assumption, the morphisms p,, from &, ,, and Y, , are smooth in the whole of
Al, and K, is the direct image of Ogr by the morphism \,(z) = xﬁ{l ... xPr. Then, by

definition and the global Kiinneth formula, we have that

Wr41 Wn, 0 i,
Kn = @ o @ ’Cil/wr+1 Kok K:infr/w" ® (@ Oénz)[l]> ;

i1=1 in—r=1 i=—7

we are interested in calculating each of those summands.

83
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Proposition 4.1.1. Let r > 0 such that w; =0 fori=0,...,r. Then every cohomology of K,

1s the direct sum of copies of Oy .

Proof. By the last paragraph of the first part of the proof of we just need to show that
any cohomology of K, is of zero Euler-Poincaré characteristic.
Note that for any « and S in k,

o w2 Ka[l]® K0 ifa=p modZ
“ A= 0 otherwise

By virtue of point 4 of lemma [3.1.5] we only need to prove the statement when [ is an integer,
and in that case we can follow the same argument as in the end of the proof of proposition
to find that

Og,, * Ko & 76, +Ka Kk Og,, -

Since the global de Rham cohomology of a Kummer D-module vanishes unless it is Og,,, , we are
done.
Now by applying repeatedly that claim and lemma [3.1.5[ again we can affirm that

s A 0 n—r—1
B @ Kb (@) B 0l oa).
n=1 in—r=1 acA i=—n+r+1

where A is the set of rational numbers « € (0,1] for which there exist i1,...,4,—, such that

a = ij/wyy; for every j, and thus,
N ol
K.~ |@PKa|o| P 0y -]
acA i=—n+1

However, due to lemma A D {1} if and only if ged(wy+1, ..., wy) > 1. Then, if A = {1},
K, is constant itself and so K,,. And if A D {1}, then K, will be the direct sum of the tensor
products of several Kummer D-modules with the same constant complex. Any of the exponents
of those Kummer D-modules are, modulo the integers, rational numbers of denominator a divisor
of d,,, so by returning to the previous discussion, K, has constant cohomologies. O

Now we could wonder when K, or K, have unipotent local monodromy at the origin and
infinity, respectively. This is a remarkable and rare, in the case of K, property, and we can
characterize it in terms of the w;:

Proposition 4.1.2. Under the conditions and notations of theorem [2.1.6, the following state-

ments are equivalent:
i) The generic rank of F, is n.
i1) The exponents of F, at the origin are all 1.
i11) The local monodromy at the origin of F,, consists of a single Jordan block.

iv) For every 0 <i < j <n, we have that ged(w;, w;) =1 and w; divides d,,.
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Proof. The veracity of every statement is independent of the choice of the parameter b appearing
at the exponents of Gy, so up to taking tensor product with K4, we can assume that b = d,,
and we will see in the end that it is the only possible assumption.

The exponents at the origin of F,, are n times 1 and some of the rational numbers of the
form j/w; with j =1,...,w; —1 and i = 0,...,n, except for a/d,, as long as it is not 1. Then,
the first assertion implies directly the second one by the pigeonhole principle.

Now if any exponent at the origin is 1, then no other j/w; can appear. If a = d,,, we have
n exponents remaining, and if a # d,,, although we have n + 1 times 1, the (n + 1)-th one gets
canceled with the same exponent of G, at infinity, so the first point follows. It is equivalent to
the third one because of corollary

The interesting statement is the last one. Let us look more carefully at the exponents of F,

at the origin. They are the result of canceling the lists

Loowewe]l S dn
eI . g

so if all of them are 1, the rest of the j/w; must occur on the second list, too, which happens if
and only if w; divides d,,. Now, on the list of the k/d,, every exponent appears exactly once, and
this only happens if and only if every pair of exponents k;/w; and ky/w; are different from each
other, forany 0 <i¢ < j<m, ki =1,...,w; —1and kp =1,...,w; — 1. And that is equivalent
to the fact that ged(w;, w;) =1 for every i and j.

The fourth condition of the proposition implies in fact that at least a w;, for some %, is equal
to 1. If not, since ged(w;, w;) = 1 and w;|d,, then > w; = dy, > []w;, which cannot happen
if w; > 2 for every i. To see that, write the w; in increasing order and divide the previous
inequality by w, to obtain that 2" < Hz o wi <n+ 1, a contradiction for any n > 2. Then in

this case we know that a = b = d,, and the proposition follows. ]

We note that a similar proof of this proposition can be found at [Ka7, 8.8]. For the first
values of n, the (n 4 1)-uples verifying the conditions of the proposition are:

n=1 (1,1)

n=2 (1,1,1),(1,1,2),(1,2,3)

n=3 (1,1,1,1),(1,1,1,3)

n=4 (1,1,1,1,1),(1,1,1,1,2),(1,1,1,1,4),(1,1,1,2,5)

n=5 (1,1,1,1,1,1),(1,1,1,1,1,5)

n=6 (1,1,1,1,1,1,1),(1,1,1,1,1,1,6), (1,1,1,1,1,2,7),(1,1,1,1,1, 3, 4)

Proposition 4.1.3. The exponents of v} F,, at infinity are all 1 if and only if every w; divides
dy,.

Proof. Since the exponents at the point at infinity of ¢+, F,, are d,, times those of F,, at the origin,
the statement follows easily. O

Some examples of (n + 1)-uples (wo, ..., wy) satisfying the condition of the proposition for
n = 3,4 can be found at [DS| 2.2].
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4.2 Relation between F,_; and F,

Over the years, some relations between hypergeometric functions or D-modules have been
proved. We can list, for instance, those of Erdélyi at [Er|, in the classical setting, or Katz,
using D-modules, at [Kabl § 5.3]. They mainly use the convolution and the Fourier transform
to express a hypergeometric D-module in terms of others with a smaller rank and part of the
parameters of the first one. Although it is not part of our main goal, we will prove a result that
relates directly JF,, with F,,_1, which is different in nature from the others above mentioned,
since both hypergeometric D-modules do not need to have any parameter in common. In this
section we will assume that the parameter b in the expression of G,,_1 is d,,_1; as it describes the
Kummer D-module with which we take tensor product to get G,_1, we can get rid of it when
applying L;Ll, so in practice we do not lose anything. In the end, the reader can interpret the
result as some kind of induction between certain types of such modules.

Proposition 4.2.1. For any n > 2, we have the exact sequence

0— P Ka— moi(mon) For — Go —0,
ag A

n—1
where Gy, is a Dg,, -module whose semisimplification equals F, © @ e g+ Ka-

Proof. Recall that we had the exact sequence

n—1—1 n—1—1

d d
0= @@ Kl = HUK,) = H (ma i (madn) Fur) » Of e @D Koy —0.
a=1 a=1

Since the composition factors of #° (72,4 (m2¢n) T Kp—1) are those of ma 4 (w2, )t Gpn—1 and (9(?;:772,
we can deduce that

dn—l
(72,1 (T20n) " Gn1)* = G & P Kaya, -
a=1

The composition factors of ma 1 (m2¢,) " G,—1 are in turn those occurring in o 4 (mody )T Fno1
a,bx

and o 1 (T2¢n) T Ky, for every a € A7, As in the proof of proposition it is easy to show
that (ﬂ2¢n)+lca = D(Gmf{l})xGm/<P07 P,), where

dnz — Wy,

Py=0. -
b =20 z(1—2)

Dy and P, = D) — a.

But then, dividing by P, we can take a better pair of generators of the ideal (P, P,), namely
Pyo = 2(1 = 2)0, — (dnz — wyp)a and P,. With this new generators, we see thanks to remark

[L1.8 that
(m2¢n) Ko = Dg,, 113/ (Po,a) ¥ Ka.

Note that Dg,, {1}/ FPo,o is nothing but the restriction to G, — {1} of the hypergeometric Dg,,-
module Hi(awy,; ad,). By proposition and the relative Kiinneth formula,

T2, + (772¢n)+lcoz = ICOz
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for a € AZ’E*l. Consequently, we can slightly improve our relation between the different semisim-
plifications and say that

(Rat (Tadn) ) 2 G50 €D K
agAa,b*

n—1

We will prove the statement of the proposition if we have that each IC, is actually a subobject
of T4 (Tadn) T Fn_1, for every a ¢ A™"%.

Let then aq,...,qa, and (1 ..., 3, be rational numbers such that

((al,...,ar),(ﬁl...,ﬂr)) =

1 b wo b Wn—1 b 1 dn—l ) >
= [ cancel | — + ey, — + Sy + ; ey .
< (wo dn—1 wo  dp—1 Wp—1  dp—1 dp—1 dn—1
As in the proof of proposition again, (m2¢n) " Fro1 = D(g,,—{1})xGn /(Po, P1), where Py is
written above and

r

Py = 2" (1 — z)d"_l H(D)\ — ;) — )\H(D)\ — Bi)-

i=1 i=1

Analogously as that proof, we have that

T4 (M20n) " Fre1 = T2 (G —{13) %G /G ((T200) T Fn—1)) [1],

so we will deal with the cokernel of 0, over Dg,,[2,97'][0.]/(Po, P1). We already know that
fo = (—wp + d,z)g~! is not in the cokernel and Dye = — Py + 0., which is zero.

Let now be, foreach k=1,...,7,
(dnz —wp)g™t
2Wn (1 — z)dn—1

II @r-8).

i=1,i#k

fe=
Then, for those values of £ we have that

(D= B)fx = MH(DA—&) =

20 (1= z)dn—t 20

r r
= A y(dnz — wn)g T [[(Dr — i) = A9 [ [(Da — ). = 0,
i=1 i=2

where we have reordered the «; so that a; = 1. This is possible thanks to the initial assumption
on b. The equalities follow by dividing by P; and Py, respectively.

We must also check that fi # 0 in mo 4 (mady) T F,—1. Its degrees in 8, and D) are less than
1 and r, respectively (they actually are 0 and r — 1), so the only possibility left is that f is in
the image of 9, over 7o «(m2¢n)TFn—1. Let us suppose then that there exists ¢ = Zgg ciDg\
such that
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Let 50, -..,58-—1, be the rational numbers defined by
T
H x—fi) = Z 51, Lt
i=1,ik

It is easy to prove by induction going backwards on [ that

r—1

R A IR ) DYV

j=l+1
Then, looking at the zero degree term of fi, we must have that

1 r—1 _
(dnz —wy)gt Z(—l)lsl (dnz —wy)gt

2Wn (1 — z)dn—1 R 2Wn (1 — z)dn—1 50k

=1
so the sum ), ( 1)!s; x must vanish, but that is equal to [} Y ;ék( 1—;), which is obviously
nonzero. Consequently all of the f; occur at ma 4 (mady,) " Fr—1 — {0} and we are done. O

4.3 Finding some extensions

Let j : G,, — A' be the canonical embedding. Remember that the nonconstant part of
(pn,JrC’)Xn’w)G was jig i Fpn, by corollary In this section we give a nearly explicit de-
scription of it, finding also jit." F,, and jyut Fy,. Actually, we will do it in a much more general
setting. Before starting, let us introduce some notation. Let v be a point of G,,, d be a positive
integer and (n,m) # (0,0) a couple of nonnegative integers.

Let (a1,...,an) and (b1,...,by,) be two tuples of rational numbers such that a;,b; € [0,d),
and let H be the differential operator of Dg,,

n m
H=y\][(D-a)-][(D-
— j=1
(If n or m are zero, we just do not take any product.) The inverse image by ¢, the endomorphism
of G, given by z ++ z~% of any hypergeometric Dg, -module with exponents at the origin and
infinity in Q/Z, and irregular singularities on P! or not (depending of course on 7, 7 and the
a;/d and b;/d), can be written in such a way. We will denote by M the Dg, -module D¢, /(H).
For any integer m, let H,, be the result of substituting D by D 4 m in the expression of H.

Proposition 4.3.1. With the same notation as above,
JMEDy/(H) and j M =Dy /(Hq).

Proof. Let My = Dy1/(H). We know that jjM = (. M*)*, and since j is an open immersion,
M* = 5T MF. We have then to give an expression of M7, i. e., of H', where this last operator
is the adjoint of H with respect to 0, the basis of the derivations of A'. Before that, we will

rewrite H as
m

H = w\dH —a; —Zstj.

J=0
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Now, using that DAY = A\4(D + d)® and D* = —D — 1,

()" H" = ()" "\ ] [(D+d+1+a;) =) (1) Hs;(D+1) =

i=1 j=0
(N (Db d 4 a) PPN 1>m+ksk<,> Di.
=1 Jj= k=j J
Now we can apply lemma [1.2.10} In this particular context, our Py(t) verifies that
(—0mpy(t) = =3 [ S -1yt () o
J=0 \k=j J

Note that s,, = 1 and
m—k
B S | T
1<j1 <o <fip_p<m 1=1
for every k = 0,...,m—1, so every coeflicient of (—1)" Py is negative, and thus that polynomial
cannot have a positive and integer root. Therefore, jjtT M7 = M7 and so jjM = M.

Let us proceed now to find the other extension. We know that j, M = j, jTM; =
My [)\*1]. Using the formalism of the Bernstein-Sato polynomial, we will show in a moment
that Mj [)x_l] = My - A™% whence j. M = D1 /Annpg, (A~?); let us compute the annihilator
of A7

Notice that HgA\~% = A"%H, and suppose we had a differential operator L annihilating A\~%
in j4 M. Then, there should exist some other operator P such that LA™% = PH = P H \"?,
so L € Dy1Hy. In conclusion, j4 M would be equal to Dy1/(Hy).

So let us prove that M; [/\_1] is generated by A% Let s be a dummy variable and let
® : Dg,,[s| = Dg,,[s] be the automorphism of Og,, [s]-modules such that it leaves invariant A
and s and ®(D) = D — s. ®(H) belongs not only to Dg,,[s], but to Dyi[s], too. Let A* be a
symbol, and let us consider the Dy1[s]-module M; [)\*1, s] -\, in which OX* = sA™L- 5. As
before, just by the definition of it as a Dy1[s]-module we have that ®(H) - A\* = 0.

In this setting, we can express ®(H) as a difference P(s)\ — b(s), with b being a polynomial
in s. Indeed,

n

<)\dH —a,)-)\dH —s—aq; :H(D—s—d—ai))\d,

i=1
and
QD —-bj)=D—-s—bj=(D+1)—(s+bj +1)=0X—(s+0b; +1).
Then by taking b(s) = (s+b1+1)-...-(s+ by + 1), we have that

P(s)A - X° =b(s) - A°
in My [/\*1, s] - A%, Let now ¢; be the specialization morphism defined by

o My [)\_1,5] A — M,y [A‘l]
s —  —d—1,
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with { > 1. Since b(—d — 1) # 0 for those values of [, we have a relation in M; [A~!] of the form

gy P(=d=1) . _,
d—1 __ d—I+1
A ’

and we are done. O

Note that if m = 0, in fact any negative power of A generates j. M, so although it is still
true, the result is not optimal. Anyway, we will only need it as stated. This proposition is
absolutely general with respect to the parameters of the original hypergeometric D-module. In
the following statement we will have to make stronger assumptions to obtain weaker results, but
it will still work with any of our F,.

Proposition 4.3.2. With the same notation as above, let m < d and suppose that no a; is
congruent to any bj modulo dZ and there exist a set of integers {b},...,b.} C {1,...,d—1} such
that m+r=d—1 and {b1,..., by, b},...,b.} ={1,...,d — 1}. Define H' to be the differential
operator given by

T m T

—WH —a) [T(D - )~ [[(D b)) T](D - th),

k=1 j=1 k=1

and let L € Dy1 be
,
—WAH —a;+1) (D - v, +1).
k=1
Then, ji+ M is the direct sum of the nonconstant composition factors of j1+ Dg,, /(H') = Dy1 /(L).

Proof. Let M’ = D¢, /(H') and let N be a Dg, -module such that M = ;*N. Choosing N
appropriately, we can claim that M’ is the inverse image by ¢ of a reducible hypergeometric Dg, -
module, whose composition factors are N' and some Kummer D-modules having as exponents
rational numbers of denominator d modulo Z. Then the composition factors of j, M’ will be
Jie M and some copies of Q1. Since N is nonpunctual and irreducible, M is semisimple, and
so is ji+ M, being then a direct sum of d irreducibles where each of them is the inverse image of
another by a homothety of ratio a d-th root of unity. Therefore, none of them can be constant,
for all of them would be so and consequently, A/ could not be of Euler-Poincaré characteristic
—1. Let us prove that 5. M’ = Dy /(L).

By the previous proposition, the canonical morphism 51 M’ — j M’ coincides in this case
with the localization morphism

A Dy1 J(H') — D1 /(HY).

Thus j1. M’ will be the submodule of j, M’ generated by A%. Actually this submodule is also
generated by A4~1, for we have a relation A1 + PAX? = QH/,, P and Q being two elements of
DAI .

Let Q = aX? !, where o € Q will be determined later. Multiplying by A~¢ on the right and
A on the left, we know that A\4~! + PA4 = QH, is equivalent to 1 + AP = aH’, which is trivial:
since A divides D on the left, we can write H' as AP’ + (—1)¢ [1; bi I 1) by, so we can take a to
be the inverse of that last summand.
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If we had an operator L such that H| = AL, then we would have proved the proposition,
for it would generate the annihilator of A%~ in j, M’. In fact, if we had two operators P and Q
such that PA?~! = QH/, then P = QH/ A\~ = QA= H] = QL, so ji, M’ 2 Dy1/(L). Let
us prove that such an element L of D1 exists and has the expression stated above.

By assumption,

T
)

T

_PYAdH — H _bz)_ S(d,]—I—l)Dj,

k=1 7

I
o

the s(a,b) being the Stirling numbers of the first kind. For the sake of clarity, rename a

P = ai
fori=1,...,nand a, =0, fori=m+1,...,d—1. Then,

n+r

d—1
H{:’y)\dH(D—i—l—a Zs —1,7)D
i=1 7=0

Each power D7 can be written as Zi:o S(j, k)A\*O% where the S(a, b) are the Stirling numbers of
the second kind. Let us prove this by induction. For j = 1 it is obvious, so let us go to the general
case. Then, by the recursion formula for Stirling numbers of the second kind [AS| 24.1.4.11.A],

J J+1 j+1
DIt =3 "S(j, k) DA O* = " (S(j, k — 1) + kS(j, k) N*0" = S(j + 1,k)DA* 0",
k=0 k=0 k=0

Write v [[2] (D + 1 — a}) = Y. t;D. With this notation,

n+r d—1 J
ZtAdZSzl)\l8l D s(d—1,5)) SN
i=0 j=0 1=0

We have arrived at an expression in which every term of the form A\*9* has a coefficient which
is a linear combination of A% and 1, but

U

—1
= > s(d—1,5)8(4,1) = =b1.a-1,
=

which is a well known formula in combinatorics (cf. |[AS| 24.1.4.I11.B]). Therefore we have that
H| = —\1L, with

n4+r 7 n—+r

L=0"1 A3 "4 5 530N =0 — A (D +1 - d)).
= =0

=1

O]

Remark 4.3.3. This proposition solves partially, because we do not give a purely explicit ex-
pression of jiy M, the open question [Kab, 6.1.3], but in a more general setting than [ibid.,
6.1.1].

Note that L has only a regular singularity, if any, at the points with equation yA4 — 1 = 0,
which, in our case, were the ramification points of p, : X, ., — Al. We can also check that
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Jie M is an autodual Dyi1-module (and so jiy M, because it is semisimple and the rest of their
composition factors are just copies of Ou1, which is autodual, too), under the conditions and
notations of the proposition, whenever there exists an integer « such that the map z — —z + «
mod d is bijective on the set of the a; and n + m is even (this makes us restrict ourselves to
some more particular hypergeometric D-modules, but we can find all of the G, among them):

In order to prove that, we use corollary so if we showed that M were itself autodual,
we would be done. This D-module is the inverse image by ¢, of an irreducible hypergeometric
D-module of parameters v, the o; and the 8;. Therefore, by remark M* will be the
inverse image by ¢ of an irreducible hypergeometric of parameters v(—1)"t™, the —q; and the
—B;. The isomorphism between both inverse images of hypergeometrics follows, after twisting
a times by A, by proposition under the assumptions of the previous paragraph.



Appendix A

Mayer-Vietoris spectral sequences

for D-modules

Local cohomology and localization of sheaves of abelian groups have been of interest since the
sixties, when Grothendieck introduced them in a seminar at Harvard ([Ha2|). Since then, they
have become a common tool when working in algebraic geometry or commutative algebra, for
they appear naturally when studying sheaf cohomology, D-modules, depth or cohomological
dimension.

In this appendix we give two Mayer-Vietoris spectral sequences of the localization of certain
Ox-modules over the open complement of a closed subvariety Y = |, Y; of an algebraic variety
X of characteristic zero. For a complex of Oy-modules M € DP(Ox), one can define the
localization of M, denoted by RM(xY'), as the image of M by the right derived functor of
liglk Homo (J}’Lo). If M is of quasi-coherent cohomology, Grothendieck’s classical version
and this one coincide. For this functor we prove in theorem the existence of the spectral
sequence of bounded complexes of quasi-coherent O x-modules

BV = @D RIMEY;) =, RFIAM(Y),
[I|=1-p

where Y7 is the intersection of the components (not necessarily irreducible) Y; for ¢ € I. This
way of dividing Y and taking the spectral sequence is completely analogous to how Alvarez
Montaner, Garcia Lépez and Zarzuela Armengou acted with local cohomology of modules (with
support in certain ideals) in |[AGZ|, work which was generalized by Lyubeznik in |Ly]|.

There is another spectral sequence provided in theorem [A.3.1] very related to the one written
above, but in a relative version. To achieve that, we work with Dx-modules, by using the direct
image functor in DE(DX) associated with a morphism f : X — Z. The spectral sequence takes
a complex of Dy-modules M € DY(Dx) and deals with complexes of Dz-modules like this:

EVt= @ HIfLRM(xY7) =) HIFfLRM(+Y).

[I|=1-p

Despite the abundant presence of Mayer-Vietoris-like spectral sequences in the literature,
we only found an analogue of the second one when f is a projection over a point in [SGA 4
1/2 Sommes trig. 2.6.2*], but using ¢-adic cohomology with compact support.

93
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The relative spectral sequence allows us to compute in a purely algebraic way the global
algebraic de Rham cohomology of the complement of an (affine or projective) arrangement
of hyperplanes over any algebraically closed field of characteristic zero. In the case it were C,
by [Gr, Theorem 1’| we know that the global algebraic de Rham cohomology of that complement
is the same as its singular cohomology, giving in particular a proof of the well known result of
Orlik and Solomon [OS| 5.3], whose original proof requires more background on the combinatorics

of the intersection poset of the arrangement and its characteristic and Poincaré polynomials.

A.1 Basics on spectral sequences

In this section we will recall some facts about spectral sequences that will be useful in what
follows. We will only work with cohomological spectral sequences, so that adjective will be
omitted.

Definition A.1.1. A spectral sequence in an abelian category A is a family {EF?} of objects
in A for every integers p,q and for every integer r > 0, such that for each (p,q,r) there is a
morphism, called differential, a2 : EZ? — Epirartl satisfying that eIl o gpd —

The subfamily of objects E,. := {EF?} for a fixed r is called the r-th page, or sheet, of the
spectral sequence, and we name the family of all differentials d2'? with r fixed d, : E, — E,.
The chain condition for the d2? can be written as df =0.

Moreover, we also have isomorphisms

HPY(E,) = ker dP?/im dP~m9TT L = Effl.
Definition A.1.2. Let E = {EF?} be a spectral sequence such that for every r > r(p,q) it
holds that EP? = E” (fnq)' We define the limit term of E as E&' := E” Egm, and we say that E
abuts to Fs.

The limit term of a spectral sequence is what gives us the desired information. There are

some cases in which it exists and is easy to compute:

Remark A.1.3. Let E be a spectral sequence. If there exists an rg > 0 such that d, = 0 for every
r > ro, then E,, = Ex, for E,1; = H(E,) = E,. In that case we say that E degenerates at rq.

Now suppose that there exists an 79 > 2 such that E;, is concentrated in a single row or
column. Then we have that every differential di’? departs from or arrives at the zero object, so
the spectral sequence degenerates at the ro-th page. In this special case of degeneration we say
that the spectral sequence collapses at the rg-th sheet.

Definition A.1.4. Let E be a spectral sequence. It is said to converge if there exists a graded
object H®, with a finite filtration F'*H®, such that the limit term of E is the graded complex
associated to F'®, that is,

EP = GPHPTI — FpHp+q/Fp+1Hp+q.

We denote this by EF? =, HPTI.
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This is what spectral sequences are for; they usually allow us to calculate an approximation
by means of a filtration of an interesting filtrated object hard to deal with, by computing some
other objects in a simpler way.

For instance, if ' is a spectral sequence collapsing at the s-th page, it converges to H®,
where H" is the only EL'? = 0 such that p+ ¢ = n.

We are going to introduce a special kind of spectral sequences that will be of help in the
following: the spectral sequences of a double complex. Recall that a double complex in A is a
bigraded complex C** with differentials d7? : CP4 — CPT14 and df; : CP7 — CP9H1 such that
d% = d%j =drdrr +drrdr = 0.

Remark A.1.5. With each complex of complexes C = (C*)® we can associate a bicomplex in an
obvious way just by taking as vertical differentials those of C and horizontal differentials the
ones of C multiplied by (—1)? in the g-th row.

Definition A.1.6. Let C'** be a double complex. Its total complex, Tot(C)®, is the complex
given by
Tot(C)" = @ P,
pt+q=n
with differentials dp given by dp = dy+dj7. It can be endowed with two filtrations, the horizontal
and vertical ones, given respectively by

FY(Tot(C)")= @5 €™ and F(Tot(C)")= & .

r4+s=n,r<p r4+s=n,s<p

Proposition A.1.7. Let C** be a double complex. Then, there exist two spectral sequences,
called usual, 'E and "E, given by

IEg,q — HEg,q = CP4 gnd [Ef’q = HP(C*9); HEf’q = HI(CP*).

If the bicomplex C** can be translated to occupy either the first or the third quadrant, both
spectral sequences converge to the cohomology of the total complex, that is,

IEPA = HPTI(Tot(C)*) and TERS =, HPT(Tot(C)*).

Proof. Take into account that if we translate to the first or third quadrant our complex, we do
not change the structure of its associated usual spectral sequences, so we can assume that it lies
directly on one of those quadrants and then apply [Rol 11.17]. ]

A complex having a finite number of nonvanishing and left or right bounded rows or columns
fulfills the condition of the proposition. Note that although both spectral sequences have a
grading of the total complex as limit term, they do not need to be the same, since the filtrations
that induce them are different.

Spectral sequences arising from double complexes appear very frequently, but this is not the
only way to obtain a spectral sequence. Two further constructions are the spectral sequences
associated with an exact couple or a filtered complex. See, for example, |Ro, § 11] for more

information.
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A.2 DMayer-Vietoris spectral sequence

In what follows, X will denote a smooth algebraic variety over an algebraically closed field of
characteristic zero, and Y C X will be a closed subvariety of X defined by the ideal Jy .
After [Grl, Remark 5], we can define the functor e(xY") of Mod(Ox) given by

M(+Y) := li%m"z'-lomox (J{E,M) .
k

Remark A.2.1. Let Z® be an acyclic complex of injective Ox-modules. Since Homp, (e,Z7) is
an exact functor for every ¢, the complex Homo, (J{ﬁ,I’) will be acyclic for every k, and so
will be Z(xY") because direct limits commute with cohomology as long as it is an exact functor.
Therefore, by [Hal, 1.5.1], the functor e(xY") is left exact and can be right derived to provide a
functor

Re (+xY): D”(Ox) — DP(Ox).

Remark A.2.2. Let j: X —Y < X denote the open immersion from the complement of Y into
X, and let us define (cf. [Mel], 1.6.1]) the algebraic local cohomology of an Ox-module M as

RiTy (M) := h%Rmom@X (OX/j{ﬁ,M) :

Because of the same reason as above, I'ly) is a left exact functor. From the exact sequence
0— JF — Ox — Ox/JE — 0 and [Ha2, Corollary 1.9, 2.8], we obtain a commutative diagram

0——T({Y,M)— M —jj 'M—RIT(Y,M) —0,

I T

0—— F[y} (M) —_— M — M(*Y) —_— RlF[Y} (M) —0

where the first and fourth objects of the top and the bottom row are, respectively, the first two
local cohomology modules of M over Y and their algebraic counterparts (cf. [Ha2|). Then we
have a morphism M (xY) — j.j~!' M, which, again by |[Ha2, 2.8], becomes an isomorphism if
M is of quasi-coherent cohomology, as well as with RM (*Y) — Rj.j ' M.

As a consequence, for every quasi-coherent injective Ox-module Z, we have that Z(xY) =
4«j T is another quasi-coherent injective Ox-module by [EGA IILI, 1.4.10].

Definition A.2.3. Let us assume that Y can be decomposed as the union of r different closed
subvarieties ¥; € X, i =1,...,7. For each I C {1,...,7}, we will write Y7 = (;c;Y;. If I =0,
Yr=Y.

We define the functor MV y:y : Mod(Ox) — C(Ox) given by

P M) p=—(r—1),....0
MVYy (M) = 9 111=1-p :
0 otherwise

with connecting morphisms consisting of an alternating sum of the canonical morphisms p; ; :
M(xY7) — M(xY;) whenever I O J induced by the inclusions of the respective ideals of
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definition, n;7 : Jy, < Jy;. More precisely, if we denote by I; the subset resulting of taking
out of I its j-th element,

P My — QB M(xYy)

H|=1-p \J\

041'—>@ pn )

It is straightforward to see that these morphisms make MV y;1(M) into a complex.

Any morphism between two Ox-modules M and N gives rise to a morphism between M (xT")
and N (+T") for every closed subvariety T C X, just by applying the corresponding hom functor
and taking direct limits. Thus the image by MV y;y of a morphism M — N is just the chain
map consisting of the direct sum of their associated morphisms at every degree.

Proposition A.2.4. Let T be an injective Ox-module. Then the complex MV{YZ.}(I) s exact

except in degree zero, in which its cohomology is Z(xY').

Proof. To prove this statement we will introduce two complexes. Let us define I'fyy;3(M) to be
the complex defined by

B yyM) p=—(r-1),...,0
}(M) = [I|=1—p ’

0 otherwise

P
Tlvy

with morphisms given by

D Ty — @ Ly, (M

H|=1-p |J\

oy @ PII ar)

as chain maps, p%} I being the morphisms associated with the canonical inclusions 7 : Jy, <
Jy; for J C I. As with MV y,y, it can easily be proved that it is a complex.

The other complex that we will provide, denoted by Cha(M), mimics this behaviour of
Ligy;y(e) and MV y-y(e), but taking as objects just copies of M. Namely,

B M p=-(-1),..,0
Cha’(M) = ¢ |1|=1-p .

0 otherwise

The chain maps are just alternating sums of identity morphisms as with the other two complexes.
Now for every injective Ox-module Z, we can form an exact sequence

0— F[{Yz}] (I) — Cha(I) — MV{YZ}(I) — O,

where, at each index, we take the exact sequence induced by applying direct sums, direct limits
and the exact functor (since Z is injective) Homo, (e,Z) to

0— Jy, — Ox — Ox/Jy, — 0.



98 APPENDIX A. MAYER-VIETORIS SPECTRAL SEQUENCES FOR D-MODULES

Thanks to |Ly, 2.1] we know that, for every x € X, Iiviy (Z), is exact except at degree zero,
in which its cohomology is I'y|(Z),. On the other hand, Cha(Z), is just the simplicial complex
of cohomology associated with the standard (r — 1)-simplex A"~ with coefficients in the abelian
group Z,. Consequently, its p-th cohomology will vanish but for p = 0, being Z, at that point.

Thus if we take stalks at x on our exact sequence of complexes and form its long exact
sequence of cohomology, we can deduce that at every z € X the cohomology of MV y:y(Z).
vanishes everywhere except in zero degree, being there Z, /'y (Z)z = Z(*Y ).

Having the same for every stalk, we can go upstairs to X thanks to [Iv}, 2.6] and obtain what

we wanted to prove. ]

Once we have settled that important fact that we will use in the following, we can state the

first main result of this appendix.

Theorem A.2.5. For every M € Dgc((’)x), there exists a spectral sequence of the form

EPT= P RIM(xY]) =, RFFIM(+Y).
[I|=1—p

Proof. Let us take a quasi-coherent O x-injective resolution Z of M (we can do it thanks to [Hal,
I1.7.18]), and form the double complex C**, given by CP? = MV?Yi }(Iq), with vertical differ-
entials given by the images by the functor MV?Yi } of the ones of Z*, and horizontal differentials
those of MVYy,, (Z7) multiplied by (—1)7.

Since C** occupies the first quadrant (and has r nonzero columns), its usual spectral se-
quences will converge to the cohomology of the total complex, H™ (Tot(C**)).

The first sheet of the first of those usual spectral sequences is, by proposition [A.2.4]
T9+Y) p=0
Ippq o —
E _HP(MV | Iq)_
! {vi} %) { 0 otherwise

Now, since the second page of this spectral sequence is the vertical cohomology of the first one
and the latter is concentrated in one column, we have that
RIM(xY) p=0

0 otherwise ’

1EDY = Ha (HP (Mvgyi }(Iq))) - {

so 'E, collapses and H" (Tot(C**)) = IES’" =R"M(xY).
On the other hand, the first page of the other usual spectral sequence is given by HEf =
H?(CP*). In our context, we have by definition that

Wppa — 340 (MV{’{’YZ_}(I')) = P RM(Y).
[I|=1-p
Since TEP? =, RPYIM(xY'), we obtain what we wanted to prove. O

Note that when r = 1 the spectral sequence is trivial and gives no additional information.
When r = 2 we have several short exact sequences of the form

0 — B " — R"M(+Y) — E%" — 0,

so in this case we already obtain a different (and more detailed) information than by using the
Mayer-Vietoris long exact sequence [Mel, 1.6.2].
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A.3 Relative Mayer-Vietoris spectral sequence

As we have already said, in this section we present a relative version of the above mentioned
spectral sequence, but for Dx-modules, by using the direct image functor for them.

Theorem A.3.1. Let f: X — Z be a morphism between two smooth algebraic varieties and
let Y = J;Yi a closed subvariety of X. Then, for every M € D2(Dx), there exists a spectral
sequence of complexes of Dz-modules of the form

BV = P HIULRM(xY]) =, HT L RM(5Y).
H|=1-p

Proof. First take into account that every morphism can be decomposed as a closed immersion
into its graph followed by the canonical projection over the second component, so if we prove
that for any closed immersion i : X — Z we have that i, RM(xY) = R(ix M)(xY), we will
only need to prove the statement of the theorem in the case in which f=7: X =Tx 27 — Z
is a projection.

Indeed, consider the cartesian diagram given by

We know that M is a coherent Dx-module, hence quasi-coherent Ox-module, so RM(xY) =
j+it M. By the base change theorem,

i M =i T M= G T M.

Now i4+.M is a quasi-coherent Oz-module (J[HTT, 1.5.24]), whence j;jtii M = R(ip M)(xY)
and we are done.

Thus assume that f is a projection as in the first paragraph. For every I C {1,...,r}, let
us define Uy = X — Y7 and denote by j; the open immersion of U; into X, and define also
jo : Up ==X —Y — X. Since M is of quasi-coherent cohomology over Ox, by virtue of
remarks |A.2.2|, |1.1.2| and |1.1.4L RM(xY7) = RjL*jI_lM >~ j; 4j; M. Therefore we will have
that 7 RM (xY7) = myjr 457 M = (70 jr)+j] M. As a consequence,

7T+RM(*Y[) = R(Tr Oj[)* (DZ(—U[ ®%UI jl_lM) .

Now take into account that Dy, = jl_lDX and Dz, y, = jl_lDZeX, so we can write 74 RM (xY7)
as

R(moj1)uj; ' (Pzex @B, M).

The analogous result holds for 7 RM (xY") = R (7 o jo)«Jjg * (DZ<_X ®%X M)
Recall that Dz x ®%X M = DR, (M)[codimx Z] because of 7 being a projection. DR, (M)
does not belong to the category of complexes of quasi-coherent Ox-modules because its chain

maps are just linear over our field of definition; however, it is a complex in the category of sheaves
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of abelian groups whose objects are quasi-coherent O x-modules. This slight difference allows us
to take an injective Cartan-Eilenberg resolution of it in the category of sheaves of abelian groups,
but having injective quasi-coherent O x-module as objects. To see this, just note that in the dual
of the proof of [Wei, 5.7.2] every (classical) injective resolution that we form can be taken within
the category of quasi-coherent Ox-modules. The problem appears when one has to lift linear
maps, since it cannot provide a morphism of Ox-modules. Nevertheless, this drawback can be
controlled because chain morphisms do not affect the properties of the objects, and taking the
total complex of that Cartan-Eilenberg resolution, we turn out to have an injective resolution
Z°* of DR;(M)[codimy Z] in the category of sheaves of abelian groups whose objects are much
more than that, since they are quasi-coherent O x-modules.

Consequently, let us build the bicomplex C*®*® with objects

CPl= P (mojn).j; T = m MV}, (79,
H|=1-p
where the last equality holds because of our careful choice of Z*, being the vertical and horizontal
differentials the image by 7, of those from MVI{’Yi }(I') and the differentials of MVYy,y(Z9)
multiplied by (—1)9, respectively.

As in the proof of theorem [A22.5] we will take the usual spectral sequences for that double
complex, which has r bounded below nonvanishing columns. Then those spectral sequences will
converge to the cohomology of the total complex associated with C*°.

Since 7, is a left exact functor and the Z9(xY7) are acyclic, the first usual spectral sequence
has as first page

TEPT = 1P (C9) = { mII(xY) p=0 .
0 otherwise
This is because we were working with horizontal differentials, which are Ox-linear. Therefore

the second sheet of this spectral sequence will be
RY(7 0 jo)sjg * DRr(M)[dimT] p=0
0 otherwise

IEg,q =} (Hp (C'7q)) o~ {

As it happened in the proof of theorem[A:2.5] this spectral sequence collapses, and in consequence
H"™ (Tot(C**)) = 'EY" = Hn , RM(xY).

Note that the last isomorphism is just a consequence of having the isomorphism Dz, x ®%X M =
DR;(M)[dim T with complexes of quasi-coherent Ox-modules as objects.

Let us see what expression the other usual spectral sequence has. Its first page is the vertical
cohomology of the double complex, that is to say,

HEPI =pi(cr) = @ Rimoj).j;' 79 @ HIm RM(xY]).
[I|=1-p [I|=1—p

There is no objection to that; what we only needed were kernels and cokernels, and they are the
same in both senses.

In conclusion,

B = P HIm RM(xY)) =, HP T 0m RM(+Y),
[I|=1-p

as desired. O
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A.4 Arrangements of hyperplanes

Now we will exemplify the usefulness of theorem with the calculation of the global de
Rham cohomology of the complement of an arrangement of hyperplanes A over an algebraically
closed field k of characteristic zero. As we will see, it is much influenced by the combinatorics
of its intersection poset.

Even though the arrangement is projective, its complement is still affine, since we can con-
sider one of the hyperplanes as the one at infinity, so we will formulate the result just for affine
arrangements. Thus let X = A" and Y be the subvariety of A™ given by the union of the
hyperplanes of A, which we will rename to Y7,...,Y,. Let M = Oan. We have the spectral
sequence

EP = @ Himan yROun (+Y7) =p HP Impn (RO (+Y).
[|=1-p
If A is not essential, let us denote its rank by r < n and the variety formed by the essential
arrangement associated with A by Y’. Then A" —Y = (A" —Y’) x A" so by the global
Kiinneth formula we know that mgn t ROpn (%Y) = mar t ROpr (+Y)[n — r].

In order to use the spectral sequence, we must know all of the man  ROygn (xY7), for which we
need to do a little work. Recall that for every closed subvariety 7' C X and every M € DP(Dx),
we have the isomorphism RM (*T') = j, j* M, j being the open immersion of the complement
of T into X. Moreover, we can form the triangle in DP (Dy)

RI (M) — M — jaj*M = RM(T) —,

associated with the diagram X — T EN '@ , and if T' is smooth we can replace RI'j7)(M) by
i+it M[—codimx T.

Proposition A.4.1. Let Y be the variety formed by the union of the hyperplanes Y;,i=1,...,r
of an essential affine arrangement of hyperplanes over an algebraically closed field of character-
istic zero k.

For any pair of integers (p,q), let
dpg=card{0 #I C{Ll,....,r}||I|=1—p,dimY; = (n—q—1)/2},

and let pqo and py1 be, for a fized ¢ # —n, the least and greatest p such that dp, 4 # 0, respectively.

Then, for any i = —n+1,...,0 there exists a unique integer q such that q +py1 =1, and
) Pq,1
dim H'man 4 ROun (+Y) = (=1) 7Pt >~ (=1)Pd,,,
P=DPq,0

Ifi=—n, Hiran s ROpn (xY) =k, and if i ¢ {-n,...,0}, Himan ;ROxn (xY) vanishes.

Proof. Note that the last statement follows from the fact that w4~ 1 is nothing but taking global
de Rham cohomology, shifted n places to the left. Then, Himpn  ROpn (xY) = 0 for any i < —n,
and it also vanishes for positive values of i (cf. remark .

For every I C {1,...,r} let rr = dimY;. We have that A" —Y; = (A" — {0}) x A7, so we
only need, by virtue of the global Kiinneth formula, to compute the global de Rham cohomology
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of the affine space A™ minus one point for every m. In order to do that we can use the excision
triangle with 7' = {0} as a closed subvariety of A", namely

i+i+(’)Am[—m] — OAm — ROAm(*{Q}) — .

Applying the direct image functor associated with the projection mgm we get another triangle

of graded k-vector spaces
k[—m] — k[m| — mam 1 ROpm (%{0}),

SO 7TAm’+ROAm(*{Q}) = k[m] @ k[*m + 1]
Thus for every I C {1,...,7} we have that

kin|®k[-n+2rr+1] if Y7 #0

marn 4 ROun (+Y]) { k[n] ‘Y, =0

By definition, the first page of our relative Mayer-Vietoris spectral sequence is

k(lip) p:—(T—l)w-'aan:_n
EP = ke g # —n and dpq # 0
0 otherwise

For a fixed ¢, the differentials between the ET? terms are induced by the differentials in
MVyy, }(I) for an injective Opn-module Z, whose cohomologies vanished except in degree zero,
and so will happen with E}%.

Whenever we have an exact sequence of vector spaces of the form

V:i0—Vy—...—V

the dimension of the last cohomology (that is, the s-th one), is
S .
dim coker(Vs_1 = V3) = (—=1)° > (~1)"dim V;,
i=0
which can be easily proved by induction. Then, when ¢ = —n, the dimension of the last
cohomology space of E7" " is

T

> ()t =-@-v-n-1

i=1
while for other ¢ such that d, , # 0 for some p, the dimension of the last cohomology space of

E}% s
Pq,1

ep,q = (—1)7P! Z (=1)Pdp,q,

P=Dq,0
vanishing otherwise.
Thus we can affirm that at the second sheet of our spectral sequence,

epq ifq#-—n,p=pg1andd,, #0
dim EY? = 1 ifp=0,q=-n
0 otherwise
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By definition, apart from ¢ = —n, E5? = 0 if ¢ — n is even. It is easy to see that Ey = E,
for any d? maps EP? to EerT’q_TH, and for no r we can go from one point of the form
(p,n + 2k — 1) neither to another (p’,n + 2k’ — 1) nor to (0, —n), for any couple of integers k
and k', so EY? = E&! # 0. Furthermore, note that p,1 = (1 — ¢ —n)/2, because it is one minus
the least amount of distinct hyperplanes which suffice to intersect in a variety of dimension
r = (n—q—1)/2, which is n — r (we are using here that the arrangement is essential), so for
each integer i = —n,...,0 there is at most just one pair (p, ¢) satisfying p = p,1 (when it can
be defined) and p + ¢ = i. Summing up, our spectral sequence degenerates at the second page
and
epq ifepq#0fori=p+gq
dimHm RO (xY)={ 1 ifi=-n
0 otherwise

O]

Corollary A.4.2. Under the same assumptions of the proposition, if A is an affine arrangement
i general position,
0
1=—n
where (Z) =0 if a < b by convention.
Recall that the proposition reproduces in our context the decomposition given by Orlik and

Solomon in [OS} 5.3], when A is affine and central. Although we can reduce to this case for
other kind of arrangements, our result gives a more direct proof of the general case.
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Concluding remarks

11 possibile lo facciamo subito,
l'impossibile cerchiamo di farlo,
per i miracoli ci stiamo attrezzando.

POPULAR ITALIAN

Original contributions

In this section we list, for the sake of clarity and honesty, the original results or those proved
independently or in a different way to what we have found in the literature. Throughout the text,
the reader will have seen proofs gathering together some others, known results in a generalized
way, or some proved independently of what we have found in the literature. We can also count
results which were unknown until now, with a proof inspired in the work of others or completely
original. Let us go chapter by chapter.

In the first chapter, because of its preliminary nature, no big contribution to the knowledge
has been done; the only new thing to us is the proof of lemma [1.1.16

In the second section, the main novelty is the generalization of proposition to the
complement of some points, avoiding the mention to the middle extension. This implies that
the statements of its two corollaries on the Euler-Poincaré characteristic are slightly improved
with respect to Katz’s, and for instance, can be used at the proof of proposition

The third section contains an algebraic proof of the formal Jordan decomposition lemma
independently of the choice of the base field as long as it is algebraically closed. This
allows us to work in all the rest of the thesis over such a field instead of restricting to the
complex numbers. It may be not a big deal, but it helps to the completeness of the main results.
The second half of the section, starting at proposition [I.3.7] is original and was done in order
to find the exponents of G,,.

Section [1.4]is mainly due to Katz’s [Kab, § 3] (and Loeser and Sabbah’s [LS|), and we have
only reordered some results and completed the proofs of some others as well as added the first
three.

The first half of section [2.1| is expositive, and the results are included so that the reader
can achieve a better understanding of the text. Apart from those pages, the rest is original.
Theorem [2.1.4] is mainly a justification to reduce ourselves to find the Gauss-Manin cohomology
of Vpw over Gy, being then able to carry out all the inductive strategy. It is inspired on some
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arithmetic manipulations when working with exponential sums. And before proving inductively
any statement, one has to check the veracity of a basic case; that is lemma [2.1.9

The rest of the chapter is a sequence of original propositions whose long proofs makes us get
closer and closer to the proof of theorem [2.1.6

Chapter [3|is a small reflection of what happens at the first two. The first section includes,
in logical order, every statement needed to formulate and prove proposition they are
included for the sake of completeness, not originality, except for the second proof of lemma
which is new.

The second section of the chapter contains the rest of what we needed to prove theorems
and and their proofs themselves. The main result of the first half is the computation
of the restriction to G,, of the Fourier transform of K,. Some time ago we wanted to find
an expression for it, knowing the results of Katz exposed at the first section, but we did not
manage to find a way of doing it. As we have already commented, the proof of proposition [3.2.2
is inspired by a suggestion of Sabbah and his work with Douai [DS]. Although the methods
are not the same, the process is similar and we also make use of their fundamental arithmetic
lemma The other way of finding the nonconstant part of K, is not original, as it was
suggested by Sabbah as well, but it is so the development of the strategy that we had to follow.
The second half of the section contains a detailed original analysis of the case in which w; = 1,
using the results of section [I.3]

As with the fourth chapter, the discussion on the assumptions on the w; at the first section
is original but inspired by the work [KIR|] of Kloosterman, in which he does not impose any
condition on them.

The second section contains a fact observed when proving the results of chapter 2], and, like
them, is new. Up to semisimplification it gives an explicit result relating irreducible hypergeo-
metric D-modules of different parameters.

The propositions of the third section are the result of longing for providing an explicit
expression for the nonconstant part of K,. This was generalized in such a way that we also
deal with irregular hypergeometric D-modules, finding the extensions by ji, j+ and ji4, and
answering the open question [Kabl 6.1.3] of Katz.

The appendix, inspired by the works of Alvarez Montaner, Garcia Lépez and Zarzuela Ar-
mengou and Lyubeznik, is indeed original (primarily the last two and a half sections), and we
can carefully prove theorems [A.2.5] and [A.3.1], and provide a new purely algebraic way of show-

ing the expression of the Poincaré polynomial of an arrangement of hyperplanes in terms of its
intersection poset, despite not making mention to it.

Open questions and further projects

Let us now, to finish this thesis, comment in some detail the main ideas we have in mind to

complete or generalize the work exposed here.

In the proof of proposition we have had to perform a small trip outside the algebraic
world. This result, present at [Kabl 3.5.4], but mostly the seminal book [Ka6|, introduced the
theory of rigidity of meromorphic connections on P'. This topic has been thoroughly studied by
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many in the setting of -adic local systems, whereas little has been done on the side of D-modules.
The main contributions to this are two independent approaches showing the preservation of the
index of rigidity after taking Fourier transforms: that of Paiva at his thesis [Pa], and Bloch
and Esnault’s work in [BE|, already referred after the proof of the proposition. The methods
used by the latter are more algebraic than those of the former; since we would like to have an
algebraic proof of our rigidity result, it seems to us that a good way to do it is to understand
the techniques used at the second work.

Theorem has in its statement two annoying parameters a and b, of which we cannot
get rid, not even partially, except for two cases, as we see in theorem As we have already
said, we know that in any case it provides us the analogous result to the ones that Katz and
Kloosterman have already shown in other contexts. Nevertheless, we strongly believe that the
strategy followed when wg = 1 can lead us to a general unconditional proof of our third main
theorem. This is the first point in which we plan to work. Other strategies that we have in mind
to overcome this drawback are, for instance, trying to find an inductive strategy in the value
of wg, maybe by means of étale morphisms connecting the different K, associated with those
values of wy, or focusing on the exponents at infinity of G,, to find the value of a + b and deduce

from there more facts about them.

For instance, if k is the field of complex numbers, it is a straightforward consequence of the
construction of the monodromy zeta function of A\, that for each exponent « of G,,, at the origin
or infinity, its opposite class modulo Z —a must be also an exponent of G,, at the same point.
We also have that the trace of the associated monodromy at those points is an integer, implying
the same as above with respect to the exponents. If any of those topological arguments could
be translated to the algebraic setting, we would easily have that a + b would not be anything
but d,, or d,/2, if possible, restricting the possible values of a and b.

We would also like to erase the ambiguity of the existence of another annoying parameter,
my, despite it does almost not disrupt the strategy of the proof of theorem [2.1.6] In some
particular cases, from a topological point of view (cf. [OR]), we have that m,, = 1; we conjecture
that this happens in the general case.

Once we finally prove theorem [2.1.8]in its full generality and we solve those small loose ends
above, we could think of the next step of the project about which we talked in the introduction.
There is a motivation for the use of D-modules which we did not remarked properly. We
commented at the introduction that there are two approaches to obtain a p-adic analogue of
the frame of f-adic constructible sheaves with weights. Both of them are inspired by and want
to imitate complex analytic D*°-module theory, since they need to work with a special kind
of convergence of series, appearing when one takes the weak formal completion of a formal
scheme. The formalism of Grothendieck’s six operations together with duality is independent
of the point of view, and it is being achieved by those two approaches, as well as a notion of
Fourier transform. Arithmetic D-modules have also a theory of weights, so apparently, any tool
from D-module theory used at this thesis is expected to appear soon, if it does not exist yet.

Nevertheless, there is not an actual p-adic analogue of Katz’s work on D-modules in dimen-
sion one or hypergeometrics in particular. Regarding p-adic differential equations in dimension
one, a big progress has been done, and we just need to cite [CM], a part of the amazing project
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on the index theorem of Christol and Mebkhout. This should be the starting point in order to
achieve p-adic analogues of sections to and From the arithmetic D-module side, the
only existing result is an analogue of corollary by Li at |Li]; much is to be done in both
settings. This is our main project: to build a theory of hypergeometric p-adic D-modules as
powerful as the one that we used in this thesis. This goal, together with a more settled develop-
ment of p-adic D-modules theory could lead us to a much better understanding on Kloosterman
sums and their L-functions, perhaps allowing us to generalize the results of Sperber of [Sp| about
the p-adic Newton polygon of such a function.

Other ways of generalizing our main theorems belong to the algebraic world of equal char-
acteristics. We could try to fully understand the Gauss-Manin cohomology not of V), ,,, but of
Xpw, to complete the algebraic study of Dwork families. We know, thank to [Ka7,|KIR] that
hypergeometric D-modules would still occur at the different eigenspaces of the cohomology with
respect to the action of the group G, so the tools exposed in this thesis would likely be of use.
The main handicap here seems to be to work in a general way with different parts of the same
direct image, without being able to reduce to some quotient, as with Y, .,. We should note that
Katz himself, by using only complex methods and not f-adic ones, comments at the beginning
of section in [Ka7, § 8] that he does not know how to put into practice this idea.

We can also make some advances in the direction of the dimension of the variety of parame-
ters. Although only a few, some bidimensional families of deformations of Fermat hypersurfaces
have been considered (cf., for instance, [CDFKM]), because of their connections with mirror
symmetry. It seems that generalized hypergeometric D-modules in two variables appear at
the expression of the Gauss-Manin cohomology of those families, and in that sense we have
two different theories. Loeser and Sabbah introduced in [LS| a generalized kind of hypergeo-
metric D-modules based on Katz’s work, but very little has been done using their construction.
Nowadays there is a much more popular generalization of hypergeometric D-modules, namely A-
hypergeometric systems, as introduced by Gel’fand, Graev, Kapranov and Zelevinskii (cf. |GGZ]
or |GZK]), and they have already been used to find the cohomology of some varieties, such as
the work on complete intersections [ASp| by Adolphson and Sperber.

108



Bibliografia

[AM]

[AS]

[Be]

[BE]

[Bri]

T. Abe; D. Caro, Theory of weights in p-adic cohomology. Submitted. Available at
arXiv:1303.0662 [math.AG| (2013).

J. Alvarez Montaner, R. Garcia Lopez, S. Zarzuela Armengou, Local cohomology,
arrangements of subspaces and monomial ideals. Adv. Math. 174 (2003), no. 1,
35-56.

A. Arabia, Z. Mebkhout, Sur le topos infinitésimal p-adique d’un schéma lisse I.
Ann. Inst. Fourier (Grenoble) 60 (2010), no. 6, 1905-2094.

M. Abramowitz, I. A. Stegun (eds.), Handbook of mathematical functions with for-
mulas, graphs, and mathematical tables, tenth printing. National Bureau of Stan-
dards Applied Mathematics Series, 55, U.S. Government Printing Office, Wash-
ington, D.C. (1972).

A. Adolphson; S. Sperber, Dwork cohomology, de Rham cohomology, and hyper-
geometric functions. Amer. J. Math. 122 (2000), no. 2, 319-348.

S. Barannikov, Semi-infinite Hodge structures and mirror symmetry for projective
spaces. Available at arXiv:math/0010157 [math.AG]J (2000).

P. Berthelot, Cohomologie rigide et théorie des D-modules. p-adic analysis (Trento,
1989), 80-124, Lecture Notes in Math., 1454, Springer, Berlin (1990).

S. Bloch, H. Esnault, Local Fourier transforms and rigidity for D-modules. Asian
J. Math. 8 (2004), no. 4, 587-605.

A. Borel, P.-P. Grivel, B. Kaup, A. Haefliger, B. Malgrange, F. Ehlers, Algebraic
D-modules. Perspectives in Mathematics, 2. Academic Press, Inc., Boston, MA
(1987).

E. Brieskorn, Sur les groupes de tresses (d’apres V. I. Arnol’d). Séminaire Bourbaki,
24¢éme année (1971/1972), Exp. No. 401, 21-44. Lecture Notes in Math., 317,
Springer, Berlin (1973).

J.-L. Brylinski, Transformations canoniques, dualité projective, théorie de Lef-
schetz, transformations de Fourier et sommes trigonométriques. Géométrie et anal-
yse microlocales, 3-134, 251, Astérisque 140-141. Société Mathématique de France,
Paris (1986).

109


http://arxiv.org/abs/1303.0662
http://arxiv.org/abs/math/0010157

[Car]

[Cas]

[CDFKM]

[CDR]

[CM]

[CT]

[Del]

[De2]

[DE]

[DGS]

[DS]

F. Castro Jiménez, Théoreme de division pour les opérateurs différentiels et calcul
des multiplicités. These de 3eme cycle, Univ. Paris Diderot-Paris 7 (1984).

D. Caro, The formalism of Grothendieck’s six operations in p-adic cohomologies.
Available at arXiv:1209.4020 [math.AGJ (2012).

A. Castano Dominguez, Two Mayer-Vietoris spectral sequences for D-modules.
Submitted. Available at arXiv:1311.1789 [math.AG]| (2013).

P. Candelas, X. de la Ossa, A. Font, S. Katz, D. Morrison, Mirror symmetry for
two-parameter models. I. Nuclear Phys. B 416 (1994), no. 2, 481-538.

P. Candelas, X. de la Ossa, F. Rodriguez-Villegas, Calabi-Yau Manifolds over Finite
Fields I. Available at larXiv:hep-th/0012233 (2000).

G. Christol, Z. Mebkhout, Sur le théoreme de I'indice des équations différentielles
p-adiques. IV. Invent. Math. 143 (2001), no. 3, 629-672.

D. Caro, N. Tsuzuki, Overholonomicity of overconvergent F-isocrystals over
smooth varieties. Ann. of Math. (2) 176 (2012), no. 2, 747-813.

P. Deligne, Equations différentielles a points singuliers réguliers. Lecture Notes in
Mathematics, 163. Springer-Verlag, Berlin-New York (1970).

P. Deligne, La conjecture de Weil. 1. Inst. Hautes Etudes Sci. Publ. Math. 43
(1974), 273-307.

A. D’Agnolo, M. Eastwood, Radon and Fourier transforms for D-modules. Adwv.
Math., 180 (2003), no. 2, 452-485.

B. Dwork, G. Gerotto, F. J. Sullivan, An introduction to G-functions. Annals of
Mathematics Studies, 133. Princeton University Press, Princeton, NJ (1994).

A. Douai, C. Sabbah, Gauss-Manin systems, Brieskorn lattices and Frobenius
structures. II. Frobenius manifolds, 1-18, Aspects Math., E36, Vieweg, Wiesbaden
(2004).

B. Dwork, A deformation theory for the zeta function of a hypersurface. Proc.
Internat. Congr. Mathematicians (Stockholm, 1962) 247-259 Inst. Mittag-Leffler,
Djursholm (1963).

A. Erdélyi, Integraldarstellungen hypergeometrischer Funktionen. Quart. J. Math.
Ozford Ser., 8 (1937), 267-277.

I. M. Gel’fand, M. I. Graev, A. V. Zelevinskii, Holonomic systems of equations and
series of hypergeometric type. Dokl. Akad. Nauk SSSR 295 (1987), no. 1, 14-19;
and Soviet Math. Dokl. 36 (1988), no. 1, 5-10.

A. Grothendieck, On the de Rham cohomology of algebraic varieties. Inst. Hautes
Etudes Sci. Publ. Math., 29 (1966), 95-103.

110


http://arxiv.org/abs/1209.4020
http://arxiv.org/abs/1311.1789
http://arxiv.org/abs/hep-th/0012233

[GZK]

[Hal]

[Ha2]

[HST]

[HTT]

[Ka2]

[Ka3|

[Ka4]

[Kab]

[Ka6]

I. M. Gel’'fand, A. V. Zelevinskii, M. M. Kapranov, Equations of hypergeometric
type and Newton polyhedra. Dokl. Akad. Nauk SSSR 300 (1988), no. 3, 529-534;
and Soviet Math. Dokl. 37 (1988), no. 3, 678-682.

R. Hartshorne, Residues and duality. Lecture Notes in Mathematics, 20. Springer-
Verlag, Berlin-New York (1966).

R. Hartshorne, Local cohomology. Lecture Notes in Mathematics, 41. Springer-
Verlag, Berlin-New York (1967).

J. Harris, Algebraic geometry. A first course. Graduate Texts in Mathematics, 133.
Springer-Verlag, New York (1992).

M. Harris, N. Shepherd-Barron, R. Taylor, A family of Calabi-Yau varieties and
potential automorphy. Ann. of Math. (2) 171 (2010), no. 2, 779-813.

R. Hotta, K. Takeuchi, T. Tanisaki, D-modules, perverse sheaves, and representa-
tion theory. Progress in Mathematics, 236. Birkhduser Boston, Inc., Boston, MA
(2008).

C. Noot-Huyghe, Transformation de Fourier des D-modules arithmétiques. I. Ge-
ometric aspects of Dwork theory. Vol. I, II, 857-907, Walter de Gruyter GmbH &
Co. KG, Berlin (2004).

B. Iversen, Cohomology of Sheaves. Universitext. Springer-Verlag, Berlin (1986).

N. Jacobson, The Theory of Rings. American Mathematical Society Mathematical
Surveys, vol. II. American Mathematical Society, New York (1943).

N. M. Katz, Nilpotent connections and the monodromy theorem: Applications of
a result of Turrittin. Inst. Hautes Etudes Sci. Publ. Math. No. 39 (1970), 175-232.

N. M. Katz, Algebraic solutions of differential equations (p-curvature and the
Hodge filtration). Invent. Math. 18 (1972), 1-118.

N. M. Katz, Sommes exponentielles. Course a Orsay, automne 1979, rédigé par
Gérard Laumon, préfacé par Luc Illusie. Astérisque, 79. Société Mathématique de
France, Paris (1980).

N. M. Katz, On the calculation of some differential Galois groups. Invent. Math.,
87 (1987), 13-61.

N. M. Katz, Exponential Sums and Differential Equations, Annals of Mathematics
studies, 124, Princeton University Press, Princeton, NJ (1990).

N. M. Katz, Rigid local systems. Annals of Mathematics studies, 139, Princeton
University Press, Princeton, NJ (1996).

111



[KaT7]

[Kasl]

[Kas2]

[Ke]

[KIH]

[KIR]

[Mel]

[Me2]

[Me3|

[Me4]

N. M. Katz, Another look at the Dwork family. Algebra, arithmetic, and geometry:
in honor of Yu. I. Manin. Vol. II, 89-126, Progr. Math., 270, Birkhduser Boston,
Inc., Boston, MA (2009).

M. Kashiwara, Vanishing cycle sheaves and holonomic systems of differential equa-
tions. Algebraic geometry (Tokyo/Kyoto, 1982), 134-142, Lecture Notes in Math.,
1016, Springer, Berlin (1983).

M. Kashiwara, Equivariant derived category and representation of real semisimple
Lie groups. Representation theory and complex analysis, 137-234, Lecture Notes in
Math., 1931, Springer, Berlin (2008).

K. S. Kedlaya, Fourier transforms and p-adic ‘Weil II'. Compos. Math. 142 (2006 ),
no. 6, 1426-1450.

H. D. Kloosterman, On the representation of numbers in the form ax?+by? +cz? +
dt?. Acta Math. 49 (1927), no. 3-4, 407-464.

R. Kloosterman, The zeta function of monomial deformations of Fermat hypersur-
faces. Algebra Number Theory 1 (2007), 4, 421-450.

Li B., The Euler characteristic of arithmetic D-modules on curves. Int. Math. Res.
Not. IMRN 2010, 15, 2867-2888.

F. Loeser, C. Sabbah, Caractérisation des D-modules hypergéométriques
irréductibles sur le tore. C. R. Acad. Sci. Paris Sér. I Math. 312 (1991), 10,
735-738.

G. Lyubeznik, On some local cohomology modules. Adv. Math. 213 (2007), no. 2,
621-643.

B. Malgrange, Polynémes de Bernstein-Sato et cohomologie évanescente. Analysis
and topology on singular spaces, II, III (Luminy, 1981), 243-267, Astérisque, 101-
102, Soc. Math. France, Paris (1983).

7. Mebkhout, Le formalisme des six opérations de Grothendieck pour les Dx-
modules cohérents. Travaux en Cours, 35. Hermann, Paris (1989).

7. Mebkhout, Le théoreme de positivité de 'irrégularité pour les Dx-modules. The
Grothendieck Festschrift, Vol. III, 83-132, Progr. Math., 88, Birkhduser Boston,
Boston, MA (1990).

Z. Mebkhout, Le théoréeme de positivité, le théoreme de comparaison et le
théoreme d’existence de Riemann. Eléments de la théorie des systéemes différentiels
géométriques, 165-310, Sémin. Congr., 8, Soc. Math. France, Paris (2004).

7. Mebkhout, Le théoreme du symbole total d’'un opérateur différentiel p-adique
d’échelon h > 0. Rev. Mat. Iberoam. 27 (2011), no. 1, 39-92.

112



IMN1]

IMN2]

[Pa]

Z. Mebkhout, Constructibilité de de Rham p-adique. C. R. Math. Acad. Sci. Paris
351 (2013), no. 15-16, 617-621.

J. Milnor, Singular points of complex hypersurfaces. Annals of Mathematics Stud-
ies, 61, Princeton University Press, Princeton, N.J.; University of Tokyo Press,
Tokyo (1968).

P. Maisonobe, Z. Mebkhout, Le théoreme de comparaison pour les cycles
évanescents. Eléments de la théorie des systemes différentiels géométriques, 311-
389, Sémin. Congr., 8, Soc. Math. France, Paris (2004).

Z. Mebkhout, L. Narvaez Macarro, Sur les coefficients de de Rham-Grothendieck
des variétés algébriques. p-adic analysis (Trento, 1989), 267-308, Lecture Notes in
Math., 1454, Springer, Berlin (1990).

Z. Mebkhout, L. Narvdez Macarro, Le théoréeme du symbole total d’'un opérateur
différentiel p-adique. Rev. Mat. Iberoam. 26 (2010), no. 3, 825-8509.

P. Orlik, R. Randell, The Milnor fiber of a generic arrangement. Ark. Mat. 31
(1993), no. 1, 71-81.

P. Orlik, L. Solomon, Combinatorics and topology of complements of hyperplanes.
Invent. Math. 56 (1980), no. 2, 167-189.

T. Oaku, N. Takayama, Algorithms for D-modules -restriction, tensor product,
localization, and local cohomology groups. J. Pure Appl. Algebra, 156 (2001), no.
2-3, 267-308.

A. Paiva, Systemes locaux rigides et transformation de Fourier sur la sphere
de Riemann. These, Ecole Polytechnique, Palaiseau (2006). Available at
http://pastel.archives-ouvertes.fr/pastel-00002259.

J. Rotman, An introduction to homological algebra. Pure and Applied Mathemat-
ics, 85. Academic Press, Inc., New York-London (1979).

A. Rojas-Leon, D. Wan, Moment zeta functions for toric Calabi-Yau hypersurfaces.
Commun. Number Theory Phys. 1 (2007), 3, 539-578.

M. Saito, Mixed Hodge Modules. Publ. Res. Inst. Math. Sci., 26 (1990), 221-333.

A. Salerno, An Algorithmic Approach to the Dwork Family. To appear in Proceed-
ings of WIN2 - Women in Numbers 2, CRM Proceedings and Lecture Notes.

S. Sperber, Congruence properties of the hyper-Kloosterman sum. Compositio
Math. 40 (1980), 1, 3-33.

A. Weil, Numbers of solutions of equations in finite fields. Bull. Amer. Math. Soc.
55, (1949). 497-508.

113


http://pastel.archives-ouvertes.fr/pastel-00002259

[Wei

[Yu]

[EGA IILI]

[SGA 41/2]

C. Weibel, An introduction to homological algebra. Cambridge Studies in Advanced
Mathematics, 38. Cambridge University Press, Cambridge (1994).

J.-D. Yu, Variation of the unit root along the Dwork family of Calabi-Yau varieties.
Math. Ann. 343 (2009), no. 1, 53-78.

A. Grothendieck, Eléments de géométrie algébrique (rédigés avec la collaboration
de Jean Dieudonné): III Etude cohomologique des faisceaux cohérents. 1. Inst.
Hautes Etudes Sci. Publ. Math. 11 (1961).

P. Deligne, Cohomologie étale. Séminaire de Géométrie Algébrique du Bois-Marie
SGA 4 1/2. Avec la collaboration de J. F. Boutot, A. Grothendieck, L. Illusie et J.
L. Verdier. Lecture Notes in Mathematics, 569. Springer- Verlag, Berlin-New York
(1977).

114



	Agradecimientos
	Introducción
	Un poco de historia
	Resultados principales y contenido

	Introduction
	A bit of history
	Main results and contents

	D-modules in dimension one
	Reminder on D-modules
	Intermediate extensions and Euler-Poincaré characteristic
	Exponents of a D-module
	Hypergeometric D-modules

	Gauss-Manin cohomology
	Setting the problem
	Getting closer

	Monodromy
	Fourier transform and convolution of D-modules
	Exponents of Gn

	Some complements
	Special cases of (w0,…,wn)
	Relation between Fn-1 and Fn
	Finding some extensions

	Mayer-Vietoris spectral sequences for D-modules
	Basics on spectral sequences
	Mayer-Vietoris spectral sequence
	Relative Mayer-Vietoris spectral sequence
	Arrangements of hyperplanes

	Concluding remarks
	Original contributions
	Open questions and further projects


