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Abstract

In this paper, we study the pullback attractor for a general reaction-diffusion system for which the
uniqueness of solutions is not assumed. We first establish some general results for a multi-valued
dynamical system to have a bi-spatial pullback attractor, and then we find that the attractor can
be backwards compact and composed of all the backwards bounded complete trajectories. As an
application, a general reaction-diffusion system is proved to have an invariant (H, V')-pullback attractor
A = {A(7)}rer. This attractor is composed of all the backwards compact complete trajectories of
the system, pullback attracts bounded subsets of H in the topology of V', and moreover

U A(s) is precompact in V, V7 € R.

s<T

A non-autonomous Fitz-Hugh-Nagumo equation is studied as a specific example of the reaction-
diffusion system.
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1. Introduction

A multi-valued non-autonomous dynamical system (m-NDS) is generated by an evolution equation
whose solution is unnecessarily unique. The study on m-NDS has particular significance since m-NDS
are often established under weaker conditions than usual (single-valued) dynamical systems. For an
m-NDS ¢ on a Banach space X, a pullback attractor A = {A(7)},er is defined as a compact and
negatively invariant non-autonomous set which attracts each bounded subset of X (see Definition 2.7).
This can be regarded as a generalization of pullback attractors for single-valued dynamical systems
which have been studied widely, see for instance [3, 4, 5, 11].

In this paper, we study the structure and regularity of the pullback attractor for the m-NDS
generated by the following reaction-diffusion equation defined on a bounded domain O C R¥:

% *aAu+f(tvu) = g(x,t),

ulpo =0, (1.1)
u|t:7’ = Uo,
where (¢, z) € (1,00) x O, u = (ul(t,x), -+ ,ul(t,z)) : (1,00) x O = R%, ais a real d x d matrix with

a positive symmetric part “g“t > BI for some B > 0, and f(t,u) € C((,00) x R% RY) satisfies some
conditions unable to ensure the uniqueness of solutions (see Section 4). The most direct example of
this system is the classical reaction-diffusion equation (taking d = 1) frequently seen in the litera-
ture. Nevertheless, the system (1.1) covers more models, such as the Fitz-Hugh-Nagumo equations
considered in Section 4.4, and others stated by [16, 15].

We get three aims in this work. The first is the existence of the (H,V)-pullback attractor A =
{A(7)}rer for (1.1), which is a non-autonomous set pullback attracting bounded sets of H under the
topology of V', where

H:= (LX(0)", V= (H;(0))".

This is a study of bi-spatial attractors which attracted much attention these years due to their higher
regularity and stronger attracting ability compared with usual attractor, see [7, 13, 12] for single-valued
non-autonomous/random cocycles and [21, 19] for multi-valued semi-groups and random cocycles,
respectively. In this paper, we develop a study for m-NDS which can be regarded as an extension of
the bi-spacial attractor theory on one hand, and is interesting because of the multi-valued feature on
the other hand.

The second aim is to establish the backwards precompactness of A, that is,

U A(s) 1is precompact in V, Vr eR.

s<T

This subject is new since the compactness of a pullback attractor is often considered for each fixed
“section” A(7) in the literature. To achieve this, we first establish some sufficient conditions to ensure
an attractor to be backwards precompact, and then apply them to the system (1.1) when the external
force g is backwards translation bounded, namely, g € LIQOC(R; H) with

sup/ llg(s)]|* ds < oo.
-1

T7<0Jr

This condition is shown weaker than translation bounded condition considered in [8] and stronger than
tempered conditions seen in recent studies for random dynamical systems, such as [17] and references
therein. Establishing a non-autonomous set {K(7)},cr which is absorbing and increasing in 7 plays
a key role to obtain the backwards compactness of the attractor.

The third main aim is to characterize the pullback attractor A by complete trajectories. For strict

m-NDS we first introduce the concept of an m-NDS generating smooth trajectories, and then prove
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that backwards bounded pullback attractors for such systems are composed of backwards bounded
trajectories, see Theorem 2.24. Note that, the class of dynamical systems who generate smooth
trajectories is rather general. A direct example is the so-called generalized dynamical systems, first
studied by Ball [1] and recently studied by Simsen [14] for generalized semiflows and Kapustyan et al.

[9] for generalized processes, etc. Therefore, Theorem 2.24 is interesting even in single-valued cases as
single-valued systems must be strict.

We carry out this work as follows.

In Section 2, we first make some necessary definitions, and then establish some abstract results on
the existence of a backwards bounded pullback attractor and on the structure of pullback attractors
is also studied in this section.

In Section 3, we first establish a result on the existence of a bi-spatial pullback attractor by making
a direct comparison on bi-spatial and single-spatial attractors, see Theorem 3.9. This result indicates
an interesting fact that the regularity of a pullback attractor, once the attractor exists, is determined by
the dynamical compactness of the system. Then we establish several sufficient conditions to verify the
backwards precompactness of a pullback attractor. These conditions are established by strengthen the
dynamical compactness of the system (see Theorem 3.18), and this coincides with the observation that
the regularity properties of the attractor have a close relationship with the dynamical compactness.

In Section 4, we study the system (1.1) and find that, under certain conditions the system (1.1)
admits an (H, V)-pullback attractor which is invariant and composed of backwards compact complete
trajectories. A Fitz-Hugh-Nagumo equation is studied as a specific example.

2. Backwards bounded pullback attractors for m-NDS

Throughout this paper, let (X, - ||x) be a separable Banach space. Denote by C(X) the set
of all nonempty closed subsets of X and B(X) C C(X) the set of all bounded closed subsets of X.
R* = [0,00). The Hausdorff semi-distance between two nonempty subsets A and B of X is defined
by distx (A, B) := sup,c 4 infpep ||a — b||x. Denote the open d-neighborhood of a subset B of X by
N;(B). Suppose {0;}ier is a group of translation operators acting on R defined by

0st=1+s, Vs, TER.

Definition 2.1. A non-autonomous set D = {D(7)},cr in X is a mapping: R — C(X),7 — D(7).
The collection of all the non-autonomous sets in X is denoted by Dx.

Definition 2.2. A non-autonomous set D is called compact/bounded (in X) if, for every 7 € R, D(7)
is compact/bounded (in X). D is called backwards precompact/bounded (in X) if

U D(s) 1is precompact/bounded (in X) for every 7 € R.

s<T
Definition 2.3. A multi-valued mapping ¢ : RT™ x R x X — C(X) is called an m-NDS on X if
(1) ¢(0,7,-) is the identity operator on X, V7 € R;
(2) ¢(t+s,7,-) CP(t, 7+ s,9(s,7,-)), Vi, s € RT, 7 €R.
Moreover, if ¢(t + s,7,) = ¢(t, 057, ¢(s,7,-)), then the m-NDS ¢ is called a strict m-NDS.

Definition 2.4. An m-NDS ¢ is called upper semi-continuous at zg if for every (¢,7) € R™ x R and
every neighborhood U of the set ¢(t, 7, z¢) there exists a § > 0 such that

o(t,7,x) C U for all x € Ns(xo).

¢ is called upper semi-continuous in X if it is upper semi-continuous everywhere in X.
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Remark 2.5. [2] Note that if a mapping ¢(¢,7,-) is upper semi-continuous at x, then for all € > 0
there exists d(e) > 0 such that

distx (¢(¢t, 7, 9), ¢(t, 7, 20)) < € for any y € Ns(zo).
The converse is true when each value of ¢ is compact.

Definition 2.6. (1) We say K € Dy is pullback attracting if for every D € B(X) we have

Jim dist (¢(t,0_¢7,D),K(1)) =0, for every T € R.

(2) A mapping B € Dx is called a pullback absorbing set if for every D € B(X) there exists a
T =T(r,D) > 0 such that
¢(t,0_47,D) C B(r), forallt>T.

Definition 2.7. A mapping A € Dy is called a pullback attractor in X for the m-NDS ¢ if
1. A is compact in X;
2. A is pullback attracting;
3. A is negatively invariant, namely, A(6;7) C ¢(t, 7, A(7)), Vt e RT, 7 € R.

Remark 2.8. Clearly, backwards bounded pullback attractor must be unique.

Remark 2.9. It is interesting to observe that, most generally, a pullback attractor A is not always
contained in any pullback absorbing set B in the sense that A(7) C B(7), V7 € R. But the inclusion
must hold if A is backwards bounded in X. This can be seen from the relation

A(T) C o(t, 0471, A(0—4¢7)) C &(t,0_¢7,D;) C B(1), for all ¢ large enough.

2.1. Ezistence of a backwards bounded pullback attractor

As for single-valued dynamical systems, the main object to study the attractor is the pullback
w-limit set for the m-NDS ¢. For some D € B(X), the w-limit set of D is a mapping w(D, -) : R — 2%
defined by

_ X
w(D,T) = ﬂ U o(t,0_47,D) , V71 eR,
s>0t>s
where the closure is taken under the norm topology of X. Note that y € w(D, 7) iff there exist t,, — o0
and y, € ¢(tn,0_4, 7, D) such that y, X y. Moreover, we have the following lemma.
Definition 2.10. Let D € B(X). Then the m-NDS ¢ is called D-pullback asymptotically compact if

for every sequence t, — oo and 7 € R, any sequence {y, } with y,, € ¢(t,,0_¢, 7, D) is precompact in
X. ¢ is called pullback asymptotically compact if it is D-asymptotically compact for every D € B(X).

Remark 2.11. Such a dynamical compactness property is also termed as pullback asymptotically upper
semi-compact in the literature, see [21, 18].

Lemma 2.12. Suppose ¢ is an m-NDS upper semi-continuous in X. Let ¢ be D-pullback asymptoti-
cally compact for some D € B(X). Then,

(1) for all T € R, w(D,T) is non-empty and compact in X ;
(2) w(D,-) pullback attracts D, that is,

tliglo dist x (qi)(t,ﬁ_tT,D),w(D, T)) =0, VteR;
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(3) w(D,-) is negatively invariant, i.e. w(D,0:7) C ¢(t, 7,w(D, 7)) for all t > 0.

Proof. First observe that y € w(D,7) iff there exist t, — oo and y, € ¢(t,,0_¢, 7, D) such that
X

Yn — Y.
(1) To see w(D,7) is non-empty, we take a sequence y, € ¢(t,,0_; 7, D) with t,, — co. By the

D-pullback asymptotic compactness of ¢ we can find a y € X such that, up to a subsequence, ¥, B Y.
Therefore, y € w(B, 1) and w(B, T) is non-empty.

We now prove the Y-compactness. Given a sequence {y,} C w(D, ), we can find ¢, — oo and
Zn € P(tn,0_¢, 7, D) such that |y, — zn||x < 1/n. By the D-asymptotic compactness of ¢ again we

know z,, 2, 2 for some z € w(D, 7). Thus, yn, 2, 2 and then w(D,T) is compact in X.
(2) We prove the pullback D-attracting property by contradiction. Suppose it does not hold, then
there exist an € > 0 and y,, € ¢(tn,0-, 7, D) with ¢, — oo such that

distx (yn,w(D, 7)) >€, VneN.

But from the D-pullback asymptotic compactness of ¢ it follows that y,, X y for some y € w(B, 7).
Here we arrive at a contradiction.
(3) We now prove the negative invariance. For any y € w(D, 6;7), there exists a sequence y,, €

¢(tn,0_+, 0:7, ;) With z, € D and t,, — oo such that y, X, y. Notice that
¢(tna Q,tnetﬂ l'n) C ¢(tv T, (z)(tn —t, 0t7tn T, xn))» Vi, > t,

thus y, € ¢(t, 7, z,) for some z, € ¢(t, —t,0;_1,7,2,). By the pullback D-asymptotic compactness
again we see that z,, X e w(D, 7). Therefore, since x — ¢(t, 7, x) is upper semi-continuous in X
with closed values, we have

y € o(t,7,2) C o(t, 7,w(D,T)),

which completes the proof. O

Remark 2.13. Slightly modifying the proof one can establish the previous lemma also for m-NDS not
upper semi-continuous but with closed graph, see [6] and also [7].

Theorem 2.14. Let ¢ be an m-NDS on X. If
(i) ¢ is asymptotically compact;
(i1) ¢ has a bounded absorbing set B € Dx;

(1ii) ¢ is upper semi-continuous in X,

then the non-autonomous mapping A = {A(7)}rcr € Dx defined by

A(r) = U w(D,T), V1T eR, (2.1)
DeB(X)

has properties
1. A is nonempty and bounded in X ;
2. A is pullback attracting;

3. A is negatively invariant.
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Proof. Properties 2 and 3 and the non-empty property follow from Lemma 2.12. We now prove the
boundedness of A(7) for 7 € R arbitrarily fixed. Since B € Dx is a bounded absorbing set, for any
D € B(X) there is a time T > 0 such that

U ¢(t7 e—tT7 D) - B(T)v
t>T
from which and the closedness of B(7) it follows that

= (U st 07, D) U (t,0_,7, D) C B(7).

s>0t>s t=>T

Thus A(r) C B(r) is bounded in X. O

Note that the non-autonomous set A defined by Theorem 2.14 is not compact in general. To prove
the compactness of A we need to make assumptions on the pullback absorbing set. More precisely,
we have the following result.

Theorem 2.15. Suppose conditions of Theorem 2.1/ hold. Moreover, we suppose the absorbing set
B is such that, for every T € R and D € B(X), B(7) pullback absorbs D at every s < T, that is,

for every s < 7 there is a time T = T(D, s) such that U o(t,0_s,D) C B(1). (2.2)
t>T

Then A € Dx defined by (2.1) is the pullback attractor for ¢. Moreover, A is backwards bounded, and
A(r) =w(B(r),7), VreR.

Proof. To prove A is the pullback attractor, by Theorem 2.14 it suffices to show the compactness of
A. For every D € B(X), by (2.2) we have

w(D,s) C | @(t.0_4s,D) C B(r), V¥s<rT, (2.3)
t>T
which along with the negative invariance of w(D, 7) implies that
w(D, 1) C (;5(7' —5,0_(r—sT,w(D, 5))
C (;5(7' — 8,9_(7_3)7',3(7')) forall s< 7
Therefore,

c () U ¢t6-r B(r) =wB(r),7), VDeBX),

ST t2T—358

and thereby
A(T) Cw(B(71),7)
is precompact in X. On the other hand, since B(7) € B(X) and w(B(7),7) C A(7), thereby

)
A1) = w(B(7),7)

is closed and thereby compact in X. In addition, (2.3) implies

U A(s) € B(7) (2.4)

s<T

and thereby the backwards boundedness is also clear. O



On Theorem 2.15 we make following remarks.

Remark 2.16. If the pullback absorbing set B = {B(7)},cr € Dx is increasing in 7, that is,
B(s) € B(r) whenever s < 7,

then the condition (2.2) is fulfilled. Moreover, it is possible to establish a pullback absorbing set B
satisfying (2.2) with T independent of s and 7 in specific applications, and in this case the condition
(2.2) is equivalent to that there is an increasing bounded absorbing set B’ for ¢. Indeed, if B is a
bounded absorbing set with (2.2), then the non-autonomous set B’ defined by

‘()= B(s), VreR,
s>T

is readily checked an increasing bounded absorbing set.

Remark 2.17. Tt is interesting to notice that if B is moreover compact, then (2.4) implies A is back-
wards precompact. We will discuss the backwards compactness later in Section 3.

2.2. Invariance of pullback attractors for strict m-NDS

In this part and motivated by Wang & Zhou [20] where uniform attractors for m-NDS were studied,
we prove the invariance of a pullback attractor for strict m-NDS.

Theorem 2.18. The backwards bounded pullback attractor A of a strict m-NDS ¢ must be invariant.

Proof. Clearly, the negative invariance of A holds by definition. Now by two steps we prove the
positive invariance, i.e.,

ot —T1,71,A(T)) C A(t), Vt=T. (2.5)

Step 1, we prove the non-autonomous set Q) = {Q(7)}rer is invariant, where

T) = U o(T — 8,8, A(s)).

s<T

Let ¢ > 7. First notice that, by the strictness,

ot —7,7,Q(1)) = ( —T,T, U o(T — s, 8, A( )))

U ¢( —7,7,0(7 s,s,A(s)))
U¢ —5,8,4(s)) C Q(t),

and thus the positive invariance of @) is clear. Now we prove the negative invariance. Note that for
every y € Q(t) there exist an s < ¢t and x € A(s) such that y € ¢(t — s,s,2). Then two cases should
be taken into account.
Case 1, s > 7. Since by the negative invariance of A there is an 2’ € A(7) such that = €
¢(s—1,71,2'),
yE ot —s,81)Codt—ssd(s—T1,712))=0t—71r712)
Co(t—7,7,A(1)) C ot —7,7,Q(7)),

which implies Q(t) C ¢(t — 7,7, Q(7)) in this case.
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Case 2, s < 7. Then by the negative invariance of A and for some r < s,
yE Pt —s,5A(s)) = ot — 7,7,8( — 5,5, A(5)))
- qb(t - 7,7, (b(T —s,8,¢(s—m,r, A(r)))
= qb(t - 7,7, qS(T -7, A(r))),

which implies Q(t) C ¢(t — 7,7, Q(7)) and thereby @ is negatively invariant. Step 1 is concluded.
Step 2, let us prove (2.5). Recall that by the backwards boundedness of A, there is a D, € B(X)

such that
U A(s) C D,.

s<T

Then since @ is invariant, for all ¢ > 7 > s we have

¢(t - 7T, A(T)) - Q(t) = ¢(t - 53, Q(5>) = U ¢(t -55S, (b(s - 7)7714(7)))

Y<s
- U (]S(t—S,S,d)(S—’Y,’Y,DT)) = U d)(t_%’y’DT)
YSs Y<s
= U ¢(t/79—t’t7DT) (let th=t- 7);

t'>t—s
which implies
o(t—77mA(r) c () |J o(t',0-vt,D;) Cw(D; t) CA®t), VE=T.
s<Tt >t—s
Therefore, (2.5) holds and the proof is complete. O

Remark 2.19. This result was also established by Coti Zelati and Kalita [6, Proposition 4.3] under
the assumption that

there exists t, > 0 such that A(t) C ¢(ts,t — ti, At — t)), Vt € R.

The backwards boundedness of the attractor plays a key role in the proof of the invariance. For
the pullback attractor A = {A(7)},er defined by (2.1), we have the following observation when A has
no backwards boundedness. This observation indicates an interesting fact that, though the invariance
of the pullback attractor remains unknown, any trajectories from a “section” A(s) cannot entirely
bypass any section behind.

Proposition 2.20. Suppose A = {A(T)}rer defined by (2.1) is a pullback attractor, unnecessarily
backwards bounded, of a strict and upper semi-continuous m-NDS ¢. Then for anyt > s,

ot —s,8,x)NA@R) #£0, Vz e A(s).

Proof. We prove by contradiction. Suppose the proposition is not true for some x € A(s) and s < t,
then by the closedness of ¢(t — s,s,2) and A(¢) we can find a 6 > 0 such that

inf i A .
b€¢(12375’m) dist x (b, A(t)) > &

Since, by (2.1), there is a D € B(X) such that

x €w(D,s),



there exist sequences t,, — oo and y,, € ¢(t,, s — t,, D) such that
Yn — .
Thus by the upper semi-continuity of ¢ we find that
distx (ot — s, 8,yn), @(t — s,8,2)) < §/4 for n large enough,
which implies the existence of a b € ¢(t — s,s,2) and a ¢ € ¢(t — s, s, y,) such that
[b—cllx <d/2. (2.6)
On the other hand, since A(t) pullback attracts D at time ¢ and by the strictness of ¢, we have

distx (¢, A(t)) < distx (¢(t — s, 8,9n), A(t))

< distx (qb 5,8, ¢(tn, s —tmD)),A(t))
(2.7)
::&mx( (s —tn) fu%D%A@D
< 4/2 (for all large n)
Therefore, from (2.6) and (2.7) it follows
distx (b, A(t)) < 0,
where b € ¢(t — s, s,2); a contradiction. O

2.8. Structure of pullback attractors for strict m-NDS

In this part, we characterize pullback attractors of strict m-NDS by complete trajectories.

Definition 2.21. A complete trajectory & of an m-NDS ¢ on X is defined as a mapping in C(R; X)
which enjoys the property
£(t) € o(t —s,5,€(s)), Vt=s

If £ is moreover backwards bounded, then £ is called a backwards bounded complete trajectory.
It is straightforward to obtain the following lemma.

Lemma 2.22. If the pullback attractor A exists, then every backwards bounded complete trajectory &
must be contained in A, that is,
&(r) € A(r), V1 e R.

Definition 2.23. We say an m-NDS ¢ generates smooth trajectories, if for each z € X and 7 € R
there exists a family

R = {T € C([r,00); X) :r(t) € p(t — s,8,r(s)) and r(7) =z, YVt = s > 'r} (2.8)

such that
o(t,7,x) = U r(r+1t), V&x=0.

reRT

The following result provides a sufficient condition under which the backwards bounded pullback
attractor of a strict m-NDS is composed of backwards bounded complete trajectories.



Theorem 2.24. Suppose ¢ is a strict m-NDS on Banach space X with a backwards bounded pullback
attractor A. If ¢ generates smooth trajectories, then

A(r) = {&(7) : € is a backwards bounded complete trajectory of ¢}, V1 € R.

Proof. By Lemma 2.22 it suffices to prove the C relation. Let z € A(7). Then, since ¢ generates
smooth trajectories, we can find a continuous function 7° € R7 such that

(1) =2z and r°(t) € ¢(t —s,5,7(s)), Vt=s>T.
Notice by Theorem 2.18 that A is invariant under ¢, therefore
r(t) € p(t —7,7,2) C At), Vt=T.
Also, we have
z€ A(t) C ¢(1,7 — 1, A(T — 1))
and then there exit a z; € A(7 — 1) and a family R7~! such that
zep(l,71—1,2) = U ’I“l(T).
reRIT!
Therefore, there exists an r! € R7~! such that
(1) =2 =701, r'(r — 1) = 2z and 7 (t) € ¢(t — 5,5,7'(s)), VT >t > s> 7 — 1.
Continue this process and we obtain a sequence {r"}52, of continuous functions satisfying
" (7 —n) =r"(1 —n) and r"(t) € p(t — 5,8,7"(s)), VT —(n—1) >t > s> T —n.
Now let us define £ : R — X by
0 >
80 = {:”((tt)): tt; E’—T,' —n,7—n+1)forn=1,2,---. (2.9)

Then by the strictness of ¢ it is readily verified that the mapping & defined by (2.9) is a complete
trajectory with £(7) = 2. Besides, since this construction of £ guarantees £ C A, £ is backwards
bounded. The proof is complete. O

Proposition 2.25. Let ¢ be an m-NDS. Suppose for each © € X and T € R there exists a family
RE = {r e C([r,0); X) :r(r) = x}

such that

(H1) RT #0,Vr e R,z € X;

(H2) for each r € 7@;, 7= 1(t)|te[r+s,00) belongs to 7@:(?15), Vs > 0.

If

ot ra)= | J r(r+1t), vt=0,

y (2.10)
reERT

then ¢ generates smooth trajectories satisfying Definition 2.23.

Proof. Tt suffices to show the family R7 with (H1) and (H2) is a class satisfying (2.8), that is, to
prove 7(t) € ¢(t — s,s,7(s)) for each t > s > 7 and r € R]. By (2.10), we only need to find out a
§ € R}, such that {(t) = r(t). Condition (H2) indicates that this { can be taken as the interception

of r, that is, take & = 7(t)|te[s,00). The proof is complete. O

Remark 2.26. The structure of attractors in terms of complete trajectories for multi-valued dynamical
systems was also studied by [20, 9] for uniform attractors and [14, 8] for multi-valued semigroups.
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3. Regularity of pullback attractors for m-NDS

3.1. Bi-spatial pullback attractors for strongly dispersive m-NDS

Many m-NDS have a smoothing property that they admit a pullback absorbing set B more regular
than the initial data. In this part we study the so-called bi-spatial pullback attractors for smoothing
m-NDS.

In the following we let (X, - ||x) and (Y, || - ||y) be two separable Banach spaces with Y — X
continuously except otherwise stated. We first make some elementary definitions.

Definition 3.1. Suppose ¢ is an m-NDS in X, then ¢ is called Y-dispersive if ¢ has a pullback
absorbing set B which is a bounded non-autonomous set in Y.

Definition 3.2. We say K € Dy is (X,Y)-pullback attracting if for every D € B(X) we have

tlirrolo disty (¢(t,0_,7, D), K(7)) =0, Vre€R.

Definition 3.3. A mapping K € Dy is called an (X,Y)-pullback attractor for the m-NDS ¢ if
1. K(7) is compact in Y for any 7 € R;
2. K is pullback (X,Y)-attracting;
3. K is negatively invariant.

Remark 3.4. Clearly, since Dy C Dy, if an m-NDS ¢ has pullback (X,Y)-attractor K and pullback
(X, X)-attractor A, then K = A.

Definition 3.5. An m-NDS ¢ in X is called (X,Y)-pullback asymptotically compact if for every
D e B(X), t, = oo and 7 € R, the sequence {y,} with y, € ¢(t,,0_+, 7, D) is precompact in Y.

The following result indicates under what conditions the pullback attractor A for a smoothing
m-NDS ¢ can be bi-spatial.

Proposition 3.6. Let ¢ be a Y -dispersive m-NDS in X with a backwards bounded pullback attractor
Ain X, then A is the (X,Y)-pullback attractor of ¢ if ¢ is (X,Y)-pullback asymptotically compact.

Proof. The (negative) invariance follows since A is a pullback attractor for ¢. Now let us first prove the
Y -compactness of A. Suppose {x,}>2; C A(7), V7 € R, then we should prove {x,} is precompact in
Y. By the negative invariance and backwards bounded of A we find that, for any sequence 0 < t; — o0,

T, € m ¢(tk,7—tk,A(T —tk)) C ﬂ ¢(tk,7 —tk,D) Vn € N,
keN keN

for some D € B(X). Therefore,
Ty € ¢(tn, T —tn, D) Vn €N,

and by the (X,Y)-pullback asymptotic compactness we know{z,, } is precompact in Y.
We then prove the (X,Y)-pullback attracting property of A by contradiction. If not, then there
exist a D € B(X) and a ¢ > 0 such that, for some 7 € R and ¢,, — o0,

disty (¢(tn, T — tn, D), A(T)) = 6, Vn eN.

By the pullback attraction in X of A we find that there exist a sequence {x,,} with z,, € ¢(t,, 7—tn, D)
such that
distx (zn, A(T)) = 0, asn — oo.
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Therefore, by the compactness of A(7) we can find an a € A(7) such that, up to a subsequence,
X
Ty, — a,

which along with the (X, Y)-pullback asymptotic compactness of A implies, up to a subsequence,

Y
T, — a,

a contradiction. The proof is complete. O

Proposition 3.7. Let ¢ be a Y-dispersive m-NDS in X. Then if ¢ has an (X,Y)-pullback attractor
A, ¢ is (X,Y)-pullback asymptotically compact.

Proof. For any D € B(X), t, — oo and 7 € R, we let {y,} be a sequence with y,, € ¢(t,,0_¢, 7, D).
By the pullback attraction in Y we have

disty (yn, A(T)) < disty (¢(tn, 0—t, 7, D), A(T)) = 0 asn — oo.
Then since A(7) is compact in Y, {y,,} is precompact in Y as desired. O

Remark 3.8. Proposition 3.7 also implies for single-spatial cases (i.e. when X =Y) that the pullback
asymptotic compactness is a necessary condition for the existence of a pullback attractor.

Theorem 3.9. Let ¢ be a Y -dispersive m-NDS in X. Suppose ¢ has a backwards bounded pull-
back attractor A. Then A is the (X,Y)-pullback attractor for ¢ if and only if ¢ is (X,Y)-pullback
asymptotically compact.

Proof. This is a direct corollary of the previous two propositions. O

Remark 3.10. This theorem indicates that the strong compactness and attracting ability of the at-
tractor, once the attractor exists, are only determined by the dynamical compactness of the system.

Other dynamical compactness of an m-NDS
In this part we present several equivalent dynamical compactnesses which help understand the
dynamical property of the m-NDS.

Definition 3.11. An m-NDS ¢ is called pullback w-limit compact if for every D € B(X) and 7 € R,
tlirgon< U e(s, 7 s,D)> =0,
s>t
where k denotes the Kuratowski measure of noncompactness of sets defined as
r(B) =inf {6 : B has a finite cover by balls of X of diameter less than §}, VB C X.

Definition 3.12. An m-NDS ¢ is called pullback flattening if for every D € B(X), e >0 and 7 € R
there exist T' > 0, a finite-dimensional subspace FE of X and a mapping Pg : X — FE such that

PE< U ¢t 7 t,D)) € B(X),
t>T
and

H(I—PE)< U (;S(t,T—t,D)) <e

ST HX
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Remark 3.13. The pullback flattening property was first introduced by Zhong et al. [22] under the
terminology of Condition C and developed by Kloeden and Langa [10].

Lemma 3.14. [6] Let X be a Banach space and ¢ an m-NDS in X. Then ¢ is pullback flattening =
¢ is pullback w-limit compact < ¢ is pullback asymptotically compact. If, moreover, X is uniformly
convex, then ¢ is pullback flattening < ¢ is pullback w-limit compact.

3.2. Backwards precompactness of pullback attractors for m-NDS
Observe that, given a backwards bounded pullback attractor A € Dx for some m-NDS ¢ on X,
by definition we can find a family of bounded sets B = {B(7)},cr € B(X) such that

J A(s) ¢ B(r), vreR. (3.1)

ST

Then if B is moreover compact in X, then the attractor A is backwards precompact, namely,

U A(s) is precompact in X, V7 € R. (3.2)

s<T
Establishing a compact B with the property (3.1) should be the most direct way to check the
backwards compactness of A. In many cases especially when Sobolev compactness embeddings hold,

B is expectable to be even an increasing and compact pullback absorbing set. In the following we
develop a study for more general situations.

Definition 3.15. An m-NDS ¢ is called backwards semi-uniformly pullback asymptotically compact
if for every D € B(X), 7 € R and ¢, — oo, any sequence y, € Us<r@(t,, s — tn, D) is precompact in
X.

Definition 3.16. An m-NDS ¢ is called backwards semi-uniformly pullback w-limit compact if for

every D € B(X) and 7 € R,
Tlgréofﬂ( U U (;S(t,s—t,D)) =0,

t2>2T s<T
where k denotes the Kuratowski measure of noncompactness of sets.
Definition 3.17. An m-NDS ¢ is called backwards semi-uniformly pullback flattening if for every

D e B(X), 7 € R and € > 0, there exist T = Tp r > 0, a finite subspace E of X and a mapping
Pg : X — FE such that

LJ LJ }&Wﬁavs__taln € B()(%
t2T s<T
and

sup
ST

(I PE)( U ot s —t,D))HX <e

The following result provides sufficient conditions ensuring a backwards bounded pullback attractor
to be backwards precompact.

Theorem 3.18. Suppose ¢ is an m-NDS on a Banach space X. Then
(i) & is backwards semi-uniformly pullback flattening

¢

(i) ¢ is backwards semi-uniforly pullback w-limit compact

¢

(ii1) ¢ is backwards semi-uniformly pullback asymptotically compact

3
() if ¢ has a backwards bounded pullback attractor A, then A is backwards precompact.
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Proof. (1)=-(ii): Let D € B(X) and 7 € R. Then for every € > 0, we can find a T > 0 such that

Ii<U U¢(t,s—t,D)> g;-;(U UPE¢(t,s—t,D)> +I€(U U(I—PE)¢(t,s—t,D))

t>T s<T t>T s<T t>T s<T
<O0+k(B(0,6)) <,
where P, : X — E with F a finite-dimensional subspace of X. Therefore (i) implies (ii).

(ii)=(iii): For every D € B(X), 7 € R and t,, — 0o, we prove any sequence y, € Us< @(tn,s —
tn, D) is precompact. By condition, for each ¢ > 0 there is a T > 0 such that

/@( U U(b(t,s—t,D)) <e,

t>T s<7

therefore, for NV large enough so that t, > T for alln > N,

n<nL>JNyn) < n< U U qﬁ(tn,s—tn,D)) </£< U U ¢(t,s—t,D)> <e.

n=2N s<T t2T s<T

Thus (ii) implies (iii).

(iii)=-(iv): We need prove (3.2) for A. Suppose {z,}52, is arbitrarily a sequence contained in
Us<rA(s), and we prove it has a Cauchy subsequence. Suppose also B is a bounded non-autonomous
set satisfying (3.1) for A (by the backwards boundedness of A). Let xz, € A(sy), sn < 7. Then, for
some t, — 0o, we have

T € A(Sn) C Otn, Sn — tn, A(Sy — ty))

C @(tn, Sn — tn, B(7))
c | é(tn, s = tn, B(7)).

ST

Therefore z,, has a Cauchy subsequence since ¢ is backwards semi-uniformly pullback asymptotic
compact. The proof is complete. O

4. Applications to a reaction-diffusion type system without uniqueness

4.1. Preliminary settings
4.1.1. Notations

Let d be a positive integer and O C RY with N € N a bounded open domain with smooth
boundary. Suppose it holds in O the Poincare inequality for some A > 0

Vol 220y = Allvll72(0)- (4.1)

We often write as (a;) an element (a1, -, aq) of R? for simplicity. Let (a;), (b;) € R? be arbitrarily
given. Define

d
(a;) - (b;) =>_asbj,  (a;) + (bj) = (a; +b;), (a;)(b;) = (a;b)),
=1

k(aj) = (kaj), (a;)+k=(a; +k), VkeR.

Let p = (p;) be arbitrarily a vector in R with p; > 2. Denote & = (p%_), and

()P = (Ja;|") € R (4.2)
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Then it makes sense to define the space
LP(O) = LP1(O) x -+ x LP4(0),
endowed with the norm

d
lallg = llulFo o) = D 14 175 o)
j=1

Particularly, we write H = (L?(0))? and V = (H}(0))¢ endowed respectively with the norms

d 1/2 d
fulli= s = (L1 o)l = (3 1)
j=1 j=1

Hereafter throughout this paper, p = (p;) is fixed as the vector introduced by the assumptions (4.4),
(4.5) on f.

1/2

4.1.2. Generating an m-NDS
Consider the following vector-valued equations

& aAu+ f(tu) = g(=,t),

ulpo =0, (4.3)
u|t:7’ = Uo,
where (t,7) € (1,00) x O, u = (u!(t,2),-- ,ul(t,r)): (1,00) x O = R% ais a real d x d matrix with

a positive symmetric part %‘zt > BI for some B > 0. f = (f (t,u), -, f4t,u)) € C(R x R%:;RY)
satisfies

d v d_
MW <a (HZWW)’ (4.4)
j=1 j=1

d ) ) d )
S At =0y WP — e, (4.5)
j=1 j=1
f(t,0)=0, VteR, (4.6)

where p; > 2 and oy, c1,cp are all positive constants. We also assume that there exists an M > 0
such that f(¢,wu) is continuously differentiable w.r.t. u for all |u| > M, and

afttu)

3 w = —c3(t)|w]?, for all [u| > M, w € RY, (4.7)
u

where c3(t) € L}, .(R;RT). For the external force g(x,t) we suppose g € L} _(R; H) with a backwards

loc
translation bounded property

sup /T_l llg(s)]|* ds < oo. (4.8)

7<0Jr

The following proposition indicates that condition (4.8) is between translation bounded condition
and tempered condition.

Proposition 4.1. Suppose g € L? (R; H). Then condition (4.8) is equivalent to each of the following:

loc
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(G1)

swp [ gl ds <oe, VTR,
T<TJr—1

(G2)
sup/ VG| g(s)||? ds < 00, Vv >0, T € R;
7<TJ—c0
(G3)
limsup/ eV g(s)|> ds < o0, Yy > 0.

T—00 J_o

Proof. (4.8) = (G1). It suffices to notice that, since g € L2 (R; H), supg, 7 [, [g9(s)[|*ds < oo,
and thereby for each T" > 0 we have

T T T
sup / lg(s)? ds < sup / lg()II? ds + sup / lg(s)|? ds < oo.
<TJr—1 7<0Jr—1 o<7<T Jr—1

(G1) = (G2). For any 7 < T,

[ gl as= 30 [ g as

< Ze (s [ oo as) < oo

n=0

(G2) = (G3) is trivial. Let us prove (G3) = (4.8). Suppose the supper limitation is ¢ > 0. Then
there is a time T < 0 such that

/ O gs)|>Pds<e+1, Vr<T

— 00

Therefore, for each 7 < T we have

[ e ds<er [P ds < et ),
T—1 T—1

Hence - . -
sup [ ) ds <sup [ o) ds+ sup [ gl ds < .
7<0Jr—1 T<TJr—1 T<r<0J7r-1
The proof is complete. O

Definition 4.2. The function v = u(-) is called a weak solution of (4.3) if

du
T ot

/ <ut, dt+/ /aVu Vi) dxdt—l—/ / ft,u) dxdt:/T /(g,w) dadt

for all ¢ € LP(7,T; LP(0)) N L3(7,T; V), where (-, ) denotes pairing in the space V' 4+ L9(0O).

u € C([r,T); H) N LP(r,T; LP(0)) N L*(,T; V) € LA(r,T; LYO)) + L*(r, T; V'), u(t) = uo,

and

16



Now let us associate an m-NDS to the equation (4.3) in order to study its long time behavior.
First, it is known [16, 9, 5] that under the assumptions (4.4) and (4.5) the problem (4.3) has at least
one weak solution u for every given ug € L?(0). Let us define

o(t, 7, up) = {u(t +7,7,u0)} € P(H), VteRT 7€R uy€ H, (4.9)
where u(t + 7,7, ug) is a solution of (4.3) at time 7 + ¢ with initial data up at time 7.

Proposition 4.3. The set-valued mapping ¢ defined by (4.9) is a strict m-NDS which generates
smooth trajectories in the sense of Definition 2.23. Moreover, it is upper semi-continuous in H.

Proof. From the Kneser property [16] it follows ¢(¢,7,ug) € C(H). The strictness property follows
from [16, Lemma 3] and the upper semi-continuity from Remark 2.5 and [16, Lemma 2]. ¢ indeed
satisfies Definition 2.23 since for each ug € H and 7 € R we can take R = {u(t + 7,7,u0)|>0},
which satisfies (H1) and (H2) in Proposition 2.25. O

4.2. Backwards precompact attractors in H
In this part, we study the attractor in the phase space H. We begin with uniform estimates which
are elementary to obtain an absorbing set and the attractor. In the sequel we denote by

v =PBA
the constant determined by the matrix a and the Poincare property (4.1).
4.2.1. Uniform estimates

Proposition 4.4. Let f(t,u) € C((1,00) x R%:R?) be with the properties (4.6) and (4.7). Then for
every uw € HY N H? such that |u| > M it holds the following inequality:

/f(t,u) A dz < es(8)]|[Vul 2. (4.10)

Proof. Let f(t,u) € C'((1,00) x R%; R9) admit the properties (4.6) and (4.7). Then, since f(t,u)|so =
0, by integration by parts we obtain

/ftu Audx_ZZ/thuag

k=11=1
i d/ Afi(t,u) ol 9w’
= Z Z e dx
out amk oxy,
k=14 (4.11)
§o [ ot on o,
o ou Oz Oxp

>
Il

1
= ou 2 9
t)é / | o= a7l

Since f(t,u) € C((1,00) x R% R?) can be approximated by elements of C((7,00) x R%;R%), the
inequality (4.10) is proved by passing to the limit in (4.11). O

Lemma 4.5. Suppose (4.4), (4.5) and (4.8) hold. Then the solution u of (4.3) satisfies

u(r, 7 — t,u0)|2 + /

T—t

T

6= u(s)|[B ds + 2 / (=) | Tus)|? ds

;
< e |ugl|? +c/ | g(s,2)|? ds+¢, VE=0,7 €R.
T—1
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Proof. Multiplying (4.3) by « and integrating over O we obtain

1d

iaHqu—i—/—aAqudx:—/f(t,u)-udx+/g(x,t)~udm.

Since, by (4.5),
- [ ft) v do < il + csfo),
by Young’s inequality, we have

BA

d
a\lﬂll2 + 26| Vul® < —2a[|ull} + 7\\U||2 +ellgl@, O +e.

Therefore, since v = S and by Poincare’s inequality (4.1), we have
d 2 2 p B 2 2
el + Al + aallulig + S5 1IVal® < cllg(z, I + .

By Gronwall’s technique we conclude the lemma. O

It will be useful to note that, since €7 > ("= for all s € (r—1,7),

ale_'y/ lu(s, 7 — t,u0)||g ds + 5 _“’/ (IVu(s, 7 — 1,u0)||2 ds
T—1

56 7—1
<ar [t —tuw)g ds+ 5 [ TP as (1.12)
T—1 T—1

<eMulPre [ Tl ds e, Ve L

T—1

Lemma 4.6. Suppose (4.4)-(4.8) hold. Then for every 7 € R every solution u of (4.3) satisfies

.

sup  ||Vu(s, 7 —t,uo)||* < LOFe " ||lug||* + LC;/ (a"(g_T)Hg(x,f)||2 d§+ LCY, Vit > 2,
T—1<s<T T—t

where L is a positive constant and

Cr = ed o 2¢3(0)do > 1.

Proof. Multiply (4.3) with —Aw and then integrate to obtain
d
EHVuH2 + 28] Aul]? < Z/f(t,u) - Au dx — 2/g(ac,t) - Au dx. (4.13)

Note that the inequality (4.4) implies a positive constant Cp; such that
|f(t,u)]? < Oy for all u € R with |u| < M. (4.14)

Therefore, by (4.10) and (4.14) we obtain

2/f(t,u)~Audx:2/ f(t,u)-Audx—i—?/ ft,u) - Au dz
2Cu|O
< 2aa(0)Vu? + 5 sl + 221
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Thus, since
I} 2
_2/g(m7t) -Au dr < §||Au||2 + BHg(a:,t)Hg,

it follows from (4.13) and (4.15) that
d 2 2 2
TVl + (v = 2es (@) [IVull” < ellg(a, ]I +c. (4.16)

Multiply by el7(=2¢s(@))de apd then integrate w.r.t. t over (s,7) where s € (1 — 1,7) to obtain
IVa(r, ™ — t,uo)|* < el 2D Tu(s, 7 — t,uo)|

+ C/T eff(w—%s(g))dg”g(w’5)”2 dé + C/T e s (v=2¢s(0)de d¢
T—1 T—1

_ (4.17)
<O [Vuls, 7~ tuo) P+ oCF [ lg(a, ] de + oCF,
T—1
where

CF = el o 2(Dde ¢ [1 o). (4.18)

Integrating (4.17) w.r.t. s over (7 — 1,7) and by (4.12) we have, for all ¢t > 1,
IVu(r, 7 = t,uo)lI* < cCe™ [luol* + CC?T/ g (@, O dE + eC5. (4.19)

T—1

On the other hand, for any s € [t — 1, 7] and by taking the place of 7 in (4.19) with s, we have
IVu(s, 7 —t,u0)||* = | Vu(s, s — (s — 7 + 1), uo) |

S

< cC5e7 77T ug|* + ¢C3 / " g(, €)1 g + 05

(4.20)
<cCge  uol* +e0F [ gl ¢ dé +eC3
T—t
for all s € [r — 1,7] and ¢t > 2. By (4.19) and (4.20) we complete the proof. O

Corollary 4.7. Suppose (4.4)-(4.8) hold. Then for each r > 0, there exists a To = maX{Qafﬂ,Q} (so
that e~ 71012 < 1) such that every solution u of (4.3) with ||uo| < r satisfies

sup |Vu(r, — t,u0) |2 < LCS / ED |lg(a, €| dé + 20.C5

t=>To —00

< LCY <sup/ V=) g(x, €)|? dg) +2LCY, VY7 eR.

s<T

4.2.2. Increasing absorbing set and pullback attractor in H

Theorem 4.8. Suppose (4.4)-(4.8) hold. Then the m-NDS ¢ generated by (4.3) has backwards compact
pullback attractor A in H. Moreover, A is invariant under ¢ and has the presentation

A(r) =w(K(r),7), VTeR, (4.21)
= {5(7') 1 € is a complete trajectory backwards compact in H}, V1 € R, (4.22)

where

K(r) = {u eV :|Vul* < LCS <sup/ V&) |g(x, €)]|? dg) + 2ch}, VreR.  (4.23)

s<T J—00
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Proof. Since ¢ is a strict m-NDS, by Theorem 2.18 it suffices to prove ¢ has a backwards compact
pullback attractor. Clearly, by Corollary 4.7 and Proposition 4.1 (G2) we know K € Dy is an increas-
ing and compact absorbing set of the system in H. By Remark 2.16, the condition (2.2) is satisfied.
Therefore, since the compactness of absorbing sets implies the pullback asymptotic compactness, by
Theorem 2.15 we conclude (4.21). (4.22) follows from Theorem 2.24 and Proposition 4.3. The proof
is complete. O

4.8. Compactness in V.
In this part, we study the regularity of attractors for the system (4.3). To achieve this, we suppose
the external force g(z,t) is such that

sup [ (g 9)E3 + lo(w,s)|P)ds < o0, VT €, (121
T< T—1
and that
n
the mapping 1 — / lg(z,s)||* ds is uniformly continuous in (—oco,7), V7 € R. (4.25)

Note that condition (4.25) is for the V-backwards compactness of the attractor. We first give a
sufficient condition of (4.25) since it is not common in the literature.

Proposition 4.9. Let g € L}, (R; H). If there is a time T € R such that sup,<p |lg(t)||* < oo, then
(4.25) holds.

Proof. We prove by contradiction. If (4.25) does not hold for some 7 € R, then there exists a § > 0
and for each n € N there are 07", 75 € (—oo, 7] such that

n3
0<ny—ni'<1l/n and / lg(s)||*> ds =6, Vn € N. (4.26)

n
Case 1. If {n%}nen is bounded, then there exists an r € (—oo, 7] such that, up to a subsequence,
ni —r, j =1,2. Hence,

3 r Ny
[ sl as< [ gl as+ [ g ds 0, asn o
ny ny r

which contradicts (4.26).

Case 2. If {9 },en is unbounded, then without loss of generality we have sup,cy 7% < 7. Then

2 su s)|I?
7 late? as <o~ st sup gty <« 2=t g
7 RS

, asn — oo,
. n
which contradicts (4.26) as well. Therefore we have the proposition. O
For simplicity we further let a be a diagonal matrix with 8 = min{ay1, -+ ,aqq} > 0. We also
assume positive constants as and 3; such that
d d
ST HE WP > a0 Wl PP By, (4.27)
j=1 j=1
d d
SIF W <as [u? P72+ s, (4.28)
Jj=1 Jj=1
d
At u |l PPt > by (4.29)
j=1
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Remark 4.10. Assumptions (4.27)-(4.29) are implied by conditions (4.4) and (4.5) when d = 1. How-
ever, in vector-valued case when d > 1, they should be listed independently.

4.8.1. Complimentary uniform estimates
Lemma 4.11. Let (4.4), (4.5) and (4.27) hold. Then for every T € R the solution u of (4.3) satisfies

(65 T T —_r _
futr o+ 2 [ [t 1 w1355 acas
ST (4.30)
< ce”M|uol? + c/ 67(577—)”9(%, s)||? ds +¢, Vt=1.

T—1

Proof. Observe that
V([uP~2u) = (p — 1)Vu|u|P 2.

Then by multiplying (4.3) with |u[P~2u and then integrating we obtain, by (4.27),

d d
d 1 | |
G [ S dek 5 [ S - 0 vw da
dt =P =
< —/f(t,u) - (lulP~?u)da + /g(mJ) - (JufP~2u)dz (4.31)
a2 2p—2 1 9
S—— .
= 2 ||uH2p—2 + 62‘O| + o ||g(l',t)||

Therefore,

d P (&%) 2p—2
qpllulls + - lullzp=s < cllg(a, O)* + ¢, (4.32)

where ||u\|g is an equivalent norm to ||u|p defined by
. 4 q
Jullg = [ > -t d.

lepj

Now multiply (4.32) by €7* and then integrate over (s,7) with s € (t — 1,7) to obtain

= (6%} T _r —
Jutr.r =t + 5 [ e — w357 ae

S
T

< e’ u(s, T — touo) B + C/ g, 6|7 de + ¢,

T—1

and then integrate in s over (7 — 1,7) to have, by (4.12),

B a T T . 3
futrr =t + 2 [ [ € uler w3573 deds
T—1Js

< 6/ e |us, T — t,ug)[|B ds + C/ e lg(x, )|* dE + ¢
T—1 T—1

< ce M |lu|)* + c/ gz, s)||? ds +¢, V=1,

T—1

which completes the proof since ||u(r, T — t, u0)||g is equivalent to [[u(7,7 — ¢, ug)|[B. O
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Lemma 4.12. Let (4.4), (4.5) and (4.24), (4.29) hold. Then for every T € R the solution u of (4.3)
satisfies

T
sup u(s. 7~ tun) 3573 < ee fuol e [

‘rf%<s<7' —o0

Proof. Let us define

) (llg(a, )33 + llg(a, 5)[12)ds +c.

2p—2

||“||2]3—2 = i =2 d$).
Jj=

2p—2
2p—2-

Multiplying (4.3) by |u|??~*u and then integrating, by (4.29) and Young’s inequality we have

Then Hu||§g:3 is an equivalent norm to ||ul|

d
d . B .
a||u\|§gj+ﬁ/z:(2pj _3) |V P da
=1

—/f(t,u) - (JuP~ ) de + /g(m,t) . (\u|2p_4u)dx

< 3110+ (ellge, 13575 + ul3).
from which it follows
2R3 = Ml < ellg(e DI~ + (4.33)
Now temporarily we set
T—1l<n<7-2/3<E<T-1/3,
and by this we derive an estimate uniformly in s € (7 — 1/3,7). Multiply (4.33) by e~ and then

integrate over (&, s) to obtain

2p—2 2p—2
HU(S,T - tv“O)”Zg 2 X < Cev(T 2 ||u(§,7' - t7u0)||2g72

+e | C g, t)|5p75 do+c. (4.34)
T7—1

Integrating (4.34) in & over (n,s) and by e7(7=2) < e27e7(e=7) for all g € [T — 1, 7] we obtain

(s = n)llu(s, ™ — t,uo)ll3p 75 < ¢

2p—2 S 6”“_5)””(& —t,uo)|l3p "5 dé

:\//\

ve [ g ) ot o
Tt (4.35)
<c

.

E D u(€, 7 — t,uo)ll5p=5 dé
e[ @ glos) I3 do ke
T—1
Integrating (4.35) in 5 over (7 — 1,7 — 2/3) and by (4.30) we have
lu(s, ™ — ¢, ug Hz / / e E |l u(e, T — ¢ u0)||§g 3 de
T—1
o [ e glas) 853 de+ e
T—1

-
< ce_““HuOH2 + c/

— 00

=) (llg(a, )[373 + llg(a, )12 ds +
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uniformly in s € (7 — 1/3,7). The proof is complete. O

4.3.2. (H,V)-backwards semi-uniformly pullback flattening property

Consider the continuous compact operator —A in L?(0). It is known by spectral theory that there
exist a sequence {\;}32, with
O< A< A< >
and a sequence of vectors {e;}52; C D(—A) such that
—Aej = /\jej, j = 1,2, et (436)
Denote by V,,, = (E)%, ¥m € N, where E,, = span{ei, ez, -+ ,en} in Hi(O), and P, : V ~ V,, the
orthogonal projector. Then we have the following lemma.

Lemma 4.13. Let (4.4)-(4.7) and (4.24)-(4.29) hold. Then for every r > 0, € > 0 and 7 € R, there
exist a Tp = max{zlwﬂ, 2} and an M = M, , € N such that for every solution u of (4.3) with |luo| < r
satisfies

sup [|(I — Par)u(s,s — t,uo)|> < e, Vt>Tp.

s<T
Proof. We denote by ut, = (I — P,,)u, ¥m € N. Multiply (4.3) by Au;: and then integrate to get
1d

5 sVl + 812wkl < [ 5t suk do = [ oo s ao

g L2, 2 2 2 2
< = || Aup |12+ sl fE W)+ =gz, 0%
S 18w "+ Z1fEwIE+ Zllg@ D]
and thereby,
d
3 Vumll? + [ Vumll* < el £ (w1 + ellg(z, I, (4.37)
where we have used the relation ||Auz||? > A\ ||Vui ||, and

Y 1= BAm.
Since, by (4.28),
2p—2
1£ 8, wl* < asllullzp=3 + O],
we integrate (4.37) over (s,7) with s € (1 —1/3,7) to obtain

IVt (7,7 — tuo) |12 < €7 77| Vg (5,7 — tuo) || + C/ &) g (a, €)1 dg
1

T _ c
e[ e ue,r - )57 g
r—4 ’ym
3
Integrating in s over (7 — 1/3,7) we have

T

)
IV (7, 7 — £, u0) | < c/ =Tk (s, 7 — 1) |2 ds+c/ =D g(z, )| ds
T7—1

T—

T _ c
n c/ & E D u(E, T — t,u0) 2R3 dé + -

m

C _
< < sup || Vg, (s, 7 —tuo) >+ sup lu(s, 7 — ¢, m)lli‘i%)
T—%<S<T T—%<S<T

m

’
“/ mCD gl 8)[2 ds + —,
T—1 it

23



where we have used the relation

/ gm—nge— L L 1
1 Ym €3 T g

3

Therefore, by Lemma 4.6 and by Lemma 4.12, for all t > T we have

cCq [T st _
S5 e (gt )1 + lgte ) ds

m —00

cr T
S / G g(z, )7 ds,
TYm 7—1

||vu7Ln(7—77— - tvuO)HQ <

+

where C7 introduced by (4.18) is an increasing function in 7 taking values in [1,00). This implies

cC3 K ., _
sup [V (s.5 = tun) | < 55 (sup [ 6 (lg(o, 9853 + oo 9)2) s
—o00

n<T Tm n<T

(4.38)
cCg Y 2
+ + ¢ sup e T g(xz, 8)||* ds |, Vi = To.
m n<T J —oco
Recall that
Ym = BAm — 00 as m — oo. (4.39)
Hence, by condition (4.24) and Proposition 4.14 below, the right-hand side of (4.38) converges to 0
as m — oo for each fixed 7 € R. Then the lemma is concluded. O

Proposition 4.14. Under conditions (4.8), (4.25) and (4.39) it holds

n
lim (sup/ =M g(z, 5)||? ds> =0, VvVreR.

m— o0 ng,r

Proof. Let 7 € R be fixed, and set

n
Fm) i=sup [ e g(a,5)| s

n<T

Then By (4.8) and Proposition 4.1 (G2) we know F'(m) < oco. Since F(m) is non-negative and
decreasing, it has a limit [ > 0. Suppose [ > 0, and we shall establish a contradiction.

Since n — ["__[|g(s)||*ds is uniformly continuous in (—oo, ) by (4.25), there exists a § > 0 such
that

n
sup / lg(s)|? ds < 1/4,
n

U
and thereby

U U
sup/ eI g(s)||? ds < sup/ lg(s)]|? ds < 1/4, ¥m € N.
n<tTJn—4§ n<T Jn—4§

On the other hand, from Proposition 4.1 (G2) and ~,, — oo it follows that

n—o =9
sup [ g as = s [ D as
—00

n<TJ—o0 n<T

n
— e sup [T m g2 as
n<T—0J—00

n
<e ™0 sup / e M g(s))|? ds = 0, as m — oco.
n<r—94§ J —oco
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Therefore,

n n n—a
sup [ o) ds <sup [ o) dssup [ e gl ds
oo _5

n<T n<T N<T J —o00
< ({/2 for large m.
This contradicts with [ being the limit and thereby [ = 0. O

Lemma 4.15. Let (4.4)-(4.7) and (4.24)-(4.29) hold. Then the m-NDS generated by (4.3) is (H,V)-
backwards semi-uniformly pullback flattening, namely, for any D € B(H), 7 € R and ¢ > 0, there
exist a T =Tp . > 0, a finite-dimensional subspace I of V' and a mapping Pg : V — E such that

U U Peglt,s —t.D) e B(V), (4.40)
s<Tt=>T
and
supsup ||(I — P t,s—t,D)|| <e.
sup sup (I — Pg)o( )| (4.41)

Proof. First recall that by definition,
o(t,s —t,ug) = u(s,s —t,ug), Vt>0, seR, ug€ H.
Since for any D € B(X) there is an r > 0 such that ||D|| < r, by Lemma 4.13, (4.41) is satisfied
by taking T =Ty, E = V)y and Pg = Pys. To see (4.40), by Corollary 4.7 we have

sup sup || Vu(s, s — t,up)||* < LC’;/ &gz, &)||? de + 2LCE,  Vug € D.

s<Tt=2To —00
Hence Usgr UisT ¢(t, s —t, D) € B(V), and then (4.40) follows. O

4.3.3. Main result

Theorem 4.16. Under conditions (4.4)-(4.7) and (4.24)-(4.29), the m-NDS ¢ generated by (4.3) has
a pullback attractor A defined by (4.21) and with the following properties:

1. A is backwards precompact in V, that is,

U A(s) is precompact in' V, V1 €R;

s<T
2. A attracts every bounded subset of H in the topology of V;
3. A is invariant under ¢;
4. A has the characterization

A(r) = {5(7’) : € is a complete trajectory backwards compact in H}, vr € R.

Proof. By Theorem 4.8, the non-autonomous set A is a pullback attractor for ¢ in H which is invariant
and backwards bounded in V. Hence the properties 3 and 4 are clear.

Since Lemma 4.15 implies the (H, V)-pullback flattening property of ¢, from Proposition 3.6 we
see that A is moreover the (H,V)-pullback attractor of ¢. Hence, the property 2 is clear.

To see property 1, we note that since A is the (H,V')-pullback attractor of ¢ and A is backwards
bounded in V', A is the backwards bounded attractor of ¢ in V. Then Theorem 3.18 along with the
backwards semi-uniformly pullback flattening property in V presented by Lemma 4.15 implies A is
backwards compact in V. The proof is complete. O
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4.4. An example: attractors for non-autonomous Fitz-Hugh-Nagumo equations

Now let us study a specific model as an application of the results Theorem 4.8 and Theorem 4.16.
Consider the real-valued Fitz-Hugh-Nagumo equation

% —ap1Duy + b(t)h(u1) +uz = g1(x,t),
B2 — a9y Nuy — 5(t)ur + §(tua = ga(, 1), (4.42)
ulpo = (u1,u2)|oo = 0,

where O C R” is a bounded domain with Poincare inequality (4.1). We let 8 = min{a;,ass} > 0,
and h(-) : R — R satisfy A(0) = 0 and

B <er(l+]s),  VseR
h(s)s = —ca + csls|", Vs € R,
R (s) = —cy, V|s| > M,

for some r > 2 and ¢; > 0, M > 0. Let also b,§,£ € C(R,R™) all with the property
[b(t)] <cay, VEZ=0,
and b(t) = v1 > 0, &(t) = 2 > 0. For these constants we further assume

cq +1

< min{vyic3,v2}, when r=2.

Then it is readily verified that conditions (4.4)-(4.7) and (4.27)-(4.28) are satisfied for all r > 2,
and (4.29) are satisfied for r = 2. Therefore, if we denote by p = (r,2) and the external force
g(x,t) = (g1, 92) is assumed with (4.24) and (4.25), then Theorem 4.8 and Theorem 4.16 imply that,
the m-NDS generated by the non-autonomous Fitz-Hugh-Nagumo equation (4.42) admits an invariant
and backwards compact pullback attractor A in H for all » > 2, and, moreover, A is an (H, V')-pullback
attractor which is backwards compact in V' and composed of backwards bounded complete trajectories
if r =2.
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