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Abstract

In this paper we study a generalized porous medium equation where the diffusion rate,
say m(x) —spatially heterogeneous—, is assumed to be linear, m = 1, on a piece of
the support domain, €2y, and slow nonlinear, m(z) > 1, in its complement, €2, := Q\
Q1. Most precisely, we characterize the existence of positive solutions and construct the
corresponding global bifurcation diagram as one of the parameters of the model changes,
showing that a continuous transition occurs between the diagrams of the completely linear
case (2 = Q) and of the completely nonlinear case (§2,, = Q). As a result, the effect
of a localized slow diffusion rate with varying support is completely characterized. Our
analysis is imperative in order to design porous media multi-components systems with
changing diffusion rates.

Key Words. Nonlinear diffusion. Spatial heterogeneities. From linear to nonlinear
diffusion.

AMS Classification. 35B32, 35J25, 35J60, 35K57.
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1 Introduction
In this paper we study the positive solutions of the following boundary value problem

—A (wm(x)) = \w in Q,

1.1
w=0 on 0f2, (1)

where Q C RY, N > 1, is a bounded domain of class C?, A € R, and

where (Q,,, is an open smooth subdomain of € such that ,, C Q and p € C(£2,,) satisfies
p(z) > 0 for each = € €,,. Finally, we denote by

Ql Z:Q\Qm,

the open set where m = 1. Given any measurable set M C (2, x,, stands for the charac-
teristic function of M, i.e., x,,(z) = 1 for each x € M, and x,,(z) = 0 for each x € Q\ M.
An admissible choice for p would be taking a constant p > 0. Then,

In Figure 1, we have represented an admissible configuration. The dark region stands for
Qn, where m > 1, and the white region is the subdomain of 2 where m = 1.

C] Nonlinear diffusion
C] Linear diffusion

Figure 1. An admissible configuration.

In the special case €2,, = (), (1.1) reduces to the classical linear eigenvalue problem for
the Laplacian under Dirichlet boundary conditions in 2. Subsequently, for any potential
Ve L*>(2) we shall denote by o[—A + V; Q] the principal eigenvalue of —A 4+ V in Q
under homogeneous Dirichlet boundary conditions. According to Krein—-Rutman theorem,
(1.1) possesses a positive solution if, and only, if A = o[—A;Q]. Actually, in such case, all
positive solutions are multiples of a principal eigenfunction.
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On the other hand, when €, = @ and m is constant, (1.1) provides us with the
classical porous medium equation, which generated a huge industry in Partial Differential
Equations since the pioneering studies of G. I Barenblatt [2] and A. G. Aronson & L. A.
Peletier [1]. In fact, one of the results of [1] establishes that (1.1) possesses a positive
solution if, and only if, A > 0, and that it is unique and asymptotically stable if it exists.
Actually, if we denote it by w, it turns out that limyowy = 0 and that A — w, is
increasing (cf. [4] for further details). In Figure 2, we have represented a bifurcation
diagram scheme of the positive solutions of (1.1) in these extreme opposite cases. Figure
2(a) shows the bifurcation diagram for the linear eigenvalue problem, and Figure 2(b)
represents the bifurcation diagram of positive solutions for the classical porous medium
equation. In Figure 2(a) we have denoted oy := o[—A; Q].

Our main interest in this paper is focused into the problem of analyzing how change
these diagrams when diffusion is nonlinear in some piece of €2, €2,,, whereas it is linear
in the complement, €2, trying to ascertain all possible intermediate eventual transitions
between the previous two limiting cases. Such an analysis is imperative in order to
study the effect of local nonlinear diffusivities in the global dynamics of porous media.
Consequently, we will throughout assume that €2,,, and so 2, are proper subdomains of
Q). It should be noted that, though the non-linearity is discontinuous, it is of Caratheodory
in L* and, hence, all solutions live in W? for all p > 1.

The analysis of this problem fits into our general program of analyzing reaction diffu-
sion equations in the presence of spatial heterogeneities; those heterogeneities might arise
in nonlinear diffusion rates, of course. As it will become clear later the global nature of
the corresponding bifurcation diagram of positive solutions of the general problem we are
dealing with is rather different.

w w

>» A I » A

01 0

o

(@) (b)

Figure 2. Bifurcation diagram in the limiting cases.

Since the change of variable

transforms (1.1) into

(1.2)
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most of our attention will be focused into (1.2). By elliptic regularity theory, it is folklore
that any weak non-negative solution u # 0 is an strong solution almost everywhere twice
differentiable and, as a result of the maximum principle, u(z) > 0 for each z € € and

g—(x) < 0 for each x € 02, where n stands for the outward normal vector-field of €.

u
Therefore, a necessary condition for the existence of a positive weak solution is A > 0.
The following function will play a crucial role in our exposition

1(A) = o[=A = Axg,; 9, A€ [0,00). (1.3)

It satisfies p(0) > 0, and, due to the monotonicity of the principal eigenvalue with respect
to the potential, it is decreasing in A. Actually, it satisfies p/(\) < 0 for each A > 0,
since A — p(\) is concave; by a celebrated theorem of P. Hess and T. Kato [6] (cf. [8] for
further details). Moreover, by the monotonicity of the principal eigenvalue with respect
to the domain, given a ball B C €2y for each A > 0 we have that

1(A) < o[=A = Axg; Bl = o[-A; B] = A.

Thus,

lim u(A) = —oo

and, hence, there exists
Ao = Ao(§21) € (0, 0[—A;])

such that

p(0) N[0, 00) = {Ao}- (1.4)
Actually,

Ao(21) > o[—A; Q]
since pu(o[—A;Q]) > 0. Indeed, if we denote by ¢ a principal eigenfunction associated
with o[—A, ], then
(A —o[=4;Q)x,, ) ¢ = oA, (1 = xq,) ¢ >0,

and, thanks to [8, Theorem 2.5], it is apparent that u(c[—A;Q]) > 0. Moreover, as a
result of the classical theory of P. Hess and T. Kato, p(A) is real analytic and concave
(e.g., [6] and [8]). Once introduced these notations, we can state our main results. The
next one provides us with the bifurcation diagram of positive solutions.

Theorem 1.1 Problem (1.2) possesses a positive solution if, and only if,
0< A<, (1.5)

and it is unique if it exists. Moreover, if we denote it by 0y, then, for each o € (0,1), the
map X — 0y is increasing and of class C1((0, X\o); CS(Q)). Further,

lim [|9allerre@ =0 and  lim [|6x[le) = oo, (1.6)

for any compact subset K C €.
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In Figure 3 we have represented the corresponding diagram of positive solutions of (1.2).
|
|
|
9}\ |
|
|

» A

0 Ao
Figure 3. Bifurcation diagram in the general case.

The bifurcation diagram consists of an increasing differentiable curve emanating from
u =0 at A = 0 and blowing-up to infinity, everywhere in €2, as A T A\g. It should be noted
that the u-bifurcation diagrams for (1.2) look similar to those shown in Figure 2 for (1.1).

The next result establishes the existence of an homotopy between the two limiting
bifurcation diagrams of Figure 2 and the bifurcation diagram of Figure 3. The concept of
domain convergence used in its formulation is the one introduced in [8], for which there
is continuous dependence of the principal eigenvalue and of the normalized principal
cigenfunction in Wy

Theorem 1.2 Let m € (1,00) and {$2,} o<y, a monotone family of C? subdomains of

Q such that B
Q}n:Qm and QF :=Q\ Q| 0<e<l1.

Set
Me = Xg: + M X 0<e<1, (1.7)
and denote by O\, 0 < X < A(€25), 0 < e < 1, the unique positive solution of
1
—Au = um=@ in €,
{ u=20 on Of). (1.8)

Then, the following assertions are true:

(a) If lim.)nQ5 =€, then
L Ao() = o[-0, (1.9)

and, for each X € (o[—A;Q], A\o(Q1)), there exists a unique gy € (0,1) such that
Mo (Q5°) = A. Moreover, lim, ., Ore) = oo uniformly on compact subsets of Q2 and

9[)\’5] = ‘|9[>\75]‘|C(Q)(I))\ + O(HG[A,g]Hc(Q)) as & l o m CIJFQ(Q), (1.10)

where O stands for the principal eigenfunction of o[—A — )\XQEO ; Q] normalized so
1
that || ®xllc@) = 1, while
leiﬂf)l 10peille@) =0 (1.11)

if A € (0,0]=A, Q).
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(b) If lim.jo Q5, =, then

liﬁ)l Ao(027) = o0 (1.12)
and, for each \ € (0,00),
161{{)1 10re] — Oxlle@ =0 (1.13)

where Oy stands for the unique positive solution of the classical porous media equa-
tion ((1.2) with €, = Q).

The distribution of this paper is the following. In Section 2 we include the proof of
Theorem 1.1 and analyze the asymptotic behavior of the positive solutions of the parabolic
counterpart of (1.2). Finally, in Section 3 we prove Theorem 1.2.

2 Proof of Theorem1.1

Subsequently, we denote by P the cone of positive functions of C3+t*(Q); P standing for

its interior. Given u, v € C***(Q), it is said that u > v if u —v € P\ {0}, and u > v if
u—v € P.
We already know that A > 0 is necessary for the existence of a positive solution. Now,

let v, > 0 denote a principal eigenfunction associated to p(A) (cf. (1.3)) and asume that
(1.2) possesses a positive solution, u. Then, multiplying (1.2) by ¢,, and integrating in

Q) it is apparent that
1
pO) [upr =2 [ udin.
Q Qm

Thus, u(A) > 0 and, therefore, A < Ag(£21). Recall that () > 0 if and only if 0 < A <
Ao(€21). This shows that (1.5) is necessary for the existence.

To show that (1.5) implies the existence of a positive solution we use the sharp version
of the method of sub and supersolutions developed by P. Hess [5] which demands no
regularity assumptions. Suppose (1.5) and consider
= v i B, (2.1)

0 in Q\B,

R

where B is a ball with B C ,, and v stands for the positive eigenfunction associated to
o[—A; B] normalized so that [|1)[|c(5) = 1. It is routine to check that the function

u = ey

is a weak subsolution of (1.2) if

A ini;l;anll
< mi — :
0 <e<minql1, <U[—A;B]> : (2.2)
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since g—z < 0 on 0B, where n is the outward unit normal vector-field of B. It should be
noted that

infm>1.

B

Actually, u provides us with a subsolution for any A > 0.
Now, pick A € (0, \g) and, for each sufficiently small § > 0, consider

Qs ={x e,  dist(z,00,) >0},

and
W) = o[=A =y, 19,

where

9175 = Q \ Qmjg .

By the continuous dependence of the principal eigenvalue with respect to the potential,
po(A) > 0if § > 0 is sufficiently small. Assume § has been chosen in that way. Let ¢}
denote the positive eigenfunction associated to p®(A) normalized so that ||5[lcq) = 1.
Then, the function

= K¢S
provides us with a positive supersolution of (1.2) if

mfﬂm,& m

L=supq, s M7 infg sm-1
m,

A s ™ . B
K >max<{ 1, m (égf(; Wi) s , (19an go‘j\) : (2.3)

Note that infg, ,m > 1. Finally, by choosing ¢ > 0 sufficiently small and K > 1
sufficiently large, it is clear that uw < u and, therefore, (1.2) possesses a weak positive
solution in the interval [u, u]; necessarily strong, by elliptic regularity. This concludes the
proof of the existence.
To prove the uniqueness we will adapt the argument given in the proof of [4, Theorem
3.2]. Suppose u is a positive solution of (1.2). Then,
(—A—)\u%’1>u:0 in Q,
u=20 on 0f),
and, hence, by the uniqueness of the principal eigenvalue, we find that
o[—A — Aum L Q=0. (2.4)
Suppose (1.2) possesses a further positive solution v # u. Then,

1_

_A(u—v):)\<u%—v%) :%/Ol[tu+(1—t)v]m Yt (u—w).
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Thus, setting
1

W= A [tu+ (1 — t)v]%_l dt ,
m Jo
gives

(-A+W)(u—v)=0 in Q,

(2.5)
u—v=20 on 0f).

In 0y, W = =\, while, in €,,,
1 1 1 1 1 1
/ [tu+ (1 —t)v]m ' dt < uml/ tm L dt = mum !
0 0

and, hence,
1
W > —dum !,

Thus, by the monotonicity of the principal eigenvalue with respect to the potential, we
find from (2.4) that

ol-A+W;Q] >0.

As the principal eigenvalue is dominant, from (2.5) it is apparent that v = v. This
contradiction ends the proof of the uniqueness.

Subsequently, for each A € (0, \g), we denote by #, the unique positive solution of
(1.2). The fact that the map

0,%) — CF(9)

(2.6)
A = 0 A
is of class C! follows easily from the implicit function theorem applied to the operator
[¢] T —

(0,A) x P — Cs ()
(A u) o ou— A(—A)7! (u%)

whose zeros are in one-to-one correspondence with the positive solutions of (1.2). T is of
class C! and, for each \ € (0, o),

D,T(\,0y) : Ct(Q) — C5(Q)
is the linear continuous compact operator defined by

1

DT\, 0\)u :=u—X(—A)"! <%9/{" u> , u € Cyt(Q).
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Notice that @, (x) > 0 for each = € Q,,. Recall that €, is the region where m(z) > 1, and

hence ﬁ —1 < 0. Since D,T(),6,) is Fredholm of index zero, it is an isomorphism if

u = 0 is the unique function u € C;7*() such that

Mea)yt (Lon
u=A(— — ul .
moA
By elliptic regularity any of these functions provides us with a strong solution of

1
(—A—%GA’“ 1>u:0 in €,
u=~0 on Of).

(2.7)

Thanks to (2.4), the monotonicity of the principal eigenvalue with respect to the potential
gives

A
m

1 1

1_ 1_
o[-A— =0 Q] >0-A-X0] Q] =0, (2.8)
since % < 1. Hence, by the dominance of the principal eigenvalue, © = 0 is the unique
solution of (2.7), and, consequently, D, T (), 6),) is a linear isomorphism. Therefore, by
the implicit function theorem, the map (2.6) is of class C*.

Now, by implicit differentiation with respect to A it is apparent that, for any \ €
(07 >\0)7
Agm—1Y do s
@A——@ )f:ﬂ; n Q,
(2.9)
¥~ on 0f).

Thanks to (2.8), the inverse of the differential operator in the left hand side of (2.9) is

strongly positive. Thus, % € P and, hence, the map (2.6) is strongly increasing. In

particular, \ — 6, is point-wise increasing in §2.
We now prove the validity of the second limit in (1.6). Since

d(9>\ 1 %—1
ﬁ > (0 and X, < EGA ,

from (2.9) we find that

dfy L .
(—A—/\Xﬂl)a>0;\“ in Q.

Pick A\ € (0, ). Then, for each A € (A, \g), we have that

do 1
(—A—Axﬁgf>6ﬂ in Q, (2.10)

since 6y > 0.
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On the other hand, since p(A) is a simple eigenvalue, a classical perturbation result
coming from T. Kato [7] shows that the principal eigenfunctions ¢, associated to p(\)
can be chosen so that the map

R — GCo(Q)
)\ — SO/\

be analytic. For such choice, there exist C' > 0 and a sufficiently small £ > 0 such that,
for each A € [A\g — &, \o),

1 C .
9/{"*20@,\0>§<p,\ in Q.
Thus, substituting in (2.10) gives

do C
(—A—/\Xgl)d—; >Jea Q. AERo—e ). (2.11)
Since p(A) > 0, the operator on the left hand side of (2.11) has a strongly positive inverse,
and, hence,

do

d—; >0,, Ae[h—¢e ), (2.12)
where O, is the unique strong solution of

C .
(_A_)\Xﬂl)@)‘: 5(,0)\ m Q, AE [)\0—6,)\0), (213)
such that ©, = 0 on 9. Solving (2.13) yields to
C
@)\—Zu()\)@)\, )\G[)\()—E,)\o).

Since @, converges uniformly to @), as A T Ay,

lim ©, = c©
Ao

uniformly on compact subsets of €. Further, since ©/(Ag) < 0 implies

A

lim ——ds = 0,
)\TAO )\0*6 /J/(S>

integrating (2.12), the second limit of (1.6) follows.

The validity of the first limit of (1.6) follows from the fact that limyo 6, provides us
with a non-negative solution of (1.2) at A = 0; necessarily zero. This concludes the proof
of Theorem 1.1.

It should be noted that the uniqueness of the positive solution @, can be obtained as
well by a rather standard continuation argument based on the the fact that any positive
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solution of (1.2) is non-degenerate. It also follows from [3, Remark 1]; [3, Theorem 1]
cannot be invoked since um ! is not decreasing.

The proof of Theorem 1.1 also provides us with the asymptotic behaviour of the posi-
tive solutions of following parabolic problem

Ou — Au = AumEin QX (0,00),
u=20 on 09 x (0,00), (2.14)
u(-,0) =up >0 in Q,

where ug € C(Q), though this regularity requirement might be considerably weakened.
Since m > 1, we have that um < u in € in the region where v > 1 and hence, for each
ug, (2.14) possesses a unique solution positively globally defined in time. Let uy(z, t; ug)
denote it. The following result provides us with the limiting behavior of uy as t T oo
accordingly to the value of the parameter \.

Theorem 2.1 The following assertions are true:
(a) uw =0 is a global attractor of (2.14) if A < 0.
(b) u =0y is a global attractor of (2.14) if A € (0, A).
(c) For any compact subset K C €,

gm ux(+, t;up) = 00 uniformly in K,

i A > Ao

Proof: Part (b) follows straight ahead from the theory of D. Sattinger [9] using that (1.2)
possesses arbitrarily small subsolutions and arbitrarily large supersolutions and that @, is
the unique positive solution of (1.2). Part (a) follows comparing the solution of (2.14) for
A < 0 with its solutions for arbitrarily small A > 0. The result follows easily from the fact
that limy o) = 0. The same argument easily adapts to show Part (c). Now, one should
compare the solutions of (2.14) with the solutions of (2.14) for A < Ag approaching to Ao.
Then, the result follows readily from the fact that limy;y, #) = oo uniformly on compact
subsets of 2. This concludes the proof. O

3 Proof of Theorem 1.2
3.1 Proof of Part (a)

Suppose {2 }.c(0,1) is increasing and

15%191 =0Q. (3.1)
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Set
p=(A) == o[—A — )\Xﬂ‘i;m : (A, e) € [0,00) x (0,1].

By the continuous dependence of the principal eigenvalue with respect to the potential,
(3.1) implies

po(A) =limpe (V) = o[=A; Q] = A, A€ [0, 00),

uniformly in compact intervals of the parameter A € [0,00). Thus, the unique zero of
e (A) must approach the unique zero of po(A) as € | 0, and hence (1.9) holds. Moreover,
as € ranges from 0 to 1, A\g(©25) increases from o[—A; 2] up to reach the value Ag(£2y).
Thus, for any A € (o[—A;Q], A\o(£21)) there exists a unique ¢y = () € (0,1) such that

A=A (Qi”) . (3.2)

because of the monotonicity of p., and hence of A\o(€25). To prove (1.10) we argue as
follows. Let ¢, denote the positive eigenfunction associated to p.(A) normalized so
that

||§0[/\,6}||W01’2(Q) =1.

Then, multiplying the 0} —equation by ¢, integrating in €2, applying the formula of
integration by parts and using the definition of ¢, ; it is easy to see that

[LE()\)/Q@[/\’g]gO[)HE] = )\/Q 0&,5]90[)\75]' (33)

m

Let ¢ denote the principal eigenfunction of o[—A;Q] normalized so that |¢[l¢@q) = 1.
Since A > o[—A; (], by a direct calculation it follows that there exists 3y > 0 such that
for each 3 € (0, 3] and € € [gg, 1] the function

u = [y

is a subsolution of (1.8). As these equations admit arbitrarily large supersolutions above
By, by the uniqueness of the positive solution we have that

(9[)\,5} > ﬂogp in € V ee [60, 1] . (34)

Since ¢, C Q,, for each € € (0,1], Q,,, C Q, and ¢ is bounded away from zero in €,,, due
to (3.4) there exists a constant w > 0 such that

9[)\75] > w in an Vee [80, 1] . (35)

On the other hand, adapting the argument of the proof of [8, Theorem 4.2], it is easy to
see that

lim [so,6) = Piacolllg 2(0) = 0,
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though it should be pointed out that here varies the potential, instead of the domain.
Thus, (3.3) implies

i =
fim QG[A,EMA,E} 00,

since

lim ME(A) = :U«eo()‘) = Uso(AO(QiO)) =0.

eleo

Consequently,
fim 10pe1llecy = oo (3.6)

Let {€,}n>1 be any decreasing sequence such that lim, . £, = £ and set

0, = M, n>1.
10 e lle@
These functions satisfy
1Onlle =1, 0,>0, n>1. (3.7)
Moreover,
O = A=D) " (Xoin O+ Xy O [l efiy )+ 21 (3.8)

Thanks to (3.6), there exists a constant C' > 0 such that

Thus, by the compactness of (—A)~!, there exists © € Cy(Q) such that, along some
subsequence that we label again by n,

nhj{}o 10, — @HC(Q) =
Necessarily,
1Ollew) = ©>0, (3.9)

and passing to the limit as n — oo in (3. ) gives
O =A—A)" <x . @) . (3.10)
1
Thanks to (3.10), © = 0 in Q if © = 0 in Q7°, which is impossible by (3.9). Thus, © > 0
in Q7° and, hence, by the strong positivity of (—=A)™!, © > 0 in . Actually,

P\e0]

0=—
HSO[A,Eo} HC(Q)
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As the previous process is independent on the sequence of €’s converging to &g, it follows

that

0 13 13t
lim el P\ e0]
eleo

=0 (3.11)
cl+e(Q)

for any a € (0,1). This completes the proof of (1.10). Note that

10nalle  llemellle@

PAe0]

by = —=
H¢Mmﬂam

Next, we prove (1.11). Suppose 0 < A < g[—A; ). Then,

lim p.(A) = o[—A; Q] = A > 0.

el0
Moreover, thanks to (2.3) and due to the fact that

Pl Px,0]

lim —
H@Md“qm H@pm”am

€l0

=0, (3.12)
c()

there exists a constant C' > 0 such that 0, < C for any sufficiently small € > 0, since
€2, is decreasing. Notice that ¢y g is a principal eigenfunction associated with o[—A; Q).
Thus, passing to the limit as € | 0 in (3.3) we find that

lim 0[)\’5}&:0, (313)
c0 Jo T lepallew

because lim, o [€2,| = 0. Since 6 is uniformly bounded above by a constant for any
sufficiently small € > 0, it is easy to see that (1.11) follows from (3.12) and (3.13).

3.2 Proof of Part (b)
Suppose lim, o €2 = €. Then,

lim pe(A) = o[-A; 9

uniformly in compact intervals of A € [0,00). Thus, (1.12) holds true.

Fix A > 0 and let €y = (A) > 0 such that A\o(25) > A for each € € [0,g9). Thanks to
Theorem 1.1, for each £ € [0,¢q), (1.8) possesses a unique positive solution, subsequently
denoted by 0} .. In order to get uniform a priori bounds for these positive solutions the
estimate given by (2.3) cannot be used, since lim.|ginfo: ¢ = 0. Instead of using that
estimate we slightly enlarge the domain €2. For each sufficiently small § > 0 we consider

Q={zecR" : dist(z,Q) <d}.
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Fix € < 9. Thanks to the continuous dependence of the principal eigenvalue with respect
to the domain, there exists dp = d(\, €) > 0 such that

(N = o[-A — )\XQ?;Q‘S] >0 if 0€[0,d)-.

Fix one of those d’s and let ¢; denote the principal eigenfunction of pé(\) normalized so
that [|ps]|c@) = 1. A direct calculation shows that the function

= Ky

provides us with a positive supersolution of (1.8) in € for each sufficiently small ¢ > 0
and sufficiently large K > 1, which can be chosen to be independent of €. Notice that
those supersolutions are bounded away from zero all over 2. Also, thanks to (2.2), all
the corresponding positive solutions are bounded bellow by a universal positive function
—bellow the supersolution. By adapting the compactness argument of the proof of Part
(a), one can easily see that Oy := lim. o0 > 0 is well defined and that it provides us
with a positive solution of the porous medium equation (i.e., (1.2) with €2, = Q). This
concludes the proof.
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