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Abstract

This paper deals with the control of a differential turbulence model
of the Ladyzhenskaya-Smagorinsky kind. In the equations we find local
and nonlocal nonlinearities: the usual transport terms and a turbulent
viscosity that depends on the global in space energy dissipated by the
mean flow. We prove that the system is locally null-controllable, with
distributed controls locally supported in space. The proof relies on rather
well known arguments. However, some specific difficulties are found here
because of the occurrence of nonlocal nonlinear terms. We also present
an iterative algorithm of the quasi-Newton kind that provides a sequence
of states and controls that converge towards a solution to the control
problem. Finally, we give the details of a numerical approximation and
we illustrate the behavior of the algorithm with a numerical experiment.

1 Introduction and main results

Let @ ¢ RY (N = 2or 3) be a non-empty open bounded connected set,
with C? boundary 99 and let us set Q@ = Q x (0,T), where T' > 0. The lateral
boundary of @ is ¥ = 9Q x (0,T) and we denote by n(z) the outward unit
normal to Q at the point x € 9.

In the sequel, we denote by (-,-) and || - || respectively the L? scalar product
and norm in 2. The symbol C is used to design a generic positive constant.

Let w C Q be a non-empty open set. We deal with the null controllability
of the nonlinear system

v = V- ((n+wn(Dyl*)Dy) + (y- V)y+ Vp=vl, in Q,

V-y=0 in Q,
y=20 on X, (1)
y(x,0) = yo(x) in Q.

Here, y = y(x,t) and p = p(x,t) represent the “averaged” velocity field and
pressure of a turbulent fluid whose particles are in €2 during the time inter-
val (0,T); yo is the averaged velocity at time ¢ = 0; 1, is the characteristic
function of w; vy is a positive constant (the kinematic viscosity of the fluid);
vy € CH(R) with vy > 0 (that is, 4 is continuously differentiable, 0 < v; < C



and |v{] < C; vy is the so called turbulent viscosity) and Dy stands for the
symmetrized gradient of y: Dy = Vy + V7©y.

On the other hand, w x (0,7 is the control domain and v must be viewed
as a control (an averaged force) acting on the system.

The nonlocal term in has an important physical motivation. Indeed, it
is the result of assuming that the following Boussinesq hypothesis holds:

R = (|| Dy|*) Dy,

where R is the Reynolds tensor; see for instance [B] 23 [28].
The following vector spaces, usual in the context of incompressible fluids,
will be used along the paper:

H={wel?(QY:V-w=0 inQ, w-n=0 ondQ}

and
V={weH O :V-w=0 in Q}.

We will denote by A : D(A) — H the Stokes operator. By definition, one

has
D(A) = H*(QN NV, Aw= P(-Aw) VYw € D(A),

where P : L2(Q)Y — H is the usual orthogonal projector.

When N = 2, for any yo € V and any v € L*(w x (0,T)), (1) possesses
exactly one strong solution (y,p), with

y € L*(0,T; D(A) N C((0.T]; V), w € L*(0,T; H). (2)

When N = 3, this is true if yy and v are sufficiently small in their respective
spaces.

These assertions can be deduced arguing (for instance) as in [I1]; see the
main ideas of the proofs in Appendix A.

Definition 1.1. It will be said that is (globally) null-controllable at time T
if, for any yo € V, there exist controls v € L*(w x (0,T))N and associated states
y satisfying and

y(z,T)=0 in Q. (3)
On the other hand, it will be said that is locally null-controllable at time T
if there exists € > 0 such that, for any yo € V' with

1ol <€, (4)

there exist controls v € L?(w x (0,T))N and associated states y satisfying
and .

Recently, important progress has been made in the controllability analysis
of linear and nonlinear parabolic equations and systems; we refer to the works
[8, 131 201, 24, B0, [3T), 32] and the references therein; in particular, for the Navier-
Stokes system, the first null controllability results have been established by
Fursikov and Imanuvilov in [19] and Fursikov in [I§]. Consequently, it is natural
to try to extend the known results to systems like .

In this paper, the first main result is the following;:
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Theorem 1.1. The nonlinear system 1s locally null-controllable at any T >
0.

We will employ some techniques relying on the so called Liusternik’s Inverse
Mapping Theorem in Hilbert spaces, see [I]. The arguments are inspired by the
work of Fursikov and Imanuvilov, see [I9]-[20]. See also [6], for some similar
results concerning other control systems with local and nonlocal nonlinearities.

Thus, in a first step, we consider a linearized system at zero

ye — (o +11(0) Ay + Vp=vl, + f in Q,

V- Yy = 0 in Q7
y=20 on X%, (5)
y(x,0) = yo(z) in Q.

The adjoint of is given by

—r — (g +11(0)Ap+ V= F in Q,

V-p=0 in Q,
p=0 on X, (6)
oz, T) = or(x) in Q.

Following well known ideas, the null controllability of is obtained as a con-
sequence of suitable Carleman estimates for the solutions to @ with arbitrary
final data 7.

In a second step, following the ideas introduced by Fursikov and Imanuvilov,
we rewrite the null controllability property of as an equation of the form

A(y,p,v) = (0,90)

in a well chosen space En of “admissible” state-controls; see and . In
fact, the definitions of Ey and A : Ey — Fy are nontrivial. Below, we make
a particular choice that allows A to be well defined and C! near zero (to this
purpose, En and Fy must be large enough) and, also, allows A’(0,0,0) to be
onto (accordingly, Fy and F cannot be too large). Actually, the surjectivity
of A’(0,0,0) is, in a certain sense, equivalent to the (global) null controllability
of .

Due to the nonlocal nonlinear term in , we find some difficulties in this
process that are new with respect to a similar argument for the classical Navier-
Stokes equations. Indeed, in order to ensure that, for any (y,p,v) € E,
A(y,p,v) makes sense and belongs to an appropriate space, we have to esti-
mate the growth of (v1(||Dy||?) — v1(0)) Ay(-,t) as t — T. This needs some
previous work: see Propositions and used in the proofs of Lemmas (3.1
and

Then, we apply Liusternik’s Theorem (see Theorem and we deduce the
(local) desired result.

Notice that the null controllability of can also be proved using other
relatively standard arguments.
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In particular, we can try to use a fixed point technique. Roughly speaking,
the main task would be to get a sufficiently regular fixed point of the mapping
z +— y, where y, p, and v satisfy

yr — p(t)Ay + (z- V)y+ Vp =1, in Q,
V.y=0 in Q, (7)
etc.,

and (B) and p = v +v1(]|Dz]|?). In view of the particular structure of this sys-
tem, we can perform a change of variable that leads to the following equivalent
form:

ys — Ay +m(s)(z - V)y + V(m(s)p) = m(s)vly, in Qx (0,
V-y=0 in Qx (0,
ete.

for some S > 0 and some m € C°([0,5]) that is bounded from above and from
below by positive constants. Consequently, we can apply some already known
results on the null controllability of Stokes and Navier-Stokes systems to achieve
the proof.

However, we have preferred a strategy relying on Liusternik’s Theorem for
the following reasons:

e The fixed point argument needs the compactness of the mapping z >
y in a space ensuring (at least) the continuity of p. Essentially, this
means compactness in C°([0,7]; V) and, accordingly, we have to be able
to control (7)) with controls in L*(0,T; L*(w)™), which is a little more
involved from the technical viewpoint.

e Our strategy can be generalized to cover other interesting PDEs with
more general nonlocal nonlinearities. For example, it can be applied to

the system
ye = V- (M([Vyl|*)Dy) + (- V)y +Vp=wol, in Q,
V-y=0 in @,
etc.,

where M = M (r) is an appropriate (matrix-valued) viscosity tensor, which
can be used to model non-isotropic turbulence, see for instance [3 27].

e Moreover, our approach leads to a formulation of the null controllability
problem whose solution can be approximated by the iterates of a conver-
gent algorithm, see below.

We are also interested in this paper by the computation of “good” null
controls. To this end, we will introduce below an iterative algorithm of the
quasi-Newton kind:

ALG 1:
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1. Choose (y°,p°,2°) € En.
2. Then, for given n > 0 and (y",p",v") € Ey, compute
(y"thpm o) = (y7 " o) = B(A®Y" P 0") = (0,%0)) . (8)

Here, B is an inverse to A’(0,0,0), whose precise definition is furnished
in Section [3l

A good property of ALG 1 is that, after discretization, it leads at each step
to a linear algebraic system where the coefficient matrix is always the same. Of
course, this is very convenient from the numerical viewpoint, since it makes it
possible to perform just one matrix factorization at the first iterate and then
compute very quickly every (y"*t pntl ontl).

Our second main result is the following:

Theorem 1.2. Let € be the quantity furnished by Theorem that ensures
null controllability for any initial state satisfying . Assume that ||?/OHH3 <e,

(y,p,v) satisfies and and ||(y,p,v)||Ey is sufficiently small. There exists
k> 0 such that, if (y°,p°,v°) € Ex and

1" 2°,0%) = (2. 0) |y < 5,

then the (y™,p™,v™) converge to (y,p,v) and satisfy

H(ynJrlvanrlvanrl) - (y,pvv)”EN < QH(ynapnavn) - (y>p7 U)HEN (9)
for some 6 € (0,1) for all n > 0.

This convergence result is illustrated in Section [5| with some numerical ex-
periments.

This paper is organized as follows.

In Section [2] we prove some technical results and we establish the null con-
trollabilty of .

In Section [3 we give the proof of Theorem [T.1

Section [] is devoted to the formulation of ALG 1 and the proof of Theo-
rem

We exhibit some numerical results in Section Finally, some additional
comments and questions are presented in Section @

2 Preliminary results

2.1 Some Carleman estimates

In the sequel, we will set v := vy + v1(0).

We will need some results from [20], [14] , [25] and [26]. Also, it will be
convenient to introduce a new non-empty open set wg, with wy € w. The
following technical result, due to Fursikov and Imanuvilov [20], is fundamental:
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Lemma 2.1. There exists a function n° € C*(Q) satisfying:

() >0 VreQ, n°x)=0 VzedQ and
|V (z)] >0 Vo e Q\wp.

Let 7 = 7(t) be a function satisfying

t ift <T/4,

T€C*(0,T), 7>0 in (0,7T), T(t)z{ T_+ if t > 37/4

and let us introduce the functions
eAIn°loo+mo+1) _ oA(n°(x)+mo) eX(n° (@) +mo)

a(x,t) = T(t)s ’ E(xat) Y

pla,1) i= @D 5(t) = exp (smax a(x,t>)7 €(t) = max &(a, 1),

zEQ e
(10)

where A\, s > 0 and the constant my > 0 is fixed, sufficiently large to have
|| < CEY8 and |ay| < CEY/* for all X > 0.
There exists Agp > 0 such that, for any A > A\gg, one has

max ag(z) < 2min ag(x). (11)
) Q

In the sequel, for future purposes, we will always take X\ > Agg.
The following global Carleman estimates hold for the solutions to @:

Lemma 2.2. There exists A\g > 0 such that, for each A > X\g, there exist sg
and C with the following property: for any F € L*(Q)N, any ¢r € H and
any s > sq, the corresponding solution to @ satisfies

//* 2(58) 1 (jgul? + |V [2) dxdt+// (€)Y x |2 dar dlt

// ((s) MA@ +[Vel* + (s6)?|¢l?) dudt (12)

<C (// p—2|F|2da:dt+// p_2(35)3|<p|2dscdt> .
Q wx(0,T)

The proof relies on the results and ideas in [25] and [26]. For clarity, the
main steps are sketched in Appendix B.

Let us introduce the function ¢ = £(t), with

ot) = B (13)


https://www.researchgate.net/publication/225342425_Carleman_estimates_for_parabolic_equation_with_nonhomogeneous_boundary_conditions?el=1_x_8&enrichId=rgreq-e48dd44f5acfbeb10387cf250f78dc72-XXX&enrichSource=Y292ZXJQYWdlOzI4MjQzMDU3NztBUzoyOTkyOTgzNDk2OTkwNzdAMTQ0ODM2OTY5NTY1Nw==

and let us set

A lloo+mo+1) _ A (@) 4mo) A (@) +mo)
v(x,t) == t) = ——————
a(fL’, E(t)g ) 6(1’, ) é(t)8 b)

plz,t) =@ p (1) :=exp (s maxd(x,t)) , &(t) := max £(x, t).
€N z€eQ
(14)
Then, the functions &, j and p, are strictly positive and bounded in any set
of the form Q x [0,T — §] with § > 0.
One has the following:

Lemma 2.3. There exists \g > 0 such that, for each A > \g, there exist sg

and C with the following property: for any F € L*(Q)N, any o7 € H and
any s > s, the corresponding solution to @ satisfies

//p* (s6.)” <|sot|2+\vﬂ|>dmdt+// 2 () x o da dt
w77 (0 A6l + 1Vl + €1 15)

<C’<// 72\F\2dzdt—|—// 52 (s€) |ga|2d:vdt>
w><(0T

Proof - The proof is not difficult and relies on and the usual energy
estimates for . Since the main ideas are well known and can be found in many
papers, we will only give a sketch.

Let us take A > \g and s > sg and let us set

T(p,ma,b) = // p22(s6) ol + V) da dt
Qx(a,b)

w [ DIV o dode

Qx(a,b)

4 // 572 ((s8) 718l + [Vl + (sE)%|l?) dvd
Qx (a,b)

// 2\F\2dxdt+// (OT 2 (s€)||? da dt.
wX

Then I'(p, m;0,T) =T (p,m;0,7T/2) + T(p,m;T/2,T) and, from Lemma
we clearly have

and

Lo, mT/2,T) < CS(p: F).
On the other hand,

T/2
L(p,m0,7/2) < C/O (el +11Apll? + [ Vell® + llell?) dt



Let us check that this integral can be bounded similarly.
From @, it is readily seen that

1d v .
S 2l + VIVl = (Fop) < 2|9l +CIFI? i (0,T),

whence

to to
H<P('7t1)||2+/ IVe(-,8)]|* ds < ||90('7t2)||2+0/ I (-, )] ds
ty

t1

for all 0 < t; <ty <T. In particular, taking ¢, € [0,7/2] and t2 € [T'/2,3T/4]
and integrating with respect to t; and then with respect to t5, we see that

T/2 3T/4 3T/4
LA WhﬂzﬁSC(AﬂHﬂw$W%+A HFhﬁF%>SCﬂ%F)

Also,

T/2 3T/4
A nwwwWﬁswm@W+cA IF(-, )] ds

for all to € [T'/2,3T/4] and, integrating with respect to to in this interval, we
deduce an estimate of the integral of |[V|? in (0,7/2):

T/2 3T/4 3T /4
/ IVeo(-, £)]* dt < C (/T/ H«p(-,s)IIstJr/ IIF(-,s)||2d8> < CS(p, F).
0 2 0

A similar argument holds for the integral of ||Ag]||?. Indeed, one has
ld 2 2 v 2 2
—5 g IVelI" +v80]" = (F, ~Ap) < S Ap|” + CIIFI® i (0,T).

Arguing as before, we see that

T/2 3T/4
/0 [Ap(-, )] dt < [[Ve(- . ta)]” + C/O IF (-, )|* ds

for all to € [T/2,3T/4] and, after integration with respect to to, we arrive at
the estimate

T/2 3T /4 3T/4
/ 1Ag(-, )]*dt<C / V(- )] ds +/ IF(-,8)*ds | < CS(p, F).
0 T/2 0
Finally, using that [|¢¢||> = (VA + F, ), we find that

T/2
| leP ae < esio.p).
0



As a consequence, I'(p, m;0,T/2) < CS(¢; F) and the proof is done. O

From now on, we will fix A\ and s as in this lemma and we will consider the
corresponding functions «, @, p, etc. in and . Also, we will introduce
the function

ii=pEt (16)

An immediate consequence of Lemma [2.3]is the following:

Corollary 2.1. There exist positive constants \, s and C' only depending on €,
w, T and v such that, for any F € L*(Q)N and any o1 € H, the corresponding
solution to @ satisfies

//ﬁ_2|<p|2dmdt§0 //5—2|F|2dxdt+// i 2|e*drdt | . (17)
Q Q wx(0,T)

2.2 The null controllability of

We are dealing here with the Stokes system .

We will need some specific conditions on f and yg to get the null controlla-
bility of (5]); we will use the arguments in [14].

The following result holds:

Proposition 2.1. Let us assume that
yo € H and 7f € L*(Q)".
Then, we can find a control-state pair (v,y) for satisfying

ve L?(wx (0,T)N, yeL*0,T;V)nC°0,T]; H), (18)

// ﬁ2|y|2dxdt+// i |v|? dz dt < 4oo0. (19)
Q wx(0,T)

In particular, one has y(-,T) = 0.

such that

The proof relies on and can be easily obtained arguing as in [20]; see
also [T4]. The key idea is to consider the extremal problem

Minimize // ﬁ2|y|2dxdt+// i*|v|? dz dt,
Q wx(0,T) (20)
Subject to v € L*(w x (0, 7)), (y,p,v) satisfies (F).

Thanks to , there exists exactly one solution to and this solution is the
desired control-state pair.
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It is also true that, in a certain sense, the solution to depends continu-
ously on the data (f,yo). In particular, if the (f,,yon) satisfy

lyon — yol| = 0 and // 7| fn — fI>dzdt =0
Q

then the control-state pairs (v, y,) associated by Proposition satisfy

// 5% yn — y|* dxdt — 0 and // i vp — v|* de dt — 0, (21)
Q wx(0,T)

where (v,y) is the pair that corresponds to (f,yo). This will be used below,
in Section A
For brevity we omit the details, that can be found in [14].

2.3 Some additional estimates

The state found in Proposition 2.1 satisfies some additional properties, that
will be needed below, in Section [3| More precisely, we will show in this Section
that not only y, but also Vy, y; and Ay belong to weighted L? spaces.

Let us introduce the spatially homogeneous weights

p(t) = exp (8 mind(%t)) L) = p) )2, () = p) e6)*2 (22)

e
Then the following holds:

Proposition 2.2. Let the hypotheses in Proposition be satisfied and let
(y,p,v) satisfy and . Then

s [ ol dn+ <2|Vy|2dxdtsc(||yo|2+// P2yl de dt
0,77 Jo Q Q

+// ﬁ2|v|2dxdt+// 72| f|? dx dt
wx(0,T) Q

Proof - Let us multiply the PDE in by ¢?y and let us integrate in Q. We
obtain:

¢ (ye —vAy+Vp) -yde = | (vl + f) - yda.
Q Q
In view of the definitions of p, i and ( respectively in , and , one

has:
(<R, [CGl<0p®

10



Consequently, the following estimates hold:

1/2 1/2
/C2U1w cydr < C (/ f]2|v|2daj> </ C4ﬁ2|y2dz>
Q w Q
1
<5 [ #hldesc [ 5P d
w Q
1
| ereyar<g [a#arsc [ 2l
Q
2 - 212 _
| Gueyan =55 [ CloPan— [ calyP i
1 2 2
2d/(\yl dw—C/ply\ dz.

On the other hand,

/(2Vp'ydxdt:0 and /Cz(—Ay)~yd:E:/C2|Vy|2dx.
Q Q Q

Accordingly, one has:
G| ey [ Cvifas

sc(/ﬁ P [ i ledx+/ﬁQ|y|2dx).
Q w Q

Now, integrating in time, the estimate is easily found. O

2dt

Proposition 2.3. Let the hypotheses in Proposition be satisfied and let
(y,p,v) satisfy and (19). Let us assume that

Yo € V. (24)

Then one has

mas [ #9yP e+ [[ 2 (P +1802) dear < (July
0,7] Jo Q ©

+// 52\y|2dxdt+// ﬁ2|v\2da:dt+// ﬁ2f|2dxdt>.
Q wx(0,T) Q

Proof - Notice that, under the assumption , the solution (y,p) to sat-
isfies

(25)

y € L2(0,T; D(A) N CO([0, T V), e € L*(0,T; H),
where A : D(A) — H is the Stokes operator.

11



Let us multiply the PDE in by 7%y, and let us integrate in €. The
following holds:

/WQ(yt—VAerVp)-ytdw:/72(v1w+f)-ytd:c.
Q Q

From the definition of v, we see that
TS OCLOn, yml <O

Consequently, for any small € > 0, we find that

/’yvlw ytdx<e/'y |y |? da + C. / 7*|v|? da,

/7 7 ytdx<e/v el de + C. /n P de

and, also,

1d
/7 Ay-ypde = - — N IVylzdx—/thVyIde
2 dt 0
1d

> - 2 2d— /2 2d.
> 5o [PV —0 [ GoyPa

On the other hand, the integral involving the pressure vanishes. Therefore, the
following is found integrating in time:

// 72‘yt|2dx—|-max/72‘Vy‘2dz§0(||yo||2Hé(Q)
//g |Vy|2da:dt+// 7l |v|2dxdt+// |f|2dxdt
wx(0,T)

This furnishes the estimates of v%|y;|> and 7?|Vy|? in (25).

In order to estimate the weighted integral of |Ay|?, let us multiply the PDE
in by 72 Ay (recall that A is the Stokes operator). After integration in €,
we have:

(26)

/vz(yt—vAerVp)-Aydx:/72(v1w+f)-Aydfc-
Q Q
Observe that
/vzvlw.Aydxge/ 72|Ay|2dm+C6/ﬁ2|v\2dx,
Q Q w
/72f.Aydx§e/’y2\Ay|2dm+Ce/ﬁ2|f\2d$
Q Q Q
/v2yt~Aydx=/72yt-(—Ay)dw
Q Q

Se/72|Ay|2dx+ce/72‘yt|2dx
Q Q

12



for any small € > 0,
/ v?Vp - Aydr =0 and / Y2 (=Ay) - Aydz = / V2| Ay|? da.
Q Q Q

Integrating in time, we see now that

//72|Ay|2dxdt§0<// ﬁ2|v|2dxdt+//ﬁ2|f|2dxdt+//'y2\yt|2 dxdt).
Q wx(0,T) Q Q@

From and this last inequality, we obtain (25)). O

3 The proof of Theorem [1.1

In this Section, we will prove the local null controllability of the system .
Thus, let us set
Ly =y, — vAy (27)

and let us introduce the space
En:={(y,p,v): py € L*(Q)N, v € L*(wx (0,T))",
y € L*(0,T; D(A)), pe L*(0,T; H'(Q)), /pd:E =0 ae, (28)
7 (Ly + Vp —vl,) € L*(Q)N}. ’

It is clear that E is a Hilbert space for the norm | - || g, , where

1.2 0l = (179132) + N1z o0,y
+ ||yH%2(O,T;D(A)) + ”pH%Q(O,T;Hl(Q))

_ 1
11 (Ly + Vp —v1) Bag)) -

Notice that, if (y,p,v) € Ey, then y; € L?(Q)", whence y : [0,T] — V is
(absolutely) continuous and, in particular, we have y(-,0) € V and

ly(-,0llv < Cli(y p,v)llzy  V(y,p,v) € En-

Furthermore, in view of Propositionsand one also has Cy € L?(0,T; V)N
L*(0,T; H) and vy € L*(0,T; D(A))NL>(0,T; V), with norms bounded again

by Cll(y,p,v)l -
Let L%(77%; Q) be the Hilbert space formed by the measurable functions w =

w(z,t) such that jw € L*(Q), i.e.

|W&m%m:[LWWPMﬁ<+m

13



Let us introduce the Hilbert space Zy := L?(7%; Q)" x V and the mapping
A: Ex— Zy, given by

Ay, p,v):=(e—V - (vo+1(|Dy|*)) Dy) +(y - V)y+Vp—vly, y(-,0)). (29)

Notice that, in this definition, V- ((vg + v1(||Dy||?))Dy) can be rewritten in the
form (vo + v1(||Dyl|?))Ay.

Our aim is to apply the following version of Liusternik’s Inverse Function
Theorem in infinite dimensional spaces, that can be found for instance in [I]. In
the following statement, B,.(0) and B.(¢y) are open balls, respectively of radius
r and e.

Theorem 3.1. Let Y and Z be Banach spaces and let H : B.(0) CY — Z be
a C* mapping. Let us assume that the derivative H'(0) : Y +— Z is onto and let
us set (o = H(0). Then there exist € > 0, a mapping W : B.({p) C Z — Y and
a constant K > 0 satisfying:

{ W(z) € B-(0) and H(W(z2)) =2z Vz € B((o),
W)y < Kllz—H(0)lz ¥z € Be(Go)-

Notice that, in this theorem, W is the inverse-to-the-right of H.

In order to show that Theorem [3.1] can be applied in this setting, we will use
several lemmas.

Lemma 3.1. Let A: Ey — Zy be the mapping defined by [29). Then, A is
well defined and continuous.

Proof - First, note that, in view of and , we have
7 < OCy® < CAP, (30)
Let us denote by A; the components of A for 1 < ¢ < N + 1. Then
Ai(yvpa U) € LQ(ﬁzyQ) for1 <7< N and AN+1(y,p,U) €V for every (y,p,'U) €

En.
Indeed, one has:

N
// 7722|Ai(y,p,v)|2dxdt
Q =1
§3// i%ys — vAy + Vp — vl |? do dt
Q

3 //Qﬁ?'v' ((11.(0) = (| Dyl2)) Dy) |? dar dt (31)

43 [ 2w Dt do
Q
= 3M1 + 3M2 + 3M3

14



From the definition of Ey, we have:
My < |[(y. p,0)lI,, -
On the other hand, taking into account that | Vw||zs < C||Vw||'/?||Aw|'/? and
I(w - V)w]* < Cllwlis[[Vwlzs < ClIVw]||Awl]

for all w € D(A), we have:
T
My<C [Pt Dl DI de
0

T
<c / PIVyC B P Ay( 6] dt
0
< ClICyll 2 0.7 1791 < 0.7y VWl 22 0,700 4)) < Cll(Ws 2, 0) -

Finally, from Proposition the hypotheses on v; and (0], we deduce that
M= // 72[v1(0) — va ([ Dy|*)[* [Ay[* da dt
Q

= C// P lIVyl* Ayl d dt

Q

2

< C| sup 72||Vy||2> (// ’72|Ay|2dxdt>

[0,7) 0

< Oll(y,p,0)| By -

Consequently, A takes values in Z.
That the mapping A is continuous is easy to prove using similar arguments.
Thus, let us assume that (y,,pn,vn) — (y,p,v) in Exy and let us see that

A(Yns Py vn) = Ay, p,v) in Zy.
Obviously, y,(-,0) = y(-,0) in V. Moreover,

N
//C\Q ﬁQ Z |A2(ynvpnavn) - Ai(y,p,v)\Q dx dt
=1
< 3// ﬁ2|(Lyn +Vp, — Un]-w) - (Ly+ Vp—vlw)|2 dx dt
Q
13 //Q 721(00(0) — 12 (| Dy %)) A — (11.(0) — 1 (| D)) Ag? i dit

+3// 72y - V) — (y - V)y|* da dt
Q
= 3Zl,n + 322)71 + 3Z3,n .

Since Z1 5 < ||(Yn, P, vn) — (¥, D, v)HQEN, one has Z; , — 0.
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On the other hand,
oy <2 //Q 72101(0) v (| Dyal2) 1A (g — ) derdt
2 //Q 7210 (| Dyal2) 01 (| Dyl 2| Agl? da dt
<c //Q 2Dy A (g — ) devdt

e //Q AUD (Y — 9P Dy + )] Ayl dr dt

< C (Il P> ) Iy + 10 2, )0 ) | Yo Prs ) — (0,2, 0) | B »

whence we also have Zs , — 0.
Finally,

T < 2//572 1 =) V)l? 41 V) (g — 9)[?] dadt
T
<c / 7 Tlom — w261 V0mliZs + 12619 (o — ) 2] dt
T
<c / PPV (g = 9P| Ayl dt

T
e / AUV @ — )| An — )] de

< C Iy prs vu) oy + 10,2, 0) 1Ty ) 11 s o) = (050, 0) s

and we see that 73, — 0.
This shows that A(Yn, pn,vn) = Ay, p,v) in Zx and ends the proof. O

Lemma 3.2. The mapping A: Enx — Zn is continuously differentiable.

Proof - We will present the proof when N = 3. The proof for N = 2 is similar.
Let us first prove that A is G-differentiable at any (y, p,v) € En and let us
compute the G-derivative A'(z,y, 2).
Thus, let us fix (y,p,v) in E3 and let us take (y/,p’,v") € E53 and o > 0. For
simplicity, we will use the notation

vie =Dy +oy)?), v, =Dy +oy)l),
U1 = n([Dynl®), 71, = v ([|Dynl?).
We have:
1
; [Az ((%Pa U) + J(ylvpl7 Ul)) - A'L(yvpv U)

1
=y — (W0 +v1.0)Ay; — — (0 —vi0) Ay +
+ 9y - Vyi+y-Vy, + oy - Vyi,

/

Op ’ (32)
— 1
&ci Vitw
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for1 <¢<3.
Let us introduce the linear mapping DA : F3 — Z3, with
DA(y,p,v) = DA = (DA, DAz, DA3, DA,), (33)
op’

DAY 2, 0") = iy = (ot v1.0) Ay = 2010 (Vy, VYD Awi 5 =gy

—vjl,+y - Vyi+y-Vy,

for 1 <i<3and
D-A4(yl7pl7v/) = y/( 7O> (35)

for all (y/,p’,v") € E3.
From the definition of the spaces F3 and Z3 and 7, it becomes clear
that DA € L (Es5; Z3). Furthermore,

[ @0 4o ) - Apo)] - DA ) (30

strongly in L2(77%; Q) for 1 <i < 3 as 0 — 0. Indeed, we have:
II§ {Ai ((y,p,v) +a(y',p',0") — Ai(y, p, v)} — DA, PV 1252:0)
< (1,0 = v1,0) A%l L2(52:0)
+|| [%(Vlo' —v1,0)—2v] o(Vy, Vy’)} Ayillz2 ) + oy - VYl 2o

:= By + By + Bs.

Let us check that the B; converge to zero as ¢ — 0.
First, using Proposition and taking into account that v; € C}(R), we get
the following as o — 0:

B2 < [[ #o - vioPiay P dode
Q

-~ 2
< c//@ﬁ 1V + o) 2 — IVyl2[* | Ay de

37
2 2 2 12 2 2 712 ( )
<Cotsup (2199l + 19y 2]) [ oy dsar
[0,T] Q
< Co? ([, )15, + 11620 0)1%,) 16003, — 0.
Also,
B3 < [[ 00 = oo PSP P18y P do
@ (38)

< 0 sup (0 IVYIPIVI°) //Q VW, — o PIAY? de d,
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where 7 = r(t) and 0 < |r| < |o|. Using Proposition and Lebesgue’s Theo-
rem, we easily find that Bs — 0.

For Bj, the argument is very similar.

Taking into account the behaviour of B, Bs and Bs, we see that is
true, whence we deduce that A is G-differentiable at any (y,p,v) € E3, with a
G-derivative A'(y,p,v) = DA.

Now, we shall prove that the mapping (y,p,v) — A'(y,p,v) is continuous
from FEj into L (Fs5;Z3). As a consequence, in view of classical results, we will
have that A is not only G-differentiable but also F-differentiable and C* and
we will get the desired result (see for instance Theorem 1-2, p. 21 in [29]).

Thus, let us assume that (y",p",v") — (y,p,v) in E3 and let us check that

(DA™, p",v") = DAy, p, o)), 0, V)%, < en 1,00, (39)

for all (y,p,v) € E3, for some €, — 0.
The following holds:

(DA (y", p",0"™) — DA(y,p,0)) (0,0 )12(52.0)
S 3// ﬁ2|ﬂl,n — V1’0|2‘Ay£|2 dx dt
Q
+12 // ﬁ2|ﬂiﬁn(Vy", Vy' ) Ayl — V{VO(Vy, Vy')Ayi|2 dx dt (40)
Q

+3//Qﬁ2|y’ (VY = Vi) + (y" — y) - Vyi|* de dt

= 3D1’n + 12D27n + 3D3’n.

It is tedious (but in fact not difficult) to check that the D; ,, can be bounded

as in . For instance, using again Proposition and the fact that 1, €
C}(R), we have

2
D<€ [[ 32195 =yl (1997 + 1991) 180/ dr

< Cap (VG WV + 1991 [ 5210 i
< Cel,n”(y/»p/»v/)HQEgv

where
= " = 0" = o™ = ), (1™ 2" o) I, + 12,0, )

For the other D; ;,, similar arguments lead to the same conclusion.
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Thus,
Dy <3 // 2150, P19y 2y P AGE — vi)[? de dt

+3// LRIV — 0PIV 12 Agi? dar de
+3// 72, —
Q
S OGQ,nH(yl?pl?’U/)HZEav
2
o = <F’“pwyn”> // VAL — yo)|? da dt
0,T
+<sup’y||V ||> // 2| Ay, du dt
[0,7
+<sup7||Vy||> // 17— 7| A2 d .
[0,7] Q

Dy, <2 // 2y 2V (5 — i) 20 der dt

(|2 da dt

where

Also, one has

#2 [ 3t vl I doa
T
<c [ IRy IPIT G -y lIAGE - ol d
0

T
c / PRIV — w)IPIVaL A dt
0

< CGS,RH(y/aplav/)HQEs’

where

T
- / VIV =yl A - o) dt
0

2
+ (sup YV ("™ — y)) :
[0,7]

Since €;, — 0 as n — 400 for 1 <14 < 3, this shows that is satisfied.
O

Lemma 3.3. Let A be the mapping defined by (29). Then A’(0,0,0) is onto.
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Proof - Let us fix (f,y0) € Zy. From Proposition we know that there
exists (y,p,v) satisfying , and . From the usual regularity results
for the Stokes system, we have y € L?(0,T; D(A)) and p € L?(0,T; HY(Q)).
Consequently, (y,p,v) € Eny and

A/<07O7 0)(1/7177”) = (yt - VAy + Vp - ”Lmil/(' ) O)) = (fu yO)
This ends the proof. O

In accordance with Lemmas and we can apply Liusternik’s Theorem
(Theorem and deduce that, at least in a neighborhood of the origin in Zy,
the equation

-A(yvpav) = (f’ y0)7 (y,p,v) € En

possesses at least one solution.
Therefore, is locally null-controllable and Theorem is proved.

4 The proof of Theorem [1.2

We will now prove Theorem [I.2] We will use an argument appropriate for
quasi-Newton methods that rely on the C' regularity of A; see for instance [2].

From Section [2[ we know that, for each (f,y9) € Zn, the corresponding
extremal problem possesses exactly one solution. Let us consider the
surjective operator A’(0,0,0) and let us introduce the associated inverse B =
A’(0,0,0)7t : Zy — Ey, defined as follows: for each (f,yo), we set (y,p,v) =
B(f,yo) if and only if (y, p,v) solves (20)).

Then, B is well defined and continuous. Indeed, as noticed in Section if
(fn,yon) — (fyyo) in Zn, holds. Using again the regularity properties of
the solutions to the Stokes system, we also have

yn —y in L*(0,T;D(A)) and p, —p in L*(0,T; H'()).

Consequently, (Yn, Pn,vn) — (y,p,v), which means that B is continuous.

Let us consider the iterative algorithm ALG 1 introduced in Section
see (8). Then, for any initial (y°, p°,v°) € Ey, the iterates in ALG 1 are well
defined.

Let us assume that [|yo g2 < € (e is furnished by Theorem and (y,p,v) €
Ey satisfies A(y, p,v) = (0,y0); let us set

Co = |Blle(zx:En)
and let us assume that 0 < 6 < 1/(2Cy). Since A is continuously differentiable,
there exists § > 0 such that
||(g7ﬁ’ ﬂ)HEI\H H(y/’p/’vl)”EN <0 = H-Al(g’]i 17) - -A/(ylvplv’U/)Hﬁ(EN;ZN) < 0.
We will assume that ||(y,p,v)||gy < ¢ and we will prove that there exists x > 0
such that, if (y°,p°,v%) € Ex and

||(y07p07,00) - (yvp7v)||EN < Ky (41)
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then (y™,p™,v™) converges to (y,p,v) as n — +0o0.
Let k be such that

(gaﬁaﬁ) € En, H(gaﬁvﬁ) - (y’pav)”EN <K
{ ||A(g7ﬁa 17) - A(y7pvv) - 'A/(y7pvv) ((?;ﬁa 17) - (y,p,v)) ||ZN
< g”(gaﬁvﬁ) - (y7pvv)||EN

and let us choose (y°,p°,v%) € Ey satisfying . Then, if we introduce e" :=
(y™,p"™,v"™) — (y,p,v), the following holds:

e’ﬂ+1 =e"—-B (A(ynvpnvvn) - A(y7pvv))
=-B (A(ynvpna Un) - -A(y,p, U) - A/(O’ 0) O)en)
= —B(A(y",p",v") — Ay, p,v) = A'(y,p,v)e")
- B(A'(y,p,v) — A(0,0,0)) e™.
Therefore,
le"™* [ my < ColA(y™, 2™ v™) = Aly, p,v) — A'(y, p,v)e" | 2y
+ Coll A (y, p, v) — A'(0,0,0) | (B 2x) €™ (| Ex -
Since ||€°||zy < K, this inequality for n = 0 yields
le* |z < 2Co8]l°|
and, in particular, we also have |e!||g, < k. By induction, we then see that
ey < 2Coblle" Hpy < -+ < (2C00)" €%y

for all n > 1. This proves that e” — 0 in Ey and the inequalities @D hold with
0 = 2C0.
This ends the proof.

5 Numerical approximation and numerical ex-
periments

In this Section, we solve numerically the null controllability problem 7
in a particular case and we check that the previous quasi-Newton iterates
converge satisfactorily.

5.1 Reformulation and numerical approximation of (20)

As indicated in Section[d] at each step of ALG 1 we have to find the solution
to an extremal problem of the kind . In this Section, it will be shown that,
in practice, this can be achieved by solving a high-order linear problem.
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S

Figure 1: The domain @ = © x (0,T) and the mesh. Number of vertices: 2 800.
Number of tetrahedra: 14094. Total number of unknowns: 8 x 2800 = 22 400.

Figure 2: The initial state: the streamlines ¢y = Const., with yo = V X 1.
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More precisely, let us introduce the linear space
Po={(¢,0)eC*( Q)" xC*Q):V-¢(=0inQ, (=0o0n X%, /dezo a.e.}
Q
and let us denote by P the completion of Py for the scalar product

((¢0),(¢0"))p = //Qﬁ_2(L*C + Vo )(L*¢" + V') dz dt

+ / / n2¢¢ da dt,
wx(0,T)

where we have used the notation L*¢ := —(; — vA(. In view of and the
Carleman inequality , (+,-)p is a scalar product in Py.
Another consequence of is that the functions (¢, o) € P satisfy

//Q P56 (G + Vo) du dt
+ 52 (sE)N2|V 2 do dt
//Qp (€)XY x ([ da

+ [ 572 ((sE)THACE 4+ NVCE + (s€)2A4¢|?) dadt
S (07 19 + (s8¢ e
< 4o0.

In particular, one has

// 7 72(¢)? da dt < +oo0.
Q

Also, ¢ € L*(0,T/2; D(A)) and ¢ € L*(0,T/2; H), whence ¢ € C°([0,T/2];V),
with appropriate estimates.

Let us assume that (f,yo) is given in Zy (recall that Zx = L?(772; Q)N x V)
and let us denote by ¥ the following linear form on P:

(W, (¢.0)) = //Q Fodndt+ [ e) .0 do.

Then, ¥ is well defined and continuous.
Therefore, there exists exactly one solution ({, o) to the variational problem:

((<>U)a(glvg/) )P = <‘ljv(€/’0—l)> (42)
V(¢',0') e Py (C0) € P.
The connection of and is explained in the following result:

Theorem 5.1. Let us assume that (f,y0) € Zn and let (y,v) and (¢,o) be the
unique solutions to the corresponding problems and . Then

Y= ﬁ_Q(L*C + VU): U= _ﬁ_dex(O,T) : (43)

23



Proof - The argument relies on the ideas introduced by Fursikov and Imanuvilov
in [20], that are adapted here to the case of the Stokes system (F].
Let y and v be given by (43), where ({,0) is the unique solution to (42).

Then
1 1
J(y,v) ::f// /32|y|2dxdt+f// i |v|? dx dt < +oo0.
2 JJq 2 JJewx(o,m)

and one has

//y~(L*C’+V0’)dxdt:// v dxdt
Q wx (0,T)

(44)
—I—//QfC da:dt—l—/gyo(x)-(j(as,O)dx V(¢ o) e P.

Taking ¢/ = 0 and ¢’ arbitrary in L?(0,7; H*(2)) with [, odz =0 a.e., we
first deduce from that y € L?(0,T; H). Consequently,

//Qy~L*(/dxdt=//wx(oj)v(’dxdt
+//Qf~C’dwdt+/Qyo($)-C'(%O)da? v((,o") € P.

In particular, this must hold for any (¢’,0) with ¢’ € L?(0,T; D(A)). This
means that y solves, in the transposition sense, the Stokes system .

But this system possesses exactly one strong solution. Therefore, y is, to-
gether with some p € L?(0,T; H(Q)), the unique strong solution to ().

Let (y',v") be another state-control pair satisfying (5)) (together with some p’)
and (19). In order to prove that (y,v) solves , let us compare J(y,v)
and J(y',v"). We see that

’oo ~2 70 (v —
J(y,v>>J<y,v>+//Qp vy y)dxd”//mo,m”“ (v = v) du dt
:J(y,v)—i—//Q(L C(+Vo)-(y —y)dxdt—k//wx(oj)@(v —v)dzdt

:J(y,v)—i—//Q L*C - (y —y) dxdt—k//wx(oj)@(v'—v) dx dt.

The last identity holds because y’ — y belongs to L?(0,7;V).

However, since y' — y is (among other things) the solution in the transposi-
tion sense to the system with v and (f,yo) respectively replaced by v — v
and (0,0), it is clear that

//QL*C-(y’—y)dxdt—t—//wx(oj)(-(v'—v)da:dt:O.

Accordingly, J(y',v") > J(y,v).
This ends the proof. O
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Remark 5.1. Obviously, (42]) can be equivalently rewritten as follows:

.1
Minimize §H(C70)H%> —(¥, (¢, 9)),
Subject to (¢,0) € P,

(45)

where || - ||p is the norm induced by (-,-)p. It is not difficult to check that
the extremal problems and are dual to each other in the sense of
Fenchel-Rockafellar, see for instance [12]. Both possess unique solutions and
the optimality relations connecting them is just . Also, notice that ¢ and
o solve (together with some p), at least in a weak sense, the following partial

differential system, that is fourth-order in space and second-order in time:

L(p~2(L*¢+ Vo)) + Vp+ 1,7 2¢ = f(x,t), (z,t) € Q,
V(3 2L C+ Vo) =0, V-(=0, (z,t) € Q,
(=0, (z,t) € X,
pA(L*¢+ Vo) =0, r,t) €Y,
p AL+ Vo)|,_,=wo(x), p2(L¢+Vo)|,_, =0, z€9

O

There are several ways to introduce finite element approximations to .
In the sequel, we will recall the main ideas of one of them; more details and
other approaches can be found in [I7]; see also [15 [I6] for similar results in the
context of the controlability of linear and semilinear heat equations.

For simplicity, it will be assumed in the following that N = 2 and € is
polygonal. Our approach needs a reformulation of that is obtained in three
steps:

1. First, let us introduce the new variables z := p~1(L*¢ + Vo), m =7~ 1(
and  := 7 !0 and the spaces

So={(17'¢17 o) (o) € P}, Z:=L*Q)* x So, A:=L*(Q)*
Then (¢,o0) € P if and only if (z,m,x) € Z and
2= pH L (m) + V(i) = 0. (46)

The latter is equivalent to

b((z,m,x),\) = // Az = p L (m) + V(X)) dedt =0 VYA€ A.
Q
Therefore, can be equivalently rewritten in the form

a( (z,m, x), (Z/,m/, X)) + (2, m', X)), A) = (W, (2/,m/, X))
b((z,m,x),\') =0

V(' m',xX') € Z, YN € A;

(z,m,x) € Z, A€ A,
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where we have set
a((z,m,x), (Z,m',x')) = // (22" + 1,mm/) dz dt
Q
and

(B, (2,m, X)) = //Q if mdu dt + /Q (i, 0)yo() m(z, 0) da.

Of course, A is a multiplier associated to the constraint . Note that
the functions (z',m’, x’) € Z must satisfy V - (m’) = 0.

. Secondly, by integrating by parts, we can slightly change the bilinear form
b(-,-) and make disappear all the second-order derivatives in .

Thus, let us set
S1:={(m,x) : m e L*(0,T;V), x € L*(0,T; H'(%)),
my € L*(Q)?, / xdx =0 a.e.},
Q

Z:=L*Q)*x S1, A:=L*0,T;HLQ)?)
and

b((2,m, X)) A) = //Q 2 (551 @m)+ V() V(51N - V(m)] da dt.
Then, can also be written as follows:

a( (z,m,x), (', m', X)) + b( (', m,X'), A) = (¥, (Z,m’, X))
b

N) =0
) ) ((z,m,x),\") (48)
V(z',m', X)) e Z, VN € A;

(z,m,x) € Z, AeA.
Notice that the new spaces Z and A satisfy
ZcZ, ADA.
Again, the functions (2/,m/, x’) € Z must satisfy V - (im’) = 0.

. In a third step, we introduce another multiplier, this time related to the
constraint V - (7m) = 0. Thus, we set

Sy = {(m,x) :m € L*0,T; H} ()?), x € L*(0,T; H'(Q)),

my € L*(Q)?, / xdx =0 a.e.},
Q
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W= L3(Q)* x S, M :=Ax L*Q)

and
B((z,m, ), (A p)) i= 3((z7m7x),k)—//Qﬁ‘luV~(ﬁM)dfvdt

and we arrive at the following reformulation:

a( (z,m,x), (',m', X)) + B((z',m',X), A, p)) = (¥, (z',m’,x"))
B((z,m,x), (N, 1)) =0
V(' m' X)) e W, YN, u') e M;
(z,m,x) €W, (A u) € M.
(49)

This way, we are led to a mixed formulation of where the exponential
weights have disappeared. It will be seen later that, at the end, this property
has a positive numerical effect: after time-space approximation, we find linear
systems for which the condition numbers are moderate; for more details on this
phenomenon, see [I5] [17].

A good property of is that the involved bilinear and linear forms are
well defined in spaces of functions that possess first-order (and not necessar-
ily second-order) derivatives in L2 (Q). Another advantage is that, now, the
unknown m is not subject to any incompressibility constraint.

Accordingly, it is easy to construct finite dimensional subspaces of W and
M, for instance using the continuous piecewise polynomial functions associated
to a mesh of @ = Q x (0,T).

Tterate Abs. error Rel. error
1 13.4761 13.4761
2 0.61022 0.0452815
3 0.022168 0.00164313
4 0.00101488 7.52252 x 107°
5 4.9267 x 10~° | 3.65175 x 10~°

Table 1: The behavior of ALG 1.

More precisely, let 75, be a triangulation of @ formed by tetrahedra and let
W}, (resp. M},) be the subspace of W (resp. M) formed by the usual P;-Lagrange
functions (¢ = 1 or £ = 2). Obviously, the Wj, and M, are finite dimensional
spaces and it is well known that they are easy to describe and manipulate.

The approximated problem is the following:

a((z,m, x), (Z,m’ . X))+ B((z',m/,x'), (A ) = (¥, (z',m/, X))
B( (Zam7X)v(>‘/nu/)) =0

V(' m' X )eWy, V(X u)€ My;

(z,m, X) EWp, (A, 1) € M.

(50)
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Figure 3: Cut section of v; (the first component of the control) at x; = 0.4;
t goes from left to right, x5 goes from top to botttom; minimal and maximal
values of v1: -0.0173 and 0.1205.
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5.2 A numerical experiment

The following computations have been performed with the FreeFem-++ li-
brary; see http://www.freefem.org/ff++ for a detailed description. In par-
ticular, the solutions to the linear systems have been computed by a UMF-
PACK solver, specially adequate for sparse unsymmetric large dimension ma-
trices of this kind.

The quasi-Newton method has been applied to the solution of the null con-
trollability problem for with the following data:

e N=2,Q=(0,1) x (0,1), w = (0.2,0.6) x (0.2,0.6), T = 1.
® Yo = V x ’(/Jo, with wo(.’t) = 104 33%(1 — 331)256%(1 — $2)2.
e 15 =10, v1(r) := (1 +r)~! and consequently v = 10.

At each step, we have solved the problem . Here, the spaces Wy, Aj,
and M}, are Pj-Lagrange approximations respectively of Wy, Ay and My, asso-
ciated to the mesh displayed in Fig.

The initial state is displayed in Fig.

The stopping criterion has been

[y" T =y < e

with € = 1075, Starting from (y°,2%,0°) = B(0,0), convergence was reached
after b iterates, with a convergence rate ~ 4.45. The absolute and relative errors
at each step are given in Table [I] The numerical control and state that solve
(1)-(B) are displayed in Fig. 6

The condition numbers of the matrices of coefficients in the linear systems
that must be solved are given in Table [2| for several meshes. As already men-
tioned, the fact that we work with the variables z, m, x, etc. lead to reasonable
quantities.

Number of nodes | Number of unkowns | Cond. number
305 2440 9.91 x 10°
960 7680 2.02 x 10°
2800 22400 1.31 x 10°

Table 2: Condition numbers of the matrices of coefficients in for several
meshes.

6 Some additional comments and questions
The global null controllability of is an open question. It does not seem

easy to solve. Indeed, the smallness assumption on the data in Theorem
is clearly necessary if one tries to apply Theorem or another result playing
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the same role. To prove a global result, we would have to make use of a global
inverse mapping theorem, but this needs much more complicate estimates, that
do not seem affordable.

Notice that, with other or with no boundary conditions, global null control-
lability results have been established for Navier-Stokes and Boussinesq fluids by
Coron [7] and Coron and Fursikov [9] in the two-dimensional case and Fursikov
and Imanuvilov [2I] in the three-dimensional case. Accordingly, it is reasonable
to expect results of the same kind when the PDEs in are completed, for
instance, with Navier-slip or periodic boundary conditions.

Another open question, in part connected to the previous one, concerns the
exact controllability to the trajectories.

It is said that is locally exactly controllable to the trajectories at time T
if, for any solution (g, p) corresponding to a control 9, there exists e > 0 such
that, if

lyo =9, 0)llzz <€

we can find controls v € L?(w x (0,T)) and associated states (y,p) satisfying

y(,T) =gz, T) in Q. (51)

= 1st component
= 2nd component
~— Modulus

Control norm

04 0.6 0.8 1
Time

Figure 7: The computed null control; evolution in time of the L? norms of vy,
vg and v.

The previous property was established for Navier-Stokes and Boussinesq flu-
ids in [14]. However, to our knowledge, it is unknown whether it holds for ().
If one tries to apply arguments as those above, one finds at once a major diffi-
culty: one is led to a system similar to @ where linear nonlocal terms appear,
for which observability estimates are not clear at all.

Finally, let us indicate that it would be interesting to see whether the argu-
ments in [4] can be applied in this context to establish the local null controlla-
bility of with NV — 1 scalar controls; when N = 3, a similar question arises
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Figure 8: The computed state; evolution in time of the L? norms of %, y» and .

concerning the controllability of with one single scalar control, in view of
the results in [10].

7 Appendix A: Existence and uniqueness results

for (T)

Let us set v(s) := vy + v1(s). The existence of a strong solution to can
be proved as follows.
First, we introduce the eigenfunctions of the Stokes operator, i.e. the solu-
tions to ) ] )
—Aw? + V¢ = Au’ in Q,
wl =0 on 0L,
|wi|| =1, A\j — +oo,

the spaces Vj, := [wl,...,w™] and the following associated Galerkin approxi-

mations

(Y ©) V(DY) (Vs V) 4 (Y = V) Yy ) = (01, w) Y € Vs,
Ym : [O,T} = va y(O) = Yom,
(52)
where 4o, — Yo in V.

The existence and uniqueness of (local in time) solutions to the is en-
sured by classical ODE theory. The following estimates show that, in fact, they
are defined for all ¢.

We can get uniform estimates of the v, in the usual way:
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e First, taking w = y,,,(t), we deduce that
1d

2 2 2
5 2 Ym D m 'm = 1wa m
5 g 19mll” + V([ Dym [ Vym” = (v1e, ym)

< Cllgnl +C [ 0P da.
whence we easily obtain
ymll o< 0,70y + 1Ym |l L2 0,757y < C (53)

e Then, noticing that Ay, (t) € V,, and taking w = Ay, (t), we see that
1d

§E||Vym||2 + V(HDymH2)||Aym”2 = (vlwvAym) - ((ym ) v)ymaAym)'

When N = 2, one has

((Wm = V)Ums AYym) < Cllym |l Lal| Vym |l 4[| Aym ||
0]
< C||ym||2||vymH2 + ?HAymHZ

Consequently,
1d

5 71Vl + 1 AymI? SCIIVym||2+C/ o] da

w

and, from Gronwall’s Lemma, we find that
[ym L 0.7:v) + [[YmllL2(0,7:D(a)) < C. (54)

When N = 3, the nonlinear term can be bounded as follows:
(W - V)Yms Aym) < Cllym| L6 [[Vyml| L3 ]| Aym||
< C||Vym P72 (| Ayl */?
Vo
< IV ® + 2 Ay

Accordingly, we only have in this case that
1d

5 V0l + [ 80 < €T+ C [ [0 da

and, if yo and v are sufficiently small respectively in V and L?(w x (0,7,
we get again (54)).

e From these estimates, we see that

V(| Dymll*) Aym = (Y - V)ym + vl

is uniformly bounded in L2(Q)". In view of and the fact that the
w are orthonormal in L?(2)", we deduce that

lymll L2y < C. (55)
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The uniform bounds 1' allow to tke limits in (at least for a sub-
sequence) as m — +oo. Indeed, the unique delicate point is the a.e. convergence
of v(||Dym||?). But this is a consequence of the fact that the sequence {y,,} is
pre-compact in L2(0,7;V) and v is continuous.

The uniqueness of the strong solution to can be proved in a standard

way. Indeed, if (y!,p') and (32, p?) are strong solutions and we set y := y! — 32,
we find that

2 2
2dtHVyII +v((IDyI*) 1Ay

— (w(IDyH?) — v(IDY?)?)) (Vi —Ay) — ((y* - V)y + (y - V)2, —Ay)
C LUV + V1) V21 + 1Ay + A2 Ayl vyl

14
< k(0 IVy)? + 2| Ay

for some k € L2(0,T). This suffices to deduce that y = 0.

8 Appendix B: Proof of the Carleman estimate

First, note that there exists Ag such that, for any A > \g, there exist sy and

C with
// (s€) ngp\dedt—k// 2(s6)THV(V x p)|? dadt

// (1Vel? + (s6)2|o?) dadt (56)

<C (// p_2|F|2dxdt+// p2 (s§)3|<p|2dmdt>
Q wx (0,T)

for any F € L?(Q)Y, any o1 € H and any s > 5.
This is established in Theorem 4.1 in [26]; see also Theorem 3.1 in [25].

Then, we argue as follows:

e Since V - ¢ = 0, the second order term Ay satisfies
[Ap]? =V x (V x 9) <2[V(V x p)|*.

This, together with , provides a similar bound for |Ag]|?:

// p2(s€) 7 Ap|? da dt§0<// p2|F|? dx dt+// p (€)X p|? da dt).
Q Q wx (0,T)
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e On the other hand, one has
—ot+Vr=F+vAyp in Q.

Using again that ¢ is divergence-free and the fact that p and € are independent
of x, we see that

[ 7720 ol 4 197P ) dwat = [[ 572687 - g+ VA o
Q Q
<C 2L (|F)? + |Ap|?) dxdt,
J] o260 (P2 + 1808 dr

whence the estimates of |¢¢|? and |V7|? in are also obtained.
This ends the proof.
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