
ar
X

iv
:0

81
2.

26
05

v2
  [

m
at

h.
D

G
] 

 6
 F

eb
 2

01
2

GENERALIZED (κ, µ)-SPACE FORMS

ALFONSO CARRIAZO, VERÓNICA MARTÍN MOLINA, AND MUKUT MANI TRIPATHI

Abstract. Generalized (κ, µ)-space forms are introduced and studied. We
examine in depth the contact metric case and present examples for all possible
dimensions. We also analyse the trans-Sasakian case.

1. Introduction

A generalized Sasakian space form was defined by the first named author (jointly
with P. Alegre and D. E. Blair) in [1] as that almost contact metric manifold
(M2n+1, φ, ξ, η, g) whose curvature tensor R is given by

(1.1) R = f1R1 + f2R2 + f3R3,

where f1, f2, f3 are some differentiable functions on M and

R1(X,Y )Z = g(Y, Z)X − g(X,Z)Y,

R2(X,Y )Z = g(X,φZ)φY − g(Y, φZ)φX + 2g(X,φY )φZ,

R3(X,Y )Z = η(X)η(Z)Y − η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ,

for any vector fields X,Y, Z on M . We denote it by M(f1, f2, f3).
Since then, several papers have appeared concerning different aspects of this

topic: structures, submanifolds and conformal changes of metric ([2], [3] and [4]),
B.-Y. Chen’s inequalities ([5]), slant submanifolds inheriting the structure ([6]), CR-
submanifolds ([7] and [8]), the Ricci curvature of some submanifolds ([19], [24] and
[27]), conformal flatness and local symmetry ([20]), some other symmetry properties
([17] and [18]) and immersions of warped products ([25] and [28]). Other related
papers are [15] and [16].

On the other hand, a contact metric manifold (M2n+1, φ, ξ, η, g) is said to be a
generalized (κ, µ)-space if its curvature tensor satisfies the condition

R (X,Y ) ξ = κ {η (Y )X − η (X)Y }+ µ {η (Y )hX − η (X)hY } ,

for some smooth functions κ and µ on M independent of the choice of vectors
fields X and Y . If κ and µ are constant, the manifold is called a (κ, µ)-space.
T. Koufogiorgos proved in [21] that if a (κ, µ)-space M has constant φ-sectional
curvature c and dimension greater than 3, the curvature tensor of this (κ, µ)-space
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form is given by

(1.2) R =
c+ 3

4
R1 +

c− 1

4
R2 +

(
c+ 3

4
− κ

)
R3 +R4 +

1

2
R5 + (1− µ) R6,

where R1, R2, R3 are the tensors defined above and

R4(X,Y )Z =g(Y, Z)hX − g(X,Z)hY + g(hY, Z)X − g(hX,Z)Y,

R5(X,Y )Z =g(hY, Z)hX − g(hX,Z)hY

+ g(φhX,Z)φhY − g(φhY, Z)φhX,

R6(X,Y )Z =η(X)η(Z)hY − η(Y )η(Z)hX

+ g(hX,Z)η(Y )ξ − g(hY, Z)η(X)ξ,

for any vector fields X,Y, Z, where 2h = Lξφ and L is the usual Lie derivative.
Now, a natural question arises: is it possible to generalize the notion of (κ, µ)-space
form, by replacing the constants in equation (1.2) by some differentiable functions?

Therefore, in view of the previous works on generalized Sasakian space forms,
we say that an almost contact metric manifold (M2n+1, φ, ξ, η, g) is a generalized
(κ, µ)-space form if there exist differentiable functions f1, f2, f3, f4, f5, f6 on M
such that

R = f1R1 + f2R2 + f3R3 + f4R4 + f5R5 + f6R6.

It is obvious that (κ, µ)-space forms are natural examples of generalized (κ, µ)-space
forms, with constant functions

f1 =
c+ 3

4
, f2 =

c− 1

4
, f3 =

c+ 3

4
− κ, f4 = 1, f5 =

1

2
, f6 = 1− µ.

We also have generalized Sasakian space forms, with f4 = f5 = f6 = 0.
Thus, in this paper we introduce and study generalized (κ, µ)-space forms. The

paper is organized as follows. The section 2 contains some necessary background
on almost contact metric geometry. Afterwards, in section 3 we formally give the
definition of generalized (κ, µ)-space form and check that some results that were
true for generalized Sasakian space forms are also correct for generalized (κ, µ)-
space forms. Then, we obtain some basic identities for generalized (κ, µ)-space
forms which are analogous to those satisfied by Sasakian manifolds. In section 4
we prove that contact metric generalized (κ, µ)-space forms are generalized (κ, µ)-
spaces with κ = f1 − f3 and µ = f4 − f6. Next, we observe that if dimension
is greater than or equal to 5, then they are (−f6, 1 − f6)-spaces with constant φ-
sectional curvature 2f6 − 1. Furthermore, f4 = 1, f5 = 1/2 and f1, f2, f3 depend
linearly on the constant f6. We also give a method for constructing infinitely
many examples of this type. Later, we pay attention to the 3-dimensional case, in
which we prove that the expression for the curvature tensor is not unique and that
several properties and results must be satisfied. We also check that the example
of generalized (κ, µ)-space with non-constant κ and µ that T. Koufogiorgos and
C. Tsichlias provided in [22] is a generalized (κ, µ)-space form with non-constant
functions f1, f3 and f4. Finally, we prove in section 5 that if a manifold is trans-
Sasakian, then h = 0. Therefore, generalized (κ, µ)-space forms with trans-Sasakian
structure are generalized Sasakian space forms, already studied in [2].
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2. Preliminaries

In this section, we recall some general definitions and basic formulas which will
be used later. For more background on almost contact metric manifolds, we rec-
ommend the reference [9]. Anyway, we will recall some more specific notions and
results in the following sections, when required.

An odd-dimensional Riemannian manifold (M, g) is said to be an almost contact
metric manifold if there exist on M a (1, 1)-tensor field φ, a vector field ξ (called the
structure vector field) and a 1-form η such that η(ξ) = 1, φ2X = −X + η (X) ξ and
g(φX, φY ) = g (X,Y )− η (X) η (Y ) for any vector fields X,Y on M . In particular,
on an almost contact metric manifold we also have φξ = 0 and η ◦ φ = 0.

Such a manifold is said to be a contact metric manifold if dη = Φ, where
Φ (X,Y ) = g(X,φY ) is the fundamental 2-form of M . If, in addition, ξ is a Killing
vector field, then M is said to be a K-contact manifold. It is well-known that a
contact metric manifold is a K-contact manifold if and only if

(2.1) ∇Xξ = −φX

for all vector fields X on M . Even an almost contact metric manifold satisfying
the equation (2.1) becomes a K-contact manifold.

On the other hand, the almost contact metric structure of M is said to be
normal if the Nijenhuis torsion [φ, φ] of φ equals −2dη ⊗ ξ. A normal contact
metric manifold is called a Sasakian manifold. It can be proved that an almost
contact metric manifold is Sasakian if and only if

(2.2) (∇Xφ)Y = g (X,Y ) ξ − η (Y )X

for any vector fields X,Y on M . Moreover, for a Sasakian manifold the following
equation holds:

R (X,Y ) ξ = η (Y )X − η (X)Y.

Given an almost contact metric manifold (M,φ, ξ, η, g), a φ-section of M at
p ∈ M is a section Π ⊆ TpM spanned by a unit vector Xp orthogonal to ξp, and
φXp. The φ-sectional curvature of Π is defined by K(X,φX) = R(X,φX, φX,X).
A Sasakian manifold with constant φ-sectional curvature c is called a Sasakian space
form. In such a case, its Riemann curvature tensor is given by equation (1.1) with
functions f1 = (c+ 3)/4 and f2 = f3 = (c− 1)/4.

It is well known that on a contact metric manifold (M,φ, ξ, η, g), the tensor h,
defined by 2h = Lξφ, is symmetric and satisfies the following relations [9]

(2.3) hξ = 0, ∇Xξ = −φX − φhX, hφ = −φh, tr(h) = 0, η ◦ h = 0.

Therefore, it follows from equations (2.1) and (2.3) that a contact metric manifold
is K-contact if and only if h = 0.

Finally, we assume that all the functions considered in this paper will be differ-
entiable functions on the corresponding manifolds.

3. Definition and first results

In this section we give the formal definition of generalized (κ, µ)-space forms and
prove some basic results about these manifolds. Then we study some interesting
properties of their curvature tensor.
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Definition 3.1. We say that an almost contact metric manifold (M,φ, ξ, η, g) is a
generalized (κ, µ)-space form if there exist functions f1, f2, f3, f4, f5, f6 defined on
M such that

(3.1) R = f1R1 + f2R2 + f3R3 + f4R4 + f5R5 + f6R6,

where R1, R2, R3, R4, R5, R6 are the following tensors

R1(X,Y )Z =g(Y, Z)X − g(X,Z)Y,

R2(X,Y )Z =g(X,φZ)φY − g(Y, φZ)φX + 2g(X,φY )φZ,

R3(X,Y )Z =η(X)η(Z)Y − η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ,

R4(X,Y )Z =g(Y, Z)hX − g(X,Z)hY + g(hY, Z)X − g(hX,Z)Y,

R5(X,Y )Z =g(hY, Z)hX − g(hX,Z)hY

+ g(φhX,Z)φhY − g(φhY, Z)φhX,

R6(X,Y )Z =η(X)η(Z)hY − η(Y )η(Z)hX

+ g(hX,Z)η(Y )ξ − g(hY, Z)η(X)ξ,

for all vector fields X,Y, Z on M , where 2h = Lξφ and L is the usual Lie derivative.
We will denote such a manifold by M(f1, . . . , f6).

Remark 3.2. It is obvious that (κ, µ)-contact space forms of dimension greater than
3 are natural examples of generalized (κ, µ)-space forms, where

f1 =
c+ 3

4
, f2 =

c− 1

4
, f3 =

c+ 3

4
− κ, f4 = 1, f5 =

1

2
, f6 = 1− µ

are constant. Generalized Sasakian space forms (defined in [1]) are also examples
with f4 = f5 = f6 = 0 and f1, f2, f3 not necessarily constant.

As we have already pointed out, h = 0 for a K-contact manifold. Therefore, a
generalized (κ, µ)-space form with such a structure is actually a generalized Sasakian
space form. Hence, the following results are inferred from Proposition 3.6, Theo-
rem 3.7 and Theorem 3.15 from [1]:

Theorem 3.3. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. If M is a
K-contact manifold, then f3 = f1 − 1. Moreover, M is Sasakian.

Theorem 3.4. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. If M is a
Sasakian manifold, then f2 = f3 = f1 − 1.

Remark 3.5. Sasakian manifolds are always K-contact, while the converse is not
true in general, only in dimension 3. However, we have just seen that being Sasakian
and K-contact are equivalent concepts for generalized (κ, µ)-space forms.

Using the properties of h, it can be proved that:

Theorem 3.6. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. If M is a
contact metric manifold with f3 = f1 − 1, then it is a Sasakian manifold.

Proof. Let M2n+1 be a contact metric manifold satisfying f3 = f1 − 1. Because of
Theorem 3.3 we would only need to prove that M is K-contact, which is equivalent
to checking that S(ξ, ξ) = 2n, where S denotes the Ricci curvature tensor (see [9],
p. 92).
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If we take a local orthonormal basis {e1, . . . , e2n, ξ}, then a direct computation
from (3.1) gives

R(ei, ξ, ξ, ei) = 1 + (f4 − f6)g(hei, ei),

where we have used the properties of almost contact metric manifolds, the fact that
hξ = 0 and the hypothesis f1 − f3 = 1. Therefore,

S (ξ, ξ) =

2n∑

i=1

R (ei, ξ, ξ, ei) +R(ξ, ξ, ξ, ξ) =

2n∑

i=1

(1 + (f4 − f6)g(hei, ei))

= 2n+ (f4 − f6)

2n∑

i=1

g(hei, ei) = 2n+ (f4 − f6)tr(h) = 2n,

because of (2.3). �

We will now calculate K(X,φX) (the φ-sectional curvature), K(X, ξ) (the ξ-
sectional curvature) and K(φX, ξ) for generalized (κ, µ)-space forms.

Proposition 3.7. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. Then the
φ-sectional curvature of the φ-section spanned by the unit vector field X, orthogonal
to ξ, is given by

K(X,φX) = f1 + 3f2 + f4 g((h− φhφ)X,X).

If M is also a contact metric manifold, then the φ-sectional curvature is given by

K(X,φX) = f1 + 3f2,

so it does not depend on the choice of vector field X.

Proof. By applying the properties of an almost contact metric manifold, we can
directly calculate from (3.1) the φ-sectional curvature of the φ-section spanned by
{X,φX}, where X is a unit vector field orthogonal to ξ, as follows:

K (X,φX) = f1 + 3f2 + f4 {g (hX,X) + g (hφX, φX)}
= f1 + 3f2 + f4g ((h− φhφ)X,X) .

If M is a contact metric manifold then, in view of (2.3), hφ = −φh and we get

(h− φhφ)X =
(
h+ hφ2

)
X = h

(
X + φ2X

)
= h (X −X) = 0.

Therefore, in such a case, K (X,φX) = f1 + 3f2. �

A direct computation, similar to that of Theorem 3.6, gives:

Proposition 3.8. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. Then the
ξ-sectional curvature of the ξ-section spanned by the unit vector field X, orthogonal
to ξ, is given by

K(X, ξ) = f1 − f3 + (f4 − f6)g(hX,X).

Corollary 3.9. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. If X is a
unit vector field orthogonal to ξ, then

K(φX, ξ) = f1 − f3 + (f4 − f6)g(hφX, φX).

If M is also a contact metric manifold, then

K(φX, ξ) = f1 − f3 − (f4 − f6)g(hX,X).
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Proof. The first assertion follows directly from Proposition 3.8. With respect to
the contact metric case, we just have to take into account that

g(hφX, φX) = −g(φhX, φX) = −g(hX,X),

by virtue of (2.3). �

The following classic result appears in ([9], pp. 94-95):

Lemma 3.10. Let M be a Sasakian manifold. If we put

P̃ (X,Y, Z,W ) = dη (X,Z) g(Y,W )− dη(X,W )g (Y, Z)

− dη (Y, Z) g(X,W ) + dη(Y,W )g(X,Z),

then

(3.2) R(X,Y, Z, φW ) +R(X,Y, φZ,W ) = − P̃ (X,Y, Z,W )

for any vector fields X,Y, Z,W on M and

(3.3) R(φX, φY, φZ, φW ) = R (X,Y, Z,W ) ,

(3.4) R(X,φX, Y, φY ) = R(X,Y,X, Y ) +R(X,φY,X, φY )− 2P̃ (X,Y,X, φY )

for any vector fields X,Y, Z,W orthogonal to ξ.

Let (M,φ, ξ, η, g) be any almost contact metric manifold. We now denote

P (X,Y, Z,W ) = g (X,φZ) g(Y,W )− g(X,φW )g (Y, Z)

− g(Y, φZ)g(X,W ) + g(Y, φW )g (X,Z)

for any vectors fields X,Y, Z,W on M . In particular, if M is a contact metric

manifold, P = P̃ . We will study whether similar results hold true for generalized
(κ, µ)-space forms.

We omit the corresponding proofs because they can be easily obtained by making
direct computations from (3.1) and using (2.3) in the contact metric cases.

Proposition 3.11. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. Given
X,Y, Z,W orthogonal to ξ, we have

Ri(φX, φY, φZ, φW ) = Ri (X,Y, Z,W ) for i = 1, 2, 3, 6.

Therefore,

R(φX, φY, φZ, φW )− f4R4(φX, φY, φZ, φW ) − f5R5(φX, φY, φZ, φW )

= R (X,Y, Z,W )− f4R4 (X,Y, Z,W )− f5R5 (X,Y, Z,W ) .

If M is also a contact metric manifold, then

R4(φX, φY, φZ, φW ) = − R4 (X,Y, Z,W ) ,

R5(φX, φY, φZ, φW ) = R5 (X,Y, Z,W ) ,

and therefore

R(φX, φY, φZ, φW ) = R (X,Y, Z,W )− 2f4R4 (X,Y, Z,W ) .

Proposition 3.12. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. Then

R(X,Y,Z, φW ) +R(X,Y, φZ,W ) = −(f1 − f2)P (X,Y, Z,W )

− f4(P (hX, Y, Z,W ) + P (X,hY, Z,W ))− 2f5P (hX, hY, Z,W )

for any vector fields X,Y, Z,W orthogonal to ξ.
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It is clear that the above results extend Propositions 3.14 and 3.17 from [1].
To obtain a result similar to equation (3.4), we need the manifold to be a contact
metric one:

Proposition 3.13. Let M(f1, . . . , f6) be a generalized (κ, µ)-space form. If M is
also a contact metric manifold, then

R(X,φX, Y, φY ) =R(X,Y,X, Y ) +R(X,φY,X, φY )

− 2(f1 − f2)P (X,Y,X, φY )− 2f4P (X,Y, hX, φY ),

for any vector fields X,Y orthogonal to ξ.

4. Contact metric generalized (κ, µ)-space forms

In this section we will study contact metric generalized (κ, µ)-space forms. The
first fundamental fact is that such a manifold is a generalized (κ, µ)-space.

Theorem 4.1. If M(f1, . . . , f6) is a contact metric generalized (κ, µ)-space form,
then it is a generalized (κ, µ)-space, with κ = f1 − f3 and µ = f4 − f6.

Proof. Using the definition of the tensors R1, R2 and R3, we obtain by direct com-
putation that for every X,Y vector fields on M :

R1(X,Y )ξ = −R3(X,Y )ξ = η(Y )X − η(X)Y,

R2(X,Y )ξ = 0.

Moreover, by the properties (2.3) of the tensor h and the definition of R4, R5, R6,
it also holds that:

R4(X,Y )ξ = −R6(X,Y )ξ = η(Y )hX − η(X)hY,

R5(X,Y )ξ = 0.

Therefore, it would be enough to use the formula (3.1) to obtain that the curvature
tensor of a generalized (κ, µ)-space form satisfies

R(X,Y )ξ = (f1 − f3){η(Y )X − η(X)Y }+ (f4 − f6){η(Y )hX − η(X)hY },

for every X,Y . �

We know from Theorem 3.6 that M(f1, . . . , f6) is Sasakian if κ = f1 − f3 = 1.
Under the same hypotheses, we also know that f2 = f3 (Theorem 3.4) and h = 0,
so we may take f4 = f5 = f6 = 0. Therefore, in the remainder of this section we
will study non-Sasakian generalized (κ, µ)-space forms M(f1, . . . , f6), that is, those
with κ = f1 − f3 6= 1.

We will use the following result from [10]:

Theorem 4.2. If M is a (κ, µ)-space, then κ ≤ 1. If κ = 1, then h = 0 and M
is a Sasakian manifold. If κ < 1, then M admits three mutually orthogonal and
integrable distributions D(0),D(λ) and D(−λ) determined by the eigenspaces of h,
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where λ =
√
1− κ. Moreover,

R(Xλ, Yλ)Z−λ =(κ− µ){g(φYλ, Z−λ)φXλ − g(φXλ, Z−λ)φYλ},(4.1)

R(X−λ, Y−λ)Zλ =(κ− µ){g(φY−λ, Zλ)φX−λ − g(φX−λ, Zλ)φY−λ},(4.2)

R(Xλ, Y−λ)Z−λ =κg(φXλ, Z−λ)φY−λ + µg(φXλ, Y−λ)φZ−λ,(4.3)

R(Xλ, Y−λ)Zλ =− κg(φY−λ, Zλ)φXλ − µg(φY−λ, Xλ)φZλ,(4.4)

R(Xλ, Yλ)Zλ =(2(1 + λ)− µ){g(Yλ, Zλ)Xλ − g(Xλ, Zλ)Yλ},(4.5)

R(X−λ, Y−λ)Z−λ =(2(1− λ)− µ){g(Y−λ, Z−λ)X−λ − g(X−λ, Z−λ)Y−λ}.(4.6)

The following results appear in [21]:

Theorem 4.3. Let M be a (κ, µ)-space of dimension greater than or equal to 5.
If the φ-sectional curvature at any point of M is independent of the choice of the
φ-section at that point, then it is constant on M and the curvature tensor is given
by

(4.7) R =
c+ 3

4
R1 +

c− 1

4
R2 +

(
c+ 3

4
− κ

)
R3 +R4 +

1

2
R5 + (1− µ)R6,

where c is the constant φ-sectional curvature. Moreover, if κ 6= 1, then µ = κ+ 1
and c = − 2κ− 1.

Theorem 4.4. Let M be a non-Sasakian (κ, µ)-space of dimension greater than or
equal to 5. Then M has constant φ-sectional curvature if and only if µ = κ+ 1.

Furthermore, in [22] the following two theorems have been proved:

Theorem 4.5. Let M be a non-Sasakian generalized (κ, µ)-space of dimension
greater than or equal to 5. Then, the functions κ, µ are constant, that is, M is a
(κ, µ)-space.

Theorem 4.6. Let M be a non-Sasakian generalized (κ, µ)-space. If κ, µ satisfy
the condition aκ+ bµ = c (where a, b, c are constant), then κ, µ are constant.

Applying the previous theorems to contact metric generalized (κ, µ)-space forms
M(f1, . . . , f6), we deduce:

Theorem 4.7. If M(f1, . . . , f6) is a non-Sasakian, contact metric generalized
(κ, µ)-space form and a(f1 − f3) + b(f4 − f6) = c, (a, b, c constant), then f1 − f3
and f4 − f6 are constant.

We can also obtain the following theorem, in which we prove that the functions
of a contact metric generalized (κ, µ)-space form M(f1, . . . , f6) of dimension greater
than or equal to 5 are constant and are related. We also obtain a kind of converse
result.

Theorem 4.8. If M(f1, . . . , f6) is a non-Sasakian, contact metric generalized
(κ, µ)-space form of dimension greater than or equal to 5, then M has constant
φ-sectional curvature c = 2f6 − 1 > −3 and

f1 =
f6 + 1

2
, f2 =

f6 − 1

2
, f3 =

3f6 + 1

2
,

f4 =1, f5 =
1

2
, f6 = constant > −1,

κ =− f6 < 1, µ =1− f6 < 2,(4.8)
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Hence M is a (−f6, 1− f6)-space with constant φ-sectional curvature c = 2f6− 1 >
−3.

Conversely, let M be a (−f6, 1− f6)-space of dimension greater than or equal to
5 and constant φ-sectional curvature c = 2f6−1 > −3. Then M is a non-Sasakian,
contact metric generalized (κ, µ)-space form M(f1, . . . , f6) with constant functions
f1, . . . , f6 satisfying (4.8).

Proof. In view of Theorems 4.1 and 4.5, it follows that M is a generalized (f1 −
f3, f4 − f6)-space and that f1 − f3, f4 − f6 are constant. Therefore, M is a (f1 −
f3, f4 − f6)-space and applying Theorem 4.2 we obtain that the curvature tensor
satisfies equations (4.1)–(4.6) for κ = f1 − f3, µ = f4 − f6, Xλ, Yλ, Zλ ∈ D(λ) and
X−λ, Y−λ, Z−λ ∈ D(−λ). In particular

R(Xλ, Yλ)Z−λ =(f1 − f3 − f4 + f6)×
× {g(φYλ, Z−λ)φXλ − g(φXλ, Z−λ)φYλ},

R(Xλ, Y−λ)Z−λ =(f1 − f3)g(φXλ, Z−λ)φY−λ

+ (f4 − f6)g(φXλ, Y−λ)φZ−λ,

R(Xλ, Yλ)Zλ =(2(1 +
√
1− f1 + f3)− f4 + f6)×

× {g(Yλ, Zλ)Xλ − g(Xλ, Zλ)Yλ},
R(X−λ, Y−λ)Z−λ =(2(1−

√
1− f1 + f3)− f4 + f6)×

× {g(Y−λ, Z−λ)X−λ − g(X−λ, Z−λ)Y−λ}.

On the other hand, using the definition of generalized (κ, µ)-space form and the
properties of contact metric manifolds we get:

R(Xλ, Yλ)Z−λ =(f2 − f5(1− f1 + f3))×
× {g(φYλ, Z−λ)φXλ − g(φXλ, Z−λ)φYλ},

R(Xλ, Y−λ)Z−λ =− (f2 + f5(1− f1 + f3))g(φXλ, Z−λ)φY−λ

− 2f2g(φXλ, Y−λ)φZ−λ

+ (f1 − f5(1− f1 + f3))g(Y−λ, Z−λ)Xλ,

R(Xλ, Yλ)Zλ =
(
f1 + f5(1− f1 + f3) + 2f4

√
1− f1 + f3

)
×

× {g(Yλ, Zλ)Xλ − g(Xλ, Zλ)Yλ},

R(X−λ, Y−λ)Z−λ =
(
f1 + f5(1− f1 + f3)− 2f4

√
1− f1 + f3

)
×

× {g(Y−λ, Z−λ)X−λ − g(X−λ, Z−λ)Y−λ}.

Combining both sets of equations we can write:

(f1 − f3 − f4 + f6){g(φYλ, Z−λ)φXλ − g(φXλ, Z−λ)φYλ}
= (f2 − f5(1− f1 + f3)){g(φYλ, Z−λ)φXλ − g(φXλ, Z−λ)φYλ},(4.9)

(f1 − f3)g(φXλ, Z−λ)φY−λ + (f4 − f6)g(φXλ, Y−λ)φZ−λ

= − (f2 + f5(1 − f1 + f3))g(φXλ, Z−λ)φY−λ − 2f2g(φXλ, Y−λ)φZ−λ

+ (f1 − f5(1− f1 + f3))g(Y−λ, Z−λ)Xλ,(4.10)
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(2(1+
√
1− f1 + f3)− f4 + f6){g(Yλ, Zλ)Xλ − g(Xλ, Zλ)Yλ}

=
(
f1 + f5(1− f1 + f3) + 2f4

√
1− f1 + f3

)
×

× {g(Yλ, Zλ)Xλ − g(Xλ, Zλ)Yλ},(4.11)

(2(1−
√
1− f1 + f3)− f4 + f6){g(Y−λ, Z−λ)X−λ − g(X−λ, Z−λ)Y−λ}

=
(
f1 + f5 (1− f1 + f3)− 2f4

√
1− f1 + f3

)
×

× {g (Y−λ, Z−λ)X−λ − g (X−λ, Z−λ)Y−λ} .(4.12)

The dimension is greater than or equal to 5, so we can take two mutually orthog-
onal unit vector fieldsXλ, Yλ ∈ D(λ) in the equation (4.9) and choosing Z−λ = φXλ

we obtain

(f1 − f3 − f4 + f6)(−φYλ) = (f2 − f5(1 − f1 + f3))(−φYλ),

and we deduce that

(4.13) f1 − f3 − f4 + f6 = f2 − f5(1− f1 + f3).

From (4.10) we obtain three equations, depending on the choice we make. If
we take two mutually orthogonal unit vector fields Y−λ, Z−λ ∈ D(−λ) and pick
Xλ = φZ−λ, we obtain:

(4.14) − (f1 − f3) = f2 + f5(1− f1 + f3).

For Y−λ, Z−λ ∈ D(−λ) orthogonal and unit and Xλ = φY−λ, it follows that

(4.15) − (f4 − f6) = 2f2.

If we now take Y−λ = Z−λ unit and Xλ = φY−λ, we have the following equation:

(4.16) − (f1 − f3)− (f4 − f6) = f1 + 3f2.

In (4.11) we choose two unit vector fields Yλ⊥Zλ ∈ D(λ) and Xλ = Zλ and we
obtain

(4.17) 2(1 +
√
1− f1 + f3)− f4 + f6 = f1 + f5(1− f1 + f3) + 2f4

√
1− f1 + f3.

Last, if we take two unit vector fields X−λ⊥Z−λ ∈ D(−λ) and Y−λ = Z−λ in
(4.12) then

(4.18) 2(1−
√
1− f1 + f3)− f4 + f6 = f1 + f5(1− f1 + f3)− 2f4

√
1− f1 + f3.

Combining and reordering equations (4.13)-(4.18), we get the following compat-
ible system

f1 − f2 − f3 − f4 + f6 + f5(1− f1 + f3) = 0
f1 + f2 − f3 + f5(1− f1 + f3) = 0

2f2 + f4 − f6 = 0
2f1 + 3f2 − f3 + f4 − f6 = 0

f5(1− f1 + f3) + 2(f4 − 1)
√
1− f1 + f3 + f1 + f4 − f6 − 2 = 0

f5(1− f1 + f3) + 2(1− f4)
√
1− f1 + f3 + f1 + f4 − f6 − 2 = 0






whose solution is:

f1 =
f6 + 1

2
, f2 =

f6 − 1

2
, f3 =

3f6 + 1

2
,

f4 = 1, f5 =
1

2
, f6 arbitrary.



GENERALIZED (κ, µ)-SPACE FORMS 11

Therefore, κ = f1 − f3 = −f6, µ = f4 − f6 = 1− f6 and c = f1 + 3f2 = 2f6 − 1,
by virtue of Proposition 3.7 and Theorem 4.1.

Now, since κ is constant and less than 1, we have that f6 is constant and greater
than −1 and we achieve the result.

Conversely, given a (−f6, 1 − f6)-space of dimension greater than or equal to 5
with φ-sectional curvature c = 2f6 − 1 > −3, it follows that f6 must be a constant
function greater than −1. It is sufficient to apply Theorem 4.3 with c = 2f6 − 1 to
get that the manifold has curvature tensor

(4.19) R =
f6 + 1

2
R1 +

f6 − 1

2
R2 +

3f6 + 1

2
R3 +R4 +

1

2
R5 + f6R6,

so that it is a contact metric generalized (κ, µ)-space form M(f1, . . . , f6) with func-
tions f1, . . . , f6 satisfying equations (4.8). It is obvious that the manifold is non-
Sasakian because κ = f1 − f3 = −f6 < 1. �

Remark 4.9. We observe that f4, f5 6= 0 in (4.8), so there are no examples of non-
Sasakian, contact metric generalized Sasakian space forms of dimension greater
than or equal to 5 (already seen in [2]).

We will now give a method to construct (−f6, 1 − f6)-spaces with constant φ-
sectional curvature c = 2f6 − 1 for every constant f6 > −1. Due to the previous
theorem, they will be examples of contact metric generalized (κ, µ)-space forms.

Let M be a manifold of dimension greater than or equal to 5 and constant
sectional curvature cs > −1(cs 6= 1). Then its tangent sphere bundle with the
usual contact metric, (T1M, ξ1, η1, φ1, g1), is a (κ, µ)-space with κ = cs(2− cs) 6= 1
and µ = −2cs < 2 ([10, Theorem 4]).

By applying a Da-homothetic deformation we obtain (T1M, ξ, η, φ, g), with

ξ =
1

a
ξ, η = aη, φ = φ and g = ag + a(a− 1)η ⊗ η,

where a > 0 is a real number.
It is known from [10] that this is a (κ, µ)-space with

κ =
κ+ a2 − 1

a2
6= 1 and µ =

µ+ 2a− 2

a
.

If we choose a = (κ − 1)/(µ − 2) > 0, then µ = κ + 1 and (T1M, ξ, η, φ, g) has
constant φ-sectional curvature c = −(κ+ µ) because of Theorems 4.3 and 4.4.

Therefore, κ = −f6, µ = 1− f6 and c = 2f6 − 1 if and only if

(4.20) (3− f6) c
2
s + (10 + 2f6) cs + (3− f6) = 0.

If f6 = 3, equation (4.20) has solution cs = 0, which is in particular greater than
−1 and not equal to 1. If f6 6= 3, then (4.20) has the real solutions

(4.21) cs =
−5− f6 ± 4

√
f6 + 1

3− f6
,

which are not equal to 1 because f6 is greater than −1. Furthermore, if we con-
sider the positive sign on (4.21), it can be proved that cs is also greater than −1.
Therefore, we have managed to obtain examples of (−f6, 1 − f6)-spaces with the
required conditions for every constant function f6 > −1.



12 A. CARRIAZO, V. MARTÍN MOLINA, AND M. M. TRIPATHI

Remark 4.10. An alternative proof of Theorem 4.8 follows from [13, Theorem 5],
which states that, if M is a non-Sasakian (κ, µ)-space, then its curvature tensor R
is given by

(4.22)

R(X,Y, Z,W ) =
(
1− µ

2

)
R1(X,Y, Z,W )− µ

2
R2(X,Y, Z,W )

+
(
1− µ

2
− κ

)
R3(X,Y, Z,W ) +R4(X,Y, Z,W )

+

(
1− µ

2

1− κ

)
{g(hY, Z)g(hX,W )− g(hX,Z)g(hY,W )}

+

(
κ− µ

2

1 − κ

)
{g(φhY, Z)g(φhX,W )− g(φhX,Z)g(φhY,W )}

+ (1− µ)R6(X,Y, Z,W ).

Therefore, if M(f1, . . . , f6) is a contact metric generalized (κ, µ)-space form of di-
mension greater than or equal to 5 satisfying f1−f3 < 1, then M is a non-Sasakian
(κ, µ)-space with κ = f1 − f3 < 1 and µ = f4 − f6 thanks to Theorems 4.1 and 4.5.
Comparing (3.1) with (4.22), we obtain a system whose solution is given by (4.8).

What can we say now for 3-dimensional generalized (κ, µ)-space formM3(f1, . . . , f6)?
First, let us mention that the writing of its curvature tensor is not unique:

Theorem 4.11. Let M3 be a contact metric manifold such that its curvature tensor
can be simultaneously written as

(4.23) R = f1R1 + f2R2 + f3R3 + f4R4 + f5R5 + f6R6

and

(4.24) R = f∗

1R1 + f∗

2R2 + f∗

3R3 + f∗

4R4 + f∗

5R5 + f∗

6R6,

where f1−f3 < 1. Then the functions fi and f∗

i , i = 1, . . . , 6, are related as follows,

(4.25)
f∗

1 = f1 + f, f∗

2 = f2 − f/3, f∗

3 = f3 + f,

f∗

4 = f4 + f, f∗

6 = f6 + f,

where f and f are arbitrary functions on M .

Proof. We know that the manifold is in particular a generalized (κ, µ)-space with
κ = f1−f3 < 1 and µ = f4−f6 (Theorem 4.1). Therefore, we can consider a φ-basis

{X,φX, ξ} with X ∈ D(λ), where λ =
√
1− κ =

√
1− (f1 − f3) > 0 (Theorem

4.2). By virtue of Propositions 3.7, 3.8 and Corollary 3.9, if we calculate K(X, ξ),
K(φX, ξ) and K(X,φX) by using both (4.23) and (4.24) we obtain the system






(f∗

1 − f1)− (f∗

3 − f3) = 0
(f∗

4 − f4)− (f∗

6 − f6) = 0
(f∗

1 − f1) + 3(f∗

2 − f2) = 0

whose general solution is given by (4.25). �

Remark 4.12. In the conditions of the previous theorem, if κ = f1 − f3 = 1, then
M3 is a Sasakian manifold and therefore it is a generalized Sasakian space form
M(f1, f2, f3). In [2], P. Alegre and A. Carriazo proved that in such a case the
functions fi and f∗

i , i = 1, 2, 3, are related as in (4.25).

The converse of Theorem 4.11 is also true:
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Theorem 4.13. Let M3(f1, . . . , f6) be a contact metric generalized (κ, µ)-space
form. If we define the functions f∗

1 , f
∗

2 , f
∗

3 , f
∗

4 , f
∗

6 as in (4.25), for certain functions
f, f on M , and we take an arbitrary function f∗

5 , then M3 is also a generalized
(κ, µ)-space form M3(f∗

1 , . . . , f
∗

6 ).

Proof. It follows from (3.1) and (4.25) that the curvature tensor satisfies

R =
6∑

i=1

fiRi =
6∑

i=1

f∗

i Ri + f

(
−R1 +

1

3
R2 −R3

)
− f(R4 +R6) + (f5 − f∗

5 )R5.

To obtain (4.24) it is enough to check that the last terms vanish, which is true
because

−R1 +
1

3
R2 −R3 = R4 +R6 = R5 = 0

for every 3-dimensional contact metric manifold. �

Therefore, if M3(f1, . . . , f6) is a contact metric generalized (κ, µ)-space form, its
curvature tensor can be written as

(4.26) R = f∗

1R1 + f∗

3R3 + f∗

4R4,

so M3 is also M(f∗

1 , 0, f
∗

3 , f
∗

4 , 0, 0) for f
∗

1 = f1+3f2, f
∗

3 = f3+3f2, f
∗

4 = f4− f6. In
order to consider a unique writing of the curvature tensor of a 3-dimensional, contact
metric generalized (κ, µ)-space form, we will choose R satisfying f∗

2 = f∗

5 = f∗

6 = 0.
D. E. Blair, T. Koufogiorgos and B. J. Papantoniou classified the 3-dimensional

(κ, µ)-spaces in [10, Theorem 3]. Using that result and Theorems 4.1 and 4.2 we
get:

Theorem 4.14. Let M3(f1, . . . , f6) be a contact metric generalized (κ, µ)-space
form. If f1 − f3 6= 1 is constant, then f4 − f6 is also constant, M satisfies

(4.27) 2f1 + 3f2 − f3 + f4 − f6 = 0,

and it is locally isometric to one of the following Lie groups with a left invariant
metric: SU(2)(or SO(3)), SL(2,R)(or O(1, 2)), E(2) (the group of rigid motions
of the Euclidean 2-space) or E(1, 1) (the group of rigid motions of the Minkowski
2-space).

Moreover this structure can occur on:

• SU(2) or SO(3) if 1− λ− µ
2 > 0 and 1 + λ− µ

2 > 0,

• SL(2,R) or O(1, 2) if






1− λ− µ
2 < 0 and 1 + λ− µ

2 > 0
or

1− λ− µ
2 < 0 and 1 + λ− µ

2 < 0,
• E(2) if 1− λ− µ

2 = 0 and µ < 2,
• E(1, 1) if 1 + λ− µ

2 = 0 and µ > 2,

where κ = f1 − f3, λ =
√
1− κ and µ = −2f1 − 3f2 + f3.

Proof. Theorems 3.4 and 4.1 imply that M is a non-Sasakian generalized (κ, µ)-
space with κ = f1−f3 and µ = f4−f6. Since f1−f3 is constant, then we know from
Theorem 4.7 that f4 − f6 is also constant and hence M is a (κ, µ)-space. Applying
Theorem 4.2 we obtain that R must satisfy the six equations (4.1)-(4.6).

If we take unit vector fields Y−λ = Z−λ and Xλ = φY−λ in (4.3), then

− (f1 − f3)− (f4 − f6) = f1 + 3f2.
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A short calculation yields 2f1 +3f2 − f3 + f4 − f6 = 0 and µ = −2f1− 3f2 + f3.
We only have to apply [10, Theorem 3] to end the proof. �

Remark 4.15. We notice that the different cases of Theorem 4.14 depend on the
value of κ and µ, which are determined only by the functions f1, f2 and f3 and do
not depend explicitly on the functions f4, f5 or f6.

Let us recall that a contact metric manifold is said to be η-Einstein [9, p. 105]
if it satisfies

Q = aI + bη ⊗ ξ,

where a, b are some differentiable functions on M .
In [11], D. E. Blair, T. Koufogiorgos and R. Sharma studied the contact metric

manifolds satisfying Qφ = φQ and obtained the following result:

Proposition 4.16. If (M3, φ, ξ, η, g) is a contact metric manifold, then the follow-
ing statements are equivalent:

(i) M is η-Einstein,
(ii) Qφ = φQ, where Q is the Ricci operator,
(iii) M is a (κ, 0)-space, with κ constant.

In view of Theorem 4.1, we know that a generalized (κ, µ)-space formM(f1, . . . , f6)
with contact metric structure satisfies condition (iii) if and only if f1−f3 is constant
and f4 − f6 = 0. We will now study when the conditions (i) and (ii) hold. First,
we calculate the Ricci operator Q:

Proposition 4.17. If M2n+1(f1, . . . , f6) is a contact metric generalized (κ, µ)-
space form, then

(4.28) Q = (2nf1 + 3f2 − f3) I − (3f2 + (2n− 1) f3) η ⊗ ξ + ((2n− 1) f4 − f6)h.

Moreover, if we also suppose that κ = f1 − f3 6= 1 is constant, then M is a non-
Sasakian (κ, µ)-space and

(4.29) Q = (2 (n− 1)− nµ) I + (2 (1− n) + n (2κ+ µ)) η ⊗ ξ + (2 (n− 1) + µ)h.

Proof. A straightforward computation with respect to a φ-basis gives (4.28). On
the other hand, if κ = f1 − f3 6= 1 is constant, then µ = f4 − f6 is also constant by
Theorem 4.7. Therefore, the equations (4.8) hold if M has dimension greater than
or equal to 5 and (4.27) is true if M is a 3-dimensional manifold. Applying them
to (4.28) yields (4.29). �

Remark 4.18. Let us notice that the previous proposition means that a contact
metric generalized (κ, µ)-space form M2n+1(f1, . . . , f6) is η-Einstein if and only if
f4(2n− 1)− f6 = 0. In particular, M3(f1, . . . , f6) satisfies condition (i) if and only
if f4 − f6 = 0.

We can also prove the following:

Proposition 4.19. If M2n+1(f1, . . . , f6) is a contact metric generalized (κ, µ)-
space form, then

(4.30) Qφ− φQ = 2((2n− 1)f4 − f6)hφ,

where Q denotes the Ricci operator on M .
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Proof. Using η ◦ φ = 0, from (4.28) we obtain

(4.31) Qφ = (2nf1 + 3f2 − f3)φ+ ((2n− 1) f4 − f6)hφ.

Applying φ to (4.28) and using (2.3) we get

(4.32) φQ = (2nf1 + 3f2 − f3)φ− ((2n− 1) f4 − f6)hφ.

Therefore, (4.31) and (4.32) imply (4.30). �

Remark 4.20. We deduce from Proposition 4.19 that if M2n+1(f1, . . . , f6) is a con-
tact metric generalized (κ, µ)-space form, then Qφ = φQ is true if and only if
(2n− 1)f4 − f6 = 0. In particular, M3 satisfies condition Qφ = φQ if and only if
f4 − f6 = 0.

We may resume the previous results in this proposition:

Proposition 4.21. If M3(f1, . . . , f6) is a contact metric generalized (κ, µ)-space
form, then the following conditions are equivalent:

(i) M3 is η-Einstein,
(ii) Qφ = φQ, where Q denotes the Ricci operator,
(iii) M3 is a (f1 − f3, 0)-space,
(iv) f4 − f6 = 0.

Remark 4.22. If a contact metric generalized (κ, µ)-space M3(f1, . . . , f6) satisfies
f4 − f6 = 0, then f1 − f3 is constant. This would be a particular case of [26,
Theorem 10].

D. E. Blair and H. Chen proved in [12] the following theorem, which improves
the classification of contact metric manifolds satisfying Qφ = φQ given in [11]:

Theorem 4.23. Let M3 be a contact metric manifold satisfying Qφ = φQ. Then
M3 is either Sasakian, flat or locally isometric to a left invariant metric on the Lie
group SU(2) or SL(2,R). In the latter case M3 has constant ξ-sectional curvature
κ < 1 and constant φ-sectional curvature −κ (this structure can occur on SU(2) if
κ > 0 and on SL(2,R) if κ < 0).

We deduce from the previous theorem the following proposition:

Proposition 4.24. Let M3(f1, . . . , f6) be a contact metric generalized (κ, µ)-space
form. If f1 − f3 6= 1 and f4 − f6 = 0, then f1 − f3 and f1 + 3f2 are constant and
2f1 + 3f2 − f3 = 0 holds.

Proof. We know that M3 is a contact metric manifold satisfying Qφ = φQ due to
Proposition 4.21. Applying Theorem 4.23 and using the φ-sectional and ξ-sectional
formulas from Propositions 3.7 and 3.8 we get the wanted result. �

We will now study the scalar curvature:

Proposition 4.25. If M3(f1, . . . , f6) is a contact metric generalized (κ, µ)-space
form, then the scalar curvature τ is given by

(4.33) τ = 2(3f1 + 3f2 − 2f3).

Moreover, if κ = f1 − f3 6= 1 is constant, then

τ = 2(κ− µ).
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Proof. A straightforward computation with respect to a φ-basis yields

τ = tr(Q) = 2 (K (X,φX) +K (X, ξ) +K (φX, ξ)) ,

and using Propositions 3.7, 3.8 and Corollary 3.9 we get (4.33).
Furthermore, if κ = f1 − f3 6= 1 is constant, then Theorem 4.7 implies that

µ = f4 − f6 is also constant and we only need to apply (4.27) to obtain 3f1+3f2−
2f3 = (f1 − f3)− (f4 − f6) = κ− µ. �

Corollary 4.26. Let M3(f1, . . . , f6) be a contact metric generalized (κ, µ)-space
form with κ = f1 − f3 6= 1 constant. Then

Q =
(τ
2
− κ

)
I +

(
3κ− τ

2

)
η ⊗ ξ +

(
κ− τ

2

)
h.

We will prove the next theorem using the formulas we have obtained for Q and τ
and the expression that connects both of them to R on a 3-dimensional Riemannian
manifold:

R (X,Y )Z =g (Y, Z)QX − g (X,Z)QY + g(QY,Z)X − g(QX,Z)Y

− τ

2
{g (Y, Z)X − g (X,Z)Y }(4.34)

for any vector fields X,Y, Z on M .

Theorem 4.27. If M3(f1, . . . , f6) is a contact metric generalized (κ, µ)-space form,
then its curvature tensor can be written as:

(4.35) R = (f1 + 3f2)R1 + (3f2 + f3)R3 + (f4 − f6)R4.

If we also suppose that κ = f1 − f3 6= 1 is constant, then

R = −(κ+ µ)R1 − (2κ+ µ)R3 + µR4.

Proof. Equation (4.35) is obtained by substituting (4.28) and (4.33) in (4.34).
Moreover, if κ = f1 − f3 6= 1 is constant, then we obtain from Thereom 4.7 that
µ = f4−f6 is also constant. Therefore, (4.27) holds, which yields f1+3f2 = −(κ+µ)
and 3f2 + f3 = −(2κ− µ). �

We will now check that the first example of a generalized (κ, µ)-space of di-
mension 3 given by T. Koufogiorgos and C. Tsichlias in [22] is a contact metric
generalized (κ, µ)-space form M3(f∗

1 , 0, f
∗

3 , f
∗

4 , 0, 0) with f∗

1 , f
∗

3 , f
∗

4 not constant.
Let M3 be the manifold M = {(x1, x2, x3) ∈ R3 |x3 6= 0}, where (x1, x2, x3) are

the standard coordinates on R3. The vector fields

e1 =
∂

∂x1
, e2 = − 2x2x3

∂

∂x1
+

2x1

x3
3

∂

∂x2
− 1

x3
2

∂

∂x3
, e3 =

1

x3

∂

∂x2

are linearly independent at each point of M . We get

[e1, e2] =
2

x3
2
e3, [e2, e3] = 2e1 +

1

x3
3
e3, [e3, e1] = 0.

Let g be the Riemannian metric defined by g(ei, ej) = δij , i, j = 1, 2, 3, ∇ its
Riemannian connection, R the curvature tensor of g and η the 1-form defined by
η (X) = g(X, e1), for any X on M , which is a contact form because η∧dη 6= 0. Let
φ be the (1, 1)-tensor field defined by

φe1 = 0, φe2 = e3, φe3 = −e2.
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Using the linearity of φ, dη and g we find

η(e1) = 1, φ2X = −X + η (X) e1, dη (X,Y ) = g(X,φY ),

g(φX, φY ) = g (X,Y )− η (X) η (Y ) ,

for any vector fieldsX,Y onM . Hence (φ, e1, η, g) defines a contact metric structure
on M . Using Koszul’s formula we obtain:

∇e1e2 =

(
−1 +

1

x3
2

)
e3, ∇e2e1 = −

(
1 +

1

x3
2

)
e3

∇e1e3 =

(
1− 1

x3
2

)
e2, ∇e3e1 =

(
1− 1

x3
2

)
e2,

∇e2e3 =

(
1 +

1

x3
2

)
e1, ∇e3e2 =

(
−1 +

1

x3
2

)
e1 −

1

x3
3
e3,

∇e2e2 = 0, ∇e3e3 =
1

x3
3
e2.

The tensor h satisfies

he1 = 0, he2 = λe2, he3 = −λe3,

where λ =
1

x3
2
. Putting µ = 2

(
1− 1

x3
2

)
and κ = 1− 1

x3
4
, we obtain

R (X,Y ) ξ = κ (η (Y )X − η (X)Y ) + µ (η (Y )hX − η (X)hY ) .

Therefore M is a generalized (κ, µ)-space with κ, µ non-constant functions on M .
Let us now see that the manifold M is also a generalized (κ, µ)-space form

M(f∗

1 , 0, f
∗

3 , f
∗

4 , 0, 0). From the definition of Riemannian curvature, we get that the
non-trivial curvatures are:

R(e1, e2)e1 =− (κ+ λµ)e2,

R(e1, e2)e2 =(κ+ λµ)e1,

R(e1, e2)e3 =0,

R(e1, e3)e1 =(−κ+ λµ)e3,

R(e1, e3)e2 =0,

R(e1, e3)e3 =(κ− λµ)e1,

R(e2, e3)e1 =0,

R(e2, e3)e2 =(κ+ µ− 2λ3)e3,

R(e2, e3)e3 =− (κ+ µ− 2λ3)e2.

On the other hand, we know that every contact metric generalized (κ, µ)-space
form M(f∗

1 , 0, f
∗

3 , f
∗

4 , 0, 0) is a generalized (κ∗, µ∗)-space with κ∗ = f∗

1 − f∗

3 and
µ∗ = f∗

4 . Using (4.26), we can write the above curvature values in terms of κ∗, µ∗

and f∗

1 . If we make equal both sets of equations, we obtain a system which can be
simplified to: 




κ = κ∗ = f∗

1 − f∗

3

µ = µ∗ = f∗

4

f∗

1 = − (κ+ µ− 2λ3).
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Therefore, the solution to the system is:




f∗

1 = − 3 +
2

x3
2
+

1

x3
4
+

2

x3
6

f∗

3 = − 4 +
2

x3
2
+

2

x3
4
+

2

x3
6

f∗

4 = 2

(
1− 1

x3
2

)
.

Thus we conclude that this example is a contact metric generalized (κ, µ)-space
form M3(f∗

1 , 0, f
∗

3 , f
∗

4 , 0, 0), where f
∗

1 , f
∗

3 , f
∗

4 are non-constant functions. Moreover,
its scalar curvature is, by (4.33),

τ = 2(3f∗

1 − 2f∗

3 ) = 2

(
−1 +

2

x3
2
− 1

x3
4
+

2

x3
6

)
,

and therefore not constant.

Remark 4.28. The second example of generalized (κ, µ)-space of dimension 3 given
by T. Kougfogiorgos and C. Tsichlias in [22] is also a contact metric generalized
(κ, µ)-space form M3(f∗

1 , 0, f
∗

3 , f
∗

4 , 0, 0) with non-constant functions:




f∗

1 = − 3− 2

x3
4
+

1

x3
8
+

10

x3
14

f∗

3 = − 4− 2

x3
4
+

2

x3
8
+

10

x3
14

f∗

4 = 2

(
1 +

1

x3
4

)
.

5. Trans-Sasakian generalized (κ, µ)-space forms

We will see in this section that if a manifold is trans-Sasakian, then h = 0. Hence
every generalized (κ, µ)-space form M(f1, . . . , f6) with a trans-Sasakian structure
is a generalized Sasakian space form (see [1, 2]).

We recall that an almost contact metric manifold (M,φ, ξ, η, g) is said to be
trans-Sasakian if there exist functions α and β on M such that

(5.1) (∇Xφ)Y = α(g (X,Y ) ξ − η (Y )X) + β(g(φX, Y )ξ − η (Y )φX),

for any vector fields X,Y on M . In a trans-Sasakian manifold it is known that

(5.2) ∇Xξ = − αφX + β (X − η (X) ξ) .

We will now prove two properties that trans-Sasakian manifolds have in common
with contact metric manifolds.

Proposition 5.1. If (M,φ, ξ, η, g) is a trans-Sasakian manifold, then ∇ξφ = 0 and
∇ξξ = 0.

Proof. It follows directly from (5.1) and (5.2). �

Proposition 5.2. If (M,φ, ξ, η, g) is a trans-Sasakian manifold, then h = 0.

Proof. Using the definition of h and applying the usual properties we obtain

2hX = (Lξφ)X = (∇ξφ)X −∇φXξ + φ∇Xξ.

Therefore, the result follows directly from (5.2) and Proposition 5.1. �
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Corollary 5.3. Every trans-Sasakian manifold with a contact metric structure is
Sasakian.

Proof. IfM is a trans-Sasakian manifold, it follows that h = 0 from Proposition 5.2.
If M is also a contact metric manifold, then it is a K-contact manifold and ∇Xξ =
−φX is satisfied. Comparing such an equation with (5.2), we deduce that α = 1
and β = 0. Substituting these values in (5.1), we obtain (2.2), which is one of the
characterizations of Sasakian manifolds. �

In view of Proposition 5.2, we have the following

Theorem 5.4. Every trans-Sasakian generalized (κ, µ)-space form is a generalized
Sasakian space form.

Acknowledgements. The authors would like to thank the referee for the valuable
suggestions.
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20 A. CARRIAZO, V. MARTÍN MOLINA, AND M. M. TRIPATHI

[20] U. K. Kim, Conformally flat generalized Sasakian-space-forms and locally symmetric gener-

alized Sasakian-space-forms. Note Mat. 26 (2008), 55–67
[21] T. Koufogiorgos, Contact Riemannian manifolds with constant φ-sectional curvature. Tokyo

J. Math. 20(1) (1997), 55–67
[22] T. Koufogiorgos and C. Tsichlias, On the existence of a new class of contact metric manifolds.

Canad. Math. Bull. 43 (4) (2000), 400–447
[23] J. C. Marrero, The local structure of trans-Sasakian manifolds. Ann. Mat. Pura Appl. (4)

162 (1992), 77–86
[24] I. Mihai, M. H. Shahid and F. R. Al-Solamy, Ricci curvature of a contact CR-submanifold

in a generalised Sasakian space form. Rev. Bull. Calcutta Math. Soc. 13 (2005), 89–94
[25] A. Olteanu, Legendrian warped product submanifolds in generalized Sasakian space forms.

Acta Math. Acad. Paedagog. Nyházi. (N.S.) 25 (2009), 137–144
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