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Abstract

Let 2 be a domain in the N-dimensional real space, L be an elliptic
differential operator, and (7;,) be a sequence whose members belong
to a certain class of operators defined on the space of L-analytic func-
tions on 2. It is proved in this paper the existence of a dense linear
manifold of L-analytic functions all of whose nonzero members have
maximal cluster sets under the action of every 7, along any curve
ending at the boundary of €2 such that its w-limit does not contain
any component of the boundary. The above class contains all partial
differentiation operators 0%, hence the statement extends earlier re-
sults due to Boivin, Gauthier and Paramonov, and to the first, third
and fourth authors.
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1 Introduction

The behavior of the complex-valued functions near the boundary of the
domain where they are defined has attracted the attention of many math-
ematicians. Such a behavior can be considered either globally or restricted
to certain subsets (mainly, adequate curves) near the boundary, and is de-
fined by the so-called cluster sets, see below. For background about classical
results on cluster sets, we refer to [5] and [9]. Next, we fix some standard
notation that will be used throughout this paper.

The symbols R, C, N, Ny will stand for the real line, the complex plane,
the set of positive integers, and the set N U {0}, respectively. If N € N
then RY is the N-dimensional real space; specially, C = R2. If A ¢ RY
then A° (DA, resp.) represents its interior (its boundary, resp.) in RY.
In addition, we set A° := RY \ A, as usual. The open ball with center
a € RY and radius » > 0 —~with respect to the euclidean distance d on R"—
is B(a,r). By Q we denote a domain in RY, that is, a nonempty connected
open subset of RY. Moreover, Q* will denote the one-point compactification
of Q. A Jordan domain is a domain 2 C C whose boundary in C* is a
topological image of the unit circle {z € C: |z| = 1}. If A C RY and f is
a complex-valued function defined on A then || f||4 := supy |f|. For a multi-

index @ = (aq,...,ay) € NI/, welet |o] = a1 + -+ ay, al = ay!---ay!,
=g 23N for x = (zy,...,2y5) € RY and 8‘“:(%)‘“---(%)‘”.

Let r, N € N with N > 2 and let L(¢) = Z|a\:r ao&® (€ € RY) be a fixed
homogeneous polynomial of degree r with complex constant coefficients and
which satisfies the ellipticity condition L(£) # 0 (£ € RV\{0}). We associate
to L the homogeneous elliptic operator of order r given by

L=L(0)= ) a.,0"
la|=r

The symbol LY stands for the class of all homogeneous elliptic operators of
order 7 in RY with constant complex coefficients.

If O Cc RY is a domain and f : Q — C is a C°°-function, then f is called
L-analytic (or L-holomorphic) on € if it satisfies the equation

L(O)f =0 on Q.

We denote by L(€2) the linear space of L-holomorphic functions on §2 endowed
with the compact-open topology. For instance, if N = 2 then the space of
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O-holomorphic functions is the space H(£2) of holomorphic functions in the
usual sense, and for arbitrary N, A-holomorphic is the same as harmonic
in RY if A denotes the Laplace operator. In general, L(Q2) turns out to
be a Fréchet space (see [12]), which is separable because it is a subspace of
C (), the space of complex continuous functions on €2, also endowed with
the compact-open topology. By an operator on L({2) we mean a continuous
linear selfmapping 7" : L(2) — L(Q).

Let 2 be a domain in RV, N >2, Q # RN and v:[0,1) — Q be a curve
in € tending to 02, that is, v is continuous and, given a compact set K C (2,
there is tg = to(K) € (0,1) for which K N ~([tg,1)) = 0. Then the w-limit
(or oscillation set) of v is the set Osc () of points in 9 which are in the
closure of ([0,1)). Let b € 09. Following [3, Section 6], we shall say that
a continuous path v : [0,1] — R is admissible for 0 with end point b if
7([0,1)) € 2 and (1) = b. Note that, in particular, if Q2 has no connected
component consisting of a single point then for any admissible path v we
have that Osc (y) contains no component of 9Q2. By abuse of language, we
sometimes identify v = ([0, 1)).

Given a continuous function f : @ — C and a curve v in € tending
to its boundary, we denote by C,(f) the cluster set of f along v, that is,
C,(f) = {w € C* : there exists a sequence {t,} C [0,1) such that ¢, —
1 and f(vy(t,)) — w as n — oo}.

In [3, Theorem 5], Boivin, Gauthier and Paramonov proved that if L € LY
and Q C RY is a domain with Q # R¥ such that 99 has no component
consisting of a single point, then there is at least one function g € L(2) with
the property that for each b € 02, each admissible path v ending at b and
each a € NYY, one has C,(9%g) = C*, that is, each such cluster set is mazimal.
On the other hand, in [1, Theorem 2.1] it is shown that if Q is a Jordan domain
in C then there is a dense linear manifold D C H(Q2) all of whose nonzero
members [ satisfy that the cluster set of f along v is maximal for every curve
v in Q tending to the boundary with Osc (y) # 9. In this paper, we state a
theorem (see Section 4) that unifies and extends largely both results above;
our theorem will be valid for a large class of operators on L(2) which will
be introduced in Section 2. Section 3 is devoted to present some additional
terminology together with a preparatory result about approximation.



2 A new class of operators

We collect in the following definition the adequate class of operators to be
used later.

Definition 2.1. Let r, N € N with N > 2 and Q C R" be a domain. Assume
that L € LY and that T is an operator on L(Q2). We say that T is internally
controlled if given € > 0 and a pair of compact sets F, G C Q with I C G,
there exists d = d(e, F, G) > 0 such that

[f € L) and ||f|l¢ <¢] implies | Tf|r <e.

Note that the notion of “internal control” is stronger than the mere con-
tinuity. In fact, the former requires in particular the continuity of every
mapping 715 : X7 — Xy, where X; (i = 1,2) is the normed space consisting
of all functions of L(€2) under the respective norms || - ||r, || - [|¢ and (F, G)
is any pair of compact subsets of 2 with F' C G°, while the continuity of T
only requires to fix a compact subset F' and find some compact set G in (2
such that the corresponding mapping 7 » is continuous.

Another property to be imposed in Section 3 on an operator 7" on L(f2)
will be that ranT" (:= T'(L(£2))) contains the constant functions. Of course,
this is equivalent to 1 € ranT'.

Let us provide some examples of “classical” operators that satisfy some
of the above conditions.

Examples 2.2. 1. If L € £Y and Q is a domain in RY then from known
estimations about the norms of the solutions of a homogeneous elliptic partial
differential equation (see for instance [10, pages 188-189, Lemma 1]) it is
deduced that each operator 0% is internally controlled on L(2). On the
other hand, in [3, Lemma 3] it is proved that 1 € ran L.

2. In particular, by Example 1 —or by using Cauchy’s integral formula for
derivatives— we obtain for N = 2 and L = 0 that each derivative operator
D™ (n € Ny) is internally controlled on H(f2). Here D°f = f and D" f =
(D™ f) for every n € Ny and every f € H(2). More, if ®(z) = > > a,2"
is an entire function of subexponential type (that is, given € > 0 there is
a constant A € (0,400) such that |®(z)] < Aexp(e|z|) for all z € C),
then its associated (in general, infinite order) differential operator ®(D) =
Yo g an D™ is well defined and internally controlled on H (€2). This is easy to
see just by taking into account that ® is of subexponential type if and only if
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lim,, o (n|a,|/™) = 0 (see for instance [2]) Moreover 1 € ran ®(D) as soon
as ® # 0. Indeed, let m = min{n € Ny : ®™(0) # O} then ®(D)(h) =1 if
h(z) := 2™ /®™(0).
3. Again in the classical holomorphic case, if a € H(£2) then its associated
multiplication operator M, : f +— «f is always internally controlled on
H(Q2). And 1 € ran M, if and only if o has no zeros in 2. On the contrary,
if ¢ : 2 —  is a holomorphic selfmapping, then the composition operator
Co,: fe HQ) — fop e H(Q) is internally controlled only if ¢ is the
identity. We have that 1 € ran C,, for any holomorphic selfmapping .
4. We know that internal control implies continuity. In fact, the former
property is strictly stronger For instance, the Volterra operator V on H(C)
given as (V f)(z fo t) dt is easily seen to be not internally controlled.
Observe that, in addltlon 1 & ranV because (V f)(0) = 0 for every f €
H(C).
5. The family of internally controlled operators is a vector algebra in the
space of all operators on L(f)), that is, if «, § are scalars and T, S are
internally controlled operators on L(€2), then the operators o' 4+ 3S and
T o S are internally controlled too. Indeed, this is evident for o' + 35. As
for the composition T o S, fix a pair (F,G) = (F, Fy) of compact sets as
well as a number ¢ > 0 as in Definition 2.1. Then choose a compact set
F3 with Fy C Fy C F3 C F}, for instance, Fy := {J,.p, B(z, a/2), where
= d(F}, F¥). Now apply that 7T is internally controlled to the pair (Fj, F»)
and, finally, apply that S is internally controlled to (F, F3).

3 Some auxiliary statements

Following [4], a relatively closed subset F' in © will be called a Roth-
Keldysh-Lavrentiev set, or more simply an Q-RKL set, if Q*\ F' is connected
and locally connected. The following lemma (see [3] and [6]) will reveal useful
in the proof of our main result. Note that Arakelian’s theorem (see [7]) covers
the assertion for N = 2 in the holomorphic case.

Lemma 3.1. Let Q be a domain in RN, N > 2 and F be a Q-RKL set.
Assume that f be L-analytic in some neighbourhood of F in Q. Then, for
each € > 0, there ezists g € L(Q) such that

If = gllr <e.



In order to simplify the notation, we denote by O the family of domains
Q) C RY such that  # RY and the boundary of € in (R")* has no connected
components that consist of a single point. Moreover, for each domain €2 as
before, we denote by I'(£2) the family of curves v C Q tending to the boundary
whose w-limit does not contain any component of the boundary. Then, we
establish the following technical lemma.

Lemma 3.2. Assume that Q € O. Then there are three sequences (K;),
(Gj), (F;) of compact subsets of § satisfying the following properties:

(i) Q=UZ, K; and K; C K3\, (j €N).

(iii) For every j € N one has that K; N Gj41 = 0 and K; U G4 is an
RKL-set.

)
(ii) The G;’s are pairwise disjoint and G; C K; for all j € N.
)

(iv) F; € GY (j € N) and every v € I'(Q) intersects all sets F;’s except
possibly finitely many of them.

The content of the last lemma is essentially proved in [3, Proof of Theorem
5], so we omit a detailed proof. Suffice it to say that (i), (iii) and the first
part of (ii) and of (iv) are obtained in the cited proof, in which each Gj; is
constructed as a thin (closed) neighborhood of F}, which in turn is a subset
of K. In order to obtain the contention G; C K of (ii), it suffices to replace
each K; by a set [?j slightly larger. The sets K, G;, F; in [3] are closed,
but in addition they are constructed by using the level sets of an adequate
real analytic function W that satisfies an inequality [3, inequality (6) on page
960], which produces that the above closed sets are bounded; hence they are
compact. Finally, the last part of (iv) is shown in [3] for admissible curves,
but the same holds for every v € T'(2) just by using the same argument of
3, page 962].

4 The main result

Once the basic terminology and background have been established, we are
ready to present our main assertion.

Theorem 4.1. Let Q € O. Assume that T, : L(Q2) — L(Q2) (n € N) is a
sequence of operators satisfying the following conditions:

6



(a) Fach T, is internally controlled.

(b) For each n € N, ranT,, contains the constants.

Then there exists a dense linear manifold D in L(S) such that for every
g € D\ {0}, every n € N, and every curve v € I'(QQ), we have

C,(T, g) =C".

Proof. From Lemma 3.2, we can choose sequences (K), (F}), (G;) satisfying
properties (i) to (iv) in such lemma. For every pair (k,j) € N2, we set the
disjoint union My, ; := Kj4;—1 UG}y, which is an RKL-set by (iii). Moreover,
we can fix sequences {¢; : j € N}, {Q; : k € N} which are dense in C and
L(2), respectively.

Let us pick countably many pairwise disjoint infinite sets J(k) (k € N)
such that J(k) C {j € N: 57 > k} for all £ € N and, in addition, the sets
J(k)—k:={j—k: je J(k)} (k € N) are also mutually disjoint. This can be
made in many ways; for instance, we may choose J(k) = {3 — k* : v > k}.
We set N := [J,en(J(k) — k). In turn, we divide each J(k) into infinitely
many strictly increasing sequences I(k,n) = {p(k,n,l) : | € N} (n € N).
Then we have the disjoint union N := |, ,en(I(k,n) — k). For every pair
(k,n) € N2, the mapping ¢(k,n,-) : j — [ —where [ is the unique positive
integer with k+j = p(k, n,[)—is a strictly increasing bijection from I(k,n)—k
onto N. Therefore, trivially, the set {q,(n,;) : 7 € I(k,n) —k} is dense in C.

Given j € N, there exist a unique & = k(j) € N and also a unique
n =n(j) € Nsuch that j € I(k,n) —k C J(k) — k. From (a), there is §; > 0
such that

1

||Tnh||Fk+] < g

With no loss of generality, we may assume that the sequence (¢;) is strictly

decreasing and tends to zero. Then we can define 7; := 6; —d;11 > 0 (j > 1).

On the other hand, thanks to (b), there exists a sequence (®,) C L(f)
satisfying

for all h e L(Q2) with |A|q,,, < d;. (1)

T,®,=1 forall neN. (2)

Fix now a number k£ € N. Inspired by the approach of [11] (see also [8]),
we define gy o 1= Q and fi1 : M — C as

gro(z) for every x € K
fra(x) =< q®,(x) for every x € Gy if k+1=p(k,n,l) € J(k)
0 for every x € Gpyq if 1 ¢ J(k) — k.
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Notice that fi 1 is well defined because if 1 € J(k) — k then there is a unique
n € Nwith 1 € I(k,n) — k;so k+1=p(k,n,l) for a unique [ € N, namely,
[ = p(k,n,1). Observe also that fj 1 is L-analytic in some neighborhood of
Mj.1. By Lemma 3.1, there is a function g1 € L(2) such that

T1
lgra — frallag, < ok

From this step, we proceed by induction. Define for j > 2 the function
ka . Mij — C by

Gr,j—1(x) for every x € Ky j 4
fri(@) =< q®,(z) foreveryxz € Gyy; if k+j=pk,n,l) e Jk)
0 for every x € Gy if j ¢ J(k) — k.
Again, fi ; is L-analytic in some neighborhood of the RKL-set M}, ;. Hence
Lemma 3.1 guarantees the existence of a function g ; € L(2) such that
7j

||gk7j - kaHMk,j < ok’ (3>

Let us consider the series
(o]
9k,0 + Z(gk,j — k1) (4)
j=1
For a prescribed compact subset K C ), there is m € N such that K C
Kiim—1. Then for j > m one has that
19x.5 = kg1l < lgrg = frgllgess < Ngkg = fegllan, <7

due to (3). But > ;5,75 = 01 < oo, therefore (4) converges uniformly on
compacta in €. Thus, its sum defines a function g, belonging to L(f).
Notice that, from the shape of (4), we have that

gr = Vh_{glo kv = Gk,j + Z (kv — grw—1) for all j € N. (5)
v=j+1

Finally, we define the desired linear submanifold D in L(£2) as the linear
span
D =span{gy : k € N}
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Let us fix a function h € L(Q2), a compact set K C Q and a number ¢ > 0.
Then by the exhaustion property (i) we get an m € N with K C K,,; so
Kiij—1 D K for all k> m and all j € N. Therefore, due to (3), (4) and the
definition of f; ;, we obtain for & > m that

e}
lgx — Qkllxe = llgr — grollx < Z gr — Grg—1llKiss s
j=1

§ Z T, 4]
j 1
J=1 j=1

Since {Qy : k € N} is dense in L(€) there exists k > m with 28 > 24, /¢ and
|Qr — hl|xk < /2. Hence, by the triangle inequality, ||gr — h|x < €. Thus,
the set {gr : k € N} is dense in L(Q2). But D D {gx : k € N}, so D is also
dense.

It remains to show that if a number n € N, a function ¢ € D\ {0}
and a curve v € I'(Q) are prescribed, then C, (7, g) = C*. For this, fix
n, g, v as before. We can write g = c191 + - -+ + cxgx for certain £ € N and
C1y... ¢ € C with ¢ # 0. Moreover, by the property (iv) we can select
a number j, € N and points z; € v N Fiy; (j > jo). Observe that the
construction of the set I(k,n) — k guarantees that for any j € I(k,n) — k the
corresponding k(j), n(j) for which (1) is satified are exactly our prescribed
indexes k, n. Consequently, from (2), (5) and the linearity of T},, we obtain
for every j € I(k,n) — k with j > j, that

(T 9)(5) = x|

k—1
=T, (Ckzgk + Z CiQi) (33]) - Ck(]so(k,n,j)an)n(zj)

= |k Tn(Grj — Qothn ) Pn) (5) + T ( > gk — gkz,u—l)) ()
v=j+1
k—1

+ Z ¢iTn(9:) ($])

=1

%) k—1
< Can(ng - qW(k,mj)CDn) + Can ( Z (gk,u - gk,u—l)) + Z CzTngz
v=j+1 i=1

Ftj
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< lex[ | Tn(gr,j — don.g @)l Fss + ekl

1, ( Z (G — 9k,y—1)>

v=j+1

Fotj

k—1
+3 el Tugill
=1

First, we get from (3) that [|gr; — Gukng) Pnllaw,, < 75 (< 0;). Hence by (1)

it is derived that )

5 (6)
Second, since Giy; C Kipj C Kpyp—q for all v > 5+ 1 and g1 = fip
on Kjy,_1, one deduces via (3) that ||gr, — grv-1llc,,, < 7v- Hence, by the
triangle inequality,

1T (k. — Gtk ) Pu)ll ey <

o o
Z (gk,u - gk,u—l) < Z Ty = (5]‘_;,_1 < 5j'
v=j+1 v=j+1

Frtj

Thus, again from (1), we obtain

Tn ( i (gk,l/ - gk,u—1)>

v=j+1

< 2—1] (1)

Pt

Next, each quantity |75,9il|r,,, (i =1,...,k — 1) should be estimated. This
is a bit more involved. According to (5), we can expand g; as

9i = Yik—itj T Z (9iw — Giw—1)
v=k—i+j+1

Analogously to the second estimation, observe that Gy; C Kipj C Kippq
forallv > k+j—i+1, and g;,—1 = fi,, on K4, 1. Therefore, due to (3),
9iw — Giv-1lley,, < v Furthermore,

||gi,k—i+j||Gk+j = ||gi,k—i+j_fi7k_i+j||Gi+k—i+j < ||gi,k—i+j_fi7k—i+j||Mi,k>—i+j < Th—itj-

This holds because of (3) and of the fact that f;x_;1; = 0 on G4, which in
turn is true because k4 j € J(k),soi+ (k—i+j) =k+j ¢ J(i) (recall
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that the sets J(v)’s are pairwise disjoint). The triangle inequality drives us
to

o
lgillair, < Thoivj + E Ty = Theitj T Ok—itjr1 = Op—itj < 0j-.
v=k—i+j+1

Once more, (3) tells us that

HTng,-HFkH < (i:1,...,/€—1). (8)

2
Putting (6), (7) and (8) together and setting M := 23°F  |¢;] < oo, we
finally get

M .
(70 9)(25) = erlon)| < 55 — 0 (5 — 00). 9)

As a final step, let us fix ¢ € C and choose an increasing sequence {j(1) <
J(2) < ---} C I(k,n) — k such that quun ) — ¢/ as s — 0o. Observe
that z;) (€ ) tends to 0Q0. By using (9) we get lim,_.oo(7}, 9)(zj(5) =
c. Consequently, ¢ € C,(T,g) for all ¢ € C. Thus, C,(T,g9) = C*, as
desired. O]

Note that thanks to the Examples 2.2 our Theorem 4.1 contains and
strengthens both results [3, Theorem 5] and [1, Theorem 2.1] mentioned in
the Introduction. Indeed, for the first case take as (7)) a sequence whose
members are all partial derivations 0%, and for the second case take N = 2,
Q) = a Jordan domain, L = 0, and T, = the identity (n € N).

As a final remark, we point out that, at least for L = A in R" and
L = 90 in R?, our theorem is close to being sharp. Indeed, it is shown in 3,
Proposition 4] that if 2 is a domain in RY such that its (R")*-boundary has
an isolated point b, then for each function f harmonic in Q or (if N = 2)
for each function f holomorphic in €2, there exists an admissible path v C €2
ending at b such that C,(f) is a single point in C*.
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