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A flatness property for filtered D-modules

F.J. Castro-Jiménez and M. Granger

Abstract

Let M be a coherent module over the ring Dx of linear differential operators on an analytic manifold
X and let Zy,---, Z; be k germs of transverse hypersurfaces at a point x € X. The Malgrange-Kashiwara
V-filtrations along these hypersurfaces, associated with a given presentation of the germ of M at z, give rise
to a multifiltration Us (M) of M, as in Sabbah’s paper [9] and to an analytic standard fan in a way similar
to [B]. We prove here that this standard fan is adapted to the multifiltration, in the sense of C. Sabbah. This
result completes the proof of the existence of an adapted fan in [9], for which the use of [§] is not possible.

1 Introduction

Let us consider a coherent module M over the ring Dx of differential operators on an analytic manifold X.
For any smooth hypersurface Z of X, Malgrange and Kashiwara defined a filtration along Z for Dx and
the notion of a good filtration for M. Given a set of transverse smooth hypersurfaces Zi,...,Z;, Sabbah
considered in [9] multifiltrations of M indexed by k-uples of relative integers. To be precise he dealt with linear
combinations over Q" of the filtrations V) along each hypersurface Z; and with refinements V' of the original
multifiltration associated with each rational polyedral simplicial cone in the positive quadrant of (Q*)*. The
original multifiltration is the one which corresponds to the case I' = N,

The aim of this paper is to clarify the flatness properties which appear in [9], namely to prove the existence
of a fan &, such that for any cone I' in this fan, the Rees module of the filtration V' is flat over the affine
ring Ar of the toric blowing-up of C* associated with the fan £. Such a fan is called an adapted fan in [9].
The reason for this clarification is that the proof in [0] depends on the appendix [8] in which the main tool is
a division theorem in Rees rings of differential operators which is not correct as stated. Indeed, the infinite
process that its proof suggests, would require monomials of unbounded degrees in the differential variables of
the ring of operators.

One of the main consequences of the existence of an adapted fan as developed in [0] is that we thus complete
the proof of the existence of non trivial functional equations of Bernstein-Sato type for a k—uple of functions,
following the argument of Sabbah in [9]. It should be emphasized here that this problem involves a Dy, cx-
module naturally associated with a k-uple of functions on X, and that in this situation a multifiltration, along
the transverse hypersurfaces ¢; = 0 due to the factor C*, appears in a natural way.

We must note here that the proof of the existence of Bernstein-Sato equations has already been completed
in Bahloul’s paper [], by a different method which avoids the reference to a flatness property involved in the
notion of an adapted fan. Bahloul uses instead the analytic standard fan as defined in [B], and described also
in [B]. It is therefore not completely surprising that the adapted fan wanted in [9] turns out in fact to be
the analytic standard fan. This emphasizes the interest of Bahloul’s proof which also has the advantage of
being constructive. This constructiveness is valuable in an algebraic setting also. In both proofs, Bahloul’s
and Sabbah’s , the latter which is completed by this paper, the main step is the proof of the goodness of the
so-called saturated filtration. The details are given in section

The starting point of the proof of our main theorem (Theorem E3) is a criterion of flatness by M. Herrmann
and U. Orbanz (see [1]), for graded modules over graded rings, where the grading is indexed by an arbitrary
commutative group. In the statement of this result there is no reference to any finiteness property. In our
case the indexing group will be Z*, and the ring a conical subring of the ring of Laurent polynomials in k
variables with the obvious multigrading by monomials. The main ingredient of the proof of Theorem is then
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the existence of a simultaneous L-standard basis of a submodule N C D" for all L in a cone of the analytic
standard fan of N (see [3]).

The plan of the paper is as follows. In section Bl we recall with more details what V-multifiltrations, and
Rees modules are, and the refinements of these multifiltrations with respect to a rational polyhedral simplicial
cone. We end this section by defining the fiber at zero of these Rees modules seen as modules over the ring of
an affine toric blowing up. We aim to prove that this is the fiber of a flat deformation if the cone is taken in
the analytic standard fan.

In section 3 we recall the notion of an analytic standard fan as developed in [B], and we sketch the easy
generalisation which we need from the cyclic case treated in [3] to the general case.

In section 4 we finally prove that the analytic standard fan is an adapted fan in the sense of [9].
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2 Multifiltrations, Rees rings and Rees modules

Let us denote by O = C{x1,...,x,} the complex convergent power series ring and by D the ring of germs of
linear differential operators with holomorphic coefficients (i.e. D = O[9] = 0|0y, ..., 0] where 0; is the partial
derivative with respect to x; and the product in D is defined by the Leibnitz’s rule: d;a = ad; + 9;(a), for each
a€ ).

An operator P in D can be written as

P= Z pa(x)0® = Z Papr®d”

BEN™T a,fEN™

where the first sum is finite, o = (a1,...,0),8 = (B1,...,Bn), a2 = 2§ - a8, §° = 351 9P pg(z) € O
and p.g € C.

For each i = 1,...,n, let us remember that the V-filtration on D, with respect to the hypersurface z; = 0,
was defined by Malgrange and Kashiwara as:

vOD) =V = (p= Z Papr®0’ € D|Bi —a; <L}
a,BeEN™

for each ¢ € Z. The family (Vé(i))gez is an increasing exhaustive filtration on the ring D. For ¢ = 1, the
associated graded ring

(1)

v _ Ve
gr (D) = @ V(l)
4 l—1

is isomorphic to the ring C{za, ..., =, }[x1,01,02,...,0,], graded by the so-called V) —graduation, where the
homogeneous elements of V() -degree ¢ are

Z Papr®d”.

a,BEN™; B1—a1={

We have similar descriptions for ¢ = 2,... k. _ _
We can also consider a V(®-filtration on the free module D" just by defining VE(Z) (D) = (VE(Z)’D)T and
more generally, for any vector m = (mi,...,m,) € Z", one can define the shifted filtration V() [m],(D") =

@2:1 Vé(i)mjD. Such a filtered module is called a V®_filtered free module. All the D-modules considered will be
left modules.



Definition 2.1 Let M be a D-module. We say that a filtration U® (M) indexed by Z is a good VO -filtration
if there exists a presentation M = %T as a quotient by a left submodule N of D", and a weight vector m such

that Uéi) (M) = 7(V@O[m](D")) where 7 is the projection D" — M.

2.1 V-multifiltrations and V'-multifiltrations

Let us fix an integer k such that 1 < k < n.

For each s = (s1,...,55) € Z*, we shall denote V(D) = ﬂle Vs(f) (D). The family {Vs(D)}sczr defines a
multi-filtration on the ring D. To simplify we shall say that V4 (D) is a k—filtration on D or even, if no confusion
is possible, a filtration on D.

Let us consider a rational simplicial cone I' in the first quadrant of the dual space (Q¥)* = Homq(QF, Q).
We denote by T the dual cone of T, i.e.

I'={aecQ|y(a) >0,vyeT}.

We associate with sugh a cone I" the affine variety, denoted by Sr, with coordinate ring equal to C[f‘ NZ*]. We
will denote Ar = C[I'N Z*] and A = C[N*]. We denote by L(T') the set of primitive elements in the 1-skeleton
of T.

The multifiltration VT on D is defined as follows: For each s € Z* we define

V(D) = > V(D).

o€Zk | L(0)<L(s);VLeL(T)

Notice that the sum is indexed by ¢ € s —I' and that we have the inclusion V(D) C VX'(D). The family V}' (D)
is a multifiltration of the ring D, indexed by s € Z¥. This means that :

VI(D).VE(D) € VI, (D) and | JVI (D) = D.

We may define, in a similar way to the case of one filtration, the notion of a free multi-filtered module and
that of a good multifiltration of a finitely generated D-module M. For that purpose we chose a shift multivector
n=(nM,... n) e (Z*)" called also a shift matrix, with columns n(? € Z* and a presentation M = %T of

M.

Definition 2.2 The multifiltered free module associated with n is the module D" endowed with the multifiltration
indexed by s € ZF, and defined as:

V[n](D") = P Vienor (D)
i=1

Definition 2.3 A good multifiltration of M, is a filtration indexed by s € Z*, of the type

Vin]s(D") + N

Us(M) = 7(V[n]s(D")) = N

for some presentation w: D" — M of M.

In the obvious sense these multifiltrations are compatible with the multifiltered structure on the ring D.
Remark that the i-th generator e; of D" is then of multidegree n(® € Z*. We may also endow N with the
induced filtration Us(N) = Vn]s(D") NN, so that we also have

V[n]s(D")

Us(M) = U.(V)

We may observe that the multifiltration on the free module D" is defined as the intersection of the V(9
M o n{y e Zr that is

%

filtration with respect to the row vectors of n, n, = (n

Vinls(D") = VO[nyls, (D7) NNV [y ], (D),



but the analogue for M, with respect to the good V()-filtrations as defined in definition EIlis not true since
the inclusion:

Wn, e, (DY - *) [, ], (D" k (. (D" .
UMy =Y [2a]s, (D7) O ;[V [_k]k(D)+NCnV [_Z];\([D)+j\/:ﬂ

may be strict.
For each good filtration there is an associated I-filtration compatible with the multifiltration V}' (D) on D :
For each s € Z* let us consider

Ul = ) Un(M).

oc€Z* | L(0)<L(s);VLeL(T)

The multifiltration UL (M) is a good filtration with respect to VI (D).

The goodness means here that we can verify, with the presentation of M as above, that UI' (M) =
7(V[n)L (D)), is still the quotient of a filtration on the free module D" which is a direct sum of convenient
shifts of the filtration V' on the ring D. More precisely the involved filtration V[n]L is defined by

T

Vnli (D") = > Vil (D")(= PV, 0 (D))

c€Z* | L(0)<L(s);VLeL(T) =1
and it remains to be remarked that:

UT (M) = > Uy (M) = ) Vinlo (D) + N _ VInli(D') + N

c€Z* | L(0)<L(s);VLeL(T) c€Z* | L(0)<L(s);VLeL(T) N N

so that the goodness of the filtration U, (M) implies the goodness of Ul (M).

2.2 Rees rings and Rees modules.
2.2.1 Definition of Rees rings Ry (D), R' (D) and of related Rees modules
The Rees ring associated with the V-multifiltration on D is defined by:

Ry (D) = @ Vi(D)u*

SEZF
where u = (u1,...,uy) are variables and the product in the Rees ring is induced by the natural product in the
Laurent polynomial ring D[u®'] = Dluy,ui’, ... up, uy'].

By definition the Rees ring Ry (D) is a graded C-algebra with values group Z*, whose homogeneous elements
are Pu® for P € V4(D) and s € Z*.
Similarly given a D-module M = D" /N and a shift matrix n, we define from the good filtrations V [n]s(D"),
and Us (M), the Rees modules
Ry (D") = @seze Vn]s(D")u?

Ru(M) = €D U M)u.
seZk

Both have a natural structure of mutigraded left Ry (D)-module and we shall consider Ry (M) as a sub-group
of M[u*!], the Laurent polynomials with coefficients in M.
As N is a left submodule of D", we can also consider on N the induced V-filtration:

Vi) := N N Vi[n)(D")



for each s € Z* as defined before (see EI). The abelian group

Ry (N) = @ Vs(NM)u®

sEZk

is in fact an homogeneous submodule of Ry ,(D"). The Ry (D)-module Ry (M) is naturally isomorphic to
the quotient Ry [, (D")/Ry (N).

Definition 2.4 We call the module Ry (M) the Rees module associated with the filtration Uq(M).

Let us now consider the filtration V(D) as in Bl Then the Rees ring associated with this filtration is
defined in a similar way as
R'(D) = D VI (D)u* ¢ Du*]
sEZF
the product being induced by the one of D[u™!].
fM= DWT is a finitely generated D-module and U, (M) is a good filtration on M with respect to V(D)
then, for any cone I' as in 2T the abelian group

RI M) = €D U (M)u® € M[ut!]

SEZF
is a left graded R! (D)-module.

Definition 2.5 We call the module RY (M) the Rees module associated with the filtration Us(M) and the cone
r.

The fact that a filtration is good in the sense of previous section 211 is then equivalent to the fact that the
Rees module of M is finitely generated over Ry (D). Similarly the goodness of UL' (M) is equivalent to the fact
that the Rees module R' (M) as defined above, is finitely generated over R (D). Since R'D is a Noetherian
ring, this implies in particular an Artin type property: If M’ C M is a submodule of a D-module M endowed
with a good filtration U, (M) then the induced filtration on M’, namely UL (M) N M’ is good.

The ring R (D) contains as a subring the C-algebra Ar = C[[' N Z*] € Clu,u ], all these rings being
included in D[u, u~1].

Theorem 2.6 There is a fan £ in (QF)% such that for each cone T' € € the Rees module RY (M) is flat over
Ar.

We will prove a more precise form of this result we in section Bl see theorem 3 after having recalled in
section Bl the notion of an analytic standard fan.

2.2.2 The fiber at 0

Let us denote by m the ideal of Ry (D) generated by (uq,...,u). This is a two sided ideal since it is generated
by central elements. The fiber at zero of Ry (D) (resp. of Ry,)(D")) is by definition the quotient ring (resp.
the quotient module),

Rv (D R Dr
v(D) (resp. v[n](D") )
m m. Ry [n](D7)
More generally the fiber at zero of Ry (M) = % is the quotient
Ry (M)
ﬂﬂzU(A4)
which is naturally isomorphic to the quotient
Ry (D)

7€VcA/)4-nL7€Vhﬂ(Z)T)'



Notice that the fiber at 0 of the module Ry (M) can be zero for a non-zero Ry (M), as shown in the following
example. Let us denote by I the principal ideal of D generated by the differential operator P = 1 + 239; and
let us suppose k& > 1. Then Ry (I) is the principal ideal of Ry (D) generated by Puf = 1 + (z30,u; *)u; and
the fiber at zero of Ry (D/I) is then zero since Ry (I) + m.Ry (D) contains P — (x20;u; ')us = 1, so that it is
equal to Ry (D).

Similarly for any k-dimensional cone T' the C-algebra Ar = C[I' N Z*] has a maximal ideal

ml = C['nZk\ {0}]
because T is strictly convex. Then we define the fiber at zero of the Rees module R'' (M) as % As is

. . . . : R'(D) r
explained in [9], this fiber is a module over the ring wTrrpy >~ 97 D.

2.2.3 Description of Rees rings Ry (D) and R (D)

It is useful to describe the Rees ring Ry = Ry (D) (resp. R (D)) as subrings of the ring of relative differential
operators Den ok jcr (1esp Danx sy /sy ). This is nothing but an explicit version of the interpretation of a Rees
ring as a ring of relative differential operators on the deformation of Y X Or to its normal cone in C™ x St, see
[9). We denote by St the algebraic variety associated to the ring Ar.

Let us define first

A=C{X'UX"}X",U,A] = C{X1Ui,..., XpUp, Xis1, ., Xn} X', U, Al

where U = (Uy,...,Uy), X' = (X1,..., Xp), X" = (Xiy1,-- -, Xn), X = (X1,..., Xpn), A= (Aq,...,A,) are
new variables satisfying the following relations, for i =1,...,n:

zﬁika ::)(ﬂﬁi4-1

the other relations being trivial.
The ring A is graded with Z* as a values group (we will say that A is a Z*—graded ring) , namely we have

A= P A

s€Zk

where A, is the set

As={ > fape X DU7 € A fupo € C{X'U X"}, 0+ B — s = si3i = 1,..., k}.
a,BEN;ceNk

Proposition 2.7 There is an isomorphism of ZF-graded rings
) ::iv’:7ev(ID — A
defined by:

o i(u;)=U; forj=1,....k.

i(:vjuj_l):Xj forj=1,...;k and i(x;)=X; forj=k+1,...,n.

o i(Oju;) =Aj forj=1,....k and i(0;) =Aj forj=k+1,...,n.



Proof. Tt is clear that i is injective and that, by the formula i (z*8%u®) = X *AP(IIE_ UF T~ i(V.(D)u?) =
A, for all s € ZF . O

Let us give now the same description for the ring R (D). We shall do it in the only case of interest for us,
when the cone I is basic, which means that if it is defined by k independent linear forms {L, ..., Li} generating
the lattice Z*. For the sake of simplicity let us suppose k = n.

In this situation we are going to make a change of variables in order to write Ar as a polynomial ring.

For any i we can write L; = (¢;1,...,4;;) and we can suppose by a suitable ordering of the linear forms L;
that the determinant of the matrix £ = (¢;;) equals 1.

Let us write £’ for the inverse matrix of £, then the columns {C1,...,Ck} of L form a basis of the dual
cone I,

The family u?, ..., u generates the C-algebra Ar = C[I' N Z*]. Here we write u“/ = uy" - - uj*’ where
the c;;’s are the entries of the column Cj.

We will write W; = U% for i = 1,...,k. Similarly, we have U; = W4 for j = 1,..., k where C;(L) is
the j — th column of the matrix £. In section Hl we will only use the column C; = C;(L’).
Let us remark here that if £ < n then we can still define W, the relationship between W and U being exactly
the same.

Proposition 2.8 The ring RY (D) is isomorphic to the subring of A" = C{X,W}[A], which contains all
polynomials and in which only convergent power series with respect to the family of monomials X;U; = X;WC#(£)
fori=1,---k, and Xyy1, -+, Xn, in the general case k < n are allowed.

Proof. A monomial X*APUS~#+ can be written in terms of X, A, W as X *APW~EG—FA+) Al that remains
to be done is to enumerate the monomials derived from the power series variables =1, ,z, O

The ring Ar is identified to the subring C[W](= C[W1,...,W]) C R'(D) and this inclusion is flat. We
shall prove this statement in

The fiber of R (D) at the origin is by definition R! (D) Qcw] % which is isomorphic to a Weyl algebra,
namely the Weyl algebra C[X, A]. This Weyl algebra is endowed with a Z*-graduation by weight(X;) = —¢;
and weight(A;) = ¢; for i = 1,...,k where ¢; is the vector in Z* whose j — th coordinate is 0ij-

2.3 Multifiltrations and Bernstein-Sato functional equations

Let us detail the functional equation problem raised in the introduction. It has already been remarked that
it gives rise to a situation where a multifiltration along transverse hypersurfaces comes out in a natural way.
These equations are of the type

P = b fi - it

where A = (A1, -, A;) is a k-uple of indeterminates, and f = (f1,---, fx) is a k-uple of analytic functions on
X. They are naturally written in the module Ox [)\1, ce Ak, ﬁ] [, endowed with a structure of a Dy [\]-
module, which can be extended in a way discovered by B. Malgrange to a Dy, cr-module structure with an
action of the 2k variables t;, 8tj such that \; = —8t]. t;. The module M that we have then to consider is the
module generated over the ring Dy cr by f*, with its naturally defined multifiltration V4 (Dx o) - f> along
the hypersurfaces t; = 0,--- ,¢; = 0. The proof of Sabbah in [9] can be sketched as follows: let us define for
any linear form L € (QF)* with positive rational coefficients £; > 0, a filtration of UF (M), associated with
the linear combination 3 ¢,V () of the basic V- filtrations (see notations at B). Precisely we set (see also the
notation Bl below):

VEDyxor) ={P= 3 Pulz,0:)t"00 > li(v; — i) < o}

n,vENE

UoL(M) = VoL(DXka) ’ f)\

Then the existence of a functional equation, in which b()\) is a product of affine forms L(A) + ¢ comes out from
the following three steps:



1) There are Bernstein-Sato polynomials by, (), relative to each L, with functional equations
b\ € VE(Dxwer) - .
2) The saturated filtration
UM)= () UfyM)
Le(Qk)*

can be defined by using only a finite number of fixed linear forms.
3) The saturated filtration is good which is equivalent to the existence of a k-uple of integers «, such that

Vs € N* Uy (M) C U, (M) C Ugpe(M).

It is step 2) which, in the proof in [d], makes an essential use of the notion of an adapted fan, whose existence
is proved in this paper, see theorem 6l In Bahloul’s paper [, this step is made by constructive methods which
do not use the flatness property.

3 The analytic standard fan

In this section we will summarize the main results of [3]. Since these results are only given for a module D/I
over D which is a quotient by an ideal we will then show briefly how to adapt them to a module of the type
DT. Let us remark that the fan used in this paper is obtained by a restriction of the fan in [3] to a subset of

linear forms of the set & defined below, namely the linear combinations of the filtrations V().
Let U be the set of linear forms A : R?" — R, A, 3) = S e+ Y iy fifi with e; + f; >0 and e; <0
fori=1,...,n. If

P = Z Papr®d’
ap

is an element in D we define ord®(P) ~the A-order of P— to be the maximal value of A(w, ) for o, 8 such that

Pap 7é 0.
The A-filtration Fj o(D) is defined by

Fay = Fau(D) = {P € D|ord"(P) < ¢}

for any £ € R. We will write Fp «¢(D) := {P € D|ord*(P) < ¢}. Ife; = 0,f; = 1 for i = 1,...,n the
corresponding A—filtration is nothing but the usual filtration by the order of differential operators. We shall
denote it simply F, (D).

Let us recall that we have fixed k& < n. For each linear form L € (Q")% (i.e. the coefficients of L are

non-negative) we denote by L the linear form on R2" defined by L(a, ) = L(8) — L(a) where L(ay, . . ., an) =
L(ag,...,ak).

Notation 3.1 We define the filtration V' on D, indexed by the set of values L(Z¥), as:
VA(D) = F; (D) = {P € D|ord"(P) < ¢}
Let us fix L € (Qk)i The graded ring associated to the filtration VL = F; on D, is by definition

FE,@

=
tei(zem) <t
If no confusion is possible we shall write simply ord? and grl (D) instead of ord” and grZ (D).

The graded ring gr’(D) is a ring of differential operators and its structure is the following: suppose the
coefficients of the form L are (eq,...,ex) and suppose we also have ordered the variables to have e; > 0 for
1 < i </ for some ¢ < k.



Then the graded ring gr’(D) is isomorphic to the ring

C{apt1,. s xnt[T1, - 20,01, .., 00

In this ring the graduation is induced by the weights weight(x;) = —e;, weight(9;) = e; for 1 < i < £ and
weight(z;) = weight(d;) = 0 otherwise. There is only a finite number of types of these rings, one for each
partition of {1,...,k} into two sets.

Notation 3.2 For each P € D and for each d € L(Z*) with ord"(P) < d we denote by ok (P) ~the L-symbol
of P of order d- the class of P in F} ,/F; _,. The principal symbol of P is by definition ol(P) = o}(P) if
d = ord”(P). For P,Q € D we have o*(PQ) = o“(P)o"™(Q). For any left ideal I in D we denote by gr’(I)
the graded ideal of gr” (D) generated by the set {o”(P)|P € I'}. We set o(0) = 0.
We denote by D[t] the C-algebra O[0,t] = C{x1,...,2,}[01,- .., 0n,t] with relations (¢ being a new variable)
o [t,a] =[t,0;] = [a,b] = [0;,0;] =0,

[ ] [81 a] = g;it,

fora,be Oandi=1,...,n.
The ring DJt] is isomorphic to the Rees ring associated with the order filtration Fy, on D. Since this Rees
ring is by definition
Rr(D) = @ Fu(D)v’ € Dv] = D @c Clv]
2/

for a new variable v, we can define an isomorphism of graded rings ¢ : D[t] — R (D) by t(a) = a = av®,(d;) =

0;v, and «(t) = lv = v.
The natural graded structure of Ry (D) can be translated on D[t]. An homogeneous element of degree d € Z
in Dt] is nothing but an expression
Z agg(r“)ﬁtg

{+|8|=d

for some a¢g € O.

For P=3"; p(x)0° € D, the element PvordF) € Rp(D) is called the homogenization of P, where ord(P)

is the usual order of P. Tt is useful to see Pyord(

denoted by h(P) and we have

P) as an element of D[t]. The homogenization of P is then

W(P) = 3 palw)0t=1"
B

for d = ord(P) the usual order of P.
For each linear form L € (QF)% we can define in a natural way a filtration V;*(D[t]) on D[t], the L-order

~denoted ord”(R)- of an element
R= ngagxaaﬁté

Laps

being the maximal value of L(3) — L(c) for 744 # 0. The associated graded ring is denoted by gr’(D[t]). We
have a natural ring isomorphism from gr®(D[t]) onto gr’(D)[t], where with the notations as before we have
[0, z;] = 0i;t, d;; being the Kronecker symbol.

For each left ideal I in D we denote by h(I) the left homogeneous ideal of D[t] generated by {h(P)|P € I}.
As in the case of D, we denote by gr”(h(I)) the homogeneous ideal —in gr’(D[t])~ generated by the set of
principal symbols oL (G) of the elements G in h(I).

The main result of 3] is the following

Theorem 3.3 Let I be a non-zero left ideal of D and let h(I) be the associated homogenized ideal in D[t]. Then
there exists a partition € of U into convex rational polyhedral cones such that for any T € & the ideals gr™ (h(I))
and gr™(I) do not depend on A € T.



Let us sketch the generalization of this result to the case of a D-module M = %T given by a general
presentation, and endowed with a good multifiltration

vy = V@) Vil +

Vi(N) N

associated with a multivector shift n € (Z*)".
Here we have to restrict the set ¢ to the set of linear forms L, indexed by L in (Qk)i, as defined above:

Let us recall the notation Bl VLL(S)(D) =F; . (S)(D), which we shall extend to any free multifiltered module.

Precisely, given a shift multivector n = (n"), ... n(") € (Z*)" we define a family, indexed by L € Q5%
of L(Z*)-filtrations on the module M as follows:

VELm)(P) = P ViEa (D)

where £; = L(n) for i = 1,...,r and L(n) = (f1,...,£,).

_ VAL@IDY) _ VAEL@)DN) + N
VW) N '

We again have the notion of a graded associated module

U (M)

oy UHM) o)
wM= D T T e

teL(zk) <t

We can endow the module D[t]” with a filtration of a filtered D[t]-module by
VA L@)(D[]") = P Vi, (DI])
i=1

with the same notations as before, and the homogeneization of (Py,..., P.) € D" is just
(t=hn(Py),... 9 h(P,))

where d; is the usual order of the operator P; and d = maxd;.
We can now state the straightforward generalisation of the main theorem in [3].

Theorem 3.4 Let N be a non-zero left submodule of D" endowed with a good filtration, and let h(N') be the
associated homogenized submodule in D[t]". Then there exists a partition € of (QF)% into convex rational
polyhedral cones such that for any T € £, the submodules gr”(h(N)) and gr’(N') do not depend on L € T.

The proof of the theorem is identical to the one in [3], since the main ingredient, which is the division
theorem, can be adapted to the module case. See for example [6], where an even more general situation (with
shifts for the variables t) is treated. In particular we still have on every cone of the partition £ the notion of a
reduced Grobner basis of h(N), valid for any linear form L in the cone.
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4 Analytic standard fan and flatness

After Herrmann-Orbanz [7] we have the following criterion for flatness of a module M over a commutative ring
R, both being graded by a commutative group G-

M=PM, R=EPR,

geG geG

Theorem 4.1 The (not necessarily of finite type) graded R—module M is R-flat if and only if for any graded
ideal H C R, we have:
Tor{(M,R/H) = 0.

We will apply this criterion to the Rees module
RY(M) = @ U (M)u?
SEZF

graded by the group Z*, seen as a module over the graded ring R' (D), and therefore also as a module over the
graded subring R = C[W]| = C[Wq, -, Wy] (see ED).

Note that for any a € N*, C - W, is a homogeneous subspace of R generated by a non zero element of
Z*-degree L'a, since with the notation of section EEZI W = uf'@. Therefore the graded ideals of R we have to
take into consideration are the monomial ideals of the polynomial ring R.

We now deal with the case of M = %T. If we endow N and M with the induced and quotient filtration,
from a V4 [n]-filtration on the free module D", we have the exact sequence:

S) 0—R'W)— RND) — RY(M) —0.

Lemma 4.2 The ring RY (D) is flat over C[W].

Proof. By the theorem of Herrmann-Orbanz, it is sufficient to prove that
Tor S (RT (D), CW)/H) =0
for any homogeneous ideal H. If we consider the tensor product by R! (D) of the exact sequence
0— H— C[W] — C[W]/H — 0,
we see that this vanishing result is equivalent to the injectivity of the mapping
H®R"(D) — RY(D).

Since the ideal H is multihomogeneous, it is a monomial ideal and we may consider an element
Q=W1RQ+...+ W¥ ®Q, of the kernel of this map. Let Q; = Y ;.0 s, X*APW* be the develop-
ment of Q;.

The fact that £ is in the kernel can be expressed by the equation

() D> WHQi=0.
1=1

Let us consider the partition of [ J(a; + N¥) C N* given by :

A =a; +N* | Aj=(a; +N")\ (A U...UA; 1), fori=2,---,r

11



We may write @Q; = 22:1 Qi,p, with :

Qip = Z Girap 0 X NWY,
E+ai€AP

operators having disjoint (W)-Newton diagrams. We set a; + v; , = a, + wj , With v; p, w; , € N* minimal for
the componentwise partial ordering, and then we may write @;, = W"* R, , with R;,, € D, and we may also
remark that W Q); , is the part of the operator W% @);, whose Newton diagram is contained in A, so that the
equation (%) splits into:

T T

K D WU Qi =W W™rR,, =0 for p=1,....7

1=p 1=p

This finally implies the desired result by the following calculation :

:ZT:W‘% ZWMR ZZW‘“*”W@RW

p=11i=p

_ZZWW%F@RW—ZW%@ ZW”IPR =0

p=11=p

O
By the theorem of Herrmann-Orbanz, the flatness of RY (M) — if T is included in a cone of the analytic fan
of h(N) — is a consequence of the equality

TorSY (R (M), CW]/H) =0

for any homogeneous, that is monomial, ideal H C C[WV].
Because of the above lemma, and of the exact sequence (§), this T'or module appears as the kernel of the
map:
RY(N) RY(D")
—
H-RV(N) H - RV (Dr)

CIW]/H ®cpw) RN (V) =

and we will prove that it is injective.
The injectivity means that H-RF(N) = H-RY (D7) NRY(N) for any monomial ideal H = ¢ C[W]Wa.
The inclusion H - RY'(N) € H - RY(D") N RY(N) is obvious.

Theorem 4.3 Let I' be a cone included in a cone of the analytic standard fan of h(N'). Then RY (M) is flat
over Ar = C[W].

Proof. We have to prove the inclusion H - R'(N) D H - RY(D") N RY(N) for any monomial ideal H in
C[W]. It is enough to treat the case where H is generated by a set of variables {W; ,...,W; } for some
J = {j1,---,dp} C {1,...,k}. We denote by W; the ideal generated by {W; ..., W; } and we call it a
coordinate ideal. This is due to the two following lemmata.

Lemma 4.4 Let H; C Hy C C[W] be two ideals and M a C[W]-module such that
TorS™ (M, C[W)/Hy) = Tor®™ (M, Hy/Hy) =0
then Torlc[W] (M, C[W]/H;) =

Lemma 4.5 Let H be a monomial ideal in C[W] = C[W7,...,Wy]. Then there exists a sequence of monomial
tdeals
H=HyCH; C---CH, =C[IWV]

such that for any i the quotient H;y1/H; is isomorphic to C[W]/W e for some J(i) C {1,...,k}.
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Proof. By noetherianity of C[W] it is sufficient to construct Hy = Hy + C[W]m where m is a monomial in
C[W] such that m ¢ Hy and (Hp : m) is some coordinate ideal W;. In the Artinian case just take an element
in the socle and in general use an induction on the dimension of C[W|/H. O

So, in order to prove theorem it is sufficient to treat the case H generated by {W4,...,W,} for any
p < k. We have (see ZZ3) W; = U for i = 1,...,k where C; € Z* is the i-th column of the matrix £’. Since
the considered submodules of RY(D") are V,[n]-homogeneous, it is sufficient to prove that any homogeneous
element Qu® € H - RY(D") N R (N) belongs to H - RF(N). As H - RY(D") is the submodule " u“ R (D),
the vector-operator Q, which belongs to N, can be written Q@ = Y7, Q; for some Q; € V' (D").

For any 4,5 = 1,...,p we have (see notations B2):

ord% (Qj) < Li(s) — 6.

UL (s) ZQJ UL (s) ZQJ

J#i

There exists a family ¢, ¢,. .., £, of non negative integer numbers such that
Q) =D t“h(Q).

Let us consider Hy, ..., H, a simultaneous reduced L-standard basis of h(N\) for any L in I'. The existence

of such a simultaneous L-standard basis is a consequence of the inclusion of I" in a cone of the analytic standard
fan of h(N') (see the proof of [, Th. 20]). By the analytic division theorem in D[t] (see [3, Th. 7], and [6] Th.

4.1.]) we can write
-,
m=1

for some F-homogeneous elements A; € D[t].
For an element B = 3", bapiz®0Pe; in D" we denote by Ny (B) its Va[n]-Newton diagram. By definition
this is the subset of Z* defined by :

Nv(B) ={(B1 — o1 +n{", ..., By — i +n\) € ZF | bagi # 0.

If no confusion is posible we shall denote f—a+n( = (B1—an —l—ngi), ey Br—ay —l—n,(:)). We have an analogous
definition for the V,[n]-Newton diagram of an element in D[t].
We have ,
Ny (th(Q)) = U ).

As H,y is L-homogeneous for all L € T', and as a consequence of the division theorem in DI[t], we have N(A,) +
Valn](exp(Hy)) € U ((s — Ci) = T) for m =1,...,r, where Vi[n](a, 3,4) if by definition 3 — a +n") and exp
stands for the pr1V1leged exponent with respect to a previously fixed well ordering on N2"+1 x {1...7} (see [A,
pp. 174-175] for more details).

As a consequence of the division theorem we also have

V4 r

Uél(s) (tgh(Q)) - Zgéi( Z UL (s Hy) = am(z, 0, t)adl (Hm)

j=2 m=1

where d ,, = ord™' (H,,) and a,,(x, d,t) is Li-homogeneous. As the V4[n]-Newton diagram of UE(S) (th(Q)) =

s O'Ll(s (t1(Q;)) is included in [ J7_,((s — C;) — T') we have, for any m =1,...,r the inclusion
P
N (am(,0,) + Valal(exp(Hn)) < | (s
j=2
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Let us write ;

Ry =th(Q) =Y am(z,0,t)Hy, and Q) = (Ry)j=1.

m=1

We have :

ord“ (Ry) < Li(s) — 1,
ord“(R)) < Li(s),7=2,...,p,
and we can decompose each a,,(z,d,t) into a sum

P

m(7,0,t) = Ap;

Jj=2

such that Ny (Am;) + Valn](exp(Hp)) C (s —C;) —T) form =1,...,r and j = 2, ceyD

Let us write Rj = Y7 1 AyjHy, € R(N) and Q; = (R;)ji=1 € N for j = 2,.

Weset Q1 =Q —>,_, Q) € N. We have Q) € V', (N) by the properties of the orders ord/ (R;), and
fori=2,--- k Q€ VsF—Q (N), by the properties of the V4 [n]-Newton diagram of the A,,;. Therefore we can
write

Qu° = (R1)j—1 = Qu™ “u + - 4 Qu*~“rur € HRT(N).
That ends the proof. O]
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