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Abstract

In this work we prove a new strong convergence result of the regularized successive
approximation method given by

Yn+1 = dn0 + (1 - qn)Tny'ru n = 17 2a ceey

where

oo
nh—>n<>loqn =0 and z:lqn = 00,
n—

for T a total asymptotically nonexpansive mapping, i.e., T is such that
1Tz = T y|| < [|lz =yl + kD o(le = yll) + 2,

where k1 and k2 are real null convergent sequences and ¢ : Rt — R* is continuous

and such that ¢(0) = 0 and lim;_, o, @ < C for a certain constant C' > 0.

Among other features, our results essentially generalize existing results on strong
convergence for T nonexpansive and asymptotically nonexpansive. The convergence
and stability analysis is given for both self- and nonself-mappings.
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1 Introduction

Iterative procedures for nonlinear operators have been largely studied by many authors in
the last decades. One of the first results of this nature was obtained by Browder [5] for
nonexpansive self-mappings defined on Hilbert spaces. Here Browder studied the iterative
method:

Ty =wzo + (1 —w)Txy,. (1.1)

for © a closed and convex subset of H, zy € ) an arbitrary point and 7' : Q@ — Q a
nonexpansive mapping with nonempty fixed point set N(T') := {x € Q : Tz = z}.
In [5], Browder proved that hn%) x,, exists and is a fixed point of T". This result was ex-

tended by Reich [17] to the case when X is a uniformly smooth Banach space. Furthermore,
he showed that the fixed point set of T' is a sunny nonexpansive retract of 2.
The recursive formula (explicit scheme)

Y1 €Q Ynt1 =qnzo+ 1 —qn)Tyn, n=1,2,.., (1.2)

was introduced by Halpern [12] who discussed its convergence in the framework of Hilbert
spaces. Later it has been investigated in [12, 18, 19, 20] with different additional properties
on the sequence {¢,}, the operator 7" and the space X.

Browder’s and Halpern’s iterative procedures have motivated different schemes to find
fixed points of asymptotically nonexpansive mappings (see Remark 1.2 for definition). In
this way, T.C. Lim and H.K. Xu [15] studied the algorithm for T" asymptotically nonexpan-
sive which generates the sequence (implicit scheme)

T = qnzo + (1 — qn)T"xy. (1.3)

They showed that the sequence {z,} converges strongly to a fixed point of T" in the frame-
work of a uniformly smooth Banach space, under suitable conditions on the coefficients.
Very recently, in [6], the strong convergence of the explicit scheme given by

y1 € Q Yn+1 = qnzo + (L —qn)T"yn, n=12, .., (1.4)
where zg € 2, and
o
lim g, =0 and Zlqn = 00, (1.5)
n—=

has been studied in uniformly smooth spaces. It is worthwhile to point out that the con-
vergence of the implicit scheme given by (1.3) is an important tool in order to prove the
strong convergence of explicit schemes as (1.2).

In this paper we will consider the class of the total asymptotically nonexpansive map-
pings which have been introduced very recently in [2].

Definition 1.1 (cf. [2]) A mapping T : Q — Q is called total asymptotically nonexpansive
if there exist nonnegative real sequences {kg)} and {/@(f)} with kr(}), 7(12) — 0 as n — oo,

and a continuous function ¢ : R™ — R with ¢(0) = 0 such that

7" = Tyl < |z =yl + kPl —yl) + & (1.6)



Remark 1.2 If ¢(\) =0 then (1.6) takes the form
1Tz — Ty < [|lz -yl + k.

Hence, if Q is a bounded set and TV is continuous for some integer N > 1 the mapping T
is of asymptotically nonexpansive type. If $(\) = X then we can write

17"z — Tyl < 1+ kD) |z -y + ED.

In addition, if k:,(f) =0 for all n > 1 then we obtain the definition of asymptotically nonex-
pansive mapping:
[T"% = T"y[| < knllz —yll, kn— 1.

If k:7(11) =0 and ky(?) =0 for allm > 1 then we obtain the class of nonexpansive mappings:
[Tz =Tyl < |lz —yll

If k‘?) = 0 then it follows from (1.6) that T is uniformly continuous, however, it can be

uniformly continuous even if k:gQ) #0.

To construct the strong convergent approximations to solutions of the equation
Tr=x (1.7)

with a total asymptotically nonexpansive mapping 7', we apply the iterative scheme given
by (1.4).
For nonexpansive operators T, the algorithm (1.4) is written down in the following form:

Y1 €Qy Ynt1 =aqnzo+ (1 —qn)Tyn, n=12 .., (1.8)

where nhrgo gn = 0.
We show next that (1.8) is the regularized successive approximation method for (1.7).
As it is known, equation (1.7) is equivalent to

Az =0 (1.9)
with the accretive operator A =1 — T : Q — Q. That is, in this case
(Azx — Ay, J(z —y)) >0, (1.10)

where J stands for the normalized duality map. If 2* is a solution of (1.7) then Az* = 0.
In the sequel, we assume that the fixed point set N (T) of T is not empty. We emphasize
that the problem (1.7) belongs to the class of ill-posed problems (for more on ill-posted
problems see [4]). Strongly convergent approximations to z* can be obtained only by using
some regularization procedure.

Let w be a parameter such that 0 < w < 1 and w — 1. Obviously, if z* is a solution of
(1.9) then it is solution of the equation

wAz =0 (1.11)



for any fixed w > 0. Using the general theory (see for example [4], Section 2.7), construct
for (1.11) the operator regularization method with regularization parameter &« = 1 —w — 0,
namely,

wAz + (1 —w)(z — 20) =0, (1.12)
where zy € Q. It is easy to see that (1.12) is equivalent to
x=(1-w)zo+ wTz. (1.13)

Denote
Tor=(1—w)zy+wTlx.

Since €2 is convex and closed, we have that T}, : Q@ — Q, and (1.13) can be rewritten as
x =T, (1.14)

Consequently, by Banach Contraction Principle, equation (1.12) has a unique solution
z,, and the successive approximation method

1 €0 Tpt1 = (1 —w)zo + wT'xy

converges strongly to x,,. Let X be uniformly smooth and wy — 1 as k — oco. Consider now
the regularized equation

wpAxr + (1 —wg)(x —20) =0 (1.15)
with k fixed and denote by xy its unique solution. Then there exists z* € N (T) such that
xp — T as k — oo. Moreover (see [4]), * satisfies the inequality

(T — 20, J(T* —2*)) > 0 Vaz* € N(T).

It can be shown in the same way that (1.8) with 7™ in place of T is the regularized
successive approximation method for the equation (1.7) with total asymptotically nonex-
pansive mapping. Indeed, if total asymptotically nonexpansive mappings are considered in
place of nonexpansive mappings, then

(A — A"y, (@ — ) = —kDo(le —yDlie -yl - kPlle —yl,  (1.16)

where A" = I —T". It is clear that the analysis of strong convergence is more difficult in
this situation, moreover, very little is known about the structure of the solution set. In
particular the same holds for asymptotically nonexpansive mappings for which (1.16) is

(A — Ay, (= y)) = —kVllz =yl (1.17)

The main result of this paper, Theorem 3.1 in Section 3, states a strong convergence
result for the iterative scheme (1.4) in reflexive Banach spaces with a weakly continuous
duality map on unbounded domains. Notice that it is an open question wether a reflexive
Banach space admitting a weakly sequentially continuous duality mapping is uniformly
smooth. An implicit scheme convergence result is also proved. This result is used to
guarantee the existence of sunny nonexpansive retractions.

In Section 4 we study the same iterative scheme for total asymptotically nonexpansive
nonself-mapping. Finally, in Section 5, our last section we investigate the stability prob-
lem for iterative schemes with respect to perturbations of constraint sets for nonexpansive
nonself-mappings.



2 Preliminaries

Let X be a real Banach space with norm || - ||, let X* be its dual space with the norm || - ||.
and, as usual, denote the duality pairing of X and X* by (p,x), where x € X and p € X*
(in other words, (¢, x) is the value of ¢ at x).

It is said that X is uniformly smooth if for any given € > 0, there exists § > 0 such that
for all z,y € X with ||z| =1 and ||y|| < J, the inequality

27 (lz 4yl + = —yll) — 1 <ellyll
holds. The function
px(7) =sup{27 (lz + gl + lz — yl) = 1: ||zl = 1, ||y] = 7}

is called the modulus of smoothness of the space X.

px (1)

This function is increasing and approaches to zero as 7 — 0. Denote hx (1) =

Observe that the space X is uniformly smooth if and only if 1ir% hx(t)=0.

Let 9 : [0,00) — [0, 00) be a continuous strictly increasing function such that ¢ (t) — oo
as t — oo and ¥(0) = 0. The generalized duality mapping Jy : X — 2X" associated to a
gauge function 1 is defined as

Jy(x) ={a" € X7 (2, 2%) = d(z[Dll]l, [=*] = (=)}, =€ X.

In the case that ¢(t) =t then Jy = J which is the normalized duality map.

We say that a Banach space X has a weakly continuous duality map ([5]) if there exists
a gauge function ¢ for which the generalized duality map Jy, is single-valued and weak-to-
weak* sequentially continuous.

It is well-known that Jy, is the subdifferential, in the sense of convex analysis, of the
convex function

¢
(1) :/0 Y(7) dr, for 7 >0,

and that Jy, is single-valued if and only if X is smooth. We will need the following subdif-
ferential inequality which is known to hold in smooth spaces:

O(llz +yl)) < @(llz])) + (y, Ju(z +y))

for any z,y € X.
Next we introduce some definitions and auxiliary results that will be needed in the
sequel.

Definition 2.1 Let X be a Banach space and C' a nonempty closed convexr subset of X.
An operator T : C' — X is demiclosed (at y) if T(x) =y whenever {x,,} C C is a sequence
weakly convergent to x and T(x,) — y as n — oo.



Definition 2.2 A Banach space X satisfies the Opial’s condition if for each sequence {xy}
i X, the relation x, — x implies that

limsup ||z, — z|| < limsup ||z, — y||
n—oo n—oo

for ally € X with x # y.
Definition 2.3 A Banach space X satisfies the Generalized Gossez-Lami Dozo property
(GGLD-property) if

liminf ||z, | < limsup limsup ||zmy, — ||

n—00 m—oo  n—0oo
whenever {x,} is a weak null sequence which is not norm convergent.

The following demiclosedness principle can be found in [11].

Theorem 2.4 Let X be a Banach space with GGLD-property and Opial’s condition. Let
C be a weakly compact convex subset of X and T : C — C' a uniformly continuous mapping
of asymptotically nonexpansive type. Then I — T is demiclosed at zero.

The following result is well-known (see [13] and [14]).

Proposition 2.5 If in a reflexive Banach space X the duality mapping J is weakly contin-
wous then X satisfies GGLD-property and Opial’s condition.

The next corollary follows as a consequence of this proposition and a careful reading of
the original proof of Theorem 2.4.

Corollary 2.6 Let X be a reflexive Banach space with a weakly continuous duality mapping
J. Let C be a closed convex subset of X and T : C' — C' a uniformly continuous mapping
and total asymptotically nonexpansive with bounded orbits. Then I — T is demiclosed at
zero.

We will also use the concept of a sunny nonexpansive retraction [10] and, in particular,
its characterization by means of the duality map in a smooth Banach space.

Definition 2.7 Let C' be a non-empty subset of a Banach space X and D a subset of C.
A mapping Q : C — D is said to be

(i) a retraction onto D if Q* = Q;

1 a nonexrpansitve retraction iy 1t atsSo satisjies € mequalt
i pansive retraction if it also satisfies the inequality
1Qx — Q|| < ||z —yll, foralz,yeC;

(iii) a sunny retraction if for all x € C' and for all 0 < t < oo,

Q(Qx + t(x — Qx)) = Qz, whenever Qz + t(x — Qz) € C.



Proposition 2.8 Assume that C is a non-empty closed convex subset of a smooth Banach
space X and D is a subset of C. Then a nonexpansive mapping Q : C — D is a sunny
retraction if and only if for all x € C and for oll £ € D,

(z —Qu, J(§ — Qx)) < 0.

In particular, there is at most one sunny nonexpansive retraction on D.

Remark 2.9 Proposition 2.5 and Corollary 2.6 remain still valid if the normalized duality
mapping J is replaced by the duality mapping Jy with the gauge function 1 (t). Moreover,
we can use Jy to characterize sunny nonexrpansive retractions in a smooth Banach space
given by Proposition 2.8.

Let G1 and G2 be nonempty closed subsets of X. The Hausdorff distance between Gy
and G is defined by the following formula:

H(G1,G2) = max{ sup inf |[z; — 22|, sup ing |21 — 22| }-
1

z1€G1 22€G2 21E€Go ?2

We need the following lemma [3] in order to prove the main result of Section 5.

Lemma 2.10 If X is a uniformly smooth Banach space, 1 and o are closed convex
subsets of X such that the Hausdorff distance H(21,82) < o and Qq, and Qq, are the
(unique) sunny nonexpansive retractions onto the subsets Q1 and Qa, respectively, then

1Qa, = — Qa,z||> < 16R(2r 4+ d)hx (16LR o), (2.1)

where r = ||z||, d = max{dy,d2}, R=2(2r+d)+ 0 and 1 < L < 1.7 is the Figiel constant
[1, 2, 9]. Here d; = dist (6,), i = 1,2, and 0 is the origin of the space X.

We will often apply the following lemma on numerical recurrent inequalities.
Lemma 2.11 Let {\,} and {v,} be nonnegative, {a,} be positive real numbers such that
An—l—l < )\n - an)\n + Yn, vVn > 1.

Let for allm > 1

On <c¢ and a, <o (2.2)

Qp

Then Ay, < maz{\1, K.}, where K, = (1 + a)c1. In addition, if

— gt
Zan:oo and — —0
1

Qn

then A\, — 0 as n — oo.



3 Convergence Analysis of Successive Approximation Method

The goal of this section is to prove strong convergence of the regularized successive approx-
imation method (1.4). Let us consider the explicit scheme (1.4) given by

Y0 €Q, Ynt1=quzo+ (1 = )T "yn, n=1,2,..,

with -
HILIQO ¢n =0 and Z Qn = 00. (3.1)

n=1

Theorem 3.1 Let € be a nonempty closed and convex subset of a smooth reflexive Banach
space X with a weakly sequentially continuous duality map Jy, T : Q — € a uniformly
continuous mapping which is total asymptotically nonexpansive with nonempty fized point set
N(T). Let N(T) be such that there exists a sunny nonexpansive retraction @ : Q@ — N (T).

Let zp € Q and {gn} C (0,1] a sequence satisfying (3.1). Let the sequence {yn} be
generated by (1.4). Assume that

1), 1.2
lim R FEn 0, (3.2)

nmoo gy

and that there exist positive constants My and My such that ¢p(N\) < Mo\ for X > M.
Suppose that lim |yn. — Tynl|l = 0, then {yn} converges strongly to the fized point T* = Qz
of T.

Proof. Firstly we observe that the sequence {y,} C Q because ) is convex. Take
z* € N(T). It follows from (1.4) that

lgs1 = | < gallzo — 2" ]| + (1 = @a) [Ty — T""|
< gallzo — 2|l + (1 = @) (v — = + kD b(lyn — 27[) + &)
Denoting A, = [y, — 2*|| we have
st < (1= gn)An + aullz0 = 2| + (1 = ga) (KD O(An) + £2). (33)

Since ¢ is continuous it attains its maximum M on [0, M;]. Then it is easy to verify that
for all A € [0, 00)
d(A) < M + MpA.

The inequality (3.3) is rewritten as
>\n+1 < )\n - (Qn - (1 - qn)kr(zl)MO))\n + Yn,

where
Yo = (1= gn) (DM + k) + gall20 — 27



Without loss of generality, in view of (3.2), we assume that there exist constants a € (0,1)
and Ms > 0 such that for all n > 1

ks < Mo(1 — o)

) 3.4
qn 1—qn ( )

and

’yi S OéMQ.

qn
Then
)\n—i-l <Ap— OZQn)\n + Yn-

By Lemma 2.11, we conclude that
An < max{\;, (1 + a)Ms}.

Thus, the sequence {y, — x*} is bounded, which, clearly, implies that {y,} is a bounded
sequence.
Applying the subdifferential inequality to

Yn+1 — QZO = (1 - Qn)(Tnyn - QZO) + Qn(ZO - QZO)

we deduce that

D(|lyns1 — Qzoll) < (1 — gu)|IT"yn — Qzo||) + @n {20 — Q20, Jyp(Yn+1 — Q20))-

Since T is total asymptotically nonexpansive and Qzy € N (T), we have
HTnyn - QZOH < Hyn - QZOH + Un,

where v, = MkS) + Mok,gl)||yn — Qzl| + k2 is bounded and vanishes as n — oo. Now,
since ® is a convex and nondecreasing, for n large enough we have

(| T"yn — Qz0ll) < (1 = vn)@([lyn — Q20ll) + va®(llyn — Q20 +1)

< (||lyn — Qzol|) + v M3

for M3 a suitable constant. Consequently
P([lyn+1 — Qo) < (1 = gn)@([lyn — Qz0ll) + (1 — gn)vn Ms+ (3.5)

+an (20 — Q20, Jy(Ynt1 — Q20)).

We claim that
lim sup(zp — Qzo, Jw(yn — Qz)) < 0.

n—oo
Indeed, since the sequence {y,} is bounded and the space X reflexive there exists a sub-
sequence {yp, } which is weakly convergent in €2. Let ¢ be its weak limit. We can fix this
subsequence so that

lim sup(zo — Qz0, Jy (yn — Q20)) = kILI&<Zo — Q20, Jy(Yn, — Q20))-

n—oo
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But we know that y,, —Ty,, — 0 as k — oo, so, from the demiclosedness principle, we
have that ¥ is a fixed point of T'. From the weak continuity of .J;, and the characterization
of sunny nonexpansive retraction (Proposition 2.8), our claim follows in the following way

lim sup(zo — Qz0, Jy(yn — Q20)) = (20 — Qz0, Jy(y — Qz0)) < 0.

n—oo

Let us consider now (3.5), which we rewrite as follows
A1 < An — @A + 75,
where A\, = ®(|ly, — Q20]|) and
Y = @n(20 — Q20, Jyp(yYnt+1 — Q20)) + (1 — gn)vn Ms.

If we make a,, = ¢, and 7, = max{0,~,,}, we can apply Lemma 2.11 to deduce that A,, — 0
as n — oo. Therefore {y,} converges strongly to Qzp and the proof is complete. g

Next we study different situations that guarantee the fulfillment of some of the conditions
imposed in Theorem 3.1. Observe first that if {y,} has a limit then

T ol =0 36)
Lemma 3.2 Condition (3.6) is sufficient to guarantee lim |yn. — T'yn|| = 0 in the previous

theorem.

Proof. Following the proof of Theorem 3.1, the sequence {y, — x*} is bounded, say
llyn — z*|| < Ch. It is clear that

[ynll < llyn — 2" + ll2"[| < Co + [|z7] = C.

Observe that if C; < M; then ¢(||yn, — z*||) < M. At the same time, if C1 > M; then
¢(llyn — 2*[|) < Mollyn — 2*|| < MoC1. Therefore,

d(lyn — «*||) < max{M, MoC1} = M.

In addition,
[Tyl < | T"yn — T2 + [|27||

< Ny — ¥ + kD Slyn — 2711) + & + (|2 (3.7)
This means that the sequence {T"y,} is bounded too. Then algorithm (1.4) yields the
following limit equality:

Jim (yn 41— T"yn) = lim_ (qn(ZO -T "yn)) =0. (38)

Since
”yn+1 —T"yp 1| < Hyn+1 - Tnyn” + 1T yn — T"ym_lH,
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we deduce that

lynr1 = Tyl < Nynr1 = T"Yall + 90 = Y1l + kP O(lyn = ynrall) + .

In addition, from (3.8) and the fact that, by hypothesis, ||yn+1 — ynl| — 0 as n — oo, we
obtain that

Tim (g — T 'yn) = 0. (3.9)
Now,
lyn = Tynll < llyn — T"ynll + 1 T"yn — Tyull- (3.10)
In view of (3.8),
IT"yn = ynll < NT"yn = Ynsrll + [[Yn41 —ynll = 0 as n — oo (3.11)

Since T is uniformly continuous, there exists a continuous increasing function w : R — R
with w(0) = 0 satisfying the relations

1Ty — Tynll = IT(T" yn) = Tynll < w(| T g — yall)-
By (3.9), it is easy to see that
I T"yp — Tyn|l| — 0 as n — co.

Now (3.10) and (3.11) complete the proof. g

The next two propositions give conditions for the fulfillment of condition (3.6).

Proposition 3.3 Let Q) be a closed convex subset of a Banach space X, T : Q — Q a total
asymptotically nonexpansive mapping with nonempty fized point set N(T). Take zy in Q,
x* € N(T) and {gn} a decreasing sequence in (0,1) satisfying (3.1). Let the sequence {yn}
be generated by (1.4). If the sequence {T™yy} is bounded and

lim || 7"y, — T" Yy,_1]| =0
n—oo
then (3.6) holds.
Proof. We have from (1.4)
Yn+1 — Yn = (QTL - Qn—l)ZO + (1 - Qn)Tnyn - (1 - Qn—l)Tn_lyn—l-
Then
[Ynt1 = ynll < lgn — gnal(l20ll + 1T yall) + (1 = @) 1Ty — T 'yl

The assumptions of the Proposition imply the claim. g
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Proposition 3.4 Let Q) be a closed convex subset of a Banach space X, T : Q — Q a total
asymptotically nonexpansive mapping with a nonempty fized point set N (T'). Take zy some
point in Q, z* € N(T) and {q,} a decreasing sequence in (0,1) satisfying (3.1). Let the
sequence {y,} be generated by (1.4). If (3.2) holds, there exist positive constants My and

My such that ¢(X\) < Mo for X > M, and, if additionally, we assume that lim Il orists
q
and . !
i 171 = T gnall _ (3.12)
n—oo Qn ’

then (8.6) holds.
Proof. It is not difficult to state the following difference:
Ynt1 = Yn = (1 = ¢)(T"yn — T"Yn-1) + (g — gn-1)(20 — )
+ (@n-1 = @) (T Hypo1 = T7") + (1= gu) (Tt = T yn1)-
We have
1Ty = T 1|l < Nlym = ||+ KM + KLY Mollyn = yns | + K.

Further,
l(gn — gn—1)(20 — %) + (gn—1 — Qn)(Tn_lynfl - Tn_lif*)H
< gn = gn-al(lz0 — 2| + gn-1 — 2| + 503 M + B Mollya—1 — 2| + £25).

Let
pin = |20 — 2| + lyn — 2*|| + £V M + kD Mo |lyn — 2*|| + k2.

Since, by Theorem 3.1, {y,} is bounded, there exists a constant My > 0 such that u,, < My
for all n > 1. Then, since in (3.4) we can chose « so close to 1 as needed,
||yn+1 - ynH < Hyn - yanH - anHyn - ynflu + (1 - Qn)(kgll)M + k/}(f))
+ "Jn - Qn—l‘M4 + ||Tnyn—1 - Tnilyn—l”
for a certain positive constant k. Denoting A\, = ||yn — yn—1]|| one gets
Ant1 < Ap — kgnAn + (1 - Qn)(kgl)M + kr(LZ)) + |Qn - Qn—1’M4 + HTnyn—l - Tnilyn—ln'

dn—1

dn—1

Since lim =1 and so

exists and Y {° ¢, = 0o we conclude that lim
dn dn

|Gn — qn—1] _
qn
Now (3.2), (3.12), (3.13) and Lemma 2.11 complete the proof. g

lim

0. (3.13)

The second part of this section is devoted to the study of the convergence of the im-
plicit scheme (1.3) for asymptotically nonexpansive mappings and the existence of sunny
nonexpansive retractions as those in Theorem 3.1.
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Theorem 3.5 Let X be a smooth reflexive Banach space which has a weakly sequentially
continuous duality map Jy, associated to a gauge function 1, let Q be a nonempty closed and
convez subset of X, and T : Q — Q an asymptotically nonexpansive mapping with nonempty
fized point set N(T). Let zo € Q and {gn} C (0,1] be a sequence such that lim,, g, = 0 and

g
lim —— = 0. Then,
" gn

(i) for n € N large enough, there is a unique z,, € ) such that

Tn = Qqnzo + (1 - Qn)Tnmn (314)

If additionally we suppose that lim, .o ||y, — Txy|| = 0, then

(ii) the sequence {x,} strongly converges to a fixed point of T and N(T) is a sunny
nonexpansive retract of 1.

Proof. It is not hard to check that for n large enough the mapping T,,x = gnz0 +
(1 —gn)T"x is a contraction. Therefore the Banach Contraction Principle implies that the
sequence {z, } is well-defined. Next we show that this sequence is bounded. Let z* € N (T),
then

[2n — 2™ = [lgn(z0 — ") + (1 = gu)(T"@n — 2%)|| < @nllzo — 2| + (1 = @) [[T" 20 — 27|

< gallzo — 2| + (1 = gu) (1 + kD) [ — 27].

Henceforth ¢
e S
an — (1 = gn)kn
kY
The boundedness of {z,} follows from the condition lim —— = 0. Since X is reflexive,
n—oo

there exists a weakly convergent subsequence {x,, } of the sequence {z,}. Let y € Q its
weak limit, then the demiclosedness principle implies that § = T'y. Further we will see that
{xn, } strongly converges to y. Indeed,

from the subdifferential inequality, we obtain
O([|zn, —gl) < (1 = g )IT™ 20, = Yl) + i (20 = Y, Jy (T, = 9))-
On the other hand,

O((1 = g 1T n, = 51) < (1 = ) (L + k) |20, — Fl)-

Since (1 —gp, ) (1 + k&j) < 1 for ny, large enough, we also have from the convexity of the
function 9,

B((1 = gu) I T™ @, — 1) < (1= g ) (1 + kG @ (|20, — 7l)-
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Hence
(an + ankﬁ}k) — k;gllk))q)((HSUnk — gj||) < Qny, <Zo -1, J¢(:L‘nk — gj)} (3.15)
Now, since x,,, — ¥ and Jy, is w-w* continuous,
(20 — U, J¢($nk —g))—0 as k— 0.
an

1 1

It is easy to check that

— 1 as k — o0, so taking limit in (3.15),

lim (], — 7)) <0,
k—oo

the continuity of ® finally implies that z,, — ¥.
Next we show that {z,} is convergent. Let z,, — z and T, — Z', we will see that
z =2z Let 2* € N(T), then
(X = T"wp, Jyp(xn — %)) = (xn — 2%, Jy(xn — 27)) + (" = T"xp, Jy (v, — 27)) >
2 [|n — 2P (lzn — ™)) = lla” = Tz ||| Jy (20 — 27|
> [z — 29|z — 2|]) = (1+ k)| — 2|9 (||l2 — 27|])
=~k e — 29|z — 27)-
Since ||z, — z*|| is bounded and

dn
1_(]71,

Ty — 1"z, = (20 — xn),
we have that
(20 — @p, Jy(xn — ™)) >0,

where K is a positive number. Then, since z and 2’ are both fixed points of T, one gets

lim sup(y, — 20, Jy(2n, — 2)) <0 and limsup(z,, — 20, Jy(2n, —2')) < 0.

p—00 k—oo

Now, since Jy, is w-w* continuous, we may conclude that
(z—2 Jp(z—2")) <0

and so z = 2/.

We will finish the proof if we show that the mapping @, defined as Qzy := lim, x,,, is
a sunny nonexpansive retraction from € onto N(T'). Indeed, we know that if * € N(T)
then

(1—qn) (1)

(xn — 20, Jy(2n — 7)) < —llzn = 2" $(|zn — 2*).

n

Taking limit it follows that

<Q20 — 20, JIﬂ(QzO - .T*)> S 07

which states, by Proposition 2.8, that () is as required. g
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Remark 3.6 If 2 is bounded in the previous theorem then N (T) # 0 [15].

Remark 3.7 In [6] similar results to Theorems 3.1 and 3.5 are stated, however techniques
are different from those used in this section. Moreover we do not require the domain §2 to

be bounded.

Remark 3.8 The existence of the sunny nonerpansive retraction in Theorem 3.1 is not
guaranteed in general. Theorem 3.5 implies however that such a retraction exists if the
mapping s asymptotically nonexpansive. Moreover if ) is supposed to be bounded and
N(T) # 0, then there exists a nonexpansive retraction from 0 onto N(T) (see [8]).

Remark 3.9 It is worthwhile to note that when T is a nonexpansive mapping and T" is
replaced by T, Theorem 3.5 coincides with a result in a recent paper by H. K. Xu in [21].
The convergence of the explicit scheme in Theorem 3.1 seems to be new even for the case
of nonexpansive mappings.

4 Successive Approximation Method for Nonself-mappings

We consider now the case of total asymptotically nonexpansive nonself-mappings T : ) —
X. In place of (1.4), we investigate the iterative process in the form

(IS Q Yn+1l = Qn2o + (1 - QH)(QQT>nyn7 n= 11 27 [RXX) (41)

where Qq is a nonexpansive retraction of X onto 2. A modification on the definition of
total asymptotically nonexpansive mapping is, however, needed.

Definition 4.1 (cf. [2, 7]) An operator T : Q — X is said to be total asymptotically non-
expansive if there exist a nonexpansive retraction Qq : X — 0, nonnegative real sequences
{kg)} and {kg)} with kr(ll), k,(f) — 0 as n — oo, and a continuous functions ¢ : RT™ — RT
with ¢(0) = 0 such that

IT(QaT)" ' Qaz — T(QaT)" ' Qayll < |z — yll + kP o(|x - yll) + k. (4.2)

Theorem 4.2 Let 2 be a closed convex subset of a smooth reflexive Banach space X with
a weakly sequentially continuous duality map Jy, T : Q@ — X a total asymptotically nonex-
pansive mapping with nonempty fized point set N'(T). Under the conditions of Theorem 3.1
replacing limy,— oo |yn — Tynll = 0 by limy—oo [|Yn — Yn+1ll = 0, the sequence {y,} gener-
ated by (4.1) strongly converges to the fixed point T* = Qzy given that there exists a sunny
nonexpansive retraction Q : Q — N (QqT).
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Proof. First of all, we note that N (QqT) is non-empty because N (T) C N (QaT).
We show next that {y,} C Q is bounded. Take z* € N(T'). In view of the inequalities

lyn+1 — ¥ < gnllzo — 2*(| + (1 — gn) (QaT) " yn — (QaT)"z||
< gullzo — 2| + (1 — ¢u) QT (QaT)"™ tyn — QaT(QaT)™ 'a*||
< qullzo — ¥ + (1 = go) | T(QaT)" 'yn — T(QaT)" 'zl

< gallzo — 2|l + (1 = @) (v — =" + kDbl — 27[) + &),

we conclude, by analogy with Theorem 3.1, that there exist positive constants C,C; and
M such that ||yn|| < C, |lyn — 2*|| < C1 and ¢(|lyn — z*||) < M. Since Qq is a nonex-
pansive mapping, it is not difficult to verify that there exists a constant C' > 0 such that

(QaT) yull < C.
It follows from (4.1) that

lim (yni1 — (QaT)"yn) = 0. (4.3)

n—oo

On the other hand, we can show that

lim (yns1 — (QaT)"yns1) = 0. (4.4)

n—~o0

Indeed,
lynt1 — (QaT) " yn+1ll < |ynt1 — (QaT) " ynll + 1(QaT) " yn — (QaT) " Yn+1]|-

Due to the total asymptotical nonexpansiveness of T, we obtain

(QaT) yn — (QaT) " yn1ll < IT(QaT)" 'y — T(QT)" Y|
< ”yn - yn-‘rl” + kr(tl)gb(Hyn - yn-i-l”) + kr(z2)

Now the boundedness of {(QaT)"y,}, the fact that ||y, — ynt1]] — 0 and (4.3) prove
(4.4).
Further, we have

lyn — QaTynll < llyn — Yn+1ll + lun+1 — (QaT) " ynll + (QaT) " yn — QaTynll-

From the uniform continuity of T', we estimate the last term in the form:

10T (QaT)" 'yn — QoTyull < IT(QaT)" yn — Tyull < w(1(Q2T)" "yn — ynl)-

By (4.3) and (4.4), one gets

lim(y, — QaTy,) = 0.
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Notice that Qo7 is a mapping as required in Theorem 3.1 and then we can apply
Theorem 3.1 to the sequence {y,}. Indeed, we write

Ynt1 — Q20 = (1 — ¢2) ((QaT)"yn — Qz0) + qn(20 — Q20)-

we use the subdifferential inequality as in Theorem 3.1, and the rest of the proof follows the
pattern with the only difference that we obtain that {y,} strongly converges to Qzy = =*
which is a fixed point of Qo7T. g

5 Stability Analysis for Nonexpansive Nonself-mappings

Next we study the stability problem for iterative processes with respect to perturbations
of constraint sets. Specifically, we consider a process which involves nonexpansive nonself-
mappings in the following form:

Y1 €N, Yni1 = @20+ (1= ¢)Qap y TYn, n=1,2,.., (5.1)

where Qgq, : X — {2, is a sunny nonexpansive retraction, and the proximity between the
original set 2 and €2, with n = 1,2, ... is given by the Hausdorff distance:

H(Q, Q) < 0. (5.2)
Let G =Ny, and G =QNG # 0.

Theorem 5.1 Let X be a uniformly smooth Banach space which has a weakly sequentially
continuous duality map Jy. Assume that D C X is a closed convex set, 8 C D and
Q, C D, n=1,2,... are closed convex subsets of X with property (5.2). Let T : D — X be
a nonexpansive mapping with fized point set N (T') such that N(T) NQ £ (). Take zy some
point in G, x* € N(T)NQ, {qn} a sequence in (0,1) satisfying (3.1) and a non-increasing
sequence oy, < o, such that o, — 0 as n — oo. Let the sequence {y,} be generated by (5.1).
We suppose that the sequence {Ty,} is bounded,

P [ e L (5.3)
n—0o gy
and
hx(on
lim Y00 (5.4)
n=oe gy

Then {yn} converges strongly to the fized point T* = Qz¢ of QaT, where Q : Q@ — N (QaT)
is the unique sunny nonexpansive retraction onto N (QqT).

Proof. We show first that {y,} is bounded. It is not difficult to see that
Hyn—i—l - m*H = HQnZO + (1 - Qn)QQTyn - QQT«T* + (1 - Qn)<QQn+1Tyn - QQTyn)H

< gqnllzo — || + (1 — @) QT yn — QaTz"|| + (1 — ¢0) |Q0p s, Tyn — QT Yn||-



18

Since {T'y,} is bounded and due to Lemma 2.10, there exist positive constants My and Mg
such that

Q01 Tyn — QaTyn|| < Msy/hx(Mgoy,).
This implies
[yn+1 = 2% < gnllzo — 2% + (1 = gn) lyn — 27[| + M54/ hx (Mgon).

Denoting A, = |y, — 2*|| we obtain

)\n+1 < (1 - Qn)An + QnHZO - Z'*H + M;5 \/ hX(MGUn)-

From Lemma 2.11 it follows that {y, — z*} is bounded. Let |y, — z*| < C; for all n.
Next we evaluate the following difference:

Ynt1 = Yn = (1 = @) Qs TYn — Q. TYn—1) + (G — gn—1)(20 — )
+<Qn—1 - Qn)(QQnTyn—l - QQT$*)
- (1 - QTZ)(QQn+1Ty7L - QQn+1Ty’Vl—1) + (1 - Qn>(QQn+1T3/n—1 - QQnTyTL—l)
+(Qn - Qn—l)(zo - .T*) + (Qn—l - Qn)(QQnTyn—l - QQnTm*)
+(Qn—1 - Qn)(QQnTx* - QQT«T*)
Using the following estimates
1Q0 1 TYn — Qi Tyn—1ll < [lyn — yn-1ll,

||QQnTyn—l - QQnTﬂf*H < Hyn—l - LL“*H,

Qa,Tx" — QaTx™|| < M7y/hx(Mgoy),
Q0,1 TYn—1 — Qo Tyn—1|| < Mg/ hx(Migoy),

for suitable constants Mz, ..., Mo (see Lemma 2.10), we obtain

lYnt1 — yall < (1 - Qn)”yn - yn—lH + (1 — QTL)M9\/ hx (Mioon)

+lan = gn-11(1l20 = @[ + C1) + Mry/hx (Mso) ).

and

Denoting A\, = ||yn — Yn—1/|| one has

)\n+1 < (1 - Qn))\n + Yn,

where
Yo = lgn — qn—1|(||20 — *|| + C1) + |gn — qn—1|M7+\/hx (Mgoy,)

+ (1 - Qn)MQ\/m-
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Now, by (5.3), (5.4) and Lemma 2.11, we conclude that ||y, — yn—1] — 0.
Next we show that
lim |y, — QaTyn|| = 0. (5.5)

n—oo

Indeed,

lyn — QaTynl < llyn — Qo TYn—1ll + |Q0. TYn—1 — QT Yn—1]|
HQaTyn—1 — QaTynl|
< Hyn - QQnTyn—IH + M7 hX(MSUn) + Hyn—l - ynH7

which states our claim since ||yn, — yn—1|| — 0 and \/hx(Mso,) — 0 as n — oo, and

lyn — Qe Tyn—1ll = qn(20 — Qo,Ty,_1)

which, from the boundedness of {Qq,1y,_, }, also tends to 0.
Now we write

Yn+1 — Q20 = (1 — ¢2)(Qa, s Tyn — Q20) + qn(20 — Q20),

and apply the subdifferential inequality to Jy as in Theorem 3.1 to deduce that
A(|ynt1 — Qo) < (1 — ¢n)|Q0 s Tyn — Qz0||) + an (20 — Q20, Sy (Ynt1 — Q20))-
Since Qzp € N (QaT) C Q,
Q01 Tyn — Q20| < |Q0 1 TYn — Qi TQ20| + [| Qs TQ20 — QT Q0|

< llyn — Qzoll + vm,

where v, = M7\/hx(Mgo,+1) is bounded and vanishes as n — oo. From (5.4) we can
follow the same reasoning as in Theorem 3.1 to obtain (for n large enough)

P([[yn+1 = Q2oll) < (1 = an)(llyn = Qz0ll) + (1 = gn)vn M1+ (5.6)

Fan {20 — Q20, Jy(Ynt1 — Q20)).

for My, a suitable constant. We claim that

lim sup(z0 — Q0 Jy (Y — Q20)) < 0. (5.7)

n—oo
Since {yn} is bounded there exists a subsequence {yn, }, Yn, € Qp, for each k, which

weakly converges to some point 4 and

lim sup(zo — Qzo0, Jy (yn — Q20)) = kILI&<Zo — Qz0, Jy(Yn, — Q20))-

n—oo

Now we apply the following result:
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Lemma 5.2 [16] If the set Q is convex and closed set in reflexive Banach space X and the
sequence of sets Q, C X satisfy the limit relation H(2,, ) — 0 as n — oo then every weak
limit point u of any sequence {uy}, u, € Qy,, belongs to the subset ).

To deduce that g € €. The rest of the proof follows the pattern of Theorem 3.1 once we
prove that g is a fixed point of QoT. To prove this we make use of Opial’s condition used
in the following form:

lim inf [[g, — 71l < liminf lgn, — QuT7]
l—o0 l—o0

< hgégf(Hym - QQTyan + HQQTyTLz - QQT@H)
<liminf |QaTyn, — QTy|l < liminf|ly,, — 7l m
l—o00 l—o00

Remark 5.3 Notice that in this theorem we do not obtain convergence to a fixed point
of T. Convergence to a fized point of T can be obtained if we impose certain boundary
conditions on T as, for instance, that T(02) C Q. It is not hard to see that in this case
N(QaT) =N(T).

Remark 5.4 The sunny nonexpansive retraction onto N (QqT) always exists in this case
since QaT is a nonexpansive self-mapping [8].

Remark 5.5 If the condition G = QNG # () does not hold we prove the previous theorem in
the following way. Instead of 0, we consider the collection of sets ), =co(QUQ,,), where
co(A) stands for the closed convex closure of a set A. It is easy to see that H(£2,€) — 0
as n — 00. Now it suffices to follow the same proof.

Remark 5.6 The sequence {Ty,} is bounded if, for instance, {y,} is bounded. This obvi-
ously holds if, for instance, € is bounded.
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