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:

∂u

∂t
−△u = f(u) + h(t), in Ω × (τ, +∞),

u = 0, on ∂Ω × (τ, +∞),
u(x, τ ) = uτ (x), x ∈ Ω, (1)is proved in this paper, when the domain Ω is not neessarily bounded butsatisfying the Poinaré inequality, and h ∈ L2

loc(R; H−1 (Ω)). The mainonept used in the proof is the asymptoti ompatness of the proessgenerated by the problem.Key words: pullbak attrator, asymptoti ompatness, evolution proess,non-autonomous reation-di�usion equation.AMS subjet lassi�ations: 35B41, 35Q35, 35Q30, 35K90, 37L30.1 Introdution and setting of the problemLet Ω ⊂ R
N be an open set, not neessarily bounded and suppose that Ωsatis�es the Poinaré inequality, i.e., there exists a onstant λ1 > 0 suh that
∫

Ω

|u(x)|2 dx ≤ λ−1
1

∫

Ω

|∇u(x)|2 dx, ∀u ∈ H1
0 (Ω) . (2)Let us onsider the following problem for a non-autonomous reation-di�usion equation with zero Dirihlet boundary ondition in Ω,





∂u

∂t
−△u = f(u) + h(t), in Ω × (τ,+∞),

u = 0, on ∂Ω × (τ,+∞),
u(x, τ) = uτ (x), x ∈ Ω, (3)9



10 M. Anguianowhere τ ∈ R, uτ ∈ L2 (Ω), h ∈ L2
loc(R;H−1 (Ω)) and f ∈ C(R) satis�es thatthere exist onstants α1 > 0, α2 > 0, l ≥ 0, and p > 2 suh that

−α1 |s|p ≤ f(s)s ≤ −α2 |s|p , (4)
(f(s) − f(r))(s − r) ≤ l(s− r)2 ∀r, s ∈ R. (5)The aim of this paper is to show the existene of a pullbak attrator in the phasespae L2(Ω) for the problem (3) in the ase of open domains not neessarilybounded but satisfying the Poinaré inequality. This, and the fat that the non-autonomous h belongs to the spae L2

loc(R;H−1 (Ω)), are the main novelties ofour problem.The lak of ompatness of the injetion H1
0 (Ω) ⊂ L2(Ω) (in the ase ofunbounded domains) implies that the standard tehniques previously used,partiularly the one involving the so-alled �atenning property (see [6℄, [7℄, [12℄,[14℄, amongst others), whih have been suessfully used when Ω is boundedand h ∈ L2

loc(R;L2(Ω)), do not work in our ase.Instead, we will use the asymptoti ompatness already used in the ase ofnon-autonomous 2D-Navier-Stokes (see [1℄ and [2℄, see also [5℄ for a lose result),and whih was previously used in [11℄ for the autonomous ase. We would liketo emphasize that this tehnique seems to be the only one whih allows to provethe main result of this paper (namely Theorem 4) onerning the existene ofpullbak attrator for our problem.It is also worth mentioning that our problem has reeived muh attentionover the last years in the ase of a bounded domain or for a less general term h(see [3℄, [7℄, [12℄, [14℄).Finally, the reader an �nd similar results for several variants of our model inthe referenes [9℄, [10℄, among others.2 Existene and uniqueness of solutionWe state in this setion a result on the existene and uniqueness of solution ofproblem (3). By |·| we denote the norm in L2 (Ω), by |∇·| the norm in H1
0 (Ω)and by ‖·‖∗ the norm in H−1 (Ω). We will use (·, ·) to denote the salar produtin L2 (Ω) and we will use 〈·, ·〉 to denote the duality produt between H−1 (Ω)and H1

0 (Ω).Theorem 1 Suppose that Ω satis�es (2). Assume that f ∈ C(R) satis�es (4)and (5), and h ∈ L2
loc(R;H−1 (Ω)). Then, for all τ ∈ R, uτ ∈ L2 (Ω), thereexists a unique solution u(t) = u(t; τ, uτ ) of (3) suh that

u ∈ L2(τ, T ;H1
0 (Ω)) ∩ Lp(τ, T ;Lp (Ω)) ∀T > τ,

d

dt
(u(t), v) − 〈∆u(t), v〉 = 〈f(u(t)), v〉
+ 〈h(t), v〉, in D′(τ,∞), ∀ v ∈ H1

0 (Ω) ∩ Lp (Ω) ,

u(τ) = uτ .



A reation-di�usion equation in some unbounded domains 11Moreover,
u ∈ C([τ,∞);L2 (Ω)),and u satis�es the energy equation,

1

2

d

dt
|u(t)|2 + |∇u(t)|2 = 〈f(u(t)), u(t)〉
+〈h(t), u(t)〉 in D′(τ,∞). (6)Proof . The proof of this Theorem an be done by the method of monotony(see [8℄). �3 Preliminaries on the theory of pullbak attratorsNow, we will reall the main points from the theory of pullbak attrators whihwill be needed to prove our objetive (see [1℄ and [2℄ for more details).Let us onsider a proess (also alled a two-parameter semigroup) U on ametri spae X , i.e., a family {U(t, τ); −∞ < τ ≤ t < +∞} of ontinuousmappings U(t, τ) : X → X , suh that U(τ, τ)x = x, and

U(t, τ) = U(t, r)U(r, τ) for all τ ≤ r ≤ t. (7)Suppose that D is a nonempty lass of parameterized sets D̂ = {D(t); t ∈ R} ⊂
P(X), where P(X) denotes the family of all nonempty subsets of X .De�nition 1 The proess U(·, ·) is said to be pullbak D-asymptotiallyompat if for any t ∈ R, any D̂ ∈ D, any sequene τn → −∞, and any sequene
xn ∈ D(τn), the sequene {U(t, τn)xn} is relatively ompat (i.e. pre-ompat)in X.De�nition 2 It is said that B̂ ∈ D is pullbak D-absorbing for the proess
U(·, ·) if for any t ∈ R and any D̂ ∈ D, there exists a τ0(t, D̂) ≤ t suh that

U(t, τ)D(τ) ⊂ B(t) for all τ ≤ τ0(t, D̂).De�nition 3 The family Â = {A(t); t ∈ R} ⊂ P(X) is said to be a pullbak
D-attrator for U(·, ·) if1. A(t) is ompat for all t ∈ R,2. Â is pullbak D-attrating, i.e.,

lim
τ→−∞

dist(U(t, τ)D(τ), A(t)) = 0,for all D̂ ∈ D, and all t ∈ R,3. Â is invariant, i.e.,
U(t, τ)A(τ) = A(t), for −∞ < τ ≤ t < +∞.



12 M. AnguianoWe have the following result (see [2℄ for more details).Theorem 2 Suppose that the proess U(·, ·) is pullbak D-asymptotiallyompat and that B̂ ∈ D is a family of pullbak D-absorbing sets for U(·, ·).Then, the family Â = {A(t); t ∈ R} ⊂ P(X) de�ned by A(t) = Λ(B̂, t), t ∈
R, where for eah D̂ ∈ D

Λ(D̂, t) =
⋂

s≤t



⋃

τ≤s

U(t, τ)D(τ)


 ,is a pullbak D-attrator for U(·, ·) whih satis�es in addition that A(t) =

⋃
bD∈D Λ(D̂, t), for t ∈ R. Furthemore, Â is minimal in the sense thatif Ĉ = {C(t); t ∈ R} ⊂ P(X) is a family of losed sets suh that

limτ→−∞ dist(U(t, τ)B(τ), C(t)) = 0, then A(t) ⊂ C(t).4 Existene of the pullbak attratorNow, we an prove our main result in this paper. First, we need a ontinuityresult whih is established in the next subsetion.4.1 Weak ContinuityAssume that the funtion f ∈ C(R) satis�es (4) and (5), and that h ∈
L2

loc(R;H−1 (Ω)).Thanks to Theorem 1, we an de�ne a proess {U(t, τ), τ ≤ t} in L2 (Ω),as
U(t, τ)uτ = u(t; τ, uτ ) ∀uτ ∈ L2 (Ω) , ∀τ ≤ t. (8)From the uniqueness of solution to problem (3), it follows that (8) de�nes aproess in L2 (Ω). In addition, it an be proved that the proess de�ned by (8)is ontinuous in L2 (Ω).Moreover, U is weakly ontinuous, and more exatly the following resultholds true. We will denote by �⇀� the weak onvergene in the orrespondingindiated spae, while �→� will denote the strong onvergene, as usual.Proposition 3 Let {uτn

} ⊂ L2 (Ω) be a sequene onverging weakly in L2 (Ω)to an element uτ ∈ L2 (Ω). Then, for all T > τ , it follows
U (t, τ) uτn

⇀ U (t, τ)uτ in L2 (Ω) ∀t ≥ τ , (9)
U (·, τ) uτn

⇀ U (·, τ) uτ in L2(τ, T ;H1
0 (Ω)), (10)

U (·, τ) uτn
⇀ U (·, τ) uτ in Lp(τ, T ;Lp (Ω)), (11)

f (U (·, τ)uτn
) ⇀ f (U (·, τ) uτ ) in Lp′(τ, T ;Lp′

(Ω)). (12)If Ω is a bounded set, then
U (·, τ) uτn

−→ U (·, τ) uτ in L2(τ, T ;L2 (Ω)). (13)



A reation-di�usion equation in some unbounded domains 13Proof . This result may be proved in muh the same way as Theorem 1, andusing similar arguments to [11℄. �4.2 The existene of the global pullbak attratorLet Rλ1 be the set of all funtions r : R → (0,+∞) suh that
lim

t→−∞
eλ1tr2(t) = 0,and denote by Dλ1 the lass of all families D̂={D(t) : t ∈ R} ⊂ P(L2 (Ω) ) suhthat D(t) ⊂ B(0, r

bD(t)), for some r
bD ∈ Rλ1 , where B(0, r

bD(t)) denotes thelosed ball in L2 (Ω) entered at zero with radius r
bD(t).Now, we an prove the following result.Theorem 4 Suppose that Ω satis�es (2), and suppose that f ∈ C(R) satis�es(4) and (5) with l = 0. Let h ∈ L2

loc(R;H−1 (Ω)) be suh that
∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds < +∞ ∀t ∈ R.Then, there exists a unique global pullbak Dλ1-attrator for the proess U , whihbelongs to Dλ1 , and is de�ned by (8).Proof. We only give the main ideas of the proof. Let τ ∈ R, and uτ ∈ L2 (Ω)be �xed, and denote
u(t) = u(t; τ, uτ) = U(t, τ)uτ ∀t ≥ τ .Let D̂ ∈ Dλ1 be given. Taking into aount (2), (4), the energy equality andintegrating between τ and t,

|U(t, τ)uτ |2 ≤ e−λ1t

∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds

+eλ1(τ−t)r2D(τ), (14)for all uτ ∈ D(τ) and for all t ≥ τ .Denote by Rλ1(t) the nonnegative number given for eah t ∈ R by
R2

λ1
(t) = e−λ1t

∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds+ 1. (15)Observe that Rλ1 ∈ Rλ1 . Now, onsider the family B̂λ1 of losed balls in L2 (Ω),
B̂λ1 = {Bλ1(t) : t ∈ R} , de�ned by Bλ1(t) =

{
v ∈ L2 (Ω) : |v| ≤ Rλ1(t)

} . It isstraightforward to hek that B̂λ1 ∈ Dλ1 , and moreover, by (14), the family B̂λ1is pullbak Dλ1 -absorbing for the proess U .Aording to Theorem 2, to �nish the proof of the theorem we only have toprove that U is pullbak Dλ1-asymptotially ompat.



14 M. AnguianoLet us �x D̂ ∈ Dλ1 , a sequene τn → −∞, a sequene uτn
∈ D(τn), and

t ∈ R. We have to prove that from the sequene {U(t, τn)uτn
} we an extrat asubsequene that onverges in L2 (Ω).As the family B̂λ1 is pullbak Dλ1 -absorbing, by a diagonal proedure, it is notdi�ult to onlude that there exist a subsequene {(τn′ , uτn′

)}
⊂ {(τn, uτn

)},and a sequene {wk; k ≥ 0} ⊂ L2 (Ω) suh that for all k ≥ 0, and wk ∈
Bλ1(t− k),

U(t− k, τn′)uτn′ ⇀ wk in L2 (Ω) , (16)and
|w0| ≤ lim inf

n′→∞

∣∣U(t, τn′)uτn′

∣∣ . (17)If we now prove that also
lim sup
n′→∞

∣∣U(t, τn′)uτn′

∣∣ ≤ |w0| , (18)then we will have
lim

n′→∞

∣∣U(t, τn′)uτn′

∣∣ = |w0| .And this, together with the weak onvergene, will imply the strong onvergenein L2 (Ω) of U(t, τn′)uτn′ to w0.In order to prove (18), onsider [u] := |∇u|2 − λ1

2 |u|2 − 〈f(u), u〉 . Taking intoaount (2), (4), the energy equality and integrating between τ and t, it isimmediate that for all k ≥ 0 and all τn′ ≤ t− k,
∣∣U(t, τn′)uτn′

∣∣2 (19)
=
∣∣U(t− k, τn′)uτn′

∣∣2 e−λ1k

+ 2

∫ t

t−k

eλ1(s−t)
〈
h(s), U(s, t− k)U(t− k, τn′)uτn′

〉
ds

− 2

∫ t

t−k

eλ1(s−t)
[
U(s, t− k)U(t− k, τn′)uτn′

]
ds.Now we will prove that

∫ t

t−k

eλ1(s−t) [U(s, t− k)wk] ds (20)
≤ lim inf

n′→∞

∫ t

t−k

eλ1(s−t)
[
U(s, t− k)U(t− k, τn′)uτn′

]
ds.Denote

Jk(v) = J
(1)
k (v) + J

(2)
k (v),where

J
(1)
k (v) =

∫ t

t−k

eλ1(s−t)

(
|∇v(s)|2 − λ1

2
|v(s)|2

)
ds,
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J

(2)
k (v) = −

∫ t

t−k

eλ1(s−t) 〈f(v), v〉 ds,for all v ∈ L2(t− k, t;H1
0 (Ω)) ∩ Lp(t− k, t;Lp (Ω)).We also obtain from (16) and using Proposition 3

lim inf
n′→∞

(J
(1)
k (U(·, t− k)U(t− k, τn′)uτn′ )

≥ J
(1)
k (U(·, t− k)wk). (21)Using (5) with l = 0, from (16) and Proposition 3 we easily obtain

lim
n′→∞

inf
(
J

(2)
k (U(·, t− k)U(t− k, τn′)uτn′ )

)

≥ J
(2)
k (U(·, t− k)wk).Therefore (20) is easily obtained from the last inequality and (21).Then, taking into aount that the family B̂λ1 is pullbak Dλ1 -absorbing, from(16), using Proposition 3 and thanks to (19) and (20), we obtain
lim

n′→∞
sup

∣∣U(t, τn′)uτn′

∣∣2

≤ R2
λ1

(t− k)e−λ1k + |w0|2 ,for all k ≥ 1. Taking into aount (15), we easily obtain
lim

n′→∞
sup

∣∣U(t, τn′)uτn′

∣∣2 ≤ |w0|2 .
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