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It is shown that a closed convex bounded subset of a Banach space is weakly
compact if and only if it has the generic fixed point property for continuous affine
mappings. The class of continuous affine mappings can be replaced by the class
of affine mappings which are uniformly Lipschitzian with some constant M > 1
in the case of cp, the class of affine mappings which are uniformly Lipschitzian
with some constant M > /6 in the case of quasi-reflexive James’ space J and
the class of nonexpansive affine mappings in the case of L-embedded spaces.

1. INTRODUCTION

P. K. Lin and Y. Sternfeld [10] gave the complete characterization of
norm compactness for convex subsets of a Banach space in terms of a fixed
point property. They proved that if a convex set K is not compact, then
there exists a Lipschitzian mapping f : K — K with inf{|jz — f(2)|| : z €
K} > 0. It follows that a convex set in a Banach space has the fixed point
property for Lipschitzian mappings if and only if it is compact. In this
paper we study similar problems for weak compactness.

Let X be a Banach space. We say that a closed convex bounded subset
C of X has the generic fixed point property for a class of mappings, if every
mapping from a convex closed subset of C' into itself belonging to this class
has a fixed point. We will show that weak compactness of convex sets can be
characterized in terms of the generic fixed point property for some classes
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of affine mappings. A continuous affine self-mapping of a closed convex
set is weakly continuous. The well-known Schauder-Tychonoff theorem
(see [4, p. 74]) shows therefore that a continuous affine self-mapping of a
convex weakly compact subset C' of a Banach space X has a fixed point (see
also [14]). To complete the characterization, in a closed convex bounded
but not weakly compact set C' we construct a closed convex subset K
which admits a continuous affine self-mapping without a fixed point. Thus,
in general a closed convex bounded subset of a Banach space is weakly
compact if and only if it has the generic fixed point property for continuous
affine mappings.

Moreover, in some spaces it is possible to replace the class of all contin-
uous affine mappings by a smaller one. For instance, in [3] convex weakly
compact subsets of the space L1[0,1] are characterized as the only ones
which have the generic fixed point property for nonexpansive (i.e. Lips-
chitzian with constant 1) affine mappings. A similar result was proved for
the preduals of semi-finite von Neumann algebra equipped with a faithful
normal semi-finite trace.

In this paper we prove that a closed convex bounded subset C' of ¢ is
weakly compact if and only if C' has the generic fixed point property for
affine mappings which are uniformly Lipschitzian. In fact, we prove that
these mappings can be chosen with Lipschitz constant arbitrarily close to 1.
As far as we know, it is an open problem if the constant can be chosen equal
to 1. Since B. Maurey [13] proved that convex weakly compact subsets of ¢
have the generic fixed point property for nonexpansive mappings, a positive
answer to the above problem would give the inverse of Maurey’s result (see
[12] for related results).

The main tools for proving our results are basic sequences equivalent
to the summing basis of ¢g. We will show that such a sequence can be
extracted from any sequence (z,) in ¢y which converges weak* in £, to
an element x € f \ cgp. The summing basis can be also considered in
generalized James’ spaces Jp, 1 < p < co. Their definition extends that
of quasi-reflexive James’ space J, which is Jy in this notation. We will
show that a convex closed bounded subset C' of J, is weakly compact if
and only if there is M > 3'/P21/4 where 1/p + 1/q = 1, such that C' has
the generic fixed point property for uniformly Lipschitzian affine mappings
with constant M. In the last section we will extend the results given in [3]
to a larger class of spaces, the so-called L-embedded Banach spaces.

2. PRELIMINARIES

The notation and terminology used in this paper are standard. They
can be found for instance in [11] and [2]. For convenience of the reader
we recall the basic definitions. Let C' be a nonempty subset of a Banach
space. The convex hull of C' will be denoted by coC. Let us recall that a



self-mapping T of a convex set C is said to be affine if
TOx+ (1 -Ny) = Tx+(1-\NTy
whenever z,y € C' and X € [0,1]. A mapping T : C — C' is nonexpansive if
[Tz =Tyl < [l —yll

for all z,y € C. We say that T is uniformly Lipschitzian with a constant
M if

[Tz = T"y|| < M|z — y||
for every n € N and all z,y € C.

Basic sequences will be our main tool in this paper. Let (z,) be a
sequence in a Banach space X. Its closed linear span will be denoted by
[xn]. Let us recall that (z,) is a basic sequence if each € X has a unique
expansion of the form x = ZOO tnx, for some scalars tq,ts,.... Then the

n=1
projections P,, defined on [z,] by the formula

Pn (i tﬂ%‘) = zn:tixi
i=1 i=1

are uniformly bounded and S = sup{||P,|| : n € N} is called the basis
constant of (z,) (see [11]). It is clear that

. n o a
inf {llz -yl : v € [z]ily, 2] = a0, y € [2i]Zs1, neNf 2 =0 (1)

for every a > 0. Additionally, we put R, = Id|,,] — P, and

ST({z,}) = {x = Ztn:cn i t, > 0 for every n € N, Ztn = 1} .

n=1 n=1

In the sequel we will use the following fact.

Fact 2.1. Let (x,) be a bounded sequence in a Banach space X without
weak convergent subsequences. Then

(i) there exist a subsequence (z,, ) and a functional f € X* such that
(@n,) is a basic sequence and a = inf{f(x,,) : ¥ € N} > 0. Consequently,
setting g = (1/a)f and yr = (a/f(xn, ))Tn,, we have g(yg) = 1 for every
keN.

(i) co(yr) = S+({ye})-

Proof. (i) By [7], (x,) has a basic subsequence (z,, ). Our assumption
guarantees that (x,,) does not weakly converge to zero. Passing to a
subsequence, we can therefore find f € X* so that inf{f(z,,): k € N} > 0.
(ii) is trivial. »



Remark 2.2. The reasoning in the proof of (i) works only for real spaces.
In the case of a complex space it is necessary to replace the functional f
by its real or imaginary part.

A sequence (yi) of nonzero vectors of X is said to be a block basic
sequence of a basic sequence (z,,) if there exist a sequence (ay,) of scalars

and an increasing sequence of integers 0 < p; < p2 < ... such that
Pk+1
Yk = Z O
i=pr+1

for every k. Clearly, (y) is also a basic sequence and the basis constant of
(yx) does not exceed that of ().

Let (x,,) and (y,) be basic sequences. We say that (z,,) is equivalent to
(yn) provided that a series > 7 | ¢,x, converges if and only if Y 7 | t,yn
converges. This is the case if and only if there exist constants My, My €
(0, 00) such that

A41 < < A4é (2)

[eS) [eS) [eS)
D tawn|| < ||D tatn D tnn
n=1 n=1 n=1

for every sequence (t,) of scalars such that the above series converge. We
say that (z,,) is A-equivalent to (y,) if My/M; < A. Clearly, the relation
of A-equivalence is symmetric. We will apply the following result (see [11,
Proposition 1.a.9]).

THEOREM 2.3. Let (x,,) be a basic sequence with the basis constant K
in a Banach space X and let M = inf{||z,|| : » € N} > 0. If (yn) is a
sequence i X such that

oo
M
3:;\\$n*yn||<ﬁ,

then (2) holds with My = 1-2Ks/M and My = 1+2Ks/M. Consequently,
(yn) is a basic sequence (1 + 2Ks/M)(1 —2Ks/M )™ -equivalent to (z,,).

3. CHARACTERIZATION OF WEAKLY COMPACT CONVEX SETS

Let (e,,) be the standard basis of the space ¢y. The sequence of vectors
0n =Ygy ek =(1,...,1,0,0...) is called the summing basis. It is easy

to see that
oo
> taon

n=1

o0

= sup
neN

t
k=n

for every sequence (t,) of scalars such that the series >~ t,, converges.



Let 1 < p < c0. By J, we denote the space of all sequences z = (x(n))
of real numbers such that lim, .., x(n) = 0 and

m—1 1/p
||| = sup <Z |lz(qr) — x(Qk+1)|p> < 00

k=1

where the supremum is taken over all finite sequences ¢ < --- < ¢y, of
positive integers. In case p = 2 this gives us the well-known definition of
James’ space (see [6]). Let P, be the projection associated to the standard
basis (ey,) of Jp. Then

P,z = (z(1),...,2(n),0,0,...)

for every x € J,. Using this formula, we extend P, to the linear space of
all sequences. For each p, the space J, is not reflexive and J;* is the space
of all convergent sequences x such that

@] sz = sup || Prz| s,
neN

is finite (see [11, Proposition 1.b.2]). Moreover, J,, does not contain ¢y and
£y isomorphically.

As in the case of ¢, the vectors o, = (1,...,1,0,0,...) form a basis of
Jp. If (t)) is a sequence of scalars such that the series Y p- | tx0) converges
in Jp, then

1/p
m—1 [qrk+1—1 /

P
= sup Z Z t;

k=1 i:q1¢

o0
E tiog
k=1

where the supremum is taken over all finite sequences ¢; < --- < ¢y, of
positive integers.

PROPOSITION 3.1. (a) Let C be a closed conver bounded set in a Ba-
nach space X and (e,,) be the natural basis of ¢1. If C is not weakly compact,
then C' contains a basic sequence (y) such that there is an affine homeo-
morphism ¢ : ST({yn}) — ST ({en}) with ¢(yn) = e, for every n € N.

(b) Let C be a closed convex bounded set in J, and (o,,) be the summing
basis of J,. If C is not weakly compact, then C' contains a basic sequence
(yn) equivalent to (oy,). In particular, C contains a closed conver subset
K = S ({yn}) which is bi-Lipschitz homeomorphic to ST ({o,}).

(c) Let C be a closed convex bounded set in ¢y and (o,,) be the summing
basis of co. If C' is not weakly compact, then C contains a basic sequence
(yn) equivalent to (o,). In particular, C contains a closed convexr subset
K = ST ({yn}) which is bi-Lipschitz homeomorphic to ST ({on}).

Proof. (a) Translating the set C, we can assume that 0 € C. Then
Fact 2.1 gives a basic sequence (y,) in C' and a functional g € X* with



g(yn) =1 for every n € N. Let K = ST ({y,}) and ¢ : K — ST ({e}) be
the affine mapping such that ¢(y,) = e, for every n € N. We will check
that ¢ is a homeomorphism.

Take 2 = > °°  toy, € K and € > 0. Fix an index m such that
Yomemi1tn < €/4 and put & = ¢/(8mlg||(S + 1)) where S is the basis
constant of (y,). If u = > 7", byy, € K is such that ||z — ul| < §, then
[t — byn| < 25||g]|d for every n € N and hence, >, [t, — by| < €/4. Next,

> €
D (o —ta)| = g(Ron(u—2))| < |lgll| R l[|u — ]| < T
n=m-+1

and therefore

ibng i(b itn<§
n=m-+1 n=m-+1 n=m-+1

Finally, we have

[6(w) = o(@)lley = Zlb —tn |<Z|b —tn|+ Z by, + Z tn <e,

n=m-+1 n=m-+1

which shows that ¢ is continuous.

Clealy, 671 (u) — 6~ ()] < maxnen lyalllu — vlle, for all u,v €
ST({en}). Thus ¢~ ! is continuous.

(b) Since C' is not weakly compact, there exists a sequence (z,) in C
such that (z,,) converges weak® in J;* to some z € J;* \ J,. Passing to a
subsequence, we can assume that (z,,) is a basic sequence (see [7]). Let S
be its basis constant.

We put My = inf{||z,|| : n € N}, My = sup{||z,| : n € N}. Since z is a
convergent sequence and z ¢ J,, L = limg_, |2(k)| > 0. Given € € (0,1),
we set M = (1 —¢/16)L and v, = Mye(S(e+ 16))7127%=2 for k € N. Tt is
easy to see that there exists mg € N such that if mg < ¢ < -+ < ¢, then

m—1 Le p

> lota) ~ sl < (7 ) )

k=1

Next, we choose two increasing sequences (my) and (ng) so that my > my,
1P (20 = D) <t B (@)l < 1,

and |z(j)| > M for every j > m;.
We put uy, = P, @, vk = (P, iy — Py, ) (Tn,,) and wy, = ug + vg. Then

lwe = @n | <[P (wre = T )| + ([ By (05 = )|
:H‘Pmk(x - xnk)” + ||Rmk+1 (‘rnk)” < 2'7k



for every k. Applying Theorem 2.3, we see that (wy) is a basic sequence
(1+¢€/8)-equivalent to (z,, ). Let K; denote the basis constant of (wy). We
choose a sequence (p,, ) of nonnegative integers such that Ay > 2(MyK;2F+1
(e4+16)/(Me))? for every k where Ay = pp+1 —pr and 1/p+1/q = 1. Let

Pr+1 Pk+1

1 L1
L = Ik ‘_Z Uq, 2 = Ik ‘_Z Wi .
i=pr+1 i=pr+1
Then ||z,]| > |2, (Mp,+1)] > M and it is easy to see that
1 Pk+1 2% Pr+1 1/p Me
r_ = — - < — ||P < -
h-al =g | X o <5 | X Il < e

t=pr+1 1=ppr+1

for every k. Theorem 2.3 shows that (z;) is a basic sequence (1 + €/8)-
equivalent to (z). Consequently, (z) is (1 + ¢/8)2-equivalent to a block
basic sequence (y,) of (z,,) whose terms belong to co{x,, }.

We will show that (zj) is equivalent to (oj). To this end let us fix
a sequence (t;) such that the series Y -, tyo) converges and put N =
1> e teokll, y = D pey trzk. We take a finite sequence ¢ < -+ < gy, of
positive integers. By A; we denote the set of all 1 < j < m such that there
exists k > 2 with ¢; < my, < gj41 and let Ay be the set of the remaining
indices. Given j € Aj, wefind k> 1,0<4; <A —1,1>2and 0 <is <
Ay — 1 such that myp, 14, < ¢5 < Mpytir+1 < Mprriy < Gip1 < My fipt1-
Then

ly(q;) —y(gj+1)| =

-1
z(q;) <)\tk + Z ti+(1- ,u)tl>

i=k+1

+ (alag) — 2(a501)) (utl Py u) |

i=l+1

ZV,U:071}

i=n

l—v

>

i=k+v

<w(qj)|ma><{

+ |2(g;) — 2(gj4+1)| sup
ne

where A =1 — 43 /Ay, p=1—1i3/A;. This gives us the estimate

lj

w(q) = y(gi41)l < Mz | D ti| + [2(q;) — 2(gj41)IN (4)
’L=k]
for some k < k; <1; <. Observe that
o P
STI> -t <one. (5)
JEAL i=k;



Let us now consider the set A;. We decompose it into disjoint intervals
Ab where A} = {j € Ay : 1 < q; < qj41 <my,}and A5 = {j € Ay :m,, <
¢ < @j+1 < my,,, } for k> 2. Assume that Ak is not empty. It is easy to
see that if j € A5, then

ly(a7) — y(gz+2)| < Afla(a)te] + |2(g5) — (gj41)IN (6)
for some nonnegative )\f such that ) jeAk )\;? < 1. Clearly,
Z > (WSjta]) ”<Z|m|”<N” (7)
k=1 je Ak

Here we regard sums over the empty set as zero. Using (4), (5), (6), and
(7), we obtain

1/p

m—1 o) 1/p
> lwlg) —ylg+)lP | < My <2N” +° Itkl”> TNl g
j=1

k=1
< My(3YP + 1)N.

We now set 7, = my, 41 for K € N. If ¢ < j, then

ly(ri) — y(r;)| = |@(rs) (Ztk> + (w(r) —2(r) | Dt
k=i k=j

> |x(ry)] |z(r;) — x(r;)] Ztk
j—1

> M| te] — Jalrs) — a(ry)|V.
k=i

This and (3) show that

1/p
m—1|qk+1—1 /

m—1 1/p P L

€

TEY O SITOSEENRTE BT b5l b ol I Y
k=1

k):]. i:qk

for every sequence ¢; < - -+ < ¢, of positive integers. Hence

y||>N(Mfg)_NL(1;). 9)

This completes the proof of (b).
(¢) To prove (c) we can apply an argument similar to that in the proof
of (b) (now L = limsup,_,, |z(k)| > 0). In this way it is not difficult to



construct a basic sequence (zj) which is My/M equivalent to the summing
basis (0,,) of ¢g and such that (z;) is (1 +€/8)? equivalent to a block basic
(yn) of (xn, ) whose terms belong to co{x,, }.

In the special case when C' is the unit ball of a nonreflexive space part (a)
of Proposition 3.1 was obtained in [14] (see also [15]). We will generalize
another result from [14].

Let C # () be a convex subset of a Banach space and T : C — C be an
affine mapping. We put

6(T) = inf {liminf lz =Ty : 2,y € c} .

From the first part of the proof of [14, Theorem 3] we see that inf{||x—Tz|| :
x € C} = 0. In spite of this fact, if C' is not weakly compact, it is possible
to construct a set K C C and a continuous affine mapping 7' : K — K
such that 6(T") > 0. In particular, T fails to have fixed points.

Let (x,,) be a bounded basic sequence. The right shift Ty with respect
to (x,,) is the mapping defined by the formula

(oo} oo
7 (z t> ST
n=1 n=1

By the bilateral shift 77 with respect to (x,) we in turn mean the mapping

o o0 oo
T (Z tnfn) = tax1 + thk—1$2k+1 + ZtQkxzk—z.
n—=1 k=1 k=2

Clearly, Ty and T} are affine self-mappings of S*({z,}) and T} is onto.

THEOREM 3.2. (a) Let C be a closed convex bounded set in a Banach
space X . If C is not weakly compact, then there are a closed convex subset
K C C and an affine continuous mapping T : K — K such that T(K) = K
and 6(T) > 0.

(b) Let C C J, be a closed convex bounded set. If C is not weakly com-
pact, then there are a closed convex subset K C C' and an affine uniformly
Lipschitzian mapping T : K — K such that 6(T) > 0.

(c) Let C C ¢p be a closed convex bounded set. If C is not weakly com-
pact, then there are a closed conver subset K C C' and an affine uniformly
Lipschitzian mapping T : K — K such that 6(T) > 0.

Proof. (a) Let (e,) be the standard basis of ¢; and T} : ST ({e,}) —
ST ({en}) be the bilateral shift. Fact 2.1 gives us a sequence (y,,) in C and a
functional g € X*. Let S be the basis constant of (y,,) and K = ST ({y,}).
The proof of Proposition 3.1 (a) shows that the affine mapping ¢ : K —
St ({en}) such that ¢(y,) = e, is a homeomorphism. Define 7' : K — K
by the formula T = ¢7'Ti¢. Let x = > 07  toy, and y = > oo buyn



belong to K. We fix ¢ > 0 and find m such that ||R,,z| < e. It is not
difficult to see that || P,,,T"y|| < € for n large enough. By (1) we obtain

[ Pz _

lz =Tyl = [Pz = BTyl = | Bl = 1P Ty = ¢

2€
1 1

> — —€)—2e> — 1 6) — 2.

> (el — ) —2¢ > (gl — ) —2¢

Thus 0(T) > 1/(S]lg]).

(b) Let (y,) in C be a sequence given in Proposition 3.1 (b). Then there
is a bi-Lipschitz homeomorphism ¢ between K = S*({y,}) and S*({o,}).
We can therefore define T : K — K by T = ¢~ 'Ty¢ where Ty is the right
shift with respect to (0,). Since Tj is nonexpansive, the mapping 7' is
uniformly Lipschitzian.

Let = > 07 taln, Y = D vy buyn belong to K. Since (y,,) is equiva-
lent to the summing basis (o,,) of Jp, there is a positive constant M such
that ||z|| > M| Y07 thon| > M. Let € € (0, M). An argument as above

yields to

M —
6—26

le = T"y| >
Thus 0(T) > M/S. The proof of (c) is analogous to (b).

Remark 3.3. Parts (b) and (c) of Theorem 3.2 may be strengthened.
Namely, for any € > 0 in case (b) we can choose T so that it is uniformly
Lipschitzian with the constant 2'/93'/? 4¢, where 1/¢+1/p = 1, and in case
(¢) we can choose T so that it is uniformly Lipschitzian with the constant
1+e.

Indeed, let (y,) be a sequence in J, given in Proposition 3.1 (b). We
can find v € N such that if n > v, then

oo
Z teYntk

k=1

< 21/q31/p(1 +€)

o0
Z teYu+k

k=1

for every sequence () of scalars such that the series Y ;- | tx0y converges.
For this purpose, in the proof of Proposition 3.1 (b) we choose v € N so
that |z(7)] < L(1 + €/16) for every j > m,, . Let (tx) be a sequence of
scalars such that the series 2211 tror converges. Given n > v, we write
2= poy thzvtr and 2 = >0 tiznik. We put

. 1/p
s—1 |Jjk+1—1

P
Ny = sup Z Z t;

k=1 1=Jk

and

s—1 1/p
Ny = sup (Z 12(jk) — Z(jk+1)|p>

10



where both the suprema are taken over all finite sequences m,, < j; <
-++ < js. The same reasoning as in the case of (9) shows that

N, L (1 _ g) <N,

Let us consider a sequence ¢; < --- < g, of positive integers. If ¢; =
myp, + 1 for some 1 < [ < m, then z(gx) = 2'(gx) for every k < [ and
modifying the proof of (8), we obtain

m—1 1/p
(Z |z'<qk>—z'<qk+1>|”) <3l (1+g)me

k=141

Hence

—

m—1

S 1) = )P < 3 ) — (o) +3 ((1+5) M)’

k=1 k=1
-1
1+5\’
< IZ(Qk)—Z(qk+1)I”+3(1§> Ny
k=1 8
1+ £\ [
<3(1%) (Z 2(a) — #aws )P + N
8 k=1
1+g\"
<3(122) bale
8

In the case when there exists 1 <1 < m such that ¢ <m,, +1 < g1 we
replace the sequence q1,...,¢m by q1,...,q, 43 where ¢ = ¢; if 1 <i <1,
Q1 =myp, +1and ¢; = ¢;—1 if [ +2 <i <m+ 1. Clearly,

VRS
%
-0l
BN
—~
[
=
SN—
|
N\
—~
)
=
+
—
-
S|
\—/
—
~
=
I
[N}
Q=
N
]z
B
—
>Q
=
)
|
N\
—~
S
IS
+
[a
—
S
~_
—
~
hs}

k=1
1+ ¢
<203r —E |4
1— ¢
8

It follows that ||2/|| < 21/931/7(14-¢/8)(1—¢/8) 71| z||. But (y,,) is (1+¢€/8)*-
equivalent to (z,). This implies that

>0 3 -1
>ty <2087 (14 5) (1- %)
8 8

k=1
o0
Ztkyu+k

k=1

o0
Z thYutk
k=1

<2335 (1+e)

11



Let now K = ST({yniv}n) and T : K — K be the right shift. The
above inequality shows that the Lipschitz constant of 7"~" does not exceed
21/a31/p 4 ¢,

In the case of ¢y we can, analogously, find v € N such that if n > v,

then
oo o0
Z tYntk Z teYu+k
k=1 k=1

for every sequence (f;) of scalars such that the series >, ¢ converges.
Thus the right shift 7 on K = S*({yn+v }») is uniformly Lipschitzian with
the constant 1 + e.

Let T be an infinite set. Every sequence (x,,) in ¢g(T") is contained in a
subspace Y of ¢ (T") such that Y is isometrically isomorphic to ¢g. It follows
that Proposition 3.1 (c), and Theorem 3.2 (¢) hold also for the space ¢y(T).

From Theorem 3.2 and Remark 3.3 we deduce the following character-
ization of convex bounded weakly compact sets.

<(1+e)

COROLLARY 3.4. (a) Let C' # 0 be a closed convex bounded subset of
a Banach space X. The set C is weakly compact if and only if C has the
generic fixed point property for continuous affine mappings.

(b) Let C # 0 be a convex closed bounded subset of J,. The set C is
weakly compact if and only if there exists M > 2Y/43Y/P such that C' has
the generic fixed point property for affine mappings which are uniformly
Lipschitzian with the constant M.

(c) Let T be an infinite set and C # () be a convex closed bounded subset
of co(T"). The set C is weakly compact if and only if there exists M > 1
such that C' has the generic fixed point property for affine mappings which
are uniformly Lipschitzian with the constant M.

4. CHARACTERIZATION OF WEAKLY COMPACT CONVEX
SUBSETS OF L-EMBEDDED BANACH SPACES

Let Y be a Banach space and P be a projection in Y. P is called
an L-projection if ||z|| = ||Pz| + ||(Id — P)z| for all z € Y. A closed
subspace X C Y is called an L-summand in Y if X is the range of an
L-projection on Y. A Banach space X is said to be L-embedded if X is
an L-summand in X**. Then there exists a closed subspace X, C X**
such that X** = X ®; X,;. Examples of L-embedded Banach spaces are
the L;(u)-spaces, preduals of von Neumann algebras, the dual of the disk
algebra A* and the quotient space Li/H}. Another class of L-embedded
Banach spaces are the duals of M-embedded Banach spaces. A Banach
space E is called an M-embedded space (also called an M-ideal in its
bidual) if its annihilator E+ = {w € E** : w(e) = 0 foralle € E} is
an L-summand in E***. In this case, the L-projection is just the adjoint
of the canonical embedding of F in E**. It is clear that X = E* is an
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L-embedded Banach space and X** = X @, E+. Particular cases of duals
of M-embedded Banach spaces are ¢1(T"), the Hardy space Hj, the space
C1(H) (dual of the space of compact operators on a Hilbert space), the
duals of certain Orlicz spaces, some Lorentz spaces, etc. A wide study
and more examples of these classes of Banach spaces can be found in the
monograph [5].

In order to establish the main theorem in this section we recall the
following result which can be found in [3, Theorem 1.

THEOREM 4.1. Let X be a Banach space and let C' be a closed convex
bounded subset of X. Let (e,,) be a null sequence in (0,1). If C contains a
sequence (x,,) such that

Z(l—en |tn] <

n=1

Zt o i (1+ €n)tn]

for all (t,) € 41, then C contains a nonempty closed convex subset K such
that there is a nonexpansive affine mapping T : K — K which fails to have
a fixed point in K.

THEOREM 4.2. Let X be an L-embedded Banach space and C # () be
a closed convexr bounded subset of X. Then the following conditions are
equivalent.

(1) C is weakly compact.

(2) C has the generic fixved point property for nonexpansive affine map-

pings.

Proof. In view of Theorem 3.2 we only need to prove that (2) implies (1).
Assume that C' is not weakly compact. Then there exists a net (uy) C C
such that (u,) converges weak* in X** to some w € X**\ X. Thus
w = xg+xs with zg € X, x5, € X5 and x5 # 0. From the proof of Lemma 8
in [16] there exist a null sequence (e,) in (0,1) and a sequence (y,) in

co{uq} C C such that
t

Z (1 —€)|tn] <
for all (t,) € ¢;.

We put 2z, = (yn —x0)/||zs|| for n € N. This gives us a sequence (z,) in
the closed convex and bounded set Cy = (C' — ¢)/||zs||. By Theorem 3.1,
there exist a convex closed subset Ky of Cy and a nonexpansive affine
mapping Ty : Ko — Ky which is fixed point free. Consider now K =
xo + ||zs|| Ko which is a closed convex subset of C and define T : K — K
by

Zl—i—en It

T(xo + [|zslx) = wo + [Js]| To(2)

for all x € Ky. Then T is fixed point free nonexpansive affine mapping
from a closed convex subset of C' into itself, which contradicts (2).
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Remark 4.3. Analysis of the proof of Theorem 4.1 shows that the map-
ping T given in its conclusion satisfies the condition 6(T") > 0. Conse-
quently, the mapping constructed in the proof of Theorem 4.2 also has this
property.

Notice that the word affine can not be dropped from the statement of
the above theorem. This is due to Alspach’s example [1], which shows that
there is a convex weakly compact subset C' of L1[0,1] and a nonexpansive
mapping T : C' — C without fixed points.

In the case when an L-embedded Banach space X has the w-FPP, i.e.,
every nonexpansive mapping from a convex weakly compact subset of X
into itself has a fixed point, we can drop the word affine. This gives us the
following modification of Theorem 4.2.

COROLLARY 4.4. Let X be an L-embedded Banach space with the w-
FPP and let C # 0 be a closed conver bounded subset of X. Then the
following conditions are equivalent.

(1) C is weakly compact.

(2) C has the generic fixed point property for nonexpansive mappings.

Corollary 4.4 may be applied for instance to the sequence space {1,
the space of the trace operators Ci(H) (see [9]), the Hardy space H; (see
[13]) and space of the nuclear operators Coo({q,¢p), dual of the compact
operators K (¢,,¢,) with 1/p+1/g =1 (see [§]).

Since the uniform Lipschitz condition is preserved under renorming, the
following result is a direct consequence of Corollary 3.4 and Theorem 4.2.

COROLLARY 4.5. Let X denote a renorming of co(I') or J, or an L-
embedded Banach space and C # () be a closed convex bounded subset of X .
The following conditions are equivalent.

(1) C is weakly compact.

(2) C has the generic fixed point property for uniformly Lipschitzian
affine mappings.

Remark 4.6. The bilateral shift with respect to the standard basis of £
is an isometry. It follows that if X is a renorming of an L-embedded space
and C is a closed convex bounded but not weakly compact subset of X,
then there exist a closed convex subset K of C' and a uniformly Lipschitzian
mapping T from K onto K without a fixed point. A similar result holds for
renormings of ¢y and J,. This time however we obtain a mapping which is
only Lipschitzian. Indeed, the bilateral shift with respect to the summing
basis is Lipschitzian in ¢y and J,,.
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