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Generating families of surface triangulations. The case of
punctured surfaces with inner degree at least 4
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Abstract

We present two versions of a method for generating all triangulations of any punctured
surface in each of these two families: (1) triangulations with inner vertices of degree > 4
and boundary vertices of degree > 3 and (2) triangulations with all vertices of degree > 4.
The method is based on a series of reversible operations, termed reductions, which lead to
a minimal set of triangulations in each family. Throughout the process the triangulations
remain within the corresponding family. Moreover, for the family (1) these operations
reduce to the well-known edge contractions and removals of octahedra. The main results
are proved by an exhaustive analysis of all possible local configurations which admit a
reduction.
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1 Introduction

By a triangulation of a surface F? we mean a simple graph G (i.e., a graph without loops
and multiple edges) embedded in F? so that each face is bounded by a 3-cycle and any
two faces share at most one edge. In other words, the vertices, edges and faces of G (the
corresponding sets denoted by V(G), E(G) and F(G), respectively) form a simplicial complex
whose underlying space is F2. Two triangulations G and G’ of F? are equivalent if there is
a homeomorphism ¢ : F? — F? with ¢(G) = G’. In this paper surfaces are supposed to
be compact and connected and possibly with boundary. Surfaces without boundary will be
termed closed surfaces. Here, we distinguish between triangulations only up to equivalence.

Generation from irreducible triangulations of a surface F? is a well-known procedure
for obtaining all the triangulations of F2. Recall that an edge of a triangulation G of F?
is contractible if the vertices of the edge can be identified (multiple edges are removed, if
they appear) and the result is still a triangulation of F? ([2]). A triangulation is said to
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be irreducible if it has no contractible edge. Irreducible triangulations form a generating set
for all triangulations of the same surface in the sense that every triangulation of the surface
can be obtained from some irreducible triangulation by a sequence of vertex splittings (the
inverse of the edge contraction operation); see [2].

Barnette and Edelson [2] showed that every closed surface has finitely many irreducible
triangulations. More recently, Boulch, Colin de Verdiere, and Nakamoto [4] showed the same
result for compact surfaces with a nonempty boundary. Notwithstanding, it is far from
being trivial to enumerate the irreducible triangulations of a given surface. Complete lists of
irreducible triangulations are available only for some low genus surfaces. See [20], [22], [23]
for a comprehensive reference for the class of closed surfaces.

So far, the research on irreducible triangulations of closed surfaces has produced a con-
siderable literature. This is not the case for surfaces with boundary, for which few references
can be presently found; see [4], [§]. This paper is a contribution to the study of irreducible
triangulations for punctured surfaces (i.e., surfaces with a hole produced by the deletion of
the interior of a disk in closed surfaces).

It is well known that any irreducible triangulation G of an arbitrary non-spherical closed
surface F? has minimum degree > 4 [20]. This is no longer true if F? has non-empty
boundary. However, if a boundary vertex v has degree 2 then v lies in exactly one face of G
whose boundary edges are trivially contractible (unless G reduces to a triangle). Therefore
we will deal exclusively with triangulations with minimum degree > 3. Notice that this
condition implies that no face shares more than one edge with the boundary of the surface.
This way, all irreducible triangulations of a surface with boundary F? (other than the disk)
are elements of the class F2(4) consisting of all triangulations of F? with minimum degree
> 3 and deg(v) > 4 for all vertices v missing the boundary.

In this paper we give a generating theorem for such triangulations in terms of internal
operations in the class F2(4); that is, we show that all triangulations of a punctured sur-
face other than the disk can be reduced to an irreducible triangulation by performing such
operations (Theorem [I8]). The particular case of the disk is also treated (Theorem [19]).

Similarly, we introduce a set of internal operations in the subfamily F2(4) C F2(4)
consisting of all triangulations with minimum degree > 4. In contrast with the case of closed
surfaces, for a surface with non empty boundary, the minimal triangulations obtained by the
use of such operations may contain contractible edges whose contraction produce 3-valent
vertices. We prove that such contractible edges are necessarily located in two particular
configurations given in Definitions @] and B4, see Theorem

The main results collected in this work can be regarded as extensions to punctured surfaces
of the main theorems by Nakamoto and Negami for closed surfaces in [17].

2 Notation and preliminaries

If G is a triangulation of the surface F2, let 0G C G denote the subgraph triangulating the
boundary 0F?2. The vertices and edges of G will be called boundary vertices and boundary
edges of G, respectively. The vertices and edges of G — 0G will be called inner vertices and
inner edges of GG, respectively. Let us now recall that the link of a vertex z € G, denoted
link(z), is the set of edges in G which jointly with the vertex z form a triangle in G.

Let ¢ = viv9 be an edge in G. Let us recall that the distance from e to 0G, denoted



d(e,0G), is defined to be the minimum number of edges needed to connect e and dG. The
resulting graph obtained by contracting e in G is denoted by G/e. The contraction of a
pair of disjoint edges in two adjacent faces in G is named double contraction. If e = viv9
is a contractible edge of G, then the new vertex v = v; = vg in G/e satisfies deg(v) =
deg(v1) + deg(vy) — 3 when e is a boundary edge of G, and deg(v) = deg(v1) + deg(ve) — 4
otherwise. Here deg(v) denotes the degree of the vertex v, if deg(v) = k we say that v is a
k-valent vertex. A 3-cycle in G is critical if it consists of three edges which do not bound a
face of G. Besides, if xvjvs is a face of G, then deg(z) diminishes by one after the contraction
of e.

When a lower bound k for the degree of the vertices is preserved after contractions we
will use the term k-contraction. Namely, given a triangulation G with minimum degree > k,
an edge e is said to be k-contractible (kc-edge for short) if the minimum degree of G/e is at
least k. If an edge e is contractible but not k-contractible, we call e to be a cnkc-edge, for
short. The inverse operation of the contraction of the edge e = vyvs is the splitting of v1 = wvs.
When deg(v;) > k for i = 1,2, after the splitting, this will be called a k-splitting.

Remark 1. Notice that the contraction of an edge e € G belonging to a critical 3-cycle
produces a double edge. On the other hand, if e belongs to no critical 3-cycle and at most
one of its end vertices belongs to G, then e is contractible. In other words, the impediments
to the contractibility of e are the two following locations of e in G:

(1) e belongs to a critical cycle of G. This is the case if e lies on the boundary of a hole of
length 3.

(2) e is an inner edge but its two vertices belong to 0G.

Remark 2. Notice that a necessary condition for an interior edge e = v1v9 to be 4-contractible
is that e belongs to faces vivous and vivovy so that deg(v;) > 5 for i = 3,4. If e is a
boundary edge lying in a face vivovs, the necessary condition for e to be 4-contractible is
that deg(vs) > 5.

The following definitions extend to surfaces with boundary the one given in [17] for closed
surfaces.

Definition 3. Let G be a triangulation of a surface F? possibly with non-empty boundary.
Let vivovs be a cycle of G such that deg(v;) = 4 for i = 1, 2, 3 and {ay, a2, a3} be the only
three vertices such that a; is adjacent to v; and vy for {i,j,k} = {1,2,3}. The subgraph
H C G induced by the vertex set {a1, ag, as, v1,ve,v3} is said to be an octahedron component
centered at vvovs with remaining vertices aq, ag, ag if the cycle ajazag exists in G (and hence
in H) and one of the following conditions holds:

1. v; ¢ OG for all i =1,2,3.

2. Only one v; lies in 0G and dG' coincides with v;a;ay.

w

. Exactly v;,v; € 0G and hence G = v;v;ay.

-

v; € 0G for all ¢ = 1,2,3 and hence 0G = v;v;vy.

An octahedron component of G is said to be external if two edges a;aj, ajai lie in 0G (in
particular, §(a;) = 4). Observe that this happens only under condition 1.



Figure 1: Octahedron and quasi-octahedron components in G.

Definition 4. The subgraph H in Definition [3] will be termed a quasi-octahedron component
of G centered at vivovs and remaining vertices aq, as, ag if one of the following conditions
holds. (Figure [J).

1. The cycle ajasag exists but does not define a face in G and only one vertex v; belongs
to OG but (in contrast with 2labove) a;a) ¢ 0G.

2. Only the edge a;a; fails in closing the cycle ajazasz in G, hence v, € OG and all the
3-cycles of H are faces of G.

Remark 5. Notice that the possible occurrences of the subgraph H other than the ones
considered in Definitions [3] and @l appear when at least two edges a;a; do not exist in G (and
then vy € 0G). If no edge a;a; exists in G, then H = G is a triangulation of the disk. On
the other hand, if only one edge a;a; is in G, then a; has degree 2 in 0G.

Notation: Octahedron and quasi-octahedron components will be denoted O and (5, respec-
tively.
Remark 6. Let us remark also that at most one 3-cycle of an octahedron component of G
may not be a face of G. In such case, G reduces to that 3-cycle.

Let us note that for a quasi-octahedron component of G the edge a;v3 is always a boundary
edge of G, for ¢ =1, 2. R

Notice that no quasi-octahedron component O can be extended to an octahedron com-
ponent. Indeed, if v; € on 0G, then the 3-cycle ajasag is not a face even though the edge
ajay, opposite to v; exists (and it is necessarily an inner edge).

3 Characterizing the triangulations of inner degree at least 4.

It is well known that any irreducible triangulation of a closed surface other than the sphere
has minimum degree > 4. Therefore irreducible triangulations of punctured surfaces F?
(other than the disk) must have minimum inner degree > 4 (that is, only boundary vertices
are allowed to have degree 3); that is, they are in the class F2(4) defined above.



In this section we give a method to construct all triangulations in F2(4) from irreducible
ones by operations which keeps all triangulations within this class (Theorem [I8]). The special
case of the disk is also considered (Theorem [9)). This way we generalize Theorems 1 and
2 in [I7]. The method in [I7] is based on the use of 4-splitting and adding octahedra. The
existence of 3-valent vertices in the boundary requires two further operations: adding flags
and triode 3-splittings.

Throughout this section F2 will denote a surface with connected (possibly empty) bound-
ary. Recall that G € F2(4) denotes an arbitrary but fixed triangulation of F? with all its
inner vertices of degree > 4.

Let us start by fixing some notation.

Notation: If = is a vertex of G with deg(z) = 4 we fix notation by calling x1, z2, a, b its
neighbours and for the sake of simplicity link(z) is written link(x) = x1abzoxexy if © ¢ OG
or link(z) = zjabxe if € OG. This notation will be used throughout this paper without
any further comment.

oG
0G
a b a
T b
I X To
v E%)
A removable flag A non removable flag (z1v is a 4c-edge)
oG oG IG
T To a b a T
x T z
b T9
a b I )
Yy
ab inner edge, ab boundary edge, a € G, x and b
z inner vertex r inner vertex inner vertices.
T 0G oG 0G z
I ZT9 a b a T
a b *1 VA b T2
T
y oG
ab inner edge, ab boundary edge, a,r € 0G,
x € 0G z € 0G b inner vertex.

Figure 2: Different configurations for link(z), with deg(z) = 4 and distance < 1 from 9G.



The vertices of degree 3 in OG play a crucial role in the family F2(4). We will give them
a special name.

Definition 7. Given G € F2(4), a boundary vertex of degree 3 is called a triode of G. A
contractible edge of G is said to be a triode detecting edge if the vertices of degree 3 produced
by its contraction are triodes.

Remark 8. For every face abx such that ab is a contractible boundary edge, x lies in the
boundary and degh(xz) = 4 it readily follows from Definition [7] that ab is a triode detecting
edge.

On the other hand, the contraction of any inner triode detecting edge produces at most
three triodes since any contraction modifies the degree of at most three vertices.

It is also readily checked that two adjacent triodes define a contractible edge in JG, say
ab, unless G is isomorphic to the complete graph K4 (and so G triangulates the disk). If, in
addition, ab shares a face with a 4-valent inner vertex, the contraction of any edge incident
at x or in link(z) is allowed in F2(4), but ab is a cndc—edge. To get rid of this obstacle, we
define the following configuration termed flag. Recall that a vertex v is said to be independent
of degree k if all neighbors of v have degree # k.

Definition 9. Given G € F2(4), let x be an independent inner vertex of degree 4 such
that link(z) = x1abzoxy verifies {x1a,ab,bro} C G, x129 N OG = {x1, 22}, and deg(a) =
deg(b) = 3. The subgraph induced by {z, 21, x2, a, b} is called a flag centered at . If the
graph G/ = G — {a, b, v} remains in F2(4), the flag is said to be removable (see Figure [2).
Conversely, we say that G is obtained from G’ by adding a flag along a boundary edge of
G

Remark 10. Observe that any flag is removable unless deg(x;) = 4 (or deg(x2) = 4) and this
is the only impediment for a flag to being removable. If a flag is non-removable then either
T1v or xov is a boundary 4c-edge.

The next lemma follows immediately from definitions and it will be used in the proof of
Theorem [I§ below.

Lemma 11. Let ab be a contractible inner edge of G € F2(4), let x and y be vertices so that
x is a boundary vertex with deg(x) = 4 and abx and aby define two faces of G. Then ab is
a triode detecting edge whenever y is a boundary vertex of deg(y) > 4 or else y is an inner
vertezx of degree deg(y) > 5.

Next definitions introduce the family of removable octahedron components, which added
to 3-contractions and 4-contractions of edges lead to a minimal class of irreducible triangu-
lations for any punctured surface in the spirit of Nakamoto and Negami’s theorem in [17].
Recall the notation in Definition Bl

Definition 12. We will say that an octahedron component O in a triangulation G' € F2(4)
is removable in F2(4) if the graph G’ = G — {vy, v2, v3} remains in F2(4). We also say that
G’ is obtained by removing the octahedron O from G. Conversely, G is obtained from G’
by adding an octahedron.

Remark 13. If G € F2(4) has an octahedron component O, then no edge of O is 4-contractible
(see Remark [2]). However, removing the inner set of vertices {v1, va, v3} is equivalent to three



consecutive edge 3-contractions (vyag, veag and vsay, for instance). Therefore, we can regard
this set of 3-contractions as a single operation within the class F2(4) except in case that O
is external.

From Definition [I2] the following result gives us sufficient conditions for an octahedron
being removable.

Remark 14. An octahedron component O is removable in G € F2(4) when any of the following
cases holds:

e All vertices aq, ag, as, have degree > 6.

e At least one of the vertices {a1, ag, as} lies in OG and its degree is equal to 5. Observe
that at least one boundary vertex of degree 3 appears after the removal of O.

On the other hand, if O does not hit G and deg(a;) = 5 for some i € {1,2,3}, then O
is not removable but the edge a;v is 4c-edge where v is the only neighbour of a; outside O.

Observe that external octahedra are configurations with many vertices and edges which
are not relevant from the topological point of view. We let them to be deleted according to
the following definition.

Definition 15. Let O be an external octahedron component in a triangulation G € F2(4).
If the graph G’ = G — {a;, v;, i = 1,2,3} remains in F2(4), O is said to be redundant (see
Figure [3). Conversely, we say that G is obtained from G’ by adding an octahedron along a
boundary edge of G’.

U3

v VL

v ANA

Redundant octahedron Non-redundant octahedron Removable octahedron

Figure 3: Different types of octahedra in triangulations of the Mobius strip. Here the surface
is represented by a rectangular unfolding with the opposite vertical sides identified in the
usual way.

Notice that after deleting any redundant octahedron component, the new triangulation;
that is G’ = G — {a;, v, i = 1,2,3}, remains in F2(4). Alternatively one can regard the
deletion of a redundant octahedron component O as the composite of the folding of O into a
face (as in Definition 22]below) and the removal of the folded octahedron component according
Definition

Remark 16. Any addition of an octahedron in Definitions [[2] and [[H is equivalent to apply
three consecutive splittings in an appropriate set of vertices.

Thus, if G is a triangulation of any surface F? containing an octahedron component O,
then G is reducible. It suffices to check that the interior edges v;v; and a;v; of O in Figure
[ are contractible.



Notice that by contracting the three edges v;v; of the triangulation on the right-hand side
of Figure B we obtain another triangulation of the Mobius strip, depicted with thin lines.

Remark 17. An external octahedron O is not redundant whenever deg(a;) = 5 for some j €
{1,2,3} and this is the only impediment to being redundant. This provides a triangle va;ay
with a boundary 4c-edge va; (see Figure ). After contracting va; two possible situations
appear:

(i) O becomes redundant.
(ii) O remains non-redundant.

In case (i), a new boundary 4c-edge v'a; appears whose contraction leads us again to
case (i) or (ii). By iterating this procedure, O reaches situation (i) in finitely many steps.
Otherwise G reduces to O, and so G triangulates the disk.

Next we present the main theorems of this section.

Theorem 18. Every triangulation G € F2(4), of a punctured surface F?, except the disk,
can be obtained from an irreducible triangulation of F? by a sequence of 3-splitting triodes,
additions of flags, 4-splittings and additions of octahedra.

Theorem 19. Every triangulation G € F2(4) of the disk can be obtained from a flag or an
octahedron component by a sequence of 3-splitting triodes, additions of flags, 4-splittings and
additions of octahedra.

The proofs of these results are consequence of the following technical lemma which deals
with the possible configurations near the boundary. This is the crucial difference with the
ordinary case of closed surfaces studied in [17].

Lemma 20. Assume that ab is a cndc-edge in G, that is, there is a face abxr in G with
deg(xz) < 4.

1. Let G € F2(4) be a triangulation of a punctured surface different from the disk. If
d(ab,0G) < 1, then either a 4c-edge or a subgraph H C G in the family

A = {octahedron component, triode detecting edge, flag}

can be found at distance at most 1 from ab.
2. If G triangulates the disk, then the subgraph G' may reduce to a flag or an octahedron.

For the sake of simplicity we will give the proof of Lemma 20 in the final appendix.

Remark 21. Tt is straightforwardly checked that an octahedron component O is not con-
tractible to a flag within the family F2(4); that is, any contraction of any inner edge in O
produces an inner 3-valent vertex. Hence, flags and octahedra are needed for generating all
triangulations with minimum inner degree 4.

Proof of Theorems [I8 and We will show that for any reducible triangulation G €
F2(4), every cndc-edge which is not a triode detecting edge lies in a removable octahedron
or in a removable flag. This way, an irreducible triangulation G’ can be obtained recursively



from G. Conversely, G is constructed from G’ by a sequence of 3-splitting triodes, additions
of flags, 4-splittings and additions of octahedra.

Assume G contains neither 4c-edges nor triode detecting edge. Since G is reducible, let
ab be a cndc-edge in G and therefore, a vertex x with deg(x) < 4 defines a face abz of G and
x1abzry C link(x) (the edge x1x9 may exist or not). Let us remark that the case d(ab, 0G) > 2
admits the same kind of arguments given in Lemma 1 of [I7] for closed surfaces to find either
an octahedron or a 4c-edge. Hence, we focuss on the case d(ab, 0G) < 1. In that case Lemma
leads us to one of the following cases:

(a) There exists a flag X such that d(ab, X) < 1, therefore X is removable (otherwise a
4c-edge exists according to Remark [I0).

(b) There exists an octahedron component O such that d(ab, O) < 1, thus O is removable
or redundant in F2(4) (see Remarks [[4 and [[7). This finishes the proof.

4 On reductions of triangulations of degree at least 4.

Henceforth, unless otherwise is stated, by F? we mean any punctured surface.

Recall that F2(4) denotes the set of triangulations of the surface F? with all its vertices of
degree > 4. In this section we give a series of reductions involving exclusively triangulations
in F2(4). The two operations introduced by Nakamoto and Negami in [I7] are among such
reductions and they are the only ones which are defined in absence of boundary. In particular,
the triangulations of closed surfaces which are minimal for such reductions coincides with the
irreducible triangulations in [I7]. In sharp contrast with the class of closed surfaces, for a
surface with non empty boundary, the minimal triangulations obtained by such reductions
may contain contractible edges whose contraction produce 3-valent vertices. For this case,
we prove in Theorem [3§] that those possible contractible edges are located in two particular
configurations given in Definitions 23] and [34] below.

Notice that Definitions [[2 and [[5] restrict to the family F2(4) in the obvious way so that
removable and redundant octahedra as well as removing and addition of such configurations
are defined in F2(4). Besides these operations, we introduce new ones in Definitions 22], 23]
and [28] below.

Definition 22. Let G € F2(4) be a triangulation of the surface F2. Let O be an external
octahedron of G so that deg(as) = 4 and deg(a;) = 6 for i = 1 or 2. Let v be a vertex of G
such that ajasv is a face of G. By folding the octahedron O onto the face ajasv we mean the
removal of O followed by the addition of an octahedron to the face ajagv (Figure d). The
inverse operation is called unfolding an octahedron with respect to the boundary of G.

Definition 23. Let G € F2(4) be a triangulation of F2. A quasi-octahedron component of
G, O, is said to be removable in F?(4) (or 4-removable, for short) if one of the following
conditions holds:

1. The graph G’ = G — {v1, va, v3} yields a triangulation of F? in F2(4).
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Figure 4: Folding the octahedron O onto the face ajasv.

2. The graph G’ = (G — {v;, v;})/a;vk, with v, € G, yields a triangulation of F? in
F2(4).

In both cases, we will simply say that G’ is obtained by removing a quasi-octahedron from
G. Conversely, if case (1) happens, we say that G is obtained from G’ by adding a quasi-
octahedron along two boundary edges a;as (for i = 1, 2) of G'. In case (2) we say that G is
obtained from G’ by embedding a quasi-octahedron in a boundary face ajasas of G'.

N

ag V3 aiq

as,

as

ai
U1 (%)
Non removable quasi-octahedra Removable quasi-octahedron

U3

Figure 5: Triangulations for the Md&bius strip with some quasi-octahedra components.

Remark 24. Adding a quasi-octahedron is equivalent to apply three consecutive splittings
starting in a boundary vertex.

As a consequence, if G is a triangulation of a surface F? containing a quasi-octahedron
component (5, then G is reducible. Indeed, similarly to Remark [I6, the interior edges v;v;
and a;vj of O in Definition 23 are readily checked to be cndc-edges.

Definition 25. Let G € F2(4) be a triangulation of the surface F?. Let O be an octahedron
component of G so that only the edge ajas lies in the boundary and deg(az) = 5. Let v
be the only neighbor of as outside O. The replacement of the boundary octahedron O by a
quasi-octahedron O is defined to be the removal of the edge ajas followed by the contraction
of the edge agv in G. (Figure [6). The inverse operation is called the replacement of the
quasi-octahedron O by a boundary octahedron O.

10



a oG as v ay 0G  wv3 as

V3 '
v

V2 1

as as

Figure 6: A replacement of a boundary octahedron by a quasi-octahedron.

Remark 26. Let us observe that the operation in Definition 25]is well defined, that is the edge
asv always becomes 4-contractible after the removal of ajas. Indeed, otherwise, there would
be a critical 3-cycle ajasv but no such a cycle exists when the edge aqas is removed. Notice
also that the replacement of a boundary octahedron is needed only in case that the edge asv
is not contractible (or, equivalently, 4-contractible since deg(as) > 5). Moreover, if ajv € 0G
(a1v ¢ OG, respectively), then an octahedron (quasi-octahedron, respectively) component
would be obtained after applying this reduction. In case ajv ¢ 9G, a quasi-octahedron would
be obtained.

Observe that with the previous operations, triangulations with arbitrarily many vertices
may appear by repeating the pattern shown in Figure 8 and they could not be simplified (or
reduced). Next we define a new operation in order to avoid such an undesirable repetitive
construction.

Definition 27. Let G € F2(4) be a triangulation of the surface F2. An N-component, of
G consists of a subgraph N of G determined by two faces sharing an edge, where their two
non-incident edges are contractible and at least one of them lies in G (Figure [7]).

oG
a

L Y

Figure 7: N—component: two faces share the edge xz the non-incident edges zy and vz must
be contractible and, at least one of them must lie in 0G.

Definition 28. Let G € F?(4) be a triangulation of the surface F2. An N-component ' C G
is termed contractible if both contractible edges lie in the boundary or else some inner vertex
in A/ has degree > 5. In such cases the simultaneous contraction of the two non-incident
contractible edges in NV can be carried out within the family F2(4). This reduction will be
called a double contraction.
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a as as ai as

az ay as

Figure 8: The double contraction of the edges acay, agas in a triangulation of the Mobius
strip. In this example, both contractible edges lie in dG.

Remark 29. Observe that any double contraction performed in an N-component with its two
inner vertices of degree 4 expelled the triangulation from F2(4). In particular, no double con-
traction is allowed in any of the two N-components sharing an edge in any quasi-octahedron
component.

The operations defined above and their inverses are summarized in Table [l where they
are classified into two classes: reductions and expansions.

reductions expansions Figure

Ry edge contraction FEy;  vertex splitting

Ry octahedron removal FEy  octahedron addition Figure 3
R3 folding an octahedron FE3  unfolding an octahedron Figure [
R, quasi-octahedron removal E4  quasi-octahedron addition Figure
Rs boundary octahedron replacement Fs  quasi-octahedron replacement | Figure
Rg double contraction in a IN-component | FEg double splitting of vertices Figure [1]

Table 1:

By a 4-reduction (4-expansion, respectively) we mean any reduction (expansion, respec-
tively) in Table Il which provides a new triangulation in F2(4). Notice that reductions and
expansions R;, F; for i > 3 are always 4-reductions and 4-expansions.

The operations Ry and E; preserving F2(4) are the usual 4-contractions and 4-splitting
of Nakamoto and Negami in [17].

By the use of these operations we eventually get a class which is minimal in F?2(4) in the
sense of the following definition.

Definition 30. A triangulation G' € F2(4) of the surface F? is said to be minimal in F2(4)
(or 4—mim’ma, for short) if G does not admit any further 4-reduction.

In particular, the 4-minimal triangulations in F2(4) of any non-spherical closed surface
coincide with the usual irreducible ones since operations R; and E;, for ¢ > 3 in Table [Il make
sense only for boundary surfaces triangulations. This way, Theorem 1 in [I7] can be restated
as follows.

Theorem 31. Any triangulation of a closed surface in F2(4) can be obtained from a 4-
minimal triangulation by a sequence of 4-expansions.

!This term appears in [I6] with a different meaning.
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Next we focuss our interest on punctured surfaces. Let us start by considering the fol-
lowing examples.

Example 32. a) Let G be the triangulation of the punctured connected sum of three
projective planes constructed by identifying the edges with equal labels. See Figure [
Notice that G is 4-minimal, it contains a non-removable quasi-octahedron component
and a cndc-edge, namely ab, outside the quasi-octahedron component.

T

X T
) T
P a b q
w z
a L1 p b
p q T2 q

Figure 9: Observe that d(a) = §(b) = 5, d(x1) = d(x2) = 6 and IG consists of bold edges.

b) Let G be the triangulation of the punctured connected sum of three projective planes
with a torus, depicted in Figure [0l The connected sum is done by firstly identifying
the edges with equal labels (namely xop, pa, bg) and then by attaching two copies of
Ms3 along the boundaries of the polygons labeled M3 in the strip on the right-top.
Notice that GG is 4-minimal and ab is its only cndc-edge. Here, M3 denotes the so-called
irreducible triangulation of the Mdbius strip collected in [§].

X1 L €2 €2 S b
p M
Ms
L2 L1 a q
P a b q t
b
S q q P a
q S a q
p t
M3 MS

Figure 10: Observe that d(a) > 6, §(b) > 6, 6(x2) > 6, 6(z1) = 5. Here 0G = absxozxiqta.
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c) Let G be the triangulation of the punctured torus depicted in Figure [[Il Notice that
GG is 4-minimal and it contains a unique non-removable quasi-octahedron component.

2 3 1 2
6 7 0G 6
8 9 5/ 8

2 3 1 2

Figure 11: A 4-minimal triangulation of the punctured torus with precisely one non-removable
quasi-octahedron component. Here, the triangulation is obtained by removing vertex 4 in
T3 triangulation of the torus given in [I3] and 0G = 31265973.

Remark 33. Examples[32] a) and b) illustrate a procedure to construct 4-minimal triangula-
tions by leaving M fixed and by choosing as M3 any irreducible triangulation of a punctured
surface with appropriate boundary length.

Example [32] depicts 4-minimal triangulations with contractible edges. In fact, as we prove
in Theorem [38 bellow, the configurations of contractible edges in any 4-minimal triangulations
are exactly two: the non-removable quasi-octahedron and the one termed M-configuration
in the following definition.

Definition 34. Let G € F2(4) be a triangulation of the surface F. Let abx be a face with x
a 4-valent vertex and ab a boudary cndc-edge. An M-component centered at abx in G consists
of a subgraph M C G determined by three faces {zab, zaxi, xbxrs} such that xxy, zxo lie in
the boundary and zjx9 is an inner edge. Notice that xzizex is a critical 3-cycle. (Figure

12).

Figure 12: M-component centered at abx.

Remark 35. In Figure[ above both a non-removable quasi-octahedron and an M-component
appear. On the other hand, each Figure [I0] I3} [I4] only contains one M-component. Finally,
Figure [I1] contains exactly a non-removable quasi-octahedron.
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Remark 36. In any M-component centered at abz in a triangulation G € F2(4), the boundary
edge ab is triode detecting and deg(z;) > 5 for i = 1,2. Hence there are vertices p, ¢ so that
apzry and bgre are faces in G. This way, {q,x2,p,a,z} C V(link(z1)) and {p,x1,q,b,2} C
V(link(z2)). Moreover,

1. If deg(a) = 4 (or deg(b) = 4), then, ap (bq respectively) is a boundary 4c-edge. Mobius

2. Otherwise, there are faces apw, bgr. If deg(a) = 5 (or deg(b) = 5) then the edge
aw C OG and it is not a triode detecting edge although aw may be contractible.

Let us observe that in case that all 3-cycles x1x2p, x1ap, x12x2q and x2bg are faces of the
triangulation, the M-component centered at abx coincides with the triangulation obtained
by the splitting of a 5-valent boundary vertex in the irreducible triangulation of the strip Mo
collected in [§].

On the other hand, it is not difficult to see that the set of vertices {a,b,x1,x2, 2} in the
M-component are principal vertices of a subdivision of the complete graph K5 in G. Hence,
M is not present in any triangulation of the disk.

T2 2 3 T X2

1 1 j2 P
T2 Ty q
b a t
T
T
5 p 1 5 )
TQ
1 1 ;
) 3 p Ty T2 p

Figure 13: A triangulation of the punctured double torus with precisely one M-component
centered at abx. Here O0G = xixxopbagtx;. The connected sum is done by attaching the
punctured torus 72 along the cycle bpzizab on the right side torus.

The interest of the M-component is pointed out by the following proposition.

Proposition 37. Let G € F2(4) be a triangulation of the surface F?, different from the
disk. Any M-component M C G remains unaltered after performing any reduction R; (i =
1,....,6).

Proof. Let M be an M-component centered at abx. The edge ab is the only contractible one
in M (in fact, it is a cndc-edge), hence no reduction R; can be applied to M.

Furthermore, the only possible octahedron or quasi-octahedron components containing
ab must be centered at abx (since deg(z;) > 5 for ¢ = 1,2, by Remark [36). However,
such a quasi-octahedron component can not exist since a,b € 9G. Similarly no octahedron
components exists since otherwise G reduces to abz. Therefore, no reduction Ry to Rs may
be performed to M.

Finally, the existence of an N-component containing ab is ruled out by existence of the
edge z1x2. Then, reduction Rg does not affect M. This finishes the proof. O
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T2 T
1 2 3 1 2 - ? p
T3
T a
b t
a
5 a o 5 ! b !
T2

1 1 ‘ V

9 3 P T ) p

Figure 14: A triangulation of the punctured double torus with precisely one M-component
centered at abx and one non-removable quasi-octahedron. Here 0G = xixxoqbaptri. The
construction is done in a similar way as in Figure [I31

We are now ready to establish and prove the main result of this section. Namely,

Theorem 38. A triangulation G € F2(4) of the surface F?, different from the disk, is 4-
minimal if and only if each contractible edge (if any) of G is located in either a non-removable
quasi-octahedron component or an M -component.

Theorem 39. The only 4-minimal triangulation of the disk is the octahedron.
In order to prove Theorems B8 and B9 we will need the following technical lemmas.

Lemma 40. Let G € F2(4) be a triangulation of the surface F? different from the disk.
Assume in addition that G contains a non-4-removable octahedron component, O, then exactly
one of the following statements hold:

1. There is at least one 4c-edge a;t with a; € O, t ¢ O and O turns to be 4-removable
after contracting a;t.

2. 0GNV(0) C{a1,a2,a3} and this intersection contains at least two vertices a;, a;.

Proof. Since O is non-removable, O has an external vertex, say aj, such that deg(a;) = 5.
Let us suppose that O does not intersect the boundary, then a; ¢ 9G, deg(az),deg(az) > 6.
Hence there is an edge ait in G — E(Q) existing the two faces tajas and tajas in G. This
way, ait is a 4c-edge. After contracting it, deg(ap) increases and the octahedron turns to be
4-removable.

Moreover, if the intersection V(O)NAG reduces to a single vertex, let us suppose that this
intersection is precisely the vertex as. Since no edge a;a; lie in OG then deg(az) > 6 holds
and since O is non-removable, deg(a;) = 5 for i = 1 or i = 3. Let us suppose deg(a;) = 5 and
let t be the boundary vertex adjacent to as and a;. Therefore tajas and tajag are faces of
G, and since a7 is not a boundary vertex, it readily follows that a1t is a 4c-edge of G. Again,
after contracting it, the octahedron become 4-removable. Therefore, 9G NV (O) contains at
least two vertices a;, a;. ]

In the following lemma we will use the operations R; in Table [1l

16



X o)

To €

a T p q
M, M,
p - q T2 b
z t
z b w q b t
w z t q
q p
M4 M4

Figure 15: Observe that d(a) =5, §(b) > 6, 6(x2) > 6, d(z1) > 6.

Lemma 41. Let G € F2(4) be a triangulation of the surface F2, and let O be a non-removable
octahedron component of G with at least two vertices a;, a; in OG. Then

1. If E(O) N 0G = {aia2} and deg(az) = 5, then, there is precisely one vertex v €
link(ag)—V (O) and by applying an operation Ry to G, the new triangulation G’ belongs
to F2(4).

2. If E(O)NOG = {asas,ajas} and é(a1) = 6 or §(az) = 6, then by applying an operation
R3 to G, the new triangulation G’ belongs to F2(4).

3. If E(O) N OG = 0, then there exists precisely one vertex a; such that deg(aj) =5 and
there is a 4c-edge incident with a;.

Proof. 1t is straightforwardly deduced from the definitions involved in the statements and
Lemma [0 (2). Observe that V(O) N 0G = {a1, a2, az} implies that O is 4-removable. [

As a consequence of Lemmas 40 and 1] we get

Corollary 42. Any octahedron component of a triangulation in F2(4) of the surface F can
be deleted by one of the reductions Ry, Ro, R3 or Rs of Table[dl

The following is the corresponding analogue of Lemma 20 for the class F2(4).

Lemma 43. Let G € F2(4) be a triangulation of the surface F2. If ab is a cn4c-edge in G
so that d(ab,0G) < 1, then one of the following configurations can be found at distance at
most 1 from ab:
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1. A 4c-edge

2. A subgraph in the family

B = {octahedron component, quasi-octahedron component, N—component}
3. An M -component centered at abzx.

The proof of Lemma M3] is a specialization of the proof of Lemma and it will be
postponed to the final appendix.

Proof of Theorems 38 and Let ab a contractible edge in G. As G is 4-minimal,
ab is a cndc-edge. Moreover, if d(ab, 0G)) > 2 then the same arguments given in Lemma 1 of
[17] for closed surfaces allows us to find a 4c-edge or an octahedron component at distance
< 1 from ab. This contradicts the 4-minimality of G. Thus, necessarily, d(ab,0G) < 1 and
Lemmald3l Corollaryd2and, again, the 4-minimality of G yield that ab lies in a non-removable
quasi-octahedron component or an M-component.

Conversely, if the contractible edge ab belongs to a non-removable quasi-octahedron com-
ponent O then it is not a 4c-edge since O does not contain such edges by Remark I3l More-
over, O cannot be extended to an octahedron in G by Remark Bl Finally, no N-component
contained in O can be reduced by Remark Hence, no reduction R; can be applied to
remove ab.

On the other hand, if ab belongs to an M-component M C G, we know by Proposition
37 that M is stable under reductions R; (i = 1,...,6). This finishes the proof of Theorem

Let us consider the case of the triangulated disk. From Remark [36no M -component may
appear in a triangulation of the disk. Besides, a quasi-octahedron component O will be always
removable according to Definition 23l In fact, it is clear that the degree > 4 condition expels
the quasi-octahedron from the set of disk triangulations. Moreover, according to Definition
M vertex az must have degree > 5. Let ast be an edge with ¢ outside O. Observe that
deg(ag) = 5 leads to the contractibility of at, which contradicts the minimality of G, hence
deg(ag) > 6. Besides, deg(a;) > 5 for ¢ = 1,2 since otherwise a 4-contractible edge incident
at a; appears, which is impossible. Therefore, O can be removed by applying Definition 23]
(1) if deg(a;) > 6 for i = 1,2 and ag € OG or Definition 23] (2) otherwise. This finishes the
proof of Theorem

O

Corollary 44. Let G be a triangulation of a punctured surface different from the disk such
that G is 4-minimal. Then G is irreducible if and only if G contains neither quasi-octahedron
component nor M -component.

Theorem shows that 4-reductions do not suffice to get all irreducible triangulations
within the class F2(4). If, similarly as in [I1] for closed surfaces, we allow diagonal flips then
we get the following theorem.

Theorem 45. If diagonal flips are added to j-reductions as admissible operations in the
family F2(4) of triangulations of any punctured surface F?, then the 4-minimal triangulations
reduce to the irreducible triangulations in F2(4).
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Proof. The diagonal flip operation is a way of getting rid of quasi-octahedra and M-components
in 4-minimal triangulations. For instance, if we flip the edge za in an M-configuration when
deg(a) > 5 (similarly, flip b when deg(b) > 5) we still have a triangulation in F2(4) but now
the edge ab is 4-contractible. Notice that deg(x1) > 5 by definition of an M-configuration
and, moreover, that some 4-contractible edge is detected whenever deg(a) = 4 (deg(b) = 4,
respectively); see Remark [36](1).

On the other hand, by flipping an edge a;as of a quasi-octahedron component, new 4-
contractible edges are available to perform further 4-reductions and dismantle the original
quasi-octahedron component.

This way, any 4-minimal triangulation turns to be irreducible within the class F2(4).

O

Appendix: Proofs of Lemmas and (43l

In order to prove Lemma20, let G € F2(4) be a fixed triangulation of the punctured surface
F?2. Assume that ab is a cndc-edge in G, that is, there is a face abr in G with deg(z) < 4.
We start with the following technical lemmas which detect possible contractible edges and
4c-edges around ab.

Lemma 46. Let ab be a cndc-edge of G € F2(4) so that deg(a) > 4, deg(b) > 4, and let x
be a vertex of degree 4 so that abx defines a face of G and V (link(z)) = {x1,a,b,z2}. Then,
the following statements hold:

1. axs and bxy are not edges of G.

2. Whenever ab and x do not intersect G simultaneously, ax and bx are contractible edges

of G.
3. Whenever xx1xo is not a critical 3-cycle, both xx1 and xxy are contractible edges of G.

4. If © is an inner vertex of G and the two vertices {a, xa} ({b, x1}, respectively) have
degree > 5, then the edges xv with v € {b, x1} ({a, x2}, respectively), are 4-contractible.

Proof. Suppose azs (or bxy) is an edge of G, since deg(b) > 4, the 3-cycle axsba (az1ba) does
not define a face of GG, and hence ab lies in a critical 3-cycle, contradicting the hypothesis.
As a consequence, if ab and x do not intersect dG simultaneously, then the edge ax is
contractible. Otherwise, a critical 3-cycle contains az, namely axta with ¢ € {b, x1,x2}, but
it is easily deduced that ¢ = x5 is the only possibility, reaching a contradiction. A similar
argument works for proving the contractibility of bx. Similarly, xz1 and zxo are contractible
whenever xxixo is not a critical 3-cycle. O

Lemma 47. If deg(x) = 3 then there exists a triode detecting edge, a flag or a 4c-edge
meeting link(x).
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Proof. Observe that if deg(x) = 3, then z € 0G, link(x) = z1ab and a or b is an inner vertex,
hence deg(a) > 4 or deg(b) > 4. Let us consider a to be the inner vertex, whence z1,b € 0G.
Assume deg(a) = 4. Then a flag centered at a appears whenever deg(x1) = 3 or deg(b) =
3. In case deg(z1) = 4 or deg(b) = 4, the edge za is a triode detecting. This edge turns to
be a 4c-edge when deg(x1), deg(b) > 5.
On the other hand, if deg(a) > 5, by Lemma [6] the edge of vertices z; and b does not
exist.

O

In order to simplify the notation, let V(link(z)) = {x1,a,b,x2} be the vertex set of
the link of the vertex z fixed in Lemma Then the degree of vertices defines a map
§: V(link(z)) — {n € N;n > 3} by 6(v) = deg(v).

Henceforth, let m = min(J) denote the minimum of this map, and §Min be the
cardinal of the set Min = §~!(m).

Proof of Lemma [20

Since ab is a cndc-edge in G, there is a face abx in G with deg(z) < 4. The case deg(z) = 3
is studied in Lemma A7l For deg(r) = 4, recall that we denote link(zx) = zjabrox; if
link(z) = {z1a,ab,bre, rox1} and link(x) = x1abzy if link(x) = {x1a,ab,bxs}. (See Figure
2).

Case 0. Notice that if x € G and ab C G, then it is clear that ab is a triode detecting
edge.

According to Case 0, we will consider hereafter that x and ab do not lie simultaneously
in 0G.

Case 1: m=3. Since three or more vertices of degree 3 lead to the triangulated disk, G is
isomorphic to the wheel graph of 4 radii, i.e. a flag, and we reach statement 2 in the Lemma.

Next we deal with the case {Min = 2. If Min consists of two adjacent vertices then one
readily finds a flag centered at z. Otherwise if two vertices in Min are not adjacent, the
only possibility is that x € 0G. Let v € Min and let us consider link(v) = {x,t1,t2} with
vty € 0G. If t1 € G — OG and deg(t1) > 4, then vty is a triode detecting edge. If t; € 0G,
then, by hypothesis, deg(t;) > 4 and zv is contractible and so a 4c-edge if deg(t;) > 5 or a
triode detecting edge if deg(t1) = 4.

Finally, assume Min = {v} reduces to a single vertex and V (link(v)) = {z,t1,t2}. We
consider the two following cases.

Case 1.1: z is independent of degree 4.

Since there are three vertices u € V(link(z)) verifying deg(u) > 5, Lemma [46] shows that
v is a 4c-edge unless x and ab lie in the boundary of G simultaneously and xqx2 is an inner
edge of G (otherwise ab is a triode detecting edge, as pointed out in Case 0).

Case 1.2: x is adjacent to some vertex of degree 4.

1.2.1 If z € G — 0G, then vt; € OG for i = 1,2 and zv is a contractible edge. Moreover, xv
is a 4c-edge whenever deg(t;) > 5 and it is a triode detecting otherwise.

1.2.2 If z € OG there are two possibilities:
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a) v € {a,b}. Let us suppose v = a (analogously for v = b). In this case vty = ate € 0G
and b € G — 0G. Now, ab is triode detecting edge if deg(tz) > 4 and za is a 4c-edge if
deg(ty) = 3 (since ty # x1 and deg(ta) = 3 implies deg(b) > 5).

b) v € {z1,z2}. If v = 21 (analogously for v = x9) then vty = z1t9 € JG. In this case,
ax; is triode detecting edge if deg(t2) > 4 and zx; is a 4c-edge if deg(ta) = 3 (since
to # x9 and deg(te) = 3 implies deg(a) > 5).

Case 2: m > 4. If m > 5, Lemma [40l(4) and the assumption after Case 0 yield that a
4c-edge incident in x must appear. The same situation occurs when m = 4 and tMin = 1.

Thus Case 2 reduces to m = 4 and §Min > 2. Let u,v € Min two distinct vertices. We
will study the following possibilities according to the positions of the vertex x and the edge
ab with respect to 9G:

2.1 z € OG and a and b are inner vertices (and hence, ab is an inner edge). Observe
that x; € G for i = 1,2 since deg(x) = 4. Let aby be the other face sharing ab with

abx.

If y is a boundary vertex or else is an inner vertex of degree at least 5, then ab is a
triode detecting edge, by definition. Let us study the case when y is an inner vertex of
degree 4.

21.1

2.1.2

Suppose that uv is an edge. Then zuv is a 3-cycle and, moreover, by Lemma
uv # xoa, x1b for the vertices u,v € Min chosen above. If xix9 is an edge, an
octahedron centered at xuwv is found. If x1x9 is not an edge the possibilities of the
edge uv are:

1) uv = ab then an octahedron centered at yab appears.

2) wv = mia (analogously uv = w9b). We can assume b ¢ Min (a ¢ Min,
respectively) since, otherwise, we are in, previous subcase 1). Then the edge xx;
(xx9, respectively) is 4-contractible.

Suppose that uv is not an edge (that is uzv is an arc). Notice that if §Min > 3
then at least two vertices in Min form a face with x, and we are in case 2.1.1.
Thus we can assume Min = {u,v} and Lemma [0 (2) yields that either zb or za
is a 4c-edge.

2.2 z, a and b are inner vertices.

221

2.2.2

Suppose that uv is an edge (or, equivalently, zuv is a face). If, in addition, u and
v are inner vertices (in particular, if uv = ab) then an octahedron centered at xuv
is found. Thus we can assume that {a,b} ¢ Min and {u,v} N IG # 0.

1) If uwv = z1a, as b ¢ Min and 21 € 0G, we easily check that za is a triode
detecting edge. Similarly, if uv = z2b (x2 € 9G), xb turns to be a triode detecting
edge.

2) If uv = xy29, we can assume Min = {x1,x2} (otherwise we are in one of
the previous situations) and then xz; or zzo are triode detecting edges. Recall
{:L'1,$2} N oG 75 0.

Suppose that uv is not an edge. The same arguments as in 2.1.2 reduces this case
to 2.2.1 if §Min > 3 or, otherwise, Min = {u,v} and Lemma [6] (2) yields that
either xb or za is a 4c-edge.

21



2.3 x is an inner vertex and ab inner edge at distance 0 from OG (that is, precisely
a or b (but not both) lies in OG). Let us suppose a € OG and b an inner vertex (thus
xb is an inner edge). From Lemma (2), zb is a contractible edge. Moreover, if
{a,z2} N Min = (), then zb is a 4c-edge. Otherwise, {a,z2} N Min # () and this case
reduces to previous cases. Indeed, if a € Min, we are in case 2.1. with a playing the
role of x. Similarly, if xo € Min, xo can play the role of x in case 2.1 and 2.2 when
x9 € OG and 9 ¢ OG, respectively.

2.4 z € OG and ab is an inner edge at distance 0 from JG (that is 9GN{a, b} reduces
to a vertex). Assume a € OG (the case b € OG is analogous) and let aby be the other
face containing ab. If ab is a triode detecting, we are done; otherwise (from definition
of triode detecting edge) y must be an inner vertex with deg(y) = 4. This case was
studied just in the case 2.3 by interchanging = and y.

2.5 z is an inner vertex and ab € 0G. From Lemma [6)(2) xa and xb are contractible
edges. Since m = 4, we are in case 2.3 when z; € Min — 9G, for some i = 1,2, with
xa or xb playing the role of ab, for i = 1, 2, respectively. Otherwise, we are in case 2.4.
and za (analogously zb) playing the role of ab and the role of x is played by u where
u € Min — {a}.

O

The proof of Lemma [43] only deals with the occurrences of triode detecting edges in the
proof of Lemma 20 as explained below. In Table 2] we summarize the conditions under which
a triode detecting edges are located in case 2 of the proof of Lemma

m >4, u,v € V(link(z)), withu,v € Min (see Case 2)

r € 0G y € 0G
Case 2.1.

a,be G —0G y ¢ 0Ganddeg(y) > 5
Case 2.2.| gz a,be G- 0G uv edge, uv NOG # O and a ¢ Min or b ¢ Min
Case 2.4.| ,a€0G > = 4 with

e G- 90 deg(y) > 5 or deg(y) with y € 0G

Table 2: Occurrences of triode detecting edges in the proof of Case 2 of Lemma 201

Proof of Lemma [43]

Let us start by fixing a triangulation G € F2(4) of the surface F2. As F2(4) C F2(4), we
can follow the pattern of the proof of Lemma 20l above. Since G does not contain flags, only
the cases in the proof of Lemma when a triode detecting edge appears require a deeper
analysis (otherwise the same arguments as in the proof of Lemma [20] work). Recall that
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triode detecting edges appear only in Case 0 and Case 2 of that proof. Occurrences in Case
2 are described in Table 2

Case 0 z € 0G and ab C 0G

Case 0.1 m=4 and the edge z122 does not exist. If a ¢ Min, then the edge xx
turns to be a 4c-edge. Otherwise, there is an N-component with parallel edges xx1, ab.

Case 0.2 m=4 and the edge 72 exists (and it is necessarily an inner edge). Observe
that Min = {a,b,x1,x2} yields that G is necessarily the irreducible triangulation M; (Kjg
minus a vertex) of the Mobius strip given in [8]. This contradicts that ab is contractible in
G. Similarly, the contractibility of ab implies that the edges x2a and x1b do not exist in G
(Lemma [6]). Hence an M-component centered at abz is found and Remark [B6] assures that
{xl,xg} N Min =0

Case 0.3 m=5 and the edge x1x2 does not exist. Then xx; is a 4c-edge for i = 1, 2.

Case 0.4 m=5 and the edge z;zs exists. In this case, an M-configuration centered
at abz is found and the proof for the Case 0 is finished.

Case 2 m=4 See Table [ recall that Min contains at least two vertices u,v €
V(link(z)).

Case 2.1 z € 0G, a,b € G — 0G. This implies x1,z2 € 0G. Let aby be the other face
sharing ab with abx.

Case 2.1.a) y € 9G and then ab is a triode detecting edge (see Definition [7]).

1. Assume deg(y) = 4. If a € Min, then yx; € G and deg(z1) = 3, which contradicts
the hypothesis. (Analogously, b € Min leads to deg(z2) = 3). Hence {u,v} = {x1,z2}.
Notice that x1x2 is not a boundary edge since otherwise 0G = x1xx2, which leads to a
contradiction with y € 9G. Moreover, as x1,xy € Min, if z129 is an inner edge there
exists the face x1axs which contradicts the contractibility of ab. Therefore, the edge
x122 does not exist in G and hence xx; is a 4c-edge for ¢ = 1,3 by Lemma

2. Assume deg(y) > 5. It is clear that in case that the edge zjxy exists, it cannot be
a boundary edge. If {u,v} = {a,b}, then a quasi-octahedron centered at abr and
remaining vertices {x1,z2,y} is found. Suppose now a ¢ Min. If z1x2 is not an edge,
then by Lemma [46] xx; is a 4c-edge. If x1x9 is an edge, then there must be xzo ¢ Min
(otherwise bx; is an edge contradicting the hypothesis of ab contractible edge) and then
by Lemma [46] xb is a 4c-edge.

Case 2.1.b) y € G — 0G, deg(y) > 5 (recall that ab is a triode detecting edge).

Firstly, we consider {u,v} = {a,b}. If z122 is not an edge, clearly an N-configuration
with parallel edges ab, zx1 is detected. (Moreover, zab is the center of a quasi-octahedron
component with remaining vertices {x1,z2,y}). If 122 is a boundary edge, then an octa-
hedron centered at abr appears. If xz1xo is an inner edge, a quasi-octahedron component
centered at abr and remaining vertices {x1, z2,y} is found.

Secondly, we consider {u,v} = {x1,x2}. Notice that z1x9 cannot be an inner edge since
otherwise, as 1 € 0G and x1 € Min, there should be a boundary vertex p defining a face
r1x9p, and then zoa should be an edge contradicting the fact that ab is a contractible edge.
Moreover, if x1xo is a boundary edge, then an octahedron centered at xzxixo is found. It
remains to consider that xixo is not an edge. Then there is an N-component with parallel
edges ab, rx1.
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Next, we consider {u,v} = {a,z2}. Here b ¢ Min and then za is a 4c-edge by Lemma
46l (Observe that b € Min corresponds to the first subcase studied above). An analogous
argument works for {u,v} = {b,z1}.

Finally, we consider {u,v} = {a,x;}. Observe that in case the edge z1z2 exists, it can not
be an inner edge since x1 € Min. If x1x9 is a boundary edge, then an octahedron centered
at zxia is found. In case that zizs is not an edge, we get that zxs is a 4-contractible edge
by Lemma An analogous argument works for {u,v} = {b, z2}.

Case 2.2 z, a,b € G — 0G.

According to Table 2l we have to study only the case when uv is an edge (hence zuv is a
triangle) and v € G or v € G, whence xv or zu is a triode detecting edge.

Moreover, if {u,v} N{z1,z2} # 0 we distinguish two possibilities.

a) If {u,v} N{z1, 22} = {x1} (or z3), then v € {a, b}.

If wv = z1a (similarly uwv = x9b), then Lemma [0 yields that za is contractible. Now it
is not difficult to see that this case reduces to Case 2.1 above: za plays the same role as ab,
x1 € OG plays the role of x and b plays the role of y.

b) If uv = zqx9, then x124 is necessarily a boundary edge and zu (and xv) is a cndc-edge.
This case reduces to Case 2.4 in Lemma zu plays the same role as ab (v plays the role of

Case 2.4 z,a € 0G, b € G — JG. It readily follows that in this case zix is a boundary
edge (here we use deg(x) = 4) and 19 is an inner edge (otherwise deg(x1) = 2).

1. First we analyze the case uv = ab. If axq is an edge, then an octahedron centered
at abx is located. If axy is not an edge and deg(z2) > 5, then an N-component
with parallel edges ax and bzo is found. If az; is not an edge and deg(ze) = 4,
then a quasi-octahedron component centered at abxo and remaining vertices x1,a,y is
detected (observe that y must be an inner vertex, otherwise a boundary vertex of degree
2 appears).

2. Notice that when uv = 129 we have z; € 0G and x9 ¢ 0G and x1xs is a cndc-edge.
Then a similar argument as above works with x1xo playing the role of ab to obtain
either an N-component or a quasi-octahedron component.

It remains to deal with the subcase when the sets {u,v} # {a,b} share exactly one

element.

3. If u=a and v = 1 and ax; is an edge, then an octahedron centered at axz; is found
and 0G = azx;. If ax; is not an edge, as deg(b) > 5, then ax is a 4c-edge.

4. If u = a, v = x5 then deg(z1) > 5 and deg(b) > 5 and we conclude that by Lemma
xxo is a 4c-edge. Observe that xy is an inner vertex since zx; C 9G, deg(xz2) = 4 and

b ¢ oG.
5. If u = b, v = 1, necessarily deg(x2), deg(a) > 5 and so zb is a 4c-edge by Lemma

6. If u =0, v = xo then z1x2y is necessarily a face. Moreover, if ax; is a boundary edge,
then an octahedron component centered at bxxs is found and 0G = axx.

On the other hand, if az; is an inner edge then an octahedron component centered at
byxy appears whenever axiy is a face (so that deg(y) = 4), if it is not a face then a
quasi-octahedron component centered at bxzs and remaining vertices x1, a,y is found.
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Finally, the same quasi-octahedron component is located in G when ax; is not an edge.
This finishes the proof of Lemma

O
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