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Abstract

We consider here a linear quasi-geostrophic ocean model. We look for controls insen-
sitizing (resp. e-insengitizing) an observation function of the state. The existence of such
controls is equivaent to a null controllability property (resp. an approximate controllability
property) for a cascade Stokes-like system. Under reasonable assumptions on the spatial
domains where the observation and the control are performed, we are able to prove these
properties.

1 Introduction and main result

Let 2 be a nonempty open bounded connected subset of R?, with boundary I of class C? and
outwards unit normal vector » = v(x). Let w be a nonempty open subset of @, 7 > 0, @ =
Q2 x (0,T)and X =T x (0,7"). We consider a linear quasi-geostrophic ocean model [9, 10],
described by the following equations

1 .
w— Au+ qut (fo+ f) kAu+ —-Vp=T +hly in Q,
0

divu=0 in @, (1)
u=0 on X
u‘t:() = ug + T in Q.

Here, v = u(z,t) and p = p(z,t) are the velocity field and the pressure of the fluid. In this
model, A is the horizontal eddy viscosity coefficient, -y is the bottom friction coefficient, py is the



fluid density and (fo + Bz2)k A u is the Coriolis term, with k A u = (—us, u;). In the right hand
side, 1,, denotes the characteristic function of w and 7 is a given source. The term 71, Where
T € R, represents a small unknown perturbation of the initial condition uy and A = h(z,t) is a
control term to be determined.

Notice that the Coriolis force is modelled by a zero order coupling term in the equations. It
introduces a different behavior of the system depending on the direction in space. In order to
simplify the presentation of the results, we will assumethat A =~v = fo = 8= po = 1.

Let us recall the classical spaces

H={vel*’(Q)?:divv=0inQ,v-v=00nT}
and
V={veH;(Q)?:divve=0inQ}.

Assume that ug, 79 € H, with ||dgllo0 =1, T € L*(Q) and h € L*(w x (0,T')). Then prob-
lem (1) possesses exactly one solution (u, p), withu € L2(0,T; V)N H' (0, T; V') NC([0,T]; H)
and p € D'(0,T; LZ(Q)). This can be easily proved by adapting the arguments of [11].

Let O be a non-empty subset of 2 and let us introduce the functional ®, with

T
@(u)z%/o /o\u(x,t)\2dxdt. ©

The notion of insensitizing control was introduced by J.L. Lions in [8]. In the context of (1),
it can be formulated as follows:

Definition 1.1 We say that the control 4 is insensitizing @ if

d . "

E(I)(U) o =0 VUO € H, ||’U,0||0,Q =1. (3)
On the other hand, we say that A is e-insensitizing & if

d . .

E@(U) o < 13 \V/UO € H, ”uO“O,Q =1. (4)

Of course, in (3) and (4), u is, together with p, the unique solution to (1).

The existence of insensitizing and e-insensitizing controls for linear and semilinear heat equa-
tions has been studied in [1, 2, 12]. In this Note, we will be concerned with this question in the
case of the previous Stokes-like system.

As in the previous references, we will impose the following geometrical hypothesis:

wnN O £ 0. )
The main results of this Note are the following:

Theorem 1.2 Let T > 0 and assume that (5) is satisfied. Then, for each ¢ > 0, there exists a
control h € L?(w x (0,7T)) which is e—insensitizing ®.

Theorem 1.3 Under the assumptions of Theorem 1.2, if we also have vy, = 0, there exists a
constant M (92, w, O, T) > 0 such that, whenever

/OT/Qexp (M/t*) T? dz dt < oo,

there exists a control h € L?(w x (0, 7)) which is insensitizing ®.



2 Proof of the main results

Let us first give a characterization of the insensitivity (resp. -insensitivity) properties in terms
of the null controllability (resp. approximate controllability) of an appropriate cascade system.
This is obtained by differentiating ® with respect to the parameter 7 and following a standard
argument, see [1, 12]:

Proposition 2.1 Let (@, p, g, 7) be the solution of the following system:

—At+a+ (1+z)kANa+Vp=T+hl, in Q,
—¢—A¢+q— (1+z)kNqg+Vr=1lp in Q,

diva = 0, le(] =0 in Q, (6)
t=q=0 on X,
Uli—o = ug , gli=r =0 in Q.

Then the control A is insensitizing ® (resp. e-insensitizing @) if and only if
qli=o =0 (resp. [[gli=ollon < €)- (7)

In general, for linear problems, it is well known that approximate controllability is equivalent
to a unique continuation property of the associate adjoint system and that exact controllability
reduces to suitable observability estimates. We will now present the main steps in the proofs of
Theorems 1.2 and 1.3, which are inspired by these general principles. Full versions of the proofs
will appear in a forthcoming paper.

Proposition 2.2 Assume (5). Let (2,7, ¢, 8) be the solution to

—z—Az+z—(1+x)kNz+Vr=0¢lp in Q,

O —Ad+ o+ (1+2)kANGd+VO=0 in Q,

divz =0, divg=0 in @, (8)
z2=0, ¢=0 on X,

2lier =0, @limo=¢o in Q,

where ¢o € V. Then, if z = 0inw x (0,7), we necessarilyhave z = ¢ =0and Vr = VA =0
inQ.

Sketch of the proof: Let us put w = w N O. We will prove a more general result saying that

—z1—Az+z—(1+2)kNz+Vr=0¢lp in Q,

or— Ao+ o+ (1+2)kANp+VOI=0 in Q, )
dive=0, divg=0 in Q,

¢1:0 on 21, ¢‘t:0€v,

where ; = (N Cy) x (0,T), C1 = {(z1,22) € Q : I sit. (29, 25) € @}. Then, if z = 01in
w % (0,7), we necessarily have ¢ = 0 in @). We first notice that curl¢ = 0 inw x (0,7"). Then,
applying the curl operator to the second equation of (8), in view of the presence of the Coriolis
term and the fact that div¢ = 0, we deduce that ¢, = 0 in @ x (0,7) and ¢, is a constant in
w x (0,T).



Let us introduce ¢ = 0¢/0x1 and m = 00/0z; . We have

=AY+ 4+ (1+z)kAYv+Vr=0 in Q,

divyy =0 in Q,

=0 in wx(0,7T),

(v,7) € L2(0,T; H) x D'(Q)-
From the uniqueness property in [4], one has that ¢» = 0 in Q. Since 0¢;/0x1 = 0,17 = 1,2,
and divg = 0 in @, we have Vg, = 0 in @, and from ¢ = 0 in @ x (0,7), we deduce that

¢2 = 0in Q. On the other hand, since d¢;/0x1 = 0in @ and ¢; = 0 on X, we obtain ¢; = 0 in
Cy x (0,7). The uniqueness properties in [3] give ¢; = 0 in Q, as desired. O

Remark 1 In [3], appropriate unique continuation properties have been deduced for the Stokes
system, where the main assumption is that all components of the velocity except one vanish in an
open non-empty subset of ). At present, we do not know whether a similar result remains true
for (8). O

The unique continuation property contained in the statement of Proposition 2.2 is equivalent
to Theorem 1.2. This proves our first main result. On the other hand, Theorem 1.3 follows from
the following observability estimates:

Proposition 2.3 There exist constants M, C > 0 depending on 2, w, O and T such that the
following inequality holds true

T T
/ /exp (—=M/t*) 2 dz dt < C’/ /z2 dx dt
0 JQ 0 Jw

for every solution of (8) with ¢y € V.

The proof of Proposition 2.3 relies on certain global Carleman estimates for the cascade
system (8). More precisely, let us introduce the weight functions

{ a(z,t) = (ePmllo — eAmo)g=4(T — ¢)=4 &(t) = ming oz, t),
p(z,t) = (4T —1)™,  ¢(t) = maxgp(z,1),

where 7, € C*(Q) is a function satisfying:

n’ >0inQ, n’=0onT, 'V’ >0inQ\ (wNO).

(10)

The existence of such a function n° is guaranteed in [5].

Proposition 2.4 Assume (5). There exists § = §(Q,w, O)(T* + T'°), with 5 > 0, such that for
all s > sand forall 4 < 1 there exist A > 1, 8 > 1,and C > 0 such that for any A >\, 8 > B,
and v < 4, one has:

/ / —2s ( (|AZ* + |2*) + sX2p|V2|* + 33)\4<p3|z|2> dx dt

//e_ L)sa 38 2|2 da dt
0 Jw

for every solution of (8) with ¢o € V/, where the constant C' depends on ©,w, O and T, but is
independent of (z, r, ¢, 6).

(11)



Sketch of the proof: We first write the global Carleman inequalities for the Stokes equations
given in [7, 6] for both systems in (8). The task is then to estimate the integral of ¢ in terms of
z. To this end, the main idea is to follow the steps of the proof of proposition 2.2 in the reversed
order. Thus, we estimate ¢; in terms of V¢, then V¢, in terms of ¢, then ¢, in terms of
curl ¢ and, finally, curl ¢ in terms of z. At each step, the weight increases. At the end, we find
an inequality like (11) with some additional terms in the right hand side that can be suppressed
using an appropriate compactness-uniqueness argument. O

Remark 2 It must be emphasized that the presence of the Coriolis term plays a crucial role in this
argument. It is not clear at all whether theorem 1.3 holds for (1) when f, = 5 = 0. O
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