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Abstract. We analyze in this work a spatio-temporal optimal design problem governed by a
linear damped one-dimensional wave equation. The problem consists of simultaneously seeking the
spatio-temporal layout of two isotropic materials and the static position of the damping set in order
to minimize a functional depending quadratically on the gradient of the state. The lack of classical
solutions for this kind of nonlinear problem is well known. We examine a well-posed relaxation
by using the representation of a two-dimensional divergence-free vector as a rotated gradient. We
transform the original optimal design problem into a nonconvex vector variational problem. By means
of gradient Young measures we compute an explicit form of the “constrained quasi convezification” of
the cost density. Moreover, this quasi convexification is recovered by first order laminates which give
the optimal distribution of materials and damping set at every point. Finally, we analyze the relaxed
problem, and some numerical experiments are performed. The novelty here lies in the optimization
with respect to two independent subdomains, and our contribution consists of understanding their
mutual interaction.
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1. Introduction—Problem statement. Let us consider the following damped
wave equation posed in (0,7") x €

utr — Vi ([aX,, + B(1 — X)) |uz) + d(z) Xp,ur =0 in (0,T) x £,
(1.1) u=0 on (0,7) x 09,
u(0,7) = (), u(0,) = us (x) in 0,

for any bounded interval 2 of R and any positive time 7. X, and &, designate
respectively the characteristic function of two subsets wy C Q x (0,T) and ws C Q,
both of positive Lebesgue measure |w;| and |wz|. We assume that 0 < oo < § and that
the damping potential d € L>(; R™) is such that d(z) > d > 0 for all # € wy. Finally,
we assume that the initial data (ug,u;) are in Hg(2) x L?(2) and are independent of
w1,ws, and d. System (1.1) is then well posed, and there exists a unique weak solution
such that w € C ([0, T]; H} (©2)) N C* ([0, T]; L*(Q)) (see [16]).

As is well known, system (1.1) models the stabilization of an elastic string made of
two materials o and 3 located on wy and ((0,7") x 2))\w1, respectively, by an internal
dissipative mechanism located on wy. The unknown (¢, z) represents the transversal
displacement of the string at the point z and at time ¢, while uy and u; designate the
initial position and velocity, respectively.
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Following similar works [9, 15], we address the very important question of deter-
mining the best space-time layout of materials « and 3 in Q% (0,7") and the best space
distribution of damping material in order to minimize some cost depending on the
square of the gradient of the underlying state u. Precisely, introducing the functions
ao,ap € L*((0,T) x Q;R% ) and

(1.2) a(t,z, Xy,) = Xy aa(t, z) + (1 — Xy, )ag(t, ),

we consider the following nonlinear optimal shape design problem:

T
(1.3) (P)  inf I(le,XW)://(uf+a(t,m,le)|ul.\2)dxdt
Koy sXiog 0JQ

subject to

w fulfills (1.1),
Xy, € L2 x(0,7);{0,1}), X, € L™(Q{0,1}),

(1.4) / X, (t,2)dx < Lo|Q| Vte (0,T), Ly € (0,1),
Q

/ X, (@)de < LalQ, L€ (0,1).
Q

The constraint (1.4)s requires that for all ¢ € (0,7) the volume fraction of the a-
material be lower than L, given in (0,1). The constraint (1.4)4 requires that the
volume fraction of the damping material be lower than Ly given in (0, 1).

Optimal design problems in conductivity and elasticity have been extensively
studied in the last decade from various perspectives (e.g., the homogenization ap-
proach [1, 24], shape derivative [6, 7], topological derivative [27], variational formula-
tion [5, 26], simulation-oriented approaches [4, 12], etc). Under the hyperbolic laws,
much less is known. A pioneer work in this direction is [18], where the author ana-
lyzes the hyperbolic G-closure for a similar optimal control problem (see also [17] for
a general report on dynamic materials). On the other hand, an interesting analysis
for optimal control problems under the wave equation in greater dimensions is de-
scribed in [8], where the control is a time dependent coeflicient. Let us also mention
[3], where the authors examine time-harmonic solutions of the wave equation, prove a
relaxation result for the corresponding design problem, and obtain existence of clas-
sical solutions for some particular cases. Finally, shape analysis for noncylindrical
evolution problems is considered in [7] (and the references therein).

More recently, a one-dimensional (1-D) hyperbolic optimal control design problem
with designs depending both on x and ¢ has been addressed in [20]. This corresponds
to the problem (P) with wy = @ and a minimization with respect to w; only. A
full relaxation of the associated problem is given and numerically justified if the gap
B —a > 0is large enough. On the other hand, the pure damping case (corresponding
to wi; = () and a minimization with respect to ws only) has been studied similarly in
[13, 21, 22]. Once again, it appears that the well-posed character of the problem relies
on the amplitude of the function d. In this work, we aim at mixing these two cases
and minimize I with respect to wy and ws simultaneously. In this respect, we derive
and analyze a well-posed relaxation of (P). The approach is based on an equivalent
variational reformulation of the original problem as a nonconvex vector variational
problem: following [2, 26], we transform our scalar problem with differential con-
straints into a vector variational problem with integral constraints (where the state
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equation is implicit in the new cost function). It is well known that the nonexistence
of optimal solutions for vector variational problems is related to the lack of quasi con-
vexity of the cost functional I (see [11]). Therefore, by using gradient Young measures
as generalized solutions of variational problems, we compute an explicit relaxation of
the original problem in the form of a relaxed (quasi-convexified) variational problem.

To the knowledge of the authors, this work is the first considering a bidesign
problem. Our contribution consists, first, of adapting relaxation techniques in this
case, and then, of studying the interaction between the two optimal designs w; and
wa.

The rest of the paper is organized as follows. In section 2, we describe in detail the
equivalent variational reformulation (denoted by (VP)) as well as a general relaxation
result when integrands are not continuous and may take on infinite values abruptly.
Section 3 presents the computation of the constrained quasi convexification of the
underlying integrand of (VP). The first part is concerned with the computation of
a lower bound—the constrained polyconvexification—by using in a fundamental way
the weak continuity of the determinant. The second part is concerned with the search
for laminates furnishing the precise value of the lower bound in an attempt to show
equality of the three convex hulls (poly-, quasi-, and rank one convex hulls). This
provides the well-posed relaxation (RP) stated in Theorem 3.4. In addition, the
optimal Young measure permits us to describe precisely the optimal microstructure
(see Theorem 3.5). Section 4 is devoted to the analysis of the relaxed formulation. In
section 5, we present some numerical experiments which justify the introduction of
the relaxed formulation (RP) and present a simple penalization technique to obtain
some elements of a minimizing sequence for (P) from the relaxed optimal solution of
(RP).

2. Variational reformulation and relaxation. In order to apply suitable re-
sults of calculus of variations [11, 25], we first reformulate the problem (P) into a
classical vector variational one. To this end, following [2, 19, 26], we use a char-
acterization of divergence-free vector fields. Precisely, since the subset wy is time
independent, the state equation of system (1.1) can be written as

(2.1) div(uy + d(x)Xoyu, —[ad, + B(1 — Xy,)]ug) =0,

where the operator div is defined as div = (J¢, V). Then, under the hypothesis
of simple-connectedness of 2 and from the characterization of the 2-D divergence-
free vector fields (see, for instance, [14], Chapter I), there exists a potential v €
H(2 x (0,T)) such that the above formula is equivalent to the pointwise constraint

(2.2) < o ;(tl i ) _ RV = —d(2) X, 1,

where

(2:3) a:(g> W:(;’i>, R:(? _01>

R is the counterclockwise m/2-rotation in the (x,t)-plane. We then introduce the
vector field U = (u,v) € (H*(Q x (0,T)))? and the manifolds A, \ as follows:

Ay ={Ae MP?: M_AY — RA® = )e1}, v=aq,B, and X € R,
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where A, i = 1,2, stands for the ith row of the matrix and

(2.4) M_7:<(1) _07> 61:((1)).

It is clear that we can identify the design variable (X, , X,,,) with the vector field U =
(u, v); conversely, a pair U = (u, v) which verifies (2.2) determines characteristic func-
tions (X, X.,), so that we can consider the new design variables U = (u,v), where
U :R? — R? and VU(t,z) € R**?. Then, for any 2 x 2 matrix A = (a;;)1<i,j<2), We
consider the following three functions:

aty +an(t,x)al, if A€ Ay oU Ay o,
aiy +ag(t,x)aiy if Ae (AgoU A _a@yuvm)

W(t,x, U, A) =
) \(AOé,O U Aa,—d(m)U<1))7
400 else,
1 ifA€NaoUA, _gvm,
Va(t7 x, [Jv7 A) = O lf A S (Aﬁ70 U Aﬁ,*d(m)U(l)) \ (A(x,O @] Aa,fd(a:)U(l)%
400 else,
1 lf A E (Aﬁ,fd(:r)U(l) U Aa,fd(x)U(l))?
Vd(t, z,U, A) = 0 ifAe (Agyo U Aay()) \ (Aﬁ,—d(x)U(l) U Aa,—d(ac)U(l))’
+oo else.
Then, noting that
(2.5) {z €, X, (z,t) =1} ={z € Q,V,(t,z,U,VU) =1} Vte (0,T)

and
(2.6) {r €0, X,,(x)=1}={z € Q,Vy(t,z,U,VU)=1 Vte (0,T)},

the optimization problem (P) is equivalent to the following vector variational problem:
T
(2.7) (VP) m= iI(}f/ / W(t,x,U(t,z), VU(t, z))dxdt
0Ja

subject to
(2.8)
U= UV, U?)e HY((0,T) x )2,

UD(0,2) = uo(x), UM (0,2) =ui(x) in €,
UM =0 in (0,7) x 99,

/Va(t,w, U(t, 2), VUt 2))dz < Lo|Q| ¥t € 0,7,
Q

/ Valt, 2, Uty 2), VU (t,2)) x Va(0,, U(0,2), VU(0,2))dz < LaQ| Vit € [0,T].
Q

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/10/16 to 150.214.182.169. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

DESIGN PROBLEM FOR THE WAVE EQUATION 113

Therefore, this procedure transforms the scalar dynamical problem (P), with differ-
entiable, integrable, and pointwise constraints, into a nonconvex vector variational
problem (VP) with only pointwise and integral constraints.

We are now going to analyze the nonconvex vector problem (VP) by seeking its
relaxation. We use Young measures (see [25]) as a main tool in the computation of
the suitable density for the relaxed problem. Let us recall the following definition.

DEFINITION 2.1. The constrained quasi convezification of the functional W is
defined as

(2.9) CQW(t,x,U, A, s, 1) = inf{ W(t,z,U, A)dv(A) :v € A} ,
M2x2

14

where

A= {1/ :v is a homogeneous H'-Young measure,
(2.10) F :/ AdV(A),/ Va(t,z,U, A)dv(A) = s,
M?2x2 M?2x%x2
/ Vit 2, U, A)dv(A) = r Vi € [O,T]}.
M2x2
We then introduce the following minimization problem:

T
(2.11) (RP) m= inf /0/QCQW(t,x,U(t,x),VU(t,x),s(t,x),r(x))dzdt

(U,s,r)
subject to
U=UWYU?)e HY(0,T) x Q)?,
UD(0,z) = uo(x), Ut(l)(O,o:) =ui(z) in €Q
(219) UM =0, in (0,T)x 9,

0<s(t,z) <1, / s(t,x)dr < L,|Q| Vvt e [0,T],
Q

0<r(z)<1, / r(z)dr < Lg4|Q).
Q

The functions s and r denote the pointwise volume fraction associated with the a-
material and the damping set, respectively.

Then, the following relaxation result (initially obtained in the elliptic case in
[2, 26]) can be proved: (RP) is a full relaxation of (VP) in the sense of the following
theorem.

THEOREM 2.2. Assume that the initial data of system (1.1) have the regularity

(2.13) (ug,u1) € (H*(Q) N HY(Q)) x HJ (D).
Then, problem (RP) is well posed and the following equality holds:
(2.14) m=m (i.e., inf(VP) = min(RP)).

Moreover, the minimum (U, s,r) codifies (in the sense of Young measures) the optimal
microstructures of the original optimal design problem.
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Remark 2.3. In order to represent the limit of the cost function I associated with
a minimizing sequence, say {X., j, Xw,;};, through its associated Young measure,
we need equi-integrability for the sequence |us ;| + a(t,z, X, ;)|Vu;|? (see [25]).
Equation (2.13) is a sufficient condition to get this equi-integrability. We refer to
[22, 23] for the details.

Therefore, Theorem 2.2 reduces the determination of a relaxed formulation to the
computation of the constrained quasi convexification CQW associated with W.

3. Constrained quasi convexification. In this section, we solve the optimiza-
tion problem (2.9), leading for all (U, F, s, ) to the value of CQW (¢, x,U, F, s,r). The
main difficulty is that we do not know explicitly the set of the admissible measures A
defined in (2.10). We then follow the same strategy as in [26]. Consider two classes
of a family of probability measures A,, A* such that

A, C AcC A~

We first calculate the minimum over the greater class of probability measures A*,
and then we check that the optimal value is attained by at least one measure over the
narrower class A,. This fact tells us that the optimal value so achieved is the same
in A, and hence we will have in fact computed the exact value CQW (¢, z, U, F, s, ).

Following [26], we choose A* as the set of polyconvex measures, which are not nec-
essarily gradient Young measures, and therefore obtain a lower bound (the constrained
polyconvexification). The main property of these measures is that they commute with
the determinant. This constraint can be imposed in a more-or-less manageable way.
We also choose A, as the class of laminates which is a subclass of the gradient Young
measures. By working with this class, we would get an upper bound (the constrained
rank one convexification).

In what follows, in order to simplify the expression, we note A, 1 for A, _ A(z) UM -

3.1. Lower bound: Polyconvexification. We compute the constrained poly-
convexification defined as follows.

DEFINITION 3.1. The constrained polyconvezification CPW of the functional W
is given by the following minimization problem:

(3.1) CPW(U, F,s,r) = min{ W(U,A)dv(A) :v e A*} ,
v M2x2

where

A*(F,s,1) = {1/ v is a homogeneous Young measure,

v commutes with the determinant,

F = / Adv(A),
M?2x2

s:/MZXQVa(U,A)du(A), r:/MZXQVd(U,A)du(A)}.

In this respect, we exploit that v belongs to the class A*. First, from the volume
constraints (3.2)4, the measure v has the following decomposition:

(3.3) v=s(rve1+ (1—7r)ao)+ (1—35)(rvg1+ (1 —r)vso)
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with supp(vy,2) C Ay a7 = @, 3, A =0,1. Therefore, if we introduce
F’Y”\:/ Advyy, v=a,8,2=0,1,
Ay x

then the first moment constraint (3.2)3 leads to the following expression:
(3.4) F=s(rF*' + (1 —7r)F*") + (1 —s)(rF%! + (1 —r)F50).
Now, from the property F7* € A4 x, we have, for v = o, 3,

,0 ,0 ,1 ,1
(3.5) { Ry and { Dt e

,0 ,0 )1 )1
—F);" —yF5 =0, —F)y —yF5 =0.

Substituting (3.5) into the system (3.4), we obtain a noncompatible system on F7*
unless the condition

(3.6) Fi1+ Foo =71A

holds. Assuming henceforth this compatibility condition, (3.4)—(3.6) lead to

Fi'=ca, F'=c, F’=c, Fy'=ca, F}' =c,
g1 Fin—rsci —s(1—r)co — (1 —5)(1—7)c3
Fy = )
(1—s)r
3.7 F Fio— (8 —
(3.7) Flogo: 51 + BF12 — (B — a)rseq = filea),
(L=7)s(8—a)
—Fy —aFis — (B8—a)r(l —s)cs
FA0 = =
: T na-9@-a 7
where ¢; € R, ¢ =1,...,5, are parameters.

On the other hand, if we take a matrix A = (a;;)(1<i j<2) € Ay x With v = «, 8
and A = 0,1, then the equality

det A= AWM _ AN — xAWe,
and the constraint on the commutation yield

det I :/ det Adv(A)
M2x2

3.8 a
(3:8) = — S 4+ A (sFY A+ (1= ) FPY) + as(rSaq + (1 — 7)Sa,0)

+68(1 - S)(T‘S@l +(1- 7‘)5570),

where

2x2

(3.9) Syx = / aldvy A(A), v=a,3,A=1,0, S = / a3 dv(A).
Ay M

Similarly, the cost function can be written as
(3.10)

W(U,A)dv(A) = S1+aas(rSa1+ (1 —7)Sa0)+ag(l—35)(rSs1+(1—7)Ss0)-
M2><2
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Finally, using Jensen’s inequality, we obtain

/ alde%)\
Ay

s

2
(3.11) Siyx :/ afydvy \ > = |F
A

s

and

2
= |Fi1|*.

Sl Z ‘/ audl/(A)
M2x2

As a conclusion, from (3.8), (3.10), (3.11), the polyconvexification problem (3.1) is
reduced to the following mathematical programming problem:

(MPP) s rélin ) S1 4 aas(rSai + (1 —7)Sa0) +ag(l —s)(rSg1+ (1 —1r)Ss,0)

subject to

det F = Mr(sFy + (1= s)FOY) = Sy
+as(rSa1+ (1 —7)Sa0)+ 61 —s)(rSg1+ (1 —71)Ss,0),
Son>(FEN?, v=a,8, A=0,1; S > (Fn)?

The resolution of this problem leads to the following expression of C'PW.
PROPOSITION 3.2. The polyconvezification (3.1) is explicitly given by

(42
|Fia)? + W\ﬂﬂz + Py ?
ag ) if Y(F,s,r) =0,
(3.12) CPW(U,F,s,r) = +(1_S)(TQ)Q\OKF12 + P
400 else,
where
a
(F,s,7) = —det F — |Fi1 | + ArFiy + ————|BF12 + Fo |?
o1 SB—a)
' B 2
——|aF; Fo .
@ oap et
Proof. From (3.7), we obtain that
(3.14) r(sF 4+ (1= s)FYY) = Fiy — (1 —7)ea — (1 — s)(1 — )cs.

Consequently, the problem is

s rgin : S1 4 aas(rSa1+ (1 —7)Sa0) +ag(l —s)(rSg1+ (1 —1)Ss,0)
1,5, x,Ci

subject to
(3.15)
det F = A(Fy1 — s(1—7)ca — (1 = s)(1 = 7r)c3) — 51

+as(rSo1+ (1 —7)Sa0) + 81 —s)(rSs1+ (1 —1)Ss0),
Saq >¢q, Sgi =2, Sao > filea), Spo > fi(cs), Si> (Fn)
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Since a, and ag are positive, the minimum is obtained when the equalities hold in
(3.15)2 with a suitable choice of the constant ¢y and cs in (3.15);. Therefore, the
minimum is

(3.16) |Fl + aas(rei + (1= 1) fi(ca) + ag(1 = s)(re3 + (1 =) f3(c5))-

The minimization of (re + (1 — r)f2(c4)) with respect to c4 leads to

(317) Cq = (ﬂF12 + F21) = F1042,1

o
s(B—a)

and then

2
(3.18) (rci + (L —1r)fi(ca)) = < (BF12 + F21)> =ci=Sa1.

o
s(8—a)

Similarly, we obtain

—_

(3.19) Cy; = — (OéFlg + Fgl) = Flﬁél

(1—=5)(8—0a)
Then, Writing det F' = F11F22 — F12F21 = 7F121 + )\’I‘Fll - F12F21 from (36), the

relation (3.15); becomes

/\’I“FH — F12F21 = )\(Fn — 8(1 — ’I“)CQ — (1 — 8)(1 — 7")03) + ﬁ|ﬁFm + F21|2
p 2
+W|O¢F12+F21|

and implies the equality A(1 — 7)Fy1; = A1 — r)(sc2 + (1 — s)c3), and then (sco +
(1 — s)cz) = Fyp. This leads to the expression of CPW. Moreover, note that since
¢y = F% and ¢3 = F°, the relation Fyy = sF& 4+ (1 — s)F3° implies

(3.20) Fe0 = FPO =
and then, from (3.15)a,
(3.21) Fy'=Fy'=Fn. O

Remark 3.3. From (3.6), —det F' — |F11|* + A\rFy; is simply Fi2Fy; and

(3.22)
2 B 2
¢(F7577“):F12F21+5 2|5F12+F21‘ +W‘QF12+F21|

s(5 - )
= m Fy1 + Fia(as + B(1 — s))} [aﬂFm + Fy(a(l — s) + Bs)

does not depend explicitly on r.
The polyconvexification CPW gives a lower bound of the constrained quasi con-
vexification. In the next section, we prove that this bound is in fact attained.
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Aa,O Aa,l

1%
%

A\

Ap.o

Fic. 3.1. Geometrical decomposition of F'.

3.2. Upper bound: Searching laminates. In order to prove that the lower
bound given by the polyconvexification is in fact the optimal value, we now search a
measure v in the class A, of laminates which recover it. Precisely, we exhibit a v with
the decomposition (3.3) and first moment F' which satisfies a rank one condition.

First, from the optimality conditions (3.5), (3.17), (3.21) and the strict convexity
of the square function, we deduce that
(1/3) —5

11
V( ):5F11 and l/,y7 F{yQ,X,

and therefore
Uyx=0pya  withy=0q,8, A=0,1,

where the matrices F7* are

Frl— Fi Yy , F0 — Fi Yy
Yy —Fi1—A vy —Fi1

with v = a, 8 and

1 -1

(3.23) Yo m(ﬁﬂz + ), yp = (DR

(aF12 + Fa1).

The unique possible measure v which admits the decomposition (3.3) is then
(geometrically; see Figure 3.1)

(3.24) v=238(répar + (L = 7)0pa0) + (1 — s)(répsa + (1 —7)0ps.0).

Let us now check that v is actually a laminate; i.e., we check that there is a rank one
connection between the support of deltas. On the one hand, for v = «, 8, the relation

0 0

v, _ 7;0:
Pl F (0 2

) = b®€2 Wlth b: (0,7)\),62 = (0,1)
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indicates that the direction of lamination of the set of damping has to be with normal
€. On the other hand, the relation

0 _
a,l . a,0y 3,1 . 38,0y __ Yo — Yp
(rF" + (1 —r)F*°) = (rFP +(1 —7r)F"?°) = ( Buys — e 0 )

= (0,90 — yp) ®e1 + (aya — Bys,0) ® €2

(3.25)
implies that v is a laminate if and only if

0 Yo — Yp >
d t = 0 <> o — _ o) = O
‘ ( Bys — aya 0 (Yo — y8)(BYs — aYa)

Furthermore, from (3.22) and (3.23), we obtain that

(3'26) '(/J(Fv S, ’I“) = 5(1 - S)(aya - ﬁyﬁxya - yﬁ)'

Consequently, the above rank one condition is equivalent to ¥ (F,s,r) = 0, which is
precisely the necessary condition for the polyconvexification to be finite (see Proposi-
tion 3.2). We then conclude that v is a first order laminate, i.e., belongs to the class
A,. Then, we remark that the conditions y, — yg = 0 and ay, — Bys = 0 are not
compatible because they imply yo = yg = 0 and then Fi5 = F5; = 0. We conclude
that the direction of lamination of the a or 3 material is e; = (0, 1) if yo —ys =0 or
e1 = (1,0) if Bys — ay, = 0.

In conclusion, for the measure (3.24), the quasi convexification CQW defined by
(2.9) coincides with C PW. Moreover, this provides an explicit expression of the full
relaxation problem (2.11) stated in the following paragraph.

3.3. Well-posed full relaxation (RP). From Proposition 3.2 and by setting
A = —d(2) UMD (t,x) = —d(x)u(t,z) and F = VU in (3.6), we obtain that the opti-
mization problem

U,s,r

. T
(3.27) (RP) min I(U):/O/QCQW(t,:E,U(t,:v),VU(t,w),s(t,:c),r(x))dxdt

subject to
U= (u,v) € (H'([0,T] x )%, ¢(t,z,VU(t x),s(t,z),r(x) = 0,
us + v, = d(z)r(z)u(t,z) in Qx(0,T),
UM(0,2) = uo(z), UL (0,2) =uy(z) in
UM =0 in 8Qx[0,T),
0<s(t,x) <1, /s(t,x)deLam\ Yt € 0,77,
Q

0<r(z) <1, /r(x)dngd\m,
Q

where
(3.28)

Fos,r) = [Flu|? + —2  18F+ Fy? + ——2 _|aFyy + Fy)[?
CQW(U, F,s,r) = |F11] +5(ﬁia)2\ﬂ 12 + I +(1—s)([3—a)2|a 12 + Fo1)
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and
(3.29)
a
Y(F,s,7) = —det F — |Fy1[> + ArFyp + WWFM + Fy|?
+ %MFH + Fy|?
(1=35)(8-a)

for any

_(Fn Fio
F—(F21 Foy ) s, € R,

is a full well-posed relaxation of (VP) in the following sense.

THEOREM 3.4. The variational problem (RP) is a relaxation of the initial opti-
mization problem (VP) in the sense that

(a) the infima of both problems coincide;

(b) there are optimal solutions for the relaxed problem;

(c) these solutions codify (in the sense of the Young measures) the optimal micro-
structures of the original optimal design problem (see Theorem 3.5).

Moreover, we can compute explicitly optimal microstructures, as follows.

THEOREM 3.5. Optimal Young measures leading to the relaxed formulation are
always first order laminates, which can be given in a completely explicit form:

e for the damping case the optimal microstructures are

(3.30) r(z)é1 + (1 — r(x))bo

with normal direction of lamination es = (0,1);
e for the material case, the optimal microstructures are always

(3.31) s(x, )b + (1 — s(x,t))é3

with normal direction of lamination ez = (0,1) (if yo —ys =0) ore; = (1,0)
(if oy — Bys = 0), depending on each point.
Remark 3.6.

e The direction of lamination of the set of damping equal to e; = (0, 1) is in
full agreement with the time independence of the subset ws, support of the
dissipative term.

e It is interesting to note the influence of the damping term X,,,d(z)u; on the
order of the laminates associated with the optimal Young measure. Without
this damping term (i.e., when wy = )), the analysis of the relaxation of (P)
(see [20]) reveals that the constrained quasi convexification is recovered by
either first- or second order laminates, obtained when ¥(VU,s) < 0 and
¥(VU, s) > 0, respectively. Here, even for arbitrarily small positive value of
||d|| Lo () or |wa|, the optimal laminates are always of first order, obtained
on the set ¥(VU,s) = 0. This clearly highlights the smoother effect of this
term.

4. Interpretation of the relaxed problem (RP) in terms of u. The quasi-
convexified density depends on the gradient of U, verifies pointwise constraints, and
may take the value +oo abruptly. For these reasons, the numerical approximation of
the problem (RP) is not standard and is a priori tricky. In this section, taking advan-
tage of the compatibility conditions, we analyze more deeply the relaxed formulation
(RP) and eliminate the auxiliary variable v = U(?) introduced in section 2.
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From the relation (3.26), the set {F';9(F,s) = 0} is decomposed into two disjoint
sets, {F;ya —yg = 0} and {F; ay, — Bys = 0}. Then, noticing that

Yo =Yg =0 <= Fo + Fra(as+5(1—s)) =0,

(4.1) Yo — Py =0 < Fy; + F L
Yo Ys = 21 12a_1s+ﬁ—1(1—s)

=0,

we may eliminate the variable F5; (i.e., v;) and write the quasi-convexified in terms
of F1; and Fis only, as follows:

[Ful? + (aas + as(1 = 5))[Fio| - if ya —ys =0,

QAo 2s+aga’(l—s .
(4.2) CQW(U.F,s,r) = |Fuf?+ 2222 Lo m | if ay, — Bys = 0,

+00 else.

We can now invoke the following lemma (we refer to [12] for the proof).
LEMMA 4.1. For all s € (0,1) and 0 < a < 3, we have

ag 203 aaf%s +aga?(l—s)
(4.3) ta = aig = das Fag(l =) < (ﬁczu;s)t(ﬁls)? )’

ag _ aafB°s +aga”(l—s

teZ 2a ottt sl X e

We are thus led to introducing the following problem:

. y T
(4.4) (RP) :inf I(s,r) = / / (ut(t,x)2 + G(s)ux(t,x)Q) dxdt
s,T 0 Q
subject to
use — Vo (H(s)ug) + d(x)r(z)us =0 in (0,T) x Q,
u=0 on (0,7) x 09,
(4.5) u(0,z) = ug(x), u(0,2) = uy(x) in ,
0<s(t,z) <1, [,s(t,z)de < La|Q| in [0,7] x Q,
0<r(z)<1, [,r(z)ds< L4Q] in
where
(46) G(s) :aas—i—aﬁ(l—s), H(S) :as—i—ﬂ(l—s) if Zf < a2fﬁ7
and
(4.7)
_aof?s+aga’(l—s) B 1 . ag _a+f
Gls) = (a(l —s)+ Bs)2 H(s) = a~ls+ 3711 —s) if o = 200

We assume henceforth that the positive functions a, and ag fulfill, for all z € Q,
either the property ag/ao < 28/(a+ 8) or ag/ay > (o + B)/2a.
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Problem (RP) with (4.6) (resp., (4.7)) is obtained from (RP) assuming that CQW
is given by (4.2)1 (resp., (4.2)2), then putting F = VU and A = —d(z)u(t,z), and
finally by eliminating the auxiliary variable v. Note that in the first case, H is the
arithmetic mean of («, 3), while in the second case, H is the harmonic mean.

Moreover, one cannot affirm, a priori, that problem (ﬁ’) is equivalent to (RP)
because the pair U = (u,v) which solves (RP) does not necessarily fulfill for all
(t,x) € (0,T) x Q the relation v, + uz(as + S(1 —s)) =0 (i.e., yo —ys = 0; see (4.1)
with F = VU) or for all (,z) the relation v; + u,(a™ts + 711 — s))~! = 0 (i.e,
ayo — Pys = 0). However, we may conjecture this equivalence thanks to the following
property. N

LEMMA 4.2. The equality inf(RP) = min(RP) holds.

Proof. Let us consider the first case in Lemma 4.1, ie., an/ag < 28/(a + 3),
leading to the arithmetic situation (4.6). In this case, (fﬁ)) is simply derived from
(VP) by replacing the set of characteristic functions X,,, € L*>((0,T) x Q,{0,1}) by
the larger set of density functions s € L>((0,T) x €,(0,1)). Therefore inf(f{\f’) <
inf(VP), and the conclusion follows from min(RP) = inf(VP) (see Theorem 2.2) and
min(RP) < inf (IﬁD) In the harmonic situation, we obtain the result using the same
arguments and Lemma 4.1. 0 .

We have transformed the problem (RP) into the problem (RP), where the auxil-
iary variable v does not occur anymore and is much easier to solve numerically. We
observe, however, that, since (RP) is not convex, one cannot ensure the existence of
solutions. The next section aims at investigating the numerical resolution of (ﬁ))

5. Numerical analysis of the relaxed problem. We address in this sec-
tion the numerical resolution of the problem (RP) in the quadratic case for which
(@a,as) = (1,1) and in the compliance case for which (aq,a) = (a, ). We first
describe an algorithm of minimization and then present some numerical experiments.
In order to simplify the presentation, we replace the volume constraint inequalities
(4.5)4 and (4.5)5 by constraint equalities.

5.1. Algorithm of minimization. We present the resolution of the relaxed
problem (RP) using a gradient descent method. In this respect, we compute the first
variation of the cost function with respect to s and 7.

For any n € Rt, n < 1, and any s; € L>=((0,7T) x ), we associate with the

perturbation s” = s 4+ ns; of s the derivative of I with respect to s in the direction
s1 as follows:
oI(s,r) o — lim I(s+nsy,r) — I(s, r)
ds n—0 n
THEOREM 5.1. If (ug,u1) € (H2(2) N HL(Q)) x HL(Q), then the first derivative
of I with respect to s in any direction sy exists and takes the form

7 T
(5.1) ol(s,r) s = / / (Gs(s)ui + H)s(s)uwng) s1 dxdt,
s 0JQ

where w s the solution of (4.5) and p is the solution in C*([0,T); HX(Q))N
CH([0,T); L*(Q)) of the adjoint problem
pit — Va(H(8)ps) — d(@)r(x)pr = uy + Vi (G(8)uy) in (0,T) x Q,
(5.2) p=0 on (0,T) x 99,
p(T,z) =0, p(T,z)=u(T, x) in Q.
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Similarly, the first derivative of I with respect to r in any direction r1 € L (Q) is
given by

al(s,r)

(5.3) 5 71 :/Qd(x)rl(x)/o u(t, x)p(t, z)dtdx.

Proof. We introduce the Lagrangian

5,0, 9) = // o7 + G(s)¢7) d:z:dt+//[¢tt H(s)¢s) +d(z )mt]quxdt

for any s € L=((0,T) x Q), ¢ € C([0,T]; H2(Q) 1 HA(Q)) N C([0, T]; HL(Q)), and
e C([0,T]; HY(Q)) n CL([o, ] 2(Q)) and then write formally that

ac 0 7] 7]
E 1= Ll o)+ (pLl 00 5 s )+ (.60, 50 ).

The first term is

(5.4) 3 L(5,6,4) 51 = //( &+H<WWQ&Mﬁ

for any s, ¢, ¢, whereas the third term is equal to zero if ¢ = u is the solution of (4.5).
We then determine the solution p so that, for all ¢ € C([0,T]; H?(2) N H(2)) N

CL([0,T]; HL(9)), we have
9 ¢>
<8¢ ( (bv ) a. 1> = Oa

which leads to the formulation of the adjoint problem (5.2). Next, writing that I(s) =
L(s,u,p), we obtain (5.1) from (5.4). The relation (5.3) is obtained in a similar
way. |

In order to take into account the volume constraint on s and r, we introduce the
Lagrange multipliers v, € L>((0,T); R), 7 € R and the functional

f,y(s,r) =1I(s,r)+ /OT ~s(t) /Q s(t, z)dzdt +*yr/ r(z)dz.

Q

Using Theorem 5.1, we then obtain easily that the first derivatives of ’Ivv are

aI T
s1 —// Y2 + H o (s)uzps)s1 d;l:dtJr/ ’ys(t)/sldxdt,
0 Q
T
M~r1 :/d(a:)rl(x)/ utpd:z:dtJr*yT/ ri(x)dz,
or Q 0 Q

which lets us define the following descent directions, respectively:
(5.5) s1(t,x) = —(Go(8)u2 + H o(8)uaps +vs(t)) V(t,x) € (0,T) x Q,

and

(5.6) ri(t,z) = — (d(x) /0 ! wy(t, )p(t, x)dt + %> vz € Q.
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Consequently, for any function 7, € L>(Q x (0,7),RT) with ||n]| 5 (0,1)x0)
small enough, we have E(s + ns81,7) < iy(s,r). The multiplier function -y, is then
determined so that, for any function 7, € L*°((0,T) xQ,R), |[s+nss1]|11(0) = La|Q|
for all t € (0,T), leading to

_ Ugst2)dz — La|Q) — Jons(t, 2)(Gs(s)uf + H o(s)taps) du
Jons(t,z)dx ’

Finally, the function 7, is chosen so that s + ns; € [0,1] for all (¢,2) € (0,T) x Q.
A simple and efficient choice consists of taking ns(t,z) = es(t, z)(1 — s(t,z)) for all
(t,z) € (0,T) x Q with € small and positive.

Similarly, the choice

_ or@)dz = LaQ) = fone(@)d(w) fy ue(t,0)p(t, ) dtda
fQ ne(z)dz

with n.(z) = er(z)(1 — r(x)) for all z € Q permits us to ensure the condition ||r 4+
nerillp) = Lal€. N
The descent algorithm to solve numerically the relaxed problem (RP) may be
structured as follows.
Let Q C R, (ug,u1) € (H*(Q)NHZ(Q)) x HF (), Lo, Lg € (0,1), T > 0,0 < a <
B, ag,aq € L=((0,T) x ;R%), and € < 1, 1 < 1 be given;
e Initialization of the densities s € L°((0,7 x ©;]0,1[) and r° € L*>(©;]0, 1]);
e For k > 0, iteration until convergence (i.e., |I,(sF1, rA+1) — [ (s%, rk)| <
1|, (s, 79)|) as follows:
— Compute the solution ugk . of (4.5) and then the solution pgr .« of (5.2),
both corresponding to (s,r) = (s, 7F).
— Compute the descent direction s¥ defined by (5.5), where the multi-
plier " is defined by (5.7). Similarly, compute the descent direction r¥
defined by (5.6), where the multiplier 7* is defined by (5.8).
— Update the density s* in (0,7) x  and the density 7% in Q:

PP = b poesk (1 — sF)sh, Pl =gk gk (1 — Rk

G.7) s()

(5.8) Yr

with ¢ € R™ small enough to ensure the decrease of the cost function,
sl e L°((0,T) x ©,]0,1]) and ¥+ € L°°(£, [0, 1]).

5.2. Numerical experiments. In this section, we present some numerical sim-
ulations for = (0, 1) in the quadratic case—(aq,ag) = (1,1)—and in the compliance
case—(aq, ag) = (e, §). Recalling the assumption 0 < a < 3, these two cases fall into
the arithmetic (see (4.6)) and harmonic (4.7) cases, respectively. From a numerical
viewpoint, we highlight that the numerical resolution of the descent algorithm is a
priori delicate in the sense that the descent direction depends on the derivative of
u and p, both solutions of a wave equation with space and time coefficients only in
L*>((0,T) x ;R%). To the knowledge of the authors, there does not exist any nu-
merical analysis for this kind of equation. We use a C%-finite element approximation
for v and p with respect to z and a finite difference centered approximation with
respect to t. Moreover, we add a vanishing viscosity and dissipative term of the type
(B — a)e?div(H (s)ugs) with e of order h—the space discretization parameter. This
term has the effect of regularizing the descent term (5.5) and leading to a conver-
gent algorithm. Finally, this provides an implicit and unconditionally stable scheme,
consistent with (4.5) and (5.2), and of order two in time and space.
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i |
01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1
t t

Fic. 5.1. (aa,ag) = (a,B). Optimal density s“™ on (0,T) x Q for (a,B,d) = (1,1.1,1) (top
left), (ar 6,d) = (1,1.1,10) (top right), (@, B,d) = (1,4,1) (bottom left), and (a, 6,d) = (1,4, 10)
(bottom right).

In what follows, we treat the following simple and smooth initial conditions on
Q=(0,1):

(5.9) up(z) = sin(wz), wi(x) =0,

and o = 1. Results are obtained with h = At = 1072 (At designates the time
discretization parameter), e; = 107°, L, = 2/5, Ly = 1/5, T =1, s%(t,x) = L,, on
[0,7] x Q, r°(z) = Ly on 2, and € = 1072 (see the algorithm).

We highlight that the gradient algorithm may lead to local minima of I with
respect to s and r. For this reason, we consider constant initial density s° and r° as
indicated above, which does not privilege any location for w; and ws.

We discuss the result obtained with respect to the value of 3 and of the damping
function d(z) = dXq assumed constant in Q: precisely, for (3,d) = (1.1,1), (8,d) =
(1.1,10), (6,d) = (4,1), and (8,d) = (4,10).

5.2.1. The compliance case—(aq,ag) = (o, 3). The compliance choice is
the most usual one, because the corresponding cost function I (see (1.3)) coincides
with the energy of the vibrating membrane described by system (1.1). This case falls
into the harmonic situation (4.7), G(s) = H(s) = (a™'s+ 871(1 — s))7!, and we
get easily that G (s) = (o — 8)G?(s)/(af3). We present some results obtained with
the following data: Figures 5.1 and 5.2 depict the iso-values of the optimal density
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F1G. 5.2. (aa,ag) = (o, B). Solid line: Optimal density " for (a, B,d) = (1,1.1,10) (left) and
(o, B,d) = (1,4,10) (right). Dashed line: Optimal density ri""™ = X0.4,0.6] for (o, B,d) = (1,1.1,1)
and (ayﬂz d) = (1747 1)

s and r!"™ respectively (obtained at the convergence of the descent algorithm). In
agreement with [20] (case we = (}) and [22] (case wy = ), results depend qualitatively
on the gap 8 — « and d. When 8 — a and d are small enough (function of the data
of the problem), here («,3,d) = (1,1.1,1), we observe that the optimal densities
are characteristic functions. In this case, problem (f{\f’) coincides with the original
problem (P) (we check that when s € L>((0,T) x €, {0,1}), i.e., s#™ = X, , then
H(s"") = as™ 4 3(1—s") = aX,, +B(1—X,,)). The original problem is therefore
well posed in the class of characteristic function: X,,, = s"™ € L>°((0,T) x ©;{0,1})
and &, = rl"™ € L>(0;{0,1}).

Precisely, /"™ = X1/2-L4/2,1/2+L4/2) = X0.4,0.6), and the optimal position for the
damping zone is—as expected according to the symmetry of up—the centered one:
wo = [0.4,0.6]. Moreover, the optimal distribution of («, 3)-material is time dependent
(see Figure 5.1(top left)), and we observe that the weaker material « (black zone on
the figure) is located, for each time ¢, on the point (z,¢) where the amplitude of u(z, t)
is the lowest: on the extremities of 2 at time ¢ = 0, and on the middle at time ¢ ~ 0.5.

If now we consider a larger gap 8 — «, for instance («, 8,d) = (1,4,1), the limit
density s'™ is no longer a characteristic function and takes values in (0, 1), highlight-
ing microstructure (Figure 5.1(bottom left)). This suggests that the initial problem
(P) is not well posed in the class of characteristic functions and does not coincide with
the relaxed problem (ﬁf’) This also fully justifies the search and introduction of a
relaxed well-posed formulation. We observe also that this gap is not enough larger to
influence the density r/*™: we still have r!™ = X0.4,0.6]-

Similarly, when we increase the value of the damping function d (and therefore
the dissipation of the system), the limit density /™ is no longer a characteristic
function (see Figure 5.2 for (a,3,d) = (1,1.1,10) (left) and («, 3,d) = (1,4,10)
(right)) but remains symmetric with respect to x = 1/2. The optimal domain is no
longer the centered position but an infinite union of disjoint intervals (see section
5.2.3). This damping term with d = 10 changes significantly the dynamic of u and
perturbs the optimal dynamical distribution of («, 3)-material (see Figure 5.1(right)).
For (a, 3,d) = (1,1.1,10), the function s'*™ remains a characteristic function.

Finally, we plot the integrand of the cost function f, i.e., the energy E(t) =
Jo(lue|? + G(s""™)|ug [*)dz with respect to time (Figure 5.3). Although the system is
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1,1)
1)
1,10) |
10)

= (alpha,beta,d)=(

(alpha,beta,d)=(
' (alpha,beta,d)=(
= (alpha,beta,d)=(

-~ -
~
LY

11

1.4,
1,1.
1.4,

~aa
~aa

F1c. 5.3. (aa,ag) = (o, B). Evolution of [,(lut|* + G(s"™)|uz|?)dx versus t € [0,T].

not necessarily dissipative when ws = (—we have the relation

%it) = Q/QHt(s)uidx72/Qd(x)7’(:v)ufdx

St

= zap(00 — —’LLQSU— xrmuQx

—we observe that the optimal (c, )-distribution leads to a dissipative system and
that the dissipation is monotonous with respect to (6 — ).

(5.10)

5.2.2. The quadratic case—(aa,ag) = (1,1). This case falls in the arith-
metic situation (see (4.6)), and the relaxed problem (RP) is then simply derived from
the original one by replacing (X, , X.,) by (s, 7).

Once again, the optimal distribution of («, #) and damping material strongly de-
pends on the gap of the coefficients. Moreover, the numerical results still suggest that
the original problem is not well posed if these gaps exceed critical values depending
on the data (see Figure 5.4). The main difference with respect to the compliance case
is observed for (, 3,d) = (1,4, 10): it appears that the density 7/ is a characteristic
function: 7™ = X|g.4.6) (see Figure 5.5). A greater value of d (for instance, d = 15)
is necessary to obtain values in (0, 1). This phenomenon is due to the dissipative effect
of the optimal («, §)-distribution and highlights the interaction between s and r (or
equivalently between wy and ws).

Contrary to the compliance case where the density varies somewhat smoothly (see
Figure 5.1), we observe in the bottom two panels in Figure 5.4 some high oscillations
of the optimal density s with respect to both ¢ and z (especially with (a,3,d) =
(1,4,10)). Due to the nonconvexity of the functional I(s,r) with respect to s in
the quadratic case, we recall that we do not know a priori whether the problem
(RP) defined by (4.4) is well posed: we can only ensure that inf(RP) = min(RP)
(Lemma 4.2). The situation is different in the compliance case because I is convex.
Therefore, these oscillations may be related to the possible ill-posedness of (f{f’)
These oscillations may also be caused, at least partially, by the numerical sensitivity
of the approximation, as discussed above. Figure 5.6 depicts the evolution of the
energy for the different values of «, 3, and d.
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F1G. 5.4. (aa,ap) = (1,1). Optimal density "™ (t,z) on Qx(0,T) for (o, B,d) = (1,1.1,1) (top
left), (ar 6,d) = (1,1.1,10) (top right), (@, B,d) = (1,4,1) (bottom left), and (a,,d) = (1,4, 10)
(bottom right).

0.1
0
L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

FiG. 5.5. (aa,ag) = (1,1). Solid line: Optimal density "™ for (o, B,d) = (1,1.1,10). Dashed
line: Optimal density '™ = Xjo.4,0.6) for (o, B,d) = (1,1.1,1), (o, 8,d) = (1,4,1), and (o, 3,d) =
(1,4,10).

5.2.3. Extraction of a minimizing sequence (X_x, X,x) from the opti-
mal density (s!*™,r!*™). Once we have the optimal microstructure of the (a, 3)-
material and damping material codified by the optimal density s and r, it remains
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—_— (alpha,be!a,d) (

(alpha,beta,d)=(

’ .~ v (alpha,beta,d)=(
= (alpha,beta,d)=(

1111)
1,4,1)
1,1.1,10) ||
1,4,10)

PN -
~a

F1a. 5.6. (aa,ag) = (1,1). Bvolution of [,(|lut|? + G(s""™)|us|?)dz versus t € [0, T.

(from a practical viewpoint) to extract from (s r!"™) a sequence of characteristic
functions (X,x, A, ;) such that limy_. f(Xw;f7Xw§) = J(sltm plim),

Recalling that r'""(z) is the volume fraction of the damping material at point
x, we proceed as follows. Let us decompose the interval €2 into M > 0 nonempty
subintervals such that 0 = U;=1 m[x;,z;41]. Then, we associate with each interval
[, j41] the mean value m; € [0,1] defined by

. mj = ' (x)dx
! Tj+1 — T4 T

and the division into two parts
(5.12) [2j, (1= myj)x; + myzjpa] U1 — my)a; + mizjn, xj4]-
Finally, we introduce the function 757" in L>°(£,{0,1}) b

M
(5.13) Tﬁjn T) = Z X[fﬂ_jy(l*mj)x.ﬁmjfﬁﬂ(x)'

j=1

We easily check that [[r7" |11 (o) = [|r"™||L1(q) for all M > 0. The bivalued function
rh" takes more advantage of the information codified in the density r/™. Similarly,
usmg that s(t,x) is the volume fraction of the a-material at point (¢, x), we associate
with s/ a sequence of bivalued functions sk € L>((0,T) x ,{0,1}) (see [20]).
For (o, 8,d) = (1,4,10) and (aq,ag) = (a 0), Figure 5.7 represents the function
rhi" 4o associated with the density rlm of Figure 5.2(right). Similarly, Figure 5.8
represents the function si”, ) associated with the optimal density sl of Figure

pen  pen

5.1(bottom right). Finally, we report in Table 5.1 values of I (s N i) for several
values of N and M. For M = N = 40, we obtain I(s5¢", r¢™) ~ 2.9803 which is very
near from the minimal value I(s"™, r!i™) ~ 2.9116. These numerical results suggest
the efficiency of this procedure to build optimal domains wy,ws composed of a finite
number of disjoints components and arbitrarily near the optimal distributions.
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0.9r-

0.7
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031

0.2

FIG. 5.7. (aa,ag) = (o, B). Characteristic function associated with the optimal density rlim

for (a, B,d) = (1,4,10). I(s'™ rlim) ~2.9116. I(st™ rh¢", ) ~ 3.0360.

FIG. 5.8. (aa,ag) = (o, B). Characteristic function associated with
for (o, B,d) = (1,4,10). I(sh™, rlim) ~ 2.9116. I(sRi,,, 71"™) ~ 3.0755.

(aa,ag) = (o, B). (a,B,d) = (1,4,10)—Value of the cost function T(SN

{10, 20, 30, 40}.

TABLE 5.1

pen _pen

N\M [ 10 20 30 40
10 5.6181 5.2869 4.7629 4.4181
20 5.0940 4.4721 4.0761 3.6712
30 4.4910 3.8931 3.4612 3.1321
40 4.2192  3.4821 3.0712  2.9803

Y

the optimal density st'™

) for M,N €
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6. Concluding remarks and perspectives. We have analyzed the response of
a 1-D damped string with respect to the spatio-temporal distribution of its longitudi-
nal stiffness. The relaxed formulation highlights the smoothing effect of the damping
term on the optimal spatio-temporal layout. Moreover, the numerical experiments in-
dicate the strong dependence of the optimal distribution on the initial data (ug,u).
In order to get free of this dependence, it would be interesting to consider, for instance,
an inf-sup problem of the form

(6.1) inf sup 1(Xor, Xy, w0, 1),
Ko Xz (ug,u1)€HE(Q)x L2(0)

where I designates the cost function (1.3). Another approach may consist of averaging
the cost function over all initial data of unit energy (we refer to [10] in a similar con-
text). Finally, at the numerical level, it seems important to investigate the numerical
approximation of the fully relaxed problem (RP) and compare it with the simplified

formulation (RP). These aspects will be addressed in the near future.
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