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Abstract. We study an optimal design problem consisting in mixing two anisotropic (electric
or thermal) materials in order to minimize a functional depending on the gradient of the state. It is
known that this type of problem has no solution in general, and then it is necessary to introduce a
relaxed formulation. Here we prove that this relaxation is obtained by using composite materials, is
constructed by homogenization, and takes a particular extension of the cost functional to these new
materials. We obtain an integral representation of this relaxed cost functional. Besides, we show
that our results contain some previous results obtained by other authors for isotropic materials.
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1. Introduction. We consider a control problem for a linear elliptic partial
differential equation where the control variable is the diffusion matrix (control problem
in the coefficients). This type of problem appears in optimal design. Recall that the
thermic or electric properties of a material are given by the corresponding diffusion
matrix, and so choosing an optimal matrix diffusion is equivalent to choosing an
optimal material. To simplify the exposition we consider a two-phase optimization
problem; i.e., we assume that the materials are constructed by mixing two fixed
materials (nonisotropic in general) represented by their diffusion matrices A and B,
which we take to be symmetric and elliptic.

As a model problem we consider the following one: For a bounded open set
Q c RY, we look for a measurable set w C € such that for a given source term
f € L*(Q) (or more generally in H~1(£)) the solution u of

—div (Axe + Bxo\w)Vu = f in €,
u=0 on I

minimizes a given functional J on the Sobolev space Hg(£2). We also assume that the
measure of w is less than or equal to ||, with 0 < k < 1; i.e., we dispose only of a
limited quantity of material A.

It is well known (see, e.g., [20], [21]) that, in general, this problem has no solution
(some existence results can be obtained in particular situations [12]), and so it is
necessary to relax the problem. By denoting, for p € [0,1], K(A, B,p) as the set of
matrices constructed via homogenization, mixing A and B with respective proportions
p and 1—p, and assuming J sequentially continuous for the weak topology of Hg (£2), it
is well known (see, e.g., [1], [11], [16], [17], [22], [24], [26], [27], [29]) that the relaxation
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of the model control problem is obtained by replacing the set of controls
(1.1) {Axw + Bxo\w : w C Q measurable, |w| < &|Q[}

by the larger set
(1.2) {(M7 ) measurable : 6 € [0,1], MeK(A, B,0) a.e. in Q,/Odac < K|Q|}
Q

In the present paper we are interested in functionals depending on the gradient
of the state function, and so they are not sequentially continuous in general on the
weak topology of H}(Q). For simplicity, we restrict ourselves to the functional

(1.3) J(u):/QF(Vu)derG(u), u € H (),

where F' is a Holder-continuous function in RY with a quadratic growth and G is
sequentially continuous for the weak topology of H{(2). Thus, the control problem
considered in this paper is given by

inf {/ F(Vu)dx + G(u)} ,
Q
—div (Axw + Bxo\w)Vu = f in €,
u € HHQ), w CQ measurable, |w| < x|Q|.

(1.4)

Some control problems related to (1.4) have also been considered by other authors.
In this way, for the case

(1.5) A=al, B=04l, J(u)z/ﬂ|V(u—v)|2d:c,

it is proved in [30] that there exists a dense subset of v € H!(2) such that, by taking as
control variable the functions of L () valuated in [0, 1], instead of the characteristic
functions of measurable subsets of €, problem (1.4) has a unique solution (the fact
that A = al, B = I is not relevant in the reasoning used in [30]).

Related to this result, we mention that, for N = 2, A = al, B = (I, and
F(&) = G(J€]), convex in &, and growth not necessarily quadratic, it is proved in [25]
that a relaxation of (1.4) can be obtained by just replacing the characteristic functions
by functions valuated in [0, 1].

On the other hand, a relaxation of problem (1.4) when A, B, and J are given by
(1.5) is obtained in [3], [10], [18]. We also refer to [15], [31], where, from a partial
relaxation, it is realized a numerical study of the problem.

Some relaxation and numerical results for (1.4) have also been obtained in [2]
when A and B are not necessarily scalar matrices but B — A is small.

Other relaxation problems for anisotropic materials (in diffusion and elasticity)
have been considered in [12], [13], [14], where the functional is sequentially continuous
with respect to the weak topology of Hg(£2), but constraints appear on the gradients
of the state functions.

In the present paper, for general A, B, and F', we show that the relaxation of (1.4)
is given by replacing (as when J was sequentially continuous in the weak topology of
H(£2)) the set of controls (1.1) by (1.2) and the functional J by

/ H(Vu, MVu,0)dz + G(u),
Q
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where H : {(¢,m,p) € RN x RN x [0,1] : n € K(A, B,p)¢} — R is defined by (4.6).
We prove that the function H is continuous, satisfies the growth condition

|H(¢,m,p)] < C(1+|¢]%),

and has some convexity properties given in Proposition 4.6.
We also obtain a characterization of the set K(A, B, p)¢ for every ¢ € RN, and
we explicitly calculate H on

{(&n,p) e RN x RN x [0,1] : n € 0K(A, B,p)¢}

(here O denotes the boundary with respect to the affine hull). This can be useful to
the study of optimality conditions for the relaxed problem. We refer to [1], [5], [6],
[16], [24] for the study of optimality conditions for control problems in the coefficients.

Finally, we obtain an explicit expression of H in its whole domain for the case
where

where s € R and s(A — B) is nonnegative. This example contains in particular (see
Corollary 6.2) the case where A, B, and J are given by (1.5).

Although, to simplify the exposition, we have assumed that J is given by (1.3),
our techniques apply for a more general functional given by

/ Fi(z,u, Vu) d:r—i—/ Fy(x,u, Vu) dz + G(u),
w QN\w

with G as above and F, Fy satisfying similar conditions to F'. It is also possible to
consider more than two materials (but then, we do not have an explicit characteri-
zation of the domain of H) and the more realistic case where the set of materials is
invariable by rotations.

2. Notation. The space of linear applications from RY into R, which we
assume to be identified with the space of matrices of dimension N x N, is denoted by
M. The subspace of My corresponding to the symmetric matrices is denoted by

The kernel and the range of M € My are, respectively, denoted by Ker(M) and
Ran(M).

For M € M3, not necessarily invertible, we define MT : Ran(M) — Ran(M) the
pseudoinverse of M, i.e., the inverse of the restriction of M to its range.

The unitary cube in RY, (0,1)" is denoted by Y.

For two sets Z and Z’, we denote by ZAZ’ its symmetric difference; i.e., ZAZ' =
(Z\Z"hu(Z'\ Z).

We use the subindex f to mean Y-periodicity. For example, the space of functions
in the Sobolev space H} (RY) which are Y-periodic is denoted by H(Y). Indeed,
in the present paper all of the functions defined on Y are assumed to be extended to
R” by Y-periodicity.

Throughout the paper we denote by A and B two fixed positive symmetric ma-
trices.

We define = : Ran(A — B) — A"'Ran(A — B) (= B~'Ran(A — B)) by

(B—-Ap=( {(B—A)V=C
=

(2.1) H=ve {
Av € Ran(A — B) Bv € Ran(A — B)
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for every ¢ € Ran(A — B) or, equivalently,
,
(2.2) == (rA+sB)*1(B_A)((B_A)(TAHB)*(B_A))

for every r,s > 0, r + s > 0. Note that if B — A is invertible, then = = (B — A) L.
For p € [0,1], we define A, as the arithmetic mean of A and B with respective
proportions p and 1 — p; i.e.,

Ap=pA+(1-p)B.

We denote by Q ¢ RY a fixed bounded open set, smooth enough for Meyer’s
theorem [19] to be satisfied and such that there exist Q open bounded with Q2 ¢
and a linear continuous prolongation operator from H'(Q) into HE ().

For a sequence M, € L*(Q; My), uniformly elliptic and bounded, and M €

L>(Q; My), we write M, B M to mean that M, converges to M in the sense of
the H-convergence [22], [27]. Indeed, as we usually deal with symmetric matrices,
H-convergence is equivalent to the G-convergence of Spagnolo [26].

For p € [0,1] we denote by K(A, B, p) the set of materials constructed via homog-
enization mixing the materials corresponding to the diffusion matrices A and B, with
respective proportions p and 1 — p; i.e.,

K(A, B,p) = {M e My Jw, C RY measurable,
(2.3) X .
Xo, — pin L®(RY), Ax,. + B —x,,) — M}

Clearly, K(4, B,1) = {A}, K(A, B,0) = {B}.
For ¢ € RV, p € [0, 1] we write

K(A,B,p)é ={neRN: IM € K(A, B,p), with n = M¢}.

3. Preliminary results. To our knowledge, an explicit characterization of the
set K(A, B, p) is known only for isotropic materials (see, e.g., [17], [29]). Fortunately,
for the purpose of the present paper, we need only to know the set K(A, B,p){ for
every £ € RN. A characterization of this set is obtained in the present section.

We recall the following result due to Dal Maso and Kohn [9] (see also [1], [11]),
which shows that the set (A, B, p) can be obtained via periodic homogenization.

THEOREM 3.1. Forp € [0, 1], the set of matrices M for which there exists Z C Y,
with |Z| = p, such that for every £ € RV,

(3.1) M¢ = /Y(AXZ + Bxy\z)(§ + Vw) dy,

with w the solution of

wEHﬁl(Y), /Ywdy:O,

—div ((Axz + Bxy\z)(£ + Vw)) =0 in RY,

(3.2)

is dense in K(A, B,p).
The following result gives some properties of the solution w of (3.2).
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LEMMA 3.2. Forp € (0,1), we consider £&,n € RN and Z C Y measurable, with
|Z| = p, such that the solution w of (3.2) satisfies

(3.3) / (Axz + Bxy\z)(§ + Vw) dy = .
Y
Then the following equalities hold:

(3.4) / AVw - Vwdy + BVw-Vwdy = (Al —n) - &,
A Y\Z

(3.5) (B—A) /Z Vwdy = —(B— A) o Vwdy = Ay§ — 1,

/A(Vw—1/dez>-(Vw—1/dez)dy
Z pPJz pJz
1 1
(3.6) +/ B|Vw—- —— Vwdz | - | Vw — —— Vwdz | dy
Y\Z 1-p Y\Z 1-p Y\Z

= (Ap€—m)- &~ (?Jrpr) </Zdey>-(/Zdey>.

Proof. By using w as a test function in (3.2), and taking into account (3.3), we
easily get (3.4).
Since w is periodic, we have

/dey+ Vwdy = 0.
z Y\Z
On the other hand, by (3.3) we obtain
A/dey+B/ Vwdy =n— ApE.
z Y\Z

From these equalities we conclude (3.5).
To prove (3.6), it is enough to develop the left-hand side and then use (3.4). 0
As a consequence of Lemma 3.2, we have the following.
ProPOSITION 3.3. If N =1, p € [0,1], we have

(3.7) K(A,B,p) = {(Z + 1];]9) 1} .

If N >2,pec(0,1), £ € RN, then, by denoting by E(£,p) the ellipsoid

E(g,p):{ueRN: <?+1i)>y.u<(B—A)y.g},

(3.8) K(A,B,p)§ = A& + (A= B)E(&, p).
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Proof. The case N =1 is well known. Indeed, it can be easily obtained by using
the fact that for every Z C Y, with |Z| = p, the solution w of (3.2) satisfies

n .
4 ae inZ
d a.e. in Z,
(3.9) g+oo =4 4
v B a.e. inY\ Z,
with
-1
p 1-p
1 _ (P =P .
(3.10) = (5+52) ¢

Assume now that N > 2, p € (0,1). For Z C Y, with |Z| = p, and the w € H}(Y')
solution of (3.2), the left-hand side of (3.6) is nonnegative, and so equality (3.5) proves

that the vector
V= / Vwdy
z

is in E(¢,p) and satisfies n = A, + (A — B)v. Since by Theorem 3.1 the set of n
constructed in this way is dense in K(A, B, p)&, we then deduce the inclusion

Reciprocally, let us now prove that every v € E(§, p) satisfies that A,{+(A—B)v
belongs to K(A, B, p)¢.

If v belongs to OE(&, p) \ {0}, this can be easily shown by using a lamination of
A and B with respective proportions p and 1 — p in the direction of v. If v = 0, we
consider a lamination as above but now in an orthogonal direction to (B — A)¢.

If v belongs to the interior of E(&,p), then, for A > 1 such that Av belongs to
OE(&, p), we take two matrices My, My € K(A, B, p) such that Mi& = A,{, Ma§ =
Ay + AMA — B)r. A lamination of M; and M, with respective proportions 1 — 1/
and 1/X in an orthogonal direction to (Ms — M7 )¢ provides a matrix M € K(A, B, p)
such that A, + (A — B)v = ME. O

COROLLARY 3.4. For N > 2, p€ (0,1), and £ € RN, we have

K:(A7B7p)§ = {TI € RN : A;Dg_n € Ran(A_B)7

(-m(2e ) o)

Proof. By Proposition 3.3, we have that 1 belongs to (A, B, p)¢ if and only if
there exists v € RV, such that A,¢é —n = (B — A)v and

(3.11) :

(Ap§ —m) - (Apf_n) §§'(Ap£_77)}~

A B
<p+1_p>V'V§(Apf_77)'f

or, equivalently, if and only if A,{ —n € Ran(A — B) and

(3.12) min{(ﬁ+1i))y.y; Apgn(BA)u}g(Apgn).g.
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The minimum of this problem is attained in v = E(A,€ — 1), with = defined by (2.1).
By using the fact that by (2.2)

=— <2+11_3p>_1(B—A) ((B—A) <;1+1]fp>_1(B—A)>T,

we obtain (3.11). d

As a consequence of this result, we have the following.

COROLLARY 3.5. For N > 2, p¢€ (0,1), £ € RN, the set K(A, B,p)¢ reduces to
{Ap€} if and only if € € Ker(A — B).

Proof. By Corollary 3.4, we have (A, B,p){ = {A,¢}, if and only if for every
¢ € Ran(A — B), ¢ # 0, one has

1 T
((A—B) (5+12) (A—B)) (e

but this is equivalent to & € Ran(A — B)* = Ker(A — B). d

4. Formulation of the problem and main results. Let us consider a function
F :RY™ — R such that there exist L > 0, g € (0, 1] which satisfy

(4.1) [F(&) = F(E < L1+ [¢] +[€])*ele = ¢ Ve & eRY.
Without loss of generality, we can also assume that

(4.2) F(0)=0.

These properties imply that F' satisfies

(4.3) F©)] < LA+E)? VeeRY.

For the open set 2 and the matrices A, B given in section 2, our aim here is to
obtain a relaxation of the problem

inf { /Q F(Vu)dz + G(u)} ,

—div (Axw + Bxo\w)Vu = f in Q,
u € H}(Q), w CQ measurable, |w| < x|,

(4.4)

where G is a sequentially continuous functional in the weak topology of HZ (), f €
H~1(Q), and x € (0,1). For this purpose, given § > 0, we define Hs : RN x RY x
[0,1] = RU{+oc} by

Hs(&,m,p) = inf/YF(fEJrVw)d%

n —div(Axz + Bxy\2) (€ + Vw) =0 in RV, w € H}(Y),
4.5

/ (Axz + Bxy\2)(€ + Vw)dy — | < 6.
Y

Z C Y measurable, |Z| = p,
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for every (£,m,p) € RY x RY x [0,1]. In the above expression, the infimum over the
empty set is defined as +oo.

By using the fact that Hs is decreasing with respect to §, we define H : RV x
RN x [0,1] = RU {+oc} by

(4.6) H(&,n,p) = lim Hy(¢,n.p) ¥ (&,n.p) € R x RY x [0,1].

Remark 4.1. Definition (4.6) of H implies that for every (§,n,p) € D(H) there
exists a sequence of measurable sets Z, C Y, with |Z,| = p, such that by defining
Sp € L>®(Q; M;) by S, = Axz, + Bxy\z,, and taking the w,, € Hﬁl(Y) solution of

—div S, (¢ + Vw,) =0 in RN

and
M = / Sn(g + an) dy,
Y
we have
(4.7) n= lim 7y,
(4.8) H€np) = i [ F(e+Vu,)dy
n—oo Y

For N =1, the following proposition gives an explicit expression of H.
PROPOSITION 4.1. If N =1, the function H is given by

wo  mEnpy ) PP T0-r(E) if”@*l;p) .

400 in another case.

For N > 2 we do not have an explicit expression for H, but we can show the
following result.

THEOREM 4.2. If N > 2, the function H satisfies the following properties.

The domain of H is given by

Dom(H) & {(¢,n,p) e R¥ xRN x [0,1]: H(&,n,p) < +00}

(4.10)
={(&np) e RY xRN x[0,1] : n€K(A, B,p)}.

The function H is lower semicontinuous in Dom(H), and, for
o= min{eigem;alues of A and B}, 8= max{eigenvalues of A and B},
it satisfies

aypeani<o(2) (14 26) ven) € Dom(en),

Moreover, we have

(4.12) H(E, AL 1) = H(E, BE,0) = F(§) VEeRY,
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— (A€ — _ (A —
e =pr (642 (2E20)) w0 -pr (e (220
p —p
(4.13) {V(&mp) € RY x RN x (0,1) with Ayé —n € Ran(A— B) and

((A -5)(S+) - B)) (A = m(Ay =) = (A — ).

If F is convez, then

(4.14)
F(€) < min {pF (£+;> +(1—p)F (s—lip) H(B = A)y=AyE—n,v € E(&p)}

<H(np)  VY(np) € Dom(H), pe(0,1).

Remark 4.2. A consequence of Theorem 4.2 is that if N > 2, then H(&, Ay, p) =
F(&) for every £ € RN and every p € [0, 1].

Remark 4.3. If (£,1,p) € RN x RY x (0,1) is such that A,{ —n € Ran(A — B)
and

A B\ '

(1.15) ((A -5)(S+1) (- B)) (Mg =) (g =) = € (A6 — )
then the set of v € E(&, p) such that (B — A)v = A,¢ — n reduces to v = Z(A,6 —n).
Therefore, (4.13) shows that the second inequality in (4.14) is an equality for such

(&,n,p).

By using the function H, we obtain the following theorem.

THEOREM 4.3. For every G : H}(Q) — R sequentially continuous in the weak
topology of HE(Q), every k € (0,1), and every f € H-1(2), a relazation of problem
(4.4) is given by

min { /Q H(Vu, MVu,0) dz + G(u)} ,

—divMVu=f inQ,
(4.16) u € H} (),

e L>®(), 0<0<1 ae inf, /9dm§/@|Q|,
Q

M measurable, M(x) € K(A, B,0(x)) for a.e. z €9,

with H given by (4.6).
Remark 4.4. Problem (4.16) can also be written as

min { /Q H(Vu,o,0)dz + G(u)} ,

—dive = f in Q,
(4.17) u € Hy(9Q),

0eL>*(Q), 0<<1ae. in, / 0dx < k|9,
Q

o€ K(A, B,6)Vu a.e. in ) measurable.
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Theorem 4.3 is a consequence of Theorem 4.5 below, which is interesting by itself.
We need the following definition.

DEFINITION 4.4. We say that (upn,0,,0,) € HY(Q) x L2(Q)N x L>(Q) 7-
converges to (u,0,0) € H' () x L2(Q)N x L>(Q) if and only if

U, — uin H'(Q), |Vu,|? equi-integrable,
on — o in L2(Q)Y, dive, — dive in H-1(Q)V,

0, = 0 in L=(Q).

Remark 4.5. In the applications, we are interested in sequences (uy, 0y, 6,) such
that there exists a sequence of uniformly elliptic and bounded matrix functions M,,,
which satisfies M,,Vu,, = o,. Then we recall that, thanks to Meyer’s regularity
theorem [19], the weak convergence of u,, in H'() and the strong convergence of
o, in L2(Q)Y imply the equi-integrability of |Vu,|? at least for  smooth and u,,
satisfying “good” boundary conditions (if not, we always hold the equi-integrability
on compact subsets of 2).

THEOREM 4.5. The lower semicontinuous envelope with respect to the T -
convergence of the functional F : H'(2) x L2(Q)N x L>=(Q) — R U {+oo} defined by

/ F(Vu)dx if 0 = xw, w C Q measurable, c = AgVu,
(4.18)  F(u,0,0)=(Ja

+00 in another case

is given by

/ H(Vu,0,0)dx if 0<0<1,0€ K(A,B,0)Vu, ae. in (Q,
(4.19)  F(u,0,0)=<Ja

400 in another case.

Remark 4.6. Analogously to the proof of Theorem 4.3, we can use Theorem
4.5 to obtain the relaxation of some other related control problems. For example
(assuming smoothness enough to have the equi-integrability of |Vu,|?, with u,, the
state functions corresponding to a minimizing sequence), we can consider different
boundary conditions for the state equation and some other restrictions. In this way,
we can apply Theorem 4.5 to obtain a relaxation of the control problem defining Hj
(see (4.5)). This permits us to prove that the function H given by (4.6) satisfies

H(Enp) = inf /Y H(E + Vo, M(€ + V), 6) dy

0eL(Y), 0<f<1lae inRY, /edy:p,
Y

(4.20) M e K(A B.0) ae in RN,  we HA(Y),
#

—div M (€ + Vw) =0 in RV,

/YM(§ + Vw)dy = n.
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Remark 4.7. In Step 3 in the proof of Theorem 4.5, for (u,0,6) € Dom(F)
given, we show how to construct w, C Q and u, € H'(£,) such that the sequence
(Un, (AXw, + BXw, )VUn, Xw,) € Dom(F) satisfies

f(u, a, 0) = nlingo F(Um (AXwn, + BXwn)vum Xwn)~

By applying this procedure to a solution (u,c,8) of problem (4.17), this gives a way
to construct a minimizing sequence for problem (4.4). Unfortunately, to apply this
procedure it is necessary, for (£,7,p) € Dom(H), to know how to construct Z,, C Y
in the conditions of Remark 4.1. We do not know how to make this, in general.
In particular, we do not know if this can be carried out by using laminations, as it
happens in some particular cases where the function H can be explicitly calculated
(see, e.g., [3], [10], and Remark 6.2 in the present paper). When 1 € K(A, B,p)¢
(here O denotes the boundary with respect to the affine hull), the set Z,, is obtained
by using a simple lamination in the direction of v = Z(A,€ — ), if n # Ay, or in
an orthogonal direction to (B — A)¢, if n = A,¢. In this sense, we remark that if H
is derivable (which we do not know if it is true) and 6, M, u is a solution of (4.16),
then, by introducing the adjoint state g as the solution of

—div MVq = —div(V¢H (Vu, MVu,8) + MV, H(Vu, MVu,0)) in €,
q € Hy (),

the optimality conditions for problem (4.16) show (see, e.g., [1], [5], [16], [24] for related
results) that a.e. on the set {x € Q : Vq(z) # V,H(Vu(z), M(z)Vu(z),0(x))}, one
has that MVu € 0K(A, B,0)Vu.

Remark 4.8. In order to solve numerically problem (4.16) the main difficulty is,
as in the previous remark, that we have only an explicit expression of H on the points
(&,1m,p) such that n € IK(A, B,p)¢ (see (4.13)). But, as we observed above, if §, M,
u is a solution of (4.16), H is sufficiently smooth, and Vq # V, H(Vu, MVu,0) a.e.
in Q, then MVu € OK(A, B,0)Vu a.e. in . Moreover, in this case M is obtained
by just one lamination. By taking into account these remarks, one can consider a
numerical method consisting, for example, of taking a triangulation of Q and then
searching the state function u piecewise affine, the proportion 8, and the matrix M
piecewise constants, with M corresponding to a lamination in each triangle (so the
choice of M in each triangle is reduced to the choice of the corresponding lamination
vector). This provides a numerical method similar to the one used in [15] and [31] for
the case where F(&) = |¢|>, A=al, B= I, a,3>0.

By using the fact that by Theorem 4.5 the functional F is lower semicontinuous
for the 7-convergence, we can deduce some convexity properties for H. The result is
essentially a consequence of the compensated compactness theory of Murat [23] and
Tartar [28].

PROPOSITION 4.6. The function H defined by (4.6) satisfies the following con-
vezity properties:

(i) If N =1, then

(4.21) H(A (1= M), n, Apr+(1 — N)p2) < AH (&1,m,p1) + (1 — X)) H (&2,7,p2)

for every &1, &2, n € R and every p1, p2, A € [0, 1].
(ii) If N > 2, then

H(X + (1= A)&2, A+ (1 — A)mz, Ap1 + (1 — A)p2)

(4.22)
S AH (§1,m1,p1) + (L= N H (&2, 12, p2)
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for every &1, &2, 1, o € RN, with (€2 —&1)-(n2—m1) = 0, and every p1, ps, A € [0,1].

As a consequence of this result we will prove the following proposition which
improves Theorem 4.2.

PROPOSITION 4.7. The function H is continuous on its domain.

Remark 4.9. In Theorem 4.2, we gave a lower bound for H by assuming F' convex.
An analogous proof shows that for F' concave we have

H(&n,p)
< max {pF <§+;>+(1 -pF (5—1”]) s (B= A=A, -n, v E E(é,p)}

for every (&,m,p) € Dom(H). Indeed, since H is defined by a minimum, it is not
difficult to obtain upper bounds for H. In this way, by using (4.13), (4.22), and H
lower semicontinuous for the 7-convergence, we can use the reasoning at the end of
the proof of Proposition 3.3 to show that for every F' satisfying (4.1) and (4.2) (not
necessarily concave), every (£,71,p) € Dom(H), p € (0,1), and every v € E(§, p), with
(B—A)v = Ap¢ —n, we have

aenn < (1-5) FO +5 (o (6+2) +a-pr (- 22 1).

where

(A€ —1n)- &
G+55)
—+— Vv
p 1l-p
In particular, for F' concave, this proves that

H(&,m,p)

< min {pF (&Z) +(1—p)F <5lﬁp) L (B— A)y=Ayt—n, vE E(f,p)} -

A= € [0,1].

5. Proofs of the results of section 4. Throughout this section, for a mea-
surable set Z C Y and ¢ € RN, we usually associate a matrix function S, defined
by

(5.1) S = Axz + Bxy\z,

and a function w solution of (3.2).

Proof of Proposition 4.1. The result is a simple consequence of Remark 4.1 and
the fact that the solution w of (3.2) with |Z| = p € [0,1] satisfies (3.9), with 7 given
by (3.10). O

In order to prove Theorem 4.2, we first obtain some bounds for Vw, with the w
solution of (3.2). This will be done in Lemmas 5.1 and 5.2 below.

LEMMA 5.1. For every Z C' Y measurable and € € RN, the function w satisfies

(52) €+ Vuwlagry < Dlel

Moreover, there exist r > 2 and C > 0, which depend only on 8/« and N, such that
w e Wﬁl’r(Y) and

(5.3) 1€ + V| ryvyy < ClE].
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Proof. The proof of (5.2) easily follows by using w as a test function in (3.2).
Estimate (5.3) is a consequence of Meyer’s regularity theorem [19] and (5.2). O

LEMMA 5.2. There exist C > 0 and p € (0,1) (which depend only on 5/a and N)
such that, for every &,& € RN and every Z,Z' C Y measurable, the corresponding
functions S, S’, w,w’ satisfy

(5.4) 1€+ Vw =& = Vu'|l2yy < C (€ =&+ 1112 A 277,

(5.5)

/S(£+Vw)dy—/ S(E+ V') dy| < C(E— €|+ €12 A 2.
Y Y

Proof. By taking w — w’ as a test function in the difference of the equations
satisfied by w and w’ and adding and subtracting convenient terms, we get

/YS(S—i-Vw—f'—Vw’) 4+ Vi — € — V') da
= [ (5 =9 + Vu) - (€ + Vw €~ Vu)dy
+ [ S+ V¢ = Vu) (=€) dy— [ (5= )€+ Vu)- (=€)
By using the ellipticity of S, Young’s inequality, and S = 5" in Y\ (ZAZ'), we obtain
60 [leavo-g-vuPayso([ leevuPais-¢r).
Y ZnZ

where C' depends only on §/a. The first term on the right-hand side of this inequality
can be estimated by (5.3), which gives

&1) / &+ V' dy < (/ &'+ Vw’ley> Zaz ) TR < R lzaz) T
ZNZ! v

By substituting (5.7) into (5.6) we get (5.4).
In order to prove (5.5) we now use

/S(§+Vw)dy—/ S'(f/—l—Vw')dy‘
Y Y

<

/ S+ Vw —¢ —Vw’)dy‘ +
Y

[ s-50€ +vu) dy‘

<C</ |£+Vw—§'—Vw’|dy+/ |£'+Vu/|dy>.
Y N

By using the Cauchy—Schwarz inequality, (5.4), and (5.7), we obtain (5.5). d
Let us now use Lemma 5.2 to study some semicontinuity properties for Hs.
LEMMA 5.3. There exist C > 0 (depending on L, f/«a, o, and N) and p € (0,1)
(depending on 3/« and N ) such that, for every (£,m,p) € RN xRN x[0,1] and every
8,e > 0, there exists T € |0,0), with

He g (€50, 0) < Hs(&,m,p) + (14 €] + [P e(N)e + ¢
V(¢ p) e RN x RN x [0,1],
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where we have denoted
N=C(lg=¢+ ¢ —1'°).

Proof. To prove (5.8), we consider (&,7,p) € RY x RN x [0,1] and §,¢ > 0. If
(&,1m,p) does not belong to the domain of Hg, then (5.8) is trivial. In another case,
by definition (4.5) of Hs there exists Z C Y, with |Z] = p, such that, by taking S and
w as the corresponding functions associated to Z and £ and defining 7 by

T= ,

/S(f—l—Vw)dy—n
y

we have 7 < 6 and
Hy(€np) > [ P&+ Vu)dy-e.
Y

Now we consider (&,7/,p') € RN x RY x [0, 1]. Then (by adding or subtracting a
measurable set of Y to Z) we construct a set Z’, with |Z'| = p’ and |[ZAZ'| = |p—p/|.
We take w’ and S’ as the corresponding functions associated to Z’ and £'. From
Lemma 5.2, there exist C' > 0 and p € (0,1), which depend only on 3/« and N, such
that (5.4) and (5.5) hold. By using then (4.1), (5.2), and (5.4), we have (for another
constant C)

| (Pl u) = P&+ vudy
< L/ (1+ |6+ Vw| + |€ + V') >70|¢ + Vw — & — Vu'|? dy
Y

<L (1+ €+ Vollaiyy + 1€ + Vo' 2v)* 2 lIE + Vo — €' — V'[[Z2
SO+ E+1EN*2E =€+ 1€ —P'1P)° < (L+[€] + [€])>72(\)e.

On the other hand, by (5.5) and the definition of 7, we have

<

/ S +Vu')dy -1
Y

/S'(f’—i—Vw')dy—/S(f—i—Vw)dy‘
Y Y

+

/ 5(€+Vw)dy—n’ =1l <N +7+np—17.
Y
Then, by definition (4.5) of Hs, we get

HT+A’+|n—n’|(§/7n/7p/) < /YF(gl =+ vw,) dy

SLF(§+Vw)dy+

/ (F(£+Vw) — F(& +Vuw'))dy
Y
< Ho(€,m,p) +e+ (L + 1€l +[€)*e(\)e. O
Remark 5.1. Since Hg(&,n,p) is decreasing in 6 inequality (5.8) implies that

H6+)\’+\77—77’\(£I777I7pl) < H5(€7n7p) + (1 + |€| + |£ID2_Q()‘/)Q +e
V(€. n'p") € RN x RN x [0,1]
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for every € > 0. So by taking € converging to zero we get

Hsxopn—n (€0, 0") < Hs(€,m,p) + (L+ €]+ [€])272(N)?
V(7' p) e RN x RN x [0,1].

We are now in position to prove that Hg satisfies the following properties.
PROPOSITION 5.4. For every 6 > 0, Hs is upper semicontinuous in RN x RN x
[0,1] and satisfies

/8 o ﬂ 2—o
10) o <2 (2) (14 260)  H€np) € Dom(th)
Moreover, the following lower semicontinuity result holds:

(511) H5+s(5777,P) < hmian&(gnvnnaPn) Vé,5>0

for every (£,m,p) € RN x RN x [0,1] and for every sequence (&ny7n,pn) € RN x
RY x [0,1] which converges to (£,1,p).

Proof. The proof of (5.10) immediately follows from definition (4.5) of Hg, by
taking into account that (5.2), (4.2), and (4.1) imply that for every ¢ € RY and every
Z C Y measurable the solution w of (3.2) satisfies

| P+ vu) dy' <L @f)g (1 " §|€|>2_Q-

To prove the upper semicontinuity of H we consider (§,7n,p) and ({5, Mn, Dn) as
above. By (5.8), for every 6,¢ > 0, there exists 7 € [0,8) (which does not depend on
n) such that

(5.12)

HT+A'IL+|7]77]’IL‘(En?n'n’p'n) < Hé(fﬂ%?) + (1 + |§| + ‘§7L|)27Q/\7% +e VneN,

with A, = C(|€ =& |+ €nllp — Pn|?). So, since for n large enough 7+ Xy, + [ — 1| < &
and H, is decreasing in p, we have

Hy(&ns s pn) < Hs(€,m,p) + (L4 €]+ 1€a])2 NG + <.
By taking the limsup in n and then letting € decrease to zero, we deduce the upper

semicontinuity of Hs.
In order to prove (5.11), we take (£,7,p), (§n, Mn,Dn) as above. By (5.9) we have

H6+>\n+|n—nn\(§a 77729) < Hé(fnanmpn) + (1 + |£| + ‘5“)279)‘7%7

with A, = C(|¢ = &| + [€]llp — pal?). So, by using as above the fact that H,, is
decreasing in u, we have for every s > 0 and n large enough

Hs i s(&m,p) < Hs(&n Mo pn) + (L4 |€] + [€,])*79NG.

By taking the liminf in » we deduce (5.11). |
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Thanks to the previous results, we can now prove Theorem 4.2.

Proof of Theorem 4.2. By definition (4.6) of H and (5.12), we have that (§,7n,p) €
Dom/(H) if and only if for every § > 0 there exists Z C Y measurable, with |Z| = p,
such that the solution w of (3.2) satisfies

/S(Vw-i—f)dy—n < 6.
Y

By Theorem 3.1 this holds if and only if n belongs to K(A, B,p)¢. This proves (4.10).

In order to prove the lower semicontinuity of H, we consider (&,7,p) € RY x
RN x [0,1] and (&n, 1, pn) € RN x RY x [0, 1], which converges to (&, 7, p). By (5.11)
with s = 8§ and Hg(§n, My Dn) < H(En,y N, Pr), we have

Has(§,m,p) < liminf H (&, 0, pn) V6 > 0.
By taking the limit when 6 tends to zero we conclude that

H(&,n,p) < liminf H(&n, 0n, pn)

and then the lower semicontinuity of H.

Inequality (4.11) immediately follows from (5.10).

To show (4.12) it is enough to use Remark 4.1 and the fact that, if Z C Y has
measure 0 or 1, the solution w of (3.2) is zero.

To prove (4.13), we consider (&,7,p) € R x RY x (0,1) such that A& — 7 €
Ran(A — B) and

(5.13) ((A -B)(S4 ) - B)) (A=) (A€ = 1) = £ (A€ =),

Then we consider Z,, Sy, wy, N, as in Remark 4.1, and we define

Vn:/ andy:—/ Vw, dy.
Zn Y\Z,

By (3.5) and (3.6), v, satisfies that (B — A)v,, = Ay — ny, and

/ A <an — V") . <an — Vn) dy

Zn p b

(5.14) + / B (an + 1”"> , <an N 1Vn > dy
Y\Zn -p -D

A B
= A —MNn) - & — — — | Up " Vp.
(Ap€ —nn) - € <p+1—p>

This implies in particular (use the fact that the left-hand side of (5.14) is nonnegative)
that v, is bounded, and so, up to a subsequence, we have that v,, converges to some
7 € RY such that (B — A)p = A,¢ —n and

(5.15) (;pr) 70 < (A —m) &
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By using the fact that (5.13) can also be written as

(Apﬁ—n)f:min{(ﬁﬂtljfp)u-u: 1\,,5—772(3—14)1/}7

we then deduce that o gives the minimum above, and so # = Z(A,{ —n). In particular,
this implies that (5.15) is an equality, and then by passing to the limit in (5.14) we

have
2 2
lim / dz—|—/ dz | =0,
n=0\Jz, Y\Z, p

which, joining to (4.1), allows us to calculate the limit which appears in the right-hand
side of (4.8) and then to conclude (4.13).

To finish the proof of Theorem 4.2, let us now prove (4.14). For (&,n,p) €
Dom(H), p € (0,1), we take Z,, and w,, as in Remark 4.1. By Lemma 3.2, we can
assume that

Un

Vw, — —

12
Vw, + 1 e

| Vundy i e BEp). (B A= 88—,
Zn
Jensen’s inequality, wy,-periodic, and |Z,| = p give

/F(f—l-an)dy :/ F(£+an)dy+/ F(&+ Vw,)dy
Y Zn

Y\Z,

zpF<f+;/ZWandy)+< P)F («s—/ andy)

By taking the limit in this inequality we deduce that

H(¢,n,p) = lim / F(§+ Vw,)dy > pF (€+;> +(1—p)F< T Vp) ;
n—oo Y —_
and then (4.14). |

To prove Theorem 4.5 we need the following corrector result. We use some ideas
which appear in the proof of Theorem 3.1 given in [1] and [11].

LEMMA 5.5. We consider a bounded open set @ C RN, a sequence of matrices
M,, € L>=(Q; My), uniformly bounded and elliptic, and a sequence u, € H*(2). We
assume that u, converges weakly in H'(Q) to a function u and that —div M, Vu,, is
compact in H=1(Q). For e > 0 small enough, we take

(5.16) Q. ={zeQ: dis(z,00) > e},

and, for h € (0, \/Eﬁ)’ we define wh € L*(Qy; H(Y)) as the unique solution of

wh(z,) € HA(Y), / W’ () dy =0,
Y

—divy M, (z + hy)(Vu(z) + Vywl(z,y)) =0 in RN, a.e. z € Q..

(5.17)

Then we have

(5.18) lim lim sup ||Vu,(z + hy) — Vu — Vyw,ZHL2(QE><Y)N = 0.

h—0 pn—oo
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Proof. By extracting a subsequence if necessary, we can assume that M, H-
converges to a matrix-valued function M. Then, by (5.17), we get

(5.19) Vau(z) -y +wh(z,y) — Vu(z) -y +w"(z,y) in H(Y), ae. z€Q.,

when 7 tends to infinity, with w" € L*(Q; H/ (Y)) the unique solution of the problem

’U}h.’E. 1 whx =
(x,.) € HA(Y), /Y (2,) dy = 0,

—divy (M (z + hy)(Vu(z) + V,w"(z,y))) =0 in RY, ae. z € Q..

(5.20)

By using in (5.20) the fact that M (z+hy) converges to M strongly in LY(Q. xY; My ),
1 < ¢ < +o0, and *-weakly in L>®(2, x Y; My), when h tends to zero, it is easy to
prove that

(5.21) w" — 0 in L*(Q; H (V).

On the other hand, the strong convergence in H~1(Q) of —div M, Vu, implies
that

—divy [My,(z + hy)Vu, (x + hy)] — —div, [M (z + hy)Vu(z + hy)] in H*(Y)

for every x € Q, when n tends to infinity. Thanks to (5.17), we can then apply the
div-curl lemma (see, e.g., [23], [28]) to deduce that

My (2 + hy) (Vun(z + hy) — Vu — Vywl) - (Vu, (z + hy) — Vu — Vyw!h)
— M(z + hy) (Vu(z + hy) — Vu — Vywh) - (Vu(z + hy) — Vu — Vywh)

in the sense of the distributions in Y, for a.e. x € €., when n tends to infinity. By
Meyer’s theorem this convergence holds in L(Y) weakly, for a.e. x € Q., and thus
we have

/Mn(x+hy)(Vun(x+hy)—Vu—Vwa) - (Vun (z+hy)—Vu—V,wh)dy
(5.22) 7Y
— /YM(vahy) Vu(z + hy)—Vu—V,w") - Vu(z+hy)—Vu—V,w")dy

fora.e. 2 € Q.. Moreover, by (5.17) there exists C' > 0 such that | Vu+V,wl| 12y~ <
C|Vul a.e. in €., and so, for another constant C, we have

/Mn(x—i—hy)(Vun(x—i—hy)—Vu—Vywﬁ) - (Vun (z+hy)—Vu—V,ywh) dy
Y

< g/ \Vu,|? dz + C|Vul?, ae. in Q.

—_ hN Q ) )

which together with (5.22) allows us to apply the Lebesgue dominated convergence
theorem to deduce that

/ /Mn(erhy)(Vun(erhy)—Vufvwa) - Vun (z+hy)—Vu—Vywl)dyde
Q. JY

— / /M(w—i—hy) Vu(z + hy)—Vu—V,w") - Vu(z+hy)—Vu—V,w")dydz,
o.Jy
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when n tends to infinity, for every h € (0,6/v/N). By (5.21), the right-hand side of
this equality tends to zero when h tends to zero, and then, thanks to the ellipticity of
M, we get (5.18). ad

Proof of Theorem 4.5. In the proof we will separate the cases N =1 and N > 2.
We make this distinction because for N > 2 we will use a convexity property of the
set K(A, B,p)¢ which does not hold for N = 1 (see Step 3 in the proof). On the
other hand, we think it is interesting to show that the one-dimensional case follows
by using elementary arguments.

The proof of the theorem will be divided in three steps.

In Step 1 we will consider the case N = 1, while steps 2 and 3 are devoted to
N > 2.

In Step 2 we will prove the inequality

lim inf F(tn, 0, 0n) > F(u,0,0) ¥ (u,0,0) € HY(Q)x L*(Q)N x L=(Q)

n—oo

(5.23)
VY (U, 0,y On) € HH Q)X L2 Q)N x L2(Q), (un,on,ﬁn)L(u, c,0).
The proof of (5.23) will follow from Lemma 5.5, which provides an approximation of
Vu, in the strong topology of H'(w) (w CC ) by using periodic homogenization.
In Step 3 we prove that for every (u,o,0) € H*(Q) x L?(Q)" x L>°(£2) there exists
(Un, Oy 0n) € HY(Q) x L2(Q)N x L>(£) such that

(5.24) (un,an,ﬁn)g(u,o, 0), lim sup F(up, o0, 0r) < F(u,0,0)

n—oo

which joined to (5.23) will give the proof of Theorem 4.5 in the case N > 2. The
main idea to prove the existence of (un,on,8y) satisfying (5.24) will be to use an
approximation by finite elements of (u,o,6) which reduces the problem to the case
where there exists a triangulation 7 such that Vu, o, and 6 are constant in each
element of 7.

Step 1. Let us first prove the result for N = 1.

Consider (u,0,0) € H'() x L*(Q) x L>®(Q) and a sequence (u,,on,0,) €
HY(Q) x L?(Q) x L>(Q) which T-converges to (u,c,6). Let us prove that

(5.25) F(u,0,0) < liminf F(up, on,0n).

n—oo

By definition (4.18) of F, it is enough to consider the case where there exists a sequence
of measurable sets w,, C ) such that

dun :
0n = Xwn» On = (AXw,,L + BXQ\wn) dL a.e. in §,
x
and thus
du,, op On .
(5.26) dr = jan + fXQ\wn a.e. in Q.
Since o,, converges weakly to o in L?(Q) and i‘;" converges strongly to ?Tg in H=1(Q),

we have that o, converges strongly to o in L?(€). So by (5.26) we get

d7u 0 1-90
dr

AJrB)J a.e. in
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and

lim F(un,on,0p) = lim [ F (d“"> d
Q

n—oo n—oo X

(5 () (5w [ (F (5)04 5 (5) - ).

By (4.9), we have then proved that (u, o, ) belongs to Dom(H) a.e. in 2 and

F(u,0,0) :/H<du,a,9) dx = lim F(upn,0n,0n).
Q

dx n—o00

To finish the proof of Step 1, we need to prove that for every (u,o,6) € H'(Q) x
L2(Q2) x L>=(£2) there exists (un, opn, 0,) € H () x L2(Q) x L°°(£), which T-converges
to (u,0,0) and satisfies

(5.27) lim sup F(tn, 0, 0n) < F(u,0,0).

n— o0

Clearly, it is enough to consider the case where (u 0,6) € Dom(H) a.e. in £, but
then 6 € [0, 1] a.e. in ©Q, and so there exists w,, C § such that x,,, converges weakly-x
in L*() to #. By taking

du,, o o
0, = Xwpy On =0, % = ZXwn + EXQ\wn

and reasoning as above, we deduce (5.27).
In the remainder of the proof we always assume that N > 2.
Step 2. Let us prove (5.23).
We can assume that

lim inf F(uy, 0y, 0p) < +00,

n—oo
and thus, by extracting a subsequence if necessary, there exists a sequence of measur-
able sets wy, C (2 such that 6, = x,, and o, = M,,Vuy,, with M,, = Ax,,, + Bxa\w,.
By using the compactness theorem for the H-convergence (see, e.g., [1], [11], [22], [26],
[27]), we can also assume that there exists an elliptic matrix M € L (Q; M%) such
that M, H-converges to M. Since div o, converges strongly to dive in H~1(£2), and
M,Vu, = o,, we have

(5.28) oc=MVu ae. in Q.

In order to prove (5.23), we consider € > 0. By defining €. by (5.16) and taking
h € (0,e/v/N) in such a way that Q. C Q — hy for every y € Y, we have

/ F(Vu,)dz = / F(Vun(x + hy)) dz
Q Q—hy
(5.29) = /Q F(Vun(xz + hy)) dx + /(Q_h o F(Vuy(z + hy)) dx

= F(Vun(x + hy))dx + / F(Vuy,) dz,
Qe O\ (Qc+hy)
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and so, by integrating in y € Y, we have

(5.30) /F Vuy,)dr= // (Vun(x+hy)) dxdy+// F(Vuy,) dzdy.
Q. Q\(Qc+hy)

By using the fact that Q\ (Qc + hy) C Q\ Qo for every y € Y, (4.3), and the fact
that |Vu,|? is equi-integrable (which follows from the definition of 7-convergence),

we have
/ / F(Vuy,) dzdy
Q\(Qe+hy)

< Llnn hmbup/ (1+ |Vu,|)?dr = 0.
¢

n—oo )\Q2€

hrn lim sup

n—oo

(5.31)

To estimate the first term of (5.30), we use the decomposition

// (Vuy(z + hy)) dedy = // (Vun (z4+hy))—F(Vu + V,wh))dzdy

/ / (Vu + Vyw!) dydz,

with w! given by (5.17). Thanks to (4.1) and (5.18), we have

(5.32)

(5.33) hrn lim bup/ / F(Vuy(z+ hy)) — F(Vu + Vywh)|dedy =0 Ve > 0.
Q.

n—o0

To estimate the second term on the right-hand side of (5.32), we denote for a.e.
x €. and ae. yeY

Zh) =Y 0 k) =125 = [ 0o+ hy)dy,
Y

My (z + hy) = Axw, (T + hy) + Bxa\w, (@ + hy) = Axzn ) (Y) + Bxy\zn ) (),

oh@) = [ Ml ha)(Vuct V) dy.
Y
Then, by definition (5.17) of w! and definition (4.6) of H, we obtain

(5.34) / F(Vu+V,wh)dy > H(Vu,0",0"), ae. inQ..
1%

1Y nrVn

By the H- convergence of M,, to M and the convergence in L>=(Q2) weak-x of 6,, to
6, we have that ¢ and 6 respectively, converge a.e. in Q. to o" € L?(Q.)" and

n’

Oh € L>(Q.), deﬁned by

ol(z) = / M(z + hy)(Vu + Vyw™) dy, 0"(z) = / O(z + hy)dy, a.e. x€ Q..
Y Y

From (4.11) and [|[Vu + Vyw! | 12(v) < C|Vu| a.e. in €2, we also have

|H(Vu,o,0")| < C(1+|Vu|)® ae. in Q..

rYnrYn
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Then, by (5.34), the lower semicontinuity of H, and Fatou’s lemma we deduce that

liminf/ / F(Vu+ V,ywh)dyde >liminf [ H(Vu,o!, 0")dx
Q. Jy

n
n— 00 n—oo Q
€

> / H(Vu,o", 0" dx
Qs

for every h € (0,6/v/N). By now using the fact that, for h tending to zero, o"
converges strongly to o in L?(Q.)" and 6" converges to 6 strongly in L"(Q.), 1 <7 <
~+00, weak-x in L>°(€).), we can use again the lower semicontinuity of H and Fatou’s
lemma to obtain

(5.35) lim inf lim inf / / F(Vu+V,whdyde > | H(Vu,o,0)dz.
Q. Jy Q.

h—0 n—oo

By (5.30), (5.31), (5.32), (5.33), and (5.35), by passing to the limit in (5.29), first in
n, then in h, and then in ¢, we have

hminf/F(Vun)dxz/H(Vu,a,@)dx.
Q Q

n—oo

This proves (5.23).

Step 3. Let us prove that for every (u,o,6) € HY(Q) x L?(Q)N x L>(Q) there
exists (Un, on,0n) € HY(Q) x L2(Q)N x L>(Q), which satisfies (5.24).

It is enough to consider the case where 0 < § < 1 and ¢ € K(A4, B,0)Vu a.e.
in €.

We consider an open cube Q, with Q C @, and a prolongation of u, still denoted
by w, in H}(Q). This prolongation exists thanks to { being smooth. We also extend
6 and o to the whole Q by 8 = 1, 0 = AVw a.e. in @ \ Q. The multiapplication
z€Qw— {MeK(A B,0=z)): MVu(z) = o(x)} is closed and measurable. The
measurability follows by using the fact that for every closed set C C M3, we have

{zeq: IM € CNK(A, B,60(x)), with MVu(z) = o(x)} = ﬂ (Vu,0,0)"(K,),
meN

where
. . 1
K,, = {(5,n,p) e RY xRN x [0,1]: IM € K(A, B,p) NC with |[M¢ —n| < m}

is closed for every m € N. Thus (see, e.g., [7]) there exists M € L>(Q; M%) such
that M € (A, B,#) and MVu =0 a.e. in Q.

For a regular sequence of triangulations 7, = {T*}1<k<k, of Q by N-simplex,
whose diameter tends to zero when n tends to infinity (see, e.g., [8]), we consider the
space of finite elements

Vo, = {vn € CY(Q) : v, is affine in Tff Vke{l,.. .,kn}}.
Then we define 4,, as the solution of

Uy € Vi,

/MVﬁan :/JVvdsc Yv eV,
Q Q
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and we take

k k
A = 1 = 1
0, = E — 0d . Or = E — MV, d -
=1 ( T3 :C) e 7 =1 <|T’]f| T} ! f) .

The sequence 6, converges to 6 in L"(Q), 1 < r < 400, and in L>®(Q) weak-x.
Since 7, is regular, and 0 = MVu a.e. in ), we also have that 4, converges strongly
in H}(Q) to u (see, e.g., [8]). Thus, M Vi, and then &, converge strongly to o in
L?(Q)N. By Egorov’s theorem, there exist a subsequence of n, still denoted by n, and
a sequence @, of closed subsets of () such that

1 - 1
(5.36)  |Q—Qnl < o C(|Viy, — Vu| + |Vul||0, — 0)°) + |65, — 0] < - in Qn,

with C' > 0 and p € (0,1) given by Lemma 5.3.

Since Vi, is constant in every N-simplex T* of 7,, and, for every ¢ € RY, the
set K(A, B,p)¢ is closed in RV and satisfies the following convexity property (this
property does not hold for N = 1, and so it is the reason to prove the cases N =1,
N > 2 separately):

)"C(AaBapl)g_F (1 - >‘) IC(AvBapQ)f - K(A7Bv)‘p1 + (1 - A)p?)f V)‘vplvp2 S [07 1])
we have

&n:< L de) VﬁneIC<A,B,1 9d:c> Vi,

T8 Jry TR S

in TF, for every k € {1,...,k,}, i.e., 6, € K(A,B,én)Vﬂn a.e. in @, or equivalently

(Viip, 61, 0,) € Dom(H) a.e. in Q.

We consider an N-simplex TX, with & € {1,...,k,}, and we denote by &¢& = Vi,
nk = 6,, and pk = 0,, the constant values of Vi, 6,, and én, respectively, in TF.
From definition (4.5) of Hz (&5, 75, p}). there exists Zj C Y, with |Zj| = pj;, such
that, by defining S¥ € LE(Y; My) by Sk = Axzr + Bxy\zx a.e. inY, and taking
wk the solution of

wh EHQL(Y), /wa;'dy:0,

—div Sk (g + VuwF) =0 in RV,

we have
2

(5.37) ’ / SE(ER + V) dy —nt| < 2

0% n
and

1
(5.39) [ Pk vubydy < Hy (el +
Y
We take

kn
(5.39) =3 ( / S§(££+Vwii)dy> o
k=1 WY
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and by (5.37), we observe that
(5.40) /|5 baPdr < Q)
: |0 = n 1@l

For n € N, and € > 0, we define

kn
Wne = U " ( U (5l+5Z§)> ,
k=1 1eZN

Mye = Axwp, + B(1 = Xw, o )s
and u, . € H}(Q) as the solution of
(5.41) —div M, ;Vu, . = —divs, in Q.
Since |ZF| = pk, the sequence w,, . satisfies

(5.42) Xon.. — 0n in L°(Q), when e — 0.

By using the fact that Vi, = £F in each T and the definition (5.39) of &,,, we deduce
by periodic homogenization (see, e.g., [1], [4], [11]) that

(5.43) Upe — Uy in Hé(Q), when ¢ — 0,
(5.44) M, NV, . — &, in L*(Q)", when e — 0,
kn, -
— k k(2 s T2(O\N
(5.45) Ve ; ( w+ Vuw, <E>) xrr — 0 in L7(Q)", whene — 0.

By (5.45), (4.1), Vwk-periodic, and (5.38), we then have

kn

. B . k k(%
éll_I)% QF(V’Mn,s) dx = kl;l_l)l(l)/ F (En + Vw, <5)) dx
(5.46) -
iy 4 1
= Z/ / F(&F + Vuk) dy dz < / Hz Vi, 6, 0,) dz + —
1/ TENQ JY Q " n

We consider a dense countable subset {h;} of L' (£2) and a dense countable subset
{g;} of L*(Q)N. By using (5.42), (5.43), (5.46), for every n € N, we choose ¢, > 0
such that

A 1
(5.47) /(X%M —0p)hjdx| < - Vjie{l,...,n},
Q
1
(5.48) /(Mn,anumgn —Gy)g;j dz| < - Vjie{l,...,n},
Q
1
(5.49) / [t e, — T |> dz < —,
0 n
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(5.50) / F(Vup.e,) d:r</H2 Vi, 69, 0n) da + — |Q|
Q

Then we define
Up = Un,e, Op = Mn,sn Vun,s,,ﬁ 0, = Xwn e, -

Thanks to (5.40) and &,, converging strongly to ¢ in L?(Q)", we have that &, con-
verges strongly to o in L2(Q)V. So, by (5.41), u,, is bounded in H'(2), which joined to
(5.49) and 1, converging strongly to v in H'(Q) implies that u,, converges weakly to
uin H'(Q). Equation (5.41) and the strong convergence of &,, (see Remark 4.5) also
give that |Vu,|? is equi-integrable and that —dive, = —divd, converges strongly
to —dive in H~1(Q). By (5.48), we also have that o, converges weakly to o in
L2(Q)N. Finally (5.47) and the convergence of 6, to 6 in L>°(Q) weak-* proves that
0., converges to 6 in L>°(Q) weak-. Hence, (un, on,0,) T-converges to (u,c,0).
By (5.50) and the definition (4.18) of F, we obtain

19
—.

(5.51) F(tn,0on,0n) = /

F(Vuy) da:</H2 Vi, 6, 0n) dz + —
Q

On the other hand, by (5.36), Hs(&,n,p) decreasing in 6, and (5.9), we have
Hz (Viin, 60,0n) < Hi oy, (2)4150—0| (Vin, G, On)
< Hi(Vu,0,0) + (1 + |Vu| + |V, )>2(\,)°

< H%(Vu, 7,0) + (1 +|Vu| + |Vﬁn‘)279ﬁ

a.e. in @, with

A = C(IV (it — )| + [Vl 6, — 0]°).

—~~

By then using (5.10), we get

H2 Vi, 6y, 0,) dx
o

IA

1
(5.52) %(Vu 0,0)dx + —/ (1 + |V + |V, |) 22 dz

QN QnnQ

3 0 2—p0
+L/ (vm) <1+|van> da.
Q\Qn « a

By the definition of H and (5.10) we can apply the Lebesgue dominated convergence
theorem to deduce that

Hi(Vu,0,0) — H(Vu,0,0) in L'(Q).

By using also the fact that Vi, converges strongly in L2(2)"V and that |Q\ Q| tends
to zero, we then deduce by (5.51) and (5.52) that

lim sup F(un, 0r, 0n) /H (Vu,0,0)dz = F(u,o0,0).

This proves (5.24). 0
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Proof of Theorem 4.3. We denote by I the infimum of problem (4.4) and by J
the infimum of problem (4.16).

Step 1. Let us first prove that I is bigger than or equal to J. For this purpose it
is enough to observe that thanks to (4.12)

/ F(Vu)dz = / H(Vu, MVu,0)dz,
Q Q

when 0 = x, with w C Q measurable and M = Ay, + Bxqo\w- So in (4.4) we are
minimizing the same functional as that in (4.16) but in a smaller set. This proves
I>J.

Step 2. Let us now use the direct method of the calculus of variations to prove
that problem (4.16) has a minimum. We consider 8,, € L>°(Q2), with 0 < 6,, <1 a.e.
in €,

/ 0, dx < k|9,
Q

and M, € K(A, B,0) a.e. in § such that the solution w,, of
—div M,Vu, = f in Q,
un, € HY(Q)

satisfies

n—oo

3 lim (/ H(Vun,MnVun,Gn)dxJrG(un)) =J.
Q

Thanks to 6,, being bounded in L*(2) and the compactness of the H-convergence, by
extracting a subsequence if necessary, we can assume that there exist § € L>°(€2) and
M € L*°(Q; M%) such that 6,, converges weak-* in L>°(Q2) to § and M,, H-converges
to M. Therefore, (u,, M, Vuy,,0,) T-converges to (u, MVu,0) (the equi-integrability
of [Vu,|? is an easy consequence of Meyer’s theorem [19]), where

0<60<1 ae. inQ, /degfi\m, M € K(A, B,0) a.e. in Q,
Q

—divMVu=f in €,
u € H}(Q).

Since F is lower semicontinuous for the 7-convergence and G is sequentially contin-
uous for the weak convergence in H}(2), we have

n—oo

J = lim </ H(Vun,MnVun,Qn)derG(un)) Z/H(Vu,MVu,G)dz+G(u).
Q Q

Thus u, M, 6 is a solution of (4.16), and hence J is a minimum.

Step 3. To finish the proof of Theorem 4.3, let us now prove that, for every
solution u, M, 6 of (4.16), there exists a sequence w,, of measurable subsets of {2, with
|wn| < k|Q| such that the solution u,, of

{ —div (Aan + BXQ\%) Vu, = f in Q,

(5.53) . € HAO)
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satisfies

(5.54) lim </ F(Vuy,)dx + G(un)) =J,
n— oo Q
and it is such that (u,, (AXw, + BXo\w,)Vn; Xw,) T-converges to (u, MVu,0).
By Theorem 4.5, we know that there exist @, C Q measurable and @, € Hj(Q)
such that, for M,, = (Axa, + Bxa\e,), the sequence (i, My, Viin, Xz, ) 7-converges
o (u, MVu, ) and

(5.55) lim [ F(Vi,)dx = / H(Vu, MVu,0)dx

n—00 Q

From the compactness of the H-convergence, we can also assume that there exists M
such that M, H-converges to M. Then M € K(A, B,0) a.e. in Q and, thanks to the
definition of 7-convergence, MYVu = MVu ae. in Q. The weak-x convergence of xz
to 6 also implies that

hm |on| = /de < k|Q].

Now, for every n € N, we consider w,, C @, measurable such that
|&n \ wn| = max {|@,| — &[0} — 0,

and we define u,, as the solution of (5.53).
By taking into account

—div M,,Vu, = f — div (M, — M,,)Vu,, in £,

with M, = Axw, + BXo\w,, the equi-integrability of [Vu,|?, and the fact that

(5.56) lim {z € Q2 My(z) — Ma(2) # 0} = lim [&, \w| =0,
we have that (Mn—Mn)Vun tends to zero in L2(Q)" strongly. Therefore —div M, Vu.,
tends to f strongly in H~1(2). By the definition of 7-convergence and —div MVu = f
in Q, we also have that —div M, Vi, converges strongly to f in H~'(Q). The div-
curl lemma then gives that ]\anV(un —Up) - V(uy — Uyp) converges to zero in the sense
of the distributions. The equi-integrability of |Vu,|?> and |Vi,|? implies that this
convergence holds in fact in L(£2) weakly, and so

lim [ M,V (u, — ) - V(ty — 1) dz = 0,

n—oo Q
which by the ellipticity of M, implies that V(u, — @,) converges strongly to zero
in L2(Q)N. Thus, (un, M,,.Vuy, Xu, ) 7-converges to (u, MVu,6), and, by (4.1), the

sequential continuity of G with respect to the weak topology in Hg(£2), and (5.55),
we have

n—oo

lim (/Q F(Vu,)dx + G(un)) = limy oo ([, F(Viin) dz + G(uy))

= o H(Vu, MVu,0)dz + G(u) = O
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Proof of Proposition 4.6. We consider \,p1,p2 € [0,1], £1,&,m1,m72 € RN such
that my =ne for N =1, and (§ — &) - (m1 —n2) =0 for N > 1.

We take x = > cz X(k,k4r) € Lg(0,1).

If & # &, we define u,, € W, °(RN), 0, € L°(RN)N, and 6,, € L®(RN) by

loc

1 =€)
wle)=&-ot [ X(8)ds, () = o + (1 — m)x(n(E — &) ).

On () = p2 + (p1 — p2)x(n(é1 — &) -2), ae zeRY,
respectively, and we observe that, by defining
u(@) = A+ (1=N&) -z, o(x) =+ (1= N)ng,
O(z) = Ap1 + (1 — M)pa, ae. z € RV,
we have that, for every smooth bounded open set w C R¥, u, converges to u in
W (w) weak-*, o, converges to ¢ in L>=(w)" weak-+, and 6, converges to 6 in
L*>°(w) weak-+ and div o, = 0 in w. In particular, (u,, op,0,) T-converges to (u, o, ).

Since the functional F defined by (4.19) is lower semicontinuous in w for the 7-
convergence (use Theorem 4.5, with Q replaced by w), we get

/ HOE + (1= Néo, A+ (1= Mo, Apr + (1 — Npa) das

= F(u,0,0) < lim F(un,on,0n)

n—oo

n—oo

= lim [ (H(&mp)x((E — &) o) + H(&.m.p2) (1= X(n(61 — &) - 2) ) da

- /UJ()\H(&’m’pl) +(1- )‘)H(5277727p2)) dz,

which by the arbitrariness of w implies (4.22) (or (4.21) if N =1).
If & = & (and then N > 1), we reason analogously, by taking ¢ # 0 orthogonal
to 1 — 12 and defining

Un(2) = &1 - 2, on() =2+ (M —n2)x(nC - ),
0u(2) =2+ (11— p2)x(nC-2), ac. s €RY. O
Proof of Proposition 4.7. We recall that convex and bounded functions are locally

Lipschitz in the interior of their domain. This can be easily generalized to functions
of several variables, convex in each one of these variables. Then Proposition 4.6 and
(4.11) prove that H is continuous in the interior of its domain. On the other hand,
we consider (§,n,p) € Dom(H), p € (0,1). By reasoning similarly as in the proof of
Theorem 4.2, it is not difficult to show that if p is close to 0 or 1, then H(§,n,p) is
close to F'(§) and that if

1 T
€ (M€ —n) - ((A—B) (Z+15) <A—B>> (A )~ (A~ )

is small, then

i oo 2(5650) oo c-2(551)

is small. This proves the continuity of H in the boundary of its domain. |

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/10/16 to 150.214.182.169. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

1456 J. CASADO-DIAZ, J. COUCE-CALVO, AND J. D. MARTIN-GOMEZ

6. Example. In this section we give an example in dimension N > 2 of a
quadratic function F' for which we obtain an explicit expression of the function H
defined by (4.6) in its whole domain. This is given by the following theorem.

THEOREM 6.1. We consider N > 2, A, B € MY, definite positive, s € R such
that s(A — B) is definite nonnegative, and

F(&) = sA¢-¢ Ve e RV,
Then, for every (£,m,p) € RY x RN x (0,1) such that n € K(A, B,p)¢, we have that
the function H defined by (4.6) is given by
s
(6.1) H(& m,p) = sAL-E+ s(Ap —m) - £+ H(A—B)V'V,

where v is any vector in RN which satisfies (B — A)v = A& — 1.
In the cases p =0, p =1, we have

H(¢, A1) = H(E,BE,0) = sAE- ¢ Ve e RV,

Remark 6.1. Since Ran(A—B) = Ker(A—B)*, it is clear that the second member
of (6.1) does not depend on the choice of v. By taking v = (A — B)T(A,¢ —n), we
have

H(1,p) = $AE €+ 5(Ap6 = 1) €+ 1= (A= B)/ (A€ — ) (g€ =)

for every (£,m,p) € RN x RN x (0,1) such that n € K(A, B, p)¢.

Proof of Theorem 6.1. By (4.12) it is enough to prove (6.1).

For (&,1,p) € RN x RN x (0,1) such that n € K(A, B,p)¢, we consider Z,, Sy,
Wy, Nn as in Remark 4.1, and we define

Vp = / Vuw, dy = 7/ Vuw, dy.
Zn, Y\Zn
By using that Vw,, has mean value zero and (3.4), we have

/ SA(E+ Vwy) - (§+ Vw,)dy = sAE - €+ / SAVw, - Vw,dy
(6.2) Y Y

= SAE €+ s(ApE — ) €+ /Y\Z S(A— B)Vu, - Vu dy.

Thanks to s(A — B) nonnegative, the Cauchy—Schwarz inequality proves that

S(A— By - v, = —/ s(A— B)Vuw, v, dy
Y\Z,

< /Y\Zn (s(A—= B)Vw, - Vw,)

N

(s(A— By, I/n)% dy

N
W=

< </Y\Zn s(A - B)Vuw, - andy> ((1 —p)s(A— B)vy, - Vn)

and so
s
1-p

(A= By, v, < / s(A - B)Vuw, - Vw,dy,
Y\Zn
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which substituted in (6.2) and then passed to the limit in n proves that
s
(6.3) H(& m,p) 2 sAL-E+ s(Ap€ —m) - £+ H(A—B)V'%

where v equals the limit of v, (it exists for a subsequence) and satisfies (A — B)v =

n—= Apg-
In order to prove the contrary inequality, we remark that if n € A, + Ran(A— B)
is such that

A B\ T
(6.0 ((A 55+ ) - B)) (A ) - (A —m) = - (A€ — )
then (6.1) follows from Theorem 4.2 by taking v = =(A,{ — 1) and using

A B
—+—|rv-v=(A¢,—1n)- &
(p 1—p> (Ao =)
Thus, it is enough to consider the case where n € A € + Ran(A — B) satisfies

n

(65 ((A—B) (C+10) <A—B>) (A€ ) - (A —m) < €+ (A6 — )

By taking as above v = E(A,€ — 1), we have

A B
n=A7A¢+(A—- B)r, (+)u~u< (B—Ay-¢.
p 1l-p
The last inequality implies that there exists r € (0,p) such that

( ! —1)Au~u:(B—A)y-§—(A+B)z/-y.

p—r p p 1-p

For & = v/(1 —r) we then have that ) = Ayé + (A— B)o, p= (p—r)/(1 —r) are such
that 7 € Ay + Ran(A — B) and that (6.4) holds with n and p, respectively, replaced
by 1 and p. By taking into account

p=r+(1—-r)p, n=rAé+(1—-r)y
and using the convexity property (4.22) of H, we then obtain

H(,n,p) <rH(AEL) + (1 —r)H(E9,p)

(6.6) :8A§'§+S(A—B)l/'f+ﬁ(A—B)l/-Z/.
This finishes the proof of Theorem 6.1. O

Remark 6.2. By the proof of Theorem 6.1, we see that the sequence Z,, given by
Remark 4.1 must be chosen in such a way that the value of Vw, in Y\ Z, is close
to a constant. For N > 2, (£,n,p) € RY x RN x (0,1), n € K(4, B,p)&, n # Ay,
this can be carried on by using two laminations as follows: We take v = Z(A,€ — 1)
and r and p as in the proof of Theorem 6.1, and then we construct a matrix M by a
lamination of A and B in the direction of v with respective proportions p and 1—p and
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then a lamination of A and M in an orthogonal direction to (M — A)¢ with respective
proportions r and 1 —r. This is the idea that we used in the proof of inequality (6.6).
As a particular case of Theorem 6.1, we have the following result.
COROLLARY 6.2. Assume that N > 2, A =al, B = (I, with 0 < a < 3, and
for s € R take F(§) = s[¢|? for every € € RN. Then the function H defined by (4.6)
satisfies

HEmp) = 6+ S8 =) €4 5™ A —l” 50,
a2y 8 e s 2

for every £ € RN, p € (0,1), n € K(A, B,p)¢.

Proof. Tt is enough to apply Theorem 6.1 where the matrices A and B and the
constant s must be replaced, respectively, by 81, al, and s/0 in the case s > 0 and
by al, SI, and s/a in the case s < 0. O

Remark 6.3. Corollary 6.2 and Theorem 4.3 give the relaxation of the problem

inf{s/ |Vul? daz},
Q

—div (ax, + ,BXQ\UJ)VU = f in Q,
u e H(®),

w C Q measurable, |w| < k|Q].

In the case where s > 0, this relaxation was obtained by Bellido and Pedregal in [3]
(see also [15]) for N = 2 and independently by Grabovsky in [10] for arbitrary N. The
method used in the present paper is different from the ones used by these authors.
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