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ON UNIVERSALITY OF COMPOSITION OPERATORS IN
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Abstract. In this paper we characterize the universality of a sequence of

composition operators generated by automorphisms of the N -dimensional

unit polydisc DN , on Hardy spaces of DN . In addition, we provide suitable

conditions for the universality of partial derivative-composition operators in

certain spaces X of holomorphic functions in DN and the N -dimensional

unit ball. Our theorems improve or extend earlier ones due to Bourdon and

Shapiro, Herzog, León, Bernal and the authors, among others.

1. Introduction

It is well known that the group Aut(D) of automorphisms of the unit disc D
is the set of Möbius transformations {σa,k : |a| < 1 = |k|}, where σa,k(z) =
k · z−a

1−az . In 1941 W. Seidel and J. L. Walsh [14] established the existence of
a function f ∈ H(D) such that, given a simply connected domain G ⊂ D and
a function g ∈ H(G), there is a sequence {an}∞1 ⊂ D depending on g such
that f ◦ σan,1 → g (n → ∞) in H(G). This result is in turn a non–Euclidean
version of Birkhoff’s theorem about density of translates of certain entire functions
[4]. In 1995 L. Bernal-González and A. Montes–Rodŕıguez [3] extended Seidel–
Walsh’s theorem by showing that if {Sn = σan,kn : n ∈ N} ⊂ Aut(D), then
the set {f ∈ H(D) : {f ◦ Sn} is dense in H(D)} is not empty if and only if
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it is residual if and only if lim supn→∞ |an| = 1 if and only if the action of
{Sn}∞1 is properly discontinuous on D (i.e., given a compact subset K ⊂ D
there exists m = m(K) ∈ N such that K ∩ Sm(K) = ∅; the same definition
is kept for any domain G ⊂ CN ). In 1995 G. Herzog [11] proved the following
“Seidel–Walsh theorem for derivatives”: If X is a Banach space of holomorphic
functions on D with A(D) := C(D) ∩ H(D) ⊂ X such that convergence in X

implies compact convergence on D and polynomials are dense in X, then for every
sequence {an}n ⊂ D with |an| → 1 (n → ∞) the set {f ∈ X : {f ′ ◦ σan,1 : n ∈
N} is dense in H(D)} is a residual subset of X. Trivially, the expression f ′◦σan,1

cannot be changed to f ◦ σan,1 (just take X = A(D)).
In 1999 Bernal-González and the second author [2] extended Herzog’s result to

an operator of the form Φ(D), where D is the differentiation operator (Df = f ′)
and Φ is a non-constant polynomial, and in fact to a C–bounded sequence of
polynomials. A sequence {Φn(z) =

∑N
j=0 b

(n)
j zj}∞1 of polynomials of the same

degree N ∈ N is C–bounded whenever each sequence {b(n)
j : n ∈ N} (j =

0, 1, 2, . . . , N) is bounded and there exists a positive constant α such that |b(n)
N | ≥

α for all n ∈ N. In [2] the following is shown: If X is a Fréchet space (in fact,
it holds for an F–space) of holomorphic functions in D with A(D) ⊂ X such
that convergence in X implies compact convergence on D and polynomials are
dense in X, and if {Sn}∞1 ⊂ Aut(D) and {Φn}∞1 is a C–bounded sequence of
polynomials, then the set {f ∈ X : {(Φn(D)f) ◦ Sn : n ∈ N} is dense in H(D)}
is a residual subset of X if and only if it is not empty if and only if the action of
{Sn}∞1 is properly discontinuous on D.

If 1 ≤ p < ∞, the Hardy space Hp(D) is defined as Hp(D) = {f ∈ H(D) :

‖f‖p < ∞}, where ‖f‖p = sup
0<r<1

(

1
2π

∫ 2π

0

|f(reiθ)|pdθ

)1/p

. It becomes a Banach

space if it is endowed with this norm. H∞(D) is the space of all f ∈ H(D) which
are bounded on D. It becomes a Banach space when endowed with ‖ · ‖∞. For
N ∈ N, denote the higher order Hardy space Hp

N (D) = {f ∈ H(D) : f (N) ∈
Hp(D)}, which becomes a Banach space whenever it is endowed the norm ‖f‖ =
‖f (N)‖p +

∑N−1
j=0 ‖f (j)‖∞.

In 1997 Bourdon and Shapiro consider ϕ ∈ Aut(D) and Sn = ϕ ◦ · · · ◦ ϕ (n
times), and prove that the set U = {f ∈ Hp(D) : {f ◦ Sn : n ∈ N} is dense in
Hp(D)} is residual in Hp(D) if and only if it is not empty if and only if ϕ has
no fixed point in D ([5, Theorem 2.3 and Proposition 0.1], see also [15, Chap.7]).
Recently, Bernal-González and the authors [1] extended this classical result in two
ways: to the derivative operator of order N from Hp

N (D) to Hp(D), and to the



ON UNIVERSALITY OF COMPOSITION OPERATORS IN SEVERAL VARIABLES 909

unit ball BN in CN , that is, BN = {z = (z1, . . . , zN ) ∈ CN :
∑N

j=1 |zj |2 < 1}.
They also dropped the condition A(D) ⊂ X in Herzog’s result to be Hp

N (D) ⊂ X

whenever {Φn}n is a C-bounded sequence of polynomials of degree N , and they
study the problem when X = H∞(D). We stress that here the polynomials are
not dense.

In 1998 F. León-Saavedra [13] proves that if {Sn}n ∈ Aut(BN ), then there
exists f ∈ H(BN ) such that {f ◦ Sn : n ∈ N} is dense in H(BN ) if and only if
the action of {Sn}n is properly discontinuous on BN [13, Theorem 5] (see also
[6, Theorem 3]). He also provides an analogous statement for the unit polydisc
DN = {z = (z1, . . . , zN ) ∈ CN : |zj | < 1 j = 1, . . . , N)} [13, Theorem 6].

All above results about density can be expressed in the language of universality.
If X and Y are topological spaces, a sequence Tn : X → Y (n ∈ N) of continuous
mappings is called universal whenever the set U of elements x ∈ X such that
the orbit {Tnx}∞1 is dense in Y is not empty. Each element of U is said to be
universal for {Tn}∞1 . If X and Y are topological vector spaces and each Tn is
linear then the words hypercyclic and universal are synonymous. See [10] for a
good up-to-day survey about these topics.

In this paper, we extend the Herzog’s result to several variables, changing D
to DN or BN . We also provide a generalization of Bourdon-Shapiro’s theorem to
DN . From the above statements we improve Theorem 5-6 of [13] and, simultane-
ously, extend the results which are mentioned along the Introduction.

2. Preliminary results

In this section we include all the auxiliary statements which provide us the
desired research about universality in DN and BN . Firstly, the sufficient condition
about universality can be found in [9, Satz 1.2.2 and Satz 1.4.2] (see also [10,
Proposition 6]).

Theorem 2.1. Let X, Y be metrizable topological vector spaces with X complete
and Y separable, and let Λ = {Ln}∞1 be a sequence of continuous linear operators
from X to Y . Then the following statements are equivalent:

(a) The set of Λ-universal elements is a residual subset of X.
(b) The set of Λ-universal elements is a dense subset of X.
(c) The set {(x, Ln(x)) : x ∈ X, n ∈ N} is dense in X × Y .

If, in addition, there is a dense subset C of X such that limn→∞ Ln(x) exists for
all x ∈ C, then (a), (b) and (c) are equivalent to

(d) The set of Λ-universal elements is not empty.
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If π is a permutation of {1, . . . , N} and Iπ(j) is the identity representation of
the unit disc Dj onto Dπ(j), we denote by Iπ the automorphism of DN given by
(Iπ(1), . . . , Iπ(N)). It is known that the set of automorphisms of DN is Aut(DN ) :=
{ϕ◦Iπ : π is a permutation of {1, . . . , N} and each component of ϕ is in Aut(D)}.
From this the following lemma is obvious.

Lemma 2.2. Let {ϕn = (ϕ1,n, . . . , ϕN,n) ◦ Iπn}n ⊂ Aut(DN ). Then {ϕn}n is
properly discontinuous on DN if and only if {ϕj,n}n is properly discontinuous on
D for some j ∈ {1, . . . , N}.

It is known that for any sequence {σn}n of automorphisms on D there exist a
subsequence {σnk

}k of {σn}n and a function S ∈ H(D) such that σnk
→ S (k →

∞) on H(D). In particular, the case S = a constant function = γ, with γ ∈ ∂D
(≡ the boundary of D) is possible if and only if {σn}n is properly discontinuous
on D. Then we have σnk

(z) → γ (k → ∞) pointwise in D \ {γ}. In the next
lemma we provide an analogous result for the unit polydisc.

Lemma 2.3. Let {ϕn = (ϕ1,n, . . . , ϕN,n) ◦ Iπn
}n ⊂ Aut(DN ). Then there exist

holomorphic functions {Sj}N
j=1 ⊂ H(D), a permutation π of {1, . . . , N} and a

subsequence {nk}k of N such that

ϕnk
→ (S1, . . . , SN ) ◦ Iπ on H(DN ) (k →∞).

Proof. Let j = 1. Since {ϕ1,n}n is a sequence of automorphisms on D, there
exist a subsequence {m1,k : k ∈ N} of positive integers and a holomorphic
function S1 in D such that

ϕ1,m1,k
(z) → S1(z) on H(D) (k →∞).

By taking a new subsequence, if it is necessary, there exists i1 ∈ {1, . . . , N} such
that

πm1,k
(1) = i1 for all k ∈ N.

But the sequence {ϕ2,m1,k
(z)}k is also a sequence of automorphisms in D, so

there exist S2 an holomorphic function in D and a subsequence {m2,k : k ∈ N}
of {m1,k : k ∈ N} such that

ϕ2,m2,k
(z) → S2(z) on H(D) (k →∞).

As before, consider a new subsequence if it is necessary, there exists i2 ∈ {1, . . . , N}
such that πm2,k

(2) = i2. And it is obvious that we have i1 6= i2.
Continuing this process gives after finitely many steps a sequence {nk = mN,k :

k ∈ N} of positive integers, a finite sequence {Sj}N
j=1 of holomorphic functions
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in D and i1, . . . iN ∈ {1, . . . , N} different each to other them such that

ϕj,nk
(z) → Sj(z) on H(D) (k →∞),

πnk
(j) = ij for all k ∈ N,

for any j ∈ {1, . . . N}. If we now define π as the permutation of {1, . . . , N} such
that π(j) = ij , then the conclusion of the lemma is evident. £

We can give a related statement for the unit ball BN . Recall that the set of
automorphisms of BN is Aut(BN ) = {M ◦ϕa : M is a unitary transformation of
CN and a ∈ BN}, where ϕa(z) = a−Pa(z)−(1−|a|2)1/2Qa(z)

1−<z,a> , with Pa(z) = <z,a>
|a|2 · a

and Qa = I − Pa (see [7]). In the following SN denote the unit sphere in CN .

Lemma 2.4. Let {ϕn}n ⊂ Aut(BN ). If {ϕn}n is properly discontinuous on BN

then there exist a subsequence {ϕnk
}k of {ϕn}n and a point γ ∈ SN such that

ϕnk
→ γ on H(BN ) (k →∞).

The proof is analogous to that one we can find as part of the proof of [1,
Theorem 4.3]. In fact they provide two points γ, γ1 ∈ SN such that ϕnk

→ γ

pointwise in BN \ {γ1} (k →∞).

We conclude this section giving a left-inverse operator for the partial derivative
operator ∂α in H(G), where G is a polydisc or a ball. We denote N0 = N ∪ {0}
and, given α = (α1, . . . , αN ) and β = (β1, . . . , βN ), we write β ≤ α whenever
βj ≤ αj for any j ∈ {1, . . . , N}.

Lemma 2.5. Let G ⊂ CN be a polydisc or a ball with center (a1, . . . , aN ), f ∈
H(G) and α = (α1, . . . , αN ) ∈ NN

0 \ {0}. Define, for any z = (z1, . . . , zN ) ∈ G,
∂−αf(z) as

∂−αf(z) =
∫ zN

aN

· · ·
∫ z1

a1

(z1 − ξ1)α1−1 · · · (zN − ξN )αN−1

(α1 − 1)! · · · (αN − 1)!
f(ξ1, . . . , ξN )dξ1 · · · dξN ,

if α ∈ NN or as the analogous expression without the corresponding term in zj if
αj = 0 for some j, where the integration is taken along the segments [aj , zj ]. We
set ∂0f = f . Then ∂−α is well-defined for every α, ∂−αf ∈ H(G) and

∂β(∂−αf) = ∂−α+βf for any β ≤ α.
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3. A Bourdon-Shapiro theorem for the unit polydisc

In the following, let TN denote the distinguished boundary of DN and τN

the measure on TN that is product of normalized Lebesgue measure on the circles
|zj | = 1.

For 0 < p < ∞ the Hardy space on DN is defined as

Hp(DN ) := {f ∈ H(DN ) : ‖f‖p := sup
0<r<1

(∫

TN

|f(rξ)|pdτN (ξ)
)1/p

< +∞}

(see [7]). These Hardy spaces are functional Banach spaces for p ≥ 1. In [12,
Proposition 1] it is proved that any automorphism ϕ of DN generates a bounded
composition operator Cϕf = f ◦ϕ of Hp(DN ), for 1 ≤ p < ∞. If we take account
it we can establish the next “Seidel-Walsh” theorem.

Theorem 3.1. Let {ϕn}∞1 = {(ϕ1,n, . . . , ϕN,n) ◦ Iπn}∞n=1 ⊂ Aut(DN ) and p ∈
[1, +∞). Then the set

U = {f ∈ Hp(DN ) : {f ◦ ϕn : n ∈ N} is dense in Hp(DN )}

is residual in Hp(DN ) if and only if the action of {ϕn}∞1 is properly discontinuous
on DN .

Proof. If U is residual in Hp(DN ) then there exists f ∈ H(DN ) such that its
orbit {f ◦ ϕn : n ∈ N} is dense in H(DN ), because convergence in Hp(DN )
implies compact convergence. Now, we only need apply [13, Proposition 1].

As for the converse, we will use Theorem 2.1. Recall that the set of polynomials
is dense in Hp(DN ). Fix two polynomials p(z), q(z) and a number ε > 0. We
should find a function g ∈ Hp(DN ) and a positive integer n0 such that ‖p−g‖p < ε

and ‖q − (g ◦ ϕn0)‖p < ε.
From the fact {ϕn}∞n=1 is properly discontinuous on DN and by Lemma 2.2,

we can suppose for the sake of a simpler notation, without loss of generality, that
there is a point γ1 ∈ ∂D such that ϕ1,n → γ1 (n → ∞) pointwise in D \ {γ1},
and that πn(1) = 1 for all n ∈ N.

Consider the “peak function” for γ1 defined as

a1(w) =
1 + γ1w

2
(w ∈ C).

This is a peak–function at γ1 for D in the sense that a1(w) is continuous on D,
holomorphic in D, a1(γ1) = 1 and |a1(w)| < 1 for all w ∈ D\{γ1} (see [8, p. 189]).

Let a(z1, . . . , zN ) := a1(z1) and choose a positive integer m such that

‖am‖p <
ε

‖p‖∞ + ‖q‖∞
, (1)
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which is possible because of the Lebesgue Bounded Convergence Theorem. Here,
and from now on, we denote ‖ · ‖∞ := ‖ · ‖DN

.
Since (a ◦ ϕn)(z1, . . . , zN ) = a1(ϕn,1(zπn(1))) = a1(ϕn,1(z1)), a1(w) is continu-

ous on D and a1(γ1) = 1, we have that

1− [(a ◦ ϕn)(z)]m → 0 (n →∞)

for τN -almost every point of TN , because the measure of the set {(γ1, z2, . . . , zN ) ∈
TN} is zero. Again by the Lebesgue Bounded Convergence Theorem, we derive
that ‖1− [a(ϕn(·))]m‖p → 0 (n →∞), so there is n0 ∈ N with

‖1− [a(ϕn0(·))]m‖p <
ε

‖p‖∞ + ‖q‖∞
. (2)

Finally, define

g(z) = p(z) + a(z)m · [q(ϕ−1
n0

(z))− p(z)].

Then g is continuous on DN , so g ∈ Hp(DN ). We have, from (1) and (2), that

‖p− g‖p = ‖a(z)m · [q(ϕ−1
n0

(z))− p(z)]‖p < ε

and

‖q(z)− (g ◦ ϕn0)(z)‖p

= ‖q(z)− p(ϕn0(z))− a(ϕn0(z))m · [q(z)− p(ϕn0(z))]‖p

= ‖(1− [a(ϕn0(z))]m) · (q(z)− p(ϕn0(z)))‖p < ε.

An application of Theorem 2.1 with X = Y = Hp(DN ) and Ln = Cϕn (n ∈ N)
yields the desired result. £

Remark. If, in the above theorem, we consider N = 1 and Sn as the nth-iterate
of a single ϕ ∈ Aut(D) we obtain the Bourdon-Shapiro theorem mentioned in the
Introduction.

Remark. It is clear that we also obtain the following result [13, Theorem 6]:
Let {ϕn}n ⊂ Aut(DN ). Then there exists a function f ∈ H(DN ) such that
{f ◦ϕn : n ∈ N} is dense in H(DN ) if and only if {ϕn}n is properly discontinuous
on DN .

To finish this section we should say that in [1, Theorem 4.3] it is provided an
analogous statement to Theorem 3.1 for the unit ball BN .
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4. A generalization of Herzog’s theorem to several variables

In the following, given α = (α1, . . . , αN ) ∈ NN
0 , we denote |α| = |α1| + · · · +

|αN |.

Theorem 4.1. Let X be a F -space of holomorphic functions on DN having the
following properties:

(a) Convergence in X implies compact convergence on DN .
(b) A(DN ) ⊂ X.
(c) The polynomials are dense in X.

Assume that {ϕn}∞1 = {(ϕ1,n, . . . , ϕN,n)◦Iπn
}∞n=1 is a sequence of automorphisms

of DN and that α ∈ NN
0 with |α| ≥ 1. Consider the set

U = {f ∈ X : {(∂αf) ◦ ϕn : n ∈ N} is dense in H(DN )}.

If j0 ∈ {1, . . . , N} is such that αj0 6= 0 and the action of the j0-component
sequence {ϕj0,n}∞n=1 ⊂ Aut(D) of {ϕn}n is properly discontinuous on D, then U
is a residual set of X.

Proof. We may suppose without loss of generality that j0 = 1 and that J ∈
{1, . . . , N} is such that αj 6= 0 for j = 1, . . . , J and αj = 0 for j = J + 1, . . . , N .

Define the mappings

Ln : X → H(DN ) (n ∈ N)

by Lnf = (∂αf) ◦ ϕn. Each Ln is linear, and continuous because X satisfies (a).
If we prove that the set

G = {(f, Lnf) : f ∈ X, n ∈ N}

is dense in X×H(DN ), an application of Theorem 2.1 would yield the conclusion.
Let us prove it first in the case X = A(DN ). Since the polynomials are dense

in A(DN ) and in H(DN ), it is sufficient to prove that given two polynomials p, q

and ε, r ∈ (0, 1), there exist g ∈ A(DN ) and n0 ∈ N such that

‖p− g‖∞ < ε

and
‖q − Ln0g‖rD×···×rD < ε.

Let δ = 1 + ‖q‖∞ + ‖∂αp‖∞ and choose m ∈ N such that

m >
2δ

ε
.

From the fact {ϕ1,n}n∈N is properly discontinuous on D we can suppose without
loss of generality, by taking a subsequence if necessary, that there is a point
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γ1 ∈ ∂D such that ϕ1,n → γ1 (n → ∞) uniformly on compact subsets of D.
Hence there exists n0 ∈ N satisfying

‖1− γ−m
1 ϕ1,n0(z)m‖rD ≤ ε

2δ
. (1)

Take the function

F (z) = zm
1 (q(ϕ−1

n0
(z))− (∂αp)(z)) (z = (z1, . . . , zN )),

which is holomorphic in the polydisc G := |ϕ1,n0(0)|−1D × · · · × |ϕN,n0(0)|−1D.
With the notation of Lemma 2.5, define the function

h =
1

γm
1

∂−αF

on the domain G. Then h ∈ H(G), so h ∈ A(DN ), and for any z ∈ D× · · · ×D,

|h(z)| =
∣

∣

∣

∣

1
γm
1

∂−αF (z1, . . . , zN )
∣

∣

∣

∣

=

∣

∣

∣

∣

∫ zJ

0

. . .

∫ z1

0

(z1 − ξ1)α1−1 . . . (zJ − ξJ)αJ−1

(α1 − 1)! · · · (αJ − 1)!
ξm
1 ·

(q(ϕ−1
n0

(ξ1, . . . , ξJ , zJ+1, . . . , zN ))− (∂αp)(ξ1, . . . , ξJ , zJ+1, . . . , zN ))dξ1 · · · dξJ

∣

∣ =
∣

∣

∣

∣

∫ 1

0

. . .

∫ 1

0

zα1−1
1 (1− t1)α1−1 . . . zαJ−1

J (1− tJ)αJ−1

(α1 − 1)! · · · (αJ − 1)!
(z1 · · · zJ)zm

1 tm1 ·

(q(ϕ−1
n0 (z1t1, . . . , zJ tJ , zJ+1, . . . , zN ))− (∂αp)(z1t1, . . . , zJ tJ , zJ+1, . . . , zN ))dt1 · · · dtJ

∣

∣ .

Since, trivially, we have
∣

∣

∣

∣

zα1+m
1 (1− t1)α1−1

(α1 − 1)!

∣

∣

∣

∣

≤ 1 (z1 ∈ D, t1 ∈ [0, 1]),

∣

∣

∣

∣

∣

z
αj

j (1− tj)αj−1

(αj − 1)!

∣

∣

∣

∣

∣

≤ 1 (zj ∈ D, tj ∈ [0, 1], j ∈ {2, . . . , J}),

we may obtain the inequality

|h(z)| ≤
∫ 1

0

tm1 δdt1 =
δ

m + 1
<

ε

2
.

In particular if we define g = p + h, then one gets

g ∈ A(DN )

and
‖g − p‖∞ = ‖h‖∞ < ε.

Moreover,
q(z)− Ln0g(z) = q(z)− (Ln0p)(z)− (Ln0h)(z) =



916 A. BONILLA AND M.C. CALDERÓN-MORENO

q(z)− (∂αp)(ϕn0(z))− 1
γm
1

ϕm
1,n0

(zπn0 (1))[q(z)− (∂αp)(ϕn0(z))] =

(1− γ−m
1 ϕm

1,n0
(zπn0 (1)))(q(z)− (∂αp)(ϕn0(z))),

for all z = (z1, . . . , zN ) ∈ G.
Assume that z = (z1, . . . , zN ) ∈ rD× · · · × rD. Then zπn0 (1) ∈ rD and by (1)

we get

|q(z)− Ln0g(z)| = |1− γ−m
1 ϕm

1,n0
(zπn0 (1))| · |q(z)− (∂αp)(ϕn0(z))| < ε

2δ
· δ =

ε

2
.

Thus the set G is dense in A(DN )×H(DN ), as required.
Now, let us see the general case where X is an F -space as in the hypothesis. By

Lemma 2.3 there exist holomorphic functions S1, . . . , SN on D, and a permutation
π of {1, . . . , N} such that for some subsequence {ϕnk

}k of {ϕn}n it holds that

ϕnk
(z1, . . . , zN ) → S ≡ (S1(zπ(1)), . . . , SN (zπ(N))) on H(DN ) (k →∞).

Then, for any polynomial P on CN we have

(∂αP ) ◦ ϕnk
→ (∂αP ) ◦ S on H(DN ) (k →∞).

Thus, lim
k→∞

Lnk
P exists in H(DN ) for every polynomial P . Since X satisfies (b),

the set U is non-empty and by (c), Theorem 2.1 yields that U is a residual subset
of X. The proof is finished. £

Remark. Although the above theorem only provides with a sufficient condition,
this is optimal in the following sense. Consider X = A(DN ) and suppose that
for all j ∈ {1, . . . , N} such that αj ≥ 1 the sequence {ϕj,n}∞n=1 is not properly
discontinuous on D. Then for any r ∈ (0, 1) there exists a compact subset Lj ⊂ D
with

ϕj,n(|z| ≤ r) ⊂ Lj for all n ∈ N.

If αj = 0 we set Lj = D. Hence

((∂αf) ◦ ϕn)(rD× · · · × rD) ⊂ ∂αf(L1 × · · · × LN ),

for all n ∈ N. In particular, if f ∈ A(DN ), we have that the set
⋃

n∈N

[((∂αf) ◦ ϕn)(rD× · · · × rD)],

is bounded. Thus f 6∈ U and U is empty.

Now, suppose that X = Hp(DN ) and there exists a unique j ∈ {1, . . . , N} such
that the “component” {ϕj,n}n of {ϕn} ⊂ Aut(DN ) is properly discontinuous on
D. Then for any α ∈ NN

0 , U is residual. If αj 6= 0 it is a direct consequence of
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Theorem 4.1, but if αj = 0 we can make a similar proof as in Theorem 3.1 by
introducing a “peak” function. We left the details to the interested reader.

It is known that for every automorphism ϕ of the unit ball BN we can find
a concentric open ball B such that BN ⊂ B and ϕ−1 is holomorphic in B.
With this and Lemma 2.4 in mind we can adapt the proof of Theorem 4.1 to
get the statement contained in Theorem 4.3, see below. Although the details are
left to the interested reader, we indicate that now we must work directly with
the automorphisms {ϕn} and not with their components, and take the function
F (z) = a(z)m(q(ϕ−1

n0
(z))− (∂αp)(z)), where a(z) = 1+〈z,γ〉

2 .

Theorem 4.2. Assume that α ∈ NN
0 \ {0}. Let X be an F -space of holomorphic

functions on BN having the following properties:

(a) Convergence in X implies compact convergence on BN .
(b) A(BN ) ⊂ X.
(c) The polynomials are dense in X.

Assume that {Sn}n is a sequence of automorphisms of BN . Consider the set

U = {f ∈ X : {(∂αf) ◦ Sn : n ∈ N} is dense in H(BN )}.

Then U is residual in X if and only if the action of {Sn}n is properly discontinuous
on BN .
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