
The dual Hahn q-Polynomials in the latticex(s) = [s]q[s+ 1]q and the q-Algebras SUq(2) and SUq(1; 1).1R. �Alvarez-Nodarse 2Departamento de Matem�aticas. Escuela Polit�ecnica Superior.Universidad Carlos III de Madrid. Butarque 15, 28911, Legan�es, Madrid.Yuri F. SmirnovInstituto de F��sica, Universidad Nacional Aut�onoma de M�exico,Apdo. Postal 20-364, M�exico 20, D.F.andInstitute of Nuclear Physics, Moscow State University,Moscow 119899, RussiaAbstractThe dual q-Hahn polynomials in the non uniform lattice x(s) = [s]q[s + 1]q areobtained. The main data for these polynomials are calculated ( the square of the normthe coe�cients of the three term recurrence relation, etc), as well as its representationas a q-hypergeometric series. The connection with the Clebsch-Gordan Coe�cients ofthe Quantum Algebras SUq (2) and SUq (1; 1) is also given.x1 IntroductionIt is well known that the Lie Groups Representation Theory plays a very important rolein the Quantum Theory and in the Special Function Theory. The group theory is an ef-fective tool for the investigation of the properties of di�erent special functions, moreover,it gives the possibility to unify various special functions systematically. In a very simpleand clear way, on the basis of group representation theory concepts, the Special FunctionTheory was developed in the classical book of N.Ya.Vilenkin [1] and in the monography ofN.Ya.Vilenkin and A.U.Klimyk [2], which have an encyclopedic character.In recent years, the development of the quantum inverse problem method [3] and the studyof solutions of the Yang-Baxter equations [4] gave rise to the notion of quantum groups andalgebras, which are, from the mathematical point of view, Hopf algebras [5]. They are ofgreat importance for applications in quantum integrable systems, in quantum �eld theory,and statistical physics (see [6] and references contained therein). They are attracting muchattention in quantum physics, especially after the introduction of the q-deformed oscilla-tor [7]-[8]. Also they have been used for the description of the rotational and vibrationalspectra of deformed nuclei [9]-[11] and diatomic molecules [12]-[14], etc. However to applythem it is necessary to have a well developed theory of their representations. In quan-tum physics, for instance, the knowledge of the Clebsch-Gordan coe�cients (3j symbols ),Racah coe�cients ( 6j symbols ) and 9j symbols [15] is crucial for applications because all1today2e-mail address: renato@dulcinea.uc3m.es, Fax (+341) 6249430.1



the matrix elements of the physical quantities are proportional to them.The present work represents the de�nite part of the investigations about the connection be-tween di�erent constructions of the Wigner-Racah algebras for the q-groups and q-algebrasSUq(2) and SUq(1; 1) and the orthogonal polynomials of discrete variables (see also [16],Vol. III [2], [17], as well as [18]-[21], [22] and [23], [24]-[26]). For a review of q-polynomialssee [24] and [26]. In [19] the properties of the Clebsch-Gordan coe�cients (CGC's) of thesetwo quantum algebras SUq(2) and SUq(1; 1) and the q-analog of the Hahn polynomials onthe exponential lattice x(s) = q2s were considered in detail. In a similar way the Racahcoe�cients (6j symbols) for such q-algebras have been connected with the Racah polyno-mials in the lattice x(s) = [s]q[s+1]q [20]-[21]. Recently the q-analogs of the Kravchuk andMeixner polynomials on the non-uniform lattice x(s) = q2s were investigated (see [23] andreference contained therein)) in order to �nd the connection of them with the Wigner D-functions and Bargmann D-functions for the q-algebras SUq(2) and SUq(1; 1) respectively.To continue this line it seems reasonable to investigate the interrelation between the CGC'sfor the quantum algebras SUq(2) and SUq(1; 1) with q-analogs of the dual Hahn polynomi-als on the non-uniform lattice x(s) = [s]q[s+1]q . In order to solve this problem in sections2 and 3 we discuss the properties of these q-polynomials, their explicit formula and therepresentation in terms of the generalized q-hypergeometric functions 3F2 [24] is obtained.In section 4, from the detailed analysis of the �nite di�erence equations (2) for these q-polynomials, we deduce the relation between them and the CGC's for SUq(2), which helpus to draw an analogy between the basic properties of the Clebsch-Gordan coe�cients andthese orthogonal q- polynomials. Since these coe�cients are studied from view point ofthe theory of orthogonal polynomials, a group-theoretical interpretation arises for the basicproperties of dual Hahn q-polynomials. In section 5 we �nd the relation between Clebsch-Gordan coe�cients for the quantum algebra SUq(1; 1) and the dual Hahn q-polynomials bytwo di�erent ways, the �rst one - as in the previous case, i.e., comparing the �nite di�erenceequation for the dual Hahn q-polynomials and the corresponding recurrence relation forthe CGC's, and the second one; using the well-known relation between the CGC's for theq-algebra SUq(1; 1) and the CGC's for SUq(2).Using the connection between the CGC's and these q-polynomials (see below the formulas(19) and (24) ) we �nd explicit formulas for the CGC's, as well as their representation interms of the generalized q-hypergeometric functions 3F2 or the basis hypergeometric series3'2 [27].In the conclusion of this Section it should be noted that some new approach to the in-vestigation of the connection between the representation theory of algebras and the theoryof orthogonal polynomials was suggested recently [28]-[32]. It allows to solve also a newclass of problems (so called quasi-exactly solvable problems). This approach was extendedon the q-di�erence equation in [33]. In [34] it was shown that the similar approach canbe formulated also to study the classical orthogonal polynomials in the exponential latticex(s) = q2S [24]. As for the quadratic lattice x(s) = s(s + 1) and the q-quadratic latticex(s) = [s]q[s + 1]q, the extension of this approach on such type of problems is not foundyet. Therefore we apply here the standard method of [24] to the analysis of the dual Hahnq-polynomials in the q-quadratic lattice. 2



x2 The dual Hahn q-polynomials in the non-uniform latticex(s) = [s]q[s+ 1]q.Let us to start with the study of some general properties of orthogonal polynomials of adiscrete variable in non-uniform lattices. Let be~�(x(s)) 44x(s� 12)5Y (s)5x(s) + ~�(x(s))2 �4Y (s)4x(s) + 5Y (s)5x(s) �+ �Y (s) = 0;5f(s) = f(s)� f(s� 1);4f(s) = f(s+ 1)� f(s) ; (1)the �nite di�erence equation of hypergeometric type for some lattice function x(s), where5f(s) = f(s) � f(s � 1) and 4f(s) = f(s + 1)� f(s) denote the backward and forward�nite di�erence quotients, respectively. Here ~�(x) and ~�(x) are polynomials in x(s) ofdegree at most 2 and 1, respectively, and � is a constant. It is convenient (see [24] and[25]) to rewrite (1) in the equivalent form�(s) 44x(s� 12 )5Y (s)5x(s) + �(s)4Y (s)4x(s) + �Y (s) = 0;�(s) = ~�(x(s))� 12 ~�(x(s))4 x(s� 12); �(s) = ~�(x(s)): (2)It is known ([24] and [25]) that for some special kind of lattices, solutions of (2) are or-thogonal polynomials of a discrete variable, in other words, they satisfy the orthogonalityrelation b�1Xsi=aPn(x(si))Pm(x(si))�(si)4 x(si � 12 ) = �nmd2n; si+1 = si + 1; (3)where �(s) is some non-negative function (weight function), i.e.,�(si)4 x(si � 12 ) > 0 (a � si � b� 1);supported in a countable set of the real line (a; b) and such that44x(s� 12 )[�(x)�(x)] = �(x)�(x) ;�(s)�(s)xk(s� 12)js=a;b = 0; 8k 2 IN (IN = f0; 1; 2; :::g):Here d2n denotes the square of the norm of the corresponding orthogonal polynomials.They satisfy a three term recurrence relation (TTRR) of the formx(s)Pn(s) = �nPn+1(s) + �nPn(s) + 
nPn�1(s); P�1(s) = 0; P0(s) = 1: (4)The polynomial solutions of equation (2), denoted by Yn(x(s)) � Pn(s), are uniquelydetermined, up to a normalizing factor Bn, by the di�erence analog of the Rodriguesformula (see [24] page 66 Eq. (3.2.19) ) 3



Pn(s) = Bn�(s) 5(n)n [�n(s)]; 5(n)n = 55x1(s) 55x2(s) : : : 55xn(s) [�n(s)]; (5)where xm(s) = x(s+ m2 ); �n(s) = �(n+ s) nYk=1 �(s+ k):These solutions correspond to some values of �n - the eigenvalues of equation (2).Let us to start with the study of the dual Hahn q-polynomials in the particular non-uniformlattice x(s) = [s]q[s+ 1]q where [n]q denotes the so called q-numbers[n]q = qn � q�nq � q�1 ;and q is, in general, a complex number jqj 6= 1.We will use a result by Nikiforov, Suslov, Uvarov [24] (Theorem 1 page 59) who establishedthat for the lattice functions x(s) = c1q2s + c2q�2s + c3, where c1, c2 and c3 are someconstants, equation (2) has a polynomial solution uniquely determined, up to a constantfactor Bn, by (5). A simple calculation shows that our lattice x(s) = [s]q[s+ 1]q belongsto this class. In fact we havex(s) = q(q � q�1)2q2s + q�1(q � q�1)2 q�2s � q + q�1(q � q�1)2 ; (6)so for the lattice x(s) = [s]q[s + 1]q it is possible to obtain polynomial solutions of theequation (2) (see Appendix), and these solutions are uniquely determined by the Rodriguesformula (5).We are interested to construct the polynomials in such a way that, in the limit q ! 1, theyand all their principal attributes ( �(s), �(s), �n , �(s), d2n, TTRR coe�cients �n; �n; 
n,etc. transform into the classical ones. These polynomials we will call the q-analog of theclassical dual Hahn polynomials in the non-uniform lattice x(s) = [s]q[s + 1]q and theywill be denoted by W (c)n (s; a; b)q (see also [25]). In order to obtain these q-polynomials letus de�ne the �(x(s)) function such that in the limit q ! 1 it coincides with the �(s) forthe classical polynomials, i.e.,limq!1�(x(s)) = (s� a)(s+ b)(s� c):Therefore we will choose the function �(s) as follows�(s) = qs+c+a�b+2 [s� a]q[s+ b]q[s� c]q: (7)Following Chapter III in [24] we can �nd the main data for the polynomials W (c)n (s; a; b)q.The results of these calculations are provided in Table 2.1 (see also the Appendix). Every-where, 8x 2 IN, by [x]q! we denote the q-factorial which satis�es the relation [x + 1]q! =[x + 1]q[x]q!, and coincides with the ~�q(x) function introduced by Nikiforov et al. ([24]4



page 67 Eq.(3.2.23)-(3.2.25)). In general 8x 2 IR the q-factorial is de�ned in terms of thestandard �q(x) (see [24] or [26]) by formula~�q(x+ 1) = [x]q! = q�x(x�1)=2�q(x+ 1) :It is clear that all characteristics of these q-polynomials coincide with the correspondingatributtes for the classical dual Hahn polynomials (see [24] page 109 table 3.7.) in the limitq ! 1.Table 2.1. Main Data for the q-analog of the Hahn polynomials W cn(s; a; b)qYn(s) W cn(x(s); a; b)q ; x(s) = [s]q[s+ 1]q(a; b) (a; b)�(s) q�s(s+1)[s+ a]q ![s+ c]q ![s� a]q ![s� c]q ![s+ b]q ![b� s� 1]q!� 12 � a �< b� 1; jcj < a+ 1�(s) qs+c+a�b+2[s� a]q [s+ b]q [s� c]q�(s) �x(s) + qa�b+c+1[a+ 1]q [b� c� 1]q + qc�b+1[b]q [c]q�n q�n+1[n]qBn (�1)n[n]q !�n(s) q�s(s+1+n)�n22 +n(a+c�b+ 32 )[s+ a+ n]q ![s+ c+ n]q ![s� a]q![s� c]q ![s+ b]q ![b� s� n � 1]q !d2n q�ab�bc+ac+a+c�b+1+2n(a+c�b)�n2+5n [a+ c+ n]q ![n]q![b� c� n � 1]q![b� a� n� 1]q!an q� 32n(n�1)[n]q !�n q3n [n+ 1]qq2n�b+c+1[b� a� n+ 1]q[a+ c+ n+ 1]q+�n +q2n+2a+c�b+1[n]q [b� c� n]q + [a]q[a+ 1]q
n qn+3+2(c+a�b)[n+ a+ c]q [b� a� n]q [b� c� n]q5



x3 The explicit formula for the dual Hahn q-polynomials inthe lattice x(s) = [s]q[s + 1]q. The �nite di�erence derivativeformulas.The explicit formula for the dual Hahn q-polynomials. In order to obtain theexplicit formula for the q-polynomials W (c)n (s; a; b)q we will use the Rodrigues Formula (5).Firstly, notice that for the lattice x(s) = [s]q[s+ 1]q veri�es the relationx(s)� x(s� i) = [i]q5 x(s� i�12 ) = [i]q[2s� i+ 1]qholds. Then, by induction we can �nd the following expression for the operator 5(n)n [f(s)]5(n)n [f(s)] = nXm=0 (�1)n+m[n]q![2s� n+ 2m+ 1]q[m]q![n�m]q! mYk=0[2s+m+ 1� k]q f(s� n +m) :Thus, the Rodrigues Formula for the lattice x(s) = [s]q[s + 1]q takes the form (see also[24] page 69, Eq. (3.2.30) )Pn(s) = Bn nXm=0 (�1)n+m[n]q![2s� n+ 2m+ 1]q[m]q![n�m]q! mYk=0[2s+m+ 1� k]q �n(s� n +m)�(s) : (8)Now using the main data for the W (c)n (s; a; b)q polynomials (Table 2.1), the equation (8)can be rewritten in the formW (c)n (s; a; b)q == [s� a]q![s+ b]q![s� c]q![b� s � 1]q!q n22 �sn�n(a+c�b+ 52 )[s+ a]q![s+ c]q! nXm=0 (�1)m[2s� n+ 2m+ 1]q[m]q![n�m]q![2s+m+ 1]q!�� q�m2�2sm+nm�m [2s+m� n]q![s+ a+m]q![s+ c+m]q![s� a� n +m]q![s+ b� n+m]q![s� c� n+m]q![b� s �m� 1]q! : (9)As a consequence of this representation we obtain the values of W (c)n (s = a; a; b)q andW (c)n (s = b� 1; a; b)q at the ends of the interval of orthogonality (a; b)W (c)n (s = a; a; b)q = (�1)nq�n22 +n(c�b+ 32 )[b� a� 1]q![a+ c+ n]q![n]q![a+ c]q![b� a� n � 1]q! ; (10)W (c)n (s = b� 1; a; b)q = q�n22 +n(c+a+ 32 )[b� a� 1]q![b� c� 1]q![n]q![b� c� n� 1]q![b� a� n � 1]q! : (11)In order to �nd the representation of these polynomials in terms of q-HypergeometricFunctions we can follow [24] (Chapter 3, section 3.11.2, page 135). Using the corresponding6



constants c1; c2 and c3 (6) for the non-uniform lattice x(s) = [s]q[s + 1]q we obtain (see[24] Eq. 3.11.36 page 146) the followingW (c)n (x(s); a; b)q = (a� b+ 1jq)n(a+ c+ 1jq)nqn(s+ 12 (n�1))�(c+a�b+1)[n]q! ��3F2 �n; a� s; a+ s+ 1a� b+ 1; a+ c+ 1 ; q; q(b�c�n)! ; (12)where by de�nition3F2  a1; a2; a3b1; b2 ; q; z! = 1Xk=0 (a1jq)k(a2jq)k(a3jq)k(b1jq)k(b2jq)k(qjq)k zk ;and (�jq)n = n�1Yk=0[�+ k]q = [�]q[�+ 1]q : : : [�+ n� 1]q = ~�q(�+ n)~�q(�) :The �nite di�erence derivative formulas for the dual Hahn q-polynomials. Toobtain the �nite di�erence derivative formulas for these q-polynomials we will follow [24](page 24, Eq.(2.2.9)). Firstly, notice the relation:4Pn(s� 12 )4x(s� 12) = ~Bn�1~�(s) 5(n�1)n�1 [�n�1(s)] = 55x1(s) 55x2(s) : : : 55xn�1(s)[~�n�1(s)] = ~Pn�1(s);where ~Bn�1 = ��nBn; ~�(s) = �1(s � 12); ~�n�1(s) = �n(s � 12): In general, the polynomials~Pn�1(s) in the right hand side of this equation, are not the same that Pn(s) (because theycan have a di�erent weight function). Since for the q-analog of dual Hahn polynomials inthe lattice x(s) = [s]q[s+ 1]q the following connection between weight functions holds~�n�1(s; a0; b0; c0) = �n(s� 12 ; a; b; c) = �n�1(s; a+ 12 ; b� 12 ; c+ 12) ; (13)we conclude that ~Pn�1(s) coincides with the dual Hahn q-polynomial characterized by newparameters a0 = a+ 12 , b0 = b� 12 and c0 = c+ 12 . Then, we obtain the following formula forthe �nite di�erence derivative:W (c)n (s+ 12 ; a; b)q�W (c)n (s� 12 ; a; b)q = q�3n+3[2s+ 1]qW (c+ 12 )n�1 (s; a+ 12 ; b� 12)q : (14)The formula (14) will be called the �rst di�erentiation formula for the polynomialsW (c)n (s; a; b)q.Now, if we change the parameters a,b and c and the variable s in �(s) by a0 = a � 12 ; b0 =b+ 12 ; c0 = c� 12 ; s0 = s� 12 , we �nd~�n+1(s� 12 ; a0; b0; c0) = q�2n+a+c�b+ 14 �n(s; a; b; c): (15)Then, from the Rodrigues Formula (5)~Pn+1(s� 12 ; a0; b0; c0) = ~Bn+1~�(s� 12 ; a0; b0; c0) 5(n+1)n+1 [~�n+1(s� 12 ; a0; b0; c0)]:7



and using Eq. (15) we obtain~Pn+1(s� 12 ; a0; b0; c0) = ~Bn+1q�2n+a+c�b+ 14Bn ~�(s� 12 ; a0; b0; c0)5�(s; a; b; c)Pn(s)5x(s) :As in the previous case, we notice that in the left hand side of this equation the dual Hahnq-polynomials with a0; b0; c0 parameters appear which are di�erent from the correspondingparameters in the right hand side. Namely, a0 = a � 12 ; b0 = b + 12 and c0 = c � 12 . As aresult the following formula for the �nite di�erence derivative holdsq2n�a�c+b[n+ 1]q[2s]qW (c� 12 )n+1 (s� 12 ; a� 12 ; b+ 12)q =qs[s� a]q[s � c]q[s+ b]qW (c)n (s� 1; a; b)q� q�s[s+ a]q[s+ c]q[b� s]qW (c)n (s; a; b)q: (16)The formula (16) will be called the second di�erentiation formula for the polynomialsW (c)n (s; a; b)q.x4 Clebsch-Gordan coe�cients for the q-algebra SUq(2) andthe dual Hahn q-polynomials.The quantum algebra SUq(2) is de�ned by three generators J0, J+ and J� with the followingproperties (see [35]-[36] and references therein)[J0; J�] = �J�; [J+; J�] = [2J0]q;Jy0 = J0; Jy� = J�:Here we use the standard notation [A;B] = AB � BA for the commutators, [n]q for q-numbers and [2J0]q means the corresponding in�nite formal series. Let DJ1 and DJ2 betwo irreducible representations (IR) of the algebra SUq(2). The tensor product of twoirreducible representations DJ1 
 DJ2 can be decomposed into the direct sum of IR DJcomponents DJ1 
DJ2 = J1+J2XJ=jJ1�J2j�DJ :For the basis vectors of the IR DJ we havejJ1J2; JM >q= XM1;M2 < J1M1J2M2jJM >q jJ1M1 >q jJ2M2 >q ; (17)where a symbol < J1M1J2M2jJM >q denotes the Clebsch-Gordan coe�cients (CGC) forthe quantum algebra SUq(2). In [35]-[38] have been proved that these CGC's satisfy thefollowing recurrence relation 8



r [J�M ]q [J+M ]q [J1+J2+J+1]q [J2�J1+J ]q [J�J2+J1]q [J1+J2�J+1]q[2J+1]q [2J�1]q[2J ]2q �� < J1M1J2M2jJ � 1M >q +� (qJ [J+M+1]q�q�J [J�M+1]q)([2J ]q [2J2+2]q�[2]q [J2+J1�J+1]q [J+J1�J2]q)[2J+2]q [2J ]q [2]q �� < J1M1J2M2jJM >q ++r [J�M+1]q [J+M+1]q [J1+J2+J+2]q [J2�J1+J+1]q [J�J2+J1+1]q [J1+J2�J ]q[2J+3]q [2J ]q [2J+2]2q �� < J1M1J2M2jJ + 1M >q ++ (qJ2+M1 [J2+M2+1]q�qM1�J2 [J2�M2+1]q)[2]q < J1M1J2M2jJM >q= 0 : (18)Comparing the di�erence equation (2) for the q-analog of the dual Hahn polynomialsW (c)n (s; a; b) in the non-uniform lattice x(s) = [s]q[s + 1]q with the recurrence relationfor CGC's, we conclude that CGC's < J1M1J2M2jJM >q can be expressed in terms of thedual Hahn q-polynomials by the formula(�1)J1+J2�J < J1M1J2M2jJM >q= q�(s)4 x(s� 12 )dn W (c)n (x(s); a; b)q�1 :jJ1 � J2j < M; n = J2 �M2; s = J; a = M; c = J1 � J2; b = J1 + J2 + 1: (19)Here �(x) and dn denote the weight function and the normalization factor for the poly-nomials W (c)n (x(s); a; b)q�1, respectively. It should be noted that in (19) the parameterq is prescribed to the CGC < J1M1J2M2jJM >q, meanwhile the inverse parameter q�1corresponds to the dual Hahn q-polynomial.From the last expression and the orthogonality (3) of the W (c)n (s; a; b) polynomials theorthogonality of the CGC's follows, i.e.,XJ;M < J1M1J2M2jJM >q< J1M 01J2M 02jJM >q= �M1M 01�M2M 02 : (20)In the same way, we can show using (19) that the recursive relation (4) for the dual Hahnq-polynomials W (c)n (s; a; b) is equivalent to the the recursive relation in M1 and M2 for theCGC's [35]-[38]q�2p[J2 �M2 + 1]q[J2 +M2]q[J1 +M1 + 1]q[J1 �M1]q < J1M1 + 1J2M2 � 1jJM >q +p[J2 +M2 + 1]q[J2 �M2]q[J1 +M1]q[J1 �M1 + 1]q < J1M1 � 1J2M2 + 1jJM >q +� q�2M1[J2 +M2 + 1]q[J2 �M2]q + q2M2[J1 +M1 + 1]q[J1 �M1]q + [M + 12 ]2q��[J + 12 ]2q �q�M2+M1�1 < J1M1J2M2jJM >q= 0 : (21)9



The phase factor (�1)J1+J2�J in (19) was obtained by the comparison of the values of theW (c)n (s; a; b) polynomials at the ends of the interval of orthogonality (see (10) and (11))with the corresponding values of the CGC's at J = M and J = J1 + J2 + 1. Using therelation (19) and the �nite di�erence derivative formulas (14) and (16) we �nd the tworecurrence relations for the CGC's:q�J�1r [J�M+1]q [J1+J2+J+2]q [J2�J1+J+1]q [2J+2]q[2J+3]q[J2�M2]q < J1M1J2M2jJ + 1M >q ++r [J+M+1]q[J1+J2�J ]q [J�J2+J1+1]q [2J+2]q[2J+1]q [J2�M2]q < J1M1J2M2jJM >q== q(�J�J2�M2+M�1=2)[2J + 2]q < J1M1J2 � 12M2 + 12 jJ + 12M + 12 >q (22)and q�Jr [J�M ]q [J1+J2+J+1]q [J2�J1+J ]q [2J ]q[2J�1]q [J2�M2+1]q < J1M1J2M2jJ � 1M >q ++r [J+M ]q[J1+J2�J+1]q [J�J2+J1 ]q[2J ]q[2J+1]q [J2�M2+1]q < J1M1J2M2jJM >q== q(�J�J2�M2+M�1)=2[2J ]q < J1M1J2 + 12M2 � 12 jJ � 12M � 12 >q (23)The formula (22)-(23) can be obtained independently using the q-analog of the QuantumTheory of Angular Momentum ([35] - [38]). Let T 12� (2) be a tensor operator of rank 12 actingon the variables J2;M2 . If we calculate the matrix element < J1M1J2M2jT 12� (2)jJ 01J 02; J 0M 0 >q,on the one hand, using the Wigner-Eckart theorem for SUq(2) [35] we �nd that< J1M1J2M2jT 12� (2)jJ 01J 02; J 0M 0 >q== ��J1 ;J 01 XM 01M 02 < J 01M 01J 02M 02jJ 0M 0 >q < J 02M 02 12�jJ2M2 >qq[2J2 + 1]q < J2jjT 12 jjJ 02 >q :On the other hand, the application of the algebra of tensor operators [38] gives< J1M1J2M2jT 12� (2)jJ 01J 02; J 0M 0 >q== XJ 00M 00 < J1M1J2M2jJ 00M 00 >q< J1J2; J 00M 00jT 12� (2)jJ 01J 02; J 0M 0 >q== XJ 00M 00 < J1M1J2M2jJ 00M 00 >q < J 0M 0 12�jJ 00M 00 >qq[2J 00 + 1]q (�1)J1+J2+J 00+ 12��q[2J 00 + 1]q[2J 0 + 1]q ( J1 J 00 J212 J 02 J 0 )q < J2jjT 12 jjJ 02 >q :Putting in both of these equations J 0 = J + 12 ;M 0 = M + 12 ; J 02 = J2 � 12 ; J 01 = J1;M 01 =M1;M 02 = M2 + 12 ; � = � 12 and taking into account that at such a choice of the angular10



momenta and their projections we obtain that only the values M 00 = M;J 00 = J; J + 1 arepossible. From this fact the relation (22) follows.To obtain the equation (23) we put J 0 = J � 12 ;M 0 = M � 12 ; J 02 = J2 + 12 ; J 01 = J1;M 01 =M1;M 02 = M2� 12 ; � = 12 . All necessary quantities ( J1 J 00 J212 J 02 J 0 )q and < J1M1 12�jJM >qare tabulated in [35] and [36], respectively.From relation (19) we also see that the dual Hahn q-polynomial with n = 0 correspondsto the CGC with the maximal value of the projection of the angular momentum J2, i.e.,M2 = J2. For this reason it will be called the backward (we start from n = 0 and obtainCGC at M2 = J2, for n = 1 CGC at M2 = J2 � 1, and so on ). There exists anotherpossibility corresponding to the inverse case, i.e., when the polynomial with n = 0 is pro-portional to the CGC with the minimal value of M2 = �J2, this relation will be called theforward way (we start from n = 0 and obtain CGC atM2 = �J2, when n = 1 we �nd CGCat M2 = �J2 + 1, and so on ). In fact, comparing the di�erence equation for the q-analogof the dual Hahn polynomials W (c)n (s; a; b) (2) with the recurrence relation for CGC's, weconclude that CGC's < J1M1J2M2jJM >q can be also expressed in terms of the q-dualHahn polynomials as follows(�1)J1+J2�J < J1M1J2M2jJM >q= q�(s)4 x(s� 12)dn W (c)n (x(s); a; b)q ;jJ1 � J2j < �M;n = J2 +M2; s = J; a = �M; c = J1 � J2; b = J1 + J2 + 1: (24)Here, as earlier, �(x) and dn denote the weight function and the normalization factor forthe polynomials W (c)n (x(s); a; b)q, respectively.Notice that if in the previous relation we provide the change of parameters M1 = �M1,M2 = �M2, M = �M and q = q�1 then, the right hand side of (24) coincides with theright hand side of (19). Then, we can conclude that for the CGC's the following symmetryproperty holds(�1)J1+J2�J < J1 �M1J2 �M2jJ �M >q�1=< J1M1J2M2jJM >q : (25)To conclude this Section we provide a table in which the corresponding properties ofthe Hahn q-polynomials h(�;�)n (s;N)q de�ned on the exponential lattice q2s [19] (see also[24] and [26]) and the dual Hahn q-polynomials W (c)n (x(s); a; b)q de�ned on the latticex(s) = [s]q[s + 1]q are compared with the corresponding properties for the CGC's of theq-algebra SUq(2). The last, help us to establish the interrelation between these two typesof orthogonal q-polynomials. 11



Table 4.1 CGC's and the q-analog of Hahn polynomials.Pn(s)q < J1M1J2M2jJM >qFinite di�erence equation (2) for the W (c)n (x(s); a; b)q Recurrence relation (18) for the CGC'sand TTRR (4) for h(�;�)n (s;N )qFinite di�erence equation (2) for the h�;�n (s;N )q Recurrence relation (21) for the CGC'sand TTRR (4) for W (c)n (x(s); a; b)q�(s)d2n in (19) < J1M1J2J2jJM >2q�(s)d2n in (24) < J1M1J2 � J2jJM >2qDi�erentiation formulas (14) and (16) Recurrence relation (22) and (23)for W (c)n (x(s); a; b)q for the CGC'sEquivalence of relation (19) and (24) Symmetry property (25) for the CGC'sOrthogonality Relation (3) Orthogonality Relations (20)Comparing the �nite di�erence equation and the TTRR which the polynomials h�;�n (s;N)qand W (c)n (x(s); a; b)q satisfy we concludeThe �nite di�erence equation(2) for the dual Hahnq-polynomialsW (c)n (x(s); a; b)q � - Recurrence relation (4)for the q-Hahnpolynomials h(�;�)n (s;N )qRecurrence relation (4)for the dual Hahnq-polynomialsW (c)n (x(s); a; b)q � - The �nite di�erence equation(2) for the q-Hahnpolynomials h(�;�)n (s;N )qMoreover, since for the Hahn q-polynomials h(�;�)n (s;N)q in the exponential lattice x(s) =q2s [19] the following relation holds (for the classical case see [24] and for q-case see [19])(j1m1j2m2jjm)q�1 = (�1)ss�(s)�x(s� 12)d2n h��n (s;N)q12



where s = j2�m2; N = j1+ j2�m+1; � = m� j1+ j2; � = m+ j1� j2; n = j�m, where�(x) and dn denote the weight function and the normalization factor for the polynomialsh(�;�)n (s;N)q given by formulas�(x) = q 12�(�+2N+2s�3)+ 12�(�+2s�1) [�+N � 2� 1]![� + s]![N � s� 1]![s]!d2n = (q � q�1)2nB2n [n]![�+ n]![� + n]![�+ � +N + n]![N � n� 1]![�+ � + n]![�+ � + 2n+ 1]!�q2�+2N+N(N�1)+(N�1)(2�+�+N)+ 12�(�+1)+n(�+�+2)where Bn = (�1)n 1[n]!q2n(q � q�1)n , we obtain the following relation between Hahn q-polynomials h(�;�)n (s;N)q and the dual Hahn q-polynomials W (c)n (x(s); a; b)q(�1)s+nq+(s�3)(�2+�)+3��2n�� 32 (n+s)+(n�s)(N��+�2 )h(�;�)n (s;N)q == q2n[s]q![N � s � 1]q![n+ �]q![n]q![N � n� 1]q![s+ �]q! W (���2 )s (tn; � + �2 ; � + �2 +N)q�tn = sn(sn + 1) sn = �+�2 + n s; n = 0; 1; 2; :::;N � 1� : (26)Observe that in the limit q ! 1 this relation take the form of the classical relation betweenthe classical Hahn and dual Hahn polynomials [24] (page 76, Eq.(3.5.14)).x5 The explicit formula for the CGC's. Its representation interms of a basic hypergeometric function.The explicit formula for the Clebsch-Gordan coe�cients of the SUq(2) quantumalgebra. In order to obtain the explicit formula for the CGC < J1M1J2M2jJM >qwe will use the explicit expression for the dual Hahn q-polynomials (9) and the Eq.(19),connecting them with CGC's. Providing some straightforward calculations we obtain thefollowing general analytical formula to calculate the CGC's for the algebra SUq(2)< J1M1J2M2jJM >q q� 12 (J(J+1)�J1(J1+1)+J2(J2+1))+(M+1)J2+J(J2�M2) == (�1)J1+J2�Js [J2 �M2]q![J1 �M1]q![J �M ]q![J2 +M2]q![J +M ]q! ��s [J + J1 + J2 + 1]q![J2 � J1 + J ]q![J2 + J1 � J ]q![2J + 1]q[J1 +M1]q![J1 � J2 + J ]q! �� 1Xk=0 (�1)kqk2+2Jk�(J2�M2�1)k[J + J1 � J2 + k]q![J +M + k]q![k]q![2J + 1 + k]q![J �M1 � J2 + k]q![J � J1 +M2 + k]q! �� [2J � J2 +M2 + k]q![2J � J2 +M2 + 2k + 1]q[J2 �M � 2� k]q![J + J1 +M2 + k + 1]q![J1 + J2 � J � k]q! : (27)13



Representation in terms of the basic hypergeometric function. In order to �ndthe representation of the CGC's in terms of q-Hypergeometric Functions we can use therepresentation of the dual Hahn q-polynomials (12). Then, from formula (19) we obtain(�1)J1+J2�J < J1M1J2M2jJM >q�1= q�(s)[2s+ 1]qdn ��(a� b+ 1jq)n(a+ c+ 1jq)nqn(s+ 12 (n�1))�(c+a�b+1)[n]q! 3F2 �n; a� s; a+ s + 1a� b+ 1; a+ c+ 1 ; q; q(b�c�n)! (28)where jJ1� J2j < M; n = J2 �M2; s = J; a = M; c = J1 � J2; b = J1 + J2+ 1 and �(x) anddn denote, as usually, the weight function and the normalization factor for the polynomialsW (c)n (x(s); a; b)q.x6 Clebsch-Gordan coe�cients for the q-algebra SUq(1; 1) andthe dual Hahn q-polynomials.In the previous sections we have studied the connection between dual Hahn q-polynomialsand the CGC's of the SUq(2) quantum algebra. Let us now to study the connection betweenthe dual Hahn polynomials and the Clebsch-Gordan coe�cients of the quantum algebraSUq(1; 1) (for a survey see [2] and [39]). The quantum algebra SUq(1; 1) is de�ned by threegenerators K0, K+ and K� with the following properties [35][K0; K�] = �K�; [K+; K�] = �[2K0]q ;Ky0 = K0; Ky� = K�:Since this algebra is non-compact the Irreducible Representations (IR) can be classi�edin two series, the continuous and the discrete series of IR. In this work we will study thediscrete case only, more concretely the positive discrete seriesDj+. The basis vectors jjm >qof the IR Dj+ can be found from the lowest weight vector jjj + 1 > ( K�jjj + 1 >= 0 )by the formula j jm >= s [2j + 1]q![j +m]q![m� j � 1]q! Km�j�1+ j jj + 1 > :Let Dj1+ and Dj2+ be two irreducible representations (IR) from the positive discrete se-ries of the algebra SUq(1; 1). The tensor product of this two IRs, Dj1+ 
 Dj2+, can bedecomposed into the direct sum of IRs Dj+ componentsDj1+ 
Dj2+ = 1Xj=j1+j2+1�Dj+ :For the basis vectors of the IR Dj= we havejj1j2; jm >q= Xm1;m2 < j1m1j2m2jjm >q jj1m1 >q jj2m2 >q ; (29)14



where the symbols < j1m1j2m2jjm >q denote the Clebsch-Gordan coe�cients (CGC) forthe quantum algebra SUq(1; 1). In [19] it was proved that these CGC's satisfy the followingrecurrence relationp[m2 � j2 � 1]q[j2 +m2]q[m1 � j1]q[j1 +m1 + 1]q < j1m1 + 1j2m2 � 1jjm >q +q2p[m2 � j2]q[j2 +m2 + 1]q[j1 +m1]q[m1 � j1 � 1]q < j1m1 � 1j2m2 + 1jjm >q +� q�2m1 [j2 +m2 + 1]q[m2 � j2]q + q2m2 [j1 +m1 + 1]q[m1 � j1]q++[j + 12 ]2q � [m+ 12 ]2q �q�m2+m1+1 < j1m1j2m2jjm >q= 0 : (30)Comparing the recurrence relation for the q-analog of the dual Hahn polynomialsW (c)n (s; a; b)(4) with (30) for CGC's, we conclude that CGC's < j1m1j2m2jjm >q can be expressed interms of the dual Hahn q- polynomials by the formula(�1)m�j�1 < j1m1j2m2jjm >q= q�(s)4 x(s� 12)dn W (c)n (x(s); a; b)q�1 ;n = m1 � j1 � 1; s = j; a = j1 + j2 + 1; c = j1 � j2; b = m : (31)We obtain the phase factor (�1)m�j�1 comparing the values of theW (c)n (s; a; b) polynomialsat the ends of the interval (10) with the corresponding values of the CGC's. Now we canobserve that if we provide the following substitution:J1 = m+j1�j2�12 ; M1 = m1�m2+j1+j2+12 ; J = j;J2 = m�j1+j2�12 ; M2 = m2�m1+j1+j2+12 ; M = j1 + j2 + 1;the right hand sides of the equations (19) and (31) become to be identical (see also [19] ).This imply that for the CGC's for these two quantum algebras the following relation holds< J1M1J2M2jJM >suq (2)=< j1m1j2m2jjm >suq(1;1) : (32)Now we can obtain a general formula to calculate the CGC's for the SUq(1; 1) algebra.Using the explicit expression for the q-analog of the dual Hahn polynomials (9) and theEq.(31) we obtain
15



< j1m1j2m2jjm >q q� 12 (j(j+1)+j1(j1+1)�j2(j2+1))+(m�1)(j1+1)+j(m1�j1�1) == (�1)m�j�1s [j +m]q![m� j � 1]q![m2 + j2]q![j1 +m1]q! ��s [j � j1 � j2 � 1]q![j2� j1 + j]q![m1 � j1 � 1]q![m2 � j2 � 1]q![2j + 1]q[j + j1 + j2 + 1]q![j1 � j2 + j]q! �� 1Xk=0 (�1)kqk2+2jk�(m1�j1�2)k [2j + j1 + 1�m+ k]q![j � 1 + j2 + j + k + 1]q![k]q![2J + 1 + k]q![m1 � j1 � 1� k]q![j �m1 � j2 + k]q![m� j � 1� k]q!�� [j + j1 � j2 + k]q![2j + j1 �m1 + 2k+ 2]q[j �m1 + j2 + k]q![j + j1 +m2 + k + 1]q! : (33)Using the formula (31) we �nd the following representation for the CGC of the SUq(1; 1)quantum algebra in terms of the q-hypergeometric function:(�1)m�j�1 < j1m1j2m2jjm >q�1= q�(s)[2s+ 1]qdn ��(a� b+ 1jq)n(a+ c+ 1jq)nqn(s+ 12 (n�1))�(c+a�b+1)[n]q! 3F2 �n; a� s; a+ s + 1a� b+ 1; a+ c+ 1 ; q; q(b�c�n)! ; (34)where n = m1 � j1 � 1; s = j; a = j1 + j2 + 1; b = m; c = j1 � j2. We remind that�(x) and dn denote the weight function and the normalization factor for the polynomialsW (c)n (x(s); a; b)q, respectively.To conclude this Section we want to remark that the same procedure can be applied tothe negative discrete series of IR. Moreover, from the �nite di�erence equation and thedi�erentiation formulas (2), (14) and (16) we can obtain some new recurrence relations forthe CGC's of the SUq(1; 1) quantum algebra.Appendix. Calculation of the main data of the dual Hahnq-polynomials in the non-uniform lattice x(s) = [s]q[s+ 1]qThe dual Hahn q-polynomials are the polynomial solution of the second order �nite di�er-ence equation of the hypergeometric type on the non-uniform lattice x(s) = [s]q[s+ 1]qqs+c+a�b+2 [s� a]q[s+ b]q[s� c]q[2s+ 1]q 4 "5W (c)n (s; a; b)q[2s� 2]q #+n�[s]q[s+ 1]q + qc�b+1[c]q[b]q + qa+c�b+1[a+ 1]q[b� c� 1]qo4W (c)n (s; a; b)q[2s]q ++q�n+1 [n]qW (c)n (s; a; b)q = 0: (35)16



Since x(�s� 1) = x(s) and 4x(s� 12 ) = �4 x(t� 12)jt=�s�1 the coe�cient �(s) in (35) iscompletely determined by the formula ([24], Equation (3.5.3), page 75))�(s) = �(�s� 1)� �(s)4x(s� 12)The k-order �nite di�erence derivative of the polynomials W (c)n (s; a; b)q is de�ned as followsvkn(s) = 44xk�1(s) 44xk�2(s) : : : 44x(s)[W (c)n (s; a; b)q] � 4(k)[W (c)n (s; a; b)q];where xm(s) = x(s+ m2 ), satis�es the following equation of the same typeqs+c+a�b+2 [s� a]q[s+ b]q[s � c]q[2s+ 1� k]q 4" 5vkn(s)[2s� k � 2]q #+ �n(s)4vkn(s)[2s� k]q +�kvkn(s) = 0; (36)where (see [24], page 62, Equation (3.1.19)). Furthermore, we have�k(s) = �(s+ k)� �(s) + �(s+ k)4 x(s+m� 12)4xk�1(s) ; �k = q�n+1[n]q + k�1Xm=0 4�m(x)4xm(x) :Thus, as a result, we obtain�k(s) = �q2k[s + k2 ]q[s+ k2 + 1]q + qc�b+k+1 [c+ k2 ]q[b� k2 ]q++qa+c�b+1� k2 [a+ k2 + 1]q[b� c� k � 1]q: (37)The solution of the Pearson-type �nite di�erence equation44x(s� 12) [�(x)�(x)] = �(x)�(x);gives the weight function �(s)�(s) = q�s(s+1)[s+ a]q![s+ c]q![s� a]q![s� c]q![s+ b]q![b� s � 1]q! :Using the de�nition �n(s) = �(n+ s) nYk=1 �(s+ k) (see (5)) we obtain�n(s) = q�s(s+1+n)�n22 +n(a+c�b+ 32 )[s+ a+ n]q![s+ c+ n]q![s� a]q![s� c]q![s+ b]q![b� s � n � 1]q! : (38)Let us to �nd the squared normalization factor for the dual Hahn q- polynomials. Firstly,weuse the formula ([24], section 3.2.2 page 64, Equation (3.7.15))d2n = q� 32n2+ 32n[n]q!B2nSn; (39)where Bn = (�1)n[n]q! and Sn is a sumb�n�1Xsi=a �n(si)4 xn(si � 12 ): (40)17



To calculate it we will use the identity (N = b� a� 1 2 IN)Sn = SnSn+1 Sn+1Sn+2 : : : SN�2SN�1SN�1: (41)From (38) and (40) we �ndSN�1 = [a+ c+N � 1]q![a� c]q! q�a2�aN� (N�1)22 +(N�1)(a+c�b+ 32 ):To obtain Sn we will follow [24] (page 105-106). Using the formulas, given at these pages,we �nd that SnSn+1 = 1�(x�n�1), where x�n�1 is the solution of the equation �n�1(x�n�1) = 0.Some straightforward but tedious algebra gives the following expression�(x�n�1) = q�2a+2c�2b+n+2 [a+ c+ n]q[b� a� n]q[b� c� n]q:Now, collecting the expressions (39), (40) and (41), we obtain that the squared normaliza-tion factor for the dual Hahn q-polynomials is equal tod2n = q�ab�bc+ac+a+c�b+1+2n(a+c�b)�n2+5n [a+ c+ n]q![n]q![b� c� n� 1]q![b� a� n� 1]q!To obtain the leading coe�cient an of the polynomial and the coe�cients �n; �n and 
n ofthe three term recurrence relation (4) we use [24] (Equation (3.7.2), page 100) and formulas�n = anan+1 ; 
n = an�1an d2nd2n�1 ;�n = ��nW (c)n+1(a; a; b)q + 
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