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ABSTRACT. In this paper we study when Freudenthal extensions of proper
maps preserve the (weak, semi) confluency. Also the extensions to the
Alexandroff one-point compactificaton are considered.

1. PRELIMINARIES

The interesting class of confluent maps (containing monotone as well as open
maps) was introduced originally by J. J. Charatonik in [3]. Later on various
generalizations have appeared in the literature. In this paper, besides confluent
maps, we will consider semi-confluent and weakly confluent maps defined by T.
Mackowiak [14] and A. Lelek [11], respectively.

Some authors have used proper maps to extend results on confluent maps from
the classical theory of continua (i.e., compact and connected metric spaces) to
the non-compact setting. As a contribution to this effort, we study the behavior
of confluent, semi-confluent and weakly confluent proper maps with respect to
the Alexandroff and Freudenthal compactifications.

More precisely, we point out that none of the aforementioned types of confluent
maps is preserved by the Freudenthal compactification (Example 3.4). Notwith-
standing, positive results are attained for the three types of confluency for maps
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with locally connected codomain (Theorems 3.6, 5.5 and 6.4). Also the Freuden-
thal extension preserves confluency and weak confluency for maps inducing a
homeomorphism between end spaces (Theorem 7.5). Similarly, the Alexandroff
one-point compactification preserves confluent and weakly confluent maps (Theo-
rem 7.7). In contrast, these results do not hold for semi-confluent maps (Example
7.8).

The paper contains two proofs of the preservation of confluency by the Freuden-
thal extension (Theorem 3.6), the first and shorter one (which does not work for
the other two types of confluency considered in this paper) is a mentionworthy
consequence of the monotone-light factorization theorem. The second proof is
based on the fact that Peano subcontinua can replace subcontinua in the defini-
tion of confluency for maps with locally connected codomain (Theorem 4.1). This
pattern is also followed by semiconfluent maps; that is, Theorem 4.1 also holds
for these maps (Theorem 6.2) and we derive from it that Freudenthal extensions
preserve semiconfluency (Theorem 6.4). However, Theorem 4.1 does not hold
for weakly confluent maps (Example 5.1) but still we can prove the analogue of
Theorem 3.6 for this class of maps (Theorem 5.5).

2. THE FREUDENTHAL COMPACTIFICATION

We restrict to the category of metrizable locally compact and o-compact (ad-
missible spaces, for short) and proper maps. More precisely we focus our interest
on connected admissible spaces (generalized continua). Local compactness to-
gether with o-compactness yield the existence of increasing sequences of compact
subsets K,, C X such that X = UZL K, with K,, C int K,,;1. Such a sequence
{K,}n>1 is called an ezhausting sequence.

Given an exhausting sequence {K,},>1 of a generalized continuum X, the
ends of X are the elements € = (Q,,),>1 of the inverse limit

F(X) =lmQ(X — int K,)

where Q(X —int K,) is the space of quasicomponents of X —int K, and the bond-
ing maps are induced by inclusions. The space F(X) turns to be homeomorphic
to a closed subset of the middle-third Cantor set. The Freudenthal compacti-
fication® of X is the set X=XuU F(X) endowed with the compact topology

Un fact the Freudenthal compactification can be defined for the much larger class of rim-
compact spaces (i.e., topological spaces whose points posses a neighborhood basis consisting of
open sets with compact frontiers). Moreover, the Freudenthal compactification of a rim-compact
space X is homeomorphic to the Stoilow-Kerékjarté6 compactification which is obtained as the
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generated by the open sets of X together with the sets
O = QU{(Qﬂ)nZl; such that Q,, C Q for n large }

where ) ranges over the family of all open sets with compact frontier in X. See [8]
and [2] for details. Moreover, the Freudenthal compactification of a generalized
continuum is a continuum ([7]; Thm. VI). We have the following useful description

of the basic open set Q*. Given any set A C X, let AT = N F(X).
Lemma 2.1. For any basic open set Q* C )?, the equality Q* = QU Q7 holds.

PROOF. The inclusion Q* C Q U Q7 readily follows from the definition of the
Freudenthal topology. In order to check OF c Q*, assume that there is an end

e =(Qn)n>1 € o - Q*, that is, Q,, ¢ Q for all n. As FrQ is compact we have
FrQ C int K,,, for some ng in an exhausting sequence of X, {K,},>1. Thus,
Q, = Q —int K,, is an open and closed set in X — int K,, for all n > ng. As
@, C X —int K,, is a quasicomponent, necessarily

Qn C(X—intK,)—Q=W, (n>ng). (2.A)

Since W, is open and closed in X —int K, we derive that U,, = W,, N (X — K1)
is open in X — K,4+; € X —int K,, and so U, is an open set in X. Finally,
Qn+2 C U,, yields € € U} and U, N # @ by hypothesis, this leads to a
contradiction since @ NU,, = & by (2.A). O

Recall that a continuous map f : X — Y is said to be proper if f~1(K) is
compact for each compact subset K C Y. It is well known that proper maps
between admissible spaces are closed ([4]; 3.7.18). Any proper map f: X — Y
between generalized continua extends to a continuous map f: X — Y which
restricts to a continuous map f, : F(X) — F(Y). Namely if ¢ = (Qn)n>1,
f(s) = fi(e) = (Q})k>1 where Q) C Y is a quasicomponent such that f(Qp,) C
@), for some increasing subsequence (Q,, )x>1 of e. We say that a proper map
f X = Y is end-faithful if f. : F(X) — F(Y) is a bijection. The map f is
termed the Freudenthal extension of f.

quotient space of the Stone-Cech compactification B(X) by factoring out the components of
B(X) — X; see ([9], p. 115) and ([18], Corollary 1).
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Locally connected (generalized) continua are called (generalized) Peano con-
tinua. For these spaces, quasicomponents coincide with components; so Freuden-
thal ends may be described as decreasing sequences of components. It is well-
known that any generalized Peano continuum is arc-connected ([20]; 4.2.5). Fur-
thermore, for generalized Peano continua an exhausting sequence can be chosen
to be formed of subcontinua. More precisely, we have the following lemma.

Lemma 2.2 ([1]; 2.4(d)). Let X be a generalized Peano continuum, then there
exists an echausting sequence {Xy,}n>1 in X where each X,, C X is a Peano
subcontinuum.

In the following lemmas we present some basic properties that will be used
throughout this paper.

Lemma 2.3. Let C' be a continuum and A # C be a non-trivial subcontinuum
of C. If K C C is a compact subset such that AN K = @&, then there exists a
continuum B in C with KN B =@ and A C B.

PROOF. If d(A, K) = § > 0, we consider the open set G = {z € C; d(z, 4) < 2}
for which A C G and K NG = @. Applying ([10]; Thm. 4, p. 173) we get a
continuum B with A C B C G. In particular K N B = @. O

Lemma 2.4. Let X be a generalized continuum and {K,}n,>1 be an erhaust-
ing sequence of X. For each point p € X there exists a sequence of continua
{Cp}n>1 C X such that p € Cy, Cpy1 — Ky, #0 and C,, C Cyyq for alln > 1.

PROOF. We can assume without loss of generality that p € int K. Let C be the
component of p in K. Since the Freudenthal compactification Xisa continuum,
the bumping boundary theorem ([10]; Thm. 1, p. 172) applied to X yields
Ci1NFrK; # @. Consider p; € C; NFr Ky and choose Cs to be the component of
p1 in K5. Notice that C7 C Cs and also C3 NFr Ky # &, and hence Cy — K # O.
Proceeding inductively we obtain the desired sequence of continua. O

Lemma 2.5. Let X be a generalized continuum. If H is a connected open subset
of the Freudenthal compactification X, then H — F(X) is also connected.

This lemma is an immediate consequence of the fact that the Stone-Cech com-
pactification satisfies the corresponding analogue ([21]; 9.8) and that the Freuden-
thal compactification is perfect; that is, the canonical map fX — X is monotone;
see Footnote 1. For the sake of completeness we give here a direct proof.

PROOF OF LEMMA 2.5. Suppose for a moment that H — F(X) =V UW is the
union of two disjoint open subsets in H — F(X) and hence in X. Clearly H C
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VX UWX, and the connectedness of H yields the existence of some p € VX QWX.
Moreover, as V and W are disjoint we get that p € F(X) is necessarily an end;
that is, p = (Qn)n>1 is a decreasing sequence of quasicomponents @, C X —int K,
where {K,, },>1 is an exhausting sequence of X. Next we use that H is an open
set in X to find an open set G C X with compact frontier such that p € G* C H.

Finally we observe that for any compact set K C X with FrG C int K we
have that G — K = éX — K is an open and closed subset in X — K and then
Vo = (G—-—K)NV and Wy = (G — K)NW are open and closed subsets in
G — K C H— F(X). Therefore, Vi and Wy are disjoint open an closed subsets
in X — K. In particular V, and Wy are open sets of X with compact frontiers
FrVo UFrW, C K. We claim that p € V; N W and there would be an integer
ng greater enough such that @, C Vo N Wy for all n > ny. This contradiction
finishes the proof.

It remains to show the claim. For this, notice that by Lemma 2.1 it will

suffice to check that p € W W, . Let U* be any basic open neighborhood
of pin X with U* € (G—K)* € G*. Then U € G — K and p € V' implies

VoﬁU:VﬁU:VﬂU*#QandSOpevoX. SimilarlypEWoX and we are
done. O

3. CONFLUENT MAPS I

In this section we study the behavior of the Freudenthal extensions of confluent
maps. We start by observing that any monotone proper surjection f : X — Y
(i.e., f~1(y) connected for all y € Y) between admissible spaces is end-faithful;
see ([6]; 4.2) for a proof. As an immediate consequence we get the following

proposition. Here X represents the Alexandroff one-point compactification of
X.

Proposition 3.1. Let f : X — Y be a proper surjection between generalized
continua. The following statements are equivalent:

(a) f is monotone;
(b) The Freudenthal extension f: X — Y is monotone;
(c) The Alezandroff extension f+: XT — Y is monotone.

For the class of open maps we also have analogous properties.

Proposition 3.2. Let f : X — Y be a proper surjection between generalized
continua. The following statements are equivalent:

(a) f is open;
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(b) The Freudenthal extension f: X — Y is open;
(c) The Alexandroff extension f+: X+t — Y™ is open.

PROOF. It is obvious that (b) or (¢) yields (a). Moreover, if f is an open map and
U C Xt is a basic open set then either U is open in X and then f7(U) = f(U) is
openinY and soin Y*; or U = X+ — K for some compact set K C X, and then
1 (U) is neighborhood of all points in the open set f(X — K) = fT(U) — {0} as
well as neighborhood of oo € Y+ — f(K) C f*(U). For the case of the Freudenthal
extension, it will be enough to check the equality f(Q2*) = (f(€2))* for any basic
open set Q% C X , and this easily follows from Lemma 2.1 since any sequence
r, € Q such that y, = f(x,) converges to some end 7 € (f(£2))7 contains a
subsequence converging to some end € € Q7 and hence 7 € f(Q}- ). O

Monotone maps as well as open maps are examples of the so-called confluent
maps. Recall that, given two spaces X and Y, by a confluent map we mean a
continuous surjection f : X — Y such that for any subcontinuum B C Y we have
f(A) = B for each connected component A C f~1(B).

The origin of this definition due to J. J. Charatonik is an old result of G. T.
Whyburn establishing that open proper maps are confluent maps ([22]; 11.1).
Since preimages of connected sets by monotone closed maps are connected ([4];
6.1.29), it is obvious that monotone proper maps are also confluent. Incidentally,
the following proposition shows that monotone and confluent maps coincide for
proper real functions.

Proposition 3.3. Any proper confluent surjection f: R — R is monotone.

PROOF. Assume that f~!(yo) is not connected for some yo € R so that there
is 2 € R — f~1(yo) such that f~!(yo) meets both open intervals (z,00) and
(=00, z). Moreover, as f is onto then so is the induced map fi : F(R) = {0} —
F(R) = {£oo}. Hence f, is necessarily one-to-one. Assume f,(c0) = oo and
fu(—00) = —0o0.

On the other hand, z ¢ f~1(y) yields yo < f(2) or yo > f(2). Assume the
former and apply the confluency of f to the closed interval [f(z),c0) to get a
connected non-compact closed set, that is, an interval [a,00) with z € [a, o)
and f([a,0)) = [f(2),00). Here we use the assumption f.(co) = oco. Then
[z,00) C [a,00) and so there is zg € f~!(yo) N [a,00), for which we reach to
the contradiction yo = f(x0) € [f(2),00). Similar arguments work for the other
choices fi(00) = —oo and yo > f(2). O

In contrast with open maps and monotone maps, the Freudenthal extension of
a confluent map needs not be confluent as the following easy example shows.
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Example 3.4. Consider the generalized continua X and Y in R? depicted in the
following picture

(a) (b)

Figure 1

where the sequences {py}n>1 C E and {g,}n>1 C F converge to 0. We choose a
map f: X — Y which carries both straight half-lines A and D homeomorphically
onto the straight half-line G, and the sinusoidal half-lines on the left and right-
hand side of the point p, B and C, respectively, homeomorphically onto the
sinusoidal half-lines E and F' starting at ¢, respectively. It is readily checked
that such a map is proper and confluent. However, its Freudenthal extension
f: X — Y is not confluent.

Figure 2

Indeed, we observe that X has two ends, say €1 and €5 while Y has only one end,
say 1. Then, given the continuum H C Y in Figure 2(b), which is the complement
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of the open arc (p1,q1) C Y, we have that f~Y(H) = I'UJ is the disjoint union
of the components I and J sketched in Figure 2(a) whose images do not coincide
with H because f(I)NF =@ and f(J)NE =@.

However, for light confluent proper maps whose codomains are generalized
Peano continua we have the following theorem (compare ([16]; 13.29)).

Theorem 3.5. Let f : X — Y be a light proper surjection between gemeralized
continua and assume in addition that 'Y is locally connected. Then, f is confluent
if and only if f is open.

Recall that a map f : X — Y is termed light if each fiber f~!(y) is totally
disconnected.

PRrROOF. As mentioned above, open maps are always confluent. In order to prove
the converse, let U C X be an arbitrary open set and take any y € f(U). AsY is
locally connected, y admits a countable neighborhood basis consisting of nested
Peano subcontinua {V,},>1 ([16]; 13.19). Moreover, given « € U with f(z) =y,
the confluency of f yields f(H,)V,, for the component of z H,, C f~1(V,,) (n > 1).
Notice that H,+1 C H,. Therefore the intersection H ﬂn>1 H,, is a continuum
([10); Thm. 4, p. 170) containing = and so y € f(H) C (>, Vuiy}. Hence H
is contained in the totally disconnected fiber f~'(y), whence H reduces to the
singleton H = {z} C U. From this, one finds ng such that H,, C U if n > ng ([16];
1.7). Thus, y = f(z) € f(H,) =V, C f(U) shows that f(U) is a neighborhood
of y for all y € f(U); that is, f(U) is an open set and f is an open map. O

The previous theorem leads to the following partial analogue of Propositions
3.1 and 3.2 for confluent maps.

Theorem 3.6. Let X andY be generalized continua and assume in addition that
Y is locally connected. Then, any proper surjection f : X — Y is confluent if and
only if its Freudenthal extension f: X —Y is confluent.

PROOF. The ”if” part is obvious. Assume that f is confluent, then the monotone-
light factorization theorem ([4]; 6.2.22) yields that f = f5 o f; is the composite of a
monotone proper surjection f; : X — Z and a light proper surjection fy : Z — Y.
Notice that Z is also a generalized continuum since any proper map preserves
metrizability and local compactness ([4]; 4.4.15 and 3.7.21). Moreover, since f is
confluent so is fo ([16]; 13.27(2)) and then Theorem 3.5 yields that f; is an open
map. Therefore, the Freudenthal extensions f1 and f2 are monotone and open by
Propos1t10ns 3 1 and 3.2, respectively. Thus, f1 and f2 are confluent maps and
sois f = faof1 by ([16]; 13.27(1)). O
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In [13], A. Lelek and E. D. Tymchatyn introduced a different notion of a
confluent map f : X — Y by requiring that for any connected closed set C' C Y
and for any quasicomponent @ C f~1(C) the equality f(Q) = C holds; see ([13];
1.4.(c’)). Since quasicomponents coincide with components for compact spaces
([10]; Thm. 2, p. 169), both definitions are equivalent for such spaces. The
following corollary extends this fact to the non-compact case.

Corollary 3.7. Let f : X — Y be a proper surjection between generalized con-
tinua where Y is locally connected. Then the following statements are equivalent:

(a) f is Lelek-Tymchatyn confluent;
(b) f is confluent;
(c) For any connected subset T' C Y and any quasicomponent @ C f~1(T),

fQ)=T.

PROOF. (a)=(b) is immediate since the components and the quasicomponents of
f71(C) are the same whenever f~1(C) is compact. Here we use that f is proper.
Also (c)=(a) is trivial. In order to show (b)=-(c) we notice that the Freudenthal
extension f . X — Y is confluent by Theorem 3.6 and so Lelek-Tymchatyn
confluent. Now we apply ([13]; 3.1.(iii)) to get that any quasicomponent @) C
f_l(F)f_l(F) verifies that f(Q) =T. O

4. CONFLUENT MAPS II

This section contains an alternative proof of Theorem 3.6 based on Theorem
4.1 below which extends ([16]; 13.22) and ([16]; 13.20) to the non-compact setting.
Besides the possible interest of Theorem 4.1 on its own, this section collects most
of the technical lemmas used in the proofs of the main results for semi and weakly
confluent maps for which we do not have the corresponding analogues of Theorem
3.5, crucial in the short proof of Theorem 3.6 in Section 3.

If C denotes a family of connected subsets of the space Y, we will say that a
continuous surjection f : X — Y is C-confluent if for any B € C and any com-
ponent C' C f~1(B), the equality f(C) = B holds. The following theorem shows
that other families of connected subsets can replace the family of all subcontinua
in order to test the confluency of a proper map with local connected codomain.

Theorem 4.1. Let f : X — Y be a proper surjection with Y a generalized Peano
continuum. Then f is confluent if and only if f is C;-confluent for any of the
following classes of connected subsets of Y (1 <1i < 3):

(a) Cy the class of Peano subcontinua;
(b) Cy the class of generalized Peano subcontinua;
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(c) Cs the class of connected open subsets (or, equivalently, open generalized
Peano subcontinua,).

In the proof of Theorem 4.1 we will use the following lemmas.

Lemma 4.2 (c.f. ([16]; 13.19)). Let X be a generalized Peano continuum and B
be a subcontinuum of X. Then, there exists a decreasing sequence of connected
open neighborhoods of B, {W,}n>1, such that the closures B, = W,, are Peano
subcontinua and B =\, By.

PRrROOF. We choose an exhausting sequence of X consisting of Peano subcontinua
(Lemma 2.2) {K,}s>1 for which we can assume without loss of generality that
B C Kj, and follow essentially the proof of ([16]; 13.19) with ¥ = K;. Namely,
by ([16]; 8.4) and ([16]; 8.9), given n > 1 one finds a cover of B by connected open
subsets Uy, ..., U, with the following properties for each 1 < k < m = m(n):
(i) diam (Uy) < Z; (i) Ux N B # @; and (iii) each U}, is locally connected (in
fact, it verifies the so called property S; see ([16]; 8.3)). Consider the open subset
W, = U, Us. Notice that W, is connected by (ii). In addition, B, = W,, =
Ui~ Uy is locally connected and hence a Peano continuum because each Uy, is so
by ([16]; 8.5). Here we also use any finite union of closed locally connected sets is
locally connected ([10]; Thm. 1, p. 230). By (i), it follows that B = (7, B, =
N W .

Lemma 4.3. Let f: X — Y be a Cs-confluent proper surjection with' Y a gener-
alized Peano continuum. Given a connected open subset U C'Y and a component
H C f~Y(U), the restriction g = flg : H — f(H) = U is also C3-confluent.

PROOF. Let V C U be a connected open set and L C g~ (V) = f~1(V) N H be
a component. It is readily checked that L is a component of f~1(V). Indeed, if
Ly is the component of f~1(V) containing L, then Lo N H # @ and so Lo C H.
Hence L = Lg is a component of g~ (V). Therefore, by assumption, f(L) =V C
U= f(H),and so g(L) =V. O

PRrROOF OF THEOREM 4.1. If f is confluent, then it is obvious that f is Ci-
confluent. Also (b)=(c) is immediate. Next we prove (a)=-(b). For this, given a
generalized Peano continuum C C Y, let C' = [J,2_; C,, be an exhausting sequence
of Peano subcontinua of C' (Lemma 2.2). Then, for any component A C f~1(C)
and x € A there exists ng with f(z) € C, for all n > ng. Hence for the com-
ponents A, C f~1(C,) containing  we have A, C 4,41 C ... and A, C A for

all n > ng. Moreover, by (a) f (UnZno An) =U Cp, =C C f(A) and so
flA) =cC.

n>ng
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Finally we check that if f is Cs-confluent then it is also confluent. Indeed,
Lemma 4.2 guarantees that each subcontinuum C C Y can be written as an
intersection C' = ﬂzo:l B,, where B,, = U, is a Peano subcontinuum, U,, is a
connected open set and C C U,y C U, foralln > 1. If A C f~4C) =
Mo, f~*(Uy,) is a component, we have that A ¢ H; C f~'(U;) for certain
component Hp; moreover, the Cs-confluency yields, f(H;) = U;. By applying
Lemma 4.3 to the restriction fi; = f|g, : H1 — Uy we get f(Hz) = U, for any
component Hy C f; 1(U2) C H;. Proceeding inductively, we construct a sequence
{H,}n>1 such that for each n > 1, H,1 is a component of f,,*(U,+1) C H, and
f(H,) =U,. Here f, = f|u, : H, — U, is the corresponding restriction.

Observe that if D,, C f~1(B,) is the component of f~1(B,) containing H,,
we have D, .1 C D, (n > 1) because H, 1 C H, and f~}(B,4+1) C f~}(By).
Furthermore, the intersection ()~ D), is a continuum ([10]; Thm. 4, p. 170)
and A C (o, D, C f7H(N2,Bn) = [~HC). Hence A =, D,, since
A C f7}C) is assumed to be a component. In addition, given y € C =2, U,
we have that f~1(y) N H,, # @ for all y because f(H,) = U,. Since U,;1 C U,
for all n > 1, it follows by compactness of f~!(y) that the intersection of nested

closed sets
A= wn Dy = (ma)

is not empty. That is; there exits z € A = (., D,, with f(z) = y. Hence,
f(A) = C and f is confluent. O

Remark. If we drop the local connectedness of Y from Theorem 4.1, then the
result does not hold in general. For instance, the confluent proper map f: X — Y
between generalized continua in Example 3.4 is not Cy-confluent. Indeed, keeping
the notation of Example 3.4, the generalized subcontinuum £ = FUG C Y
satisfies that f~!(F) is the disjoint union of two components, A and C'U D, and
f(A) is strictly contained in E.

In the second proof of Theorem 3.6 we will also need the following lemma.

Lemma 4.4. Let f: X - Y be a proper surjection between generalized continua
and H be an open set in Y. Given any component D C f Y(H) with DNF(X) #
a, the equality

-
p=D_7x) "

holds. In particular, DNX = D — F(X) # & is always a non-empty set.



974 W.J. CHARATONIK, T. FERNANDEZ-BAYORT, AND A. QUINTERO

PROOF. We start by fixing an exhausting sequence {K,},>1 in X and setting
A=D - ]-'(X)f I(H). It is clear that D — F(X) C A C D. Here we use that D
is closed in f_l(H).

Moreover, given any end € = (Qn)p>1 € D where @, C X —int K, is a
quasicomponent and @, +1 C @y, we consider any open neighborhood of e, W C
f_l(H). As f~1(H) is an open set of X, so is W. Therefore, the topology of X
provides us with some ng > 1 and a closed and open set N in X — int K,,, such

that N* = N™ is a neighborhood of € with N* C W. Notice that @,, C N for all
n large enough. On the other hand, we can apply ([6]; 2.2) to find a continuum
M C H such that

MCTMX CN*CWcf\(H)
with e € M and M NFr K, # @. Hence M C D by definition of component and
GEMNXC(WnND)NX =Wn(D - F(X))
shows that € € A, whence D C A and the proof is finished. O
Lemma 4.5. Let j?: X — Y be Freudenthal extension of a proper surjection

between generalized continua. If H C Y is an open set, then any component
D C f~Y(H) is the closure in f~Y(H) of the union of the family

Cp = {C component of f~* (H — F(X)) with C C D}.
PROOF. As D is closed in Z = f~'(H), then Ucee,, ¢” ¢ D. Con

versely, any component U C D — F(X) is contained in some component
C C ff'(H-F(X)) C Z, and so U ¢ C C D. Then Lemma 4.4 yields

D=D=F(X) CUsee, C . 0

We will also use the following lemma whose proof is an easy exercise.

Lemma 4.6 ([4]; 1.4.C). Let f : X — Y be a continuous closed map. Then
for any A C X we have that f(Z) = f(A). Moreover, if A,B C X, then

f(A) C f(B) implies f (A) C f (B).

PROOF OF THEOREM 3.6 (ALTERNATIVE). Sufficiency is obvious. Assume that
f is confluent. By Theorem 4.1, in order to show that f is confluent it will be
enough to check that fis Cs -confluent. For this, let H C Y be any connected
open subset. Then, by Lemma 2.5, H — F(Y) is also a connected open set in YV’
and Theorem 4.1 yields

f(C)=H—-F(Y) (4.A)
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for any component C C f~ (H — F(Y)). Next we apply Lemma 4.5 to obtain
for any component D C f~Y(H)=Z
. B —
7 3 €] T A D)
f(D)f< Uc ) f( U C> =H-F(Y) =H
CeCp CeCp

where Cp is the family of all components C C f~! (H — F(X)) contained in D.
Here (I) follows from Lemma 4.6 applied to the restriction f: Z = f~Y(H) — H
which is a proper map. Moreover, (II) follows from being H — F(Y") dense in the
open set H. O

5. WEAKLY CONFLUENT MAPS

As a broad generalization of confluent maps, Lelek introduced in [11] the class
of weakly confluent maps; see also [12]. Recall a continuous surjection f : X =Y
is called weakly confluent if for any subcontinuum B C Y there exists a component
C C f~1(B) such that f(C) = B. It is obvious that confluent maps are weakly
confluent. More generally, given a family of connected subsets of Y we say that
f is weakly C-confluent if for any B € C there exists a component C C f~1(B)
with f(C) = B.

The following easy example shows that Theorem 4.1 does not hold for the class
of weakly confluent maps.

Example 5.1. Consider the generalized continuum X C R? sketched in Figure
3(a):

Figure 3
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More precisely, we have X = (| J:2; 4;) U (U;2, Bi) UU U D where A; denotes
Tiz’ Tﬁﬂ, moreover the B;’s are segments
of positive slope and decreasing length converging to the point (1,0) such that
A;NBj =wifi# jand A; N B; = {a;} with a; = (14%170) Finally, U and D are
the upper and lower open arcs with S* = U U D U {(1,0)} the unit circle.

On the other hand, we will consider the infinite graph depicted in Figure 3(b)
which is the union of A; and the interval [1,1).

Next we proceed to define a weakly confluent proper map f : X — Y which is

the circle centered at ( 0) and radius

not weakly Cs-confluent for the class Cs of connected open sets. For this we denote
by I'; (i > 1) the arcs depicted in dotted lines in Figure 3(a) whose extremes are
u; and d;, and set I'g to be the origin. Notice that I'; N A; = {a;}.

With the notation above, the map f is the identity on A; and fixes each a; for
all ¢ > 1; moreover f carries the segment B; (i > 1) homeomorphically onto the
interval [a;, a;11]. In addition, for each ¢ > 1, the arc in A; running upwards from
the origin to I'y is mapped by f homeomorphically onto the upper semicircle
Aj+ C A; in the obvious way. Similarly, the lower arc running downwards is
mapped onto the lower semicircle A;_ C A;. Finally for each i > 2, f carries
homeomorphically the arcs in the intersection of | i>i Aj with the region delimited
by S* and the arcs I';_; and I'; onto the interval [a;_1,a;]. If A C f~1(Q) is a
compact component it is obvious that f(A) # Q; otherwise if A is not compact,
then necessarily either A C U or A C D. Here we use that f is proper. Thus either
fA) =QLU[1,+00) #Qor f(A) =Q_ U[L,+00) # Q where Qy = QN Aqy.

Nevertheless, we can still prove the following partial result.

Theorem 5.2. Any weakly Cs-confluent proper surjection f : X — Y between
generalized continua where Y is locally connected is weakly confluent.

The proof of Theorem 5.2 as well as other proofs in this and subsequent sections
use the following fact: Given a sequence of subcontinua {C)},>1 in a compact
space X, the convergence of a sequence z,, € (), guarantees that the lower limit
LiC,, is non-empty, and then ([10]; Thm. 6, p.171) yields

Fact 5.3. The upper limit Ls Cy, is a subcontinuum of X .

PROOF OF THEOREM 5.2. Let C' C Y be a subcontinuum. By Lemma 4.2 there
exists a decreasing sequence of connected open neighborhoods of C, U, such
that B, = U, is a Peano subcontinuum for each n and C = N,>1 Brn- By
assumption, for each n there exists W,, c f~1(U,) with f(W,) = U, and so
f (Wn) = U, = B,,. Here we use Lemma 4.6. Consider yg € C and z,, € W,, with
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f(z) = yo. Since f~1(yp) is compact, we can assume that the sequence {z,, }n>1
converges to some zg € f~!(yo) (always a subsequence does). Let Ly = Ls W,
be the continuum in f~* (Ul) given by Fact 5.3. We claim that

f(Lo) =C. (5.A)

Indeed; consider z € Ly. Then there exists a sequence z, € W, C f~' (U,,)
converging to z. Since (N~ f~! (Un,) = f7(C) it follows that f(z) € C. Con-
versely, for all y € C we have that f~!(y) N W,, # @ for all n and we can choose
a sequence {p, }n>1 with p, € f~1(y) N W,,. This sequence admits a subsequence
converging to some p, € f~(y) N Ly by compactness. So, y € f(Lo) and the
equality (5.A) holds. Now, it is readily checked that f(Hgy) = C for the compo-
nent Hy C f~1(C) that contains L. O

If the domain (and hence the codomain by ([1]; 1.1)) of a weakly confluent
proper surjection f : X — Y is a generalized Peano continuum we obtain the
analogue of Theorem 4.1. Namely, the following theorem holds.

Theorem 5.4. Let f : X — Y a proper surjection with X a generalized Peano
continuum. Then f is weakly confluent if and only if f is weakly C;-confluent
(1 <i < 3) for any of the classes C; of connected subsets of Y in Theorem 4.1.

ProOOF. We will prove

1
w. confluent % w. Ci-confluent

(3

w. Csz-confluent % w. Cy-confluent

Notice that (1) and (2) are obvious. Moreover (3) is Theorem 5.2. Finally,
assume that f is weakly Ci-confluent and let C C Y be a generalized Peano
subcontinuum. By Lemma 2.2 we can find an exhausting sequence of C, {C), }n>1,
consisting of Peano subcontinua. By assumption there exists a component H,, of
K, = f~YC,) with f(H,) = C,.

Observe that {K,},>1 form an exhausting sequence of f~!(C) , and by con-
nectedness of H,, we can find =, € H, NFrK; # & for all n > 2. Then, by
compactness, there exists a sequence {xnj }j>1 converging to some xo € Fr K;. In
addition, zy € int K5 and we can choose a connected open neighborhood of xy,
© Cint K3 and jo large enough such that z,,;, € © N H,, for all j > jo. Here we
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use that X is locally connected. As © C K,, (n > 2), we have that © C H,; for
J > jo and therefore

©CHy, CHp,,, CHy ,C...

Let H C f~!(C) be the component such that © C H; then Uj2;, Hn, C H and

c=J =1 s cruco
J=Jjo J=Jjo

so f(H) = C and hence f is weakly Co-confluent. O

In spite of the failure of the analogue of Theorem 4.1, Theorem 3.6 extends to
weakly confluent proper maps.

Theorem 5.5. Let X and Y be generalized continua with Y locally connected.
Then, any proper surjection f : X — Y is weakly confluent if and only if its
Freudenthal extension f: X — Y is weakly confluent.

PRrROOF. The “if” part is obvious. Assume that f is weakly confluent and let C' C
Y be a continuum. By Lemma 4.2 there exists a decreasing sequence {U,, },,>1 C Y

of connected open neighborhoods of C, U, such that (i) P, = Uiny is a Peano
subcontinuum; and (ii) C = (,,»; Pn. Furthermore, Lemma 2.5 yields that W,, =
U, — F(Y) is a connected open set in Y for all n > 1. Therefore W, is a
generalized Peano continuum and then, for each n, there exists an exhausting
sequence consisting of Peano subcontinua K C W,, (Lemma 2.2). Then, since f
is weakly confluent, for each pair (n,i) there exists a component H* C f~1(K)
such that f(H]') = K. Given p; € K7, since f is proper, the non-empty
intersection f~1(p;) N H # @ is compact for all i > 1. This way, any sequence
x; € f~(p1)NH contains a subsequence converging to some point zg € f~1(py).
To ease the writing we can assume that zy is the limit of the whole sequence. In
that case, the continuum L,, = Ls H]* C X given by Fact 5.3 satisfies
—X [\ -
L,C f*(W,) cf! <Wn >f1(Pn).

We claim that W,, C f(Ln) and so f(Ln) = P, for all n > 1. Indeed; consider
x € W, and let ig be the smallest i such that * € K. Pick a; € f~1(z) N
H # & for each i > ig. The compactness of f~!(z) implies that the sequence
{a;};>i, admits a subsequence converging to some a € L, N f~(z). Whence,
z = f(a) € f(Ln). On the other hand, (ii) above yields that given z € C' there
exists ¢, € L, C [~Y(P,) C f~Y(Py) with f(gu) = z. Thus, the sequence
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{g}n>1 C F71(2) contains a subsequence (it is harmless to assume the entire
sequence) converging to some qo € f~1(2). Hence can we apply again Fact 5.3 to
construct the continuum Lo = Ls L,, C f~1(P;). Next we show

o~

f(Lo) =C. (5.B)

For this, we observe that any x € Ly is the limit of a sequence x € L,,,. Hence,

o~ ~

by continuity, f(z) is the limit of the sequence f(zs) € P,, lying in the nested se-

~

quence of Peano subcontinua {P, },>1, and so f(z) € ﬂnzl P, = C. Conversely,

~

for any y € C, we use (ii) above to choose a sequence y,, = f(x,,) € P, = f(Ly)
converging to y with x, € L,. Since f is proper, there exists a subse-
quence {x,, }x>1 converging to some zo € Lo. From this it readily follows

~

y = Flao) € F(L). .
From (5.B), f(H) = C for the component H C f~1(C) containing Lo and we
are done. O

Remark. In a similar way as done for confluent maps, a more general definition
of a weakly confluent map is given in [13]. Explicitly, a continuous surjection
f: X =Y, with f~}(y) compact for all y € Y, is called weakly confluent if for
any connected closed subset C' C Y there exists a quasicomponent Q C f~1(C)
such that f(Q) = C ([13]; 1.4.(w’)). In case the codomain of the proper surjection
f: X =Y is locally connected then the following statements are equivalent: (a)
f is Lelek-Tymchatyn weakly confluent; (b) f is weakly confluent; and (c) for any
connected subset I' C Y there exists a quasicomponent @ C f~!(T") such that
f(Q) =T. The proof is similar to the one give in Corollary 3.7 with the obvious
changes.

6. SEMI-CONFLUENT MAPS

Semi-confluent maps, introduced by T. Mackowiak in [14], form an intermedi-
ate class between confluent and weakly confluent maps. Recall that a surjection
f: X =Y is called semi-confluent if for any subcontinuum B C Y and any pair
of components C, D C f~!(B) we have either f(C) C f(D) or f(D) C f(C).
It readily follows from the definitions that any confluent proper map is semi-
confluent. The relation between semi-confluent and weakly confluent maps is not
obvious. We need the following lemma, analogous to a result of T. Mackowiak
([14]; 3.1) for continua, to show that semi-confluent maps are weakly confluent.
The proof is the same as in the compact case since the compactness of preimages
of continua is guaranteed for proper maps.
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Lemma 6.1 (c.f. ([14]; 3.1)). Let f : X =Y a semi-confluent proper surjection
where X and Y are admissible spaces. For any subcontinuum B C'Y and each
family € of components of f~1(B) such that the union |J{C : C € €} is closed
in X, there exists a component C' € € whose image under f is mazimal in the

sense that f(C") = f(U{C; C € ©}).

From this lemmas it readily follows that semi-confluent proper maps are weakly
confluent.

In this section we deal with the Freudenthal extensions of semi-confluent proper
maps. Notice that the Freudenthal extension f: X — Y of the confluent map in
Example 3.4 is not semi-confluent. In contrast with weakly confluent maps, the
results on confluent maps in Section 4 extend to semi-confluent maps. In partic-
ular, the analogue of Theorem 4.1 still holds for semi-confluent maps. Namely, if
we define for any class C of connected subspaces the notion of C-semi-confluent
map as done in Section 5 for weakly confluent maps, we can state and prove the
following theorem.

Theorem 6.2. Let f : X — Y be a proper surjection and Y be a generalized
Peano continuum. Then f: X — Y is semi-confluent if and only if is C;-semi-
confluent (1 <1i < 3) for any of the classes C; in Theorem 4.1.

In the proof of Theorem 6.2 we will use the following easy lemma.

Lemma 6.3. Let f: X — Y be a continuous map and consider the intersection
Z =(\y>1 Zn of a decreasing sequence of compact subsets Z,, C X. Then f(Z) =

Mzt f(Zn)-

PRrROOF. It is clear that f(Z) C (),s;f(Zn). Conversely, consider =z &
N,>1 f(Zy), then x = f(z,) where z, € Z, C Zy . Since Z; is compact, there
exists a subsequence {2n, }j>1 converging to some w € Z;. As the intersection of
the Z,,’s is Z, it is easily checked that w € Z, and so z = f(w) € f(2). O

PROOF OF THEOREM 6.2. Recall that C; C Co D C3 are the classes of Peano
subcontinua, generalized Peano subcontinua, and connected open subsets of Y,
respectively. Thus, it is clear that semi-confluent maps are C;-semi-confluent and
that Cy-semi-confluent maps are Cz-semi-confluent.

Assume now that f is Cij-semi-confluent and take any C € Cs. If for two
components A, B C f~1(C) one has f(A) — f(B) # @ # f(B) — f(A), there exist
y = f(a) € f(A) — f(B) and y = f(b) € f(B) — f(A) witha € A and b € B.
Let I’ C C be any arc running from y to y’. Here we use that C' is arc-connected.
If D and D’ are the components of a and b in f~1(T), respectively, then either
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f(D) € f(D') € f(B) and hence y = f(a) € f(B) or f(D') C f(D) C f(A)
and hence y' = f(b) € f(A). This leads to a contradiction and so f is Ce-semi-
confluent.

Finally assume that f is C3-semi-confluent and let P,@Q C f~1(C) be any two
components where C' C Y is an arbitrary subcontinuum. By applying Lemma
4.2 we can write C' = (1),,»; C» as an intersection of Peano subcontinua C,, = U,
which are the closures of a nested sequence of connected open neighborhoods
U, D C. Therefore, for each n > 1 we find components P,,Q,, C f~*(U,) with
P C P, and Q C @Q,,. Moreover, as

CPuc ) fHCn)=r(C),

it follows that the connected intersection (), P, coincides with the component
P. Similarly Q = "2, Qn.

Furthermore, by assumption, for each n > 1, either f(P,) C f(Qx) or f(Qn) C
f(Py) and so, f(P,) C f(Qn) or f(Qn) C f( . ) by Lemma 4.6.

Assume that there exists a subsequence {n;};>1 with f (P, ) C f(Qn, ) for
each 7 > 1. Then Lemma 6.3 yields

_ﬂ ﬂ (@n,) = 1(Q).

Otherwise, there is ng that f (Q,) C f(P,) for n > ng and, similarly, Lemma
6.3 yields f(Q) C f(P). This shows that f is semi-confluent and the proof is
finished. O

As done for confluent maps we use Theorem 6.2 to show the following theorem.

Theorem 6.4. Let X be a generalized continuum and Y be a generalized Peano
continuum. Any proper._surjection f:X =Y is semi-confluent if and only if its
Freudenthal extension f X =Y is semi- confluent.

PROOF. The sufficiency is obvious. Assume that f is semi-confluent. By Theorem
6.2 it will be enough to check that f is C3-semi-confluent. For this, let H C Y
be any connected open set. Then H — F(X) is connected by Lemma 2.5 and as
f is C3-semi-confluent (Theorem 6.2) we have for any two components C,C’ C

fHH - F(Y)
F(C) C f(C) or f(C") C F(C). (6.A)
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On the other hand, given two components D, D' C Z = f_l(H) we apply Lemma
4.5 to obtain

z _—z
D= |J C adD' = |J (6.B)
CeCp C'eCpr
where Cp is the family of components C' C f~! (H — F(X)) with C C D. Simi-
larly Cps. Assume that

F(D)— f(D') # @ and f(D') — f(D) # @

and let d € D,d € D’ with f(d) ¢ f(D’) and f(d') ¢ f(D). By (6.B) we find
sequences z,, € C,, € Cp and =), € C], € Cps converging to d and d’, respectively.
Then (6.A) yields a subsequence {n;};>1 such that for all j > 1

either f(Cy;) C f(Cy,,) C Hor f(C},,) C f(Cy;) C H. (6.C)
Assume the first case holds. Then
H H 7
R oo oo ) (I) R oo ) (II) R ,
fayerfUc, | crlUa, | =r{Ua, | € f®) (6D
j=1 j=1 j=1

which is a contradiction. Here we apply Lemma 4.6 to the restriction f: Z =
f7YH) — H to get (I), while (II) follows from (6.B) above. Similarly for the
second case in (6.C) and we are done. O

7. THE SPECIAL CASE OF END-FAITHFUL MAPS

As noted in the first paragraph of Section 3, monotone proper maps are end-
faithful and hence, the monoticity of Freudenthal extensions of monotone proper
maps is immediate. In this section we will prove that Freudenthal extensions
preserve the confluency and the weak confluency of end-faithful maps between
generalized continua. In contrast, this is not true for semi-confluent maps.

The crucial property of Freudenthal extensions of end-faithful maps is estab-
lished in the following proposition.

Proposition 7.1. Let f : X — 'Y be any weakly confluent end-faithful surjection
between generalized continua. Then, for each subcontinuum C C 'Y with C N
F(Y) # @ the family J = Jc of components of f~1(C) which meet F(X) reduces

~

to a unique element D for which f(D) = C.
In the proof of Proposition 7.1 we will use the following lemmas.

Lemma 7.2. Any two distinct components D; € J (j = 1,2) have disjoint

~ ~

images f(D1) N f(D3) = @.



ON THE FREUDENTHAL EXTENSIONS OF CONFLUENT PROPER MAPS 983

~ o~

PROOF. Assume on the contrary that E = f(D1) N f(D2) contains at least one
point p € E. Notice that, necessarily, p € Y since otherwise D; = D, by the
end-faithfulness of f. Let {K;};>1 be an exhausting sequence of Y for which
p € int K. Then the bumping boundary theorem ([10]; Thm. 1, p. 172) applied
to each continuum M; = f(Dj) (j = 1,2) shows that the component of p in
M/ = M; N K;, say T, necessarily meets the frontier

Fra, M) € F/ = M) NFr K.
For each i > 1, the union I'; = I'} UT'? is a continuum such that
INF! 4@ fori>nandj=1,2. (7.A)

Furthermore, as f is weakly confluent, for every ¢ > 1 there is a component
A; C f7YTy) with f(A;) = T;. In particular, f~*(p) N A4; # @ for all i > 1
and there is a sequence {a;};>1 with a; € A; and f(a;) = p. As f is proper,
we can assume without loss of generality that this sequence converges to some
ap € f~1(p). Let L = Ls A; C F~1(C) denote the subcontinuum of X provided

by Fact 5.3, and let Dy C f~1(C) be the component containing L. If My = f(Dy)
we claim that each intersection

MoNM; #0 (j=1,2) (7.B)

contains at least one end, and so the assumption that f is end-faithful will yield
Dy = Dy = D5 and the intersection E' must be empty whenever Dy # Ds.

Let n be any fixed n > 1. By (7.A) above we can find a sequence {y}'};>n C
I; N F}, and hence a sequence {x7'};>, with 21 € A; and f(z7) = y2.

Since f is proper and Fr K,, compact, the sequence {z};>, C f~(F}) con-
tains a subsequence converging to some zjy € LN f~Y(EF}) C DoN f~1(F}). Here
we use that L = Ls A; is an upper limit. Notice that

yr = f(zd) € MoNE} ¢ Mon My NFrK, (n>1)
form an unbounded sequence, and so it contains a subsequence converging to

some end in My N Ms. Similarly, My N M, contains at least one end. This shows
the claim in (7.B) and the proof is finished. 0

Lemma 7.3. The disjoint union
Z=| |{p;De g} (7.0)

is closed and hence compact in ffl(C), In particular, the disjoint union f(Z) =
Lipes f(D) given by Lema 7.2 is a compact set in C' and so the restriction fz :

~

Z — f(Z) is a closed map.
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Proor. For this we consider any sequence z,, € D, € J converging to some
2o € f~1(C) and choose an end &, € F(X) N D, for each n. The upper limit
L = Ls D, is a subcontinuum of fil(C) containing zg (5.3) and by compactness
of F(X), the sequence {e,},>1 contains a subsequence converging to some end
€o. Then gq lies in the upper limit L and if Dy is the component of z( in f_l(C’)
we get €9 € L C Dy and hence xy € Z. This shows that Z is a closed set. O

~

Lemma 7.4. With the notation of Lemma 7.3 the equality f(Z) = C holds.

PROOF. Indeed, any end ¢ € C' N F(Y) lies in the image of Z by definition of
the family J. Otherwise, given y € C — F(Y) we choose an exhausting sequence
{Y,,}n>1 of compact subsets in Y with y € Y. Applying the bumping boundary
theorem ([10]; Thm. 1, p. 172), for each n, the component of y, say C,, C Yy,
meets the frontier FrY,,. As f is weakly confluent, there exists a component
B, C f~YC,) such that f(B,) = C,. Notice that B, N f~1(y) # @ for all
n > 1 and hence there exists a sequence b, € B,, with f(b,) = y. As f~1(y) is
compact, we can assume without loss of generality that {b, },>1 converges to some
by € f~1(y). Let B = Ls B, be the continuum in f~!(C) obtained by using Fact
5.3. Obviously, bg € B and y = f(by) € f(B). Furthermore, as C,, NFrY,, # &
for all n > 1 there exists a subsequence {n,}s>1 and points ¢; € C,, NFrY,,
converging to some end 7 € F(Y). Since f(B,) = C, (n > 1) and f is proper
one can find a sequence

{zehes1 C F 1 {asks>1 U {n}) € F71(0)

with f(z:) = ¢s, converging to some end p € F(X)N B. Therefore, f(u) = n and
so BN F(X) # 9. Thus the component of f~1(C) that contains B belongs to
the family J, and y € f(B) C f(Z). O

PROOF OF PROPOSITION 7.1. We first observe that since each D € J is a com-
ponent of f_l(C’), J is the family of all components of the compact set Z in
Lemma 7.3. Hence ([10]; Thm. 3, p.148) yields a continuous map ¢ : Z — € into
the Cantor set €, such that the fibers of ¢ are the quasicomponent (= components
by compactness, see ([10]; Thm. 3, p.169)) of Z; that is, the sets D € J.

Let C/R denote the quotient space defined by the relation yRy' if y,y’ € f(D)
for some D € J. Here we use Lemma 7.2. As the restriction E  Z = C
is a closed surjection by Lemmas 7.3 and 7.4, it is a quotient map and so is
the composite 71'0?; : Z — C/R. Moreover, the map 9 : C/R — € given by
¥([z]) = ¢(2) whenever wf(z) = [z] is well-defined since f(z), J?(z’) € D if and
only if 2,2’ € D by Lemma 7.2. This way the commutative diagram
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C— "> C/R

yields that v is continuous ([4]; 2.4.2) and then, the connectedness of C' shows that
w(Z) = ¢m(C) is constant in the totally disconnected space €. Thus, J = {D}

reduces to a single component D and f(D) = C. O
Next we use Proposition 7.1 to prove our next theorem.

Theorem 7.5. Let f : X — Y be an end-faithful proper surjection between gen-
eralized continua. Then f is (weakly) confluent if and only if so is its Freudenthal
extension f: X =Y.

Proor. Clearly if J?is (weakly) confluent so is f. Moreover, the converse in case
of weak confluency is an immediate consequence of Proposition 7.1.

Now, let us assume that f is confluent and let C' C Y be any subcontinuum
containing at least one end. Then, f_l (C) reduces to the unique component given
by Proposition 7.1. Indeed, if D C f’l(C) is a component missing F(X), the
image f(D) = f(D) C Cis a continuum in Y with f(D)NF(Y) = @. By applying
Lemma 2.3 we find a continuum A C C such that f(D) C Aand ANF(Y) = 2.
Moreover, as D is a component of f_l(C), it is also a component of f~!(A) and
from the confluency of f, necessarily f(D) = A which is a contradiction. O

The following proposition is the counterpart of Proposition 7.1 for the one-
point compactification f*: X* = XU{oco} - YT =Y U{oo} of any proper map
f X =Y regarded as an oco-faithful map.

Proposition 7.6. Let f: X — Y be a weakly confluent map between admissible
spaces. Given any subcontinuum C C YT with oo € C, we have fT(Dy) = C for
the component co € Doy C (f)71(C).

PRrROOF. Let {K,},>1 be an exhausting sequence of Y. Given p € C — {co}, we
apply Lemma 2.4 to the component of p, C,, C C' — {oo}, to get an increasing
sequence of continua {C?},>1 such that p € C7, Ch, | — K,, # @ and CE C
Cr1 CCp.

By assumption, for each continuum C? there exists a component D? C
f71(CP) such that f(DP) = CP. Notice each DP is a continuum since f is

proper. Hence, for each n there exists df € DP such that f(d?) = p. Since
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{dP},>1 C f~1(p) is a sequence in the compact set f~!(p), there is a subsequence,
that we assume to be the whole sequence, converging to some df € f~1(p). Let
D} = Ls D? be the continuum in f+_1(C’) provided by Fact 5.3. Observe that
oo € Df for all p since (D ) — K, =Ch | — K, # 0 for all n > 1 and Dy is
closed in X*. In particular, the set
Dy= |J Dj
peC—{oo}

is connected an hence Dy C Do,. Moreover, for each p € C' — {oo}, f(d5) = p,
and then C' C f(Dy) C f(Doo) C C, whence f(Dy) = C. O

As an immediate consequence of Proposition 7.6 one gets the following theorem.

Theorem 7.7. Let f: X — Y be a proper surjection between admissible spaces.
Then f is (weakly) confluent if and only if so is f*: X+t = YT,

PROOF. The “if” part is obvious. Moreover, the converse for weakly confluent
maps is an immediate consequence of Proposition 7.6. For confluency, the same
arguments as in the proof of Theorem 7.5 show that necessarily (f*)~(C) is
connected. (]

The following example shows that both Theorems 7.5 and 7.7 fail for semi-
confluent maps.

Example 7.8. Consider the generalized continuum Y C R? consisting of the
spiral Sy and the open arc Ey and its homeomorphic copy X C R? depicted in
Figure 4(b) and (a), respectively.

Figure 4
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Let h : X — Y be a homeomorphism such that its restriction to the intersec-
tions with the boundary of the square A is order-preserving. Then we define the
proper map f: X — Y as h outside the square A and the map AN X — ANY
defined componentwise by the projection sketched in Figure 5(a).

Figure 5

It is readily checked that f is a semi-confluent map but f*: XT — Y is not.
For this we observe that the counterimage of the continuum C C E;E =~ Sl in
Figure 5(b) consists of the component D given by Proposition 7.6 and two further
components Dy, Dy C (f)71(C) whose images are not related by inclusion.

We finish the paper by presenting two simple consequences of Theorem 7.7.

Corollary 7.9 (c.f. ([19]; Thm. 4)). Let f : X — Y be a proper surjection
between generalized continua where Y is ray-type or line-type (in particular Y =
R>o orY =R), then f is weakly confluent.

Recall that Y is said to be ray-type or line-type, respectively, if Y = @1{)@7 fn}
is an inverse limit where all bonding maps f, are proper and Y;, = R>¢ (Y =R;
respectively) is the euclidean half-line for all n > 1.

PROOF OF COROLLARY 7.9. Assume that Y is ray-type. Then Y is arc-like
([6]; 3.3) and by ([19]; Thm. 4) the extension f*: X+ — Y is weakly confluent
and from Theorem 7.7 it follows that f is weakly confluent.

Ity = @p{R, gn} is line-type, then Y is a generalized continuum with two

ends ([6]; 6.1) and it readily follows that the surjection ¥ — Z = I&n{f&, an}
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in ([6]; 4.1) is an homeomorphism and hence Y is arc-like. Now, applying ([19];
Thm. 4) again we have that the Freudenthal extension f : X — Y is weakly
confluent and hence f is weakly confluent ([5]; 2). O

In ([17]; 3.1) and ([17]; 3.2) S. B. Nadler characterizes the locally connected
metric spaces which are the continuous image of the euclidean (half-)line by a
confluent map. The following corollary of Theorem 7.7 gives an alternative proof
for the case of proper images.

Corollary 7.10. The confluent proper image of a half-line is a half-line. More-
over, the confluent proper image of an euclidean line is either a half-line or a
line.

PROOF. Let f : R — Y be a confluent proper surjection. By Theorem 7.7
ft: 8! =2 Rt — YT is confluent, and then Yt is either a circle or an arc by
([16]; 13.31). In the first case, Y = YT —{oo} 2 R. Otherwise, as Y = Y —{cc}
is connected, the point oo is one of the extremes of Y 2 [0,1], and so Y & R>.

Similarly, if we replace R by the half-line R>, then Y 2 [0,1] is now homeo-
morphic to an arc ([16]; 13.31), and the connectedness of Y yields Y = R>o. O
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