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Abstract. A graph G is said to be grid locatable if it admits a repre-
sentation such that vertices are mapped to grid points and edges to
line segments that avoid grid points but the extremes. Additionally G is
said to be properly embeddable in the grid if it is grid locatable and the
segments representing edges do not cross each other. We study the area
needed to obtain those representations for some graph families.
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1 Introduction

Graph drawing applies topology and geometry to derive suitable representations
of graphs. Particularly, grid representations of graphs have attracted the atten-
tion of many researchers (see, for example [4,7,11]).

A grid point is a point of the plane having integer coordinates. A line segment
s joining two grid points is said to be primitive if the only grid points in s are
its extremes.

A graph G is said to be grid locatable (or locatable in the grid), if each vertex
is represented by a grid point and each edge by a primitive segment joining
its extremes. G is said to be properly embeddable in the grid (p–embeddable for
short) if it is grid locatable and the segments representing edges do not cross
each other. Observe, that the graphs so obtained are subgraphs of the visibility
graph of the grid points, where two points are visible if there is no other grid
point between them (this visibility graph was defined, for example, in [12]).
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In this way, a graph is grid locatable (resp. p-embeddable) if it is isomorphic to
a subgraph (resp. plane subgraph) of the visibility graph of the grid points.

The following characterization is shown in [9].

Theorem 1. [9] A graph G is grid locatable if and only if G is 4-colorable.

One of the reasons to study grid representations of graphs is to test how compact
a given representation can be. Thus, a very important question in this kind of
representation is to minimize the area needed to represent a given graph.

A line of the grid ZZ × ZZ is a set {(x, k)/x ∈ ZZ} for k ∈ ZZ fixed. By grid
locating (or p-embedding) a graph G in � lines we mean to locate (or embed) G
in ZZ ×ZZ mapping the vertices to grid points in � consecutive lines (there is no
unused line between two lines in our drawing).

In [9], an upper bound on the number of lines needed to grid locate a graph
in the grid is given.

Corollary 1. [9] A graph G with chromatic number χ(G) ≤ 4 can be located in
the grid in, at most, χ(G) lines.

Although the authors give an upper bound to the number of lines needed in
order to grid locate a graph with χ(G) ≤ 4, in general, that upper bound is not
tight. In this work, we deal with this problem. Namely, to find a tighter upper
bound of the area (number of lines) needed to grid locate or p-embed a given
graph in the grid.

A simple but useful observation is the following:

Remark 1. An edge joining two grid points (x1, y1) and (x2, y2) is primitive if
and only if |x1 − x2| and |y1 − y2| are relatively prime to each other.

The structure of this paper is as follows. In Sect. 2, we show some results about
p-embeddability of graphs in the grid. In Sect. 3, we provide our main results,
giving a characterization of those graphs that are grid locatable in two and three
lines. We shall conclude with some remarks and open problems.

2 P-Embedding a Graph in the Grid

Until very recently, it was not known whether any planar graph could be p-
embedded in the plane or not, and there were only some partial results on the
subject (see [9]). This problem has just been solved in the affirmative indepen-
dently by M. Balko [1] and Flores-Peñaloza et al. [8], although the grid size of
the resulting representation is still excessively large. So it makes sense to find
bounds on the size of the grid for some specific families of graphs, as we do below
for bipartite graphs.

Proposition 1. Any plane bipartite graph can be p-embedded in the grid.
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Proof. In [2] it is shown how to embed a quadrangulation in the grid. They prove
firstly that any planar quadrangulation admits two different representations in
two 2–books (in a 2–book representation, vertices are mapped to a line, called
the spine, and edges are represented by crossing-free curves which do not cross
the spine either). Then, they assign to each vertex the coordinates of its rela-
tive positions in the spines of both 2–books. A similar representation can be
performed by forcing the differences of the x-coordinates to be relatively prime
each other, guaranteeing the condition of primitiveness. This can be achieved
by replacing the first n-positive integer x-coordinates of the graph by the first n
primes. ��
As a consequence of the proof of Proposition 1, and applying a direct implication
of the well known Prime Number Theorem that establishes that the asymptotic
expression for the nth prime number is n logn (see [10]), we obtain a (not really
tight) upper bound on the area needed to p-embed a bipartite graph in the grid.

Corollary 2. Any plane bipartite graph with n vertices can be p-embedded in a
rectangle of area O(n2 log n).

On the other hand, a complete characterization is given in [5] for those graphs
that are p-embedabble in two lines.

Proposition 2. [5] A graph G is p-embeddable in two lines if and only if G
can be extended to a maximal outerplanar graph such that its dual (excluding the
vertex representing the outerface) is a path.

It is known that if a graph is grid locatable in the plane, then it is grid locatable
in at most four lines, however, it is hopeless to try to obtain a similar result
regarding p-embeddability. This is because some graphs with n vertices, as the
nested triangles graphs (see Fig. 1), are shown to require a grid of size (2n/3−1)×
(2n/3− 1) for a plane straight-line drawing [6]. Then, it seems to be worthwhile
to improve the bounds on the area needed for certain families of graphs to be
p–embeddable.

3 Locating a Graph in the Grid

As we said above, the upper bound provided in the number of lines required to
grid locate a graph given in Theorem 1 is not always optimal. In this section
we tackle the problem of minimizing such number of lines. In other words, given
a concrete 4-colorable graph, how many lines are needed to represent it? Next
result answers this question for outerplanar graphs.

Proposition 3. Any outerplanar graph can be located in two lines.

Proof. We will show that any maximal outerplanar graph G can be located
in two lines (and then the result for any outerplanar graph is straightforward).
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Fig. 1. The nested triangle

The proof can be obtained inductively, just starting by a triangle of the maximal
outerplanar graphG and adding its adjacent triangles (at most three) taking into
account some easy rules.

Assume that a subgraph G′ (made of adjacent triangles) of G has already
been located in two lines and that a new triangle uvw of G is going to be added
and it shares the edge uv with a previously located triangle of the subgraph G′.
Then, one of the following situations holds:

– Either u and v are mapped to contiguous vertices in the same line, or
– u and v are mapped to vertices in different lines but at least one of them is

not adjacent (in G′) to one of its contiguous vertices in the same line.

In the fist situation, we add the new vertex to the other line and in the second
case, we add the new vertex to the place of the contiguous vertex that is not
adjacent. In this last case, we possibly have to move some of the previous vertices
in one of the lines (the one the new vertex is added to) in order to make room for
the new vertex w. Figure 2 shows how to add a vertex in this last case. Triangle
129 is going to be added and it shares the edge 12 with the previously located
triangle 123. Since 1 and 4 are not adjacent, then vertices 4 and 8 move to map
the vertex w = 9 (the tiny triangles in the central image mean that one of those
points is in the outerface). ��
We can describe the general structure of any graph that is grid locatable in two
or three lines.

Theorem 2. Let G = (V,E) be a graph such that χ(G) ≤ 4. Then,

1. G is grid locatable in two lines if and only if V can be partitioned into two
subsets V1, V2, such that the subgraph of G induced by Vi, i = 1, 2, is a
disjoint union of paths.
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Fig. 2. Adding a vertex in the second case

2. G is grid locatable in three lines if and only if V can be partitioned into three
subsets V1, V2, V3, such that the subgraph of G induced by V1 is a disjoint
union of paths, and V2 and V3 are independent sets.

Proof. The proof of (1) is trivial.
To prove (2), assume first that G is grid locatable in three lines and that those

lines are numbered 1, 2 and 3 from bottom to top. We assign all the vertices in
line 2 to V1, vertices with odd abscissae in lines 1 and 3 to V2 and vertices with
even abscissae in lines 1 and 3 to V3 (see Fig. 3).

To prove the other implication, once the set V is partitioned into sets V1, V2, V3,
we can draw the graph in three lines numbered 1, 2 and 3 from bottom to top
as follows. Since the subgraph of G induced by V1 is a disjoint union of paths,
we embed those paths in line 2. Then, vertices of V2 are mapped to vertices
with odd abscissae of line 1, and vertices in V2 are mapped to vertices with even
abscissae in line 3. ��

Fig. 3. The coloring of the vertices of the graph located in three lines

Theorem 2 can be used to obtain examples of planar graphs which prove that
the bound given in Corollary 1 is sometimes reached. For instance, consider the
graph depicted in Fig. 4; it has chromatic number 4 and it requires exactly four
lines to be located in the grid. This is because (up to permutation of the colors)
there is only one 4-coloring and there does not exist any assignment of the colors
avoiding vertices of degree 3 in the subgraph induced by two colors.
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Fig. 4. Four lines are needed to locate this graph in the grid

Additionally, Theorem 2 is one of the main tools used to prove some results
regarding grid locatability when the maximum degree of the graph is bounded.

From now on, for a graph G, δ(v) denotes the degree of a vertex v and Δ(G)
the maximum vertex degree in G. Similarly, for a directed graphG, δ−(v) denotes
the in-degree of a vertex v and Δ−(G) the maximum vertex in-degree in G.

Lemma 1. Let G be a connected, directed, acyclic and not isomorphic to K5

graph, with Δ(G) ≤ 4 and Δ−(G) ≤ 3. Then G is grid locatable in two lines.

Proof. We are going to make use of the first statement of Theorem 2 by parti-
tioning the vertices of G into two subsets, V1 and V2, such that the subgraphs
of G induced by them are disjoints union of paths.

Each directed acyclic graph induces a partial order ≤ on its vertices, where
u ≤ v if there exists a directed path from u to v. Once the vertices are sorted,
we sequentially assign them labels 1 or 2 as follows: Vertex with no incoming
edges are marked with label 1, and the rest are assigned the less popular label
among those used by their tails (for vertices with exactly two incoming edges
with different colors in their tails, we choose any of them).

After this procedure, the subgraphs of G induced by each label class, G|V1 and
G|V2 , may have vertices of degree three but this may only occur when a vertex v
is the tail of two or three vertices of its same color class, as it is depicted in Fig. 5.
This is avoided by sweeping the vertices of G in reverse order and changing the
labels of such vertices. Note that to change the label of a vertex may produce a
new degree three vertex, but always in a vertex that has not been visited yet.

It only rests to prove that the graphs G|V1 and G|V2 , regardless of the edges
orientation, have no cycles.

First note that a vertex that have changed its label in the previous sweeping
cannot take part of a cycle, since it becomes a vertex with degree one in its class.
This is obvious in the right case in Fig. 5. In the left case, v could be a vertex of
degree two in G|V2 if its tail with label 1 would change to label 2 in a later step
of the sweeping. But this can not happen since now its head, v, has a different
label than it.
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Fig. 5. Vertices with degree 3 in the subgraph induced by one of the color classes

Finally, if there is a monochrome cycle, there must be at least a vertex v with
two incoming edges (since G is a directed acyclic graph). But if two incoming
edges have the same color in their tails then v should have been previously
assigned a different color and we have already shown that no vertex of the cycle
has changed its color, what is a contradiction. ��

Theorem 3. Let G be a connected graph, not isomorphic to K5, with Δ(G) ≤ 4.

a) If G is 4-regular, then G is grid locatable in three lines.
b) If there exists a vertex v such that δ(v) ≤ 3, then G is grid locatable in two

lines.

Proof. Proof of a):
Given that Δ(G) ≤ 4, since G is 4-regular, every vertex has -at least- two

non-adjacent neighbors. Let xn be one of its vertices, with two non-adjacent
neighbors x1 and x2.

By mimicking Brooks’ greedy algorithm to color a graph [3], we assign colors
{1, 2, 3, 4} to the vertices as we describe below.

Sort the vertices of G so that if i < j then d(xn, xi) ≥ d(xn, xj) for i ≥ 3 (for
vertices at the same distance from xn, we freely choose how to sort them) and
sequentially color them as follows:

1. Assign color 1 both to x1 and x2.
2. For i ≥ 3, assign preferentially colors 1 or 2 to xi unless colors 3 or 4 are

bound to be used.

First, we show that this assignment of colors provides a 4-coloring of G. This
can be done by induction: Obviously, it is a proper coloring for x1 and x2 since
they are not adjacent. It also works for xn since both x1 and x2 has the same
color. Now assume that, for 3 ≤ i < n, xi has already been well-colored and let
us color xi+1. There must exist a vertex xk, i+1 < k ≤ n such that d(xn, xk) ≤
d(xn, xi+1). Since δ(xk) ≤ 4, at most three of its neighbors have been already
colored and hence there is still a free color for xi+1.

Next we prove that the subgraph induced by colors 3 and 4, denoted H34, is
a disjoint union of paths.
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Observe that δH34(xi) ≤ 2 for every xi ∈ V (H34), i �= n. On the other hand,
if xn ∈ V (H34) then δH34 (xn) = 1. This proves that H34 is the union of paths
and cycles and, in the case of having cycles, xn does not take part of none of
them.

IfH34 is supposed to include a cycle, consider the vertex xj whose label j(< n)
is the maximum among the vertices lying on the cycle. Since xj has either color 1
or 2 and colors 3 and 4 are assigned preferentially, xj has (at least) two neighbors
previously colored 3 and 4 and still another neighbor to be colored later, what
implies δ(xj) ≥ 5, a contradiction.

The proof is concluded by virtue of Theorem 2.

Proof of b): Assume now the case of G having a vertex, say xn, with degree at
most three.

We sort the vertices of G so that if i < j then d(xn, xi) ≥ d(xn, xj) for
1 ≤ i < n (again, for vertices at the same distance from xn, we freely choose
how to sort them).

This ordering induces an acyclic digraph in G with maximum in-degree 3.
Now, applying Lemma 1, the result holds. ��

4 Concluding Remarks and Open Questions

As it was said in the introduction, grid embeddings of graphs as subgraphs of
the visibility graph of the grid points has been considered previously in the
literature, mainly in [9].

But, being an important question that of the compactness of such represen-
tations, we are not aware of many results in this subject. This is the main gap
we have tried to fill in this work: What is the minimum number of lines needed
to represent (either to p-embed – without crossing of edges– or to grid locate –
allowing edges crossing–) in the grid a given graph?

Regarding p-embeddability, although it is known that any planar graph can
be p-embedded in the plane, the question of the minimal area needed to obtain
such representation is still open, since we have provided only partial results
concerning bipartite graphs.

On the other hand, regarding grid location, we have proved that a 4–regular
graph (non-isomorphic to K5) can be located in three lines, and that if a graph
is not regular and its maximal degree is 4, then it can be located in two lines.
Other cases are still open.
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