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Abstract Let G be a semidirect product of finitely generated Abelian groups. We
provide a method for constructing an explicit contraction (special homotopy equiva-
lence) from the reduced bar construction of the group ring of G, B(ZZ[G]), to a much
smaller DGA-module hG. Such a contraction is called a homological model for G
and is used as the input datum in the methods described in Álvarez et al. (J Symb
Comput 44:558–570, 2009; 2012) for calculating a generating set for representative
2-cocycles and n-cocycles over G, respectively. These computations have led to the
finding of new cocyclic Hadamard matrices (Álvarez et al. in 2006).
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102 V. Álvarez et al.

1 Motivation of the problem: introduction

Hadamard matrices have a long history in combinatorics and arise in numerous appli-
cations, among others, in electrical engineering (circuit design) and statistics (exper-
imental designs). Horadam’s book [22] is an excellent reference for the use of these
matrices in signal and data processing. Hadamard matrices have been actively stud-
ied for over 140 years and still remain a very challenging issue. Problems involving
Hadamard matrices usually sound very easy, but they are notoriously difficult to solve.
For instance, it is well-known that a Hadamard matrix must have order 1, 2 or a multiple
of 4, but the Hadamard conjecture about whether there exists a Hadamard matrix of
order 4t for every natural number t has remained open for over a century. A related
problem is constructing all Hadamard matrices of a particular order is as difficult
mainly because the search space expands exponentially with the order of the matrix.
Horadam and de Launey [11,12] found an interesting application of 2-cocycles to
tackle the problem of constructing Hadamard matrices.

Given a multiplicative group G = {g1 = 1, g2, . . . , g4t }, not necessarily Abelian.
Functions ψ : G × G → 〈−1〉 ∼= Z2 which satisfy

ψ(gi , g j )ψ(gi g j , gk) = ψ(g j , gk)ψ(gi , g j gk), ∀gi , g j , gk ∈ G (1)

are called (binary) 2-cocycles (over G) [31]. A 2-cocycle is a 2-coboundary ∂φ if
it is derived from a set mapping φ : G → 〈−1〉 by ∂φ(a, b) = φ(a)φ(b)φ(ab)−1.

The set of 2-cocycles forms an Abelian group Z(G) under pointwise multiplica-
tion, and the 2-coboundaries form a subgroup B(G). It is a well-known fact that
Z(G)/B(G) ∼= H2(G; ZZ2). Thus, a basis B for 2-cocycles over G consists of some
elementary 2-coboundaries ∂i and some representative 2-cocycles in cohomology.

A 2-cocycle ψ is naturally displayed as a cocyclic matrix Mψ ; that is, the entry in
the (i, j)th position of the cocyclic matrix is ψ(gi , g j ), for all 1 ≤ i, j ≤ n.

The main advantages of the cocyclic approach concerning the construction of
Hadamard matrices may be summarized in the following facts:

– The additional internal structure in a matrix which represents a 2-cocycle (a co-
cyclic matrix) is sufficient to provide a substantial cut-down in computational
complexity of the problem of testing if it is Hadamard.

– The search space is reduced to the set of cocyclic matrices over a given group
G. That is, 2s matrices, provided that a basis for 2-cocycles over G consists of s
generators.

Cocyclic construction is revealed to be the most uniform construction technique for
Hadamard matrices yet known. Furthermore, a stronger version of the Hadamard
conjecture, has been posed in [22], the cocyclic Hadamard conjecture: this asserts
that there exists a cocyclic Hadamard matrix at every possible order. These facts
have produced and increased interest in calculating a generating set for representative
2-cocycles (and n-cocycles, in general).

In [22, Sect. 6.3], three methods have been proposed in order to compute a gener-
ating set for representative 2-cocycles. The first method is the foundational work on
the subject [12,13], and is applied over Abelian groups. The second one (see [17])
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Homological models for semidirect products 103

applies over groups G for which the word problem is solvable, and uses the inflation
and transgression maps. Both methods rely on the Universal Coefficient Theorem

H2(G,ZZ2) ∼= Ext (G/[G,G],ZZ2)⊕ Hom(H2(G),ZZ2).

The third approach to this question, which we term the homological reduction
method, is described in [4]. Provided a homological model hG for G is known (that
is, a differential graded module of finite type which shares the homology groups with
G), it explicitly describes an algorithm for constructing a basis for 2-cocycles over
G in a straightforward manner. In fact, the goodness of this approach is supported
by the efficiency in which both H1(G) 
 G/[G,G] and H2(G) are computed from
the homological model hG. In [5], the cohomological analogous to this method is
described and applied for computing n-cocycles in general. It might be a potential
source of examples for cocyclic matrices of higher dimensions, which may not be
supplied by the other methods.

In this paper, we provide a method for constructing a homological model for a
semidirect product of finitely generated Abelian groups. Theoretically, this method
provides explicit formulas in any degree. Although, from the practical perspective it
is only appropriate for numerical calculations in low degrees.

We organize the paper as follows. In Sect. 2 we try to explain our approach to the
computation of homology of groups. Section 3 is devoted to describing a homological
model for a semidirect product of finite generated Abelian groups. For the sake of
clarity it begins by introducing some notations and results on Simplicial Topology
and Homological Algebra. In Sect. 4, some comments about several related topics are
given. First, we indicated a ZZ[K× χ H ]-resolution. Later on, a homological model
for iterated semidirect products of finite generated Abelian groups is determined. We
included some comments about the simplification of the formulas that our method pro-
vides. Finally, the homology of some groups are computed and the matrices involved
in the method are shown.

2 On the computation of the homology of groups

The (co)homology theory of groups arose form both topological and algebraic sources
(see [7] for details). The starting point for the topological aspect of the theory was the
work of Hurewicz [27] on aspherical spaces (that is to say, a space whose only non-null
homotopy groups is the first, fundamental one). Given a group G and a contractible
topological space with a free action of G, then an aspherical space can be obtained
by means of the space of orbits of the action endowed with a convenient quotient
topology. The homology of this aspherical space is, by definition, the homology of
G, and it does not depend on the choosing of the contractible space or of the action.
Each aspherical space (unique up to homotopy type) is a particular Eilenberg-Mac
Lane space for G, and is denoted by K (G, 1).

This topological approach presented a serious drawback because the contractible
spaces to be constructed are frequently of either infinite type or too big which appar-
ently closes the possibility of a computational treatment. However, Eilenberg-Mac
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104 V. Álvarez et al.

Lane in [15] computed the homology of finitely generated Abelian groups under this
approach. By the mid-1940’s a purely algebraic definition of group homology and
cohomology was stated (see [30]). Indeed, the low-dimensional cohomology groups
were seen to coincide with groups which had been introduced much earlier in con-
nection with various algebraic problems. This algebraic approach is based on the
definition of resolution (replacing the group under study with an acyclic object of a
suitable category of modules) and it was chosen for being more adequate in practical
computations. For instance, the package HAP [23] of the computer algebra system
GAP [38] contains an impressive number of algorithms dealing with resolutions.

Due mainly to the progress in Homological Perturbation Theory [20,21] and work-
ing in the setting of Simplicial Topology [32], the topological approach has been
revised and can be considered as a valid alternative from a computational point of
view. For instance, Kenzo [10] is a Common Lisp program devoted to Symbolic Com-
putation in Algebraic Topology (carryed out by means of simplicial sets and using
techniques of Algebraic Topology), it makes use of Sergeraert’s effective homology
method (see [36]) to determine homology groups of complicated spaces and homology
of groups [34,35].

Our method fits in the topological approach for computing the homology of groups.
Given a group G, we compute the homology groups of G by means of the combinato-
rial description of K (G, 1) in Simplicial Topology, that is, K (G, 1) : = W (G). The
enormous size of this space makes it difficult to obtain real calculations, even when G
is finite, and therefore is necessary construct an explicit chain homotopy equivalence
(a contraction)

C(W (G)) ⇒ hG (2)

where C(W (G)) is the normalized chain complex canonically associated with W (G)
and hG is a free DG-module of finite type, in general with a non-null differential, whose
homology groups H∗(hG) can be determined by an elementary algorithm. In addi-
tion, from the homotopy equivalence one can deduce the isomorphism H∗(W (G)) : =
H∗(C(W (G)) ∼= H∗(hG), which allows the computation of the homology groups of
G. If G is an ordinary discrete group, then C(W (G)) amount to the reduced bar
construction B(ZZ[G]). Thus, (2) is rewritten as

B(ZZ[G])
ϕ∼= C(W (G)) ⇒ hG.

Such contraction is called a homological model for G.
Constructing a homological model for the semidirect product K×χ H requires

three steps. Let H be an (either simplicial or ordinary discrete) group and K be an
(either simplicial or ordinary discrete) H -group. The first one consists of establishing
a simplicial isomorphism (Theorem 1) between the simplicial set W (K×χ H), the W -
construction functor applied to the semidirect product K×χ H , and the twisted carte-
sian product W (K )×τ W (H) relative to the universal twisting function τ : W (H) →
H and H -action on W (K ).
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Homological models for semidirect products 105

Secondly, the twisted Eilenberg–Zilber Theorem yields a contraction from the nor-
malized chain complex of W (K )×τ W (H) (we will denote by C(W (K )×τ W (H))) to
a twisted tensor product C(W (K ))⊗t C(W (H)). Explicit formulas for a contraction
of this type are given in [33].

Henceforth, we will assume that K and H are ordinary discrete groups. In this par-
ticular situation, C(W (K )), C(W (H)) and C(W (K×χ H)) amount to the reduced bar
constructions B(ZZ[K ]), B(ZZ[H ]) and B(ZZ[K×χ H ]), respectively. So far, we have

B(ZZ[K×χ H ])
ϕ∼= C(W (K×χ H))

ψ∼= C(W (K )×τ W (H))
⇓ th.3

B(ZZ[K ])⊗t B(ZZ[H ])
ϕ−1

∼= C(W (K ))⊗t C(W (H)).

Finally, we constructed a contraction from B(ZZ[K ])⊗t B(ZZ[H ]) to a significantly
smaller free DG-module of finite type, hK H . This last object is a certain twisted
tensor product hK ⊗̃h H of small DG-modules hK and h H onto which B(ZZ[K ])
and B(ZZ[H ]) contract respectively. In the case that K and H are finitely generated
Abelian groups, such explicit contractions to hK and h H exist [15]. The key point
is to guarantee the convergence of the related perturbation process (Theorem 4). The
method works for any groups K and H under the hypothesis that explicit contractions
to hK and h H exist, and the related perturbation process converges.

From this homological model,

B(ZZ[K×χ H ]) ⇒ hK H,

it is easy to derive at once a small free resolution of the ground ring over
ZZ[K×χ H ] (Theorem 5). This amounts to putting a ZZ[K×χ H ]-linear differential
on ZZ[K×χ H ]⊗ hK H such that an acyclic chain complex results. In addition, a con-
tracting homotopy on this resolution can be constructed by a formula involving the
contracting homotopy on B(ZZ[K×χ H ]) (the standard bar resolution on ZZ[K×χ H ]).
Let us point out that a free resolution without a contracting homotopy is a computa-
tionally limited object. It is a requirement for a method to be considered interesting.
Therefore, in this way, we find a connection between the topological and algebraic
approaches to the computation of homology of groups.

Furthermore, the method works over other semidirect products of groups (as well
as iterated products of groups), even though the fibre groups K may not be a finitely
generated Abelian group (see Remarks 3 and 5). An extended version of the method
for iterated products of central extensions and semidirect products of finitely gener-
ated Abelian groups has been implemented in Mathematica by the authors (see [1,3]).
Some calculations with this package have led to the finding new cocyclic Hadamard
matrices [2,4].

3 Describing a homological model for K× χ H

In this section, we describe a homological model for a single semidirect product
K×χ H of (discrete) finitely generated Abelian groups K and H .
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106 V. Álvarez et al.

Firstly, we recall the definition of semidirect product of two groups H and K . Let
χ be an action of H on K , i.e. χ : H × K → K with χ(h, k) = α(h)(k) where
α : H → Aut(K ) is a homomorphism. The semidirect product of H and K with
respect to χ , K×χ H (or K×αH ), is the set K × H , endowed with the group law

(k, h) · (k′, h′) = (k + χ(h, k′), h + h′).

We will write hk instead of χ(h, k) when no confusion can arise.

Example 1 The dihedral group

D2m =< h, k : h2 = 1, km = 1, hkh = k−1 >

is the semidirect product ZZm×χZZ2, m ≥ 2, for χ(0, k) = k, χ(1, k) = −k.

Step 1

In order to describe a homological model for K×χ H , we need to work in the frame-
work of simplicial sets and use the techniques that the homological perturbation the-
ory provides. We recall some basic concepts of Simplicial Topology and Homological
Algebra. More details can be found in [32] and in [31] respectively.

A simplicial group G is a simplicial set G = (Gn, ∂i , si )where every Gn is a group
and every face or degeneracy operator is compatible with the group structures. If G
has only one 0-simplex, then G is called reduced.

The W -construction (or the classifying construction (W )) for a simplicial group G,
denotes by W (G), is a new simplicial set defined as follows:

W 0(G) = {[ ]};
W n(G) = Gn−1 × · · · × G0, n > 0;

s0[ ] = [1];
∂i [g0] = [ ], i = 0, 1;

∂0[gn, . . . , g0] = [gn−1, . . . , g0],
∂i+1[gn, . . . , g0] = [∂i gn, . . . , ∂1gn−i+1, gn−i−1∂0gn−i , gn−i−2, . . . , g0],
s0[gn−1, . . . , g0] = [1, gn−1, . . . , g0],
si+1[gn, . . . , g0] = [si gn, . . . , s0gn−i , 1, gn−i−1, . . . , g0];

where [ ] denotes the unique element of W 0(G), 1 denotes the identity elements of G
(at each simplicial degree) and [gn−1, . . . , g0] denotes a generic element of W n(G),
for n > 0. W (G) is also called a classifying space for G.

If G is an ordinary discrete group then W (G) = W (s G), for s Gm = G, ∀m ≥ 0,
and all face and degeneracy operators are the identity maps. For clarity in the exposi-
tion, we denote s G simply by G itself in the sequel.

We need here the reduced bar construction B(A) of a DGA-algebra A. Recall that
it is defined as the connected DGA-coalgebra, B(A) = T c(s( Ā))), where T c( ) is the
tensor coalgebra, s( ) is the suspension functor and Ā is the augmentation ideal of A.
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Homological models for semidirect products 107

The element of B0(A) corresponding to the identity element of 	 (ground ring) is
denoted by [ ] and the element sā1 ⊗· · ·⊗ sān of B(A) is denoted by [a1| · · · |an]. The
tensor and simplicial degrees of the element [a1| · · · |an] are |[a1| · · · |an]|t = ∑ |ai |
and |[a1| · · · |an]|s = n, respectively; its total degree is the sum of its tensor and
simplicial degree. The tensor and simplicial differential are defined by:

dt ([a1| · · · |an]) = −
∑

i

(−1)ei−1[a1| · · · |dA(ai )| · · · |an],

and

ds([a1| · · · |an]) =
∑

i

(−1)ei [a1| · · · |μA(ai ⊗ ai+1)| · · · |an]

where ei = i + |a1| + · · · + |ai |.
If the product of A is commutative, a product ∗ (called shuffle product) can be

defined on B(A). For every discrete group G, B(ZZ[G]) amounts to C(W (G)) by
means of the following isomorphism

ϕ : B(ZZ[G]) → C(W (G)),

ϕ([g0| · · · |gn]) =
{

(g0, . . . , gn), G is Abelian

(−1)� n+1
2 �+1(gn, . . . , g0), Otherwise.

Consider two simplicial sets F , B and a simplicial group G which operates on F
from the left. A twisted cartesian product E with fibre F , base B and structural group
G consists of a simplicial set En = Fn × Bn and

∂0(a, b) = (τb 
 ∂0a, ∂0b)

∂i (a, b) = (∂i a, ∂i b), for i > 0

si (a, b) = (si a, si b), for i ≥ 0;
as face and degeneracy operators. Here 
 : G × F → F is the action of G on F and
τ is a twisting function, i.e., τn : Bn → Gn−1, n ≥ 1 satisfies

∂0τ(b) = [τ(∂0b)]−1 · τ(∂1b)

∂iτ(b) = τ(∂i+1b), for i > 0

siτ(b) = τ(si+1b), for i ≥ 0

τ(s0b) = 1,

where 1 denotes the identity element of the corresponding group Gn . We write E =
F ×τ B.

Example 2 Let K and H be two simplicial groups where H operates on K from the
left, then a TCP W (K )×τ W (H) with fibre W (K ), base W (H) and structural group
H can be defined via the action


 : H × W (K ) −→ W (K )
(h, [kn−1, . . . , k0]) −→ [h · kn−1, . . . , h · k0];
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108 V. Álvarez et al.

and twisting function τn : W n(H) −→ Hn−1,

τn[hn−1, . . . , h0] = hn−1.

Theorem 1 In the conditions of the example above, there is an explicit simplicial
isomorphism

ψ : W (K×χ H) −→ W (K )×τ W (H).

Proof Define ψ and ψ−1 to be

ψn[(kn−1, hn−1), . . . , (k0, h0)]
= ([h−1

n−1 · kn−1, . . . , ∂
i−1
0 h−1

n−1 . . . ∂0h−1
n−i+1 h−1

n−i

· kn−i , . . . , ∂
n−1
0 h−1

n−1 . . . ∂0h−1
1 h−1

0 · k0], [hn−1, . . . , h0]);
ψ−1

n ([kn−1, . . . , k0], [hn−1, . . . , h0])
= [(hn−1kn−1, hn−1) . . . , (hn−i∂0hn−i+1 . . . ∂

n−i+1
0 hn−1 · kn−i , hn−i ), . . . ,

(h0∂0h1 . . . ∂
n−1
0 hn−1 · k0, h0)].

Now the statement of the theorem follows by direct inspection. The proof is left to the
reader. ��
Step 2

Now, we make a precise definition of the objects studied in the homological per-
turbation theory and sketch a familiar example.

Let N and M be two DG-modules. Their differentials will be denoted respectively
by dN and dM or simply by d when no confusion can arise. d⊗ denotes the trivial
differential, dN ⊗ 1 + 1 ⊗ dM , on N ⊗ M . A contraction (see [14,26]) is a data set
c : {N ,M, f, g, φ} where f : N → M and g : M → N are morphisms of DG-
modules (called, respectively, the projection and the inclusion) and φ : N → N is
a morphism of graded modules of degree +1 (called the homotopy operator). These
data are required to satisfy the rules: (c1) f g = 1M , (c2) φdN + dNφ + g f = 1N

(c3) φφ = 0, (c4) φg = 0 and (c5) f φ = 0. These last three are called the side
conditions [29]. In fact, these may always be assumed to hold, since the homotopy φ
can be altered to satisfy these conditions [20]. These formulas imply that both chain
complexes N and M have the same homology. We will also denote a contraction c by

either φ : N
f

�
g

M or N ⇒ M .

If we have two contractions ( fi , gi , φi ) from Ni to Mi , for i = 1, 2 then, the
following contractions can be constructed (see [14]):

– The tensor product contraction ( f2 ⊗ f1, g1 ⊗ g2, φ1 ⊗ g2 f2 + 1N1 ⊗ φ2) from
N1 ⊗ N2 to M1 ⊗ M2.

– If N2 = M1, the composition contraction ( f2 f1, g1 g2, φ1 + g1 φ2 f1) from N1
to M2.
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Homological models for semidirect products 109

The Eilenberg–Zilber theorem [16] provides the most classic example of a contrac-
tion of chain complexes.

An Eilenberg–Zilber contraction is defined in [15] by the data set

SH I :C(F × B)
AW
�

E M L
C(F)⊗ C(B)

where F and B are simplicial sets. Here C(F) denotes the normalized chain complex
associated to a simplicial set F with coefficients in ZZ. The Alexander-Whitney opera-
tor AW : C(F × B) → C(F)⊗C(B), the Eilenberg–Zilber operator E M L : C(F)⊗
C(B) → C(F × B) and the Shih operator (of degree +1) SH I : C(F × B) →
C(F × B) are defined by the following formulas:

AW (an × bn) =
n∑

i=0

∂i+1 · · · ∂nan ⊗ ∂0 · · · ∂i−1bn,

E M L(ap ⊗ bq) =
∑

(α,β)∈{(p,q)−shu f f les}
(−1)sg(α,β)(sβq · · · sβ1ap × sαp · · · sα1 bq),

SH I (an × bn) =
∑

(−1)m+sg(α,β)(sβq+m · · · sβ1+msm−1∂n−q+1 · · · ∂nan

×sαp+1+m · · · sα1+m∂m · · · ∂m+p−1bn);

the last sum is taken over the indices 0 ≤ q ≤ n − 1, 0 ≤ p ≤ n − q − 1 and (α, β) ∈
{(p + 1, q)-shuffles} where m = n − p − q and sg(α, β) =

∑p+1

i=1
(αi − (i − 1)).

We define AW , E M L and SH I to be the 1, 1 and 0 maps in degree 0, respectively.

Definition 1 The term homological model for G refers to a contraction

φ : B(ZZ[G]) f
�
g

hG from the reduced bar construction of the group ring of G (i.e.

the reduced complex associated to the standard bar resolution [31]) to a differential
graded module of finite type hG, so that

H∗(G) = H∗(B̄(ZZ[G])) ∼= H∗(hG)

and the homology of hG may be effectively computed by means of Veblen’s algorithm
[39] (involving the Smith’s normal forms of the matrices representing the differential
operator).

Example 3 In this example, we show homological models for ZZ and ZZn . They have
been extracted from [15].

– A homological model for ZZ.

φZ:B(ZZ[ZZ]) fZ�
gZ

E(u),
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110 V. Álvarez et al.

where E(u) denotes the free DGA-algebra endowed with trivial differential and
generators 1 (at degree 0) and u (at degree 1), so that u · u = 0.
The explicit formulas for the morphisms are:

fZ([n1| · · · |nq ]) =
{

n1 u, if q = 1
0, if q > 1

, gZ(u) = [1] and

φZ[n1| · · · |nk] =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(−1)k
nk−1∑

i=1

[n1| · · · |nk−1|i |1], if nk > 0,

0, if nk = 0,

(−1)k+1
|nk |∑

i=1

[n1| · · · |nk−1| − i |1], if nk < 0.

(3)

– A homological model for ZZn .

φZn : B(ZZ[ZZn])
fZn�
gZn

(E(u)⊗ �(v), d)

where d(u) = 0, d(v) = n · u and �(v) denotes the free DGA-algebra endowed
with trivial differential and generators γk(v) (at degree 2k, k ≥ 0, γ0(v) = 1),
such that γk(v)γh(v) = (k+h)!

k!h! γk+h(v).
The explicit formulas for the morphisms are:

fZn [x1|y1| · · · |xm |ym] =
[

m∏

i=1

δxi ,yi

]

γm(v),

fZn [x1|y1| · · · |xm |ym |z] =
[

z
m∏

i=1

δxi ,yi

]

uγm(v),

for δxi ,yi =
{

0, xi + yi < n,
1, xi + yi ≥ n;

gZn (u) = [1], gZn (γk(v)) =
∑

xi ∈Zn

[1|x1| · · · |1|xk],

gZn (uγk(v)) =
∑

xi ∈Zn

[1|x1| · · · |1|xk |1],

and

φZn ([x1| · · · |xk]) = −ϕZn ([x1| · · · |xk]), for ϕZn [ ] = 0, ϕZn [x] =
x−1∑

i=1

[1|i],

ϕZn [x |y|σ ] =
x−1∑

i=1

[1|i |y|σ ] + δx,y

n−1∑

k=1

[1|k|ϕZnσ ]. (4)

Remark 1 It is well-known that if A is a finitely generated Abelian group then A can
be written in the form A = ZZm × ZZl1 × · · · × ZZln , where each li denotes a power
of a prime. From the data above, a homological model for such an Abelian group
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Homological models for semidirect products 111

A may be constructed in a straightforward manner [15], by simply applying n + m
times the Eilenberg–Zilber theorem, and tensoring up the n + m correspondent single
homological models.

One of the cornerstones of the homological perturbation theory is the Basic Per-
turbation Lemma. It provides a beautiful way of unifying many disparate results in
Algebraic Topology concerning chain homotopy equivalences, and it can be used to
find new results as well.

Now, we recall the concept of a perturbation datum. Let N be a graded module and
let f : N → N be a morphism of graded modules. The morphism f is pointwise
nilpotent if for all x ∈ N (x �= 0), a positive integer n exists (in general, the number
n depends on the element x) such that f n(x) = 0. A perturbation of a DG-module N
is a morphism of graded modules δ : N → N of degree −1, such that (dN + δ)2 = 0
and δ1 = 0, i.e. dN + δ is a new differential on N . A perturbation datum of the con-
traction c : {N ,M, f, g, φ} is a perturbation δ of the DGA-module N verifying that
the composition φδ is pointwise nilpotent.

A Transference Problem consists of a contraction c : {M, N , f, g, φ} together
with a perturbation δ of the DG-module N . The problem is to determine new mor-
phisms dδ, fδ, gδ and φδ such that cδ : {(N , dN + δ), (M, dM + dδ), fδ, gδ, φδ} is
a contraction.

The Basic Perturbation Lemma ([8,20,21,33]) gives an explicit solution to the
Transference Problem, assuming that δ is a perturbation datum of c.

Theorem 2 (BPL) Let c : {N ,M, f, g, φ} be a contraction and δ : N → N a
perturbation datum of c. Then, a new contraction

cδ : {(N , dN + δ), (M, dM + dδ), fδ, gδ, φδ}

is defined by the formulas: dδ = f δ�δc g; fδ = f (1 − δ�δcφ); gδ = �δc g; φδ = �δcφ;
where

�δc =
∑

i≥0

(−1)i (φδ)i = 1 − φδ + φδφδ − · · · + (−1)i (φδ)i + · · · .

Let us note that �δc (x) is a finite sum for each x ∈ N , because of the pointwise
nilpotency of the composition φδ. Moreover, it is obvious that the morphism dδ is a
perturbation of the DG-module (M, dM).

The twisted Eilenberg–Zilber theorem can be seen as an important example of the
usefulness of this lemma (see [37]). It solves the Transference Problem for twisted
cartesian products.

Theorem 3 (Twisted Eilenberg–Zilber Theorem) [19,37]

Let F ×τ B be the TCP with fibre F, base B and structural group G. Then, the
morphism

δ(a, b) = (τb 
 ∂0a, ∂0b)− (∂0a, ∂0b), (a, b) ∈ CN (F × B)
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is a perturbation datum of the contraction,

SH I :C(F × B)
AW�

E M L
C(F)⊗ C(B).

From these data a new contraction (called the twisted Eilenberg–Zilber contraction)
is obtained by applying BPL:

SH Iδ :C(F ×τ B)
AWδ�

E M Lδ
C(F)⊗t C(B)

where the bigger chain complex is associated to F ×τ B, and the smaller one consists
of a twisted tensor product along the twisting cochain t, for t = p ◦ dδ ◦ ρ

C(B)
ρ−→ C(G)⊗ C(B)

dδ−→ C(G)⊗ C(B)
p−→ CN (G) (5)

where

ρ(x) = 10 ⊗ x, 10 being the identity element of G0 and p(y ⊗ x) =
{

0, x /∈ B0
y, x ∈ B0

So that, C(F) ⊗t C(B) is a differential graded module whose underlying module
structure is given by the ordinary tensor product C(F)⊗C(B) and whose differential
is given by d⊗ + t∩, where d⊗ = d ⊗ 1 + 1 ⊗ d and t∩ is given by:

t∩ = (μC(F) ⊗ 1)(1 ⊗ t ⊗ 1)(1 ⊗�C(B)), (6)

where μC(F) is the module action induced by the the action 
 : G × F → F. Hence,

dδ = t ∩ .

Applying the above theorem to W (K ) ×τ W (H), the TCP defined in Example 2,
it follows

SH Iδ :C(W (K )×τ W (H))
AWδ�

E M Lδ
C(W (K ))⊗t C(W (H)). (7)

Furthermore, if K and H are ordinary discrete groups we will give an explicit formula
for the twisting cochain t and for the morphism t∩ (see Lemmas 1 and 2).

To sum up, given the semidirect product K×χ H where K and H are simplicial
groups with H operating on K from the left, we have

1. C(W (K×χ H))
ψ∼= C(W (K )×τ W (H)) (by Theorem 1).

2. SH Iδ :C(W (K )×τ W (H))
AWδ�

E M Lδ
C(W (K ))⊗t C(W (H)) (by Theorem 3).

From now on, we will assume that K and H are ordinary discrete groups, unless
otherwise stated.
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Lemma 1 An explicit formula for the twisting cochain t : C(W (H)) → C(H) is
given by

t (hn−1, . . . , h0) =
{

h0 − 1, if n = 1,
0, if n ≥ 2.

Proof Attending to Theorem 3 applied to the TCP W (K )×τ W (H)) (see Example 2),
the twisting cochain t : C(W (H)) → C(H) is given by the composition t = p dδ ρ,

C(W (H))
ρ→ C(H)⊗t C(W (H))

dδ→ C(H)⊗t C(W (H))
p→ C(H),

where ρ(hn−1, . . . , h0) = 1⊗(hn−1, . . . , h0), p(h⊗[ ]) = h (zero otherwise) and the
morphism dδ = AWδ

∑

i≥0
(−1)i (SH I δ)i E M L is the perturbation datum provided

by BPL when

SH I :C(H × W (H))
AW
�

E M L
C(H)⊗ C(W (H))

is perturbed by means of

δ(h, (hn−1, . . . , h0)) = (hn−1 · h, (hn−2, . . . , h0))− (h, (hn−2, . . . , h0)).

It is readily checked that the composition δ E M L ρ consists of

(hn−1, . . . , h0)
ρ−→ 1 ⊗ (hn−1, . . . , h0)

E M L−→ (1, (hn−1, . . . , h0))

δ−→ (hn−1, (hn−2, . . . , h0))− (1, (hn−2, . . . , h0)).

Independent of the value of n, the application of SH I to the output above is always
null. This is obvious for n = 1, since SH I is defined as the zero map acting on sim-
plicial degree 0. For n ≥ 2, the SH I map introduces some degeneracy operators s j

on the term in W (H), so that the final output in C(H × W (H)) is the image of the
degeneracy operator (s j , s j ), and hence zero (notice that H denotes here the simplicial
version of the discrete group H , whose degeneracy and face operators are the identity
map on H ).

This way, the composition p dδ ρ reduces to p AWδE M L i .
All summands of

AW ((h, (hn−2, . . . , h0)) =
n−1∑

i=0

∂n−i
n−i h ⊗ ∂ i

0(hn−2, . . . , h0)
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are zero but the one correspondent to i = 0, so that the element in C(H) is located at
simplicial degree 0 (and hence is not degenerated). Thus,
AWδE M L i(hn−1, . . . , h0) = (hn−1, (hn−2, . . . , h0))− (1, (hn−2, . . . , h0)).

Taking into account that the projection p is null acting on the elements of C(W (H))
of simplicial degree greater than 0, we finally conclude that

t (hn−1, . . . , h0) = p dδ i(hn−1, . . . , h0) =
{

h0 − 1, n = 1,
0, n ≥ 2.

��

Remark 2 If the basis group H of the semidirect product is located on the left-hand
side, Hχ×K , the precedent twisting cochain t must be changed in turn to the opposite
t ′ = −t .

Lemma 2 An explicit formula for the morphism

t∩: C(W (K ))⊗ C(W (H)) → C(W (K ))⊗ C(W (H))

is given by

t ∩ ((kn−1, . . . , k0)⊗ (hm−1, . . . , h0))

= (−1)n((hm−1kn−1, . . . , hm−1k0)⊗ (hm−2, . . . , h0)− (kn−1, . . . , k0)

⊗ (hm−2, . . . , h0))

Proof It is a simple inspection. The formula for t∩ is given in (6). ��

Step 3

Our next goal will be to construct a contraction from C(W (K )) ⊗t C(W (H)) to
hK H (a DG-module of finite type). To this end, we assume knowing a homological
model for K and H , respectively:

C(W (K ))
ϕ−1

∼= φK :B(ZZ[K ]) fK�
gK

hK and C(W (H))
ϕ−1

∼= φH : B(ZZ[H ]) fH�
gH

h H.

With these homological models at hand we construct

1⊗φH +φK ⊗gH fH :C(W (K ))⊗ C(W (H))
fK ⊗ fH�
gK ⊗gH

hK ⊗ h H.

If the morphism t∩ (see Lemma 2) is a perturbation datum of the contraction above,
then the BPL yields the desired contraction.

Now, we have all the necessary elements to state the following result.
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Theorem 4 Let K and H be finitely generated Abelian groups, and let K×χ H be
the semidirect product of H and K with respect to the action χ . Then, the morphism
t∩ (Lemma 2) is a perturbation datum of

1⊗φH +φK ⊗gH fH :C(W (K ))⊗ C(W (H))
fK ⊗ fH�
gK ⊗gH

hK ⊗ h H, (8)

and hence a homological model for K×χ H is completely determined.

Proof Obviously, t∩ is a perturbation of the complex C(W (K )) ⊗ C(W (H)), so if
we prove that (1 ⊗ φH + φK ⊗ gH fH )t∩ is pointwise nilpotent then t∩ will be a
perturbation of the contraction (8).

To this end, we look for a filtration {Dq}q≥0 on C(W (K ))⊗ C(W (H)), such that
t∩ reduces the filtration degree, as (1 ⊗ φH + φK ⊗ gH fH ) preserves the filtration
degree. Consequently, the composition (1⊗φH +φK ⊗gH fH )t∩ reduces the filtration
degree, and is shown to be pointwise nilpotent.

Assume that H = ZZm × ZZl1 × · · · × ZZln . We define Fq(C(W (H)) to be the
sub-DG-module generated by those tuples (x1

t−1 ×· · ·× xm+n
t−1 , . . . , x1

0 ×· · ·× xm+n
0 )

such that
∑

i, j
|x j

i | ≤ q. We define the filtration {Dq}q≥0 so that

Dq = C(W (K ))⊗ Fq(C(W (H)).

Taking into account formulas (3), (4) and Remark 1, it is readily checked that the
homotopy operator φH and the composition gH fH preserve the filtration degree. Fur-
thermore, using the formula giving in Lemma 2 and by a simple inspection, we can
state that t∩ decreases the filtration degree, at least in one degree. So, {Dq}q≥0 is the
desired filtration.

Thus, BPL gives rise to the contraction

(1⊗φH +φK ⊗gH fH )t∩:C(W (K ))⊗t C(W (H))
( fK ⊗ fH )t∩�
(gK ⊗gH )t∩

(hK ⊗ h H, 1 ⊗ d + d ⊗ 1 + dt∩).

For the sake of simplicity, we note φt = (φK ⊗ gH fH + 1 ⊗ φH )t∩, ft = ( fK ⊗ fH )t∩,
gt = (gK ⊗ gH )t∩ and hK H = (hK ⊗ h H, 1 ⊗ d + d ⊗ 1 + dt∩). ��
Remark 3 Notice that the proof of the theorem above works on any semidirect product
K×χ H , for H a finitely generated Abelian group, and for K a group with a known
homolological model, but not necessarily Abelian. We rely on this fact to extend the
above theorem to iterated semidirect products in the next section.

To sum up, under the hypothesis of Theorem 4 we can link the next complexes

B(ZZ[K×χ H ])
ϕ∼= C(W (K×χ H))

ψ∼= C(W (K )×τ W (H))
⇓ th.3

hK H
th.4⇐ B(ZZ[K ])⊗t B(ZZ[H ])

ϕ−1

∼= C(W (K ))⊗t C(W (H))
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Composing the contractions above, we get a homological model for K×χ H ,

φ: B(ZZ[K×χ H ]) f
�
g

hK H (9)

where

f = ft ◦ AWδ ◦ ψ ◦ ϕ,
g = ϕ−1 ◦ ψ−1 ◦ E M Lδ ◦ gt ,

φ = ϕ−1 ◦ ψ−1 ◦ (SH Iδ + E M Lδ ◦ φt ◦ AWδ) ◦ ψ ◦ ϕ.

Let us observe that these formulas are not recursive.

Example 4 In this example, we give a homological model only up to degree 3 for
the dihedral group of 2n elements, D2n = ZZn ×χZZ2, χ : ZZ2 × ZZn → ZZn such
that χ(1, x) = −x and χ(0, x) = x . In the sequel, we use the following notation.
We define the set map λ2n : ZZ → ZZ2, so that λ2n( j) = λ2n

j = 1 if j ≥ 2n and 0
otherwise. The notation [x]m refers to x mod m.

φD2n : B(ZZ[D2n])
fD2n�
gD2n

(E(u)⊗ E(u′) ⊗ �(v)⊗ �(v′), d),

where the differential on elements of degrees less than or equal to 4, non null, is:

d(v) = 2n u, d(uu′) = (2 − 2n) u, d(v′) = 2 u′;
d(vu′) = 2n uu′ + (2n − 2) v, d(uv′) = −2n uu′ − (2n − 2) v;

d(γ2(v)) = 2n uv, d(uvu′) = (−1 + (2n − 1)2) uv;
d(vv′) = 2n uv′ + 2n vu′ − n(2n − 1)(2n − 2) uv, d(γ2(v

′) = 2 u′v′;
d(uu′v′) = (2 − 2n) uv′ + (2 − 2n) vu′ + (2t − 1)(2t − 2)2

2
uv.

The formula for the projection fD2n on elements of degrees less than or equal to 3 is:

fD2n [(g, h)] = h u′ + [(−1)h g]2n u.

fD2n [(g, h)|(b, a)] = a · h v′ + b · h uu′ + (λ2n
[(−1)a+ahb]2n+[(−1)a+h+ah g]2n

+
b−1∑

i=1

λ2n
[(−1)h1]2n+[(−1)hi]2n

) v

fD2n [(g, h)|(b, a)|( j, i)] = −(i · a · h) uv′ − ( j · a · h) uv′

−(h · λ2n
[(−1)a j]2n+b + a · h · ( j − 1)) vu′

+(−gλ2n
[(−1)a+h j]2n+[(−1)hb]2n

+ h([(−1)a j]2n − 1)[(−1)hb]2n

+
j−1∑

l=1

a · h · (2n − 2)[(−1)a+hl]2n) uv.
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The formula for the injection gD2n on elements of degrees less than or equal to 3 is:

gD2n (u) = [(1, 0)], gD2n (u
′) = [(0, 1)], gD2n (v) = −

2n−1∑

i=1

[(i, 0)|(1, 0)];

gD2n (uu′) = −[(0, 1)|(1, 0)] + [(2n − 1, 1)|(0, 1)] +
2n−2∑

i=1

[(i, 0)|(1, 0)];

gD2n (v
′) = −[(0, 1)|(0, 1)], gD2n (uv) = −

2n−1∑

i=1

[(1, 0|(i, 0)|(1, 0)];

gD2n (uv
′)=−[(0, 1)|(0, 1)|(1, 0)] + [(0, 1)|(2n − 1, 0)|(0, 1)]−[(1, 0)|(0, 1)|(0, 1)]

+
2n−2∑

i=2

([(0, 1)|(i, 0)|(1, 0)]−[(−i, 0)|(0, 1)|(1, 0)]+[(−i, 0)|(2n − 1, 0)|(0, 1)])

+
2n−1∑

i=2

2n−2∑

j=1

[(i, 0)|( j, 0)|(1, 0)];

gD2n (vu′) =
2n−1∑

i=1

(−[(−i, 0)|(2n − 1, 0)|(0, 1)] + [(−i, 0)|(0, 1)|(1, 0)]

−[(0, 1)|(i, 0)|(1, 0)])

+
2n−1∑

i=1

2n−2∑

j=1

[(i, 0)|( j, 0)|(1, 0)];

gD2n (u
′v′) = −[(0, 1)|(0, 1)|(0, 1)].

Further degrees are computed in a similar way, but they become more and more
complicated.

Using only the projection f and the differential d described in the example above, a
generating set of representative 2-cocycles and 3-cocycles over D4t are given in [4,5],
respectively. These computations have led to the finding of new cocyclic Hadamard
matrices [4, Table 1].

4 Related questions

We include here some comments about several related topics. The first section is
devoted to indicate briefly how a resolution of ZZ over ZZ[K×χ H ] arises from a
homological model of K×χ H . In the following sections, we will see that the method
described in this paper is suitable for iterated semidirect products and simplicial semi-
direct products. Finally, we will give some simplifications of the formulas that our
method provides and some examples.
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4.1 A resolution of integers over the group ring of K×χ H

The homology of a group G is usually determined from a resolution of the integers
over the group ring of G (see [7]). Resolutions for semidirect products of groups
have been given in [6,9] among others. The homological perturbation theory has been
applied to compute resolutions for a wide range of groups (e.g. finitely generated
two-step nilpotent groups [24], metacyclic groups [25], finite p-groups [18]). Using
homological perturbation theory, we show that a resolution R of ZZ over ZZ[K×χ H ]
(which splits off of the bar resolution) arises from a homological model for K×χ H .
Furthermore, a contracting homotopy on R can be constructed by a formula involving
the contracting homotopy on B(ZZ[G]). From a practical point of view, this method
is only appropriate for numerical calculations in low degrees.

Definition 2 Lambe [28] A resolution X over ZZ[G] splits off of the bar construction
if there is a contraction from B(ZZ[G]) (the bar resolution over ZZ[G]) to X .

Theorem 5 Suppose that K×χ H is a semidirect product of finitely generated Abe-
lian groups. There exists a resolution (ZZ[K×χ H ] ⊗ hK H, d) which splits off of the
bar resolution B(ZZ[K ×χ H ]).
Proof To Construct a resolution of the integers over ZZ[K×χ H ] boils down to putting
a ZZ[K×χ H ]-linear differential on ZZ[K×χ H ]⊗hK H such that an acyclic DG-mod-
ule results. To this end, we follow these steps:

1. The tensor product of (9) and the trivial contraction provides

1⊗φ:ZZ[K×χ H ] ⊗ B(ZZ[K×χ H ]) 1⊗ f
�

1⊗g
(ZZ[K×χ H ] ⊗ hK H, d⊗). (10)

2. Perturb the contraction above with θ∩ = d − d ′ where d is the differential on the
bar resolution, B(ZZ[K×χ H ]) = ZZ[K×χ H ] ⊗θ B(ZZ[K×χ H ]), and d ′ is the
trivial differential on ZZ[K×χ H ] ⊗ B(ZZ[K×χ H ]). Obtaining:

(1⊗φ)θ∩:ZZ[K×χ H ] ⊗θ B(ZZ[K×χ H ]) (1⊗ f )θ∩�
(1⊗g)θ∩

(ZZ[K×χ H ] ⊗ hK H, d⊗+dθ∩).

Obviously, ε : (ZZ[K×χ H ] ⊗ hK H, d⊗ + dθ∩) → ZZ is the desired resolution and
dθ∩ is given explicitly by BPL.

Hence, we have to prove that the universal twisting cochain θ is a perturbation
datum of (10). We organize the proof in three steps.

1. The contraction

0:ZZ[K×χ H ] ⊗ C(W (K×χ H))
1⊗ψ
�

1⊗ψ−1
ZZ[K×χ H ] ⊗ C(W (K )×τ W (H))

may be perturbed by means of the perturbation datum θ∩
θ ∩ ((k, h)⊗ ((k1, h1), . . . , (kn, hn))) = (k, h) · (k1, h1)

⊗ ((k2, h2), . . . , (kn, hn))− (k, h)⊗ ((k2, h2), . . . , (kn, hn))
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induced by the universal twisting cochain θ : B(ZZ[K ×χ H ]) → ZZ[K ×χ H ],

θ([(k1, h1)| · · · |(kn, hn)]) =
{
(k1, h1)− (eK , eH ), if n = 1,

0, if n > 1.

In fact, this step defines an isomorphism, since the homotopy operator is the zero
map.
The perturbed differential dθ∩ consists of

dθ∩((k, h)⊗ ({kn−1, . . . , k0}, {hn−1, . . . , h0}))
= ((k, h) · (hn−1kn−1, hn−1)− (k, h))⊗ ({hn−1kn−2, . . . , hn−1k0},

{hn−2, . . . , h0}).

2. We now prove that dθ∩ induces a finite perturbation process from

(1 ⊗ AWδ, 1 ⊗ E M Lδ, 1 ⊗ SH Iδ) :
ZZ[K×χ H ] ⊗ C(W (K )×τ W (H)) ⇒ ZZ[K×χ H ]⊗C(W (K ))⊗t C(W (H))

to

((1 ⊗ AWδ)dθ∩ , (1 ⊗ E M Lδ)dθ∩ , (1 ⊗ SH Iδ)dθ∩) :
ZZ[K×χ H ] ⊗θ C(W (K )×τ W (H))⇒ZZ[K×χ H ]⊗̃C(W (K ))⊗t C(W (H)).

Certainly, the map (1 ⊗ SH Iδ)dθ∩ is pointwise nilpotent, as the filtration

Fq = {(k, h)⊗ ({kn−1, . . . , k0}, {hn−1, . . . , h0}) :
#({i : ki = 0 or hi = 0}) ≥ n − q}

shows. It is readily checked that dθ∩ increases the filtration degree at most by 1
unit, since kn−1 and hn−1 cannot be simultaneously zero (we are working with
normalized chain complexes). Taking into account that

SH Iδ =
∑

i≥0

(−1)i [SH I ((δ∂0, ∂0)− (∂0, ∂0))]i SH I,

it is evident that SH Iδ diminishes the filtration degree at least by 2 units,
accordingly to the formulas for SH I (the filtration degree decreases by 2) and
SH I ((τ∂0, ∂0)− (∂0, ∂0)) (the filtration degree decreases by 1).
An explicit formula for ρ = ddθ∩ is

ρ((k, h)⊗ {kp−1, . . . , k0} ⊗ {hq−1, . . . , h0})
= ((k, hhq−1)− (k, h))⊗ {hq−1kp−1, . . . , hq−1k0} ⊗ {hq−2, . . . , h0}

+ ((k + hkp−1, h)− (k, h))⊗ {kp−2, . . . , k0} ⊗ {hq−1, . . . , h0}.
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3. Finally, the perturbation of the contraction

1⊗φt :ZZ[K×χ H ] ⊗ C(W (K ))⊗t C(W (H))
1⊗ ft�
1⊗gt

ZZ[K ×χ H ] ⊗ hK H

by means of ρ converges, since (1 ⊗ φt )ρ is pointwise nilpotent, as it may be
concluded from the filtration

Fq = {(k, h)⊗ {kp−1, . . . , k0} ⊗ {hq−1, . . . , h0} :
p−1∑

i=0

|ki | +
q−1∑

j=0

|h j | ≤ q}.

��
Remark 4 The morphism (1 ⊗ ft )θ∩ ◦ s ◦ (1 ⊗ gt )θ∩ is a contracting homotopy on
the resolution above where s : B(ZZ[G]) → B(ZZ[G]) with s(g ⊗ [g1| · · · |gn]) =
[g|g1| · · · |gn] is the contracting homotopy on the bar resolution.

4.2 Iterated semidirect products of finitely generated Abelian groups

The definition of semidirect product of two groups G1 and G2 with respect to the
homomorphism α : G1 → Aut(G2) denoted by G2×αG1 can of course be iterated.
Assume we are given groups G1, . . . ,Gl and, for each 1 < q ≤ l, homomorphisms

αq : Gq−1 → Aut((. . . (Gl×αl Gl−1)× . . .)×αq+1 Gq).

Then, we define the iterated semidirect product of G1, . . . ,Gl with respect to αq to
be the group

G = ((. . . (Gl×αl Gl−1)× . . .)×α3 G2)×α2 G1).

In this section we extend the preceding work to the case of iterated semidirect
products of finitely generated Abelian groups.

Theorem 6 Let G be an iterated semidirect product of finitely generated Abelian

groups. There exists a homological model ϕ: B(ZZ[G]) f
�
g

hG for G.

Proof The filtrations used in the proof of Theorem 4 extend directly to this situation.
��

Remark 5 Notice that the proof of the theorem above fits with iterated semidirect
products of groups with Gi finitely generated Abelian groups for 1 ≤ i ≤ l − 1,
and with group Gl not necessarily Abelian. This is the case of the iterated products
of central extensions and semidirect products of finitely generated Abelian groups
considered in [1,3].
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Theorem 7 Suppose that G is an iterated semidirect product of finitely generated
Abelian groups. There exists a resolution (ZZ[G] ⊗ hG, d) which splits off of the bar
resolution B(ZZ[G]).
Proof Once again, the filtrations used in the proof of Theorem 5 extend in a straight-
forward way to this situation. ��

4.3 On homological models for simplicial semidirect products of groups

In the setting of the simplicial groups we have an analogous result to Theorem 4 under
certain hypothesis. More concretely, let us assume that K and H are two simplicial
groups where H operates on K from the left. Then we have the following chain of
contractions:

C(W (K×χ H))
ψ∼= C(W (K )×τ W (H))

th.3⇒ C(W (K ))⊗t C(W (H))

Furthermore, if two finite DG-modules hK and h H exist such that C(W (K ) and
C(W (H) contract to hK and h H , respectively, and the twisting cochain t (see 5)
vanishes on simplicial degree 1 in C(W (H)). Then the morphism t∩ (see 6) is a
perturbation datum of the contraction

C(W (K )⊗ C(W (H) ⇒ hK ⊗ h H (11)

(see [29, lemma 3.4.]). Hence, we can state the following theorem:

Theorem 8 Under the circumstances displayed above. There exists a homological
model for the semidirect product K×χG of simplicial groups H and K .

Proof This homological model is the composition of the following chain of contrac-
tions:

C(W (K×χ H))
ψ∼= C(W (K )×τ W (H))

th.3⇒ C(W (K ))⊗t C(W (H))
⇓

(hK ⊗ h H, d⊗ + dt∩)

The BPL yields the last contraction in the diagram above where the input data are the
contraction (11) and the perturbation t∩. ��
Remark 6 If H is reduced, then the twisting cochain t (see (5)) vanishes on simplicial
degree 1 in C(W (H)), as the following theorem states.

Theorem 9 [32] Let F ×τ B be a TCP with structural group G, and let e0 denote the
unit of G0. If τ(b) = e0, ∀b ∈ B1, then t (b) = 0, ∀b ∈ B1 where t denotes the
cochain (5).
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4.4 Some simplifications on the morphisms involved in the perturbation process

In spite of the fact that a perturbation process is involved, the formulas for the mor-
phisms E M Lδ , AWδ and SH Iδ (see (7)) in our method may be substantially reduced.

Proposition 1 Consider the contraction

SH Iδ :C(W (K )×τ W (H))
AWδ�

E M Lδ
C(W (K ))⊗t C(W (H)).

Then SH Iδ = SH I , E M Lδ = E M L and AWδ = AW − AWδSH I .

Proof As we noted before (cf. Sect. 3), the perturbation datum associated to the per-
turbation process above, δ : C(W (K ) × W (H)) → C(W (K ) × W (H)), consists
of

δ((kn−1, . . . , k0), (hn−1, . . . , h0))

= ((hn−1kn−2, . . . , hn−1k0), (hn−2, . . . , h0))− ((kn−2, . . . , k0), (hn−2, . . . , h0)).

Defining κ : C(W (K )× W (H)) → C(W (K )× W (H)) is given by

κ((kn−1, . . . , k0), (hn−1, . . . , h0)) = ((hn−1kn−1, . . . , hn−1k0), (hn−1, . . . , k0)),

it is easily checked that δ = ∂0κ− ∂0, for ∂0 = (∂0, ∂0) being the degeneracy operator
in C(W (K )× W (H)).

It may be seen by inspection that an explicit formula for SH I consists of

SH I ((kn−1, . . . , k0), (hn−1, . . . , h0))

=
n−1∑

q=0

n−q−1∑

p=0

± ((kn−1, . . . , kp+q+1, 0), (hn−1, . . . , h p+q+1, h p+q · · · hq)) |

((kp+q , . . . , kq), (1, . . . , 1)) ∗ ((0, . . . , 0), (hq−1, . . . , h0)),

where ∗ denotes the shuffle product and | is used for juxtaposition.
Hence,

SH Iκ((kn−1, . . . , k0), (hn−1, . . . , h0))

= κSH I ((kn−1, . . . , k0), (hn−1, . . . , h0))

−
n−1∑

q=0

[(0, hn−1 · · · hq)|((hn−1 · · · hqkn−1, . . . , hn−1 · · · hqkq), (1, . . . , 1))

∗ ((0, . . . , 0), (hq−1, . . . , h0))

+ (0, hn−1 · · · hq)|((hn−1kn−1, . . . , hn−1kq), (1, . . . , 1))

∗ ((0, . . . , 0), (hq−1, . . . , h0))].
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Furthermore,

∂0κSH I ((kn−1, . . . , k0), (hn−1, . . . , h0))

= ∂0SH Iκ((kn−1, . . . , k0), (hn−1, . . . , h0))

+
n−1∑

q=0

[((hn−1 · · · hqkn−1, . . . , hn−1 · · · hqkq), (1, . . . , 1))

∗ ((0, . . . , 0), (hq−1, . . . , h0))

−((hn−1kn−1, . . . , hn−1kq), (1, . . . , 1)) ∗ ((0, . . . , 0), (hq−1, . . . , h0))]. (12)

As a preliminary to the next step, it is necessary to note the following identities:
(Due to ∂0SH I = −SH I∂0 + E M L AW (extracted from [15]) and the side con-

ditions of the Eilenberg–Zilber contraction. We have)

SH I∂0SH I = −SH I SH I∂0 + SH I E M L AW = 0.

and (Taking into account (12), E M L 
 ∗ and the side conditions of the Eilenberg-
Zilber contraction again)

SH I∂0κSH I = SH I∂0SH Iκ + SH I E M L( , )− SH I E M L( , ) = 0.

In these circumstances, we have:

SH I δSH I = SH I∂0κSH I − SH I∂0SH I = 0.

Thus,

E M Lδ =
∑

i≥0

(−1)i (SH I δ)i E M L = E M L + SH I δE M L .

Moreover, it is easy to check that

δE M L = ∂0κE M L − ∂0 E M L = E M L( , )− E M L( , ),

then SH I δE M L = 0 and E M Lδ = E M L .
Analogously, SH Iδ = ∑

i≥0(−1)i (SH I δ)i SH I = SH I .
Finally, AWδ = ∑

i≥0(−1)i AW (δSH I )i = AW − AWδSH I , so that

AWδ((kn−1, . . . , k0), (hn−1, . . . , h0))

= (2AW − AWκ)((kn−1, . . . , k0), (hn−1, . . . , h0))

−
n−1∑

q=0

[((hn−1 · · · hqkn−1, . . . , hn−1 · · · hqkq , 0, . . . , 0), (1, . . . , 1, hq−1, . . . , h0))

−((hn−1kn−1, . . . , hn−1kq , 0, . . . , 0), (1, . . . , 1, hq−1, . . . , h0))].
��
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4.5 Examples

All the executions and examples of this section have been worked out with aid of the
Mathematica 4.0 notebook [3] described in [1].

We now include some calculations for dihedral groups and an iterated product
of a central extension by a semidirect product of finite abelian groups by means of
their homological models. These groups have provided a large amount of cocyclic
Hadamard matrices in [2,4].

In the sequel, for brevity, we only show the groups Hi (G) and the matrices Mi , for
some values of i . The matrix Mi represents the differential operator di . We include
Mi in order to have an idea about its dimension and sparsity.

Finite dihedral groups

D4t = ZZ2 χ×ZZ2t , χ : ZZ2 × ZZ2t → ZZ2t such that χ(1, x) = −x and χ(0, x) =
x . Notice that D4 is abelian, but D4t is not abelian, for t > 1. We next compute
Hi (D20) for 0 ≤ i ≤ 5.

i Mi (di ) Hi (D20)

0

(
0
0

)

ZZ

1

⎛

⎝
10 0
−8 0

0 2

⎞

⎠ ZZ2
2

2

⎛

⎜
⎜
⎝

0 0 0
8 10 0

−8 −10 0
0 0 0

⎞

⎟
⎟
⎠ ZZ2

3

⎛

⎜
⎜
⎜
⎜
⎝

10 0 0 0
−80 0 0 0

−360 10 10 0
288 −8 −8 0

0 0 0 2

⎞

⎟
⎟
⎟
⎟
⎠

ZZ2
2 ⊕ ZZ10

4

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 0
80 10 0 0 0

−656 −82 0 0 0
−2880 −360 8 10 0

2304 288 −8 −10 0
0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

ZZ2
2

5

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

10 0 0 0 0 0
−728 0 0 0 0 0

−29520 82 10 0 0 0
238464 −656 −80 0 0 0
733440 −2880 −360 10 10 0

−523776 2304 288 −8 −8 0
0 0 0 0 0 2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

ZZ4
2

123



Homological models for semidirect products 125

An iterated product of finite groups

Gt = (ZZt× f ZZ2)×χZZ2, forχ being the dihedral actionχ(a, b) =
{−b if a = 1

b if a = 0

and f : ZZ2 × ZZ2 → ZZt being the 2-cocycle f (gi , g j ) =
{ � t

2� + 1 if gi = g j = 1
0 otherwise

Notice that ZZt× f ZZ2 is abelian (since f is symmetric), but Gt is not abelian for
t �= 2 (because of the dihedral action). Furthermore Gt 
 D4t for odd t , since f is a
2-coboundary in these circumstances: f = fα , for α : ZZ2 → ZZt such that α(0) = 0,

α(1) = t2 + 3

4
mod t . Analogously, the extension is also trivial for t ≡ 2 mod 4, since

f = fα , for α(0) = 0, α(1) = � t

4
� + 1, so that Gt 
 (ZZt × ZZ2)×χZZ2.

We next compute Hi (G4) for 0 ≤ i ≤ 4.

i Mi (di ) Hi (G4)

0

⎛

⎝
0
0
0

⎞

⎠ ZZ

1

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

4 0 0
0 0 0

−2 0 0
1 2 0

−1 0 0
0 0 2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

ZZ2
2

2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 0 0
0 4 0 0 0 0
2 0 4 0 0 0
0 −2 0 0 0 0
0 2 0 0 0 0

−2 0 −4 0 0 0
0 1 0 0 0 0
1 1 1 0 2 0

−1 0 −1 0 −2 0
0 0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

ZZ2

3

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

4 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

−8 0 0 0 0 0 0 0 0 0
1 2 0 4 0 0 0 0 0 0

−3 −2 0 0 4 0 0 0 0 0
−12 0 4 0 0 4 0 0 0 0

0 0 0 0 0 0 0 0 0 0
−3 0 0 −2 −2 0 0 0 0 0
−7 −2 0 0 4 0 0 0 0 0

6 0 −2 0 0 −2 0 0 0 0
−4 0 0 1 0 0 2 0 0 0

3 −1 0 −1 1 0 0 0 0 0
−2 −1 1 0 1 1 0 2 2 0

1 0 −1 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

ZZ2
2 ⊕ ZZ8
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i Mi (di ) Hi (G4)

4

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 4 0 0 0 0 0 0 0 0 0 0 0 0 0
8 0 4 0 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 0 0 0 0 0 0 0 0 0 0 0 0
0 8 0 0 0 0 0 0 0 0 0 0 0 0 0

−20 0 −10 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 4 0 0 0 0 0 0 0 0
6 3 1 2 2 0 0 4 0 0 0 0 0 0 0

−2 −12 −3 0 −4 0 0 0 4 0 0 0 0 0 0
−24 0 −12 0 0 2 0 0 0 4 0 0 0 0 0

0 0 0 0 0 0 −2 0 0 0 0 0 0 0 0
0 3 0 0 0 0 2 0 0 0 0 0 0 0 0

−12 −7 −3 −2 0 0 0 −4 −2 0 0 0 0 0 0
−12 −6 −7 0 −2 0 0 0 2 0 0 0 0 0 0

12 0 6 0 0 −2 0 0 0 −4 0 0 0 0 0
0 −4 0 0 0 0 1 0 0 0 0 0 0 0 0

−9 −3 −4 1 0 0 1 1 0 0 0 2 0 0 0
8 −2 3 −1 −1 0 0 −1 1 0 0 −2 0 0 0

−2 −1 −2 0 −1 1 0 0 1 1 0 0 0 2 0
1 0 1 0 0 −1 0 0 0 −1 0 0 0 −2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

ZZ2
2
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