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The behavior of a fluidized bed of fine magnetite particles as affected by a cross-flow magnetic field is
investigated. A distinct feature of this naturally cohesive powder, as compared to noncohesive magnetic grains
usually employed in magnetofluidized beds, is that the fluidized bed displays a range of stable fluidization even
in the absence of an external magnetic field. Upon application of the magnetic field, the interval of stable
fluidization is extended to higher gas velocities and bed expansion is enhanced. We have measured the tensile
strength as affected by application of the external magnetic field according to two different operation modes.
In the H off-on operation mode, the bed is driven to bubbling in the absence of external magnetic field. Once
the gas velocity is decreased below the bubbling onset and the bed has returned to stable fluidization due to
natural cohesive forces, the field is applied. In the H on-on mode, the field is maintained during the whole
process of bubbling and return to stable fluidization. It is found that the tensile strength of the naturally
stabilized bed is not essentially changed by application of the field �H off-on� since the magnetic field cannot
alter the bed structure once the particles are jammed in the stable fluidization state. Magnetic forces within the
bulk of the jammed bed are partially canceled as a result of the anisotropic nature of the dipole-dipole
interaction between the particles, which gives rise to just a small increment of the tensile strength. On the other
hand, when the field is held on during bubbling and transition to stable fluidization �H on-on mode�, the tensile
strength is appreciably increased. This suggests the formation of particle chains when the particles are not
constrained due to the dipole-dipole attractive interaction which affects the mechanical strength of the stably
fluidized bed. Experimental data are analyzed in the light of theoretical models on magnetic surface stresses.
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I. INTRODUCTION

Gas-solid fluidization technology is used in many indus-
trial applications by virtue of its high gas-solid contact effi-
ciency. Fluidization is accomplished by passing a gas
through a vertically oriented bed of granular material. At a
certain superficial gas velocity vg=vmf the drag balances the
material weight per unit area and the grains become fluidized
in a usually heterogeneous state. A major concern that besets
fluidized bed reactors lies in the bypassing of gas through
bubbles, which lowers contact efficiency and leads to uncer-
tainties in process scaleup �1�. Bubbling fluidization is the
common behavior found in fluidized beds of coarse granules
�typically of size dp�100 �m� as soon as the gas velocity
surpasses the minimum fluidization velocity vmf. This type of
behavior is the so-called Geldart B behavior according to
Geldart’s diagram �2�, which was originally derived from
empirical observations on beds fluidized by air at ambient
conditions. For intermediate-size particles �dp typically be-
tween 20 and 50 �m�, the van der Waals attractive forces
between the particles become comparable to particle weight
and are capable of suppressing bubbles in an interval of gas
velocities between vmf and vg=vc�vmf, where vc is the gas
velocity at bubbling instability �Geldart A behavior �2��. In-
terparticle attractive forces may indeed provide the fluidized
bed with an effective elastic modulus that stabilizes it against
small disturbances �3,4�. In the stable state, interparticle con-
tacts are permanently held by the attractive forces; the bed is
jammed and takes the appearance of a weak solid �5�. Fluid-
like behavior is accompanied by instability to bubbling when
the gas velocity just equals vc. When particle size is de-

creased below about 20 �m, natural van der Waals forces
between the particles are exceedingly large as compared to
particle weight. Consequently, these powders, when fluid-
ized, tend to rise as a slug of solids or to form channels
through which the fluid escapes rather than being distributed
through the bulk �Geldart C behavior �2��. It has been shown,
however, that certain preconditioned fine powders with flow
additives �of particle size around 10 �m� may display a non-
bubbling fluidlike behavior �6�, albeit this is not a truly stable
state since local bubbles, which do not reach a macroscopic
size, are seen to be continuously developed �7�.

Artificial enhancement of interparticle forces has been in-
vestigated as a potential tool to suppress the growth of gas
bubbles in the fluidization of Geldart’s B coarse granular
materials. It has been reported that enhancing the interpar-
ticle force between fluidized granules may effectively shift
their fluidization behavior from bubbling to stable fluidiza-
tion. For example, bubbling beds can be stabilized by incre-
mental addition of a liquid �8� or by fluidizing them with
highly adsorbing gases that increase the interparticle attrac-
tive force �9�. Application of external fields can stabilize flu-
idization too, as seen when an electric field is imposed on
bubbling beds of semi-insulating Geldart B granules �10� and
when a magnetic field is imposed on bubbling beds of ferro-
magnetic particles �11,12�. Generally, it is observed that the
application of either electric or magnetic fields to these sys-
tems results in the formation of strings of polarized particles
that eventually become jammed �10–12�. The fact that gas
velocity and pressure drop can be related by means of a
Carman equation shows that grains in a magnetically stabi-
lized bed �MSB� are quiescent as held by interparticle forces
�13�. The hydrodynamic, as well as heat and mass transfer,
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behavior of MSBs also indicates mechanical structuring of
particles in strings �14,15�.

Most studies on magnetic field stabilization deal with the
behavior of relatively large grains �Geldart B granular mate-
rials�, showing just bubbling fluidization in the absence of
field. Zhu and Li �16� have studied the behavior of Geldart’s
group C magnetic powders and the experiments demon-
strated that channels and bubbles could be eliminated effec-
tively by imposing a coaxial magnetic field. In our work we
investigate the magnetofluidization behavior of naturally co-
hesive fine magnetite powder, which belongs to the class of
Geldart A powders, i.e., the fluidized state of this powder can
be naturally stabilized by van der Waals forces alone. Our
aim is to study the effect of the field on stabilization and on
the mechanical strength of the stably fluidized bed.

A. Previous studies on magnetic stabilization

Early empirical research on MSBs, dating back to the
1960s, was performed in East Europe as reviewed by Siegell
�17�. Except for a few exceptions, the interest in magnetof-
luidized beds among western researchers was not ignited un-
til the seminal paper published in 1979 by Rosensweig �18�.
Rosensweig developed a linear stability analysis �19� for
magnetically soft grains that was able to predict that the state
of uniform fluidization could be stabilized by a coflow mag-
netic field against the growth of perturbations in voidage,
bearing resemblance to the linear stability theory of fluidized
beds stabilized by the natural van der Waals forces �3,4�. He
further analyzed the rheology of MSBs. Visually, the MSB
was free of agitation or solid recirculation, yet it could dis-
charge through an orifice for magnetization fields below a
threshold value. In the close vicinity of the transition be-
tween the stable and bubbling regimes, the transfer of the
stabilized bed between processing vessels displayed liquid-
like features �20�. Moreover, objects were readily immersed
in the bed as in a liquid and a ping-pong ball that was ini-
tially rotated continued to spin for several seconds, indicat-
ing the low frictional resistance associated with buoyancy
�18�. Further experimental studies have shown that the fluid-
ity of MSBs continuously decreases as the magnetic field
strength is increased. Invasive drawing-plate experiments
were designed to have a quantitative measure of the yield
stress of MSBs �21,22�. Lee �21� observed that appreciable
yield stress appeared first at marginal stability and increased
monotonically with further increase of the field strength.
Siegell distinguished a transition from the stable to a frozen
regime at high-intensity fields by measuring the ability of the
fluidized bed to support high-density objects on its surface
�23�. In the stabilized bed, objects placed on the bed surface,
which had a higher bulk density than the fluidized bed,
tended to sink, indicating a rather small yield stress. In the
frozen bed, higher-density objects stood on the surface, indi-
cating a high yield stress. Tilted bed experiments were also
performed to differentiate between the stabilized and frozen
regimes. When a vessel containing a stabilized bed was
tilted, the top surface of the bed remained horizontal as if it
were a liquid �23�. In contrast, when a vessel containing a
frozen bed was tilted, the top surface remained normal to the

vessel vertical axis �23�. An extended review of magnetoflu-
idized bed studies can be found in Rosensweig’s book �24�.

Magnetofluidized beds of coarse Geldart B magnetite
grains �of size above 100 �m� have been studied by Lee �22�
and Hristov �25�. Lee �22� found that fluidized beds of coarse
magnetite particles could be stabilized for coflow applied
fields of the order of H�1 kA /m. Solid-discharge tests in-
dicated that the stabilized bed fluidity was similar to the
bubbling bed fluidity for fields of strength below a critical
value. For example, at a gas velocity twice the minimum
fluidization velocity, the bed was stabilized by a field of
strength H�6 kA /m and showed liquidlike behavior up to a
field of strength H�10 kA /m. For field strengths above this
so-called jelling field, the MSB fluidity sharply decreased
with increasing field intensity. At a field intensity of approxi-
mately 18 kA /m, the bed was frozen and the solid-discharge
rate dropped to zero. Reports of frozen bed behavior for
coflow magnetic fields of similar strength can be seen also in
Ref. �25�.

II. EXPERIMENTAL SETUP AND MATERIAL

The Sevilla powder tester �SPT� is a fluidized bed appa-
ratus that enables us to measure the average particle volume
fraction � and tensile yield stress �t of fluidized cohesive
powders as a function of the gas velocity. The SPT function-
ing has been reported elsewhere in detail �26� and we give
here only a brief summary. The powder sample is held in a
vertically oriented cylindrical vessel �2.54 cm internal diam-
eter in the experiments reported in this paper� and rests on a
porous plate that acts as gas distributor �5 �m pore size�. By
means of a series of computer-controlled valves and a mass
flow controller, a controlled flow of filtered and dried air is
pumped through the powder bed while the gas pressure drop
across it is read from a differential pressure transducer. The
height of the bed, which gives an average value of the par-
ticle volume fraction �, is measured by means of an ultra-
sonic sensor placed on top of the vessel. This device can
determine distance, with an accuracy smaller than local fluc-
tuations in bed height, by sending an ultrasonic wave and
measuring the time of reflection from the target.

The material used in the experiments is magnetite powder.
The average particle diameter and particle density are 35 �m
and 5060 kg /m3, respectively. This magnetic powder is
tested as affected by a cross-flow externally imposed uniform
magnetic field. The magnetic field strength is varied by ad-
justing the electrical current through a pair of square Helm-
holtz coils �50�50 cm2� with each coil consisting of 500
turns of 2-mm-diameter. copper wire. The magnetic field
strength is measured by a Hirst Magnetics gaussmeter using
an axial probe with an accuracy less than 0.1 mT. Experi-
mental measurements show that, within this experimental ac-
curacy, the external field strength is homogeneous in the cell
volume.

III. MAGNETIC RHEOLOGY OF THE POWDER

In order to find a physical interpretation for the data ex-
perimentally obtained it is important to magnetically charac-
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terize the material used. Permanently magnetized magnetite
�lodestone� is a magnetically hard material, with a saturation
magnetization of around 500 kA /m �11,25,27,28� and a large
coercive field, typically about Hc�10 kA /m �27–30�. How-
ever, the magnetite powder employed in our experiments was
artificially made by Xerox Co. and was not permanently
magnetized. The size of magnetic domains in magnetite par-
ticles artificially manufactured by different routes was found
to be of the order of 100 nm �31�. In order to induce perma-
nent magnetization on artificial magnetite of comparable
strength to that of permanently magnetized magnetite, fields
strengths of 100 kA /m or higher are necessary �32�. In our
study the applied field strength H0 is typically below
5 kA /m. For these small strength fields, the magnetic re-
sponse of the material should be linear and reversible. The
particle magnetization Mp would be therefore related to the
externally imposed field H0 by means of the linear relation-
ship Mp=�pH0, where �p is the initial particle susceptibility.
Mills reported values of the initial susceptibility of natural
magnetite about 2.3 for low fields, and always remaining
	10 �32�. Hunt et al. �33� reviewed plenty of data in the
literature for magnetite rocks, which ranged from 1 to 5.7.
Hunt et al. �33� also reviewed data on the initial susceptibil-
ity of magnetite particles of size between 0.01 and 100 �m,
made from either crushing or crystal growing. The values
reported of �p ranged between 2.5 and 10.

We have obtained �p by measuring in our experimental
setup the strength of the field at a fixed point �see Fig. 1�
with and without the powder bed present. The powder bed is
allowed to settle in the cylindrical vessel after being fluidized
at a gas velocity vg=2 cm /s to ensure reproducibility of the
packing conditions. For a given current intensity I, the field
measured H consists of the superposition of the external ap-
plied field H0, which is directed along the x axis and was
previously measured in the absence of the powder bed for the
same current intensity, and the field Hm caused by the mag-

netized powder bed of height h=1.9 cm. Upon application of
the external field the powder is assumed to be uniformly
magnetized with a magnetization M=Mux. The strength of
the x component of the field Hm is calculated numerically as
Hmx=0.039M at the point of measurement, which is located
at a height z0=2.4 cm above the bottom of the bed and at a
distance x0=2.51 cm from its vertical central axis �see Fig.
1�. In Fig. 2 we show data on the bulk magnetization M
= �Hx−H0� /0.039 obtained from this procedure. It can be
seen that the bulk magnetization increases linearly as the
strength of the external field H0 is increased, and can be well
fitted by the equation M =1.81H0 A/m.

According to effective medium theories and numerical
analysis on random granular materials �34�, the bulk suscep-
tibility � of a bed of magnetically linear spherical particles of
susceptibility �p located in a homogeneous environment of
susceptibility �0 can be calculated from the Bruggeman mix-
ing rule

�1 − ��
�0 − �

3 + �0 + 2�
+ �

�p − �

3 + �p + 2�
= 0, �1�

where, in our case, the particle volume fraction is �=0.48,
�=1.81, and �0=0. From Eq. �1� we obtain a particle initial
susceptibility �p=5.33, which is comparable to the values
reported in the literature for magnetite solids that were not
permanently magnetized �32,33�. From this result, the rela-
tive deviation between the field measured by the probe and
the external field can be obtained as 
H /H0�0.17. In the
fluidized bed case, the bulk magnetization M is expected to
be smaller since, on one hand, the agitation by the gas flow
contributes to disorient the particle dipoles and, on the other,
the particle volume fraction is decreased.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

A. Stabilization by natural van der Waals forces

Figure 3 shows data of the gas pressure drop across the
magnetite powder bed 
p measured as a function of the
superficial gas velocity vg and in the absence of externally
applied magnetic field �H off�. In these tests, the powder is
first driven to the bubbling regime by imposing a gas veloc-

FIG. 1. Sketch of the 2.54-cm-diameter powder bed magnetized
by an external field applied in the x direction. The external field
magnetizes the powder with a magnetization M in the x direction.
The x component of the total magnetic field Hx is measured by the
probe at the point x0=2.51 cm, y0=0, z0=2.4 cm. The settled bed
height is h=1.9 cm.

FIG. 2. Bulk magnetization of the magnetite powder bed used in
the experiments as a function of the strength of the external field
applied. The line is a linear fit to the data through the origin M
=1.81H0.
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ity vg=2 cm /s. Once the bubbling bed has reached a station-
ary state, in which it has lost the memory of its previous
history �35,36�, the gas flow is suddenly turned off �vg=v0
=0 cm /s� and the bed is allowed to settle. The consolidation
stress �c in this initial state at the bottom of the sample is
given by the powder’s own weight per unit area, W, which is
W�510 Pa. �Since we restrict our study to shallow beds,
with heights smaller than the bed diameter, wall effects are
negligible �37�.� The settled powder layer is then subjected to
a slowly increasing gas velocity. At first the bed structure is
unperturbed and 
p increases linearly as vg is increased �see
Fig. 3�. This linear behavior corresponds to Carman’s law
�38� for the resistance of porous solids to the passage of gas
flow. The larger the porosity, or, equivalently, the smaller the
particle volume fraction, the smaller the slope. At the point
of minimum fluidization velocity �vg=vmf�0.39 cm /s, see
Fig. 3� 
p balances W. At this point a powder with zero
cohesion would become fluidized, yet the pressure drop
across our naturally cohesive powder continues to increase
above the minimum fluidization velocity. Above this point
the gas flow puts the bed under tension, and as the tension
builds up there comes a point at which the powder breaks in
tension and the pressure drop falls to around the weight per
unit area, W �see Fig. 3�. This is the point of incipient flu-
idization �vg=vif�0.41 cm /s�. The condition for tensile
yield is met first at the bottom of the bed, where the fracture
of the bed is observed to start, as is theoretically expected
�39�. Provided that wall effects are negligible, the tensile
strength �t of the settled powder is given by the difference
between the pressure drop across the bed just before the
breaking and the weight per unit area, �t= �
p�max−W
�43 Pa. Further increase of the gas velocity gives rise to a
state of heterogeneous fluidization, whose main characteris-
tic is the propagation of the fracture in the upward direction
while 
p fluctuates around the powder weight per unit area,
W. Large visible bubbles are seen to develop at vg=vb
�0.8 cm /s, coinciding with a maximum of bed expansion.

If the gas velocity is now decreased from the bubbling
regime, the typical hysteretic behavior of Geldart A powders
becomes apparent at a gas velocity vg=vc�0.65 cm /s, in
which the powder bed is jammed, and 
P�W, indicating
that part of the weight is sustained by the enduring interpar-
ticle contacts. As a consequence, there appears a consolida-
tion stress �c at the bottom of the bed, given by �c=W
−
p0, where 
p0 is the gas pressure drop across the stably
fluidized bed for a gas velocity v0�vc. If the gas flow during

the defluidization part of the cycle is increased again from a
value v0�0 cm /s, it is seen that 
p increases again linearly
as vg is increased, in agreement with Carman’s law �see Fig.
3, where we show an example curve for v0=0.26 cm /s�.
Note that the slope of this straight line is now smaller than
the slope for the bed settled under its own weight �v0
=0 cm /s�, indicating a smaller particle volume fraction of
the stably fluidized bed at a gas velocity v0 as should corre-
spond to an expanded state. The new pressure overshoot en-
ables us to measure the tensile strength of the bed �t in the
underconsolidated state, which, as can be seen in Fig. 3, is
now smaller.

In Fig. 4 the consolidation stress and tensile strength of
the powder bed as measured through this process are shown
as a function of v0. As expected, �c and �t decrease as v0 is
increased. Within the accuracy of our pressure drop measure-
ments, the tensile strength �t becomes insignificant when the
gas velocity v0 surpasses the incipient fluidization velocity
vif�0.41 cm /s. Thus, the measured yield stress of the fluid-

FIG. 3. Gas pressure drop across the magne-
tite powder bed as a function of superficial gas
velocity during the fluidization-defluidization
cycles in the absence of externally imposed mag-
netic field �H off�. Examples of two cycles are
plotted corresponding to an initial velocity v0

=0 cm /s �bed settled under its own weight� and
v0=0.26 cm /s �bed settled under a remanent gas
velocity v0=0.26 cm /s�. The tensile strength �t

measurement for both states is indicated as well
as the powder weight per unit area W�510 Pa.

FIG. 4. �a� Consolidation stress of the powder bed as a function
of the gas velocity during defluidization. �b� Tensile strength of the
bed as a function of the remanent gas velocity during defluidization.
The gas velocity at incipient fluidization vif of the bed settled under
its own weight �vif=0.41 cm /s� is indicated.
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ized bed just stabilized by natural cohesive forces is practi-
cally negligible, albeit the bed possesses a solid structure as
indicated by the nonvanishing value of the consolidation
stress �c.

1. Estimation of the tensile strength of the naturally
stabilized bed

The practically zero value of the tensile strength measured
for gas velocities above incipient fluidization �v0
�0.41 cm /s� may be rationalized from a simple estimation
of the value of the interparticle attractive force f . In the ab-
sence of external magnetic field there will not be particle
magnetization. Thus, the main interparticle attractive force is
just the natural van der Waals attractive force �40�, which is
produced by the interaction of fluctuating molecular electric
dipole fields. Assuming that retardation effects are negligible
and that the interaction between molecules is pairwise, Ha-
maker �41� summed up all the interactions between two
spherical and rigid particles at contact with diameters d1 and
d2 and arrived at the approximate expression for the attrac-
tive force

fvdW �
Ad*

12z0
2 , �2�

where A is the Hamaker constant, d*=d1d2 / �d1+d2� is the
reduced diameter, and z0�3–4 Å is the distance of closest
approach between two molecules. Because of the short range
of the molecular interaction, the van der Waals force is actu-
ally determined by the local radius of curvature of the sur-
face asperities at contact. Therefore the typical size of the
surface asperities da must be used in Eq. �2� instead of the
particle diameters. A typical value reported for the size of
surface asperities of fine powder particles is da�0.2 �m �3�,
while the reported values of A for oxides ranges between
1.06�10−19 and 1.55�10−19 J �42,43�. Thus we can esti-
mate an attractive force f � fvdW�10 nN between our ex-
perimental particles.

The bulk tensile strength of the powder that arises from
the existence of an interparticle attractive force f can be es-
timated by means of the Rumpf averaging equation �44,45�
as

�t � f
��

dp
2 , �3�

where � is the coordination number �average number of con-
tacts per particle�, which can be related to the particle vol-
ume fraction � by the equation ��� /2��1−��−3/2 �Ref.
�46��. Using as typical values f = fvdW=10 nN, dp=35 �m,
and �=0.4, it is estimated that �t�4 Pa, which is about our
experimental indeterminacy. It is explainable therefore that
the measured tensile strength of the fluidized bed, stabilized
by the attractive van der Waals forces alone, is negligible.
Note that for coarse Geldart B particles �dp�100 �m� the
tensile strength calculated would be even smaller, which ex-
plains the nonexistence, in the absence of wall restraining
effects, of a pressure overshoot in the pressure drop cycles
usually shown in the literature for coarse granules.

As the gas velocity is decreased below the incipient flu-
idization velocity �v0�0.41 cm /s�, the powder is increas-
ingly consolidated due to its own weight force and plastic
deformation of interparticle contacts might possibly increase
the interparticle attractive force �47�, thus increasing the ten-
sile strength. The tensile strength of a h�1 cm depth layer
��c��p�gh�200 Pa� of the magnetite powder used in the
present study has been reported elsewhere as measured using
a centrifuge tester �48�. The measured value was �t�15 Pa,
which is close to the result obtained in the present study for
a similar consolidation stress �c reached when the bed is
settled under a remanent gas velocity v0�0.26 cm /s �see
Fig. 4�. Equation �2� cannot explain, however, the enhance-
ment of interparticle attractive force due to plastic deforma-
tion of interparticle contacts due to consolidation stresses. In
order to take into account this effect, more elaborated theo-
ries, such as the Mesarovic and Johnson theory, are needed
�see �40� for a detailed review�. Since we are concerned in
this paper just with the effect of the magnetic field, we will
focus our attention on the tensile strength measured for flu-
idized states of small consolidation, where plastic deforma-
tion does not have a relevant effect.

B. Stabilization in the presence of a magnetic field

In order to test the effect of a cross-flow magnetic field on
the fluidization behavior, the measuring process described
above has been performed for different values of the applied
magnetic field strength and following different procedures.
We first looked at the effect of the magnetic field on the
transition to the stable state. This is accomplished by apply-
ing the field when the bed is in the initial bubbling regime.
Then, the gas velocity is slowly decreased while the field
strength is kept constant. In this way, the gas velocity at the
transition to the stable state vc in the presence of the external
magnetic field can be identified at the point at which the bed
is jammed and 
p becomes smaller than W. Since the gas
flow and the magnetic field are two independent variables, an
alternative way to stabilize the bed is to fix the gas velocity
above the bubbling velocity in the absence of magnetic field
and then apply the magnetic field, slowly increasing its
strength until bubbles are suppressed and the bed is jammed.

The data for the transition velocity vc from the bubbling
regime to the stable state are plotted in Fig. 5 as a function of
the magnetic field strength �left axis�. A remarkable result is
that, in the presence of magnetic field, the jamming transition
occurs at higher gas velocities as compared with the transi-
tion velocity in the absence of external field. The field effect
becomes noticeable for strengths roughly above 2 kA /m.
For H�2 kA /m, vc increases steadily as the magnetic field
strength is increased. It is also seen that, within the experi-
mental scatter, the data fit the same trend independently of
which variable, either H or vg, was fixed in the experimental
procedure.

Figure 6 shows data on the measured values of the par-
ticle volume fraction of the bed at the transition to the stable
state ���vc�=�c� as a function of the magnetic field strength.
Generally, magnetic stabilization gives rise to more ex-
panded structures �smaller �c�, which indicates that the mag-
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netically induced attractive forces have an effect on the pack-
ing arrangement of the particles in the stabilized bed. In
agreement with the previous analysis on vc, it is seen that the
effect of the field becomes relevant for field strengths above
2 kA /m. Note, however, that the values of �c are smaller in
the fixed gas velocity experiments. This effect could be due
to the quasistatic increase of the field strength at fixed gas
velocity, which would allow for further particle restructuring
at jamming.

The extension of the stable fluidization interval to higher
gas velocities in the presence of the magnetic field can be
attributed to the increase of the interparticle attractive force
due to the magnetization of the particles. A rigorous calcula-
tion of the force between magnetized particles would require
a large number of multipolar moments when the particles are
in contact �49�. Nevertheless, in the range of field strengths
applied, the dipolar approximation can be used for an esti-
mation of order of magnitude of the contact force �49�. The
attractive force between two aligned dipoles of moment mp
separated by a distance dp is given by �50�

fm =
3�0mp

2

2dp
4 , �4�

where �0 is the permeability of free space �4�10−7H /m�.
According to our rheological measurements, in the presence

of an external field, the magnetite particles would be magne-
tized with a dipolar moment mp=�pH0�1 /6�dp

3, where �p
=5.33. In Fig. 5 we have plotted the ratio fm / fvdW �right axis�
as a function of the magnetic field strength. It is observed
that the effect of the magnetic field becomes noticeable at the
point in which the magnetic force becomes around twice the
van der Waals force. For smaller fields, the magnetic force is
comparable or smaller than the van der Waals force and there
is not an observable effect of the magnetic field on the jam-
ming transition. As the magnetic field is increased above H
�2 kA /m, vc increases proportionally to the increase of
fm / fvdW �
vg� fm / fvdW�H0

2�. Thus, the data suggest that the
transition to the stable state in the presence of the magnetic
field is ruled by the strength of the dipole-dipole attractive
force.

C. Tensile strength of the magnetically stabilized bed

We have investigated whether the tensile strength �t of
the stably fluidized bed is affected by the external magnetic
field. The procedure followed to measure the tensile strength
is the same as previously described in the absence of the
magnetic field �H off; see Fig. 3�. In our experiments the
application of the field has been performed in two different
operation modes. In one mode �hereafter named H on-on� the

FIG. 5. Left axis: Gas velocity at the transi-
tion to the stable fluidization regime vc as a func-
tion of the magnetic field strength according to
the two procedures employed �vg fixed: the gas
velocity is fixed at bubbling and the magnetic
field strength is slowly increased from zero; H
fixed: the magnetic field strength is fixed and the
gas velocity is slowly decreased from bubbling�.
Right axis: ratio of the calculated attractive inter-
particle magnetic force to the attractive interpar-
ticle van der Waals force.

FIG. 6. Particle volume fraction � of the flu-
idized bed at magnetic stabilization vs the
strength of the magnetic field according to the
two procedures employed �vg fixed: the gas ve-
locity is fixed at bubbling and the magnetic field
strength is slowly increased from zero; H fixed:
the magnetic field strength is fixed and the gas
velocity is slowly decreased from bubbling�.
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bed is driven to bubbling by applying a high gas velocity
�vg=2 cm /s� and the magnetic field is turned on. Then, the
bed is allowed to settle at a remanent gas velocity v0 while
the magnetic field strength is kept constant. In this state the
bed is stabilized by both natural and magnetically induced
interparticle cohesive forces. In the other operation mode
�hereafter named H off-on�, the bed is driven to bubbling and
allowed to settle at a gas velocity v0 in the absence of mag-
netic field. In this state the bed remains stabilized just by the
natural interparticle cohesive forces. After the bed is natu-
rally stabilized, the magnetic field is turned on and the tensile
strength in the presence of the field is measured.

Fluidization-defluidization cycles for the bed initially
settled under its own weight �v0=0 cm /s� and for both
modes of operation are plotted in Fig. 7. Data measured in
the absence of external magnetic field �H off� are also shown
for comparison. It is seen that, as the gas velocity is in-
creased from zero, the gas pressure drop in the H off-on
operation mode increases at the same rate as it does in the
absence of field, which indicates that application of the field
after the bed is settled does not change the bed packing struc-
ture. Note, however, that the pressure overshoot and the in-
cipient fluidization velocity is slightly increased, which indi-
cates that the tensile strength of the bed is slightly increased
by application of the field. On the other hand, the rate of
increase of the gas pressure drop in the H on-on operation
mode is relatively decreased. This is a consequence of the
higher porosity of the bed that was fluidized and settled in
the presence of the field �H on-on�. Remarkably, the tensile

strength and incipient fluidization velocity are appreciably
increased in this operation mode. As seen previously, Fig. 7
shows that the transition velocity vc to the stable state, which
is identified by the beginning of the hysteretic behavior as
the gas velocity is decreased, is delayed in the presence of
the field. Note also that the pressure drop curves for decreas-
ing gas velocities are the same in both modes of operation,
which indicates that the bed has lost memory of its initial
state when it bubbles at high velocities in the presence of the
field.

Figure 8 shows tensile strength data for the bed initially
settled at gas velocities similar to incipient fluidization and
above. It is observed that the bed is provided with an appre-
ciable tensile strength only for field strengths above H
�2 kA /m. Moreover, it can be noticed that the bed is pro-
vided with a larger tensile strength when it is operated in the
H on-on mode.

D. Theoretical estimation of the tensile strength
of the magnetically stabilized bed

The tensile strength of a packed bed of magnetically lin-
ear grains subjected to a magnetic field was calculated in
Ref. �51�. By applying the Maxwell stress tensor to a thin pill
box enclosing a material surface, the surface normal stress in
a structurally and magnetically isotropic, linearly magnetiz-
able powder is obtained �51� as

FIG. 7. Fluidization-defluidization cycles ac-
cording to both modes of operation for v0

=0 cm /s for a field strength H=3 kA /m.
Fluidization-defluidization cycle in the absence
of field �H off� is shown for comparison.

FIG. 8. Tensile strength of the stabilized bed
as a function of the strength of the magnetic field
for gas velocities similar to incipient fluidization
and larger according to both operation modes.
The lines represent the predictions by the �1�
Jones et al. discrete model �Eq. �8�, �=0.16, �
=1.81�; �2� Jones et al. continuum model �Eq.
�8�, �=0.125, �=1.81�; �3� discrete model for a
tetragonal lattice proposed in this paper �Sec.
IV D 1�; �4� Rumpf model including as interpar-
ticle force just the attractive van der Waals force
�Eq. �3��.
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�s =
�0

2
�2H2�2

3
cos2 � −

1

3
sin2 �� , �5�

where H is the magnetic field strength within the powder, �
is the angle between the internal field and the surface normal,
and � is the bulk susceptibility of the powder. This equation
clearly shows that the tensile strength is direction dependent
�relative to the field�, which gives the material anisotropic
strength properties. Using this equation for the plane z=0 of
our powder bed, which is the fracture surface in our tensile
strength measurements, the surface stress is

�s�r,�� =
�0

2
�2�2

3
Hz�r,�,0�2 −

1

3
�Hx�r,�,0�2 + Hy�r,�,0�2��

�6�

where the polar coordinates r and � have been used. Figure
9 shows the distributions of the x and z components of the
magnetic field �Hmx ,Hmz� created by the magnetized powder
bed, which are calculated by assuming a uniform magnetiza-
tion M �the y component Hmy 	0.005M is negligible�. It is
seen that there exists an almost constant x component of the
field, Hmx�−0.215M �−0.5H0, where we have used M
=�H0 ��=1.81�. Thus Hx=H0+Hmx�0.5H0. Hmz takes its
maximum values on the x and y axes, along which it is zero
at the origin and grows as r approaches the cell size limit
�r=1.27 cm�. The average value of Hmz

2 is 	Hmz
2 
�0.22M

�0.5H0. According to these results the average surface stress

at the bottom of the bed is 	�s
=0.125�0�2H0
2. Note that �s

is positive, which means that, due to the field produced by
the own powder magnetization, there will be a cohesive
stress at the plane z=0.

Jones et al. �51� derived an equation similar to Eq. �5�
from the calculation of the interacting forces between par-
ticle dipoles aligned with the applied field and ordered in a
cubic lattice. Using the dipole approximation, Jones et al.
arrived at

�s = �3�0/4��2H2�1.83 cos2 � − 0.96 sin2 �� . �7�

Taking our averaged values of the x and z components of the
field, it is 	�s
=0.16�0�2H0

2, which is similar to the result
obtained from the continuum model of an isotropic material.
It should be remarked, however, that the predicted cohesive
stress will depend on the assumed packing. For example, an
hexagonal packing gives a much smaller cohesion �52�. To
our knowledge neither Eq. �5� nor Eq. �7� has been checked
with experimental data yet. The lack of this experimental
evidence is also recognized by Jones in his book �52�.

According to these models the total tensile strength at
z=0 would be given by

�t = ��0�2H0
2 + fvdw

��

dp
2 �8�

where � is 0.125 for the continuum approach and 0.16 for
the discrete approach. In Eq. �8� the natural cohesive stress
due to the interparticle van der Waals force is simply added
to the magnetic surface stress.

In Fig. 8 we have plotted the tensile strength as calculated
from the Jones et al. continuum and discrete models �Eq.
�8��. These theoretical calculations are compared with ex-
perimental data obtained for the magnetically stabilized bed
at gas velocities v0 similar to incipient fluidization and larger
�at these gas velocities the tensile strength arising from con-
solidation due to sample weight, which is not considered in
the theoretical equations, is not appreciable�. It is seen that
Eq. �8� fits well to the data measured by means of the H
off-on operation mode. On the other hand, the data measured
by means of the H on-on operation mode are clearly above
the model predictions.

1. Magnetic cohesion of particles in a tetragonal lattice

Restructuring of the particles does not seem possible in
the H off-on operation mode since the field is applied after
the bed is naturally stabilized and the particles have lost their
freedom to rearrange. In this state it is thus unlikely that the
field changes the packing structure of the isotropically
jammed bed. In contrast, the packing of the stabilized bed in
the H on-on mode should be affected by the formation of
structures of aligned particle dipoles due to particle magne-
tization and reorientation during bubbling and settling while
the field is kept on. Particle chaining in the H on-on mode
might give rise to an anisotropic structure in the stabilized
bed that should explain the enhancement of the cohesive
strength seen experimentally.

The effect of anisotropy can be estimated by calculating
the cohesive stress of a tetragonal crystal lattice of magnetic

FIG. 9. Radial �a� and angular �b� distributions of the x and z
components of the field created by the magnetized powder bed at
the bottom plane �z=0�. In �a� � is fixed to �=0. In �b� r is fixed to
1.2 cm.
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dipoles. In this section we extend the calculations by Jones et
al. �51� on the cohesive stress of a cubic crystal lattice of
magnetic dipoles to a tetragonal crystal lattice, which results
from stretching the cubic lattice along one of its lattice vec-
tors. Thus, the lattice unit becomes a rectangular prism with
a horizontal square base �b�b� and a vertical height a �see
Fig. 10�.

Let us consider a tetragonal lattice of dipoles having cell
volume �b�b�a� as shown in Fig. 10. The magnetic sur-
face stress on an area b�b would be given by

�s =
1

b2� �U

��
�

�=0
, �9�

where U is the magnetic potential energy, which can be ob-
tained by summing up the interaction energies between di-
pole pairs, U12. The interaction energy U12 between two par-
allel dipoles of equal magnetic moments m=�Hb2a is given
by �53�

U12 =
�0

4

m2

r3 �1 − 3 sin2 �� , �10�

where r is the distance between the dipoles, and � is the
angle between the dipole moment direction and the direction
of the magnetic field. According to Fig. 10 we would have
�=�� for the component of the field perpendicular to the
fracture surface H�, and �=�� = /2−�� for the component
of the field parallel to the fracture surface H�. Thus,

�s =
1

b2 �
n=0

�

�
p=0

�

�
k=−�

�

�
l=−�

� � �U12

��
�

�=0
, �11�

where the integers n , p ,k , l give the orientation of the dipoles
relative to each other and the distance r between them,

sin2 �� =
b2�k2 + l2�

r2 , �12�

r2 = �a�n + p + 1� + ��2 + b2�k2 + l2� . �13�

In the case of a cubic lattice �b=a�, the surface stress is
given Eq. �7�. For b�a, the surface stress depends on the
ratio b /a. The case b /a�1 seems more appropriate to model
an anisotropic structure consisting of dipole chains preferen-
tially oriented in the direction of gas flow and gravity field.
In Fig. 8 we have plotted the cohesive surface stress calcu-
lated for b /a=0.44, which is increased and becomes closer
to the experimental data using the H on-on operation mode.
This result suggests that keeping the magnetic field on during
liquidlike bubbling and settling �H on-on operation mode�
enhances particle chaining, which modifies the arrangement
structure of the particles in the stabilized state and thus in-
troduces structural anisotropy. In contrast, this phenomenon
cannot take place in the H off-on operation mode since the
magnetic field is applied after the particles are already
jammed quasi-isotropically.

Our results would suggest that particle chaining is likely
in the H on-on operation mode and, according to the fit by
the anisotropic structure model, chains would consist on av-
erage of just a few particles. This is in agreement with results
inferred from experimental works in which MSB structures
are studied. Rosensweig et al. �54� casted a MSB of steel
spheres in a matrix of a polymerizing fluid. From these cast-
ings, Rosensweig et al. found that the bed porosity was con-
stant to within 0.2% over the bed cross section, regardless of
the bed expansion, which ranged up to 40%. Moreover, the
experiments indicated that at bed expansions of 16%, 30%,
and 37%, particles remained randomly distributed, as in an
unexpanded bed. However, for a 44.7% bed expansion, there
was some degree of particle chaining. The chain length was
very small, being less than 0.6 cm, compared with the over-
all bed length of 11.6 cm. Additionally, Rosensweig �54�
measured the magnetic permeability of a MSB of steel
spheres and the results were in good agreement with perme-
ability models but indicated that a small degree of chaining
developed, just on the order of 2–3 particles per chain.

V. CONCLUSIONS

In this work we have studied the behavior of a magnetof-
luidized bed of naturally cohesive 35-�m-diameter artifi-
cially made magnetite particles. Our rheological measure-
ments show that the magnetic response of these particles to
an externally imposed magnetic field is linear and can be
characterized by a particle susceptibility �p�5.33 in the
range of field strengths applied.

In the absence of applied magnetic field, the fluidized bed
of unmagnetized particles exhibits a typical Geldart A behav-

FIG. 10. Tetragonal lattice �b�b�a� of magnetic dipoles ori-
ented along the field lines for calculating the surface magnetic
stress. lb denotes the distance between dipoles in the perpendicular
direction to the plane of the figure.
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ior, characterized by an interval of gas velocities in which the
bed is stabilized by natural van der Waals forces. For gas
velocities between incipient fluidization velocity �vif
�0.41 cm /s� and vc�0.65 cm /s, the bed exhibits a stable
fluidization behavior, which is characterized by a nonzero
consolidation stress, i.e., the gas pressure drop is below the
powder weight per unit area. In this jammed state, the mea-
sured tensile strength is almost negligible, which agrees with
theoretical estimations of the tensile strength based on the
Rumpf model and interparticle van der Waals forces.

Magnetofluidization experiments have been performed
according to different procedures. A first procedure consists
of driving the bed to bubbling fluidization in the presence of
an applied magnetic field. Then the gas velocity is slowly
decreased to look for the transition to stable fluidization. A
second procedure consists of fixing the gas velocity in the
bubbling regime while the magnetic field strength is slowly
increased from zero. It has been seen that, independently of
the procedure employed, the bubbling bed may be stabilized
at gas velocities well above vc�0.65 cm /s in the presence
of the field. The minimum field strength necessary to extend
the interval of stable fluidization and enhance bed expansion
is about 2 kA /m. At this field strength the interparticle mag-
netic force is estimated to be about twice the van der Waals
force, which means that the magnetic interaction becomes
relevant in the dynamics of the system. As the strength of the
field is increased, the interval of stable fluidization increases
proportionally to the increase of the ratio of interparticle
magnetic force to van der Waals force. Maximum expansion
of the magnetically stabilized bed is seen to be further en-
hanced when the bed is first driven to bubbling and the field
strength is quasistatically increased from zero.

An additional study has consisted of measuring the tensile
strength of the stably fluidized bed as affected by the external
magnetic field. Application of a magnetic field to the natu-
rally stabilized bed �H off-on operation mode� gives rise to a

small increment of its tensile strength. On the other hand,
application of the field during fluidization and settling of the
fluidized bed �H on-on operation mode� produces an appre-
ciable increment of the tensile strength. A reasonable expla-
nation is that, in the fluidized state, particles are free to move
and, being magnetized by the external field, are prone to
form particle chains that strengthen the bed when the gas
velocity is decreased �H on-on operation mode�. In contrast,
if the magnetic field is turned on once the bed is naturally
stabilized �H off-on operation mode�, the magnetized par-
ticles are constrained in fixed positions and their restructur-
ing is not allowed. The experimental data on the tensile
strength of the stabilized bed using the H off-on operation
mode adjusts to the surface stress predicted by a continuum
model on an isotropic magnetically linear material. The en-
hancement of the tensile strength of the stabilized bed using
the H on-on operation mode can be explained by a discrete
model using a tetragonal lattice of magnetic dipoles. As in-
ferred from the previous study on the transition to the stable
state, this suggests that in the H on-on operation mode par-
ticle chains are formed in the bubbling state and settle pref-
erentially oriented in the direction of the gas flow. Moreover,
the increment of the tensile strength becomes appreciable for
magnetic field strengths above 2 kA /m, which is the mini-
mum field strength necessary for magnetic extended stabili-
zation and dominance of the magnetic dipole-dipole force
over the van der Waals force.
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