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Abstract. In this paper we present a new way to determine the geomet-
rical objects associated to the Homology groups of a 2D- digital binary
image. In fact, using Membrane Computing with techniques of spanning
forests, we are able to define a parallel algorithm which calculates non
only the Betti numbers, but also the geometric objects which generate
these holes.

1 Introduction

Homology theory is a branch of algebraic topology that attempts to distinguish
between spaces by constructing algebraic invariants that reflect the connectiv-
ity properties of the space. The field has its origins in the work of Poincaré.
Homology groups (related to the different n-dimensional holes, connected com-
ponents, tunnels, cavities, etc.) are invariants from Algebraic Topology which
are frequently used in Digital Image Analysis and Structural Pattern Recogni-
tion. In some sense, it reflects the topological nature of the object in terms of
the number and features of its holes.

In this paper we introduce a solution of the problem of the identification of
geometric objects associated to generators of the homology groups of a 2D-binary
image using spanning tree forest techniques in the framework ofMembrane Com-
puting1. This new computational paradigm is based on the assumption that the
processes taking place within the compartmental structure of a living cell can
be interpreted as computations. The computational devices in Membrane Com-
puting are called P systems. Roughly speaking, a tissue-like P system is a dis-
tributed and parallel computing device structured like a tissue, consisting of a
non-hierarchical arrangement of membranes which delimit compartments where
various chemicals (we call them objects) evolve according to interchange rules.

1 We refer to [3] for basic information in this area, to [4] for a comprehensive presen-
tation and the web site [5] for the up-to-date information.
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2 Calculating Homology Groups

In this section, firstly we will establish some required concepts and later on we
will introduce the problem we want to study. For more details see [1, 2].

We use tissue-like P systems (cells are nodes in a general graph) and the ap-
plication of the rules are regulated by promoters and priorities. These promoters
have a clear biological inspiration. The rule is applied if the reactants are present,
but it is also necessary the presence of the promoter in the corresponding cell.
The promoter is not consumed nor produced by the application of the rule, but
if it is not present in the cell, the rule cannot be applied.

Definition 1. A tissue-like P system with promoters and priorities of degree
q ≥ 1 is a tuple of the form Π = (Γ,Σ, E , w1, . . . , wq,R, P ri, iin, i0) where

1. Γ is a finite alphabet, whose symbols will be called objects, Σ ⊆ Γ is the
input alphabet, E ⊆ Γ is a finite alphabet representing the set of the objects
in the environment available in an arbitrary large amount of copies;

2. w1, . . . , wq are strings over Γ representing the multisets of objects associated
with the cells in the initial configuration;

3. R is a finite set of rules of the following form:

(pro | i, u/v, j), for 0 ≤ i $= j ≤ q, pro, u, v ∈ Γ ∗

4. Pri is a finite set of relations Ri > Rj, where Ri and Rj are rules from
R. It means the if Ri and Rj can be applied, then the application of Ri has
priority on Rj.

5. iin, i0 ∈ {0, 1, 2, . . . , q} (i0 $= 0) denotes the input and output region, respec-
tively.

The rule (pro | i, u/v, j) can be applied over two cells (or a cell and the envi-
ronment) i and j such that u (contained in cell i) is traded against v (contained
in cell j). The rule is applied if the objects of the promoter pro are present in i.
The promoter is not modified by the application of the rule. If the promoter is
empty, we will write (i, u/v, j) instead of (∅ | i, u/v, j).

Rules are used as usual in the framework of membrane computing, that is,
in a maximally parallel way (a universal clock is considered).

Next, we give some notions about Digital Image.
An image on P = {1, . . . , n} × {1, . . . , n} with colors in the finite set C is

a mapping I : P → C. As usual, such image can be written as a set of pairs
((i, j), a) where i, j ∈ {1, . . . , n} and a = I(i, j). In this paper we deal with black
and white pixels, so for the sake of simplicity we will write bij for a black pixel
at position (i, j) and wij for a white one. In the solution described below, we will
also use a more complex object. We associate one flag (k, l) to each colored pixel
aij . The pair pixel-flag will be written as (aij , (k, l)). Finally, let us remark that
in this paper we will use the 4-adjacency for black pixels and the 8-adjacency
for white pixels. The rationale for this decision is based on technical reasons due
to the Membrane Computing model used.
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The Homology Groups of Binary 2D Image (HGB2I) Problem can be set-
tled as follows: Given a binary 2D digital image, calculate the number of black
connected components and the representative curves of the holes of these com-
ponents.

Given an input image I : P → C, the input data for this problem is given by
the objects {Aij : (i, j) ∈ P ∧ a = I(i, j)}, so we should construct a family of
tissue-like P systems with promoters and priorities Π = {Π(n) : n ∈ N} to give
an efficient solution to HGB2I problem. Given an input data I∗ with size n2,
our problem will be solved by system Π(n) according with the following stages:

1. Input Stage: When the input objects, Aij (with A = B ∨W ), arrive to cell
1 we change these objects by objects aij and a′ij . In the next step, we send
objects aij to cell 2 and objects a′ij to cell 3. The process occurs in cell 2,
and it is dedicated to obtain a representative object of each black connected
components that appear in our image.

2. Finding Roots Process: It begins when objects aij arrive to cell 2.

(a) Label Allocation Stage: Cell 2 trades objects bij against others with
the form (bij , (i, j)) with the environment. White objects are not trans-
formed.

(b) Label Conversion Stage: We can compare the black adjacent pixels by
using promoter, and we trade the label of the greatest pixel against the
label of the other pixel, as we can see in the following rules:

(i, (bij , (i
′, j′))(bkl, (k

′, l′))/(bij , (i
′, j′))(bkl, (i

′, j′))Ai′j′k′l′ , j)

where (i, j) and (k, l) are adjacent pixels. Moreover, we can see a new
object (Ai′j′k′l′ in this case) arriving to cell i. It is a promoter and it is
used to codify two labels have been compared and, they are connected.
So, one of them is changed by the other one.

(c) Identifying Roots (of connected component) Stage: In the step n + 2,
the object zn+2 arrives to the cell 1 due to the counter. It is used by
the system as a promoter, and the objects with the form (bij , (i, j)) are
marked as 0ij representing the root of a black connected component. The
P system has used n + 2 steps to obtain the roots of black connected
components of an n2 image.

3. Construction (0− 1 spanning tree) Stage: In this step, for each root (which
the P system identified in the previous stage), new edges are added to each
spanning tree of vertices and edges. We will eliminate the cycles inside of the
black connected components and order the nodes of the generated trees. This
order gives us a opposite direction to contract the tree below. To identify the
edges eij of our spanning trees we change the object e by natural numbers.
So, we will obtain an order in our trees. Therefore, we mark the edges incident
with leaves of the trees. When we finish, (using a counter) we send all objects
to the cell 4.

4. Construction (1 − 2 Spanning tree) Stage: In this step, we consider a new
graph (in fact, it is a forest), taking the faces as vertices and objects g as
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edges. We add leaves of our forest objects wij with i, j even. We consider this
objects like empty faces. The faces adjacent to empty faces add a number
1 ((c, 1)) and eliminate the object g incident with it and the empty faces.
Faces adjacent (by g) to objects (c, k) with k ∈ N pass to be (c, k + 1).

5. Contraction Stage: We send elements of the 0 − 1 spanning tree to cell 5
and the elements of the 1− 2 spanning tree to cell 6. In each one of this cell
we work or the same manner. We eliminate the leaves of the trees together
with the edge incident with them. In the 0−1 spanning trees we marked the
leaves, and in the second type of trees the leaves are the objects (c, 1).

6. Output Stage: We send the objects b that remain in cell 5 at the end of the
previous stage and they are sent to the empty cell. We do the same with the
objects w in cell 6. The number of objects b and w give us the number of
black connected component and the holes, respectively.

Conclusions

Even though the computation of the homology groups of a 2D-binary image has
been studied in depth by several authors in the last decades, we have showed
how is possible to compute Betti Numbers and geometrical properties of an im-
age in another completely different framework. Furthermore, this new approach
opens the door to continue investigating in the computation of higher algebraic
structures associated to 2D-image using Membrane Computing.
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