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INTRODUCCION

La finalidad de esta tesis es aportar un mayor grado de entendimiento, desde el aspecto
numérico, de diversos sistemas en derivas parciales provenientes de la mecanica de fluidos. Més
precisamente, estudiamos un modelo de Navier-Stokes con difusién de masa y un modelo de
cristales liquidos. Como punto final analizamos un modelo estatico de campo de fase para un
proceso de solidificaciéon de una mezcla binaria con propiedades térmicas.

Los dos primeros modelos son de tipo Navier-Stokes incompresible en formulacién velocidad-
presion, acoplados con una nueva ecuacién de estado (bien de la densidad o bien del vector
orientacién de los cristales liquidos). Ademds de las dificultades bien conocidas del modelo de
Navier-Stokes clésico (tratamiento del término no lineal convectivo, el acoplamiento velocidad-
presion y la restriccién de incompresiblidad), estos modelos presentan otras dificultades, como
son: la nueva incégnita debe verificar un principio del méximo, tiene un orden de regularidad
mayor que la velocidad y aparecen nuevas no linealidades que acoplan la incégnita de la ecuaciéon

de estado con la velocidad del fluido.

Modelos de Navier-Stokes con difusion de masa

En una gran parte de la tesis, nos centramos en los modelos de Navier-Stokes con difusion de
masa. Para fijar ideas supongamos que el fluido ocupa un dominio acotado  C R? (d=2
6 3) de frontera I'. Denotamos Q = Q2 x (0,7) y ¥ =T x (0,7), donde [0,T] es el intervalo
temporal de observacién, para T > 0. Las incégnitas para este modelo son u : Q — R el campo
incompresible de velocidades del fluido, ¢ : @ — R una funcién potencial (relacionada con la

presién) y p : @ — R la concentracién de masa del fluido, que verifican el siguiente sistema de



ecuaciones en derivadas parciales:

.

plug+ (u-V)u] — pAu
“AM(Vp-VIu+(u-V)Vp]+Vqg = pf enQ,
V-u = 0 en Q,
pr+u-Vp—AAp = 0 en @,

\
donde f es la fuerza externa sobre el sistema y, > 0 y A > 0 son los coeficientes de viscosidad
y de difusion de masa, respectivamente.

La primera ecuacion resulta de la conservacion del momento lineal, la segunda ecuacién de
la incompresibilidad del fluido y la tercera esta relacionada con la conservacién de la masa del
sistema.

Por ejemplo, este sistema modela la mezcla de dos fluidos newtonianos, viscosos, incompre-
sibles y miscibles donde en el proceso de mezcla se produce un fenémeno de difusiéon de masa
gobernado por la ley de Fick (ley formulada en 1855 por Adolf Eugen Fick).

Este fenémeno ocurre cuando colocamos agua y agua saturada de sal en un vaso, entonces
las moléculas de sal se difunden por toda el agua.

Otros ejemplos précticos relacionados con el modelo (1) son: endurecimiento de acero por gas
carburizante (industria), movimiento de agua o de soluto a través de una membrana, ascenso de
la savia por el xilema en los vegetales frente a la accién de la gravedad (biomecanica). Por otro
lado, diremos que modelos algo més generales que (1) ayudan al entendimiento de avalanchas
[15].

Para completar (1) supongamos que I' es impermeable y no hay intercambio de masa a través
de la frontera I' entre la mezcla y el exterior, lo que se formula con las siguientes condiciones de

contorno:

L — 2)

-0 -
T Onls

donde n es el vector unitario normal a I'. Ademads, consideramos las condiciones iniciales

p(x,0) = po(x), u(x,0) =wup(x), xec, (3)

donde pg : Q — Rt y ug : Q — R? son funciones dadas.
Desde el punto de vista del andlisis tedrico, este sistema de ecuaciones ha sido tratado por
numerosos autores. Fue introducido por A. V. Kazhikhov y Sh. Smagulov en 1977 ([25]), de

aqui que sea conocido también como modelo de Kazhikhov y Smagulov, quienes probaron, bajo



la restriccion entre los parametros de difusién y viscosidad

M—m
A< p—gy (4)

imponiendo 0 < m < pg(x) < M en Q y cierta regularidad de los datos, la existencia de solucién

débil global en tiempo (p,u) de (1) con m < p(x,t) < M y la regularidad
p € L=(0,T; HY(Q)) N L*(0, T3 HA(Q)), w € L(0, T3 L*()) N L*(0, T; Hy ()

(nétese que p tiene un orden mas de regularidad que w). La prueba se basa en un método
de semi-Galerkin, que consiste en discretizar la incdognita velocidad mediante un método de
Galerkin estandar y dejar de forma continua la ecuacion parabdlica de la densidad.

La razén de dejar la ecuacién de la densidad continua y no discretizarla es para asegurar
un principio del maximo para la densidad, lo que resulta esencial para obtener las estimaciones
de energia débiles para la velocidad y posteriormente estimaciones de un orden mas para la
densidad. Estas estimaciones junto con un argumento de compacidad (acotando una derivada
fraccionaria en tiempo de la velocidad) permite pasar al limite y encontrar una solucién débil.

R. Salvi ([34]) probé la existencia de solucién débil de (1) para dominios no cilindricos
apoyandose de nuevo en el método de semi-Galerkin. Por otro lado, P. Secchi ([36]) estudié el
caso © = R3, probando la existencia local y unicidad de solucién fuerte, usando un argumento
de linealizacién y punto fijo.

El modelo (1) es una simplificacién, donde se ha eliminado el término de orden A2, del

siguiente modelo:
pur + (pu - V)u — pAu — N[(Vp - V)u + (u - V)Vp]
1
+A2V - <pr® Vp) +Vqg = pf enQ,

V-u = 0 en @,
pr+u-Vp—AAp = 0 en Q.

Aqui, a ® b denota la matriz (producto tensorial) de dos vectores a = (a;);, b = (b;)}_;, con
coeficientes (a ® b); ; = a;b;

Para el modelo (5), Beirao da Veiga ([3]) y Secchi ([35]) establecieron la existencia local
(v unicidad) de solucién fuerte usando un argumento de linealizacién y punto fijo. En [35]
se muestra la existencia y unicidad global en dimensién 2 de (5) imponiendo pequenez sobre
A/p. En el caso de densidad inicial sélo positiva, F. Guillén-Gonzdlez ([21]) probé la existencia

global de solucién débil. Recientemente, en [22] se ha probado usando un método iterativo, la



existencia de solucién fuerte local (y regularidad) de (5), y algunas estimaciones de error entre
las soluciones del método iterativo y la solucién exacta en diversas normas.
Se puede observar, al menos de manera formal, que cuando A = 0 recuperamos el clasico
sistema de Navier-Stokes con densidad variable:
plut+ (u-Vijul —pAu+Vp = pf enQ,
V.-u=0, pe+u-Vp = 0 en Q.

(6)

En este modelo, la ecuaciéon de continuidad pierde su caracter parabdlico para convertirse en
una ecuacion hiperbodlica y en el sistema de momentos desaparecen algunos términos no lineales,
aunque se sigue conservando el acoplamiento puy.

P. Secchi en [35] para el caso bidimensional y F. Guillén-Gonzdilez ([21]) en el caso 3D y
con densidad inicial sélo positiva, probaron el comportamiento asintético, cuando A — 0, del

modelo de Kazhikov-Smagulov hacia el problema de Navier-Stokes con densidad variable.

Las dificultades principales a la hora de disenar esquemas numéricos estables y convergentes
para (1) y (5), usando elementos finitos a lo mds globalmente continuos, son: la falta de regu-
laridad H? y la no verificacién en general del principio del maximo para la densidad discreta,
y la obtencién de compacidad para la velocidad aproximada puesto que esta directamente rela-
cionada con poder estimar adecuadamente los términos fuertemente no lineales que aparecen en
el sistema de momentos para wu.

Los antecedentes referente a los resultados numéricos para (1), (5) y (6) son escasos. El tinico
resultado numérico, que conocemos hasta el momento, esta hecho por J. Etienne- P. Saramito
en [15], para un modelo mas general que (1), con una reescritura en funcién de un campo de
velocidades compresible. Se trata de un algoritmo numérico basado en un esquema de Euler
retrégrado junto con el método de las caracteristicas para la discretizacion en tiempo y elementos
finitos en espacio. Este esquema es analizado en [15] bajo la perspectiva de estimaciones de error,
donde los autores dan cotas de error optimal bajo ciertas restricciones sobre los parametros de
discretizacion y asumiendo hipdtesis de bastante regularidad sobre la solucién continua. Dicha
regularidad exige, en particular, que se verifique una bien conocida condicién de compatibilidad
global para la presién en t = 0 (ver [24]), que no se puede comprobar en la practica.

El esquema de [15] se describe, para el caso particular del modelo (1), como sigue: se
considera una particién uniforme del intervalo [0, 7] de paso de tiempo k =T/N con N € N, y

una familia de triangulaciones 75, de €2 asociada al pardmetro h, con los espacios de elementos



finitos siguientes:

Wi = {pn € C°(Q) : pnlx € P1,VK € Ty},
V, = {’UhE CO(§>2’Uh|K€]P)l,\V/K€7}L}ﬁH[1)(Q),
Qn = {pn€L*Q):pulx € P_1,YK € T}

Entonces una etapa de tiempo genérica del esquema se describe como:

Etapa n + 1: Dado u} € V}, calcular la caracteristica aproximada X7 por
Xi(x) :=x — kuj(x).
Esta aproximacion se obtiene discretizando el sistema diferencial ordinario caracteristico:

d
%X(w? Svt) - ’LL(X(CC, S;t)7t)7

X(x,s;8) =,

particularizado para s = t,41 y t = t,, usando un esquema de Fuler explicito.

Dados (pj, uy) € Wy, x Vp, hallar pZH e Wy, tal que:

n+l  n xXn
(”h e ’"xm) (VA V) =0 Vi € Wi
Dados (pZH,uﬁ) € Wy x Vp,, hallar (uZ“,pZH) € Vi x Qy, tal que:

n+1 n n
h k

—A(PZJFI(VUZJFI)t’Vvh) - (pZH,V : 'Uh) = (p’,l’“f”“,vh) Yoy € Vi,

+ u(Tuptt, Vo) = A (Vo )up o)

(V-u*ha) =0 Ve Qn

Nétese que el término discreto (pZH(VuZJFI)t, V'vh> proviene del término continuo ((u :

V)Vp, v) integrando por partes dos veces y usando la condicién de incompresibilidad de la veloci-
dad. Ademads, se desacopla el cdlculo de la densidad pZH del par velocidad-presién (UZ'H, pZH)

Bajo las restricciones de los pardmetros de discretizacién | > d — 1 (d la dimensién del
espacio) y k = Coh" con r : d < r < 2l + 2 — d, se demuestra en [15], por recurrencia en la
etapa de tiempo, que para cualquier € > 0 existe hg > 0 tal que para h < hg se tiene primero la
estimacion puntual para la densidad 0 < m —e < pZ“ < M +¢ en (2 y segundo las estimaciones

de error

10 = prklless 0751 0)) + 1w = wnglless 0,111 () + 1P — Prkllezo,r120)) < C(k‘ + hl>,



10 = phklleseo.r;2(0) + w0 = wnkllee0,7:02(0)) < C'</<? + hl+1>~

Por otra parte, C. Liu y N. J. Walkington en [32] analizan un esquema numérico para el
problema de Navier-Stokes con densidad variable (6), tomando ademas la viscosidad del fluido
dependiente de las densidad p = p(p) tal que 0 < ¢ < p(p) < C y cambiando el término de
difusién —pAw por —V - (u(p)Vu). Las incégnitas se aproximan usando un método de Galerkin
discontinuo con polinémios de orden 0 para la ecuacién hiperbdlica de la densidad y un par de

elementos finitos estables en velocidad-presion para el sistema de momentos:
Wi ={pn € L*(Q) : pulx € Po,VK € Tp},
Vi, = {vy € C°(Q) : vl € P,VK € T, N H(Q),

Qn = {pn € LY(Q) : pnlKk € P, VK € T},

de modo que (V},Qp) verifica la condiciéon de Babuska-Brezzi (condicién inf-sup). Una etapa

genérica del esquema se define como sigue:

e Conocido (p},u}) € Wy, x V, hallar p”'H € Wy, tal que:

/ o+ k / () (uf - m)™ + ()4 (P - m) Yoy = / o,
K oK K

para cada K € T, y ¢, € Po. Aqui, u-n = (u-n)" + (u-n)~ son la parte positiva y

negativa de u-n y pi(x) = 1i\r_‘% P (x £ sn).
S

e Conocido (o)™, ult) € Wy, x Vj, hallar (u !, pit!) € V), x Qp, tal que:

1 un-l—l u” pn-f—l n+1 pnun
2/102( h - h)'vhJF(Perl n V) n+1 'Uh+< h - h™h -vp,
Q

/ﬂ(p’,frl meV)oy, = pp TV o+ (et Vgt - Vo, = /Q/)Z“]‘"Jrl cvp, Yop € Vy,

/ Veullg, =0 Y, € Qp,
Q

donde ™! es una media de f en [t", t"+1].

Se observa que este esquema también desacopla el calculo de la densidad phJrl del par
velocidad-presién (u ”H, pZH) Para este esquema se prueban las siguientes estimaciones pun-

tuales para la densidad y de energia para la velocidad:

0<m<pp <M (my M son las cotas de la densidad exacta),



n n
/meumMZ/Qp Hasl, — “2+2k2/ DIV = /Qp2|u2|2+2k2/9pzfi~uz.
i=1 i=1

Ademds, para establecer la convergencia del esquema hacia un solucién débil de (6) se prueba

la estimacion discreta de tipo derivada fraccionaria en tiempo siguiente:

kZH\/w m+7~_uh ||L2 )SC(T’C)Q, Vr:0<r <N,

para a € (0,1), que junto con las estimaciones de energia para la velocidad, implican la com-
pacidad de la velocidad discreta en L?(Q).

En [20] J. L. Guermond y L. Quaterpelle analizan dos métodos de proyeccién (semidiscre-
tos en tiempo) para el sistema de Navier-Stokes con densidad variable (6). Los métodos de
proyeccién separan el término de difusién de la restriccion de incompresibilidad en dos pasos
en cada etapa de tiempo. La idea es resolver, en cada etapa temporal, un problema para la
velocidad, donde desaparece la condicién de incompresibilidad y, posteriormente, “proyectar”
esta velocidad sobre un espacio de divergencia nula, lo cual equivale a resolver un problema de
Poisson para la presién. El primer método propuesto en [20] se describe como:

Método no incremental de proyeccién. Sean p° = pg, 0¥ = \/fﬁ y u® = ug.

Etapa n + 1: Conocido (p", o™, u", u",p"™), hallar:

e p"1 como la solucién del problema eliptico de Neumann:
n+l __ n 1
i A Pt V't 4 §(V cuM)p"t = 0 enQ,
o n+1
p = 0 sobre 01,
on
° O.TL+1 — pn—i—l’
e la velocidad intermedia u™! como la solucién del problema de Dirichlet homogéneo:
1 1
O_n+1 0‘n+ u,n+k — og™um” _ MAun—H + (pn+1un . v)un—I—l
+1v (P TruMuttt = et en
2 )
u"tt = 0 sobre 0f,
e la velocidad final y la presién (@" ™, p"*1) con la etapa de proyeccién:
~ntl +1
pn-i-l u” - —u” n Vpn+1 = (0 en Q,
V- = 0 enQ,
"™ n = 0 sobre 8Q.



Este esquema es incondicionalmente estable, en el sentido que, no se impone ninguna res-

triccién sobre el paso de tiempo k para conseguir las siguientes estimaciones:
0
10" [2) < 2"l 2205
n
2 112 0,,02
lo" w720y + 200k > IV 720y < l0%u0)132q-
i=1
Sin embargo, en este articulo [20] no se hace referencia sobre el principio del méximo para

la densidad discreta ni se analiza la convergencia hacia una solucién débil de (6).

En [20] también se describe el método incremental de proyeccién:

Etapa n + 1: Conocidos (p", 0", p", u", ¢"), hallar:

e p"! como antes,
° O.'rl-‘rl — pn—i-l7
e p" 1 tal que
v (L) = v. (L v Q
pn+1 p - ohgntl q en 34,
1 apn-‘rl 1 aqn
Wain = 0'7671’)/ SObre 89,
o u™t! tal que
1 1
St o™t u”*k —o"u" pAUHL 4 (o . W)y
1 n+l,.n n+1 n+1 Jn+1 n n +1 pn+1
+§v'(ﬂ u")u"" + Vp +7V(Q -p") = p"f en €2,
u"tt = 0 sobre 0f2,
e ¢" 1! tal que
1 ntl  ntl 1 n+1
-V pn+1v(q - P ) = _Ev -Uu en Q,
o n+1 _ , n+
(g P = 0 sobre 0f).
on

Al igual que para el método de proyeccién no incremental, se prueba en [20] que este método

de proyeccion incremental tiene las siguientes estimaciones de estabilidad:

12" 2 ) < 0% 22 ()

qu 2

Vq"
n 0-0

n, ni2 2
k
lo" w720 + .

2 n
+2uk Y [V 7 < loou’ll72gq) + K
L2() i=1

12()



Por tdltimo resenar que los modelos de difusién de masa y Navier-Stokes con densidad variable
abarcan un amplio rango de situaciones fisicas que el sistema de Navier-Stokes tradicional no
alcanza a modelar, en particular, cuando se trata de gobernar la mezcla de fluidos con distintas
densidades. Sin embargo, estos modelos se encuentran bastante por explotar desde el punto de
vista del andlisis numérico, ya que los resultados que se conocen para el problema de Navier-

Stokes clasico (con densidad constante), no se pueden extender en general a estos problemas.

Modelos de cristales liquidos nematicos

Los cristales liquidos (CL) son mesofases de la materia, es decir, fases intermedias entre un
liquido y un sélido. Se trata de materiales con una microestructura en la que se mantienen
correlaciones orientacionales tipicas de los sélidos cristalinos, pero cuyas moléculas no ocupan
las posiciones fijas de una red, sino que tienen la movilidad caracteristica de los liquidos. Existen
dos grandes familias dentro de los cristales liquidos: Los termotrépicos, que son aquellos en los
que las mesofases se generan por efecto de la temperatura, y los liotrépicos, que estan formados
por mezclas de al menos dos sustancias (un meségeno y un disolvente) y en los que las mesofases
se producen por variacién de la composicién de la mezcla. También se conocen CL obtenidos a
partir de polimeros.

Los CL desempenan un papel fundamental en los organismos vivos (el ADN forma diversas
fases liquido-cristalinas); se utilizan para fabricar dispositivos electrénicos (indicadores electro-
6pticos de calculadoras y relojes electrénicos); han permitido fabricar pantallas de TV extraor-
dinariamente delgadas, son esenciales para fabricar nuevos materiales (fibras de alta resistencia)
y son de gran utilidad en la recuperacién del petroleo.

Los CL termotroépicos tienen fases estables en un intervalo dado de temperatura y son los mas
usados en la practica. Por ejemplo, gracias a las propiedades épticas de estos materiales, pueden
permitir el paso de la luz o pueden bloquearla inducidos por la accién de un campo eléctrico, y por
ello sirven para el desarrollo de pantallas planas. Las moléculas del cristal liquido termotrépico
pueden ser largas, con forma de barra (caso calamitico) o redondas y planas (caso discético).
Un campo eléctrico puede guiar estas moléculas, y asi controlar los rayos de luz que circulen a
través de ellas.

De acuerdo con el tipo de arreglos moleculares que pueden formar, Friedel (1922) clasific6
los cristales liquidos termotrépicos en tres grandes clases: memdticos, esmécticos y colestéricos.

En los nematicos las moléculas conservan sélo el orden en la orientacion, mientras que en los



esmécticos y colestéricos, también se conserva cierto orden en la posicion de las moléculas.

El modelo que estudiaremos es una simplificacién, introducida por F. H. Lin ([27]), del
modelo propuesto por Ericken-Leslie para modelar el comportamiento dindmico de los cristales
liquidos nemaéticos. Las incégnitas son: u el campo de velocidades incompresible, p la presion
del fluido y d la orientacién de las macromoléculas de cristales liquidos, y verifican el siguiente

problema en derivadas parciales:

( ou+u-Vu—vAu+Vp+ V- (VdoVd) = 0 enQ,

V-u = 0 en(,
(7)

Od+u-Vd—yAd —v|Vd*’d = 0 enQ,

\ d =1 eng,

3
donde Vd ® Vd es la matriz (Vd© Vd); j = Z 0;dj,0;dy;, junto con las condiciones de contorno
k=1
u=0, d=1 sobre, (8)
donde I : ¥ — R? es el dato de contorno, y las condiciones iniciales

d(x,0) =do(x), u(x,0)=up(zr) xe€q, (9)

donde ug : @ — R% y dy : Q — R? son los datos iniciales. La constante v > 0 representa la
viscosidad del fluido, A > 0 es la constante de elasticidad y el parametro v > 0 depende del
tiempo de relajacion.

La primera ecuacién representa la conservacién del momento lineal. KEsta ecuacién es de
tipo Navier-Stokes la cual describe el movimiento de un fluido isotrépico junto con el término
de acoplamiento no lineal AV - (Vd ® Vd) que determina el comportamiento anisétropo. La
segunda ecuacion indica que el fluido es incompresible y la tercera proviene de la conservacion
del momento angular. La restriccién |d| = 1 indica que d es un vector orientacion.

Imponiendo que |dyp| =1 en Q y |I] = 1 sobre X, se tiene la existencia de solucién global en

tiempo de (7) con la siguiente regularidad:
d e L0, T; H'(Q)), wue L®(0,T;L*(Q)) N L*0,T; H)(Q)).

Esta solucién fue encontrada por F. Guillén-Gonzdlez y M. A. Rojas-Medar en [23], mediante
un proceso asintotico, a partir de un modelo penalizado de tipo Ginzburg-Landau, que se obtiene

de (7) relajando la restriccion |d| = 1 por |d| < 1, y en el sistema para d cambiando los términos

10



més no lineales |Vd|?d por el término de penalizacién f.(d) = ¢ 2(|d|> — 1)d (asociado al
pardametro de penalizacién € > 0) que es el gradiente de la funcién escalar

1

=12

(ldf* - 1),
es decir, f.(d) = V4(F.(d)) para todo d € RY:

d| <1, di+u-Vd+~(f.(d)—Ad) = 0 en Q,
ut+u-Vu—vAu+Vp+AV-(VdoVd) = 0 en Q, (10)

Vu = 0 en Q.
El espacio para obtener dicha solucién débil se encuentra en la igualdad de energia conseguida
por F. H. Lin y C. Lui en [29] para (10) considerando la condicién frontera para el vector de

orientacién d independiente del tiempo (i.e. I = l(x)) que es la traza del dato inicial dp:

% (;”UH%%Q) + %HVdH%%Q) + A/szs(d)diB) V||Vl 7o)+ XM Fo(d) = Ad|[ 72y = 0, (11)
que se obtiene eligiendo A\(f(d) —Ad) y u como funciones test en (10), y (10);, respectivamente.
Esta expresién refleja la relacién entre la energia cinética y la eldstica e indica que la energia del
sistema, decrece con el tiempo. Ademds, muestra el acoplamiento entre el término de transporte
y el tensor V- (Vd ® Vd).

La idea clave en [23] para pasar al limite ¢ — 0 es obtener la compacidad del gradiente
del vector de orientacién en L?(Q), usando técnicas de optimizacién para caracterizar el vector
de orientaciéon penalizado y su limite. Esta compacidad permite pasar al limite en el término
V- (Vd ® Vd) de (10).

Respecto a los resultados tedricos conocidos para el modelo penalizado (10), en [29] F. H.
Lin y C. Lui probaron mediante un método de semi-Galerkin, considerando en dimensién finita

sélo la velocidad para asegurar el principio del maximo del vector de orientacién |d| < 1, la

existencia global de solucién débil
d e L®(0,T; H'(Q)) N L*(0,T; H*(Q)), w e L®(0,T; L*(Q2)) N L*(0,T; Hg(€2)),

tomando la condicién frontera para el vector de orientacién independiente del tiempo y el
parametro de penalizacion e fijo. Ademads, se consiguen resultados locales en tiempo de re-

gularidad y unicidad.
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Las principales dificultades para disenar esquemas numéricos estables y convergentes para el
modelo penalizado (10) son, ademds de las cldsicas del sistema de Navier-Stokes: aproximar d
con elementos finitos a lo mas globalmente continuos aunque la regularidad del limite d es H?
y obtener la restriccién |d| < 1 en el limite aunque el esquema no verifique puntualmente dicha
restriccién.

En [30] C. Lui y J. N. Walkington construyen un esquema numérico no lineal usando dife-
rencias finitas implicitas en tiempo y un método de elementos finitos C°(Q) y C*(Q) para
aproximar la velocidad y el vector de orientacién, respectivamente; tomando independiente del
tiempo la condicién de Dirichlet I para el vector de orientacién d. La aproximacion C1(Q) es
considerada para conservar la ley de energia (11) ya que en la obtencién de la misma se usa
la funcién test Ad. La convergencia del esquema se establece bajo apropiadas hipétesis de
regularidad de la solucién continua. El esquema estudiado en [30] es el siguiente: conocidos
(up, p, dy), hallar (u)™, pi* di) € Vi, x Q) x Dy, con d} ™ |aq = 1, tal que

up ™ — n ntl 1 nontl - ntl o
(k’uh> + ((uh -V)uy ,uh> + §<V Sup up ,uh) + u(Vu ,Vuh)
ATy Ady an) = (B V) =0 Yy € Vi,

(ﬁh, \'E UZH) =0 Vpy€Qp,

(wdz“ —dy)
k

,v&h> (V) Ady )+ (Adyt - f.(d ), Ady) =0 Vdy € Do,
(12)

donde Vj x @y x Dy, son aproximaciones de H (1] X L% x (H*NH (1]) Ademds, se ha usado la

identidad

V- (VdoVd) = %V(ywﬁ) + (Vd)'Ad,

1
donde el término de gradiente se absorbe en la presiéon modificada p ~ p + i\Vd\Q.
Observar que (12) es una aproximacién de la formulacién variacional de la ecuacién para el
vector de orientacién tomando como funcién test —Adj,.

Se consiguen las siguientes estimaciones de error:

N
lfy = w(ta) 720y + ldi = d(ta)l Gy ++ D <Hum = w(tm)|| 1) + Il — d(tm)H%ﬂ(Q))
m=0
2 0 2 0 2 , 2

< Ok + Clluy, = w(0) |72 ) + Clidy — d(0) 71 o) + ¢ max [v;gﬁ,} [w(tm) = vnllEn o

. 2 : m 2
40t pltm) — e+ yinE 1(7) = dalfieqe)
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donde la constante C' > 0 depende del pardametro de penalizacién €. Ademds se exhiben resulta-
dos numéricos sobre el buen comportamiento del esquema en la aniquilacién de singulares (que
son puntos € £ donde |dy(z)| = 0).

En un segundo trabajo [31], C. Liu y J. N. Walkington relajan la hipétesis C'(€2) para apro-
ximar el vector de orientacién por C°(Q) definiendo una formulacién mixta para la ecuacion (7).

introduciendo la variable auxiliar w = Vd con la que reescriben el sistema (10) en la forma:

w+ (u-Vu —vAu+Vp+ A(Vd)'V-w = 0 enQ,
V-u=0, Vd = w enQ, (13)
wﬁ—V((u-V)d—’y(V-w—fg(d))> — 0 enQ,

considerando las condiciones de contorno
u=0, d=1 sobrel,
y las condiciones iniciales
w(x,0) = Vdy(x), u(x,0)=up(x), =€

Hemos de hacer notar que Ad = V - w y que no se ha reemplazado Vd por w en los términos
AVA)!'V - w y (u-V)d. Se tiene la estabilidad del siguiente esquema no lineal, de tipo Euler
totalmente implicito para la formulacién débil de (13):

Etapa n + 1: Dado (u},w},d}), calcular (uzﬂ,pzﬂ,wzﬂ,dzﬂ) € (Vn,Qn, W, Dy),

n+1 n+1
U, Uy

k
(VY witw) = (Y an) =0,

1
) ) (5 i) ()

(V ' U;L“rlvph) =0,
w T — w?
Eh = oy | = (g V)V ) (Ve wp = £, V) =0,
(Vi V) = (V- wpt dy) =0,
para todo (@p, pn, Wn,dp) € Vi, X Q, x Wy, x Dy, con Dgy, := Dy N HY(Q). Las incégnitas
velocidad, presion y vector de orientacién son calculadas con espacios de elementos finitos de

funciones globalmente continuas Vj, x Qp, x D}, aproximaciones de H{(Q) x LE(Q) x H'(Q) y

W, se construye con un elemento finito de tipo Raviart-Thomas, aproximacién de H (2, div).

13



En [31] se deducen las estimaciones de estabilidad:

gl 2oy + R l1220 +kZ(HVuz"HL2 + IV w220

< C(F..2) (Iluh 3o + uwhum(m) + C(do, F ).

y las tasas de convergencias:

max { g = wlta) 120 + 10h = V(ta)ll o}

1/2
<k§j(nu wtn) +||v~wz—Ad<tn>||%z<m)> < C(k+H)

< l
| nax, |dh — d(tn) |l < 1,

bajo adecuadas hipétesis de regularidad para la solucién continua (u, p, d) y los espacios discretos
son tales que contienen polinomios de grado < [ para Vj y Dy, polinomios de grado <[ —1
para @, y, finalmente, W, se genera con elementos finitos BDF M, [11].

La introducciéon de la nueva variable w = Vd incrementa el nimero de incégnitas y la
complicacion de la implementacién del esquema.

En [19], V. Girault y F. Guillén-Gonzdlez introducen un esquema (lineal) con una variable
auxiliar w = —Ad para el problema penalizado (10). Dicho esquema resulta ser incondicional-
mente estable y convergente, obteniéndose ademas estimaciones de error 6ptimales y conver-
gencia de métodos iterativos para desacoplar el esquema en cada etapa de tiempo ya que éste
resulta totalmente acoplado.

Primero, se considera [} una aproximacién en el tiempo t = t,, del dato de contorno de
Dirichlet I = l(x,t) asociado al vector de orientacién que se supone en esta ocasién dependiente
de la variable temporal. Entonces, se define :lZ € D; como la solucién del problema eliptico
discreto siguiente:

diloo =1; v (Vdy,Vg,) =0 Vg, € Dy,
Inicializacién: Sean (u},d)) € (V},, D},) determinadas aproximaciones de (ug,dp). Se define
32 € Dy, tal que dY) = 82 + :lg
Etapa n—|—1' Dado (uﬁ,&Z) € (Vy, Do) (ydyp = 8:—1—&2), encontrar (u) !, wit) € Vi x Wy,

+1 ~ntl
y (ppth dh ) € Qu x Dyy, (con djt! = dZ + dz ) solucién del sistema lineal algebraico:

k
_)\<(Vd”) wit ay, ) (ph+1 V- uh> =0 Vua,e€ Vo,

(M,m>+(<uz-v>u$ )+ (V) (Ve van)
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(ﬁh, V. UZH) =0, Vpr € Qon,

=

- ,wh> 4 ((u;;“ : V)dz,wh) +7(f€(d2) +wg+1,mh) —0 Vi, € Wy,

(Vdi",va) - (w;*,dn) =0 Vdy € Doy,
donde los espacios de elementos finitos usados para aproximar las incégnitas son:

X, ~ (Py + burbuja) y Vi, = X5, N Hy (velocidad),

Ly ~P1y Qn = LyN L (presion),

W, ~ Py (funcién auxiliar),

D, ~ P, y Dy, = D), N H} (orientacién de los cristales).

Este esquema reduce los grados de libertad a calcular respecto a los esquemas anteriores de
[30] y [31] para (10) lo que implica una coste computacional menor, ademas de ser un esquema
lineal.

En [28], P. Lin y C. Liu proponen dos esquemas numéricos lineales usando elementos finitos
CY(€Q)) y sin usar ninguna variable auxiliar para dominios bidimensionales, lo que reduce el coste
computacional significativamente y facilita la implementacién. Sin embargo, estos esquemas no
son analizados desde el punto de vista de estabilidad y convergencia, o estimaciones de error,
pero recuperan los resultados numéricos obtenidos en [30]. Los algoritmos son implementados
con la ayuda del software Freefem++.

El primer esquema que se analiza en [28], desacopla el célculo del par velocidad-presion y
el vector de orientacién considerando el término de acoplamiento del sistema de momentos de
forma explicita y de forma semi-implicita el término de penalizacién. Asi, el esquema en una

etapa de tiempo n + 1 resulta:

Conocidos (u},py,dy), hallar (uﬁ“,pﬁ“,dﬁ“) € Vi x Qp x Dy, con dz+1|aﬂ = lj tal que,

k
—A((Vd;;)tvczz,vqah) - (pg“,v : ah) =0 Va,e Vi,

(M,uh> n ((ug : V)uz+1,ﬁh) + V(Vu”+1, Vﬁh)

<V : uZ“,ﬁh) =0 Vpu € Qn,

K
+(vaptva, ) + % ((di2 = 1)di ™ dy) =0 ¥dy € Do,

dn+1_ n. N
(h h,dh> + ((UZ : V)dzﬂadh)
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donde el espacio para la velocidad y el vector de orientacién (Vj,, Dy) son elementos finitos
cuadraticos y el espacio de la presiéon (), son polinomios lineales a trozos.
Para el segundo esquema de [28] se plantea una discretizacién de la derivada material usando

el método de las caracteristicas como sigue:

n+l . n X"
(uh ui( h),ah +u(Vu"+1,Vah)

k
—A((Vd;;)tw”,vm> - (pg“,v : ah) =0 Va,e Vi,

(Vouptm) =0 Vi €Qn,

<dz+1 _ (ZZ(XZ—i_l),ah) + (de—o—l’vah) + %((M;”Q . 1)dﬁ+1,c_lh> -0 Vc_lh € Doy,
donde X} = x + kuj(x) y XZH =x+ kuzﬂ(a:) (discretizacion de tipo Euler retrégrado
en tiempo y actualizacién de la velocidad de la caracteristica en el sistema para dZH, dado
el cardcter secuencial del esquema, respectivamente) aproximando con los mismos espacios de
elementos finitos ( Vi, Qp, D},) antes mencionados.

Por ultimo en [13], Q. Du, B. Guo y J. Shen, usando aproximaciones de Fourier espectral,
demuestran existencia de solucién del modelo penalizado (10) y estimaciones de error para las
aproximaciones de Fourier totalmente discretas junto con experiencias numéricas de aniquilaciéon
de singularidades. Este método es eficiente para dominios rectangulares y condiciones de frontera
periddicas.

Cuando se trata de construir esquemas numéricos estables y convergentes hacia (7) a través
del modelo penalizado, haciendo tender € — 0 junto con los parametros discretos en espa-
cio y tiempo (h,k), nos encontramos principalmente con las siguientes dificultades: Obtener
estimaciones de estabilidad independientes de €, ya que no estd claro que para los esquemas
anteriormente descritos puedan obtenerse tales estimaciones. Se pierde la estimacién H? para
d, que dificulta: primero, la compacidad en LQ(Q) para u, que es la clave en el paso al limite
en el sistema para d, y segundo, la compacidad en L?(Q) para Vd, fundamental para pasar al

limite en el sistema de momentos.

Modelo estatico de campo de fase

Por tdltimo, estudiamos un modelo estatico de campo de fase para un proceso de solidificacién

de una mezcla binaria con propiedades térmicas, en el cual veremos que algunas de las técnicas
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desarrolladas en los modelos anteriores permiten el desarrollo numérico de esquemas para este
modelo.

Un motivo por el cual los modelos de campo de fase son aceptados para tratar los fenémenos
de solidificacion, es que cubren situaciones mas generales que el clasico modelo de Stefan de
frontera libre. El modelo de Stefan gobierna la interfase sélido-liquido suponiéndola que es una
hipersuperficie suave con posicién desconocida y las ecuaciones son formuladas en cada una
de las fases independientemente, basadas en principios de conservaciéon y una condicién extra
impuesta a la interfase (llamada condicién de Stefan).

Los modelos de campo de fase son usados en tratamientos de fenémenos tales como cre-
cimiento de cristales, en la fusién y en el ensamblamiento de materiales. El caracter anisétropo
de algunos modelos lo hace una herramienta poderosa para el estudio de situaciones con estruc-
turas complejas de crecimiento como son el crecimiento de dendritas en las neuronas. Aplica-
ciones industriales como la fabricaciéon de nuevos materiales llevan un proceso de campo de fase
asociado.

Supongamos 2 C RY (d = 2 6 3) una regién abierta acotada con frontera I'. Consideramos

el modelo diferencial de campo de fase:

ag?py — 2 Ap = —f(¢)+B(0 —Oac—0p(1—¢)) enQ,
Vbt so = V- [Ka(¢) V0] en @, (1)
¢t = Ko(Ac+ MV -[c(1—-c)Ve]) en Q,

donde f es la derivada de una funcién potencial que toma sus minimos globales en +1. Un
ejemplo cléasico es

1

f(¢) =V4F(¢) con F(¢) = 1(¢2 - 1)%

La ecuacién (14), es una ecuacién de Ginzburg- Landau/Allen-Cahn que gobierna la difusién
de la fase sélida, la ecuacién (14), plantea el balance de energia en la interfase, se conoce como
ecuacién de Stefan y por tltimo (14). representa la conservacién de la masa de sistema.

La incégnitas para este modelo son: ¢ : Q — R (campo de fase) es la variable estado que
caracteriza las diferentes fases de modo que ¢ = 1 representa la fase liquida y ¢ = —1 representa
la fase solida, 6 : @ — R es la temperatura de la mezcla, ¢ : Q — [0, 1] (concentracién) representa
la fracciéon de uno de los dos materiales en la mezcla. El pardmetro o > 0 es el tiempo de
relajacién (tiempo caracteristico que tarda el sistema en volver de un estado de energia mas

elevado a un estado de equilibrio de energfa inferior); el pardmetro  es dado por § = €[s|/30,
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donde € > 0 es la medida del grosor de la interfase, o es la tension superficial y [s] es la diferencia
de la densidad de la entropia entre las fases (mide la parte de la energia que no puede utilizarse
para producir el cambio de fase); Cy > 0 es el calor especifico (indica la mayor o menor dificultad
que presenta la mezcla para experimentar cambios de temperatura bajo el suministro de calor);
la constante [ > 0 es el calor latente (calor absorbido por la mezcla en el cambio de fase); 64,
fp son las respectivas temperaturas de fusién de cada una de los dos materiales en la mezcla;
K5 > 0 es la difusién del soluto; M es una constante relativa a las pendientes de las lineas de
sélido y liquido; K7 = Kj(¢) modela la conductividad térmica.

Se supone que K; = Ki(¢) es una funcién continua tal que existe b > 0 con 0 < Ky(r) <b
para todo r € R.

Este modelo es completado con las condiciones fronteras de tipo Neumann homogéneas

99| B dc|
a—nZ—O, (K1(¢)V9)-n2—0, a—nz—O (15)
y las condiciones iniciales
o(z,0) = ¢o(x), 0(z,0) = Oy(x), c(x,0) =co(x) xe€ Q. (16)

En los 1dltimos anos los modelos de cambio de fase han generados una enorme cantidad de
literatura. Las principales dificultades de (14)-(16) son: determinar la posicién y la deformacién
de la interfase entre las dos componentes, la verificacién de un principio del méximo para la
variable concentracién y la singularidad de la ecuacién de la temperatura al ser K7 > 0.

En [4], J. L. Boldrini 'y G. Planas prueban la existencia de una solucién débil para (14) via la
introduccién de problemas aproximados regularizantes, seguido por la obtencién de estimaciones
adecuadas y la aplicacién de argumentos de compacidad.

En [16], X. Fengy A. Prohl consideran un modelo mas simple que (14), donde no se considera

la ecuacioén para la concentracién:

cale)p Ao = (- (0 +HE
CV(&)gt — Al = _¢t en Q

Aqui, el tiempo de relajacién o = «(e) y el calor especifico Cyy = Cy(e) dependen del ancho
de la interfase € y la conductividad térmica K; se toma constante (e igual a uno). En [16] se
analiza el siguiente esquema numérico no lineal totalmente discreto para Xj una aproximacion
conforme de H'(Q).

Etapa n + 1: Dado (¢}, 07) € X x X,.
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Hallar ¢Z+1 € X}, como la solucion del problema:

k
= () +286) (8 2n), Vaon € X

e <¢”+1 on $h>+52<v¢z+1’v$h) <(¢n+1) )

Hallar 9,’;“ € X} como la solucién del problema variacional desacoplado:

9n+1 _ 02 . ¢n+1 (z)n
Ck'<h}6,$h> +—(V@h+l,th> 24—2 ( 2 x|, Vap € Xy

Para este esquema se obtienen estimaciones de error optimales prestando especial atencién en
la dependencia del pardmetro €. En particular, se muestran cotas de error que dependen sélo
de forma polinomial de é cuando € es pequeno.

Finalmente, las estimaciones de error son usadas para establecer la convergencia de las
soluciones discretas hacia soluciones de interfase limite singulares del modelo de campo de fase,
cuando ¢ — 0, bajo diferentes escalas de los coeficientes.

En [6], J. L. Boldrini y C. Vaz proponen un esquema semi-discreto en tiempo no lineal con-
siderando unicamente la ecuacién para la temperatura tomando K;(¢) = k > 0 y reemplazando
la fraccion de masa sélida %qﬁt por é 9s(0, @)+ v la ecuacion para el campo de fase eligiendo como
potencial f(¢) = a(z)¢ + b(x)¢? — ¢, donde a(x) y b(x) son funciones conocidas en L™ ().
Ademads, g, € Cbl’l(Rz) tal que 0 < gs(y, z) < 1 para todo (y,z) € R? y tal que para cada z la
funcién y — gs(y, z) es no decreciente.

Etapa n + 1: Dado (¢",0") € H*(Q) x H%(Q2).

Hallar (¢"+1,0711) € H2() x H%(Q) como la solucién del problema acoplado:

¢n+1 ¢n

0BT —a(@)d T = b() (6" (6" 0 = 0 en @,
n+1 _ gn n+1 n+1y n o 4n
f ’ b +&A0”+1+;gs(0 . k) 950", 9") = 0 en,
8¢n+1
"t =0, = 0 sobreT.
on

Se prueba convergencia de las soluciones semi-discretas hacia una solucién débil y resultados de
regularidad de la solucién obtenida.
En [7], E. Burman, D. Kessler y J. Rappaz muestran estimaciones de error de un esquema

no lineal para un modelo general isotermo de campo de fase anisétropo para mezclas binarias:

¢t —V - (A(VP)Ve) = S(c,¢) = 0 enQ,
¢ — V- (D1(¢)VC + DQ(Cv ¢)vd)) = 0 en Qv
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junto con las condiciones fronteras
A(Vp)Vp-n=0 'y (Di1(¢)Ve+ Da(c,p)Vop)-n =0 sobre T

donde A es la matriz anisétropa, S = S(c,¢), D1 = D1(¢) y D2 = Ds(c,¢) son funciones
continuas y lipschitzinas, con primeras derivadas respecto de ¢ y ¢ uniformemente acotadas y
satisfacen S(c,0) = S(c,1) =0, 0 < Dy < D1(¢) < D; < o0y Da(c,¢) = 0 parac = 0,1y
¢=0,1.

En [26], D. Kessler y J. F. Scheid demuestran estimaciones de error de un esquema total-
mente discreto no lineal asociado al modelo general isotermo de campo de fase isétropo para

mezclas binarias:

¢ = MAG+ Fi()) + cFa(e) en @,

¢ = V- (Di(¢)Ve+ Dyc,¢)Ve) en Q.
En [33] y [5], J. L. Boldrini and G. Planas demuestran la existencia de solucién débil global
bi y tridimensional, respectivamente, para un modelo de campo de fase con fluido no estatico
para un proceso de mezcla binaria con propiedades térmicas. Se trata del modelo (14) acoplado

con una ecuacién de Navier-Stokes la cual modela el movimiento de la parte fluida de la mezcla:

it (- V)u+vAu+Vp+k(g(6)u = f en Qui,
Veu = 0 en  Quy,
u = 0 en Qs

apy + ag’u - Vo — e2A¢
3@ —(¢)*) = B0 —0ac—0p(1—¢)) = 0 en Q,
Cv9t—|—Cvu-VGé¢t—V-[Kl(gZ))VH] = 0 en Q,

et tu-VeKy(Ac+ MV - [c(1-¢)V¢]) = 0 en Q.

El dominio @) se descompone en tres regiones s, @y, y ;. La primera regién representa la
parte totalmente sélida, la segunda es la parte blanda o mixta y la tercera es la parte totalmente

liquida. Estas regiones se describen en funcién de gs (fraccién sélida) como:
Qs = {(z,t) € Q : gs(d(z, 1)) = 1},

Qm = {(z,1) € Q: 0 < gs(o(z, 1)) < 1},
Q= {(mvt) €Q: gs(¢(w’t)) = 0}

Y Qi = Q; U @y, se refiere a la zona no sélida que gobierna la ecuacién de tipo Navier-Stokes.

20



Este modelo es un problema de frontera libre donde hay que determinar para cada tiempo
t € [0,7]
Qi(t) ={x € Q:0 < gs(p(x,t)) < 1}

bajo las condiciones fronteras

oo a0, dc| B
%2—0, %2_0’ an_o’ v = 0 sobre 0Q

y las condiciones iniciales

¢(0) =¢o,  0(0)=0), c(0)=co en, v(0)=wvpen Qyy(0).

Para este modelo se asumen las hipétesis:

k es una funcién no decreciente de clase C1([0,1)) con k(0) =0y linll k(z) = 4o0.
T—1"

gs ¥ g% son funciones continuas y Lipschitzianas definidas en R y satisfaciendo 0 < g5 (1) <

1 para r € R.

e Kj es una funcién continua y Lipschitziana definida en R tal que 0 < a < Kj(r) < b,

vr € R,

f es dada en L?(Q).

Principales aportaciones originales de la Memoria

A continuacién, describiremos los principales resultados de esta tesis. La tesis estd compuesta de
7 capitulos de los cuales 4 de ellos estan destinados al modelo de Kazhikov-Smagulov, el quinto
trata un problema de cristales liquidos nematicos, el sexto sobre un modelo de campo de fase, y,
en el séptimo y ultimo, presentamos algunas simulaciones numéricas concernientes al problema

de cristales nematicos.

Capitulo 1

El primer capitulo tiene como objetivo desarrollar un esquema numérico totalmente discreto
(en espacio y tiempo) para aproximar la inica solucién débil del modelo de Kazhikhov-Smagulov
(1) en dominios bidimensionales. De hecho, el esquema propuesto es el primero que conocemos
para (1) que se analiza desde el punto de vista de estabilidad y convergencia hacia una solucién
débil cualquiera del modelo, a diferencia del esquema presentado para un modelo mas general
que (1) en [15], donde se estudia desde la perspectiva de estimaciones de error respecto de una

solucién suficientemente regular. La filosofia de la discretizaciéon es:
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e considerar elementos finitos continuos de grado 1 para aproximar la densidad a pesar de

que ésta tendrd regularidad H?, evitando usar elementos finitos globalmente C'*(Q).

e usar una variable auxiliar (que no aparece explicitamente en el esquema) para “capturar”

a nivel discreto algunas propiedades de la regularidad H? de la densidad,
e considerar un par elementos finitos estables para el par velocidad-presién.

Entonces, si elegimos una particién uniforme de [0,7] de pardmetro k = T/N, (t, =
nk), con N € N y espacios de elementos finitos a lo més de funciones globalmente contin-
uas (Wy, Vi, M) € H' x H (1) X Lg para la densidad, la velocidad y la presién respectivamente,
proponemos el siguiente esquema:

Inicializacién: Fijamos el par (p9,u))) € W), x V}, determinadas aproximaciones de (po, uo),

cuando h — 0.

Etapa n + 1: Dado (u},p}, pit) € Vi, x My, x W,

1. Encontrar ph+ € Wy, tal que para cada pp, € Wh:

Pt = o
S | + (it~ Vot n) +A(Vep ' Von) =o0. (17)
2. Encontrar (u ”H,pZ'H) € Vj, x My, tal que para cada (up,pn) € Vi, X Mp:
n+1 n n—+1
— 1 —
[meuh uh’,ah 4z lop e — [pplr n+1 n+1 u2+1,ah)
k 2 k
+c(p}1“uh )\vpn-i-l n+1 fbh) ([pz—i—l] FRasy uh I ( oy uh)
(18)

(v . un+17ph) - 07 (19)

donde definimos

alp,u,v) =pu(Vu, Vo) + A M+m—p (Vu)! : Vo dx
(p-ww) = (Ve vo) 2 | (5

o) = (o) (0 T

y dada wy, € Wy, se define [wy]|r € Wy, tal que:

wp (i) si wy(xi) € [m, M],
[wplr (i) = ¢ m si wp(x;) <m,

M si wh(:v,;) > M,
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donde x; son los nodos de la malla 7j,.

El esquema (17)-(19) ha sido disenado siguiendo la idea de un esquema en tiempo de tipo Eu-
ler retrogrado, implicito en difusion y semi-implicito en conveccién para la velocidad y explicito
para la densidad (e implicito para el resto de términos), donde al sistema de momentos le hemos

anadido los términos estabilizadores

1 [pn+1]T — [me n ~ Ly n ~ n A n n —
) < b 2 7uh+1 “Up | — ) (ph+1uha V(up, - uh+1)) + §<vph+1a V(thrl ) uh))a (20)

)\/Q M;m(vu;ﬁl)t : (Vi) da. (21)

Los términos de (20) estan directamente relacionados con la ecuacién de la densidad, y el término
de (21) con la ecuacién de incompresibilidad.

Otra peculiaridad de este esquema es la aproximacion del término p(t,41)ut(t,+1) por el
’U,n+1 —ul un+1 —aul
% en lugar de pzﬂ%

lizado. Esta eleccién queda justificada considerando en los dos primeros términos de (18) la

cociente pj que seria en principio un calculo mas actua-

funcién test @, = uZ'H, llegando

+1 n n+1 n
UZ —u +1 1 [ph ]T - [Ph]T +1 +1
il ) 4 1 —Ulr e

]' U n n n n n n
= ok (H [ph+1]Tuh+1H%2(Q) — [l [ph]TuhH%ﬁ(Q) + [/ [Ph]T(thrl - “h)H%?(Q)) ’

que es una versién discreta de la igualdad en continuo

iuu —|—1 4 u-u _1d |u|?
Par™ 2 \at” “od Jo MM

La presencia del operador de truncamiento por nodos [-|7, aplicado a determinadas densi-

(22)

dades que aparecen en el sistema de momentos discreto (18), garantiza estimaciones puntuales
y positividad, que por otra parte no podemos verificar para la densidad discreta directamente.
La positividad de las densidades discretas truncadas [pf]r y [p)7!]7 estabiliza los términos
relacionados con las derivadas temporales en el sistema de momentos discreto, gracias a (22).
Desde el punto de vista de la implementacién, la discretizacién temporal elegida nos pro-
porciona un esquema secuencial donde en cada etapa de tiempo hay que resolver dos sistemas
lineales cuadrados desacoplados, el primero relacionado con una ecuacién de difusiéon discreta

para la densidad y segundo con un problema de Stokes discreto en formulacion mixta velocidad-

presion, ademads del célculo de la densidad discreta truncada.
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Para asegurar buenas propiedades de estabilidad y convergencia para este esquema, consi-
deramos las siguientes condiciones de regularidad para los datos, aproximacién de los espacios

discretos y regularidad de la frontera del dominio:
(H1) O bien
wo€ H, poc HY(Q) y f e L*0,T;L*(Q)) parap>1 con k/h*< C,

o bien

wg € V,po € H¥(Q), y f € L*0,T;L*(Q)) para algtn p > 1.

(H2) La frontera de 2 es poligonal tal que se tiene la condicién de dependencia continua en

norma H? del problema de Poisson-Neumann.

(H3) La triangulacién de € y los espacios discretos verifican:
e Las desigualdades inversas:

IVpnllzay < Ch™Y2|Vpul, Vpn €Wy,
IVonllre@y < Ch7lipnllia), ¥ on € W,

e Los errores de interpolacién:

1P — Tndll @y + W2 1P — Tnpllwray < Chllpllae), Vo e HASQ),
1w — Jytll i) < Chllal g2y, Ve H?(Q)NHQ),
1P — Knpllr2@) < CRlIpllmiq), Vo e H'(Q)N L),

donde Jy,, K} y I, son operadores de interpolaciones de H?(Q) N H}(Q) en Vj,
HY(Q) N LE(Q) en My, y H*(Q) en W), respectivamente.

(H4) La condicién Inf-sup. Existe una constante § > 0 (independiente de h) tal que V p;, € Mj

_ (ﬁhv V- ﬂh)
1PrllLz) <8  sup  S——=
ape Vy\{0} ||Uh||H5(Q)

En las condiciones anteriores encontramos que el esquema numérico (17)-(19) verifica las siguien-

tes estimaciones de estabilidad:
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Lema 1 Si A < 2u(M —m)~! entonces, la solucion del esquema discreto (17), (18)-(19) satis-

face las siguientes estimaciones:

N
i) max il <C. @R [Vuilie <C, i) Z ™ = w30y < €.

n 0
N 1
w) Jmax [Vohlrae) < €, U)k2||vph”L4(Q) <G, vi) Y VT = o)l < C
n=0 n=0

con C' > 0 independiente de k y h.

La hipétesis A < 2u(M — m)~! no se debe al disefio del propio esquema numérico, ya se
imponia en el resultado de existencia de solucién débil de (4).
La clave para obtener las estimaciones para la densidad discreta es usar la versién discreta

de la desigualdad de tipo Gagliardo- Nirenberg para dominios 2D
1/2
IVllLa) < ClIVoll oy 180l gy
en lugar de la desigualdad de interpolacién (que se usa en los resultados analiticos)
1 2 1 2
I¥0lls@) < Clloll2 g1 A0l

para eludir la necesidad de tener estimaciones puntuales para la densidad discreta (que por
otra parte no se pueden asegurar). Para la versién discreta de esta desigualdad, se considera el

laplaciano discreto —AhpZH definido como
“Appttew, talque  — (Aupiton) = (VoL Vo) Yane Wi (23)

En la demostracién del Lema 1 conseguimos la estimacién del laplaciano discreto

k Z 1A, 72 ) < €,

que implicard la estimacién v) del Lema 1 de tipo ¢4(W14(Q)).

Como es habitual en estos tipos de problemas no lineales, precisamos de la convergencia
fuerte de las aproximaciones para identificar el limite de los términos no lineales, cuando los
pardametros de discretizacién (h, k) van a cero.

Para la densidad discreta, la compacidad en L>°(0,7; LP(2)) con 1 < p < oo vendra dada
como resultado de la acotacién de la derivada discreta en tiempo

’fZ

+1

L)

25



Una consecuencia directa de esta estimacién y de las propiedades del operador de truncamiento

discreto [-|p restringido a elementos finitos localmente IP’l, es la estimacién

kZ

que serd necesaria para pasar al limite en el segundo término de (18).

PZ—H T - [Ph]

<c, (24)
L2(Q)

Por 1ltimo, se mejora la convergence fuerte de la densidad discreta hasta L2(0,T; H'(Q)) a
través de la ecuacion del laplaciano discreto (23). Con tal compacidad pasaremos al limite en
el término de la formal trilineal c(- ) que involucra Vp"“.

La estimacién de la derivada discreta en tiempo para la densidad truncada (24) jugard un

papel crucial en la consecucién de la compacidad de la velocidad discreta, basada en la siguiente

acotacion de una derivada en tiempo discreta de tipo fraccionaria:

kZH\/pZLT T ||L2(Q)<C(rk)1/2 VTOSTSN

El procedlmlento para probar esta acotacién difiere del modo analitico-continuo hecho en
[9], en que primero no conseguimos un principio del méximo y segundo no tenemos a nuestra
disposicién la ecuacién de la densidad discreta de forma puntual para escribir el sistema de
momentos en forma conservativa, que se usa para conformar la estimacion de dicha derivada
fraccionaria.

De las estimaciones a priori de la velocidad discreta en L>(0,T; L*(Q)) N L2(0, T; H(2))
junto con esta estimacién fraccionaria para la velocidad, podemos aplicar de nuevo un resultado
de compacidad de tipo Aubin-Lions, obteniendo convergencia fuerte en LQ(Q) de la velocidad.

La pregunta que sigue a la compacidad de la densidad y de la velocidad es qué hay acerca
de la convergencia fuerte de la densidad discreta truncada (para pasar al limite en la forma
trilineal a(-, : )) y si converge a quién converge. La repuesta vendrd dada pasando al limite
en la ecuacién de la densidad discreta, encontrando que la densidad limite, p, tiene regularidad
p € L=(0,T; HY(Q)) N L?(0,T; H*()) y verifica puntualmente la correspondiente ecuacién de
conveccién-difusion, con lo que se obtiene un principio del méximo 0 < m < p(x,t) < M < oo
en casi todo (x,t) € Q, y usando que el operador de truncamiento por nodos [-|r es un operador
continuo de L?(Q) en L%(Q).

En resumidas cuentas, definiendo en [0,7] las funciones auxiliares wy, s, pp 1 constantes por

= uy, pj respectivamente, llegamos al resultado de con-

subintervalos tal que uyk, (tn 1 ]
n—1itn

vergencia:
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Teorema 2 Si A < 2u(M — m)~!, entonces toda la sucesion (upk,pni) converge hacia la
(tinica) solucion débil (u, p) del problema (1) en el siguiente sentido: en L?(0,T; L?(Q) x H(Q))
fuerte, en L=(0,T; L*(Q) x H(Q)) débil-+ y en L*(0,T; H5(Q)) x L*(0,T; W'4(Q)) débil.

Una variante del modelo Kazhikhoz-Smagulov, donde los resultados anteriormente descritos
nos proporcionan las herramientas necesarias para desarrollar esquemas numéricos incondicional-
mente estables y convergentes, resulta cambiando la difusién lineal —uAw por una difusién no
lineal de tipo —AV(pVu) en el sistema de momentos. Luego, el sistema diferencial a considerar

se describe como:
pui + ((pu — AVp) - V)u =V - (uVu — Ap(Vu)') + Vp = pf  en Q,

V-u=0 enQ, pr+u-Vp—AAp=0 enQ,
junto con las condiciones mismas de contorno e iniciales.
Este tipo de modelo esté relacionado con modelos de polucién [8, 9].
El esquema que proponemos se obtiene siguiendo la linea del esquema numérico anterior,

donde hemos sustituido el término estabilizador del sistema de momentos

M
—)\/ ;m(vug“)t . Vay, da
Q

Am
por el término - (V . uZH, V- ﬂh)- Ademas, se ha truncado la densidad que aparece acoplada
a la difusion. Asi, llegamos al esquema numérico en la etapa n + 1:

Dado (u}, py, pi) € Vi X My x W,

1. Encontrar ph+ € Wy, tal que para cada pp, € Wh:

5 Pn + (up - Vi, on) + Ph pn) =0. (25)
2. Encontrar (u "H,pzﬂ) € Vi, x My, tal que para cada (up,pr) € Vi, X Mp:
n+1 n n+1
_ 1 —
[me“h “hjﬂh Lz [op "1 — [PRlT n+1 n+1 UZJrl,ﬂh)
k 2 k
+C<PZ+1uh AVt ! ﬂh) _ ([PZ+1]T.f n+l Uh 4 ( il g Uh)
(26)
(v : uerl’ﬁh) = 07 (27)
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donde
Zi(p, u, 'v) = A(p(Vu — (Vau)h), Vv) + Am(V cu, V- v).

Para dar sentido al término estabilizador /\m<V . uZH,V . ﬁh>, se parte primero de la

igualdad
/ p (IVul®> = (Vu)' : Vu) dz = / plrotul|? dz.
Q Q

/|Vu|2d:z::/ |V-u|2+/\rotu|2dm.
Q Q Q

a(lon ey ) = mA Vg .

y segundo de
Por lo tanto,

Usando esta acotacion inferior para E<', ° -), del mismo tipo que para la forma trilineal para
el modelo anterior a<', : -), se puede ver que todos los enunciados anteriormente descritos son

vélidos para el esquema (25)-(27).

Capitulo 2

El segundo capitulo de esta tesis concierne al estudio numérico del modelo de difusién de
masa (1) en su versién tridimensional. Una de las claves del éxito de los esquemas bidimen-
sionales, radica en el cambio de desigualdad de interpolacién, diferente a la que se utiliza en los
resultados tedricos que requiere un principio del maximo para obtener las estimaciones fuerte
de la densidad. Pero esta interpolacién es exclusiva del caso bidimensional, luego tenemos que
cambiar de estrategia en dimension tres.

Ahora el anélisis tedrico del modelo nos dicta el camino a seguir, obtener un principio del
maximo discreto para la densidad, que verifica un esquema donde la velocidad de conveccién
(que actua como dato) tiene la estimacién débil del problema de Navier-Stokes. Esta estimacién
no es suficiente para que los esquemas numeéricos existentes en la literatura para ecuaciones de
conveccion-difusién que verifican un principio de maximo discreto, debido a que estos precisan
de estimaciéon L>°(Q) (al menos). Ademads, de dicho esquema se deben obtener estimaciones
fuertes para la densidad discreta.

A lo largo de este capitulo asumiremos los siguientes hipétesis de trabajo sobre el dominio y

los espacios:

(S) Condicién de estabilidad:

lim
(h,k)—0

> >
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(HO) Hipdtesis para los datos: Sea ug € V, pg € H'(2) con 0 < m < pg < M en Qy

fe LQ(O,T;LG/E’(Q)). Fijamos M, m con M > M y 0 < m < m tal que A

<p

(esto es posible gracias a (4)).

(H1) Supongamos  un dominio acotado de R3, con frontera poliédrica y tal que se tenga la
dependencia continua en la norma de H? del problema de Poisson-Neumann y en norma

de H? x H' del problema de Stokes.

(H2) La triangulacién de € y los espacios discretos verifican:

e las desigualdades inversas:

IN

IVonll L2 Ch7'pul Y pn € W,

A

Ipnllrooy + IVARll3y < Ch™Y2pnllm) ¥ on € Wa,
e v los errores de interpolacion:
1w — Jhatll i) + 12— Jnll o) < Chllallzg) Ve HA(Q) N Hy(Q),
P — thﬁHL?(Q) + 1o = Knpllz2) < Chlpll) YPE H' () N L§(Q),
15— Inpll Lo @nmwia) < ChY21plp2y Vo € HA(Q),

17 = Inpllz2) + 2 17 = Inpllg) < CR2plu2) VP € HA(Q),

donde Jj, jh, K, K, y I, son operadores de interpolacién de H?(Q) N H(Q) en
Vi, H2(Q) N H(Q) en Vi, HY(Q) N LE(Q) en My, HY(Q) N L(Q) en M, y H2(Q)

en Wy, respectivamente.
(H3) Condicién Inf-sup para ( V, My) y (/I\/;L, Mh)
(H4) Condicién de compatibilidad entre M y Wj,:
(Wi - Wa) N L3(Q) C M,

es decir,

1 q 1 _ _ ~
Y phs P1 € Why b Ph — M/ka(w)pi(w) dx € My,
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La propuesta de esquema para (1) en dominios tridimensionales parte del esquema (17)-(19)

desarrollado para los dominios bidimensionales reemplazando el término conveccién explicito
(UZ -Vop, ﬁh)
del esquema para la densidad discreta (17) por el término convectivo semi-implicito
(wﬁ -Vt ﬁh) ;

siendo w} una proyeccién de u} sobre un espacio de divergencia discreta nula adecuado con mas
grados de libertad que V. También modificamos las cotas de corte del operador de truncamiento
[-]7, que consideramos continuo en esta ocasién, que no serén exactamente la minima y la méxima
de la densidad inicial sino una perturbacién de las mismas por exceso de la maxima y por defecto
de la minima. Con todo ello, llegamos al siguiente esquema numérico:

Etapa (n 4+ 1): Dado (uy,py, pp) € Vi x My, x Wi,

1. Encontrar wj € /V;L tal que para cada (wp, @) € Vh X Mh:

(ng,wuh) - (qg,v-fvh) - (Vu;;,va;h),
(28)
(V’UJZ,(]}Z) = 0.
2. Encontrar p”+1 € Wy, tal que para cada pp, € Wh:
o, Vot AN(Vopt Vo) =0 29
T ) (W Ve o )+ A(VepT Vi ) = 0. (29)
3. Encontrar (u "H,pzﬂ) € Vi, x My, tal que para cada (up,pp) € Vi X Mp:
un+1 u” 1 n—+1
<[me h - h’uh> +2 <{Ph ]k [pp]T n+1 n+1 T,uzﬂ,ﬂh)
+C<Pz+luh )\vpn—‘rl n+1 Uh) _ ([pz—i—l] fontl Uh i (ph+1 v. Uh>
(30)
(v . un—vah) - 07 (31)

donde la forma trilineal c(-, : ) es definida como antes,

a(p,u,v) :u(Vu, Vv) —I—)\/Q (M;—ﬁz —p) (Vu)': Vodx

30



y el operador de truncamiento ahora es

wh(m) si wh(:c) € [m,M],

M ; m 1 (ver (4)).

Este esquema bajo los condiciones impuestas a los espacios discretos de estabilidad (H3) y

conM>M,0<ﬁ”L<mtalque>\

compatibilidad (H4) es incondicionalmente estable respecto de las estimaciones débiles para la

velocidad y la densidad

Lema 3 La solucion del esquema (28)-(31) verifica las siguientes estimaciones:

N N-1
¢) max [ubllzze) = C, i)k [IVuplizq < C, iti) Y |lup™ — upllizq) < C
== n=0 n=0
N-1 N-1
: 1 , 1 2
w) max |phllze) < C v)Ak DIV 2@ <C i) Y ot = phllze) < C
- n=0 n=0

donde C' > 0 es independiente de k,h y A.

Ahora se trata de probar que la densidad discreta del esquema truncado (28)-(31) tiene
estimaciones puntuales por exceso y por defecto respecto de las cotas méaxima y minima de
la densidad inicial pg. M4és precisamente, veremos que m < pp < M para cualquier k£ y h
suficientemente pequenio satisfaciendo la restriccién (S). Luego, podremos prescindir de aplicar
el operador de truncamiento []r en el sistema de momentos discreto (30).

Para ello, introducimos un esquema semi-discreto en tiempo de una ecuacién de conveccion-
difusién con velocidad de conveccién totalmente discreta proveniente del esquema truncado
(28)-(31). Més concretamente, definimos la sucesién (p™) con el siguiente esquema:

Inicializacién: Sea p° = p.

Etapa n + 1: Dado p", calculamos p"*! € H?(Q) verificando el problema eliptico:

pn—l-l o pn
S + wj - Vp"Jrl — )\Ap"H = 0 en(,
8pn+1 (32)
= 0 sobrel.
on

Las propiedades que deseamos extraer de este esquema semi-discreto son: un principio

del méximo, es decir, 0 < m < p"(x) < M para x € Q y la estimacién de regularidad
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N
kZ I p”H%Q(Q) < C. A primera vista no se sigue directamente un principio del méximo para
n=0

(32) dada la poca regularidad en tiempo de la velocidad discreta. Por esta razén, definimos el
siguiente esquema no lineal, cuyas soluciones seran denotadas, como antes, por p" para abreviar
notacion:

Inicializacién: Sea p° = pq.

Etapa n + 1: Dado p", calculamos p"t! € H?(Q) verificando el problema eliptico:

pn+1 _ pn
B — +wh - VKM prtt _ AAp"T =0 in Q,
(33)
apn-i-l
on lag
donde
) s o () € [m, M),
KMo @) =< m si pt(x) < m,

M si pttl(x) > M.
Mediante un argumento de punto fijo y compacidad se prueba existencia de solucién para (33).
Ademas, es facil comprobar que este esquema no lineal tiene estimaciones puntuales, es decir,
0 <m < p™(x) < M con lo que el operador de truncamiento puntual K2 p" = p". Entonces,
los esquemas (32) y (33) coinciden y se puede establecer el siguiente resultado de regularidad

gracias a la hipdtesis sobre el dominio discreto (H1) para (32):
N
Lema 4 Sea {w}}N_, c H{(Q) tal que /@Z ||w2‘H12ql(Q) < C. Entonces, eziste una inica
n=0
solucion p"t1 € H2(Q) de (32) que verifica:
0<m<p(x)< M, YxeQ, Vn,

N-1

Nk 1" 2y < €,
n=0

donde C > 0 es una constante independiente de k,h y A.

Ahora, realizando un estudio de error entre el esquema de la densidad totalmente discreto (29)

y el esquema semi-discreto (32), obtenemos

1 /h
n+l _ n4l - < (O=«]2
It = ey < O 2
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gracias a la regularidad de (p™), a las hipdtesis de aproximacion, las interpolaciones inversas del
espacio discreto de la densidad W), y la estabilidad (H4) entre los espacios (Wh,Mh). Como

consecuencia de este error y del principio del maximo encontrado para (p"), llegamos al

Teorema 5 Existen h < hg, k < ko satisfaciendo la condicion (S) tal que la densidad discreta

del esquema truncado (28)-(31) verifica las estimaciones puntuales
~ +1 T
0<m< pp™ <M.
Luego, como se menciond, podemos prescindir del operador de truncamiento en el sistema

de momentos discreto (30) resultando el esquema como sigue:

Etapa (n 4+ 1): Dado (ujy,py, pp) € Vi x My, x Wi,

1. Encontrar wj € /1\/71 tal que para cada (wp, @) € Vv, x Mh:

(Vg van) = (g, V-@n) = (Vup, Vo).

(34)
(v : w’,";,qh) _—
2. Encontrar pzﬂ € Wy, tal que para cada p, € Wh:
pptt —
S | + (wZ . VpZH,ﬁh) + A(vpg“,vm) —0. (35)

n+1l _n+l
Uy,

3. Encontrar ( ,pp ) € Vi x My, tal que para cada (@, pp) € Vi, X Mp:

<pzw’ﬁh) + % <W7u2+1 . ﬁh> + a(pZ“,uZH, ﬂh) )
+c(pz+1uz - AVpZ“,uZ“,'ah) = (pZ“f ”*1,1’%) + (pZH,V . ﬂh>,
(v L ph> —0, (37)
Por 1ltimo, usando una versién discreta de la desigualdad de interpolacion
Vol < Cllol 2 o102 gy Vo€ HA(9),
obtenemos las estimaciones fuertes para la densidad discreta:

Teorema 6 Bajo las hipotesis del Teorema 5, la solucion pZ'H del esquema discreto (35) verifica

las siguientes estimaciones, para h y k suficientemente pequenos:

N
i) A max IV il 720 < C, viii) \2 E:OMA;Z,OZHH%Q(Q) <C,

N-1
i) A S IV = )2y < C
n=0
donde C' > 0 independiente de h, k y A.
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Recopilando la informacion conseguida se puede establecer el siguiente resultado de convergencia

para el esquema (34)-(37):

Teorema 7 Supongamos las hipdtesis (S), (HO)-(H/). Entonces existe una subsucesion conver-
gente de (wp i, prk) (denota de las misma manera) cuando (h,k) — 0 hacia una solucion débil
(u, p) del problema (1), (2)-(3) en el siguiente sentido: (wp k, pni) — (u, p) en L2(0,T; L*(Q)) x
L?(0,T; HY(Q))-fuerte, en L>=(0,T; L*(Q) x (H'(Q) N L>(Q))-débilx y en L*(0,T; H}(Q)) x
LA0,T; WE3(Q))-débil. Ademds, m < pp < M.

Los resultados descritos en este capitulo se pueden adaptar, al igual que ocurria en el caso
bidimensional, al caso de consider una difusién no lineal —AV - (pVu) para dominios tridimen-
sionales.

Resulta natural a este nivel de informacién sobre el esquema plantearse si el esquema (34)-
(37) aproxima una solucién débil del problema de Navier-Stokes con densidad variable (6) cuando
el pardmetro de difusién converge a cero junto con los pardmetros de discretizacion (h, k) (como
ya se hizo en [35] y en [21] para el caso continuo). Por ello, en todo el capitulo hemos tenido
especial cuidado con la dependencia de las estimaciones con respecto a A. El grado de depen-
dencia encontrado nos aportaran la informacién suficiente para que las no lineales del esquema
(34)-(37) que depende de A vayan a cero cuando A va a cero, A — 0, junto con los pardmetros
de discretizacién en espacio y tiempo, (h, k) — 0. En el camino nos encontraremos que tenemos
que imponer una nueva condicion de estabilidad que relaciona los parametros de discretizacion

y difusién que reemplace la condicién (S) por
1 [h
S’ li \/7 =0,
() (A,h{lkT)l—m AV E
y completar (H2) con una propiedad de aproximacién adicional para Wj:
(H2') 1P = Inpll2 () < CR*P|pllwrarg) Vo WH2(Q).

Por lo tanto, una vez que sabemos como se comportan las estimaciones en relacién con el
parametro de difusién A nos queda por saber la compacidad para pasar al limite hacia una
solucién débil del sistema de Navier-Stokes con densidad variable (6). De nuevo acotamos una
derivada fraccionaria discreta para la convergencia fuerte de la velocidad teniendo cuidado con

la dependencia del parametro de difusion:

kznm M —up' HL2 <C(7"k)1/2 Vr:0<r <N,
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Obsérvese que las estimaciones de energia para la velocidad discreta no depende de la difusién
A, luego como se probé en el caso de A fijo, las aproximaciones de la velocidad son compactas
en L?(Q).

Por otro lado, ahora se pierde la convergencia fuerte de la densidad discreta en L2(0,T; H'(£2)).
Adn asi podemos pasar al limite en (28)-(31) reescribiéndolo en forma conservativa, luego

en particular en el término convectivo c(pzﬂ,uz,ﬂh) de (36) se transforma en ((pzﬂuz .

V)uap, UZ+1), y llegamos al siguiente resultado de convergencia:

Teorema 8 Cambiando (S) por (S") y extendiendo (H2) por (H2'), entonces existe una sub-
sucesion convergente de (Up g x, Phkn) cuando (h,k,\) — 0 hacia una solucion débil (u,p)
del problema de Navier-Stokes con densidad variable en el siguiente sentido: wp .\ — u en
L2(0,T; L*())-fuerte, en L>=(0,T; L*(Q))-débilx y en L*(0,T; H(Q))-débil, y pprr — p en
L>(Q)-débilx.

Capitulo 3

En el capitulo 3 nos centramos en extender los resultados obtenidos en el capitulo 2 al
modelo completo de difusién de masa (5) que incluye el término PRV <1Vp® Vp). Este
término introduce nuevas dificultades ya que las estimaciones fuertes de lapdensidad discreta
ahora no se consiguen de modo independiente de las estimaciones débiles para la velocidad y
la densidad sino que estdn relacionas. Por esta razon la estrategia de apoyarse en un esquema
truncado similar a (28)-(31) para posteriormente garantizar un principio del méximo para la
densidad aproximada no funciona. Ahora consideremos directamente el esquema sin truncar:

Initialization: Sea (u),p)) € Vj, x W), aproximaciones de (ug, po) cuando h — 0.
Etapa n + 1: Dado (u},p}, pi) € Vi, x My, x W,

e Encontrar wj € ,‘7;1 tal que para cada (wp, ) € Vh X Mh:

(Vg van) ~ (. V-@n) = (Vup, Vo).

" (38)
(V Swy), qh) = 0.
e Hallar pzﬂ € Wy, tal que, para cada pp € W
ot - Ph 1 1
hT? Pn | + C(“’Z? IOZJF aﬁh) + >\(va+ 7vﬁh) =0. (39)
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e Hallar (u "H,szrl) € Vi x My, tal que, para cada (up,pp) € Vi, x My:

un+1 _ un - 1 pn+1 _pn -
(,)g T h’uh>+2< I
_l’_

(it = AV ) + oo ) (40)

A2 <pn+1Vp"+1 ®vp;},wh> — ( ntl g ntl ah) +( ntl g uh)
h

(v : u”“,qh) —0. (41)

La técnica para probar estabilidad de este esquema serd mediante un proceso de induccién
en la etapa de tiempo bajo una serie de restricciones. En el paso de induccién primero se
prueba un principio del maximo discreto y, luego estimaciones débiles para la velocidad discreta
y estimaciones fuertes para la densidad discreta. Todo esto serd posible gracias al caréacter
secuencial que muestra este esquema.

Para este esquema asumimos las mismas hipotesis que para el capitulo 2 cambiando la
hipétesis de regularidad para los datos iniciales y de pequenez de los parametros (A, 1) de (HO)

por
(HO) Regularidad para los datos:
up € V,po € H(Q) con 0 <m < pg < M en Qy f € L*(0,T; L5/5(Q)).

Asumimos A/ suficientemente pequeno.

También se amplia la hipétesis (H2) sobre la triangulacién y los espacios discretos, por la desi-
gualdad inversa:

IVorllpay < Ch™ 3/4”VPhHL2 V pn € Wh,

y el error de interpolacion:
16— Tndllwraiay < ChHY 4 dlliay ¥ € HA(Q),

donde I, es el operador de interpolacién de H2(£2) en W,.

En una primera etapa, como ya se vié en el capitulo 2, bajo una acotacion de la veloci-
dad discreta en L2(0,T; H'(Q)) podemos asegurar un principio del maximo para la densidad
aproximada.

n
Lema 9 Fijadon : 0 < n < N — 1, si la velocidad discreta satisface kZ HVuth%%Q) < Cy

=0
con Cy > 0 independiente de h, k, n y A, entonces existen hy y ko (independiente de n) tal que
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para cualquier h < hg, k < ko satisfaciendo (S), el esquema de la densidad (39) tiene una tinica

solucion pZH que verifica la estimacion puntual

A continuacién, asumiendo estimaciones puntuales para las densidades discretas p} y p"+1

y acotaciones sobre las normas [[Appp|[z2) ¥ |[Vuyl|r2(q) establecemos dos desigualdades,
primero para HuhHHLQ y ||Vuh+1||Lz , luego para HVthHLz y HAhthHLz en funcién

de la densidad y la velocidad en la etapa n:

Lema 10 Fiyadon:0<n <N —1, suponemos

0<ﬁl§ph,p2+l<]/\\j en €2

1 7
m)‘zﬂkHAhPhH%Q( MkHVUhHLQ < Cu,

con Cq > 0 independiente de h, k, n y A. Entonces, existen hg y ko de modo que para
cualquier h < hg, k < ko satisfaciendo (S), el esquema (38)-(41) tiene una unica solucion

(pZJrl "H,pzﬂ) que verifica las siguientes estimaciones:

ol
| PZH n+1||L2(Q) H\F’uhHL? )‘FH\/ n+1 —uy, ”L2(Q)+ k‘”VUnHHB(Q)

12 2 1 (42)
< RO sy + 20k (A ||L2(Q) + HAhthLa(m),

A2
NIV 220~ MV ARy + AT = o)y + 5 A0, By < Co KIVaf gy
(43)
con C1,Cy > 0 independientes de h, k, n y A\, y € > 0 arbitrariamente pequeno (también

independiente de h, k y \).

Finalmente, imponiendo sobre las aproximaciones iniciales las hipdtesis de los lemas ante-

riores, se prueba por un proceso de induccién sobre la etapa tiempo, el siguiente resultado:

Teorema 11 Ezxisten hog > 0 y ko > 0 (dependiente de \) de modo que para cualquier h < hy,

k < ko, y para cada n =0,...,N — 1, el problema discreto (38)-(41) tiene una tunica solucion

(pZH, "H,pZJrl) que verifica las siguientes desigualdades:

O<m<pptt<M enQ (44)
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1 T n 1 Ny,
TNV ey + 1 o i e — (3 IV ARy + V7R )
VAR = u) e + 5 p MV = Al + I T
1 3 n 7 1 n
t3c, pN AR T2 i) < CLENF " 1 Zess () + enX kI Anph 720y + s k(I V |72 o)
(45)
donde C1 > 0 y Co > 0 son constantes independientes de h, k, n y A\, y € > 0 es suficientemente

pequeno (el cual aparece en el Lema 10).
Como consecuencia inmediata se consiguen las estimaciones globales de estabilidad.

n+1 n+1) del problema discreto

Corolario 12 Bajo las hipdtesis del Teorema 16, la solucion (p;

(38)-(41) verifica las siguientes estimaciones:
N
i) jmax gl < C, i)k [IVup|izg) < C
n=0

i) Znu"“—uhup <, iv) max (Il + AIVARIE ) < C.

N-1

v)w:Z 1A 2y < €0 06X S V(0 = g ey < €
n=0

donde C' > 0 es una constante dependiente unicamente de los datos (f,wug, po, i) € independiente

dek, h y A

De nuevo aprovechando la dependencia de las estimaciones que nos da el Corolario ante-
rior con respecto al parametro de difusion A, que de hecho son del mismo tipo que para el
esquema (34)-(37), se consigue la convergencia del esquema (40)-(41) hacia una solucién débil

del problema de Navier-Stokes con densidad variable (6), cuando (h, k, ) — 0.

Capitulo 4

En el capitulo cuatro realizamos un estudio de error de un esquema numeérico para el modelo
de difusién de masa (1) para el cual no proyectamos la velocidad del término convectivo de
la ecuacién de la densidad. Este estudio de error se apoyard en una solucién regular cuya
regularidad no exige que se verifique una condicion de compatibilidad no local de la presion en el
tiempo ¢ = 0 que depende de los datos iniciales ug, po y f(0) (ver [24]) que no se puede verificar en
la practica. Como consecuencia no se obtendra order de error optimal respecto del parametro de

discretizacién en tiempo. Esta condicién de compatibilidad es impuesta en los resultados de [15]
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para un esquema que usa el método de la caracteristicas para discretizar la derivada en tiempo
y el término convectivo del sistema de momentos y de la ecuaciéon de conservacion de la masa.
Probaremos estimaciones de error para las normas débiles conjuntamente para la velocidad y
la densidad de O(k'/? + h). Para las normas fuerte de la densidad se mantendra el mismo
orden. Estas estimaciones de error no optimales en tiempo se pueden mejorar imponiendo mejor
regularidad para la velocidad exacta, mas concretamente para la segunda derivada en tiempo
de la velocidad.

Consideramos las siguientes hipdtesis a lo largo del capitulo:

(S) Condicién de estabilidad: lim h — 0.
(h,k)=0 k

M ~ ~
(HO) Regularidad para los datos: Supongamos A UL pysean M > My 0<m<m tal

M_fv
que A mn

< i

Sea ug € VN H*(Q), po € Hy(Q) con 0 <m < pg < M en Q, f € L2(0,T; H'(Q)) y
fi € L2(0,T; L¥5(Q)).

Regularidad para la solucion: Supongamos que (p,u) es la unica solucién del problema

(1), (2)-(3) en (0,T) con la siguiente regularidad:

(p,u) € L®(0,T; H3(Q) x H*(Q)), pe L>®(0,T,H(Q))

(prsw) € (L®(0,T5 HY) N L*(0,T; H?)) x L™®(0,T; L*()),

(prt, oM *uy) € L2(0, T; L*(Q) x H1(Q)),
donde o(t) = min{1,¢}.
Suponemos aproximaciones (p), u9) de los datos iniciales (po, uo) tales que
lug — uh| < Gy h,
[Vup| < Go,
oo — pjl + Rllpo — Pl (o) < Gs ?,
0<m < p)(x) <M,

para (G; constantes positivas que dependen de ug, pg y 2.

(H2) La frontera de € es un poliédro tal que se verifique la dependencia continua en la norma

H? del problema de Poisson-Neumann.
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(H2) The triangulacién de €2 y los espacios discretos verifican:
e la desigualdad inversa:
Ipnll o @rwioy < CH2onllm) Vou € W,
e v los errores de interpolacion:
Jnt (e =l ooy + b o = anlo} < CRlalie Ya e HQ) N HK®),
inf [|p— pullz2) < Chllplae) VP e H'(Q)NLF(9Q),
PrEMp
inf {llp = pullrz@) + 10— ullmi)} < CR ol Vo€ H(Q),
PLEW
cinf (15— pllpeeyrwra) < ChY2 Al Vo€ HA(Q).
PrLEWY
(H3) Condicién inf-sup para (Vy, Mp).

(H4) Los espacios discretos en velocidad Vj, y en densidad W), satisfacen Vj, - Vj, C Wy, es
decir,

Va;, ui € Vi, aj,-ua; € W

Una primera observacién con respecto a las hip6tesis de compatibilidad (H4) de los esquemas
de los capitulos 3 y 4 y la hip6tesis (H4) de este capitulo es que son en cierto sentido opuestas,
ya que si por simplificar suponemos Vj = ’th y My, = Mh, llegamos a las siguientes inclusiones

desde el punto de vista de los grados de libertad de los espacios:
(Vh' Vi V- Vh)C(Wh'Wh)CMhC Vi,

(la dltima inclusién es debido a la condicién inf-sup entre (V},, Mp,)) las cuales son contradicto-
rias.
El esquema que presentamos es como sigue:

Inicializacién: Se define (u), p?) € Vj, x W), aproximaciones de (ug, po), cuando h — 0.

Etapa n + 1: Dados pp € Wy y up € Vj, hallar pZH € Wy, tal que para cada pp, € Why:

(A28 5) « hwa) sfanom) -0
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Dados pf, pp ™' € W), y ul € Vj,, hallar (u} ™, p}™) € V}, x M), tal que para cada (wp, pr) €

Vh X Mhi
un+1 —uy n n n — n n —
ot |+ (o g = AV - V)up ) + oo w )
. (47)
5 (V- upop upt ) = (o f ) @) + (P V),
(v : uz+1vﬁh) = 07 (48)
donde .
T
a(p,u,v) = u(Vu,V'u) — )\/ (p - —2i—m> (Vu)' : Vo dx
Q

con

— _ M —
M>M, 0<m<m talesque A m

< p.

Para conseguir las tasas de error del esquema procederemos por induccion en la etapa de
tiempo (con una idea similar a la desarrollada en el Capitulo 3 para probar la estabilidad del
esquema para el modelo de difusién de masa completo, con los términos de O(A?)). Un primer
resultado para la etapa n + 1, conocida la informacién de la etapa n, es el siguiente principio

del maximo discreto.

Lema 13 Para n = 0,...,N — 1, supongamos que HVuﬁlHLz(Q) < Cs, conl =0,...,n, siendo
Cs > 0 una constante independiente de los pardmetros de discretizacion (k,h) y de n. Si
imponemos la hipdtesis (S), entonces para h/k suficientemente pequerio (independiente de la

etapa de tiempo n) la densidad discreta del esquema (46) verifica
0<m<pit<M, Vi:0<I<n.

La obtencién de este principio del maximo es semejante al conseguido para el esquema (35),
que difiere del esquema (46), que ahora proponemos, en que la velocidad del término convectivo
no es proyectada en un espacio mejor de aq%f que tengamos que pedir a la velocidad discreta la
estimacién ||Vu%||L2(Q) < C en lugar de k Z HVuﬁlH%z(Q) < C. Esta regularidad en tiempo de

1=0
tipo £°° se alcanzara de la estimacién de error del esquema (46)-(48).

Definicion 14 Consideramos las siguientes definiciones:

€y = €du+ €iwu, donde g, =uj — Ihu(ty) y e .= Iyu(t,) — u(ty),
GZ = €dp + €ip, donde €dp = pz - Jhp(tn) Y Eip= Jhp(tn) - p(tn)y
€Z =edpt €ip, donde €d,p = PZ - th(tn) Y €dp = th(tn) - p(tn)'
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A continuacién usando el principio del méximo discreto anterior para la densidad discreta,
establecemos una desigualdad recursiva para los errores, que jugard un papel esencial en el

proceso de induccién.

Lema 15 Supongamos 0 < m < ph,ph+1 < M en Q. Entonces, para k y h suficientemente
pequeno y h < C'k (gracias a la hipdtesis (S)), existe una constante A > 0 (dependiente de la

solucion ezxacta) tal que se verifica la desigualdad
(/e ”“!!L2(Q)+AH6 M2ey) = (IVoEenl 2 + Al

m n mn n 3 n n
+(5||e el + gl e bl @) + k5 (mlVerFag + ANV 20))
< Ok (lleal2a) + AlehZa)) + k4 (1 el +AA||Ve"HL2<m)
+Ok(ue"+1||H1 e )+c(||e"+1||L2 e )

+C k2/t (Hptt(S)HHl(Q)' +loee() 1 Ze/5(0) + Hut(s)HLQ(Q)) ds

tn+1
+Ck/ (s — tn)Hutt(S)H%GN(Q) ds,
tn

(49)
donde C y C1 son constantes positivas independientes de los pardmetros de discretizacion (h, k)

y dependientes de la solucion eracta.

Al menos de manera formal, si suponemos que hemos probado la desigualdad (49) para
toda etapa de tiempo, la convergencia O(kl/ 2 1 h) es evidente para las normas débiles para la

velocidad y la densidad.

Teorema 16 Asumiendo las hipotesis (HO)-(H4) y la restriccion (S), se tienen las siguientes

estimaciones de error, para k y h suficientemente pequeno:

O<m<pptt <M, Vn:0<n<N-1, (50)

N—
m A
smax (Al e + Al e ) + D (Fllen™ = eulliam + lept - hllim)

1
0
= H1
+k Y (BHIVert Iz + AXIVe e ) < €k + b,
n=0
(51)
Ahora podemos mejorar el error para la densidad a normas de un orden més de regularidad
en espacio, donde la regularidad H? queda representada por el laplaciano discreto, cuyo error

entre el laplaciano continuo en t = t,11, —Ap(ty11), lo definimos como ezﬂ. El orden de

convergencia que extraeremos es el mismo que en el Teorema anterior.
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Teorema 17 FEn las hipotesis del Teorema 16, se tienen las siguientes estimaciones de error
para h suficientemente pequeno:

N-1

n+1(2 n+1l n+1 2
o5 196 ey + 20 195 ~ Dl +kZHe oy < Ck+1). (52)

Ademaés en este capitulo presentamos dos métodos iterativos para aproximar en cada etapa

de tiempo a (u ”H,pzﬂ,pzﬂ) donde en cada etapa de los dos métodos iterativos hay que

resolver sistema lineales de matrices constantes.

Método iterativo para el problema (46). Conocidos (p},u}), se aproxima pZH solucién

de (46) por la sucesién (pzﬂ’i)i definida como:

n-+1,0

Inicializacion: Sean p;, = Py

Etapa i+ 1: Conocido ,ohJr " hallar p"+1 2 Wy, tal que para cada py, € W

pn+1,i+1 o
- — 1,4+1 — 1 _
<hkhyph> + /\<VPZ+ o 7Vph> (PZ+ Zuhvah>~

Meétodo iterativo para el problema (47). Conocidos (ph,pZ'H, uy), se aproxima u’,;“rl

n+1, 7,)

solucién de (47) por la sucesion (u) definida como:

. 1
Inicializacién: Sea uZ+ 0 _ uj.

Etapa i+ 1: Conocido thr1 * hallar (u ZH ’H,pzﬂ 1y € v, x My, tal que para cada (@, o) €
Vh X Mh:

1i+1
Z+ " uZ v n+1 i+1 Va nt1,id1 V-

T
(((p;:"rl )\vpn—i-l) V)’U;Z+LZ ﬂh) o AA <pm _ PZ—H) (vun-i-l l) . V’ah

) N un+1,7, —ul
(V upppt! "“”,ﬂh) - (pZ“f "“,ﬁh) + <( i —pZ) "

(v ) uz+17iaﬁh> =0,
v M+
donde p%[ = —2i-m

Probaremos con un argumento de punto fijo que ambos esquemas iterativos convergen hacia

(n—l—l n+1 n—l—l)

Dy s Py cuando i — oc.

Capitulo 5
El capitulo 5 aborda la construcciéon de un esquema numeérico basado en la formulacién débil

del modelo penalizado de tipo Ginzburg- Landau (10) para aproximar el modelo de cristales
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liquidos neméticos (7). La idea general es una discretizacién en tiempo de modo que nos per-
mita obtener un esquema lineal para el cual se tenga una versién discreta de la desigualdad
de energfa (11). En esta ocasién, para conseguir un esquema estable y convergente para do-
minios tridimensionales, usaremos un algoritmo con una variable auxiliar para aproximar —Ad,
que debera considerarse en un espacio de elementos finitos relacionado mediante una condicién
de compatibilidad con los espacios de aproximacién de la velocidad y el vector de orientacion.
Sin embargo, en el caso de encontrarnos en un dominios bidimensional, esta hipdtesis de es-
tabilidad para el espacio de la variable auxiliar se puede debilitarse, manteniendo el esquema
correspondiente las mismas propiedades que para el caso tridimensional (linealidad, estabilidad
y convergencia).

Requerimos las siguientes propiedades para el dominio, los parametros de discretizacion y

los espacios de aproximacién:

(S) Condiciones de estabilidad:

(S1) lim =0 y (52 lim

_ - =0
(hk,e)—0 h2eb (hk,e)—0 €4

(HO) Hipétesis sobre los datos: ug € V, dy € H'(Q) con |do| = 1 en Q, I € H32(99) con
1] <1 sobre X

(H1) 99 es poliédrico tal que se tiene la dependencia continua en las normas W?2" x W™ del
problema de Stokes con r > 3 y la dependencia continua en la norma H? del problema de

Laplace-Dirichlet no homogéneo.

(H2) La triangulacién de € y los espacios discretos satisfacen:

e las desigualdades inversas:

IN

||V’Hh||Loo(Q) Ch_3/2|Vﬂh|, Vap € Xy,

ldnll o@rmwis@ < Ch™Y2|dpllgioy. Ydn € Dy,
e las propiedades de aproximacién:
lw — Jhul o) < Ch?||lullgs@), Yue H?(Q) N Hg(),
[ = Tyl @) < ChY2ullgaq), Vue HYQ),
Ip = Knpllz2) < Chllpllie), Vpe H'(Q)NL5(Q),
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ld — Ihd| 1) < Chlld|g2i), Vd e H?(Q),
Id = Ind||2) < Chlld| g1y, Vd e HY(Q),
1Zhd — dll 14y < C Y |d (), Vd € H'(),

donde Jy,, K, y I, son operadores de interpolacion en X, Qp, v Dy, respectivamente.

(H3) La condicién Inf-Sup (Xp, Q).
(H4) Condiciones de compatibilidad entre (X, Wy, Dp,):

(Xh . V)Dh CWy, v Dy C Wy

Para la resolucién numérica del modelo de cristales liquidos nematicos (7), como se dijo
antes, partimos de un esquema numérico sobre el modelo penalizado de tipo Girbung-Laundau
(10) con traza para el vector de orientacién independiente del tiempo que desafortunadamente
serd totalmente acoplado, pero por contra sera lineal:

Inicializacién: Sea (u),d)) € (X, D)) adecuadas aproximaciones de los datos iniciales
(ug, dp).

Etapa n+1: Dado (uy,dy) € (Vy, Dy), encontrar (uzﬂ,pzﬂ, 'wZJrl, dZ“) € Vi xQpxWpx
Dy, solucion del sistema lineal algebraico:

n+1 an

] - Uh ) + c((uz : V)uzﬂ,fah) + u(Vu"“, Vﬂh> (53)
—A((de)twg“,ah) n A(V : ﬁh,Fg(d}})) - (@;;H,v : ah) —0 Yay, e Vi,
(ﬁh, V- UZH) =0 Vpn € Qn, (54)

dn+1 . dn
(hkh,fvh> + (gt V)i, wn )+ (fodf) +wp @) =0 V€ Wi, (55)

(VdZ“,Vc_ih) = (wZH,C_ih), Vdy, € Dop,

1
dy oo = U,

(56)

donde 132“ = pZH + AF.(d}}) es una presién modificada debido a la introduccién del término
estabilidad de tipo potencial A(V S TI Fa(d;:)) v hemos introducido la forma trilineal c(-, ° )

definida por

c(u,v,w) = ((u-V)v,w) —i—%(V-uv,w), u,v,w € H}(Q),
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la cual es antisimétrica c(u, v,v) = 0, que suple que no se tenga la condicién de incompresi-
bilidad de manera puntual.

Debido a que en esta ocasién no podemos asegurar la restriccién |d”+1| <1, o al menos de
manera aproximada, que junto con la estimacién de HVd”Jrl | 22(q) proporcionarfa que ||dy nH| H(Q)
estd acotado independientemente de los pardmetros de discretizacién, realizamos un levan-

~ntl o~
tamiento discreto del problema (55)-(56) transforméndolo en djt! = dz+ + dj, tal que:

Eh’&ﬂ =lp vy <Vah, Vglh) =0 Vah € Dgy,.

A
k

,wh> + ((UZ+1 . V) Z,ﬁ)h> + ’)/<f5(dn) + w”“ ﬁ)h> =0 Vw, e Wy,
n+1 - ntl 5 —
(th th) - (wh ,dh) =0 Vdj € Dy,
. . ~n+1 .

Con ayuda de este levantamiento discreto probaremos que ||VdZ 22(0) (0 equivalentemente

+1 . . ‘ . . <.
Hdz | 71(2)) estd acotado independientemente de los pardmetros de discretizaciéon. Por otro
lado, se tiene que ||Eh|| 1 estd acotado respecto del pardmetro de espacio (y que no depende
de tiempo). De ambas acotaciones concluimos que HdZHH H1(Q) estd acotado uniformemente
respecto de n y h.

La prueba de la estabilidad del esquema (53)-(54) se realiza en dos pasos: en la primera etapa

probamos una desigualdad de energia discreta para el tiempo ¢t = ¢, 1, imponiendo estimaciones

sobre las aproximaciones de la etapa anterior como constata el siguiente resultado:
Lema 18 Supongamos que existe una constante Cy > 0 independiente de h, k y ¢ tal que
2 D)
lunllz2@) + AIVdpll72q) < Ca

Entonces, existen hg > 0, kg > 0 yeg > 0 tal que para cada h < hg, k < ko ye < g¢ satisfaciendo
la hipétesis (S), la correspondiente solucion (w) ™, d}t*, with) del problema discreto (53)-(56)

verifica la siguiente desigualdad:

(e 1200y = g3y + gt = w3y ) + kI Va2
~n+1 n w”
— )32y ) + MEIPA(FL(d) + w22

~n—+1

A(IVay " 2y — 1R 220y + 1 9(d
3 mn )\ 1 n mn mn .

+2)‘/Q(F5(dh+1) - Fu(dy)) + 52/9 <4(||dh+l||%2(ﬂ) - ”dh”%2(9))2 + Hth - h||L2(Q)> <0,

donde Py, es la proyeccion ortogonal en L?(Q2) sobre W,.
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En un segundo paso, por un proceso de induccién en la etapa de tiempo y bajo adecuadas

estimaciones de los datos iniciales que verifiquen las condiciones del lema anterior, llegamos al

Teorema 19 FEzxisten hg, ko y €9 de modo que para cualquier h < hg, k < kg y € < €g satis-

faciendo la condicién de estabilidad (S1), la correspondiente solucion (uy™, d} wi™t) del

problema discreto (53)-(56) verifica las estimaciones:

i) max [[uflzz(e) < C. u)kZHVu"“HLz <c,
+1 2
i) Z g = w200 < C, i) Ogne;andhnHl <c,

v)k Z 1Pu(f(d)) + w1 Zaq) < O, i) Z HdZ“ —dj|7p o) < C,

n=0
vit) Oglnzsz/QFg(dZ) <C mu) = / |t — Z”%Q(Q) < C,

donde C > 0 es independiente de (h,k,¢).

Una vez establecidas las estimaciones de estabilidad pasamos a los resultados de compacidad

para las aproximaciones. Para el vector de orientacién, acotando la derivada discreta

kZ

se obtiene la compacidad en L4(0,7; L"(2)) donde 1 <r <6y 1 < g < co. Para la velocidad

n-+1 n
d —dj <c

L3/2(Q)

tendremos que aplicar un resultado de compacidad por perturbacién dado por P. Azérad y F.
Guillen-Gonzdlez en [2]. Para ello, usando la estabilidad en W1(Q) x L>®(Q) (velocidad-

presién) del operador de Stokes discreto ([18]), podemos acotar las derivada fraccionaria:
k Z lup™*" = |l < C(rk)Y? vé6:0<6<T.

Observar que la norma en espacio de la derivada fraccionaria es en V}, (dual de V}) donde
Vi ={vy € Xy, : (V . vh,qh> =0, Vgn € Qn}, que se mueve con respecto al pardmetro de
discretizacion de espacio. La siguiente operacién sera encontrar una estimacién fraccionaria en
tiempo, a partir de la anterior, cuyo norma en espacio no dependa del parametro de espacio.
Usando el operador ortogonal Ry, : Vi — V definido como (V(Rhuh —up), V’U) = 0 para todo

v € V, encontramos

k Z [Ra(u™ — w13, < C (rk)Y* + C 2.
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Aplicando un teorema de compacidad por perturbacién tendremos que Rju} es una sucesion
compacta en L?(Q) cuando los pardmetros (k, h,e) — 0. De aqui, se prueba la compacidad de
la velocidad discreta en L?(Q).

Para pasar al limite en el tensor —\((Vd™)!w"*!, @;,), integramos por parte de modo discreto

consiguiendo
—A((Vd”)tw"+1,ﬂh) = —)\((Vd”)tVd"'H,ﬁh) + Términos residuales.

Luego, necesitamos probar que el gradiente del vector de orientacién converge fuerte al menos
en L*(Q). La idea original de la compacidad del gradiente del vector de orientacién (en el
caso continuo) se encuentra en [23]. Definimos el problema de minimos discreto asociado a

Zpke(t) = wZ“ + Ph(fe(dZ“)) y dpie(t) = dZH sit € (tn,tnt1] como

Inpe(@nre(t) = min  Jyp(dp)

dhEDlh

siendo Jp, 1. : Dy, — R definido como

Ihke(dn) = /

1
(2|th|2 + Fe(dn) — Znpe - dh)
Q

Dlh = {dh € Dy, : dy, =1, sobre aQ}

y el problema de minimos continuo

Jde) = (a1 7d)

siendo d el limite encontrado por la estabilidad de esquema y

J(d) = /Q <;|Vd\2 —z(t)-d).

T T
Relacionando estos dos problemas probamos que / Ihjee(dpe(t)dt — / J(d(t)) dt cuando
0 0

T t
(h,k,e) — 0. Por otra parte, ya sabfamos que / <zh,k,€,dh7k75> dt — / (zh,kys,dhkﬁ) y se
0 0

prueba que [ o (dhk,e) — 0 cuando (h, k,e) — 0. Luego, deducimos que el vector de orientacién
es compacto en L2(0,T; H*(Q)).

Finalmente, se llega al siguiente resultado:

Teorema 20 Supongamos las hipdtesis (S), (HO)-(Hj). Entonces, existe una subsucesion con-

vergente de aproximaciones definidas por el problema discreto (53)-(56) cuando (h,k,e) — 0
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hacia una solucion débil (u,d) del problema (7), (8)-(9), en el siguiente sentido: la velocidad
discreta en L*(0,T; L?(Q))-fuerte, en L>®(0,T; L?(Q)x)-débilx y en L*(0,T; Hy(Q))-débil y el
vector de orientacion discreto en L?(0,T; H'(Q))-fuerte y en L>(0,T; H(Q))-débilx.

Capitulo 6

En este capitulo presentamos dos esquemas numéricos para el modelo de campo de fase para
un proceso de solidificacién de una mezcla binaria con propiedades térmicas (14) junto con las
condiciones de contorno (15) e iniciales (16). El primer esquema que construimos es no lineal,
incondicionalmente estable y convergente. Concretamente, proponemos una discretizaciéon no
lineal de la ecuacién para la variable campo de fase (14);, siendo las dos restantes ecuaciones
(para la temperatura y la concentracién) desacopladas y lineales. Con este esquemas recupe-
ramos las estimaciones obtenidas en el trabajo tedrico [4] de existencia de solucién para (14) de
J.L. Boldrini y G. Planas.

En el segundo esquema consideramos una discretizacién lineal de la ecuacién que caracteriza
el campo de fase, llegando a un algoritmo totalmente lineal, condicionalmente estable y conver-
gente. Luego, la linealidad de la ecuacién de la variable campo de fase nos cuesta una restriccion
entre los pardmetros espacio y tiempo. Si observamos los algoritmos numéricos desarrollados
para los modelos de campo de fase descritos anteriormente, vemos que todos ellos resultan ser
no lineales aunque estos esquemas son propuestos incluso para modelos mas simples que el que
consideramos en esta tesis. La estabilidad de este esquema lineal es consecuencia de la similitud
que presenta la ecuacién para el campo de fase (14); y la del vector de orientacién del modelo
de cristales liquidos penalizado (7)2 dado que el potencial f(¢) = 2—;@52 —1)¢ asociado a (14)
es similar al término de penalizacién de (7)s.

Para ambos esquemas usamos un operador de truncamiento discreto para preservar el prin-
cipio del maximo de la variable de concentracién.

Sea una particién uniforme del intervalo temporal [0,7] de paso k y sea X}, el espacio de
elementos finitos continuos que sobre cada elemento de la triangulacién es un polinomio de
grado 1. Entonces el esquema no lineal que presentamos se describe como:

Inicializacion: Sean ( 2, 69, c(})l) € X x X x X, determinadas aproximaciones de (¢g, 0o, ¢o)
cuando h — 0.

Etapa n+ 1: Dado (¢}, 0}, cf) € Xp x Xp, x X,
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Hallar ¢Z+1 € X}, como la solucion del problem:

e <¢”+1k ol h) <V¢n+1 v$h) ((¢n+1) ) -
— 1(#1’3%) + g(eg —0Oacy —0p(1 — cZ),a:h> Va, € Xp.

Hallar 0”+1 e Xpycy nt1 ¢ X}, como las soluciones de los problemas variacionales desacopla-

dos:

0n+1_0n n+l _ . n
o (hk’ ) (Kl(gé"“)VH"“ Va:h> =5 <¢ Z Oh xh) Vrp € Xp, (58)

TL+1 n
—C
(fbk’w;h> + Ko (Ve Vay ) = KoM ([e]r (1 = [6f1r)Veh, Van)  Van € Xy (59)

Aqui, KF = K1+ k y []7 es un operador de truncamiento por nodos definido como sigue: dado

xp, € Xp, entonces [xp]r € X}, tal que:

xzp(x;) st xp(x;) €(0,1],
[zplr(xi) =4 0 si xp(x;) <0,
1 si ap(x;) > 1,
donde x; son los nodos de la malla 7j,.
ot o= o

’ , —Apgiten (57), 071! en (58) y ¢t en

Tomando como funciones test

(59), llegamos a las estimaciones:

Lema 21 La solucidon discreta del esquema (57)-(59) verifica las siguientes estimaciones:

N-1
) g Wil <G 30~ il <O
¢n+1 _ ¢n
1) k Z . <C, w) 0I<I71121<><:]\[ 10k 22(0) < C,

v) Z 103 = 0711720y < C, m)kZ I/ K (@p VO 720y < C,
m'i) ,max HCZHLQ(Q) <C, v4is) Z leptt — CZH%Q(Q) <C,

i) k Z Ve 72 < C.
donde C > 0 depende unicamente de los datos (¢, 0o, o).

A continuacién, definiendo ¢p 1 01 ¥ Chx como funciones lineales y continuas que toman

los valores d:h’k(tn) = ¢}, 5}1,1@(%) =07 y ¢pi(tn) = ¢} respectivamente, probamos el
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Lema 22 Se tienen las siguientes estimaciones:

T ~
/O 100801 (0) 21 gyt < C. (60)

T
| 1040 By dt < €. (61)

donde C > 0 es independiente de (h, k).

Como consecuencia de los Lemas 21 y 22, se puede probar mediante un resultado de com-

pacidad las estimaciones fuertes cuando (h, k) — 0:
O — 0 fuerte en L2(0,T; H'(Q)),

Chi — ¢ fuerte en L%(Q),
dni — ¢ fuerte en L2(Q).

Usando la definicién del laplaciano discreto y la compacidad en L?(Q) mejoramos la com-

pacidad en L?(Q) de {ﬁgh,k}h,k a
{th,k:}h,k es compacta en LQ(O, T, Hl(Q))'

Finalmente, de la compacidad de {¢j, x}nx en L?(Q) conseguimos el siguiente resultado para

el operador de truncamiento:
Proposicién 23 Se tienen las siguientes convergencias

[enklTs [Chilr — Toc  en L*(0,T; L*(Q))-fuerte, cuando (h,k) — 0. (62)
donde T} es el operador de truncamiento definido como:

c(z,t) si c(x,t) €0,1],
Toc(z,t) =< 0 si c(x,t) <0,
1 si c(x,t) > 1.
Por ltimo, para pasar al limite en (59) no apoyamos en el siguiente resultado que asegura que
la funcién limite ¢, a la que converge la concentracién discreta, verifica el principio del maximo

0 < ¢ <1 eliminando el operador de truncamiento 7 01 de la funcién limite de la concentracién

discreta.
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Lema 24 Los dos siguientes ecuaciones son equivalentes:

= Ko(Ac+ MV - [Tie(1 — Tge)Ve))

0<c¢<1, ¢ =Ky(Ac+ MV -[c(l—-c)Ve))

n (57) y (58) se pasa al limite de forma estdndar.

1
Ahora, definimos f(¢) = 22

Entonces, proponemos el siguiente esquema lineal:

en @, (63)

en Q,

1
(¢ — 1)¢ asociada a la funcién potencial @F(gﬁ) = (¢* — 1)

Inicializacién: Sean (¢9,09,¢9) € X, x Xp, x X), determinadas aproximaciones de (¢, 6, co)

as h — 0.
Etapa n + 1: Dado (¢},07,c}) € Xp, x Xp, x X,

Hallar ¢"+1 € X}, como la solucion del problema:

n+1 n
(d) = h)+c1y(v¢2+l’wh>
1

(64)

= == (F(oh),n) + E%(ez —Oach — Op(1 = i), wn), Van € X

Hallar 9"“ eXpy c"le € X} como las soluciones de los problemas desacoplados:

0n+1 o 971 o . l ¢n+1 o ¢n
CV (hkhvxh> + (Kl( h-‘rl)veh—i-l’vxh) — _5 %

k

awh> ) v-’Bh € Xh: (65)

vt en
(hh,xh + K, (VCZH,Vxh) - —KQM([CZ]T(l— [c’g]T)ws;;,vxh), Y, € Xp. (66)

Al igual que en el caso de cristales liquidos, la estabilidad del esquema (64)-(66) se prueba

por un proceso de induccién en la etapa de tiempo n en dos pasos. Primero, asumiendo cierta

restriccién sobre los parametros de discretizacion y acotacién para la solucién discreta en la

etapa n encontramos las siguientes desigualdades tomando como funciones test f(¢}) — Aqbzﬂ,

n+1 _ n

A n (64), 07 en (65) y ¢} en (66).

Lema 25 Supongamos la restriccion:

lim k/h =
%) ko =

Si existe una constante Cy > 0 (independiente de n) tal que

2
aCy,

[ 87”9;”’%2(9) + llehlZ2
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Entonces, existen kg, hg > 0 suficientemente pequenos, pero independiente de n tal que para

cualquier k < ko y h < hg, se tiene las siguientes desigualdades

( n n 1 n n
165 (@) = IRl o) + 516" = SRl o)

aC n n n
%ZQV(He e — 10 2y + 105 = ORl3a)
n+12 2 2 1 n+1|2 n|2\2
42/(<|¢+r = (R 17+ (165 — 6P
(bn-f—l _(bn OéCVk‘
ok 412

k
+ e lF6R) = AT By

L2 ()
< Ck|71* + C k| ¢kl 720 + C Ellcill720) + C'k,

_'_

" I ET (@, VO I 0

n+1

e 72y = il Zay + ll™ = chllZa) + k KallVey ™ G2 (q) < CRIVORIT2(q)  (68)

Claramente, si admitimos que las desigualdades (67) y (68) se tienen para cualquier etapa
de tiempo n basta aplicar un lema de Gronwall para establecer las siguientes estimaciones de

estabilidad del esquema lineal (64)-(66):

Lema 26 La solucidn discreta del esquema (64)-(66) verifica las siguientes estimaciones:

N—-1 n+1
.. n n o T gn
i) o ax, ol < C, i) > llopt = Sl < C, @)k Z e <C,
n=0 L2(9)
N-1
w) max_ [fhllLae) <€, v) ZO 03 = OlFe) < C, vk Z% I/ EF@VOT 720 <
vii) Jnax e < ¢, ) Z lep™ = cilliz@) < C, @)k Z IV 1720y < C,

donde C' > 0 es independiente de h, k.

La convergencia del esquema lineal (64)-(66) se realiza de forma totalmente andloga a es-

quema no lineal (57)-(59)

Capitulo 7

En este capitulo, presentamos algunas simulaciones numéricas del modelo simplificado de
cristales liquidos nematicos (7)-(9), usando el esquema numérico (53)-(56) desarrollado en el
capitulo 5.

La literatura sobre simulaciones numéricas de cristales liquidos no es muy amplia. Los
tests numéricos que realizamos son extraidos del trabajo [30] de Liu y Walkington, con los

que comparamos los resultados. Estos tests exhiben el curioso comportamiento de los flujos
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de cristales liquidos en presencia de singularidades. Ademads, también, mostramos otros tests
numéricos inspirados en los realizados en [13], aunque con distintas condiciones de contorno.

Todos los ejemplos numéricos que se exhiben son computados en un dominio bidimensional
Q= (—1,1)x(—1,1). El par velocidad y presién (u, p) es aproximado usando el par de elementos
finitos estable conocido como mini-elemento (Py 4 burbuja,P;). El par vector de orientacién y
su laplaciano (d, —Ad) es aproximado usando el par de elementos finitos (P1,Py). Ademas, estos
ejemplos son calculados sobre una malla uniforme de 32 x 32 y 160 pasos por unidad de tiempo
(ie. h =1/16 y k = 1/160). Como en [30], seleccionamos los pardmetros A, v y v iguales a
uno. Respecto al pardmetro de penalizacion ¢ asociado a la funcién f, haremos varias elecciones.
Veremos que para ¢ = 0.05 (elegido en [30]) el esquema (53)-(56) es no convergente para ninguno
de los ejemplos propuestos. Sin embargo para € = 0.06 y € = 0.07 nuestros resultados muestran
el mismo comportamiento cualitativo para el vector de orientacién que los de [30] aunque para
g€ = 0.06 la velocidad muestra un comportamiento distinto, siendo andlogo para € = 0.07. Las
nuevas experiencias que proponemos son ejecutadas para ¢ = 0.06 y € = 0.08 para un vector
de orientacién inicial con dos singularidades que se repelen hasta entrar en equilibrio con las
condiciones de contorno impuestas para el vector de orientacién (son las que provienen del
vector de orientacién inicial) y € = 0.06 para una vector de orientacién con una singularidad en
el origen de coordenadas de orden cuatro para el cual observamos como la singularidad original
de descomponen en cuatro singularidades que se van separando a las esquinas del dominio (2
donde permanecen.

Como hito a destacar son los tiempos de célculos para los tests de [30] de una unidad de
tiempo, donde nuestro esquema, lineal y totalmente acoplado, es con diferencia mucho menos
costoso que el propuesto en [30], que es no lineal usando elementos finitos globalmente diferen-
ciables para el vector de orientacion.

La resoluciéon numérica se lleva a cabo con la ayuda del software de Freefrem++ usando una
formulacién penalizada en norma L? de la presién en la ecuacién de la divergencia discreta nula
siendo el pardmetro de penalizacién del orden de 107, El sistema lineal que queda en cada
etapa de tiempo es resuelto usando el método directo de sistemas lineales LU.

Los célculos han sido ejecutados con un procesador Intel(R) Core(TM)2 CPU 4300 @ 1.80
GHz 1.80 GHz.
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convergence of fully discrete schemes
for 2D viscous fluids models with

mass diffusion



Unconditional stability and convergence of fully discrete schemes

for 2D viscous fluids models with mass diffusion

F. Guillén-Gonzalez*, J.V. Gutiérrez-Santacreu’

Abstract

In this work we develop fully discrete (in time and space) numerical schemes for two-
dimensional incompressible fluids with mass diffusion, also called Kazhikhov-Smagulov mo-
dels. We propose at most H!-conformed finite elements (only globally continuous functions)
to approximate all unknowns (velocity, pressure and density), although the limit density (so-
lution of continuous problems) will have the H2-regularity. A backward Euler in time scheme
is considered decoupling the computation of the density from the velocity and pressure.

Unconditional stability and convergence of schemes towards the (unique) global in time
weak solution of models are proved. Since a discrete maximum principle cannot be ensured,
we must use a different interpolation inequality to obtain strong estimates for the discrete
density, from the used one in the continuous case. This inequality is a discrete version of the
Gagliardo-Nirenberg interpolation inequality in 2D domains. Moreover, the discrete density

is truncated in some adequate terms of the velocity-pressure problem.

2000 Mathematics Subject Classification. 35Q35, 656M12, 65M60.

Keywords: Kazhikhov-Smagulov models, Finite Elements, stability, convergence.

1 Introduction

1.1 The models

Let Q C R? be a bounded domain with boundary I' that is regular enough, and [0,7] (0 < T <
00) the time interval of observation. We will use the notation @ = Q x (0,7), ¥ =T x (0,7).
We are going to study two models, which can be deduced from the following compressible

Navier-Stokes system in @Q:

{ (p) + V- (pv® v) — uV - (¥(p) Vo) — (n+ NV(V-0)+ Vg = pf, O

pt+V-(pv) = 0,

“Dpto. E.D.A.N., University of Sevilla, Aptdo. 1160, 41080 Sevilla, Spain. E-mails: guillen@us.es,
juanvi@us.es. This work has been partially supported by the Spanish project BFM2003-06446-C02-01.
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where v: Q — R? is the (compressible) velocity field, ¢ : Q — R is the pressure, and p: Q — R
is the fluid density. Moreover, f: Q — R2 is the external force, u and A are viscosity coefficients
which are assumed to be constant and such that p > 0 and 3\ + 21 > 0 (hypothesis known as
the Bulk viscosity) and ¥ : R — R™ is a given positive function.

From now on, a ® b denotes the tensorial product matrix of two vectors a = (ai)%zl, b=
(bi)2_,, with coefficients (a® b); ; = a;b;. We use bold-face letters for vectorial elements.

The first model which we will study was derived and analyzed by Kazhikhov and Smagulov
[12]. Assume that ¥(p) = 1 and that the compressible velocity of the fluid can be decomposed

into a potential and an incompressible part (see [3, 4]):
v=u—AVlogp with V-u=0. (2)
Therefore, system (1) becomes:

(pu)t + V- ((pu—AVp) @ u— Au® Vp) — pAu
1
+A2V . (pr ® Vp> +VP

pf in@Q, (3)

V-u=0 in Q, pe+V-(pu—AVp) = 0 inQ,

where P = q — A\py + A2 + A)Alog p is a potencial function. In this paper, we will focus
on a simplified version of (3) which is obtained by eliminating the A2-term. In fact, using the
equalities

(pu)e + V- ((pu— AVp) ® u) = pu + ((pu — AVp) - V)u (4)

(thanks to (3).), and

AV - (u®@Vp) = —Au-V)Vp=-AV(u-Vp)+ AV (p(Vu)), (5)
V-(pu) = u-Vp (6)

(thanks to (3)), this simplified model is rewritten as follows:

pus + ((pu = AVp) - V)u—V - (uVu—Ap(Vu)') + Vp = pf in Q,

V-u=0 inQ, pt+u-Vp—AAp=0 in Q,

where p = P — Au - Vp is again another potencial function.

The second model of Kazhikov-Smagulov type which we will consider in this work was
analyzed by D. Bresch, E.H. Essoufi and M. Sy ([3]). Such a model can be deduced from (1)
imposing (2), ¥(p) = p and p = A, and using again equalities (4)-(6), it is written as:

pus + ((pu— AVp) - V)u— AV - (pVu— p(Vu)') + Vp = pf inQ,
V-u=0 in Q, pt+u-Vp—AAp=0 in Q.

60



This model is related to a pollution problem [3, 4].

Note that the main differences with respect to the previous system (3) are that now the
A2-terms are all of potential type (included into the modified pressure p = q — )\(X + A)Alogp)
and the diffusion becomes nonlinear, changing —uV - (Vu) by —AV - (pVu) in the momentum
System.

We complete these models with the following boundary conditions

dp
uy =0, --| =0 (9)

(where n(x) is the outwards unit normal vector on the boundary I') and the initial conditions

p(:r;, 0) = p0($)a ’U;(iB, O) = "1’0(37)7 z e Q. (10)

1.2 Known results

Concerning the reduced model (7), Kazhikhov and Smagulov ([12]) proved, via a semi-Galerkin
method, existence of global weak solutions under the following hypothesis about the viscosity
and diffusion coefficients A < 2u/(M —m) and existence and uniqueness of local strong solutions
(which is global in time in the 2D case). On the other hand, Salvi([13]) proved existence of weak
solutions in non-cylindrical domains. Secchi ([15]) studied the case Q2 = R3, proving existence
and uniqueness of strong solutions, using a fixed point argument.

With respect to the full model (3), Beirao da Veiga ([2]) and Secchi ([14]) established local
existence of strong solutions by means of linearization and fixed point argument. In ([14]), Secchi
proved existence and uniqueness of global weak solutions in 2D domains imposing smallness
on A\/p and the asymptotic behavior towards a weak solution of the Navier-Stokes problem
with variable density. Recently, in ([10]), by means of an iterative method, existence of strong
solutions (and some error estimates) has been proved.

For the pollutant model (8), Guillén-Gonzélez and Sy prove existence of strong solutions of
(8) and find some error estimates by means of an iterative method in [11].

From the point of view of numerical analysis, a numerical algorithm is developed in [6, 7], for a
compressible version of a Kazhikhov-Smagulov model, without using explicitly the decomposition
of the compressible velocity in terms of an incompressible part. The scheme under consideration
uses a discrete method of characteristics in time and finite elements in space. The authors get
optimal error estimates assuming enough regularity for the continuous solution. It is important
to remark that in these works, the analysis of unconditional stable, convergent schemes towards

weak solutions is not considered.

1.3 Main results of the paper

The task of this paper is to design fully discrete schemes, unconditionally stable and convergent,

by using only C?-finite elements for the two problems (7) and (8).
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The main question to treat is: Is it possible to approxzimate the weak solution of mass diffusion
problems with only C°-finite elements?

The answer is positive for models (7) and (8). Moreover, unconditional stability will be
founded.

We will look for schemes using first order finite difference in time and C%-finite elements in
space. The key idea is to find an adequate reformulation of continuous problems, adding “sta-
bilized terms” such that the corresponding Galerkin finite element gives us an unconditionally
stable scheme. Namely, in the case of problem (7), (9) and (10), we will arrive at the following

variational formulation: a.e. t € (0,7),

(jtp@),ﬁ) + (u(t) - V(). ) + A(V(t). V) =0, vpe H'(©).

where we have defined

alp,u,v) =pu(Vu, Vo) + A M+m—p (Vu)': Vodz
(p..0) = (Ve vo) 1 | (=5

() = [((0- %) - (w5

which verify adequate properties of continuity and coercivity for a(-,-,-) and antisymmetric for
c(+,-,-), see (24), (25), (26) and (27) below.
Then, if we choose a partition of (0,7") of parameter k, (t, = nk), and take (W}, Vi, M},) C

and

H' x Hfl) X L% finite-element spaces for approximating the density, velocity and pressure, the
following scheme is proposed:

Initialization: Let (u), %) € (V4, W}) be suitable approximations of (ug, po), as h — 0.
Time step (n+ 1): Given (u},p}, pr) € Vi x My, x Wy,

1. Find pZ'H € Wy, such that for each pp, € Wp:
pptt — p .
P )+ A (Vo Vo) = = (i - Vi),
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2. Find (uZ“,pZH) € Vj, x My, such that for each (up,pr) € Vi, x Mpy:

un+1 —ur - 1 pn—f—l T — pn T - ~
(mmT h : h’uh> _{_5 ([ h ] k [ h] ’uz+1.uh +a<[Pz+1]T7uZ+1auh)

+C(Ioz+1’u‘2 - )‘vaJrl? uZJrl? ,'_l/h) - (pZJrl? V- ﬁh) = ([pZJrl]Tf n—i—l’ ﬁh)?

(V . uZH,ph) =0.

Defining in [0, T the step functions uy p, phk as w p(t) = u and py p(t) = pj on (tn—1,ts],

respectively, we arrive at the following main result.

Theorem 1 Letug € V, pg € H%(Q) (see (11) and (12) in the next section) satisfying (13) and
fe L%0,T; LP(Q)) with p > 1. Suppose the constraint on the constants A\, g, m and M: X\ <
2u(M—m)~L. Then, the whole sequence (uy p, pn ) converges towards the (unique) weak solution
(u, p) of problem (7), (9) and (10) (see Definition 3), strongly in L*(0,T; L*(Q) x H(Q)), weak-
star in L>°(0,T; L*(Q) x HY(Q)) and weakly in L*(0,T; H5(Q)) x L*(0, T; Wh4(Q)).

Remark 2 The fourth term of the velocity-pressure scheme c(p;”rlug — AVpZJrl, u2+17 ﬂh) can

n+1

be changed by c(pzuz — )\VpZH, uy, ,'Hh>, keeping all results of this paper.

After a justification of the choice of the scheme made in Sections 2 and 3, we give the proof
of the previous convergence Theorem from Sections 4 to Section 7. An analogous result for the
second problem (8), (9)-(10) will be also obtained in Section 8. Moreover, a generalization of
this second model will be presented in Section 9, obtaining an unconditionally stable scheme,

but its convergence remains as an open problem.

2 Analysis of a Kazhikhov-Smagulov model

In this section, we focus on system (7), completed with the boundary conditions (9) and the
initial conditions (10). The unknowns are: p: Q — R the density, u: Q — R? the (averaged)
velocity of the fluid and p : @ — R a potential function (modified pressure).

Standard notation is adopted for the Lebesgue spaces, LP(2), and the Sobolev spaces,
WmP(Q) or H™(S2).

To define the concept of weak solution, we introduce the following function spaces:
H={u:ucL*(Q),V-u=0in Q,u-n=0onT},
V={u:uc H)(Q),V -u=0in Q}, (11)

1@ = {vip e 2@, [ porge=o}.
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H%(Q) = {p e H*(Q) : %’; =0 on F,/Qp(:n)dm: /ng(w)d:r:}. (12)

In V, the ||ul| g1 () and [|Vul|12(q) norms are equivalent, which we will denote by || - . H%(9Q)

1
is an affine space, H3(Q) = |Q|/ po(x)dx + H]%,’O(Q) where
Q

H]QV,O(Q) = {p € HQ(Q) : g—fb =0 on OQ,/Qp(a:)dm: 0}.

In the HZ () space, the Vol 1 () semi-norm is equivalent to the [|Apl|z2(q) semi-norm.
We denote the norm and the scalar product in L?(€2) by | - | and (-, -), respectively.
Throughout this work, we assume the hypothesis (strictly positive density)

0<m<po(x) <M in Q. (13)
Definition 3 A pair (p, u) is called a weak solution of (7), (9)-(10) in (0,T) if:
a) we L>(0,T; H)NL*(0,T; V),
p € L>®(0,T; H'(Q)) N L*(0,T; H%(R)), 0<m < p(z,t) < M, a.e. (z,t) € Q.

b) V¢ € CY([0,T]; V) such that ¢(T) =0,

/OT {T‘ (w96 + (pu—AVp) - Vo) + (4Vu— Ap(Va)', Vo ) } dt
= / (p£.0) dt + (pouo, 6(0)).
0

c) The equation of mass diffusion (7). is verified almost everywhere in Q.
Remark 4 As usual, the pressure p can be obtained by using b) and de Rham’s lemma ([17]).

The existence and uniqueness of (global in time) weak solutions of (7), (9)-(10) was demon-

strated in [12, 1].

Theorem 5 Let ug € H, py € HY(Q) satisfying (13) and f € L?(0,T; LP(Q)) with p > 1.

Suppose the constraint on the constants A\, p, m and M :
A< 2u(M —m) L, (14)
Then, there exists a (unique) weak solution of (7), (9)-(10) in (0,T).

For the reader’s convenience, we will give an outline of the existence proof, via a semi-Galerkin
method. Here, we introduce a little difference with respect to the proofs given in [12, 1], which
consists in replacing the interpolation inequality ”V'OH%‘*(Q) < Clipllpee ()| Ap| used to get the
L>=(0,T; HY(Q)) N L2(0,T; H*()) regularity for the density by the Gagliardo-Nirenberg inter-
polation inequality in 2D domains ||V,0||%4(Q) < C'|Vp||Apl, in order to avoid the use of the
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maximum principle for the density. Moreover, we think that this proof will help to the reader
to understand the statement of our scheme.

Proof. We only argue in a formal manner. Let us suppose that we have a regular enough
solution (p, u) of (7), (9)-(10).

First, thanks to the maximum principle applied to the parabolic problem for the density (7).

and using (13), we can deduce that
0<m<p(z,t) <M inQ.

To obtain a priori estimates for the velocity we need to add to the momentum equation (7),
multiplied by v € V and integrated over €2, the density equation multiplied by %u v and

integrated over 2, resulting the variational equality:
(put, v) + (((pu — AVp) - V)u, ’U) + (,LLV’U,— Mo(Vau)t, Vv)

o)~ o350 5w0) = o).

Choosing as a test function v = u, we get the following energy relation:

1d

~— [ plulPdx+ pllul* = )\/ p(Vu)' : Vudz + <pf, u) (15)
2dt Jq Q

Making use of the equality

(Vo) : Vodz=0, VoveV,
Q

one can rewrite the first term on the right-hand side of (15) as

/ﬂp(Vu)t :Vudz = /Q (p - M;m) (Vu)' : Vudz.

Since m < p < M, the inequality | p — (M +m)/2 |< (M — m)/2 holds almost everywhere in
Q; therefore

M—m
[ ul|?.

)\/ p(Vu)' : Vudz < \ (16)
Q

A
Imposing the restriction on the coefficients, A < 2u(M — m)~!, this gives p — §(M —m) =
p1/2 > 0. Then, from (15), (16) and the upper bound for the density,

d
| ol -+ ol < 2(of w) < ellulP + oA (17)
Q

where p > 1. Therefore, integrating (17) over (0,¢) V¢t < T and applying the lower bound of the

density, we arrive at the estimate
2 g 2
m t t)||%dt < C.
o (w0 + [ u(o)]*a <

Multiplying the density equation (7). by —Ap, bounding the convective term thanks to the 2D

interpolation inequalities
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lull i) < Clul Va2 and Vol ) < C|Vol2|2p]"/2,

(which are a consequence of Gagliardo-Nirenberg’s inequality and the [|ul|g1(q) and [Vulp2(q)
norms and the [|Vpl| g1 (o) and |Ap| semi-norms are equivalent), we arrive at
1d
5 77| VPP A" < Cllullal| Vollal Apl < el Apl* + C |uf| Vuf*| V|,
Therefore, from Gronwall’s Lemma, we get the estimate

T
2 2
m + <.
ogtagx |Vp(t)] )\/O |Ap(t)|“dt < C

Through a quite technical argument ([1]), one arrives at the following estimate of the “fractional

in time derivative”
T—6
/ lu(t + 6) — u(t)|>dt < C 62, V5 e (0,T).
0

This estimate implies ([16]) compactness for the velocity w in L?(0,T; L?(2)). From here, it
is rather standard to obtain existence of weak solutions of ([1]), using for instance the Faedo-
Galerkin method. O

3 Design of the numerical scheme

This section is devoted to designing an unconditionally stable, convergent scheme, using the
backward Euler scheme in time (considered for simplicity a uniform partition of [0, 7] with time
step k = T/N: (t, = nk)"=}'), and finite elements in space.

In order to get an easy implementation, we are going to define a linear scheme which decou-
ples the problems for (u,p) and for p in each time step. Concerning the space discretization,
we only choose at most H'-conformed finite element spaces for the density, velocity and pres-
sure, which we denote by (Wj, V},, My,) C H' x H(l) X L% with the density space W), generated
by P; continuous finite elements and velocity-pressure spaces ( Vy,, My) satisfying the stability
Babuska-Bezzi condition ([8]).

To start of these requirements, a first attempt would be the following scheme.

Let pj € W), and wy; € V}, be given.

1. Find pZ'H € Wy, such that for each pp, € Wp:

(phﬂk‘ph ph) (Vo V) = = (uh - Vo). (18)
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2. Find (uZ“,pZH) € Vj, x My, such that for each (up,pr) € Vi, x Mpy:

wy ™ — 1 1 1 1
At )+ (G - AVA) V) - (7 w)
—i—(uVUZH _ /\pz-l-l(vuz-&-l)t’vﬁh) _ <p2+1fn+1’ ﬂh>,

(V) =0, (20)

h n+l _ 1 e ) dt

where f ? f(t) dt.

tn
n+1 )

Remark 6 The approzimation of (puy)(tn+1) by pZu is justified by means of the equa-

k

un—i—l Y 1 n+l  n
(l)z h - h’uz+1>+2(ph - ph’uz+1_uz+1

L[ o w1 = gl ? ol —
=5 A e K
2\ Ja k Q k

which is a discrete version of the continuous relation:

iuu +1 4 uU-u —1d/ |ul?
Pat™ 2 \at” ~2dt oMM

Throughout this work we assume the following hypotheses:

lity:

(H1) Either
w € H and py € H'(Q) with k/h* < C,

or

u € V and py € H3 ().

H2) The boundary of € is a polygon such that the continuous dependency in the H2-norm of
( y polyg P y

the Poisson-Neumann problem holds (see (35)). This is true, for instance, if € is convex
([8])-

(H3) The triangulation of © and the discrete spaces. Let {7} },>0 be a regular, quasi-uniform

family of triangulations of €2, with h = max hi (hx=diameter of K), and
€lp

Wi = {1 € C°(Q) : 24|k € P1(K),VK € Tp,}.

In particular, this discrete space verifies the following properties which we are going to use

in this paper:

e the inverse inequalities:

IN

HvﬁhHL‘l(Q) Ch71/2‘vﬁh’7 Vpn € Wh,
Vol < Ch™Hpal, Y pn € W,

N
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e and the interpolation errors:

1P — Tndll @y + W2 11p — Tnpllwray < Chllpllae), Vo€ HA(SQ),

where I}, is the interpolation operator from H?() into Wy,.
On the other hand, we choose (V}, M},) verifying the interpolation errors:
1w — Jpal| i) < Chllullgeq), Yue H(Q)N Hy(9Q),

P — Knp| < Chlpllgi), VD€ H (Q)NLIQ),

where J;, and K} are interpolation operators from H?*(Q) N H3(Q) into Vj, and from
HY(Q) N L3(Q) into My, respectively.

(H4) Inf-sup condition. There is a constant 3 > 0 (independent of h) such that Vpj, € My,
) (ﬁh, V- ﬁh)
”Ph”Lg(Q) < ﬂﬂheSquf\{o} 7”"_%”[{1(9) )
For instance, a manner of defining the discrete spaces (Vy, M},) verifying (H3) and (H4) is:
My, =W, N L3(Q)

and to select V}, there are several possibilities ([8]). For instance:

1. (Taylor-Hood)

Vi, = {vp € C°Q) : vp|x € Po(K), VK € T,}2 N HY(Q).

2. (Mini-element) Define P(K) = [P1(K)]? ® ag i 23 with ax € R? and A; € P; such that

Ai(aj) = d;5, with a; being the vertices of the triangle K. Then, we consider
Vi ={vn € C°(Q) : vp|x € P(K),VK € T,}* N Hy(R).
To obtain estimates for scheme (18)-(20), the idea is to follow the proof of the existence Theo-
rem 5, but we find the following main difficulties:
1. We cannot assure the maximum principle for the discrete density pj.

2. The density equation doesn’t hold pointwise (as used in the proof of Theorem 5), or more

concretely, we cannot take pp, = %uﬁ“ - in (18), because in general ut - ul Tt & W,

3. The incompressibility condition doesn’t hold pointwise; therefore / (VUZH)t : VUZ—H #0

. Q
in general.
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4. We are not going to get strong H? estimates for the discrete density Py, since we are

approximating in H! (or at most in W), but not in H?2.

To treat difficulty 1, i.e. the absence of the maximum principle, we define the following

truncating (by nodes) operator : Given wy, € W, one defines [wy]|r € W}, such that:

wp(x;) if wp(x) € [m, M],
[wp]T(2:) = ¢ m it wp(x;) < m,
M it wp(z;) > M,

where x; are the nodes of the mesh 7;,.

To treat difficulty 2, we add to the discrete momentum system (19) the following terms:

1 [pZH]T_[PZ] S 1 n+ly, n+1 ntl =
5 < L y Uy, Up 2<Ph — AV, V(uy, U’h))v

where we have only truncated the discrete densities in the first term. Then, we change (19) by
un+1 u® 1 pn+1 _ pn T
([me h - h,’l_th +2 [h ]k [h] ,UZ+1"I_1,}L
1
+(((pz+1 — AVt V)”Z“ﬂh) 5(/}2“ — AV V(! ﬂh))
(,UV n+1 )\[ n+1] (v n+1) Vﬁh) _ ([PZ+1]Tfn+17ﬂh> + (ph+1’v . ﬂh)a

(21)

where we have also truncated the discrete density in the term / ntl (v u ™) Vay, dz and

( Z'H frtt ﬁh). This last truncation is considered to reduce the hypothesis on the external
force f acting on the system.

With respect to difficulty 3, in order to “control” the term —\ / P (Vatht s (Vay,) de
we add to (21) the term:

M
A / ‘;m(w;fl)f (V) da.
Q

Then, taking u, = 4! in (21), we obtain the following estimate (equivalent to (16)):
M
‘)\/ <[p’,;+1] 2“”) (VY (VD) dae
Q

On the other hand, applying Leibnitz’s rule in the term

M —m

<A 2. (22)

1 _
2(/)2“ — AV V(! uh))’
we rewrite (21) as
un—l—l ult B 1 pn+1T_ pnT - ~
([meh ; h,uh>+2<[h T e )l )

‘1‘0(:02“ )\vpn+1 n+1 ﬁh) _ ([pZH]Tf"H,ﬂh) i <pz+1’v ) ﬂh)7

(23)
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where we have defined

a(p,u,v) =pu(Vu, Vo) + A M+m—p (Vu)' : Vodz
(pw00) = (Ve ¥0) £ | (75

c(w, u, 'v) =

which verify the properties:

and

()~ (5]

N | =

M —
a([p]T,u, u) > %HUHQ where % =p—A 5 m(> 0), (using (14)), (24)
a(lplr, u,v) < Clull lol  (using [[[p]rl| Lo o) < M), (25)
c('w, u, u) =0, (26)
e(w,1,0) < Cllwl eyl o] (27)

Finally, we will see that difficulty 4 can be circunvented.
In conclusion, we define the following numerical scheme:

Initialization: Let (u), p%) € (Vj, W},) be suitable approximations of (ug, po), as h — 0.
Time step (n+ 1): Given (u},p}, py) € Vi X Mp, x Wy,
1. Find pZ“ € Wy, such that for each pp, € Wp:

(W m) - A(sz“, Vﬁh) = —(uZ “Vpp, ﬁh)- (28)

2. Find (u}f“,pzﬂ) € Vi, x My, such that for each (wy,pr) € Vi x My:

un+1 —u? - 1 [anrl]T . [Pn]T - -
([PZ]TW,%) + ) ( h L h 7UZL+1 © Up +a<[PZ+1]T:UZ+1>Uh)

+C(pz+1uz - )‘va+17 UZ+17 ﬂh) - <[:OZ+1]Tf n+17 ﬁh) =+ (p;LH_lv V- ﬂ'h)a

(v Cu ﬁh> —0. (30)

From the computational point of view, we propose a scheme where in each time step we have
to solve two (decoupled) linear systems: the diffusion problem (28) for p}™! and the problem of
Stokes type (29)-(30) for (w1 pith).

To conclude this section, we shall see that the linear systems (28) and (29)-(30) are well-
posed; that is, existence and uniqueness of a solution hold. Indeed, as they can be written as
algebraic linear systems, it suffices to verify the uniqueness of the solution for each problem,

which will be deduced in particular from the a priori scheme estimates in the next section.
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4 A priori scheme estimates (Unconditional stability)

In order to get stability estimates in strong norms for the density, we will need a discrete version
of the 2D inequality interpolation ||Vp||%4(m < C|Vpl||Ap|. For this, we first introduce the
discrete Laplacian using the following auxiliary problem:

Given (uf, p) € Vi, x W, find (p) ', wi™) € W), x W, such that:

2
(Voptt, Vo) = (w0 m),

for each (wp, pr) € Wy, x Wy, It is easy to prove that (31) has a unique solution.

pptt —
hih,(ﬂh + (uﬁ . Vpg,@h> + A(wﬁ“,@h) =0, 31)

Lemma 7 Problems (31) and (28) are equivalent.

Proof: Suppose that (pZ“,wZH) is the solution of (31). Then, replacing (31); into (31), for

phn = Wy, this gives that pZ“ is solution of (28).

On the other hand, suppose that pZ“ is the solution of (28). We shall define w}f“ e Wy, as

the solution of:

A n+l — _ pZ+1_pZ - n n - —
wp ) = — T,wh —\uy - Vop,wp), Vop € W (32)

Comparing (28) and (32) for pj, = @y, we arrive at
(vaJrlv vﬁh) = (w2+15 ph)a vﬁh € Wh.
Consequently (p} ™, w} ™) is the solution of (31). O

Remark 8 Taking p, =1 as a test function in (31), one has that / wZH(:E) dx = 0.
Q

Lemma 9 Let wy, € W, N L3(Q) and py, € W), such that:
(Vphavﬁh> = <Whaﬁh>7 V' ph € Wh. (33)
Then, there exists C > 0 (independent of h) such that:
||VPhH2L4(Q) < C|Vpyl|whl. (34)

Proof. We define p(h) € H?(f2) as the solution of the following continuous problem:

—Ap(h) =wyp, in Q, 3p€nh)

| =, /Q p(h) dz = 0. (35)
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Since the compatibility condition / wp () dx = 0 holds, problem (35) is well-posed and verifies
Q
the continuous dependency property

oMl r2(0) < C lwnl-
Now, we decompose

IVonllzay < I1Von = VIn(p(h))ll a0y

(36)
+IVIn(p(h) = Vo)l Lae) + [Vo(R) | 40)

where I, is the interpolation operator from H'(Q) into W}. By approximation properties of this
interpolation operator ([5]), we have

IV In(p(h)) = V()| zay < ChY2|p(h) |20y < C W2 [w. (37)
On the other hand, multiplying (35) by p, € W}, and integrating by parts,

(Vo). Von) = (<. n). (33)
Comparing (38) and (31)p, one gets
(Von = Vo(h), Vin) =0, ¥y € Wi

Adding and subtracting VI, (p(h)) and considering pp, = pr — In(p(h)) € W}, we obtain

Von = VIp)2 = =(VI(p() = Vp(h), Vo = VIn(p(R))
< |VIn(p(h)) — Vp(h)| Vo — VIL(p(h))],

whence
Vo = VIn(p(h))| < [VIn(p(h)) = Vp(h)| < Chllp(h)||g2) < Chlwsl. (39)
Therefore, using the inverse inequality ([5])
IV = VIn(p(h) | i) < Ch™ |V pn = VIn(p(h))]

and (39), we arrive at

I¥0n = VIn(p() 1@y < ChJen (40)

Next, by using Gagliardo-Nirenberg’s inequality in 2 domains in the last term on the right-hand
side of (36), we have

IVp(h)l|z@) < C IV p(R) ||z < C [V p(R)[/ 2 wn]/2. (41)
Thus, applying (37), (40) and (41) in (36), one obtains
IVonllLa) < C ' wn| + C 1V p(R)[/2|wop] 2. (42)
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From (39) and the interpolation error [VI,(p(h)) — Vp(h)| < C hl|p(h)| g2 (), one has
Vo =N p(h)| < [Von = VIn(p(h)| + [VIn(p(h)) = Vp(h)| < Ch|whl.

Accordingly,
[Vp(h)| < hlwn| +[Vpn|.

Replacing this last inequality in (42), we get
IVpnllrag) < C B2 |wn] + [V pu| /2 |wn |2, (43)
On the other hand, taking p, = wy, in (33) we arrive at
jwl? = (Vph,VWh> < [Vpn|[Vwn|.
Using the inverse inequality ([5]) [Vws| < C h~Ywy|, one has
jwnl < Ch™HVpnl. (44)

Combining estimates (43) and (44), one arrives at (34). O

Now, we are in position to prove stability estimates for the scheme.

Lemma 10 Suppose ug € V, py € H%(Q) and f € L?(0,T;LP(Q)) with p > 1. Then, the
solution of the discrete scheme (28), (29)-(30) satisfies the following estimates:

N

. .o 2 1 2

D s IS WY HaP <o @ §j| P < o,
n=

i) max (Vo] < C. v)Zk\|Vph||L4 <c, m)Zw (ot P <,
n=0 n=0

with C > 0 depending only on (po, ug, f).

Notice that, although the discrete density does not have the H?2-regularity, v) implies that
the discrete density conserves the L*(0, T; W14(Q))-regularity.

Proof. First, we obtain a priori estimates for the velocity (uj). Taking w, = 2k:uz+1 and
prn =P} in (29)-(30), using the identity (a — b,2a) = |a|? — [b|? + |a — b|* and the properties
(24) and (26), and taking into account Remark 6, one has

W1 e 2 = | loplrai P + 1y Il (™ = ) + ok |2
< 2k([ P ) < 200 [ e e 1 e I o)

/’Ll n n
— PP+ CRIF T g
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1 1
where ¢ is the conjugate of p such that — 4+ — = 1. Therefore,
P q

n n n /’L n
[ [on Ny ™ P = 1y ol P + [/ [op)r (u ™ = i) + 1/-CH up P < CRIF T (). (45)

Adding (45) for n =0, ...,r with r < N, the estimates for the velocity %), ¢2) and %) hold.
To obtain a priori estimates of the discrete density, we write scheme (28) as (31). Taking

= 2kwy ! in (31), and py, = 2(pp ! — pft) in (31)p, we arrive at:
Vo = VAP V(o = )P+ 2kl P = 2k (uf - Vo). (46)

Bounding the right-hand side term of (46) as

2k |(wi - Vorwpt)| < 2k 0l Vol oy |
n k n T
< k[P Sl o) VAR o)
we get the inequality
n v n i h
Vot = IV + [V (o = o)+ ARl P < Sk Fa) VPR a0y (47)

Note that w? is defined for n > 1 in scheme (31). For n = 0, it suffices to define w) as

an approximation in M} C Lg(ﬂ) of —Apg, and therefore to define p?L based on w2 using (31),

jointly with the additional condition pg = [ po. Of course, this initialization is possible in
Q Q
the case of initial density sufficiently regular, concretely po € H?(2). For the case pg € H'(Q),

see Remark 13 below.

Using the discrete Gagliardo-Nirenberg inequality (34) in (47), one has
A

Vo2 = [V oR1? + [V (o = pi) P+ Ak lwp ™ P < C k[l 1agy VRl + Skl (48)

Adding (48) for n =0, ...,r with any r < N, we arrive at
' T )\ T
Vo P AR Y Jwp P <Okl fa) VRl + 5k > e+ Vo
n=0 n=0 n=0

Therefore,

Vo2 + erw”“rz<CZkHuh\|L4 JIVoh? + krwh| + Vo2 (49)
n=0 n=0

Now, applying the discrete Gronwall lemma and using that

N N
B Mgl s < lupPEY - up)? < C
n=0 n=0
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(where ) and %) are used) we obtain iv), vi) and

N
kY |wpP? < C. (50)
n=0
Finally, from (34) and estimate v) and (50), one gets v). O

Remark 11 When in the discrete density equation (28), the convective term is considered in
a semi-implicit form, i.e. changing ( Vph,ﬁ> by ( V,o"“, 7) in (28), then the esti-
mates for the discrete density iv), v) and vi) are obtained by Zmposing Ch/k?* < 1, which is

independent of the regularity of the data. Indeed, we consider C’Z k!\uh]]L4(Q)\Vp”+1]2 instead
n=0

T
of C’ZkHuZH%AL Q)\Vp2|2 in (49). Then, in order to apply the generalized discrete Gronwall
n=0
lemma, we need to get that C’kHuh|]L4(Q) < 1 which holds by using an inverse inequality,

Ckllujl|74(0) < Cﬁ”“h“i?(ﬂ) =Cg <L

n
Remark 12 One also holds the estimate kz ||pZH%,V1,p(Q) <C forp:2<p<oo. For this, it
n=0
suffices to see ||pp|lwirq) < Clwy| and to apply (50). Indeed,

ok llwre) < llok = In(p(P)llwrr@) + [Ha(p(h)) = p(B)llwre@) + [lo(R)[[wiro)-

Using the inverse inequality [|p ||l w1.rq) < Ch_(p_z)/pH(.Z}hHHl(Q) and (39), we bound

IN

ok = In(p(h))[lwir () Ch= 22| — I (p(h) | () < CRITPTIPIwf] < C ],
lp(h) = In(p(M)lwrr@) < Cllp(h)lg2) < Clwpl,
o) llwir) < ClioM) a2 < lwpl;

A

hence ||y lw1rq) < Clwy| holds. O

Remark 13 Since (ug, po) € V x H%(Q) has been imposed, then ||u)|| < C |lug| and w) was
defined based on Apy and verifying |w)| < C|Apo|. Imposing only (ug, po) € H x H(S),
the construction of wh must change. Firstly, we consider p?L € Wy as an approximation of
po in HY(Q) and, afterwards, we define wg from (31)y. Therefore, using the inverse inequal-
ity |Vw| < Ch7wl| it is easy to prove that |wl| < Ch7YVpl|. Accordingly, to obtain
the a priori estimates from (49), it is necessary to impose the constraint k/h? < C (since
then, klwd|* < C (k/h?)|VP)|? < C|Vpol). An analogous way is used to make the estimate
k|\u2||i4(m < C(k/A*)|)1> < Clugl?, which is necessary to bound the first term of the sum
T

CkY il 1a Vorl*.
n=0
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Corollary 14 (Estimates for [, p} ") It follows that

+1
pn

where C > 0 is a constant independent of n and h.

<C

Proof: Choosing p = 1 in (18), we get

L= [ o=k [ w9k

Summing for n = 0,...,r < N, one has

.
/p2+1=/p2—kZ/UZ-VPZ~
Q 0 = Jo

Finally, applying Holder’s inequality to the last term of the previous equality, this gives
/2

r 1/2 r 1
'/Q,o;;ﬂ < '/ng + (kZW) (kapzr?) <c,
n=0 n=0

using the estimates of Lemma 10. O

Remark 15 If the density and pressure are approzimated by the same space (i.e. WhﬂL%(Q) =
My,), then the average of the density is conserved, i.e. / Ph = / p%, for each n (this property
Q Q

is the discrete version of the continuous one /p(:l:,tl)da: = /p(m, to) dz for any ti,ty €
[0,T], whose physical meaning is the conservatz’oﬂn of mass). To %mve it, let us see first that
(V . Uﬁ,ﬁh) = 0, for each py, € Wy. Indeed, taking pp — |Sll|/9ph € My, as a test function in
(28), one has

no o~ 1 = _ no—= i P n
0=<V'Uh,ph—M/gﬂh)—(V'uh’ph)—m‘/ﬂph/QV Uy,

Since / V- uy =0, because u; = 0 on 0N2, one gets <V Sy, ﬁh> = 0. Therefore, if we choose
Q
pn =1 in (28) and apply that (uﬁ-VpZ, 1) = —(V-u}f,pﬁ) =0, one arrives at/ pZH = / Ph s
Q Q

hence reasoning by induction / Py = / p(,)l, for each n.
Q Q

5 Weak convergences

In order to study the convergence of scheme (28), (29)-(30) towards the (unique) weak solution
of (7), (9)-(10), we consider the following:
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Definition 16 We define the auxiliary functions:

w b, <t <tpia,

1[0, T] — Vy, such that wp, ;(t)
0, T (t)

’U,Z, tn <t< tn+17

1
L, <t <ty

,T] — Vy, such that uy,,

phk [0, T] — Wy, such that pp, i (t
Phk [0, T — Wy, such that pp, i (t
Pkt [0,T] — My, such that p j(t
[0,T] — W}, such that
pptt —
Phi(t) = ph T+ T (= o), B <t < tnya,

whpk [0, T] — Wy, such that wy, 1, (t) = wZH, th <t <tpi1.

)
; (51)

p
pz: tn <t < tn+17
p

+1
Z atn<t§tn+1a

Phk

Using Lemma 10, Corollary 14 and the generalized Poincaré inequality

ol < C (|Vp| ; \ / p') |

Lemma 17 The following estimates (independent of h and k) hold:

we arrive at the following:

{uh7k}h7k, {ﬁh,k}h,k 1s bounded in LOO(O, T, LQ(Q)) N LQ(O, T, Hcl)(Q)), (52)
{phttngs {Pritne  is bounded in  L*(0,T; H'(Q)) N L0, T; W (Q)), (53)
{wn i}k is bounded in L*(0,T; L*(Q)). (54)

Moreover,
lunk = Tnkll720. 10200 < Ck - and  |phg = Phkll72(0.7. 5110y < CF- (55)

Taking into account estimates (52)-(53) given in Lemma 17, there exists a subsequence
(denoted in the same way) with the corresponding weak convergences towards limit functions

u, u, p, p. Moreover, thanks to (55), the identities of the limits w = u and p = p hold.

Lemma 18 There exist a subsequence of {up ktn i, {Unkthk: {Phkthis {Phitnk (denoted in
the same way) and limit functions w, p verifying the following weak convergences as (h,k) — 0:

L*(0,T; HY(Q))-weak

upp — wand Upp — u in
{ L>(0,T; L*(Q))-weaks,

LY0, T; WH4(Q))-weak

Phk — p and ppy — p in
{ L®(0,T; HY(Q))-weakx,

wp — w in L*(0,T; L*(Q))-weak .

"



6 Strong convergences

As usual in this type of nonlinear systems, to obtain the convergence of the scheme we must get
strong convergence for the approximations in some suitable space in order to identify the limit

of the nonlinear terms.

6.1 Strong Convergence for the density in L?(Q)

Lemma 19

n+l
Py, - Ph <c,

by
n=0

where C > 0 depend only on (po, uo, f).

n+1
P — Py i

. n (28) and using the identity (a — b,2a) = |a|? — |b]? + |a — b]?,

Proof: Taking pp =

we arrive at

Al
k

n+1 n
n n n n P — P
(IVp 2 — Vol + |Vopth = V%) = — (uh - Vih, = h) . (56)

We estimate the right-hand side as follows:

+1 PZH Ph 1 2 1
uj, - Vpj, T ||uh||L4 ||VPZ||L4(Q)+§ (57)

=3

Multiplying (56) by 2k incorporating (57) and summing for n =0,..., N — 1 one gets

kZ

PZH Z N |2 s 2
+A\[Vph ékZHuZHB VORI T4 + AVoRI,

N-1
n ‘ 1
where k Z Huh||%4(9)||V,0hH%4(Q 5 (k Z Hu’hHL‘l(Q +k Z ||vph”L4(Q > < C, thanks to

n=0
the estimates from Lemma 10.

Remark 20 As a consequence of the previous corollary, one has

<C.
L2(0,T;L2(Q))

H %ph’k

On the other hand, by Lemma 10, ||ppkllr01;m () < C holds. Then, applying a compactness
theorem of Aubin-Lions type,

phk — p in L0, T; LP(Q)) as (h, k) — 0, with 1 <p < oco.
From this convergence we deduce that

Phkes Prk — p in L*(0,T; L*(€)) as (h, k) — 0,
N-1

using that || pnk — prnll7z.r:02(0)) < 1Phk = ornllF2mz@y) =% D lopt = pil> < Ck.
n=0
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Corollary 21 It follows that

2

n+1 n
[ I <c

Pp 7 — [ph
k

N
kD
n=0

Proof: Using Lemma 19, it suffices to prove that |[p} ™ (z,t)|r — [p}(z, t)]7]| < |pp T (z,t) —

pp(x,t)| pointwise in @ (here |- | denotes the absolute value function). But, this pointwise
estimate is easy to verify taking into account that the approximations for the density are finite

elements of degree 1. O

6.2 Strong convergence for the density in H'(Q)

Using the compactness of the discrete density in L?(0,T; L*(R2)), we are going to improve the
strong convergence for the discrete density to the space L?(0,T; H'(Q2)). For this, we firstly
have to identify w = —Ap. Indeed, let n € C°(Q). We consider 7" as the interpolated function
of n(t,) in W}, and define ny, 1, € L>(0,7; W},) as the piecewise constant function taking values
™ in (tn, tns1). Then mp, — 1 in L°(0,T; HY(Q)) strongly as (h, k) — 0. Therefore, setting

Ph = nZ‘H in (31)p, multiplying by k, summing over n and doing (h, k) — 0, we get

J, (&oen) = [ (TonssTma) = [ (onsma) = [ (won)

Therefore, it is clear that w = —Ap in L?(Q), and consequently p € L?(0,T; H?(2)).
Next, taking n € C°°(Q) and proceeding in the same manner, we recover the boundary

condition 9P _ 0 on X.

on

Corollary 22 One has that ||pnk — pll 20,181 (Q)) — 0 as (h, k) — 0.

Proof: Considering pj, = pZ“ in (31)p, multiplying by k& and summing over n, one has

T T T T
| Vo= [ (wnseons) == [ (80.0) = [ 1V6P as (hk) 0
0 0 0 0

because of {pyx} — p strongly in L?(0,T; L?(2)) and {wp, .} — —Ap weakly in L2(0, T; L*(9)).
Therefore, since ||pnkllz2Q) — llollz2Q) as (h,k) — 0 by Remark 20, we have obtained that
o ll 22 0.7, () = ol 20,001 (0 @8 (k) — 0. Finally, from py, . — p weakly in L*(0, T H' (2))
by Lemma 18, we infer the desired result. O

Taking into account estimate iv) of Lemma 10, it is easy to check that

pry — p in L*(0,T; H'()) as (h, k) — 0.
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6.3 Convergence for the density scheme

At this point, we study the convergence (as (h, k) — 0) for the incompressible condition and for

the density scheme.
Proposition 23 The limit function u satisfies
V-u=0inQx(0,T).

Proof: Let ¢ € C°([0,T]; H*(R)) be such that / q(x)dx = 0. We define ¢} as the interpolated
Q

into M}, of ¢(t,) and by gp, € L>(0,T'; M},) the piecewise constant function taking values qZH

on (tp,tn+1]. Then, one has
Grh — q in L0, T; L*()). (58)

Taking pZH = qZH as a test function in (30), multiplying by & and adding for n,

T
/ (V U ks thg) dt = 0. (59)
0
Thus, taking the limit in (59) as (h, k) — 0 and using that
V-u, — V-u in L*(0,T; L*(Q))-weak, as (h,k) — 0,

one arrives at T

0= (h}liﬂr)rio ; (V S Uk, qh,k)dt = /OT <V - U, q)dt.

Consequently, V - 4 = 0 holds in Q. O
Proposition 24 The limit function p € L>(0,T; H*(Q)) N L?(0,T; H%(Q)) satisfies:
pr+u-Vp—AAp=0 a.e inQ (60)
and the pointwise estimate
0<m<plzt) <M<oo inQ.

Proof: Let n € C°([0,T];C°(£2)). We define i as the interpolated function of n(t,) into

Wy. We define np, , € L*(0,T;W},) as the piecewise constant function taking values T]ZJFI on

(tn,tn+1]. One can also prove the following strong convergences as (h, k) — 0:
Men — 1 in L(0,T; H(Q)). (61)
Taking pp, = 17,?Jrl as test function in (28), multiplying by k& and summing over n, we arrive at

- /OT <%Ph,k, Uh,k) dt +/0

Taking the limit as (h, k) — 0 in (62) and using the following convergences as (h, k) — 0:

T (ah,k . Vﬁh,kaﬁh,k) dt + )\/OT <Vph7kv Vnw:) dt = 0. (62)

80



o Uy — win L2(0,T; Hy())-weak,
-~ . 2 1 d d . 2 2
® pnk — pin L3(0,T5 H(Q))-strong, — pnk — —p in L5(0, T L*(2))-weal,
the proof is concluded by using the additional regularity p € L2(0,T; H?(S2)). O

6.4 Strong Convergence in L?((2) for the truncated density

Using Proposition 24, we establish the following compactness result.

Proposition 25
[onilT, [Philr — p in L2(0,T; LZ(Q))—stmng, as (h,k) — 0. (63)

Proof: We will show the proof for py 1, and analogously it can be shown for pj ;. We define

the following pointwise truncating operator:

pri(x,t) i pnr(a,t) € [m, M],
T%ﬂh,k(% t) = m if ppr(z,t) <m,
M if ph7k($,t) > M.

Notice that, in general, TM pj, ,, & Wj,. Let us see first that T py, ;. — p in L?(0,T; L*(2))-
strong as (h,k) — 0. Indeed, since ppx — p in L?(0,T; L?(2))-strong, as (h,k) — 0, one can

extract a subsequence (denoted in the same way) such that:
prk(x,t) — p(x,t) ae.(z,t)€Q, as (h,k)—0.

Therefore, if we consider (x,t) € @ such that p(x,t) € (m, M), then there exist ho(xz,t) > 0
and ko(x,t) > 0 so that pp r(x,t) € (m, M) holds for all h < ho(z,t) and k < ko(z,t). Thus,
pnr(z,t) =TMpp, 1 (z,t) and T pp k(z,t) — p(z,t) as (h, k) — 0.

On the other hand, if (x,t) € @ is such that p(x,t) = m, then

Ve >0, 3 (ho, ko)(z, t) such that ¥V (h, k) < (ho, ko)(x, t) one has

lpn (2, t) —m| = |pp (2, t) — p(z,t)| < e.

If we choose ¢ < M — m this gives T%phyk(w,t) = pnr(x,t) or T%phyk(w, t) = m. Therefore,
Ve >0 (withe < M —m) and V (h, k) < (hg, ko)(x,t) one has

T k(1) — p(m, )| < e.

Finally, the remaining case of (x,t) € @ such that p(x,t) = M is proved in the same manner.
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Consequently, we have that T py, p(z,t) — p(z,t) a.e. (z,t) € Q as (h,k) — 0. There-
fore, using that [T py, (x,t)| < M a.e. (z,t) € Q, we can apply the Dominated Convergence

Theorem, obtaining
T pyy — p in L*(0,T; L*(Q))-strong, as (h, k) — 0. (64)
Using the interpolation operator I;, from H*(Q2) N C°(£2) into W}, it is easy to check that

lonklr = I(T o )

hence we can write
lonklr — p = In(Th pri) — In(p) + In(p) — p. (65)

It is verified that
In(Ty pni) = In(p) — 0 in L*(0, T; L*(92)). (66)

Indeed, taking the norm in L?(),

(T o) — In(p)| = In(T pnse — )
< (T png — p) = (T puk — P + [T piis — Pl
< Ch|TH onk — Pl + 1T pr — pl-

Next, taking the norm in L?(0,7),

16 (T0 pri) = In(p) L20,:22(2)) < C BNTm ok — pll 20,5 ) + 1T omk — pll L2 (0,7502(0) -

Therefore, using (64) and that T py, . is bounded in L%(0,7; H'(2)) (thanks to |[VT M py, x| <
|Vonk| and {ppk }nx is bounded in L2(0,T; H*(Q2))), (66) holds.
As well Ij,(p) — p — 0 in L?(0,T; L*(2)), thanks to |I,(p) — p| < Chllp||g1(q); hence

111(p) = pllz2(0,7522(0)) < CRlpll L2078 ()

From (65), we arrive at (63). O

6.5 Strong convergence for the velocity

Proposition 26 The following “fractional in time” estimate holds:

T—6 2
/ ‘\/ [Ph,k]T(t + 5)(uh,k(t + 5) — uh7k(t)) dt < 0(51/2 Vo: 0<d6<T, (67)
0

with C > 0 independent of h, k and §.
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Proof: Since pj, , and wy,  are piecewise constant functions, to obtain (67) it suffices to consider

0 as a multiple of the time step k, that is, d = rk with » = 0,..., N and to prove

k Z o7 (w7 — )| <C@rk)Y?, ¥Yr:0<r<N. (68)

Firstly, we will write the time derivative to the momentum equation (29) in a convervative form

n+1 _ n
It is obtained by adding to both sides of (29) the term 3 ([ph }Tk Pilr , uZH U
lon et = [op)r;
h h - h I a<[ L ﬁh,)
+C<pZ+1 )\vpn+l n+1 ﬁh) -~ (p2+1’v ) ﬁh) (69)
N L (e = [ _
= <[PZH]Tf"+1,uh) T3 <[ bl i i Jup o, |
Next, multiplying by k£ and summing for n = m,...,m — 1 +r in (69), we arrive at
m—1+r
(Lo = (o) rg? ) + > a( Loy e )
m—1+r m—1+r
Y C( Py AV gt ﬂh) _ Z <p2+17v . ﬂh> (70)
i 1+4r m—1+r n+1
k _
=k ( n-‘rl fn+1 ﬁh) + 5 Z ([ph ]Tk [ph] 7UZ+1 . ﬁh) ]
n=m n=m
Taking uy, = uhm+7" — ;' as a test function and keeping in mind the identity
T T e ) B (R MU A DRV
(Il = ol i (T = ),
we get
Wl = )P = —([me— o gt (T — )
1+ 1+

_km ' n+1 n+1 m4r . km ' n+1 n —\V n+1 n+1 m4r __ .m

Z up Uy Z Ph , Uy uj)

m _1+7" m— 1+7“ T . [P ]
+k Z (Lo s e = uh) +k Z ( WL gt (T )
n=
(71)

On the other hand, multiplying by k, summing for n = m,...,m — 1 4+ r and taking as a test

function p, = pf* — py* ™" in the density equation (31),, we find the equality

m—1+r
m—r

WP = <k Z <Uh Vi + Mt ot — ) ) (72)

lph' —p

83



Now, estimating the right-hand side of (72) as

m—1+r
o = o P <k > (il VPRI zay + Alwi ™ DIkt — o7,
n=m
one gets
m—1+r
oi' =y < Ck Z i 1o (@) IV PR () + lwp )
m— 1+r 1/2
< Ck( D A e A e +rw”“r2> (rk)"/?
n=m
< C(rk)'/2

Therefore, we have obtained that max o — Pt < C(r k)'/2. Consequently, using that

m-+r

e = lpp el < |yt — P M| one also obtains that

max [[pf]r = [ )| < C (rby2. (73)

Finally, multiplying by & and summing for m = 0, ..., N —r in (71) and bounding adequately,

we can obtain the required bound (68). For brevity, we only bound the two main terms of (71):

N—r
k3 (I = oy wi« (w7 = ) < Crk (74)
N—rm—1+r
—kQZ Z c(pZ“ — AVt gt uZ‘,uZH)SC(rk)l/Q. (75)

Indeed, we bound (74) as follows:
N-—r
—k > (1) = o (" = i)
m=0

< kY Moir = o el syl = i o)

N—r 1/2
< max_|lpylr — Loy )| (k Z_:O IIUZ”II%4(Q)) (k‘ Z ™" — u;l‘llm(g))

< C(rk)Y? (using (73)).

1/2

We bound (75) using (27), as follows:
R3S e AT )

SCkQZ Z b gy — AV s [y ™ g™ — |

IN

Cr Y737 (It ol + oy 1)l g = i

m=0 n=m
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where in the last line we have used ||Vph+1HL3 < Clwp™| thanks to the imbeding L*(Q) —
L3(Q), (34) and |[VpiT| < |wit). Interchangmg the sum order (Fubini’s discrete rule) and

using the estimate |[|p) +1HH1 < C, we get

2 Z Z (PZH /\vpn-i-l m+r uh,uzﬂ)

N-1 n

< R Y (gl + ko ) gt > g — il
n=0 m=n—r+1
where
0 if n<0,
n=< n if 0<n<N-

N—-—r if n>N-—nr.

Next, using the inequality [m —n —r+ 1| <r,

kzz Z C(PZH AV T “ZH)

_ _ 1/2
< 02 Rl b D) L S Rl — g ) ( >k
m=n—r+1 m=n—r-+1
) 1/2 1/2
< Cri)? (k > (lll + 1) ) (k > rru”+lu2> < C(rk)?
This is finished the proof. ([

Remark 27 From the a priori estimates of wy, ), in L>=(0,T; L*()) N L2(0,T; HY(Y)) and the
fractional in time estimate (67), we can apply a compactness result ([16]) of Aubin-Lions type,

obtaining that
up 1, — w in L*(0,T; L*(Q))-strong as (h, k) — 0.

Consequently, thanks to (55),

Up i — win L*(0,T; L*(Q))-strong as (h,k) — 0.

7 Convergence for the momentum system

In order to eliminate the discrete pressure, we are going to consider adequate test functions,

thanks to the following:
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Lemma 28 Let u € CX(Y). Then, there exists up € Vy, such that:
i), — win H)Q),
In) <v : il’h?Qh) = <v U, Qh>a VQh € M.

Proof: We consider t, as the interpolation of @ into V. Then, ||u — ]| — 0 as h — 0. We

define (ep,r,) € Vi, X My, as the solution of the following “discrete Stokes” problem:

Veh,Vyh) S UE yh) = (V(u- th)7Vyh>a Vy, € Vi,

_ _ _ _ (76)
V- eh7ph> =(V- ('U,— th)7ph ’ vPh c Mh-

It is easy to deduce, using the inf-sup condition, that (76) has a unique solution. The estimate
lenll + [rn| < C'llu— .
also holds. Since ||@— ty,|| — 0, then (ep,r,) — 0 in H* x L2. By defining @, = e, + t3,, one has
[ — || < flu— | + [lenll < [luw— ]
Therefore, we have proved ). The statement ) holds from the definition of wy. g

Let v € CY([0,T]; C°(2)) be a free divergence function such that »(T) = 0. We consider
vy the projection (by a discrete Stokes problem) of v(t") given by Lemma 28. We define
v € L°(0,T; V) as the piecewise constant function taking the value ZJrl on (ty,tn4+1] and
U € C°([0,T]; V3,) the corresponding globally continuous piecewise linear function such that

U i(tn) = vi. Then, as (h,k) — 0, one has
vhr — v in  L®(0,T; Hy(Q)), (77)

U — v in WHR(0,T; HY(Q)). (78)

Taking uy, = vh+ as a test function in (69), multiplying by k, adding over n and using the

identity (discrete integration by parts in time)

N-1 N-1
> (PZ+1 W — o, U(tn+1)> = (P}]yulzyv v;zv) = (PhUZL’vZH - vﬁ) - (POhU{)h,v%)
n=0 n=0

and the fact that v = 0 (since v(T") = 0), the following statement holds:

N-1
- (quha ot — ’UZ) (POh'uOha vh)
n=0
N-1 _
+ a([pz—&-l] ’LLZ+1, vZ+1> Z ( n+1 Avpn—i-l n+1 7”:—1—1)
n=0 L ?V
— 1 ”H]T — [pplT
—k Z ([Pzﬂ] of L n+1) Lk Z . < hiT Lt gt
n=0 n=0
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Next, using Definition 16,

- /OT (ﬁh’k(t)ah,k(t)’ gt%h’k(t)) dt — (pOhUOh, ’U?z)
+ /OTC(ph,k(t)ah,k(t> _/\Vph,k(t)7uh,k(t);Uh,k(t))dt+ /0 T@(Ph,k(t%uh,k(t)’”hvk(”)dt

_ /OT (AR (0), k(D)) 4 & /OT <6at’7 (0 Uni(t) vh”“(t)) “

(79)
where we denote p{ o ﬁ%:k, fi as in the foregoing definitions.

From this weak statement for the discrete momentum system, one can pass to the limit in a
standard way thanks to the convergence properties obtained throughout this work. Notice that,
to take the limit in the last term, the estimate of Corollary 21 is used.

Then the limit function (p, u), jointly with an associated pressure p (obtained a posteriori
by de Rham’s lemma), is the weak solution of the continuous problem. Notice that, thanks to
the uniqueness of this weak solution in 2D domains, it is easy to obtain the convergence of the

whole sequences. Consequently, the proof of Theorem 1 is concluded.

8 Pollution model with mass diffusion

8.1 The continuous model

In this section we will study a variant of the Kazhikhoz-Smagulov model where the main differ-
ence with the previous one is the appearance of the nonlinear diffusion, changing —uV - (Vu)

by —AV - (pVw) in the momentum system, which remains

pus + (pu—AVp) - Vu— AV - (pVu—p(Vu)') +Vp = f enQ,

(80)
V-u=0 en @, pr+u-Vp—AAp = 0 enQ@.
with the boundary and initial conditions:
dp
u(z, t) =0, — =0, zel, te(0,7), (81)
on
p(wv 0) = Po; u(xv 0) =uy, x€ (82)

This problem can be rewritten such as the previous model in Section 2, arriving at an
analogous definition of weak solution.
The existence and uniqueness of a weak solution of (8), (9)-(10) was established in [3, 4],

without the restrictive hypothesis (14).

Theorem 29 Let ug € H and py € H'(Q) satisfying (13) and f€ L?(0,T; LP()) with p > 1.
Then, there exists a (unique) weak solution of (8), (9)-(10) in (0,T).
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We give an outline of the proof for the reader’s convenience.
Proof. Suppose that we have (u, p,q) a sufficiently regular solution of (8), (9)-(10). From the
maximum principle of the parabolic density equation (8). and since 0 < m < pg(z) < M < +o0,
one gets 0 < m < p(x,t) < M < +oo in Q.

Multiplying the momentum system (8), by u, the density equation (8). by %u u, integrating

over ) and using the so-called vorticity tensor W = Vu — V!, we arrive at

/ p (|Vu|2 — (Vu)': Vu) do= / pW :Vudzx = / plrotu|? dz. (83)
Q Q Q

0 -1
Since W = rotu ( ) , one has
1 0

d
- p\u!zdm+2)\/p[rotu]Qda::Q/pf-uda:.
dt Jo Q Q

Using A = Vdiv — rot rot, one has

/ \Vul? dz = /(]rotu\2 + |V - uf?) de; (84)
Q Q

hence since V - u = 0, we get
/ \Vu|2dx:/ lrotu|® dz. (85)
Q Q

Next, applying the lower bound for the density to / plrotu|? dz > m / Irotu|? dz and identity
Q Q
(85), one arrives at

d
G o des2xm [ (9u? do < 2o ) < <l + A ) (56)
with p > 1. Therefore, integrating (86) over (0,¢) V¢ < T and applying the lower estimate for
the density to the first term, one arrives at
T
t)|? t)||?dt < C.
o [0 + [ u(o)]at <

The bounds in L*>(H') N L?(H?) for the density are obtained as in Theorem 5. O

8.2 Numerical scheme

We design a numerical scheme for problem (8), (9)-(10), following the same ideas of the numerical

scheme given in Section 2, where we will replace the stabilization term of the momentum system

M
—)\/ ;m(vug“)t - Vay, dz
Q

by the term Am(V . uZH, V- 'Eh>. As well, the density entering into the diffusion term in the
momentum system has been truncated. Thus, we arrive at the following numerical scheme:

Given (’LLZ,pZ,pZ) € Vi X My, x Wy,
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1. Find p}** € W), such that for each pj, € W

(W%) + (- Vohom) +A(VoE V) =0 (87

2. Find (uZ“,pZH) € Vi, x My, such that for each (up,pp) € Vi x Mpy:

un+1 —ur B 1 pn—l—l T — pn T ~ B ~
([meh . h,uh> ‘ ([ 2T et ) ()

e( g = AV ) = ([ e @) + (Ve w),

(88)
(v ot ph) —0. (89)

where

E<p, u, v) = A(p(Vu— (Vu)t),Vv> + Am(V -u, V- v)

and c(-,-,-) is defined as in Section 2. Taking into account equality (83) in (90) and the lower

estimate for the truncated density, it follows that

6<[p]T, u, u> > )\m/ﬂ(\rotul2 + |V - u)?) de. (90)

Observing that /(|r0tu!2 + |V - u?) de = / |Vul? dz for any u € H(Q) thanks to equality
Q Q

(84) (see Theorem 29), we arrive at
a([p]T,u, u) > Amllul? Vue H9Q).

Accordingly, following the same arguments developed for the model of linear diffusion, one can
arrive at exactly the same conclusions. Notice that the passage to the limit in the new diffusion
term ([ph,k]T(Vuh,k — Vuak),V'vh,k) is controlled thanks to the convergences, [ppilr — p
in L?(Q)-strong and in L>®(Q)-weak and Vu,; — Vu in L*(Q)-weak and Vv, — Vo in
L?(Q)-strong.

9 A generalization of the pollution model

The pollution model (8) is a particular case of a general model derived in [3, 4]. For this general
model, we will define a numerical scheme (using the main ideas of the previous schemes) which
will be unconditionally stable, but the convergence remains as an open problem.
Such a model again begins from the compressible model (1) assuming this time the following
decomposition:
pv=pu—AV¥(p) with V- -u=0.
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Then, imposing 1 = A the compressible model (1) reads ([3, 4]):

(pu) + V - ((pu— AVE(p) ® u— Au® W(p)) — AV - (T(p)Vu) + VP = pf in Q,

V-u=0 inQ, pt+ V- (pu—AVY¥(p)) =0 in Q,
(91)

~ A 1 VU¥(p)|?
where P = q— (u+\)V- <u— ;VW(,O)) — A (p); — A2 (q/(p)v : (;V@(p)) + ’p(p)‘) Now
observe that the A\*-terms which are not canceled are all of potential type (using an auxiliary
1
function ¢ such that Vo(p) = —VU(p)) and they are included into the modified pressure P.
p
Note that when ¥(p) = p (then p(p) = log p), we arrive at the pollution model (8).
The weak definition for the general model (91) remains as follows (now, equality (5) is again
used, replacing p by ¥(p)):
Definition 30 A pair (p, u) is called a weak solution of (91), (9)-(10) in (0,T) if it satisfies:
a) we L>(0,T; H N L*(0,T; V),
p € L>(0,T; L*(Q)) N L3(0,T; HX(Q)), 0<m < p(x,t) < M, a.e. (z,t) €Q.

b) V¢ € CH([0,T); V) such that ¢(T) =0,
/ ' {T—(u, pon + (pu = ATU()) - ¥6) + A((p) (Vu— (Va)'), Vo) } de
=/ (pﬁ qﬁ) dt + (POW7¢<O)>'
0

c) Vn e CY[0,T); HY(Q)) such that n(T) =0,

/OT {=(pm) = (pw. V) + (AVE(0), V1) b dit = (oo, n(0) ).

Remark 31 Observe that the density solution for this general model p € L*(0,T;L*(Q)) N
L2(0,T; HY(Q)); therefore it loses one regularity order in space in comparison with the two
earlier models (7) and (8) for which p € L>(0,T; H*(Q)) N L*(0,T; H*(Y)). This regularity
implies p; € L*(0,T; L?(Q)) . Now, only p; € L?(0,T; H'(Q)') holds.

The existence of weak solutions for this general model (91) is established in ([3, 4]).

Theorem 32 Let ug € H, py € H'(Q) satisfying (13), f € L*(0,T; LP(Q)) with p > 1 and
U € CY([m, M]) is a real function such that 0 < o <V and 0 < 3 < V' in [m, M]. Then, there
exists at least a weak solution of (91), (9)-(10) in (0,T).

In order to approximate numerically the general model (91), we propose the following scheme
inspired in the foregoing ideas for models (7) and (8):
Initialization: Let (u), %) € (Vj, W) be suitable approximations of (ug, po) as h — 0.

Time step n + 1: Given (u}, pj, V7)) € Vi, x Wi, x Wj,.
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1. Find p}** € W), such that for each pj, € W
pptt — pf
(fl,{f&m) (o) + A(VIRIVAT V) =0, (92)

2. Find ( "Jrl,pZH) € Vj, x My, such that for each (uy,pr) € Vi, x Mj:

n+1

(“’mTuh 3 u”) *3 <[ph s [me’uTl-“h) o (W ) )

(o = 2o Ve ) = ([ e ) + (Y ),
(V- ) =0,

where the trilineal forms a(-, . ) and c(~, ° > and the discrete truncating operator [-]p are
defined as before.

n+1

The convective term for p;™" has been approximated by c(uh, "H, ph> instead of <uZ .

Vo, ﬁh> in order to obtain unconditional stability, since the control of the explicit form intro-
duces constraints between the discretization parameters because the estimates for the density
are now satisfied only in weak norms.

In fact, using the techniques developed for the foregoing schemes there are no additional

difficulties in obtaining the following unconditional stability estimates:

Lemma 33 Suppose ug € H, po € L?(Q) satisfying (13), f € L*(0,T; LP(Q)) with p > 1 and
U € CY([m, M]) is a real function such that 0 < a < ¥ and 0 < 8 < V' in [m, M]. Then, the
solution of the discrete scheme (92)-(94) satisfies the following estimates:

i) max [uj] < C. u)k:Zuuh\Pw m)Zr o<

N 1
iv) max |of] < C. WES VAR vi) 3 [V - P <
n=1 n=0

with C > 0 depending only on (po, ug, f).

For the convergence of scheme (92)-(94), the main difficulty lies in the compactness argument
of the approximate velocity in L?(Q) based on a fractional estimate (see Proposition 26), for

which it was essential to control the terms

N—rm—1+r n
2 ! +1 [ph] n+1 m-+r m
Z Z T (95)

m=0 n=m

and

k‘2 Z Z C<pz+1 )\\I//([ n+1] )sz+1vuhm+r U;Ln’uz+1) (96)
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by C(r k)Y with 0 < v < 1. Now, because of the loss of regularity of the discrete density with

respect to models (7) and (8), the estimate for the discrete time derivative of the approximate

density in L?(Q) changes by an estimate in L2(0, T; H'(2)"), which is not enough to bound (95).

Obviously this weak regularity of the density is not enough to bound (96) either.

References

1]

S. N. ANTONTSEV, A. V. KAzZHIKHOV, V. N. MONAKHOV. Boundary value problems in

mechanics of nonhomogeneous fluids, vol. 22 of Studies in Mathematics and its applications,
North-Holland Plublishing Co., Amsterdam, 1990.

H. BEIRAO DA VEIGA. Diffusion on viscous fluids. Existence and asymptotic properties of
solutions. Ann, Sc. Norm. Sup. Pisa, 10 (1983), 341-355.

D. BrescH, E. H. Essouri, M. Sy. De nouveauz systemes de type Kazhikhov-Smagulov:
modeéles de propagation de polluants et de combustion a faible nombre de Mach. C. R. Acad.
Sci. Paris, 335, Série I, (2002), 973-978.

D. BrescH, E. H. EssOUFI, M. Sy. Effects of density dependent viscosities on multiphasic
incompressible fluid models. J. Math. Fluid Mech., DOI 10.1007/s00021-005-0204-4.

P. G. CIARLET. The finite element method for elliptic problems, Amsterdam, North-
Holland, 1987.

J. ETIENNE, E. J. HOPFINGER, P. SARAMITO. Numerical simulations of high density ratio
lock-exchange flows. Phys. Fluids 17, 036601 (2005).

J. ETIENNE, P. SARAMITO. A priori error estimates of the Lagrange-Galerkin method
for Kazhikhov-Smagulov type systems, C. R. Math. Acad. Sci. Paris 341 (2005), no. 12,
769-774.

V. GIRAULT, P. A. RAVIART. Finite element methods for Navier-Stokes equations: Theory

and algorithms, Berlin, Springer-Verlag, 1986.

V. GIRAULT, F. GUILLEN-GONZALEZ. Mized formulation, approzimation and decoupling

algorithm for a nematic liquid crystals model. In preparation.

F. GUILLEN-GONZALEZ, P. DAMAZIO, M.A. ROJAS-MEDAR. Approximation by an iter-

ative method for regular solutions for incompressible fluids with mass diffusion. J. Math.
Anal. Appl. 326 (2007) 468-487.

F. GUILLEN-GONZALEZ, M. SY. An iterative method for mass diffusion model with density

dependent viscosity. Submitted.

92



[12] A. KAZHIKHOV, SH. SMAGULOV. The correctness of boundary value problems in a diffusion
model of an inhomogeneous fluid. Sov. Phys. Dokl., 22, (1977), No. 1, 249-252.

[13] R. SALVI. On the existence of weak solutions for boundary value problems in a diffusion
model of an inhomogeneous liquid in regions with moving boundaries, Portugaliae Math.
43 (1986), 213-233.

[14] P. SECCHI. On the motion of viscous fluids in the presence of diffusion. Siam J. Math.
Anal. 19 (1988), 22-31.

[15] P. SECCHI. On the initial value problem for the equations of motion of viscous incompress-

ible fluids in the presence of diffusion. Bollettino U.M.I., 6 1-B, 1982, 1117-1130.
[16] J. SIMON. Compact sets in the Space LP(0,T; B). Ann. Mat. Pura Appl., 146 (1987), 65-97.

[17] R. TEMAM. Navier-Stokes equations. Theory and numerical analysis. North-Holland Pub-
lishing Co., Amsterdam, 1977.

93



Capitulo 2

Conditional stability and
convergence of a fully discrete
scheme for 3D Navier-Stokes

equations with mass diffusion



Conditional stability and convergence of a fully discrete scheme

for 3D Navier-Stokes equations with mass diffusion

F. Guillén-Gonzalez*, J.V. Gutiérrez-Santacreu’

Abstract

We construct a fully discrete numerical scheme for three-dimensional incompressible fluids
with mass diffusion (in density-velocity-pressure formulation), also called the Kazhikhov-
Smagulov model. We will prove conditional stability and convergence, by using at most
C'-finite elements, although the density of the limit problem will have H?2-regularity.

The key idea of our argument is first to obtain pointwise estimates for the discrete density
by imposing the constraint lim, x)—oh/k = 0 on the time and space parameters (k,h).
Afterwards, under the same constraint on the parameters, strong estimates for the discrete
density in [*°(H') and for the discrete Laplacian of the density in [?(L?) are obtained.
From here, the compactness and convergence of the scheme can be concluded with similar
arguments as we used in [12], where a different scheme is studied for two-dimensional domains
which is unconditionally stable and convergent.

Moreover, we study the asymptotic behavior of the numerical scheme as the diffusion pa-
rameter A goes to zero, obtaining convergence as (k, h, A) — 0 towards a weak solution of the
density-dependent Navier-Stokes system provided that the constraint lim(y s, x)—o i/ (\2k) =
0 on (h,k, A) is satisfied.

2000 Mathematics Subject Classification. 35Q35, 66M12, 65M60.
Keywords: three-dimensional Kazhikhov-Smagulov models, density-dependent Navier-Stokes

equations, finite elements, stability, convergence.

1 Introduction

1.1 The model

Let 2 C R? be an open bounded set with boundary I'. We denote by [0,7] (0 < T' < +oc0) the
time interval of observation. We will use the notation @ = Q x (0,7), ¥ =T x (0,7), and n(x)

the outwards unit normal vector to I' at the point z € I'.

*Dpto. E.D.A.N., University of Sevilla, Aptdo. 1160, 41080 Sevilla, Spain. E-mails: guillen@us.es,
juanvi@us.es. This work has been partially supported by the Spanish project BEM2003-06446-C02-01.
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We consider the Navier-Stokes system with mass diffusion (the so-called Kazhikhov-Smagulov
model) in Q:

pu + ((pu—AVp) - V)u—V - (uVu— X p(Vw)') +Vp = pf,
Vou = 0, (1)
pe+u-Vp—AAp = 0.

The unknowns for this model are p : Q — RT, the density of the fluid, w : Q@ — R3, the
incompressible (averaged) velocity vector field, and p : @ — R, a potential function (modified
pressure).

Model (1) can be derived from the compressible Navier-Stokes system, by imposing that
the velocity v can be decomposed as v = u — AV logp, with V - w = 0 (it decomposes into an
incompressible part « and a potential part —AV log p), and eliminating the A2-terms (see [12]).

We complete (1) with the boundary conditions on 3:

dp
'U/|E = 0, 871’1, - =0 (2)
and the initial conditions in €2:
pli=o = po, uli—o = up, (3)

where pp : @ — Rt and ug : Q — R? are given functions.

Throughout this work, we assume the hypothesis on the initial density:

0<m<po(x) <M in Q. (4)

1.2 Known results

Concerning the simplified model (1), Kazhikhov and Smagulov [13] proved, via a semi-Galerkin

method, the existence of global weak solutions, under the following hypothesis:
A < 201/(M —m) (5)

and the existence of local strong solutions (which is global in the two-dimensional case). Salvi
[15] proved the existence of weak solutions for non-cylindrical domains. On the other hand,
Secchi [17] studied the problem for = R?, proving the local existence and uniqueness of strong
solutions, by using a fixed point argument.

For the complete model (including the A\?-terms), Beirdo da Veiga [2] and Secchi [16] estab-
lished the local existence of strong solutions by using linearization and a fixed point argument.
In [16], global existence and uniqueness are shown for two-dimensional (2D) domains by im-
posing that \/p is small enough as well as the asymptotic behavior as A — 0 towards a weak

solution of the Navier-Stokes system with variable density. In the case of positive initial density
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for the 3D case, Guillén-Gonzalez [10] proved the global existence of weak solutions and the
behavior, as A — 0, towards the Navier-Stokes system with variable density. Recently, in [11] by
means of an iterative method, the existence and regularity of strong solutions (and some error
estimates) have been proved.

A time-space numerical scheme has been recently developed by using C°-finite elements for
density and velocity in [12] for model (1) in the 2D case, which is unconditionally stable and
convergent towards the (unique) weak solution of the continuous problem. This scheme is of the
backward Euler type, where in each time step the computation of the discrete density and the
discrete velocity-pressure are decoupled, by means of linear problems.

Concerning the numerical analysis for the density-dependent Navier-Stokes problem, a stable,
convergent scheme is proposed in [14], by using in particular a discontinuous Galerkin finite

element method to approximate the density transport equation.

1.3 Main results of the paper

Our main objective is to design a linear scheme by using finite elements to approximate all
unknowns (density, velocity, and pressure) of problem (1)-(3). To this end, we consider for
simplicity a uniform partition of [0, T], (t, = nk)"=}, with k = T/N being the time step, and
propose a backward Euler time scheme which is implicit with respect to the diffusion terms
and semi-implicit with respect to the convection terms. Specific properties of the finite element
spaces associated to the parameter h are described in Section 3.1.

In what follows we consider the notation (-, ) and |- | for the L?(£2)-inner product and the
L?(Q)-norm, respectively. Also, we denote ||u|| = |Vu|, which is an equivalent norm to the usual
one in H(Q).

The scheme is described as follows:
Initialization: Let (u,p9) € V), x W}, be an approximation of (ug, pg) as h — 0.

Time step n + 1: Given (p}, up,p) € Wi, x Vi, x My,
1. find (w},qp) € V), x M, such that, for each (wp,qp) € V, x Mh,

(V. van) = (. V@) = (Ve Van),
Ve-wy,qn) = 0;

2. find p}™' € W), such that, for each py, € W,
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3. find (uZ“,pZH) € Vi, x My, such that, for each (uy, pp) € Vi, X My,

un—l—l — u® B 1 pn-l—l _ pn B B
(Pﬁh B h,uh> +3 h _ Th k; bt ay, +G(PZ+17UZ+17’L%)

+C<pZ+1uZ — AVt uptt ﬁh> = (ﬂZ“f L ﬂh) - (pZ“,V : ﬂh),

(8)

(V-urian) =0, (9)

where

11 1 tn+1
L
tn

P, U, = s malll —pP Vu 2V’Ud.’17,
a( uv) ,u<Vu V'v)+>\/ (MZm )( )*
Q

M—m

WithM>M,0<ﬁ1<msuchthat/\

< p (here (5) is imposed), and

() = (10 T0) (0T

The following properties of continuity and coercivity hold:

M1 M —m

a(,o,u,'u)E%HuH2 if m<p<M, with 5 =p—A 5 (>0),
alp,u,v) < Callul ol (it Jlp]l <o) < O,
c(w,u,u>:0,
o(w,u,v) < C flullpsul o], (10)

Here and in what follows, we denote by C) and C' different positive constants independent
of (h,k) and (h, k, \), respectively.

From the computational point of view, scheme (6)-(9) decouples the calculation between
pZH and (uZH,pZ“) where w} is an intermediate velocity, which is obtained as the H' or-
thogonal projection of 4} onto a discrete free-divergence space. We will see that scheme (6)-(9)
is conditionally stable and convergent. As the diffusion parameter is close to zero in many prac-
tical situations; we will prove that when the diffusion parameter A\ goes to zero together with
the space and time parameters (h, k), scheme (6)-(9) approximates to a weak solution of the
Navier-Stokes with variable density system, under a constraint involving the parameters h, k,
and ). In fact, to our knowledge, it is the first convergent scheme to (55) based on C%-finite ele-
ments for the discrete density, avoiding to perform directly an algorithm for (55) which presents
important difficulties by itself, mainly for the approximation of the density transport equation.
Recall that in [14] a convergent scheme is given based on a discontinuous Galerkin method for

the density.
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The corresponding study for the complete model, with A2-terms, will be the subject of a
forthcoming paper.
By defining in [0,7] piecewise constant functions wup, k, pp such that “h,k’ph,kktn,l,tn] =

uy, py, respectively, that we will denote by w1, pnk, 2 When the diffusion parameter A — 0 is

considered, we present the following main results of this paper.

Theorem 1 Assuming hypotheses (H0)-(H5) given in Section 3.1 jointly with the constraint on

the parameters
(S) lim

then there exists a convergent subsequence of (up i, pn i) (denoted in the same way) as (h, k) — 0
towards a weak solution (u, p) of problem (1), (2)-(3) (see Definition 3), in the following sense:
(W, prk) — (u, p) in L2(0,T; L*(Q)) x L2(0,T; HY(Q))-strong, in L>=(0,T; L*(Q)) x (H*(Q) N
L®(Q))-weakx, and in L*(0,T; H()) x L*(0,T; W'3(Q))-weak. Moreover, m < ppx < M.

Theorem 2 Under the hypotheses of Theorem 1 and by extending (H2) by (H2') (given in

Section 8.1), and changing (S) by the more restrictive constraint

h

! li — = =
(5) (A,hl,g):o)\ k

Y

then there exists a convergent subsequence of (up k. x, Phix) as (h,k, ) — 0 towards a weak solu-
tion (wu, p) of the Navier-Stokes with variable density problem (see Definition 23) in the following
sense: up .\ — w in L2(0,T; L*(Q))-strong, in L>=(0,T; L*(2))-weakx and in L?(0,T; H}(Q))-
weak, and pp .\ — p in L2(Q)-weakx.

The idea for the derivation of this scheme can be found in [12], where the following scheme
has been studied:

Time step (n + 1): Given (p}}, ui,p}) € Wy, x Vi, x My,

1. Find pZ“ € W), such that, for each p, € W,

pptt — pf .

PP ) + A (Vi Vi) = = (i - Vi n ) (1)
2. Find (uzﬂ,pzﬂ) € Vi, x My, such that, for each (wp,pr) € Vi, x Mj,

un+1 —u 1 pn—i-l T — pn T - ~
<[me h : h’uh> + = ([ h ] - [ h] ,UZ+1'Uh _|_a<[pz+1]T’uz+1’uh)

2
+C(pz+1uz - )\VPZH_I» U;LH_lv ﬂh) - <p2+17 V- ﬁh) = ([p2+1]Tf n—i—l’ ,D'h)a
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(V- ) =0, (13)
where
wp(x) if wp(x) € [m, M|,
[wr]r(2) = ¢ m if  wp(x;) < m,
M if  wp(x;) > M,
with @; the nodes of the mesh 7}, of €.

Comparing both schemes we can observe the following differences: the discrete densities in-
volved in the mixed variational problem for velocity-pressure (12)-(13) which require the property
of the maximum principle are truncated, whereas this truncation is not necessary for scheme
(6)-(9). Moreover, in (11) the convective term for the density scheme is considered in the ex-
plicit form (u’;{ -V, ﬁh) and it is now taken in semi-implicit form (wz . V,o;l”rl, ﬁh) where
w}y is a projection of u; onto a discrete zero-divergence space. This space is chosen to hold
(v “wf, 72) = 0 for all , € Wi,

Concerning the numerical analysis we remark on the following three main differences between

both schemes:

1. The argument to obtain pointwise estimates for the discrete density under some constraints
on the discrete parameters done in subsection 3.4 is completely new. Moreover, the ex-
tension of this argument to the scheme in [12] is not clear even assuming some constraints
on the discrete parameters. This justifies the presence of the truncation operator in the
discrete momentum system (12). On the other hand, the scheme in [12] is unconditionally
stable, and now the obtention of a maximum principle is subject to a constraint between

the discretization parameters.

2. Strong estimates for the discrete density are obtained in two different ways in [12] and in the
present paper. In [12], we used a discrete version of the Gagliardo-Nirenberg interpolation
IVpll24 < Cllpll 1l Apll 2 which does not need pointwise estimates for the discrete density.
Since this interpolation is exclusive for two-dimensional domains, we cannot use it for tree-
dimensional domains. Accordingly, we change the Gagliardo-Nirenberg interpolation by
a discrete version of the interpolation [[Vp||2, < C||p|lr=|Ap|lz2 and make a discrete
integration by parts (which mimics the argument of the exact problem to obtain strong
estimates of the density). Observe that we have to assure a maximum principle or at least

pointwise estimates for the discrete density in order for this other interpolation to work.

3. Another difference is the asymptotic behavior with respect to the diffusion parameter A
(jointly with the discretization parameters). Due to the fact that the convective term
of the discrete density equation is handled in different ways as has been explained in

point 2, we find that the strong estimates of the discrete density provided in [12] degenerate

99



when A — 0, and we cannot pass to the limit towards a weak solution of the Navier-
Stokes problem with variable density. However, now the dependence of A is improved, and
the scheme (13)-(9) gives a numerical approximation for the Navier-Stokes problem with

variable density using continuous finite elements.

The rest of the paper can be described as follows. The main ideas for the mathematical
analysis of problem (1)-(3) are provided in Section 2. In Section 3, by using appropriate auxiliary
schemes, we establish conditional stability estimates, energy estimates for the velocity, and
pointwise estimates for the density. In Section 4, strong estimates for the discrete density are
obtained, by using the discrete Laplacian of the density. In Sections 5, 6, and 7, weak and
strong convergences and the passage to the limit are shown, respectively, concluding the proof
of Theorem 1. In Section 8, we study the asymptotic behavior as the diffusion parameter goes

to zero, proving Theorem 2.

2 Analysis of the continuous model

To define the concept of a weak solution of problem (1)-(3), we introduce the following function

spaces:
H={u:ucL*),V-u=0in Qu-n=0onT},

V={u:uc H}Q),V-u=0inQ},

13(0) = {p:p e 19, [ plajde- o},

H%(Q) = {p € H*(Q) : gfl =0on F,/Qp(a:)dw: /Q,og(a:)da:}.

In Vthe [|u] 1 (q)-norm is equivalent to [Vu| (which will be denoted by [|ul)). HF () is an affine

1
space: Hy(Q) = 9]

norm ||p[| g1 (q) is equivalent to |Vp| and the norm ||p[| g2 (q) is equivalent to |Ap|. In particular, in

po(x)dz + H?V,O(Q), and in H% () (zero-average function space) the
Q )

H2,(Q) the following norms are equivalents: ||p — ﬁ Japollar )y ~ Vol and [Vl gy ~ [Ap].
Definition 3 A pair (p, u) is called a weak solution of (1)-(3) in (0,T) if it verifies:

a) u e L>*(0,T;H)N L*0,T; V), p € L>®0,T; HY(Q)) N L*(0,T; H(Q)), with 0 < m <
plx,t) < M, a. e (x,t) € Q.

b) V¢ € CL([0,T]; V) such that ¢(T) = 0,

/OT {T_ (“ pdt + (pu— AVp) - Vaﬁ) + (Wu — (V) w)} dt
— [ (p6) dt+ (oo, 0(0)).
0
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c) The equation of mass diffusion (1), is verified almost everywhere in Q.
Remark 4 As usual, the pressure p can be obtained by using b) and De Rham’s lemma [19].

We state the existence of (global in time) weak solution of problem (1), (2)-(3) (see [13, 1]).

Theorem 5 Let ug € H, py € HY(Q) satisfying (4), and f € L*(0,T; L6/5(Q)). Suppose that
the constants X, p, m, and M satisfy (5). Then there exists at least a weak solution of (1)-(3)
in (0,7).

Proof (Outline of proof). The proof is divided into the following steps:
a) Pointwise estimates for the density. From the maximum principle applied to the density

equation (1), and hypothesis (4), one gets
O<m<p(zt) <M in Q.

b) Weak estimates for the velocity. Adding the momentum system (1), by u to the density

equation (1), by %u u, one arrives at the following energy equality:

1d

—— | plufde+ p|u|® = )\/ p(Vu)' : Vudz + (pf, u) (14)

The first term on the right-hand side of (14) can be rewritten as

M
/ p(Vu)' : Vudz = / <p —2|—m> (Vu)': Vudz < )
Q Q

where we have used the pointwise inequality | p — (M + m)/2 |< (M — m)/2 (obtained from

M—m

],

m < p < M). By imposing the constraint on the coefficients (5), one arrives at the estimate

T
2 2
< (C.
Oréltzg{T]u(tﬂ —|—/0 |luw(t)||“dt < C

c) Strong estimates for the density. By multiplying the density equation (1), by —Ap
and bounding the convective term (previously integrated by parts) thanks to the interpolation
inequality

IVpllLsi) < ClollP[Ap]'? < Clap|'?, (15)

as
/ w-VpAp<C / V] [Vol? < C |Vl [Vpl2. < C |Vl |Ap),
QO Q

the following estimate holds:

T
2 2
< .
Jmax [Vo(t) +/0 [Ap(t)["dt < Cx

101



d) Compactness for the velocity. By using a rather technical argument [1], one can get the

following estimate of the “time fractional derivative”:
T-6
/ lu(t + 6) — u(t)[>dt < C\ 6% V5 € (0,T),
0

which implies [18] compactness for the velocity w in L?(0,T; L*(2)).
From here, it is rather standard to obtain the existence of weak solutions, by using, for

instance, the semi-Galerkin method [1]. O

3 Weak and pointwise estimates

Since (6), (7), and (8)-(9) can be reduced to three independent algebraic linear systems, it
suffices to check the uniqueness of the solution to guarantee that these problems are well-posed.
In particular, the uniqueness will be a consequence of the weak and pointwise estimates that we

will obtain in this section.

3.1 Hypotheses

Throughout this work we will assume the following hypotheses:

(HO) Hypotheses for the data: Assume (5), and let M > M and 0 < m < m such that

A < pand uyg € V, pp € HY(Q), with 0 < m < pg < M in Q, and f €
L2(0,T; LY/5(Q)).

(H1) Assume that €2 is an open, bounded set of R? whose boundary is polyhedral and such that
the continuous dependencies in the H?-norm of the Poisson-Neumann problem and in the
H? x H'-norm of the Stokes hold (see (33) and (21), respectively). This is verified, for

example, if 2 is convex [9)].
(H2) The triangulation of 2 and the discrete spaces verify:
e the inverse inequalities:

|V 1| Ch™'pn| Vpn € W,
IVonllsy < ChY2Vpu| ¥pn € Wi,

IN

Ipnllroy < Ch™Y2pnllme) ¥ on € Wa
e and the interpolation errors:
12— Jnall i) + @ — Jatl (o) < Chllulleq) Vae HX Q)N Hy(SQ),
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b — Knpl + 15— Knpl < Chlpllmy ¥5eH(Q)NLI(Q),
15 = Inpll Lo @nmwrs) < C B2 1pluzy V5 € HA(Q),
10— Inpl + h|p = Inplli) < CP|plu2) VP € H (),

where Jj, jh, Ky, IN(h, and I;, are interpolation operators from H?*(Q) N H(l)(Q)
into Vi, H2(Q) N HY(Q) into Vi, HY(Q) N L3(Q) into My, HY(Q) N LE(Q) into
Mh, and H?() into W}, respectively. Here and in what follows, we denote by

V] k(@) = D))=k [Dv] the standard seminorm of higher order derivatives.

(H3) Inf-sup conditions. There exist § > 0 and B3>0 (independent of h) such that, Vp, € My,

and Vg, € Mh,
_ (ﬁh? V. i”h)
1PrllLz) <8 sup Tl
we Voo |
lanl 5 (V@)
q < Ssu —_—
gy =7 2P Y

wye Vi, \{0}

(H4) Compatibility condition between M), and Wy:
(Wi - Wa) N L3() C My,
that is,
4 q 1 _ _ ~
Vi € Wh shit— o [ (@) (e do € 1T

(H5) Compatibility condition between (Mp,, Mh):

My, C M h-

For instance, a way of defining the discrete spaces (W, V},, My, /I\/;Z,Mh) verifying (H2)-

(H5) is the following: Let {73 }r>0 be a regular, quasi-uniform family of triangulations of €,

with h = max hx (hg=diameter of K), and

X! = {x), € C°(Q) such that z;|x € P(K)VK € Tp,}.
Then we define Wy, = X}. There are several possibilities for (Vj, M},) [9], by using the Taylor-
Hood element (P2 x P;) or the minielement (P; + bubble x P;), for instance. For the spaces
(Vi,, My) we choose V), = X3 N H(Q) and M), = X2N LE(Q).
Note that if V}, = ’Vi and M, = Mh we need not consider the projection problem (6).
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Remark 6 Hypothesis (H5) says us that <V . wﬁ,ﬁ}lﬁ%) =0 for all ﬁ,ll,ﬁ,% € Wh, which will play

an important role in our analysis. Indeed, we shall write

1 = 1 1 1 1 1
0 = V-wﬁ,pi,pi—/pk/}% = (V- wit, phif) —/pipi/v-w’ﬁ
Q] Jo Q| Jo Q
where we have used u =0 on I'.

As a consequence, by taking pr, = 1 in (7) we have that / P = /pg, for each n. This
Q Q
property is the discrete version of the continuous one [ p(x, t1)dx = p(x, to) dx for any
Q

Q
t1,ta € [0,T], whose physical meaning is the conservation of mass.

3.2 Auxiliary truncate scheme

To prove a priori estimates for scheme (6)-(9), we will introduce an auxiliary scheme in which
some of the densities appearing in the discrete problem of the momentum system are truncated
between 7 and M as follows:

Initialization: Let v and p{) be given as in scheme (6)-(9).

Time step n + 1: Given (p, up,p}) € Wj, x Vi, X My,

1. find (w},qp) € V), x M, such that, for each (wy, qp) € V, x Mh,

(V. van) = (. V-w) = (Ve Van), "
V- ’U)Z, qn = 0;
2. find pZ'H € Wy, such that, for each pp € Wy,
pZJrlipZ— nvn-‘rl— )\vn-i-lv— =0 17
TP | (W Ve on ) +A(VeRT Vi | = 0; (17)
3. find (u;‘H,pZH) € Vi, x My, such that, for each (up, pp) € Vi, X My,
un+1 —ur B 1 pn+1 P — pn T ~ _
([meh ; h,uh) i <[ 2T e ) (g )
+C<PZHUZ = AVt ﬁh) = ([PZH]Tf (ans ﬁh) + (pZH,V : ﬁh),
(18)
<v : u;;“,qh) —0. (19)

Here the truncation [|7 is defined as follows: given wy, € W}, then

wp(z) if wy(w) € [m, M],
[wplr(x) = ¢ m if wp(x) <m,

M if wp(x) > M.
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The idea was to truncate in those density terms which required to hold L*° estimates or to be
positivity in order to obtain weak energy estimates (see the proof of Theorem 5).
We may again deduce that (16), (17), and (18)-(19) are well-posed problems, obtaining a

priori estimates.

3.3 Weak estimates for the truncate scheme

Lemma 7 The discrete solution of scheme (16)-(19) verifies the following estimates:

N

. n .o 112 n+1 n|2

P s W <O @RY P e, i) Z| —uP <
N-1

w) Jmax lon] < C, v))\kz Vportt2<C wi) Z it — o2 < C,
n=0

where C' > 0 depends on the data (po, ug, f), but is independent of k, h, and X.

Proof. To obtain a priori estimates for the velocity (uj), we take u, = 2ku ”H and g, = pZH
as test functions in (18)-(19), resulting in [12]:
[ o ey ™2 = 3 [oplru P+ [y [ (ay ™ = )P+ kg 2
< 2k([ ) < 2o el o o s 6 o
|| up P+ C RIS o5
Consequently,
[ o ey P = 1 loplrun P+ [ [oplr (w ™ — ) 2 (20)

:ul n n
B 2 < CRIP™ ey

By adding (20) for n =0, ..., with any r < N, estimates %), 4¢), and 4¢) hold.
On the other hand, to obtain weak energy estimates for the density (p}), we take p, =

2k pp ! in (17) and use the fact that (V- w, (p}"1)2) = 0 thanks to Remark 6:
o P = 1oh P+ o™ = phP + 2 XKV TP = 0,

By adding over n, one deduces estimates iv), v) and vi). O

Corollary 8 The following estimates hold:

mz) Jmax, |lwp| < C, v%’L)k‘ZHwhH2<C
n=0

where C' > 0 is independent of k, h, and \.
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Proof. By taking wj, = wj} in (6) and using (H5), <V('wZ —uy), Vwﬁ) = 0 and hence one has
|[Vw)| < |Vui|. So from 42) we get viii). Now we are going to get estimate vii) using a duality
technique and the constraint (S). Indeed, let (z,¢) € (VN H?(Q)) x (L3(2) N HY(Q)) be the

strong solution of the Stokes problem
—Az+Vé=wy —vu,, V-z=0inQ, z=0onT. (21)

By taking wj — wj as a test function in the variational formulation of (21), we get

jwh — il = (V2 V(wf — u)) + (€9 - (wh — ). (22)
Let (zp,&p) € /‘};: X Mh be the discrete approximation of (21) defined as
(Vo Van) = (6.7 @) = (wf - ), van € Vi,
<V zn,Gn) = 0, Vau € My,

In view of hypothesis (H5), (th, V- (wf — uﬁ)) = 0, and hence we write (22) as follows:
lwp — > = (Vz— Vz, V(w) — uﬂ)) + (Vzh,V(wZ - uZ)) + (E — Kp&, V- (wy — UZ)),

where Kj, is the interpolation operator defined in hypothesis (H2). From (6), it follows that
(Vzh, V(wp — uZ)) = 0. Thus, we find

[l — wf? < (V= Val|V (wf = )] + 1§ = KngIV - (wf, — )
< Ozl 2o + 1l e ) IV (0 = w3)| < Chlay, — ][V (w = ),

where in the second line we have used the approximation property (see [9]) |Vz — Vz,| <
C (|2l g2 + [|§]| 1), the interpolation error |§ — Kp&| < C h||€|| g1 () assumed in (H2), and the
H? x H' continuous dependency of the Stokes problem (21) || 2] g2(q) + €]l 1) < C'|wj} — ufl|
assumed in (H1).
Therefore, we have
wfy — wl] < ORIV (i — wf). (23)

Now, in view of (S), we may get h < Ck for (h,k) small enough. Then, since k'/?|Vaw}| <
E'/2|Vall| < C (thanks to the estimate V| < |[Vu| and estimate 44) of Lemma 7), it is easy
to see that |w}| < CkY/2 + |uf| < C, and we get estimate ). O

3.4 Discrete maximum principle (of the truncate scheme)

In this subsection we prove that the discrete density of scheme (17) has pointwise estimates
by excess and defect with respect to the upper and lower bounds of the initial density pg,
respectively. Namely, we will see that m < pj < M in Q for all k and h small enough and

satisfying constraint (5).

106



3.4.1 Study of an auxiliary time discrete scheme

We define a sequence (p™) associated to (w}!) by means of the following time discrete scheme:
Initialization: Let p° = py.

Time step n + 1: Given p", we compute p" ™! € H2(Q), verifying the elliptic problem

anrl _ pn
e Vot — AT = 0 in Q,
apn+1 (24)
= 0 onlI.
on

N
Lemma 9 Let {w!})_, C H{(Q) such that kz |w}||> < C. Then there exists a unique
n=0

solution p"*1 € H%(Q) of (24), which also verifies:

0<m<p(z) <M, VxeQ Vn=0,..,N -1,

N-1
X ST g < €, (25)

n=0

where C' > 0 is a constant independent of k, h, and X.

Proof. The proof of this lemma can be found in Appendix A. O

3.4.2 Error estimates between p"*!' and pZH

Denote by ept! = pnt1 — pp ! the difference between the solutions of problems (24) and (17).

Our intention now is to state the following error estimate:

2 hvh  hh/A h)

2
DXVAN + A2k + A3/2[3/4 + MWk (26)

Indeed, by subtracting (24) multiplied by p;, € W}, and (17), one has

el gy < C (

6n—l—l —en
%,ﬁh + (wﬁ : Ve;”“l,ﬁh) + )\(Ve:,‘“, Vﬁh> =0

for each pp, € Wj. By decomposing the convective term as
(w’[{ : Ve,?“ﬁh) = (WZ V(" = Iy, ﬁh) + <’w2 V(I - PZ+1)7ﬁh>7
taking pj, = 2k(e?t! — pn 1 4 I, p" ) = 2 k(1" — pi ), with I,p"+! € W), and using the

P
fact that (V - wy, ﬁ%) = 0 for all p,, € W}, (see Remark 6), we get

|€Z+1|2 o |6Z|2 + |€Z+1 o 62’2 +2)\]€|V€Z+1|2

< 2<6z+1 _ egjanrl -~ Ihanrl) B 2k<wﬁ V(- Ihpn+1)76;z+1)

—k:(V -l (pt — Ihp"'H)Q) + 2\ k(Ve;‘H, V(p"tt — Ihp”+1)>.
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Next, by integrating by parts the second term on the right-hand side and bounding adequately,

we infer that

el — |en|? + [ent! — en|? + 2Xk| Vep 2

< 2eptt =gl "t = Inp™ T 4 CRllwi | lep ) 10" = Tnp™ s @)

(| whllllp™ = e Fagq) + 20KV ep TV (0" = Lp™ )

< Sl = eh 4 Ol — Iy OMRIT (1 — L)

Jr%fIIwZIIQHp"+1 Inp™ sy + kllwp o™ = Tnp™ [ agq) + Mklep ™ 2 + M| Vep ™2,

and then, by taking into account the interpolation errors:
" = g™+ BV (07 = Lyp™ )] < C R 2oy

and

o™ = Inp" sy < OB 0" | 42

"t — Ihpn+1||L4(Q) < Ch5/4HPnH||H2(Q)

(the last two are a consequence of the previous one and the 3D interpolation inequalities

1/2 3/4 .
lolzs@) < Clol2lpl e, and lollza@ < ClolY4loli ), and the estimate kl|wit||? < C

thanks to estimate viz) of Corollary 8, one arrives at

h3
g™ —lepl? + Ak |Ve TP < C <h4 + o R4 Ak:h2> 1" 12 ) + ARlep ™2

1
By adding up for n = 0, ...,] and using the fact that \2 kz |p" 32 < C and by virtue of
n=0
the generalized discrete Gronwall lemma, we infer that for all (k, \), with Ak < 1 (for instance,

Ak < 1/2), there exists C > 0 independent of A such that
!
hd h3 h5/2 h2
1412 n+12
b +)\I<:Z;]]Vep | <C<)\2k+)\ r e oy Tlel )

By taking \62\2 = |p" — pY|? < C'h?, we deduce the bound

l
h h3 h5/2 h2
n+12 n+12< e
len | +)\I<:HZ:0|Vep P<cC <A2k+/\k+/\2/~c1/2+ N

whence, in particular, (26) holds.
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3.4.3 Pointwise estimates of the truncate scheme

Here we will prove the following pointwise estimates [7]:

2 hvh  hhY% b .
) S p +1

K2 hvh  hRYA R
< -1/2
NI N e ) S P S MECh ( )

T
m—Ch ( At I
(27)

To prove (27) it suffices to prove that

h? hWh — hhl/4 h)

n+l _ n+l - < _1/2
lop ™ = " ooy < Ch (Az/zk ek Tomen TV

For this, from the triangle inequality

1o = 0"l < opth = Inp™ o) + Hnp™ ™ = p" | (o
h1/2
1 +1

where in the last line we have used the approximation inequality ||p"*! — Ipp" 1| 0o (q) <

C
C h2||p" Y| 2y and the estimate [|p" ™| g2iq) < Thi2 (see (25)). Hence, it suffices to

obtain the inequality

(28)

. h?>  hvh  hh'/4 h
op = Inp™ i) < C (

ok ek i 3k
and to use the inverse inequality (see [3])

1Pl Loe() < CH™2 1pnllray,  Von € Wh.
Let us prove (28). From the triangle inequality,

1op = Inp™ M) < I0p T = 0" ) + 10" = Inp™ i)
and by using the error estimate (26) and the interpolation error |[w —Inw|| g1 (o) < hllwl| g2(q) for
w = p"t! jointly with the estimate hl|p" || 2 < C h/AVE (thanks to (25)), one easily deduces
(28).
Now, by taking into account hypothesis (.5), one has

h?  hvh  hhl/4
W Wb hhl
k k k3/4
(h,k)—0 h

Vi

and consequently, for each (h, k) small enough,

h? hh h h h
-1/2 < -1/2 _ I
Ch <A3/2k+ NP +)\\/E>_Ch 7 C -

=0,
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In particular, thanks to (27), by imposing h < hg, k < ko such that

C\/Z < min{m — m, M — M}, (29)

one gets
~ +1 a7
0<m< pp™ <M.

3.4.4 Identification between the truncated and nontruncated schemes

n+1

Now it is clear that if p;™" is the solution of the truncate scheme, then [pZ'H

Jr = pp*, and con-
sequently the truncated scheme and the nontruncated scheme coincide, arriving at the following

result.

Theorem 10 Assume that h < ho, k < ko satisfying (29) and XNk < 1/2; then scheme (6)-(9) is
well-posed and verifies the weak estimates 1)-vi) of Lemma 7, estimates vii)-viii) of Corollary 8,
and the pointwise estimates

O<ﬁ1§pz+1§M i Q.

4 Strong estimates for the density
Let —Ay, : Wy, — W), be the linear operator defined as follows:

—(Ahph, ph) - (Vph,Vﬁh> Y pn € Wi, (30)

Then the discrete density equation (7) can be rewritten as
ot — oy 1 1
PP o ) + (wht - Vot on) = A(Bwpf ) = 0. (31)

Theorem 11 Under the hypotheses of Theorem 10, the solution pZH of scheme (7) verifies the

following estimates, for h and k small enough:

N N-1
. 12 < 2 n+12 - . ntl _ ny2 -
iw) A max [Vpil* < Co @) Nk [Anpp PP < C i) A Y [V = ) < €

where C' > 0 is independent of h, k, and A.

Proof. By taking p, = —Qk:AhpZH in (31), we arrive at:

VORI — (VA2 + V(o = )2 + 2k Mgy 2 = 2k (wf - Vb At ) o= 1 (32)

To bound I, we use an idea given in [12], where a regular function associated to the discrete

Laplacian function —AhpZ'H is considered. But here, the type of estimates used in [12] must be
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changed, making use of the pointwise estimates of p} ™. We define p(h) € H?(Q) as the solution
of the problem:

bl dp(h
—Ap(h) = =Appptt in Q, gn)‘(m =0, /Qp(h) = /Qp?l. (33)

From the H?-regularity of the previous problem ||p(h) — ﬁ I Pl <C |App}T|, and hence
one has in particular

p(h)120) < ClARpRT- (34)

We write I as I = 2k<wz - Vp(h), Ap(h)) + 2k (wﬁ V(= p(h)), Ahpzﬂ). By integrating
by parts the first term on the right-hand side, and using (15),

Qk(wg Vp(h), Ap(h)) _%(v«ug, Vp(h) ® Vp(h)) - zk((w;; V)Vp(h), vp(h))
—2k<vu;;;, Vp(h) ® Vp(h)> + k:(V Cwl, \vp(h)F)
C k|| willlIVp(A)[Z1(q) < C Ellwhll [|p(h)]| oo )| Ap(h)]

C kllwp | llp(h) | oe )| Anpy 1,

IA

IN

where a ® b denotes the tensorial product matrix of two vectors a = (a;)%;, b= (b;)?_,, with

coefficients (a ® b); ; = a;b;. Accordingly,
1< Okl (o) ey + IV = (W) 300y ) | Bngf (35)
Now we will prove the inequality:
IV (R = o)l a() < C R p(R)|sr2(c. (36)
For this, we write
IV (ot = p(h)lls < IV (0p ™ = Inp(h)llzs + IV (Znp(h) — p(h))]| 13- (37)
By multiplying (33) by pn, € W}, and subtracting to (30), one gets
(Vo = Vo(h). V) =0 ¥ pn € Wi

By adding and subtracting VI,p(h), and considering p, = pZH — Ipp(h) € Wy, we obtain

Vot = Viph)? = —(Whp<h>—vﬂ<h> Ve = Vio(h)
< |Vinp(h) = Vp(R)| [Vpp+t = Vinp(h),
whence
Vit = ViInp(h)| < [VIup(h) = Vp(h)] < C hlp(h)|2(q), (38)
Vot = Vp(h)] < C hlp(h)] 20 (39)
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Thus, by using the inverse inequality [8]
IVt = VIp(h) pai) < Ch™V2V it = VILp(h))|
and (38), we arrive at
IV o™ — VIup(h) | sy < C B2 |p(h)] g2 (0. (40)

So, from (37) and (40) one gets (36) by taking into account the interpolation error ||V (p(h) —

Inp(hW) |l 13@) < CRY2|p(h)| g2 (q)-
By getting back to (35) and using (36), we bound

1< Chllul (llo(hr) = oMl + o laee + B2 p() 2 ) | Anpy . (41)

Now we write

n+l

”P p(h )||Loo Q) < ||Pn+1 Ihp(h)HLoo(Q) + [[Inp(h) — P(h)HLOO(Q)-

By using the interpolation error ||p(h) — Inp(h)|| Lo (q) < Ch'/?|p(h )| m2 (), the inverse inequality
in 3D

n+1

I = Inp(Wllei@) < CRT0™ = Tup(h) ey
< Ch Y2 it = p(W) |l ey + (k) — Tnp(h) || o)
< Ch PVt = p()] + b lp(h) 2a))

where the generalized Poincare inequality has been used in the last line, since fQ pZH = fQ p?l
(see Remark 6) and [, p) = [, p(h) (see (33)). By using (39) and (34),

lop ™ = p(B)[| oo () < C B2 (p(h)|1r2() < C W2 ARpi ™.
By applying the above estimate in (41), we bound

1< CRllupl (B2 800 + ) [ Angy |
< CHllwi A28 P+ RN wh I+ Sk AP

By Corollary 8 we infer the bound ||wf| < C/k'/? (with C independent of A, h,k), and by
choosing h and k small enough such that

h
<
Vi<

I< kuwhlrzﬂkmhpn“\z

we get
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Therefore, from (32) we get the inequality
Vo = [V oRl? + IV (0h ™ = pi) P+ AR|ARp TP < C T HwhH2

By adding (42) for n =0, ...,r, with » < N, we arrive at

MTI P S (VG — o)+ A RS (AP < Ok S ] + AV
n=0 n=0 n=0

Finally, from estimate #2) of Lemma 7, one gets the desired estimates ix)-x3).

Corollary 12 The following inequality holds:
IV o |30y < C IV Y2 Ao Y2,

Consequently, under the hypotheses of Theorem 11, one has the estimate

Ak Z 95 o) < €

where C' > 0 is independent of h, k, and )\.

(42)

Proof. Thanks to estimates ix) for (p}) and @) for (App}), it suffices to prove (43). For

this, by considering p(h) the solution of problem (33), we have

Vo sy < IV = pth)lzs) + VARl 3@

By using inequality (36) and the interpolation inequality ||V p(h)||1s) < C|Vp(h N2\ p(h )||1/2

we arrive at

Vo s < C RV Awpp |+ C [V p(h)[2 ] Appp 2.

Next, we bound the term |Vp(h)| by using (38) as follows:
Vo(h)| < [V (p(h) = oDl + [V < Ch|Awy |+ [V .
Therefore, using (34)
Vi sy < C 2 Ap 4 C 1V Y2 Ay 2.
On the other hand, by considering p;, = —Ahp"+1 (30), we get

A < IV IV A < S 190 A,

where we have used the inverse inequality between L? and H'. The last two estimates imply

(43).

113

0



5 Weak convergence

To study the convergence of scheme (7)-(9) towards a solution of (1)-(3), we define the following

functions.

Definition 13 One defines wy, (respectively, Up ., Wk, and pyi) as the piecewise constant

+1

unctions taking values u'™ on (tn,tni1] (respectively uw?, wy, and p?™'). Analogously, we
h + h h h

define ppx. and pp . Moreover, one defines pp . € C°([0,T7]; Vi) as the piecewise linear functions

such that pp i (tn) = pj-

Now let us pass to the limit in both (9) and (16). Consider ¢ € C°([0,T]; C>°(2)) such
that | g(x)dx =0, ¢ = Kpq(t,) € My, and G} = IN(h(tn) € Mh. Define gy, 1, and Gp i as ppk
in Deﬁ)nition 13. On the other hand, we know that there exist two limit functions w and u
belonging to H{(Q) such that uy, ;, — wand wy, ; — w weakly in L2(0,T; H}(2)) as (h, k) — 0.

Thus, we write from (9)

:§<V-u’ﬁ,qﬁ):/Q<V'uhyk,qh,k)dm—>/g(V-u,q)dwzo

for all ¢ € CY([0,T]; C*(R)), with / g(x)de = 0. A density argument says us that we can
Q

replace the space C*°(Q) with / q(z)dz = 0 by the less regular space L3(Q2). Therefore, we
Q
have that v € V. In an analogous way, we can prove that w € V as well.

Next, we wish to derive a test function for (6), a discrete zero-divergence approximation of
a function v € C°(Q2), with V- v = 0.

Lemma 14 Let w e C°(2). Then there exists wy, € V), such that:
wp, — W In Hé(ﬂ) and (V . ’l_l)h,(jh) = (V - w, qh> Y, € Mh.

A proof of this result can be found in [12].
Then, thanks to the estimates of Lemma 7, Corollary 8, Theorem 11 and Corollary 12, it is

easy to deduce the following result.

Lemma 15 Under the hypotheses of Theorem 11, the following estimates (independent of h and
k, but some of them depend on \) hold:

{wni s {Tnp g {Whptnk are bounded in  L™(0,T; L*()) N L*(0,T; H{()),

{Phstnks L0nktnis {Purtng  are bounded in  L>(0,T; H'(Q)) N L=(Q),
{pnitni is bounded in  L*(0,T; WhH3(Q)).
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In addition, there exist subsequences of {unktnk, {Unktnk: {Whitnk, {Pnrtnsr, {Phktnk
and {pni}ni (denoted in the same way) and limit functions wu, p verifying the following weak

convergences as (h, k) — 0:

L*(0,T; HY(Q))-weak ,

Upfp — U, Upp — W, Whp — U N
’ ’ ’ ’ ’ { L>®(0,T; L*(Q))-weaks,

L>(Q)-weaks,

- P, Dl — P, 0] — m
ph,k 10 ph7k p ph,k‘ p { LOO(O,T, Hl(Q))—weak*,
Phk — p in L*0,T; W3(Q))-wea.

Proof. Let us prove only that wy, ; — win L2(0, T; H}(Q)-weak. Consider v € C°([0,T]; C°(9)),

with V- v = 0 and v} € ﬁ an approximation of v(¢,) given by Lemma 14. Define v, €

+1

L*>(0,T; f/;L) as the piecewise constant functions taking values v, ™" on (t,,t,+1] which verifies

the convergence
vhr — v in L0, T; Hy(Q)).

Next, by testing (6) by the test function v}, we have
(V(wh - up), Vo) =0,

since the pressure term vanishes. By multiplying by the time step k, summing over n, and

passing to limit as (h, k) tend to zero, we infer that
T
/ (Viw—w, Vo) =0 Voe 0. 7): C2(2). with V=0
0

A density argument provides that this equality holds for any v € L?(0,T; V). Therefore, we can

choose v=w— u (since V- u=0and V- w=0); then w= w. O

6 Strong convergence

As usual for nonlinear systems, strong convergence in some suitable space is necessary to identify

the limit of the nonlinear terms.

6.1 Strong convergence for the density in L?()

Lemma 16 Under the hypotheses of Theorem 11, one has:
N
kD
n=0

where Cy > 0 is independent of h and k (but depends on \).

4/3
< C/\7

pn+l p;’lL

ntl _
k
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Proof. We consider Py, : L?(2) — W)}, the orthogonal projector, defined as (P,w — w,wy,) = 0
for any wy, € Wy,. Let w € L%(€). By taking in (7) as a test function wy, = P,w, we arrive at
n+1 n
(A5 ) (0 1) 3 (3 ) =0
where we have used the definition of P, in the first and last terms. By taking into account the
stability of the projector operator |Pyw| < |w]|, we get
Pt = op

A < Nlwpllzo @) IVoR e ) + A Aoy ™.

By summing up over n and using the estimates of {@wp, x}5x in L2(0,T; L°(Q)) (due to the esti-
mates in L2(0, T; H'(Q))), of {\ Apph g thr in L2(0,T; L2(S2)), and of {Vpp k }n x in L0, T; L3())

(this last estimate depends on \), we can conclude the result. O

Remark 17 As a consequence of the previous lemma, the estimate holds:

d
Il Phkllarso.riz2()) < O

On the other hand, from Lemma 7, we get ||pnk| Lo or:m1 () < Cx- Then, thanks to Aubin-

Lions’” Compactness Theorem in LP(0,T; X ) space with X a Banach spaces, one has
P — p in L>(0,T; LP(Q)) as (h,k) — 0,
with p < 6. From this convergence, we deduce that

P Phi — p in L*(0,T; L*(2)) as (h, k) — 0,
since ||pnk = prallZ20.r.020)) < 1Pnk = prnllZ2.r.r2()) = K Z loptt = pp? < Ck.

6.2 Strong convergence for the velocity

Proposition 18 Under the hypotheses of Theorem 11, the following estimate holds:
T—6 9
/ ’ ph,k(t + 5)(uh’k(t + (5) — ’U,hJ.g(t)) dt < C), (51/4 Vo: 0<do<T, (44)
0
where Cy > 0 is independent of h, k, and 6 (but depends on \).

Proof. Throughout the proof we will keep in mind Lemmas 7 and 11 and Remark 8. As py,
and wy, j, are piecewise constant functions, it suffices to suppose that § is proportional to the

time step k, i.e., d = rk for any r = 0, ..., N. Then, to obtain (44), it suffices to prove that
k‘Zh/PZHT w2 < Oy (rk)YY Vr:0<r<N. (45)
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Let us write the time derivative of the discrete momentum system (8) in conservative form.

By adding at the right- and left-hand sides of (8) the term 5 (phkph, 'uZJrl . ah> :

n+1 n+1 n..n
U
(Ph ] — Ph h’,uh) +G(PZ+1 n+1 ﬂh) (ph+1 v. Uh)
+C<p2+1 — AV gt uh) _ (Pzﬂfnﬂ,ﬂh) +, . h Lty |

By multiplying (46) by k and summing for n = m,...,m — 1 + r, we have

m—1+r m—1+r
(pszrT‘ mer ,Uh) Tk Z ( n+1 UZH ﬁh) _ Z <ph+1 v. uh)
n=m

m—1+4r
+k Z ( n+1 n )\Vpn+1 n+1 'l_lzh>

n=m

m—1+r km—l—‘rr pn+1 n
=k Z <p2+1fn+17ﬂh> + 5 Z (W?"ZH ) uh) )
n=m n=m
By taking w, = uhm+r w;' and making use of the identity
PRI o = g (T ) (o — o (47)
we get
o T = )2 = = (o = ol i - (a7 — i) )
m—1+4r
—k Z { ( n—l—l n—l—l ’u‘ZH_T uzn) —i—C(pZH Avpn-l—l n+1 'U'ZH_T ,U/Zl)} (48)
n=m
m—1+r 1 pn+1 . pn
k30 (o — ) o | P (T ) )
n=m

On the other hand, by taking p, = pZL” pp as a test function in the density scheme (31),

multiplying by k, and summing for n = m,...,m — 1 + r, we obtain

m—1+r
\perT IOZIIQ = —k Z (,w Vanrl AAthJrl,Ph _pznﬂ")
m—1+r
< kY (il IVoRlLa @) + MArey ™ Dler — ot
Therefore,
m—1+r 12 /14 1/4
o — o] < O(k 5 uwmim) (k: 5 sznig(m) (k)4

m—1+r 1/2
+ (k Z Al Ayt ) (rk)'/?
< C,\(rk)1/4+0(rk)1/2
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where C'\ > 0 is a constant independent of h and k£ (and depending on \). Then we have

m+r| 1/4
| nax g’ — o < O (k) (49)

By multiplying (48) by k£ and summing for m =0, ..., N — r, we are going to get the desired
bound (45) using (49). Indeed, from (49), one can obtain (with a similar argument as in [12])

—k Z (ph m+r’ m (UZL-‘FT _ uzl)) < C,\(?“k)l/4.

We analyze only the two terms whose estimates will be different from the ones done in ([12]):

N—rm—14r

:_kzz Z (n+1 AVt gt u’;bn)’

m=0 n=m

o N—rm— 1+r< n+1_
)

T

m=0 n=m

uZ'H At — uﬁ)) :

To estimate Jy, we use (10) as follows:

N—rm—1+r
1
TS CEY Y lop = AV ey g T — |

m=0 n=m
N—rm—1+r

Cr Y0 37 (it eeeon i sy + AUV RE sy ) et e = wi

m=0 n=m

IN

By interchanging the sum order (Fubini’s discrete rule) and using the estimate ||} | L) < C,

N-1 n

B < ORIl gy + AUV gy It D g — il
n=0 m=n—r+1
where
0 si n <0,
n= n si 0<n<N-—r,

N—-—r si n>N-—r.

Next, by taking into account that [m —n —r + 1| < r and Corollary 12, we get

N-1
5o< Ckz(nuhum )+ A ey )
1/2 - 1/2
S b - >k
m=n—r+1 m=n—r+1
) 1/2 1/2
< Cri)'? (kz(uuhnp +A||sz“||mm)> (k:Zn "*HF)
n=0
< C(rk)Y2
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N—rm—14r
In the same way, we can bound the term k2 Z Z ( L gt gt uﬁ)

m=0 n=m

We bound Jy as follows:

N—rm—1+r n+1 P
e D D e e [T |
2%_? ZZTI 1111/2 1,1/2 =
(Fubini) < Ck* ) . e e ™ R N A Al
n=0 m=n—r+1
n+1 1z
< Ck,z Pn — Ph ph H n+1H1/2 k Z H m-+r umHQ (Tk)1/2
> h
m=n—r+1
1) nst 4/3\ 3/4 1/4
< C(T]ﬁ 1/2 k Z Pp, - ph (k? Z H n+1||2) < C)\(Tk)l/Q.
n=0

Remark 19  From the weak estimates of the discrete velocity wyy in L>(0,T; L*(Q)) N
L2(0,T; H}(Q)) and the fractional in time estimate of wy given in (44), we can apply a com-

pactness result [18] and obtain

up, 1, — w in L*(0,T; L*(Q))-strong as (h, k) — 0.
Consequently, thanks to estimate i),

Up i — win L*(0,T; L*(Q))-strong as (h,k) — 0.

As {uwpptni is bounded in L*°(0,T; L*(Q)) we improve the compactness of {upx}ny to
LP(0,T; L*()), with p < oo.

Remark 20 From (23), we infer the inequality
[wh — u| < CkIV(wf — up)| + |uff — u| < CEY? + [uf — .
Therefore, it holds

Wpx — w in L*(0,T; L*(Q))-strong as (h, k) — 0.

6.3 Strong convergence for the density in H!(Q)

By using the compactness of the discrete density in L?(0,7; L*(Q2)) and comparing the equa-
tion for the discrete Laplacian and its limit (see [12]), one can obtain the convergence of the

L2(0,T; L*(Q))-norm of Vpj, j towards the same norm of Vp. Consequently, one has

lpnk — pll2o,m;m1 Q) — 0 as (b, k) — 0.
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7 Passing to the limit

7.1 Convergence for the density scheme

Thanks to the previous convergences, we can prove [12] the convergence of the density scheme

as (h,k) — 0, obtaining

pt+u-Vp—AAp=0in Q, =0, p(0)=pgin Q. (50)

apr
onls 7
7.2 Convergence for the momentum scheme

We use the following convergence result, which is similar to Lemma 14.
Lemma 21 Let u € CX(2). Then there exists up € Vy, such that:
w, — u in HY(Q) and (V : ﬂh,qh> = (V A qh)th € My,

To pass to the limit in the discrete momentum system, we consider v € C1([0, T]; C2°(Q)),
with V- v = 0 and »(T) = 0. We define v} as the projection of v(t") furnished by Lemma
21. We define vy, € L*>°(0,T; V},) as the piecewise constant functions taking values vZH on
(tn,tnt1] and let v, € C([0,T]; V3,) be the piecewise linear, globally continuous functions and

such that v, ;(t,) = v}. It is known that, as (h,k) —
vpe — v in L0, T; Hy(Q)),
U — v in W0, T; H(Q)).

By taking w, = UZH as a test function in (46), multiplying by k, summing over n, and using

the expression (discrete integration by parts in time)

N-1 N-1
n+1, n+1 n+1\ __ N, N N n+1 n 0
§ (ph uy, — Ph U, vy, ) = (ph Uy, , U ) - § (ph’u,h, v, - 'Uh) - (PDhUOiu 'Uh>

and the fact that v) = 0 (since v(T") = 0), the following formulation holds:

( N-1 P SN
—k ( nun’ h h) _ ( ,’UO>
Eo PrUp L PonUoh, Up,

N-1
+k Z C(PZ+1 )\vanrl n+1 n+1 _|_ L Z n+1 n+1)

N—1 it
=k Z (pz+1fn+l n+1> +k Z ( — /i uZH : vZ‘H) :

n=0
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Next, by taking into account Definition 13,

( T o _ 0
—/ (Ph,kthca 5vh,k) - (POh'U'Oh»'Uh)
0 t

N-1

T
+/ C(Ph,kuh,k —)\Vph,k;,uh,k,vh,k> + E a(ﬂh,ka“h,ka“h,k)
0
n=0

T T
/ ( ¥ ) + ! / 95
= 5 ’l] —_— 5 u . U
o PhkJE> Uhk 2 Jo 8t/0h,k h,k * Uhk

This variational formulation of the discrete momentum system allows us to pass to the limit

in a standard way. We pass to the limit only in the last term on the right-hand side since
: : : : 0 :
this term does not appear in the theoretical analysis. We know that &p””’“ — &p weakly in
LA3(0,T; L2(Q)) and wy,, — u strongly in LP(0,T; L?(R)), with p < oo, and is bounded in
0 - 0
L40,T; L3(£2)), and hence Pk Uhse = 5 pU weakly in L'(0,T; L%5(Q)). As v — v in
L>(0,T; H{(2)), we have

Tro Tro
/0 (atﬁh,k, Uy f - vh,k) — /0 ((%P, u- U) as (h,k) — 0.

This concludes the proof of Theorem 1.

Remark 22 A wvariant of the Kazhikhoz-Smagulov model is obtained by replacing the linear
diffusion term —V - (uVw) in (1) by a nonlinear diffusion term —AV - (pVu) (i.e., by taking
= Ap). It is a model of pollution studied by D. Bresch, E.H. Essoufi, and M. Sy in [4, 5],
where they prove the existence of a global in time weak solution, without imposing the restrictive
hypothesis (5) on the coefficients.

The scheme that we design for this model is obtained by replacing the stabilizing term of the

momentum system

M
—)\/ ;m(wg“)f . Vay, dz
Q

A
by the term 7771 <V : uﬁ“, V. ﬂh> and the remainder with the following scheme:

Given (py, uy,py) € Wi x Vi x My,

1. find (wy,qp) € fVYh X Mh such that, for each (wy,qn) € ﬁ X Mh,

(Vg van ) = (. V- (Vup, van), -
V- wz: dn = 07
2. find pZH € Wy, such that, for each p, € Wy,
pptt —
(’Lkh ph> + (wZ Vot ﬁh) + A(Vp’,;”“, Vﬁh) = 0; (52)
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3. Find (UZH,pZH) € Vi, x My, such that, for each (up,pr) € Vi X Mjy,

un+1_un ~ 1 pn—‘rl_pn ~
(pz : h’uh>+2( Sl AL

+c<pZ+1uZ — )\VpZ'H, UZH, ﬁh) A (53)
(o (Ve = (V) V) + S (Vg V)
= (pZJrlf n+1a ﬁh) + (pZJrla V- i”h)a

(v Cu ph) —0. (54)

By following arguments of this paper, one may establish the same conclusions of Theorem 1 for

this scheme.

8 Asymptotic behavior when \ — 0

In this section we are interested in the asymptotic behavior of scheme (7)-(9) when the diffusion

parameter A goes to zero. More precisely, we will see that, by imposing the stability condition

1 /h
5 i L /"
(5) (,\,hfg):o AV k

and completing (H2) with the additional approximation property
(H?') p— Inp| < C WP |plwrarz), Vo€ WH2(Q),

then scheme (7)-(9) approximates, as (h, k, A\) — 0, to a weak solution of the density-dependent

Navier-Stokes problem:

plu+ (v V)u —pAu+Vp = pf inQ,
Veu=0, pr+u-Vp = 0 inQ,

55
u = 0 onX, (55)

uli=0 = o, pli=0 = po in g,

which is defined as follows.
Definition 23 A pair (p, u) is said to be a weak solution of (55) in (0,T) if it verifies:
a) uec L>®(0,T; L*(Q)) N L%*0,T; V), p € L®(Q) with 0 < m < p(x,t) < M a.e. (x,t) € Q.
b) For all ¢ € C([0,T]; V), with ¢(T) =0,
T T
| {= (oo e 920) (v vo) i = [ (of.0) dt+ (. 000)):
c) for all ¢ € C([0,T]; H*(Q)), with o(T) = 0,

_ /OT (p7 %> dt — /OT (pu, V«p) dt = (PO»SO(O));

The rest of this section is devoted to the proof of Theorem 2.
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8.1 Uniform estimates with respect to (h,k,\).

By following arguments of the previous sections, assuming (S’), and (h, k, \) small enough, we
can obtain the following estimates independent of h, k, and A (now we denote piecewise functions

associated to the scheme also with the parameter A explicitly):

{un ki {8kt hpns {Whkatags  in L°(0,T; L*(2)) N L*(0,T; Hy(1)),
{Phke ks 1Pk A hkxs {Phkatnes  in L2(Q),
A2 o iabnios A Braotnen  in L0, T; HY(Q)),
N Y eatnes  in o LH0,T; WH(Q)),
)\3/4{§5h,k,x}h,k,x in  LY3(0,T; L*(Q)).

In addition, 0 < m < ph kX, Phokrs Phk A < M in Q,

1Ph A — Ph,k,/\HLQ(o,T;LZ(Q)) < llpnger = Phoger ’L2(0,T;L2(Q)) < C\/E

lwn, o x = Unkall 200, ) < CVEk.

In fact, we have the following result.

Lemma 24 By assuming (S') and (h, k, \) small enough, there exist subsequences of {upn i x}n k.

{un i nks {PnkaYnkrs APh kA REs and {Phkrtnk (denoted in the same way) and limit func-
tions w and p such that V - u = 0 a.e. in Q, and the following weak convergences hold as
(h,k,\) — 0:

L*(0,T; HL(Q))-weak

Up ) — U, Upp) — U Whpr— U N
’ ’ L>®(0,T; L*(Q))-weaks,

Phkr — Py Phkr — Py Phir — p in L7(Q)-weak* .

8.2 Compactness

Proposition 25 Under the hypotheses of Lemma 24, the estimate

T—6 2
/ ‘ Ph,k,)\(t + 5)(uh7k7,\(t +0) — ’u,h7]€,>\(t)) dt < CsY2% ve: 0 <o<T, (56)
0
holds, with C' > 0 independent of h, k, 6, and A.

In particular, since pp 5 » > m, then

Ufh,lc,)\ — U, 'wh7k7,\ — u in LQ(O,T; LZ(Q)) as (h, k‘, )\) — 0.

123



Proof. Again, since pj . and uy i ) are piecewise constant functions, (56) is equivalent to

N
EDY Wt — )P < C(rk)Y?, ¥ri0<r<N. (57)

By following the proof of Proposition 18, one observes that the terms which are not neces-

sarily bounded independent of A are

rery 'y

Nrm1+r<n+1_
m=0 n=m

and
= —k Z ( T — ot (utt — uzl))

Here we are going to bound these terms.

We consider the projection operator on W}, with respect to L?(Q)-inner product:
P, :L*(Q) — W), suchthat (Pyv,w) = (v,w) Yw € Wj.

We take pj, = Pp(up ™ - (w)"" — uj")) € W), in (31), arriving at

k

pn—f—l _ p
h h ’U,Z+1 (uZlH" u;ln) + (wh vpn+1 P( n+1 (,uzwrr ’U,ZZ)))
_>\<Ah,0n+1 n+1 (uszrr uZm)) =0,

(58)

where we have used the definition of projection operator in L?(Q) in the first and the last term.

Thus, we decompose T7 = T1,1 + 11,2, where:

N—rm—1+r

Ta=—k2 Y S (wh - Vot Pl - (w7 — ),

m=0 n=m

N—rm—14r

T172:)\k2z Z (Ahpn—H n+1 (UZH_T lu';?))

m=0 n=m

By writing 77 1 as follows:

N—rm—1+r
Tao= =k Y (i Vot Palu e (= ) — gt (T — )

m=0 n=m
N—rm—1+4r

= YOS (wh et (g - w) = T+ T

we bound it as

N—rm—1+r
T <CR DY > willsoIVor ™ s w1yt — uil,

m=0 n=m
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where we have used the interpolation error |p — Pyp| < C’h2/3Hﬁ||W1,3/2(Q) thanks to (H2)" and
the inequality [|u} ™ - (u"*" — ) lyisr2 () < | ||| — || Next, by taking (X, h, k)
small enough and such that

R2/3 < O N3/AR1/2, (59)

using the fact that A3/4%!/2||vppt! |23() < C (with C independent of A, h, k), and applying the
discrete Fubini rule, we arrive at the estimate T} 11 <C (rk)/2.

The bound T121 <C (rk:)l/ 2 is obtained easily by integrating by parts and using the pointwise
bound th+1HLoo < C (where C is independent of \):

N—rm—1+r
T < KDY (\V whl|wy ™ - (T — )| [y Vg [l U?Hmm))

m=0 n=m
N—rm—1+r

+ K2y > Il e |V (T — )]

m=0 n=m

N-—1 n
< CEY Nuplle ™ Yo g™ = w™| < Clrk)V2,
n=0 m=n—r+1
N-1
The bound T72 < C(rk)1/2 is obtained using the fact that A%k Z |Ap p”H]Q < C and
n=0

Fubini’s rule.
By summing up (58) multiplied by k2 for n = m,...,m + r — 1 and then summing up for
m=0,..., N —r we can write T as:

N—rm+r—1

I = —kQZ Z (wy, - Vi, Pr(up (m+r—u7f7)>

m=0 n=m
N—rm+r—1

AN Y (Ahp"“, m (ugw—u;y).

m=0 n=m
These new terms are bounded in an analogous manner (now, without using Fubinis’s rule),

resulting in

Ty < C(rk)Y/2.

Note that the restriction on the parameters (59) imposed to get the bound of Tf}1 is in-

cluded in the constraint (S’) imposed to obtain a priori estimates. Indeed, (59) is equivalent to
1 h2/3

N/ /A S < C. But as
1 /h
(heN)—0 _L_h2/3 7 (1 \y—o AL/4E1/2p1/6 70
A\3/4 [1/4
1 h2/3
then Wkl/‘l < — 0 (thanks to (5")). 0
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Remark 26 By comparing the fractional in time estimates for the discrete velocity in the case of
A fized (done in Proposition 18) with respect to the case of A — 0 (done now in Proposition 25),
one can observe that condition (59) on the parameters h and k imposed now in the proof of
Proposition 25 is not necessary in the case of A fixed; however, in this case only order (rk)1/4
is obtained. Now, in the case A — 0, we have to impose constraint (59) and the estimate order

is improved from (rk)Y/* to (rk)'/2.

8.3 Passing to the limit.
8.3.1 Density equation

Let n € C1([0,T]; C2°(£2)) such that n(T) = 0. We define 1} as the interpolation in W}, of n(t,)
and np € L>(0,T;W)) as the piecewise constant function taking values nZH in (tn,tnt1]
and let 77, € C°([0,T]; Wy)) be the piecewise linear, globally continuous function such that

Thk(tn) = n)'. One has, as (h, k) — 0,
Men =1 0 D20, T HI(Q)  and fep — 1 in WHR(0,T; HY ().

By using these discrete test functions in the discrete density formulation (7), together with an

integration by parts in time, we arrive [12] at the formulation

T d T
—/ (Ph,k,)\a %Uh,k) dt + )\/ (V/)h,k,m VUh,k;) dt
OT 0 (60)
—i—/ ('l/bh,k,)\ “VPh ks 77h,k> dt = (POha 772)-
0
Before taking a limit in (60), we rewrite the convective term in the following form:
T T T
/ ('a’h,k:)\ : Vph,k,,\,nh,k) dt = —/ (V : 'l/l\fh,k7/\Ph,k,>\a77h,k) dt —/ (ph,k7/\@h,k,)\avnh7k> dt
0 0 0
= —/ (Ph,k,A@h,k,Aavnh,k> dt,
0

where we have used Remark 6. Therefore, (60) remains as

_ /OT (ﬁh,k,A, %ﬁh,k) dt + )\/OT (V,Oh,k,,\, Vﬂh,k) dt

—/ ('a’h,k,)\ Ph ks VUh,k) dt = (Pomﬁ%)-
0

By taking into account the weak and strong convergences obtained in previous subsections, it is

possible to pass to the limit. Notice that, by arguing as in [10], one can prove that

T
)\/ (Vph’k,)\, VT]hJC) dt — 0 as (h, k, )\) — 0.
0
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8.3.2 Velocity system

Before taking a limit in the discrete momentum system (8), we will write (8) in a completely

conservative form. For this, summing to both side of (8) the terms

1 ﬂ”“—ﬂﬁ 1 1 1 1 1
o | = ) = (= AV V()

provides that, for each uy, € Vy,

anrl n+1 pnun
h Up - i1 N ((PZH )\Vpn—l-l) 2 uh+1 Vuh>

ra(pp ) = (o) + (V) (61)
1 [ prtt—pn 1

4+ (phkph’ UZH | — = (pz-i-l )\VpZH V(! n+1 ﬁh)>,

2

On the other hand, we consider @y, the projector operator onto W), respect to the H'-norm:
Qp : HI(Q) — W), such that (th,w)H1(Q) = (v, U])HI(Q) Yw € Wy,

where (-, ) g1(q) denotes the usual H Linner product.

By subtracting from the second member of (61) the result of taking pj, = th( nL ) as

a test function in (7) and integrating by parts the convective term, one has

k :
+ ( Ka fuh) = (p;‘“f"“,ﬁh) +< ntl v uh>

a pn—H
L pptt — pf _ )
( h - h ,uz-‘rl w, — Qh(uz—i-l . Uh)

n+1 n+1 n..n
u
(Ph W, — PpUp w, ((PZH )\Vpn—i—l) nH,Vﬁh)

2
%( Y, V(e aw, — Qp(up ! ﬁh)))
%(p wy), V(uZJrl ﬂh))

+§\( - wy PZ+1th( Aan ﬁh))

{ <p2+1 Py, — Qpup ﬂh)>,

where we have used the definition of ()}, in the last term on the right-hand side. Note that the
term (V w? it Qp(up ﬁh)> = 0 thanks to Remark 6.
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In a similar way to Section 7, we arrive at

N

0
hk)\uhk,‘)n ot h,k) - (pOhuOha'Uh>

!

I

<Ph,k,/\ah,k — AV @ Up k2, VUh,k) + a(ph,k,,\, Up kN vh,k)
1 (T/o_
Ph gk Jrs Uh,k) +3 Pl UheA * Vhe — Qn(upp ) - v k)
0
T

/ (ph,k,A@h,k,A, V(up - v — Qn(up k- 'Uh,k:)))
0

T
/ (Ph,k,A(ﬁh,k,,\ — W), V(U Vhk — Qn(uppy - 'Uh,k)))
0

>/l\3\b—‘[\3\>—\

—27€/ (Ph,k:,)u Uk Uk — Qn(Un g - Uh,k))
0

T
= / (Ph,k,xfm 'Uh,k) + R1 4+ Ra + R3 + Ry,
0

where vy, and ¥y, are suitable approximations of a test function v € C*([0, T]; C2°(12)).
Again, by using the estimates independent of A and arguing as in the continuous case [10],

one can prove that

T
/\/ (V,Oh,k’)\ ® Wh kN V'U;Lk) —0 as(h k) —
0

T A7 ~
M
)\/ (Ph,k,)\ - ha m) (V’U,hyky)\)t, V'Uh,k —0 as (ha k, )\) -
0

2

To finish the passage to the limit, we show only that the residual terms R; vanish as
(h,k,A\) — 0. For this, we impose that the sequence of test functions vy is bounded in
L>®(0,T; WH3(Q) N L>®(Q)).

We bound R;, thanks to estimates %) and vi) of Lemma 7, as follows;

n h
Ri<C Z o = AR o s < CF =0 (thanks to (7).

by integrating by parts Ra,
T
Ry, = —/ (uh,k,)\ Vo ks Un k) - Uhk — Qn(Un k- vh,k))
0
T
—/ (V “Up kA Phk N Yok - ke — Qn(Un k) - vh,k)) := R} + R3.
0

By using the (duality) result of the Aubin-Nitsche type [u — Qpu| < C hllul|g1(q), the first term

of Ry can be estimated as follows:

T
Rl < / 8|1V 0 5 62yl i e
0

oplltn el L2 0,750 ()

Cian [ o\ L2 0,752 (02))

IN

h h
CwAg/ZLHV,Oh’k’)\HL4(07T;L3( ) < Ck1/4)\3/4 —0 (thanks to (S/))
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The convergence to zero of the other term R% can be made in a similar way.

The term R3 is handled as follows:

T
Ry < / [on.pe, Al Zoe (@) [tk x — Wh e AV (W g n - VR — Qn(Unkx - Vhk))]
0

T
< Ch/ [tk x — Wh e 2| lwn g Al O8 klws@)ne @) < Ch — 0,
0

where we have used (23) and the stability property of @, in the H'-norm.
Finally, the convergence to zero of Ry is easy to deduce. This concludes the proof of Theo-

rem 2.

Remark 27 The asymptotic behavior as X goes to zero of the scheme (51)-(54) (see Remark 22),
associated to a problem with density-dependent diffusion, remains as an open problem. In fact,
when X — 0, both diffusion coefficients (viscosity and mass diffusion) vanish. Therefore, we find

a viscosity-vanishing problem, which is an open problem even in the continuous case.

A  Proof of Lemma 9

We consider the following auxiliary semi-discrete scheme.
Find p"*! € H?(Q) as the solution of the problem:

pn—i-l _ pn
2 +awp - VTMpntl _ NAp"TL =0 in Q,
(62)
8pn+1
on lao
where
pr it pr () € [m, M,
Ty o (mt) =< m  if pH(xt) <m,
M i pttl(zt) > M.
Lemma 28 Problem (62) has a unique solution.
Proof Let R : HY(Q) — H'(Q) be defined by Rw = v, where v is the solution of:
Y NAv= Lo v _
k Ao = —wp Vw—i—kp in Q, o aQ—O. (63)

1 1
Notice that TMw is defined a.e. in Q. In addition, as §v cw KMw + Ep" € L*(Q), R is
well-defined, that is, there exists a unique w € H?(f2) such that Rw = v.

By using v as a test function in (63) and integrating by parts, we arrive at

1 1
Elvl2 + AV <V - | [T wll poe gy 0] + [ 1T w]l g ) Vo] + z Pl
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Since | TN w| (@) = M, then [vllg1@) < C, with ¢ > 0 a constant independent of w.
Therefore, by taking any r > C, one has that if [|w||g1q) < r, then ||Rwl[g1(q) < 7. To apply
Schauder’s fixed point theorem we have to prove that R c HY Q) — HY(Q) is contmuous and

compact. For this, it suffices to demonstrate that
if w, = w in H'(Q) then Rw; — Rw in HY(Q) as | — oco.

Indeed, from w; — w en H!(£2), it holds by compactness that w; — w in L?(£2). Therefore,
there exists a subsequence, that to simplify notation is denoted in the same way, such that

w; — w a.e. in ). By virtue of dominated convergence theorem, we have
) M 1 n ) M 1 no: 1 /
'wh-Vmel—l—Ep —>'wh-Vme—|—%p in H (), as | — 0. (64)

On the other hand, the mapping h € H'(Q) — z € H'(Q), where z is the solution

1
- (z z) - )\(Vz, VZ) - <h, 2> vz e HY(Q),
k HY(Q)H(Q)
is linear and continuous (by Lax-Milgram’s theorem). Then, from (64) we have Rw; — Rw in
HY(Q).
In conclusion, Rlg ., B(0,7) — B(0,r) is continuous and compact. By Schauder’s fixed

point theorem, we have the desired result after a regularity result for elliptic equations. O

Theorem 29 The solution of problem (62) verifies the mazimum principle; i.e., if m < p° < M,
then m < p" < M for eachn > 1.

Proof Let us first see that if p» < M, then p"*! < M. By multiplying (62) by (p"™' — M),
f(x) st fz) >0,

) this gives us
0 sif(@) <o,

and integrating over ) (we denote f(z)4 = {

Pn+1 —p" 1 M 1 1
(o > wf - VIl (= ) )
—I-)\(V n+1 v( n+l )

By using properties of the positive part function and the fact that TMp"+1 = M as (p"*! —

M) # 0, we rewrite it as

<pn+1k_pn’ (p"h — M)+> + A(an“ — M)y, V(" — M)+) =0 (65)

Therefore, we deduce from (65) that

(p”“ — " (" - M)+) <0.
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By adding and subtracting M, one arrives at

(Gt = 2) = (" = M), (! = M) ) < 0.

Again, by the properties of the positive part function, we obtain
(Gt =21y, (" = 22 ) = (07 = M), (7 = M) ) = (o7 = M) P
On the other hand, by the induction hypothesis p” — M < 0, and then
(p” - M, (p"H! M)+) <0

Consequently,
(" = M) P < (o = M (o7 = M)y ) <0,

and then p"t! < M holds.
The proof of the other bound — if p® > m then p"*' > m — can be obtained in the same

way. O

Corollary 30 Problem (62) is equivalent to problem (24).

"+1 the solution of problem (62) verifies the maximum principle, m < p"*1 < M,

Proof Since p
then, in particular from the definition of truncating operator T, one has TM pn*t! = pn*t1 and

problem (62) is rewritten as problem (24). O

From the uniqueness of the solution of problem (24), we have, in particular, that problem

(24) verifies the maximum principle
O0<m<ph(x) <M, VeeQ Vn.

Therefore, to finish the proof of Lemma 9, it remains to prove strong estimates (independent
of A, h,k) for the p"*1 solution of (24). For this, it will be fundamental to use the pointwise
estimates m < p"t! < M in Q.

We define n"t1 = pntt — j{

p" 1 and hence j{n”H = 0. Then, the ||n™"!||z1-norm is
Q

Q
n+1 <

"+l Since m §7{p

equivalent to |Vn" ! and the ||| y2-norm is equivalent to |An
M, the estimates for ||n""!| g1 and ||n""!| g2 imply estimates for ||p" |z and || g2,
respectively.

With this definition of n™*1, problem (24) can be rewritten as:

,,7n+1 _ (pn _ j;Q anrl)
k

+ - V"t — XA = in Q aLH-l =0
h T On oo
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By multiplying by —2k An"+!, we arrive at
IV P — V(" — jap”“)ﬁ + V(" = ™)+ 20 kAP
< 21«(«;;2 : Vn”+1,An"+1> — K.
By integrating by parts in K,
K = —Qk(VwZ, vl @ vn"“) n k(V |Vt )
By using the interpolation inequality ann+1||L4(Q) <C ||7]"+1H}:/£|A77"+1\1/2 < C|Apgt Y2,

we get
K,

IN

Ck||wh | HVU”HHZL%)
Chllwp|l[An™H < == Ellwh]| + 2 A k| Aq™ 2.

IN

Therefore,

C
T (e 7{] P2 4 kA2 < € R,

By using that V(p" — § p"1) = Vp" = V", we have

M™% = Mlln™ 7+ Mo = o™ 7+ X2k 0" 72 < C k.

N
By summing over n and applying k Z |w}||? < C, we get the following bounds:

n=1

N
n|2 2 n||2
Agmax (1P [z < € A kz—; 10" 220y < C,

where C > 0 a constant independent of A, h, k. This concludes the proof of Lemma 9.
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Stability and convergence for a

complete model of mass diffusion



Stability and convergence for a complete model of mass diffusion

F. Guillén-Gonzalez*, J.V. Gutiérrez-Santacreu*

Abstract

We study a fully discrete scheme for a three-dimensional strongly nonlinear model of
mass diffusion, also called the complete Kakhikhov-Smagulov model. This scheme is based
on continuous (at most) finite elements for approximating all unknowns (density, velocity and
pressure) although the limit density solution of the continuous problem has H2-regularity.

The goal is to extend to the complete model, the results already obtained in [7] for a
simplified model where A2-terms are not considered, A being the mass diffusion coefficient.

An approximate discrete maximum principle for the discrete density, weak estimates
for the discrete velocity and strong ones for the density are deduced. For this, different
arguments to [7] must be introduced, based mainly on an induction process with respect to
the time step. From those estimates, compactness and convergence are showed by extending
the ideas in [7].

Finally, convergence towards a weak solution of the density-dependent Navier-Stokes
problem is also obtained as the diffusion parameter A goes to zero (jointly with the space

and time parameters).

2000 Mathematics Subject Classification. 35Q35, 656M12, 65M60.

Keywords: 3D Kazhikhov-Smagulov models, C° Finite Elements, stability, convergence.

1 Introduction

1.1 The model

Let © C R3 be a bounded domain with boundary I' that is sufficiently regular. We denote by
[0,7] (0 < T < o0) the time interval of observation. We will use the notation @ = Q x (0,7,
¥ =T x(0,T), and n(x) the outwards unit normal vector to Q at the point x € T'.

We consider the (fully nonlinear) equations for viscous fluids with mass diffusion in @ (in

*Dpto. E.D.A.N., University of Sevilla, Aptdo. 1160, 41080 Sevilla, Spain. E-mails: guillen@us.es,
juanvi@us.es. This work has been partially supported by the Spanish project BEM2003-06446-C02-01.
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conservative form):

(pu) + V- ((pu—AVp) @ u— Au® Vp) — pAu
+)\2V-(/1)Vp®Vp>+VP = pf inQ,
V-u = 0 in Q,
pe+V-(pu—AVp) = 0 inQ.

where the unknowns are p : Q — R¥, the fluid density, u: Q — R?, the average velocity field,
and P : Q — R, the fluid pressure. The data are f, the external force, and the constants pu > 0
and A > 0, viscosity and diffusion coefficients, respectively.

The difference with the model studied in [7] is the presence of the strongly nonlinear term
PRV <1Vp ® vp) in (1);.

Herepand in what follows, a ® b denotes the (tensorial product) matrix of two vectors a =
(a;)?_1,b = (b;)1, with coefficients (a ® b); ; = a;b;. Bold-face letters will denote vectorial
elements.

Using in (1) the equalities
(pw)i + V- ((pu— AVp) ® u) = pu + ((pu — AVp) - V)u,

and

—AV - (u®@Vp) = —-ANu-V)Vp=-AV(u-Vp)+ V- (p(Vu)'),
one arrives at the following (non-conservative) formulation:
pug + ((pu—AVp) - V)u+ V- (Ap(Va)' — pVu)

1
+A2V - (pr@ Vp) +Vp = pf inQ,

Veu = 0 in Q,
pr+u-Vp—AAp = 0 inQ,

where p = P — Au - Vp is a new potential function.

We complete the model with the boundary conditions

dp
=0, —/—| =0 3
Yz " Only ’ (3)
and the initial conditions
p(0)=po.  ul0) =, inQ. (4)

Throughout this paper, the initial density will be assumed to satisfy:

0<m<po(x) <M in Q. (5)
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1.2 Known results

With respect to the mathematical analysis of the model without the A\*>-term, Kazhikhov and
Smagulov ([8]) proved, via a semi-Galerkin method, the existence of global weak solutions under
the hypothesis on the coefficients: A < 2u/(M — m), and the local existence in time of strong
solutions (global for the two-dimensional case).

For the mathematical analysis of the complete model (1), Beirao da Veiga ([2]) and Secchi([9])
established the local existence of strong solutions using linearization and fixed point argument.
In ([9]) the existence and uniqueness of global weak solutions in two-dimensional domains are
showed by imposing A/p small enough, and the asymptotic behavior as A — 0 towards weak
solutions of the density-dependent Navier-Stokes problem. In the case of a positive initial density
and 3D domains, Guillén-Gonzalez ([4]) proved the global existence of weak solutions, and the
asymptotic behavior, as A — 0, towards the density-dependent Navier-Stokes problem. Recently,
in ([5]) an iterative method is used to prove the existence and regularity of strong solutions of(1)
and some error estimates are also obtained.

In [6], an unconditionally stable, convergent, linear numerical scheme for the 2D model
without the A2-term is studied. This scheme is of the backward Euler type (decoupling the
computation of the discrete density from the velocity-pressure pair) and approximate with C°-
finite elements.

For the 3D case and without the A\*>-term, a conditionally stable, convergent fully discrete
scheme is studied in [7]. The main differences given in [7] with respect to [6] are to prove an
approximate discrete maximum principle for the discrete density and the asymptotic behavior

as A — 0 towards a weak solution of the density-dependent Navier-Stokes problem.

1.3 Main results of the paper

For simplicity, we consider a uniform partition of [0, 7] with time step k = T/N: (t, = nk)"Z}.
We propose a backward Euler type scheme in time which is implicit in diffusion terms, linear
and decoupled with respect to the problems for (u,p) and p, jointly with an approximation in
space furnished by at most C? finite elements for the density, velocity, and pressure.

Throughout this work we consider the notation (~, ) and | -| for the L2-inner product and
L?-norm, respectively.

We present the following scheme:
Initialization: Let (u), p9) € V), x W}, be approximations of (ug, po) as h — 0.

Time step n + 1: Given (uj,p}l, pi) € Vi, x My, x W,
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e Find (w},q}) € /‘\/;l X Mh such that, for each (wy, gp)

(ng,vmh) —(qp, v - w,

V- ’lUZ, Qh =
e Find p”+1 € W}, such that, for each pp € Wp:

<p2+1-p2 _

G%XMh7

(VUZ, Vﬁjh>,
0.

k ,ph> + (wﬁ - Vppth ﬁh) + )\(Vpﬁﬂ, V[)h) =0.

e Find ( "H,pzﬂ) € Vi, x My, such that, for each (uy,

AV,O”'H n+1 _ )—i—a( n+1

\ Ph

(V "+17Qh) =0,

1 tn+1
oL
tn

a(p, u,v) :,u(Vu,V'v> —I—)\/Q (M;ﬁl

withM>Mand0<r7L<m,and

where
.f n+1 —

un+1 _ un - 1 anrl pn -
(ph/k RW>+2<hkh%HWh

, U
n+1Vp”“ ®Vp2,vah> = (pprr ) +

,Dn) € Vi X My:

)

n+1

)

— p) (V) : Vodz,

() = (10 T) (0O

The following coercivity and continuity properties hold:

M_ ~
%mMU)2<M—A 2m>WM2
a(p,u,v) < Clul[ga[vlzif [|p

c(w, u, u) =0,

c(w,u,v) < Cllwl s ullm |

ifm<p<M,

[z £ C

’U”Hl.

(75 -w),

(10)

(11)
(12)

Here and below, we denote by K and C, with or without subscripts, different positive

constants, always independent of the discrete parameters (k, h) and, eventually, depending on

the diffusion parameter A. In this last case, we will denote

them by C)

In [7], a similar numerical scheme is studied, but for model (1) without the A%-term, i.e.

eliminating the term A2 ( "H ® Vpy, Vay,

h
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in [7] for the case of the complete model, including the A?-term. The incorporation of this term
introduces new difficulties, obligating to change the strategy of main proofs.

In [7], firstly weak estimates for the velocity and pointwise ones for the density are obtained,
comparing with an auxiliary scheme where some density terms are truncated. Afterwards, strong
estimates for the density are deduced. Finally, convergence is established with compactness
arguments.

Now, the relation with a truncate scheme does not work due to the weak estimates for the
velocity and strong estimates for the density are not obtained in an independent way. Then,
one needs to change the technique developed in [7], obtaining now by an induction process with
respect to each time step, firstly pointwise estimates for the density and afterwards the weak
estimates for the velocity and strong estimates for the density at the same time. We will see
that scheme (6)-(9) is conditionally stable and convergent (imposing the same relation between
the space and time parameters as in [7], see (S) below).

We will also obtain, as in [7], convergence towards a weak solution of the density-dependent
Navier-Stokes equations, as the diffusion parameter goes to zero jointly with the space and time
parameters according to a certain constraint (see (S”) below).

Defining in [0,7] the piecewise constant functions wy, i, pp k, such that uh,k>:0h,k|(tn_1,tn] =
uy., pi, respectively (which we will denote wy g x, pr,n When studied the asymptotic behavior

respect to \), we arrive at the following results.

Theorem 1 Assuming hypotheses (H0)-(H5) given in Section 3.1, and the constraint

h
S li Z =0
(5) (h,llcr)rio k ’

then there exists a convergent subsequence of (up i, pn i) (denoted in the same way) as (h, k) — 0
towards a weak solution (u, p) of problem (1), (3)-(4) (see Definition 3), in the following sense:
(W, prk) — (u, p) in L2(0,T; L*(Q)) x L0, T; HY(2))-strong, in L>=(0,T; L*(Q) x (HY(Q) N
L°(Q))-weakx, and in L*(0,T; H()) x L*(0,T; W'3(Q))-weak. Moreover, m < ppx < M.

Theorem 2 Under the hypotheses of Theorem 1, and extending (H2) by hypothesis (H2') (given
in Section 6.1) and changing (S) by

1 /h
, i 1
() (,\,hl,g)lﬁo k 0,

then there exists a convergent subsequence of (Unk x, Phkn) as (h,k,A) — 0 towards a weak so-
lution (u, p) of the density-dependent Navier-Stokes problem (see Definition 19) in the following
sense: up . — u in L2(0,T; L?(Q))-strong, L°(0,T; L*(Q))-weakx, in L*(0,T; H}(Q))-weak,
and pp .\ — p in L=(Q)-weakx.
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The rest of the paper is divided as follows. In Section 2, we give the main ideas for the
mathematical analysis of problem (1), (3)-(4). In Section 3, by means of an induction argument,
we first prove pointwise estimates for the density, and then energy estimates for the velocity
and strong estimates for the density are obtained, using the discrete Laplacian of the density.
In Sections 4 and 5, we show compactness for the density and velocity, and the passage to the
limit, concluding the proof of Theorem 1. In Section 6, we study the asymptotic behavior as

the diffusion parameter goes to zero, proving Theorem 2.

2 Mathematical analysis of the complete Kazhikhov-Smagulov

model
To define the concept of weak solutions, we introduce the following space of functions:
H={ucL*Q) : V-u=0in Qu-n=0onT},
V={uc H}\Q) : V-u=0in Q},

13(9) = {peL2<ﬂ> ¥ p(w)dw—o},

n

H%(Q) = {p € H*(Q) : g” =0on 89,/Qp(:c)d:n: /on(:r)d:c} .

In H}(Q), the | w]l 1 (@)-norm is equivalent to ||Vu| 72, that we denote by [Vu| in the sequel.
. 1
On the other hand, H% () is a affine space, Hx () = 9] /Q pg(m)dm+H]2\,70(Q), and ||Vl g1(q)

and |Ap| are equivalent semi-norms in H ().
Definition 3 A pair (p, u) is said to be a weak solution of (1), (3)-(4) in (0,T) if it verifies:

a)
ue L0, T; H)N L*(0,T; V),
p € L®(0,T; H' () N L*(0, T; HY (2)),
0<m<pzt) < M, V(xt) €Q.

b) V¢ € CL([0,T]; V) such that ¢(T) = 0,

/OT {=(wrse+ (pu=Vp) - Vo) + (kVu—Ap(Vu)', Vo) } dt
T

T
_ 2 — =
A /0 (pr@ Vp, w) dt /0 <pf, ¢) dt + (pguo,qﬁ(O)).
c) The equation of mass diffusion (1), is satisfied almost everywhere in Q.

Theorem 4 ([9]) Let ug € H, pg € H'(Q), and f € L*(0,T; L>(Q)). If N/ u is sufficiently
small, then there exists a weak solution of problem (1), (3)-(4) in (0,T).
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Outline of proof: Here, we only give an outline of the proof for the reader’s convenience
because some ideas of the proof will be use later. We will only see the manner of getting the
estimates assuming (p, u) a sufficiently regular solution of (1), (3)-(4).

Applying the maximum principle to the density parabolic equation (1), and from (5),
0<m<plx,t) <M inQ.

Multiplying (1), by —AAp, integrating over €2, integrating by parts in the convective term,

and taking into account the interpolation inequality

I¥pllLao) < Callpllze)|2pl'/?, (13)

one arrives at

d
Vol 22| < ColVul?. (14)

1
Adding the momentum system (1), by w to the density equation (1), by Ju U, integrated
over ), the following energy equality holds:

2dt/p|u| dz+ p|Vul|” = /Qp(Vu) : Vudr+ A (;Vp@Vp,Vu) + (,of, u) (15)

Reasoning as in the simplified model (see [8]), one has

M —
)\/ p(Vu)' : Vudz < A m\V'u|2 =C1 )\ |Vul”. (16)
)

To estimate the second term on the right-hand side of (15), we use the interpolation inequality

(13), the pointwise estimate for the density m < p < M, and Young’s inequality, getting
1 Co N2
)\2’ (pr ® Vp, Vu) ‘ <e puXAp)? + 22|Vl
p €1 K
The last term of (15) is easily bounded by

I
(ofw) < ZIVUP + C 300
Compiling the above estimates into (15), we arrive at

A C
& [ otutdasuva? < (5400 + 22N wigaf il A + Ol (D

Adding up (17) to (14) multiplied by ues with e2 > 0 to be chosen later on, this gives us

Sy |Vp|2 ﬁuF + (22— 21 ) A% AP
>\ Cy \2

. Clﬁ 2 5200> p|Vul®> <C ‘|ﬂ|%6/5(ﬂ)
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A Oy (A
Selecting €1 = £2/2 and 2 and A/u small enough such that C;— + =2 () +e9Cy < 1/4, we
nooE1 \ M

get
d 9  d 9  €2.9 2, M 2 2
52/1/\%|Vp| —i—%\fpm +5)\ 1l Ap| +§|VU’ SCHﬂ|L6/5(Q)'

Integrating for ¢ € (0,7") and bounding from below the density, we obtain

1 [T
2 2) , L 2 2 2
(nax (52/M|V,o(t)| + m|u| ) + 2/0 (52;4)\ [Ap(t)]* 4+ p|Vu(t)| )dt <C.

On the other hand, the following “fractional in time estimate” holds ([1]):
T—96
/ lu(t +6) — u(t)2dt < C6Y2 o € (0,T).
0

This estimate implies compactness for the velocity w in L%(0,T; L*(£2)) ([10]). Then, existence

of weak solutions can be deduced in a standard form ([1]), using the Faedo-Galerkin method.

3 A priori estimates for the scheme

Since (6-(9) are algebraic linear systems, they will be well-posed (that is, there exists a unique

solution) as a consequence of the weak estimates of scheme (7)-(9) given in this section.

3.1 Hypotheses

Throughout this work we will suppose the following hypotheses:

(HO) Regularity for the data:
uy € V, py € H3(Q) with 0 < m < pg < M in Q, and fe L2(0,T; L5/°(Q)).
Assume A/ sufficiently small.

(H1) Assume € an open, bounded set of R3, whose boundary is polyhedral and such that the
continuous dependencies in the H2-norm of the Poisson-Neumann problem and in the

H? x H'-norm of the Stokes hold (see (23) and (31) respectively). This is satisfied, for

example, if €2 is convex ([3]).
(H2) The triangulation of Q and the discrete spaces verify:

e the inverse inequality:

|V n| Chpu| ¥ pn € Wh,

Ipnll () + IVoRll 3y < CRY2Vpn| ¥ on € Wy,

IVpnllza) < CR™*|Npnl V¥ pn € Wa,

IN
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e and the interpolation errors:
1% — Jutt] g1 () + 1% — Jntil i) < Chllt) ey Ve HA(Q) N H(Q),
p— Kupl + P — Kupl < Chlplm) Vpe H(Q)NLH(S),
10— Inpl + h|p = Inpll i) < CR2||pllg2) VP € HA(Q),
15— Inpllwis@nr=@) < ChY 2ol n2y Vo € HA(Q),
1P = Tnpllwray < CRY pll 2y Vo € H(Q),

where Jj,, Jn, Kn, Ky, and I, are interpolation operators from H?(Q) N H{(Q) into
Vi, H2(Q) N HL(Q) into Vi, HY(Q) N L2(Q) into My, HY(Q) N L2(Q) into Mj,, and
H?(Q) into W}, respectively.

(H3) Inf-sup conditions. There exists 8 > 0 (independent of h) such that, Vp, € M) and

Vq}’b S Mha
153 5 (7.7 )
ﬁh L2 0 S Sup T = 1
= e Vivgey 1Vl
B <%V : 'l_l’h)
lanllL2) < B sup TV

wye Vi\{0}
(H4) Compatibility condition between M), and Wy:
(Wh - Wi) N L3(Q) C My,
that is,
Y phs P € Why D Ph — |Q1|/Qp}l(:v) P () dx € My,
(H5) Compeatibility condition between (Mp, Mh):

My, C Mh.

For instance, a way of defining the discrete spaces (W, Vi, My, ﬁ,Mh) satisfying (H2)-
(H5) is the following: Let {73 }r>0 be a regular, quasi-uniform family of triangulations of €2,

with h = Irglea% hx (hg=diameter of K), and
X = {x), € C°(Q) such that z;|x € P(K)VK € Tp,}.

Then, we define Wy, = X}. There are several possibilities for (V},, M}) ([3]), by using the
Taylor-Hood element (P2 x P1) or the mini-element (P; 4+ bubble x P;), for instance. For the
spaces ( Vi, My) we choose V), = X3 N H(Q) and M), = XN LE(Q).

Note that if V}, = ﬁ and My, = Mh we need not consider the projection problem (6).
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3.2 Discrete maximum principle
The proof of the following lemma can be found in [7].

n
Lemma 5 Fized n:0<n < N — 1, if the discrete velocities ('wﬁl)?zo satisfy kzz |V'w§l|2 < Cy

=0
with Cyq > 0 independent of h, k, n, and X\, then there exist hy and ko (independent of n) such
that for any h < hy, k < ko satisfying (S), there exists a unique solution p"+1 of (7), which also

satisfies the pointwise estimates

3.3 Weak estimates for the velocity and strong ones for the density

Consider the linear operador Ay, : W), — W), defined as

—<Ahphaﬁ_’h> = (vPhavﬁh> v pn € Wh. (18)
Then, the discrete density equation (7) can be rewritten as
Pht — pn
("kh,ﬁh> + (w Vp"“wm) — /\<Ahp"“,ph) =0. (19)

In the following result of discrete interpolations, in particular we will see a discrete version
of (13).

Lemma 6 There exists C = C(€2) > 0 such that
IV o) < CIVA Y2 Mgy 2, (20)
T T T 2 T
IV sy < € (B4 200+ o132 o 1A 172 (21)
Proof: Estimate (20) is obtained in [7].
To prove (21), one obtains firstly
IV sy < C (B2 4 0™ ()12 0 | AneT12)) (22)

based on the inverse inequality ||Vpp|lr4) < Coh=3/4Vpp| ¥V pr € Wy, the approximation
inequality [|[Vp — VIpllpaq) < CQh1/4||p||H2(Q), and the interpolation inequality (13), where
p" (k) € H?(Q) is the solution of the following elliptic problem

) apn+1(h)
_ n+1 n+1 — n+1 _
Ap" T (h) = =Appy ™ in Q, ~—an ‘89 0, /Qp (h)(x) dx = 0. (23)

To obtain (21) from (22), it is necessary to reason as in [7] comparing p"*1(h) with p"“,

—-1/2

using the inverse inequality ||pp||re@) < Ch™/||pall g1 Vpr € Wi and the interpolation error

lp = Tnpll (@) < Cah'2(lpll g2y Vo € HA(S). O
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Lemma 7 Fizedn:0<n <N —1, assume
0<ﬁ1§ph,pz+1 <M inQ

and
1

16 Co
with Cy > 0 independent of h, k, n and \. Then there exist hg and ko so that for any h < hg,
k < ko satisfying (S), there evists a unique solution (pjt*, witt, pitt) of scheme (6)-(9), and

the following estimates hold:

3
‘ n+1 n+1 \/7uh’2+’\/7 n+1_uh Z:u’k‘vuz—kl‘Q
< kcluf"“nm/sm) ek (|Anpp T + 1 Angh?),

1
N k| Anph | + Sk Vug]* < Ca,

(24)

AT = NG + AV = )R + S kAR < GTaE,  (25)
with Cq,Ce > 0 independent of h, k, n, and X\, and € > 0 arbitrarily small (also independent of

h, k and \).

Proof: Taking @, = 2ku}™ and p, = p;'*! in (8)-(9), using the identity (a — b,2a) = |a|? —
|b]2 + |a — b|? and properties (10) and (11), one has

(Wi 2 = ol + 1R = w)?) + (1= AT =) ) K|V

1 (26)
O gy + A

()

)\2
where A = 2k§HVpZ+1HL4 WIVoRllLa Q)]VuhH] and C7; = C1(n) > 0 a constant independent
of (h,k,\), and n.
In view of inequality (21), the term A can be bounded by
A< R (R
R (WY IV AR VAR AR RS
N RN

= A1+ Ay + Ag + Ay
By hypothesis |Appp| < C’;/Q/(/\ul/le/Q), then the term A; is bounded as follows:

1/2
_ cgf
L

h
< k@f/\Q,u\A PP + e k| Vgt 2,

Al h1/2k1/2 )\‘AhpZ—H’ |v,u’z+1|
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h
for any 1 > 0 and Cy = Cp(p). Thus, taking h < hg and k < ko such that Q% < g9 with
€1

g9 > 0 sufficiently small (thanks to hypothesis (S)), we arrive at
Al < 52)\ Nk|Ah,0n+1|2 +51/~Lk‘v TL+1|2

The term As has a similar treatment as A,

Cl /4

Ay < Ck A2 h1/4W’Ahph+leun+l‘

eo\2pik| App 2 + g1 pk| Va2,

N

A 1/2 —
taking h < hg and k < kg such that ggA(%) < &9, where C = C(m, M,Q, u).
1
Analogously, we estimate the term Az by

1/4

C

e2 A2k (rAhph\2+ INY/aalk )mmv w2

IN

‘ C  /hy\1/2 .
selecting h < hy and k < kg such that ZA<E> < &9, where C' = C(m, M,Q, ).
1
For A4, we bound as follows:

Ay < e X (18npp T + 1 Anoh1) 4RO \v w2,

where C = C(im, M,Q, e3).

Using the previous estimates for the A; terms in (26), we get

‘ n+1 n+1 ‘\/TUZ|2+|\/> n+1l

)\ A2
+ (1 - ;(M m) — Cﬁ - 451> uk|vw,;+1|2 (27)
< KU ooy + 221Nk (4o 2+ 20 A0} ).

Accordingly, choosing £1, e and A\/u sufficiently small, one arrives at (24).

To obtain (25) we write the scheme for the density (7) as (19). Taking pp, = Ak Apppt?

ntl pr) in (18) for pp, = pZH, and using the identity

1
(a —b, a) = §<|a]2 — b + |a — b| ), we arrive at:

as a test function in (19), p, = A(py

)\ n T n mn
S (VAL = NV + AV (0 = pi)I?) + X2k| Anpy ™!

= Ak (wh Vopth A p”“) = 1. (28)

As —Ap"t(h) = —Appi T, where p"t1(h) is defined in (23) we may write the term I; of (28)
as
1=k (wf - Vp(h), Ap(h)) + Mk (w] - V(o = p(h)), Anp).
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We estimate I as in [7]:

1

IN

C ARV | (W2 Ayt 4+ D ) [ Anpp |

N

1
C KV W2 Ao L2 + Co kT + X2k Ay P,

where we have used the stability property |Vw}| < |Vuj| of problem (6) (see the proof of
Corollary 10 below).
1
Making use of the hypothesis §,ul<:\VuZ]2 < Cy, and selecting h < hg and k < kg such that

C\/ﬁ 1
—y =< = 25). O
3 k_4,weget(5)

To prove stability of the scheme, we consider that the approximations of the data (pg, ug, f)

satisfying the following properties:

0<m<py <M,
1

& PAV2 < Ky, |/ pQuh)? < Ko,

1 1
“pk|VA0 1?2 < K3, ——N2uk|AL 0P < K.
2u| w|° < K, e pk|Appp|® < Ky,

N-1
Cik Z ||fn+1‘|is/5(g) < Ks,

n=0
where K; > 0 are constants independent of h, k, and .

These properties can be guaranteed thanks to hypotheses (H0) and (H2), considering pf) =
Inpo and u?l = Jpuy. Indeed, the pointwise estimates for pg are deduced from 0 < m < pg <
M < oo and from the error estimate ||po— I p0|| £ () < Ch1/2Hp0HH2(Q). In view of the stability
of the interpolation operators, Hp(})LHHI(Q) < Cllipolla (o) and V)| < C|Vuyl, there exist K > 0,
Ky > 0 and K3 > 0 such that LMMV,O?L]Q < K1, |/p)u)? < Ko, and pk|Vu)|* < K3. To

Cs
prove A uk|Appd|? < Ky, we take pp, = pY) and pp, = —AppY into (18), arriving at

B2 < —(VoR VAwe)) = (Voo = Vil VAl ) = (Yo, VAR )
< 7 IV(po = VInpo)| | Anpp| + [Ap0| [Anph]
< Cllpoll 2yl Anpl,

C
where we have used the inverse inequality ||pn||g1(q) < E| pnl Vpn € Wy, and the interpola-
tion error |Vp — Ipp|| < Chl|pl|g2(q). Therefore, we may find a constant K4 > 0 such that
N-1
N2 uk|Appon|? < Ky. Finally, Cy k Z Hf"HH%wg,(Q) < K3 is easily deduced from the regularity

n=0

fe L*0,T, L5/5()).
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Theorem 8 Assume (S) and (HO) — (H5). Then, there exist ho > 0 and ko > 0 (depending on
A) so that for any h < hg, k < ko, and for each n =0,...,N — 1, the discrete problem (7)-(9)

has a unique solution (pZ'"1 ”H,pzﬂ) which verifies the following estimates:

O<m<ptt<M nQ (29)

and

1 n+1|2 n+1 n+12 2
SN+ o R = (G iV AP + )

+|\/ W = ) g AV = )P+ RV (30)

b PN KA < CLRIF™ 2 o) + enN KAWL + Sk T

where C1 > 0 and Cy > 0 are constants independent of h, k, n, and X\, and € > 0 is sufficiently

small (which appears in Lemma 7).

Proof: We proceed by induction on n. Let us define Cy = K1+ Ko+ K3+ K4+ K5. With such
a constant Cy, the hypotheses of Lemma 5 are satisfied when n = 0, then 0 < m < p,1L < M
holds. In virtue of Lemma 7 (since p A\%k|App0)|? < Cy and the discrete maximum principle for
pY and ph hold, that is, m < p?, p} < M ), we get (24) and (25) for n = 0. Next, multiplying
(25) by —— for n = 0 and adding it to (24) for n = 0, we arrive at (30) for n = 0.

C4
We now assume that the induction hypothesis is true for [ = 0,...,n — 1. Adding (30)

for | =0,...,n — 1, we obtain ukZ\Vuﬁl\Q < Cg; hence thanks to |Vwy| < |[Vu}|, one has
=1

n
,ukrz |Vw§1]2 < Cy4. Thus, we are in the situation of Lemma 5 for n, then m < pZ“ < M

=1
holds. Accordingly, by Lemma 7 we get estimates (24) and (25). Balancing both estimates (as

in case n = 0) we arrive at (30). O

From this theorem, it is easy to obtain the following estimates:

Corollary 9 Under the assumptions of Theorem 8, the solution (pZ'H ”'H) of the discrete

problem (7)-(9) verifies the following estimates:

i) OglaSXN!um <C, ”)kz Va2 < C, i) Z u ntl g2 <
N 1 N 1

Z’U) max (thHLoo + AVl ) <C, 11)]4:)\2 Z NS pn+1‘2 <C, vi)A Z ’v n+1 *PZ)|2 <C.
n=0 n=0

where C > 0 is a constant depending only on the data (f,uo, po, i), and independent of k, h,
and .

Corollary 10 The following estimates hold:

mz) Jmax |lwp| < C, mm)k‘Z|th|2<C
n=0
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where C' > 0 is independent of k, h, and \.
Proof: Taking wy, = wj}} in (6), we have
V| < [Vl

So, we get the stability estimate viiz). Now, we are going to get estimate vii) using a duality
technique and constraint (S). Indeed, let (z,&) € (VN H?) x (L3(Q) N H(£2)) be the solution
of the Stokes problem

—Az+V¢{ = wp —uy inQ,
V-z =0 in Q, (31)
z =0 on I'.

Taking wy — u} as a test function in the variational formulation of (31), we get
wh — il = (V2 V(wf — u)) + (€9 - (wh, - ).

Let (zp,&p) € /VYh X Mh be the discrete solution of (31) defined as

(Van Van) = (6.7 @) = (wf— ) vVay € Vi,

(V 2, dn) = 0 Vau € My,
In view of hypothesis (H5), we write
|l — |2 = (vZ— Vi, V(W) — ug)) n (wh, V(wf — uz)) n (5 CKRE V- (wl — ug)),

where K}, is the interpolation operator defined in hypothesis (H2). From (6), it follows that

(Vzh, V(wp — UZ)) = 0. Thus, we find

[wfp —wp? < V2= Va|[V(w)p — up)| + € = Kngl|V - (w], — up)]
Ch (112l 2@ + 1€l a0y ) IV (= )
Chlwy, — uy ||V (wj — u)],

IN

IN

where in the second line we have used that |Vz—Vz,| < C hl|z|| 72 resulting from the regularity
z€ VN H}(Q) and the interpolations errors | @ — jh'D,HHl(Q) < Chlu|lg2), Yue H?*(Q) N
HYQ), |p— Kup| < Chlpll 1), and Vp € H'(Q) N L§(Q) given in hypotheses (H1) and
(H2), respectively.
Therefore, we have
|wh — up| < Ch|V(wy, —up)]. (32)
Now, in view of (S) we may get that h < Ck for (h, k) small enough. Then, since k*/2|Vaw}| <

k'/2|Vul!| < C thanks to estimate i) of Corollary 9 and estimate wi4i), it is easy to see that
lw| < CkY? + |ul| < C.
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So, we get that

max _|wjp| < C.
0<n<N

O

To study the convergence of scheme (6)-(9) towards a solution of (1), (3)-(4), let us define

the following auxiliary functions.

Definition 11 One defines wy j, Un i, Wh i, Phi, Phk, ond Py as the piecewise constant func-

tions, taking values uzﬂ, uy, wy, pZ“, ol ypZ+1 on (tn,tny1], respectively. In addition, we

define pp, € C°([0,T]; Vi) as the continuous piecewise linear function that such py i(tn) = pji.

Then, thanks to the estimates of Lemma 5, Corollaries 9 and 10 and inequality (20), the

following result holds.

Lemma 12 Under the hypotheses of Theorem 8, the following estimates (independent of h and
k) hold:
{u;hk}hyk, {ah,k}h,ka {’l/l\Jh,k}}%k bounded in  L*>(0,T; LQ(Q)) N L2(O, T; H(l)(Q)),

{phvk}h7k7 {b\}hk}h,k‘? {ﬁh,k}h,k bOunded Z’I’L LOO(O’ T7 }I1 (Q) N LOO(Q))’
{Ph,k}h,k bounded in L4(0’ T; Wl’g(Q)),

Furthermore, there exists a subsequence of {unk}hk, {Unk}nk, {Wnktnk {onk}nk, {Phiktnks
{Phitnk (denoted in the same way), and limit functions u, p satisfying the following weak

convergence, as (h,k) — 0:

L*0,T; HL(Q))-weak

Up L — U /'dhk—wu @hk—wu m
’ ’ ’ ’ ’ { L>®(0,T; L*(Q))-weaks,

L°(Q)-weaksx,

— P, D — P, D — m
Phk = P>, Phk =Py Phk P {L%(O,T;Hl(ﬁ))-weak*,

Phi — p in LX0,T; W'3(Q))-weak.

A proof of this lemma can be found in [7].

4 Compactness

To establish the convergence of scheme (6)-(9) we need compactness for the discrete velocity

and density. The proof of the following result can be found in [7].
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Lemma 13 In the assumptions of Theorem 8, one has

N pn+1 _ pz 4/3
h
k § k < C/\7
n=0

where C > 0 depends only on the data (po, uo, f, i1, A), but is independent of h and k.

d .
Remark 14 As a consequence of the previous Lemma, one has ||£Ph,k||L4/3(0,T;L2(Q)) < Cy. On
the other hand, by Lemma 9 one has ||pn k|| oo (07,11 () < C- Then, in virtue of an Aubin-Lions

type compactness theorem for LP(0,T; X) spaces (X being a Banach space), we have
Phi — p in L>(0,T; LP(Q))-strong as (h,k) — 0,
where p < 6. In particular, we deduce

Ph.ks ﬁh,k —pin LZ(OvTa L2(Q))—5trong as (hv k) — 0,

N—-1
. ~ 2 ~ 2 1 2
since th7k - pk,hHLz(QT;LQ(Q)) < th,k - pk,h”LQ(O,T;LQ(Q)) =k Z |pZ+ - PZ\ < Ck.
n=0
Finally, since the discrete density is bounded in L*°(Q), one gets the strong convergence in

LP(Q) for any p < co.

By using the compactness of the discrete density in L2(0,7; L?(2)) and comparing the
equation for the discrete Laplacian and its limit (see [6]), one can obtain the convergence of the

norm L2(0,T; L?(2)) of Vpn i towards the same norm of Vp. Consequently, one has
lonk = pll2o,m;m1 Q) — 0 as (b, k) — 0.
Proposition 15 In the hypotheses of Theorem 8, the following estimate holds:
T—6 2
/ ‘ ph7k(t + 5)(uh,k(t + (5) — uh7k(t)) dt < C, (51/4 Vo:0<d<T, (33)
0
with C > 0 independent of h, k and § (but depends on \).

Proof: Since pj ; and uy ) are piecewise constant functions, it suffices to suppose that ¢ is a

multiple of time step k, that is, d = rk, for r =0, ..., N, and to demonstrate

N-—r
ES Wttt — w2 < Oy (rk)YY, Vri0<r < N (34)
m=0

A proof of (34), eliminating the A2-term, has been done in [7]. Then, we only focus on the

A2-term.
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Adding to both sides of (8) the term 5 (ph ? i uZH 'Eh>, multiplying by k, summing

forn =m,.. — 1+, taking uy, = m+r — ;" and using the equality
PR T — pitupt = o (u T — ) + (0T — i) gy

we get (see [7]):

(35)

| m+r( m+r uzz)|2 _ (phm—i-r . pZz’ uh (UZH_T _ U;?))
m—1+r
_k Z { <n+1 nl gt uzn)+6<pﬁ+1 N Y uzz)}
n=m
1+ 1
+kmz7" n+1fn+1 m-+r m 1 PZJF _PZ n+1 m+r _ ,m
Ph Wy Ty ) Ty r U - (w, uy')
7n 1+r
Nk Z ( — n+1®VPh,V( m-+r uzz)

Multiplying by k, summing for m = 0,..., N — r in (35), and bounding adequately on the
right-hand side, we are going to get the desired estimate (34). Indeed,

N—rm—1+r
’)\2 k2 Z Z ( n+1 7L+1 ®vph’v( m-+r _ u’;ln)) ‘

m=0 n=m
2Nrm1+r

< Z Z IV s IV il Loy |V (up * T — )|
s e /\2k N_ u n+1 m+r m
(Fubin) = — > Z IVoR e lIVeRllLae |V (w ™" — )],
n=0 yp—n—r¥1
where
0 if n<0,
n= n if 0<n<N-—

N—r if n>N—nr.

Using the discrete interpolation inequality (21), we obtain

Peooeey Y (120051 1Angp] + 1Anpp 1 Angh2) IV (" = )|

nomnr+1

Poovey 3 (12001 1A 12+ At 2| A2 ) |9 (T = )

n=0 m=n—r+1

= L+ 1o+ I35+ 14

We estimate I as follows:

_ 1/2 _ 1/2
>\2k T " m-+r m .
L < Z Ao [ Anppl (B D IV (T — u))? >k
n=0 m=n—r+1 m=n—r+1
N-1 N—1 1/2
< C(rk)'/? <)\2 kY 1A, p”+1|2> ()\2 B Ahpm?) < C(rk)'/?
n=0 n=0
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The rest of the I; terms can be bounded in a similar way, and to conclude the proof. O

Remark 16 In view of the weak estimates for the discrete velocity w1, in L>=(0,T; L*(Q)) N
L%(0,T; HY(Q)) and the fractional derivative type estimate of up, i given in (33), a compactness
result [10] can be applied to obtain that

up, 1, — w in L*(0,T; L*(Q))-strong as (h, k) — 0.
As a consequence, thanks to estimate i) of Corollary 9,
Unx — w in L*(0,T; L*(Q))-strong as (h,k) — 0.

As {up i }n ke is bounded in L>(0,T; L?(Q)) we can improve the compactness of {wnptni to
LP(0,T; L?(2)) with any p < .

Remark 17 From (32) and (S), we infer the inequality
W} — u) < CkIV(w) —ul)| + |uf} — u| < CEY? + |uf} — .
Therefore, it holds

Wy x — w in L*(0,T; L*(Q))-strong as (h, k) — 0.

5 Passing to the limit in the momentum system

Consider v € C1([0,T); C°(2)) with V- v = 0 and v(T) = 0. We define o] as the Stokes

projection of v(¢") which provides the following result.
Lemma 18 Let u € CX (). Then there exists up € Vy, such that

w, — U In H(l)(Q) and (V . ﬂh,qh> = <V - u, qh> Yaqn, € My,
A proof of this Lemma can be seen in [6].

Let vy, € L>(0,T; V},) be the piecewise constant function taking values UZH on (tn,tni1]

and let vy, € C°([0,T); V},) be the continuous piecewise linear function such that vy, x(t,) = .
It holds that as (h,k) — 0,

vhr — v in L0, T; HY(Q)) and vpp — v in WH2(0,T; HY(Q)).
Taking w), = UZ'H as a test function in (8) and using Definition 11, we arrive at the variational

formulation ([7]):

T 8 0 T
—/ <ph,kuh,k,5vh,k) - (pOhUﬂh,vh> +/ a(ph,k,uh,k,vh,k>
0, t 0

T
~ 1 R
+/ C(Ph,kuh,k — AVPhk, Un ks 'Uh,k) + >\2/ (phkvﬁ’h,k ® VDh ks Vvh,k)
0 O b

T 1 (T/o_
\ _/0 <Ph,kfk7'vh,k) +2/0 <atph,k7uh,k"vh,k>
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T
1 —~
We just analyze the passage to the limit of the term )\2/ <Vph,k ® Vpnk, Vonyg |. As
0 Ph.k
po € HJQV(Q) the same statements for ppj can be assured to pp . On one hand, taking p =

—AhpZH and pp = —AhpZH into (18), we get

C o
[Anph P < IV IV AR < — Vil Anph -

C
Therefore, [Appitt| < %]szﬂ\. In view of the discrete interpolation (21), we infer

IV o |y < CIVOE Y4 Appp TP/ + Ol A2,
which shows that {Vpj,  } 4k is bounded in L8/3(0,T; L*(R2)). On the other hand, Vpn i is com-
pact in L2(0, T; L*(Q)) and is bounded in L>°(0, T’; L(12)), then Vpy, . is compact in LP(0, T; L*(Q))
for any p < co. Therefore, the convergence Vpp,  ® Vppr — Vp® Vp in LY3(0,T; L*(Q))-weak
1
as (h,k) — 0 holds. Now, as 1/ppr — — weakly-x in L>(Q) and strongly in L?(Q), then
P

1 1 - 1

1/pn — — strongly in LP(Q) for any p < co. Thus, we have —Vpp, 1, ® Vo, — —Vp® Vp
P Ph.k P

in L*3(0, T; L?(Q))-weak. Finally, using that vy x — v in L%(0, T; H}())-strong, one gets the

desired convergence:

/ (Vph,k ® VDhk vvh,k) — / <Vp ® Vp, Vv) )
0 Ph.k 0 p

The convergence of the rest of terms follows as in [6] and [7]. Then, the proof of Theorem 1
is finished.

6 Asymptotic behavior A — 0

We will see that if we impose the stability condition (see [7])

1 /h
S li —4/==0
(5) (,\,hl,ir):o k ’

and we complete (H2) with the additional property of approximation:
(H2') P —Inp| < Ch2/3HﬁHW1«3/2(Q)a VpeWhHH2(Q),

then scheme (6)-(9) is convergent, as (h, k, A\) — 0, towards a weak solution of the Navier-Stokes

problem with variable density:

plu+ (u-V)u —pAu+Vp = pf inQ,
V-u=0, pt+u-Vp = 0 inQ,

36
u = 0 on X, (36)

u’|t=0 = Uy, p|t=0 = po In Q,

which is define as follows:
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Definition 19 A pair (p, u) is said to be a weak solution of (36) in (0,T") if it verifies:
a) ue L>(0,T; L*(Q))NL*(0,T; V), p € L®(Q) with 0 <m < p(x,t) < M a.e. (z,t) € Q.

b) For all ¢ € C*([0,T); V) with ¢(T) =0,
/OT {~(pu e+ (u-V)6) +u(Vu, Vo) } di = /OT (o£.0) dt + (pouo, 6(0)).

c) For all o € C1([0,T); HY(Q)) with ¢(T) = 0,

_ /OT <p7 %) dt — /OT (pu, ch) dt = <P0790(0))-

The rest of this section is devoted to the proof of Theorem 2.

6.1 Uniform estimates with respect to (h,k, \).

h
If observe the more restrictive constraint for (h,k, ) going to zero is V% sufficiently small
which is due to estimate (25) and in proving the pointwise estimates of Lemma 5 (see [7]). That
is the reason that we say that kg and hg provided by Lemma 7 depend on X for fixed A.
From Section 3, the following estimates (independent of h, k and \) can be deduced:
{wnxx ks LUk thkr {Whertnes inbounded L(0,T; L*(Q)) N L0, T; H(Q)),
{Prixtnkr {Phratnk in bounded  L%(Q),
A2 ea ks N {Prgatngy  in bounded  L*°(0,T; HY(Q)),
)\3/4{Ph,k,)\}h,k,)\ in bounded L4(0, T; WLB(Q)),
; 0 -
)\3/4{aph’k’)\}h’k’)\ in bounded L4/3(0, T; Lz(Q)),

whereas h < hg, k < ko and A < \g satisfying (S’). In addition, 0 < m < pp . < ]TJ/,

1Bngex = Prall 20 m22@) < lonsn — Praallrzorrz@) < CVE,

etk x = B oAl 20,7 pr2 )y < CVE
Now, considering the piecewise functions associated to the scheme, which will be denoted ex-
plicitly by the subscripts h, k and A, we have
Lemma 20 Assume (S’), (HO), (H1), (H2) + (H2'), (H3)-(H5). Then, whereas h < ho,

k < ko and X\ < o, there exist subsequences of {un kAt k, {Un kA hkNs LPREN RENS LPRIEN K
(denoted in the same manner), and limit functions w, p such that the following weak convergences
hold as (h,k,\) — 0:
_ _ | L*(0,T; Hy(9))-weak
Uph ke — U, Uppr — U, Whp — U N
w Y Y L>®(0,T; L*(Q))-weaks,
PhkN = Py PhkA = P> Phgx — p 10 L%(Q)-weak * .
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6.2 Compactness

The following estimate holds:

T-6 2
/ ‘ ph7k7)\(t + 5)(uh7k7>\(t + 5) — 'Ufh,k,)\<t)) dt < 0(51/4 Vo: 0<d<T,
0

with C > 0 independent of h, k, §, and A. Indeed, a proof of this inequality has been done in
[7], where the A2-term is not considered, but this A\2-term has been estimated independent of A
in the proof of Proposition 15.

In particular, since pp, 1, » > m, one deduces the compactness result:

uppy — u and Wupx— uw in L2(0,T;L*(Q))  as (h,k,A\) — 0.

6.3 Passing to the limit

We write the scheme in the following conservative form ([7]):

( T o T
~ ~ ~ 0.0 ~
—/ (Ph,k,xuh,k,mavh,k) - (phuhvvh,k(o)) +/ a(Ph,k,,\7Uh,k,,\7vh,k)
0 0

T
N 1
—/ <Ph,k,)\uh,k — AV ke @ Up g2, VUh,k) + )\2/ (
0 0 Ph,k,\

T 1 (T/o_
= / (Ph,k,xfk, vh,k) + 2/ <aph,k, U o) - Vb — Qn(Up ) - vh,k))
0 0 t
T

1

) / (Ph,k,,\ﬁh,k, V(un k- vhie — Qn(un i - vh,k)))
0

)\ T
—21@/ (Ph,k,x, Unkx- Vhk — Qn(Un vh,k)>~
0

T d _ T
—/ (Ph,k,,v anh,k> dt + )\/ (vl)h,k,/\yvnh,k) dt
0 0
—/ (@h,k,,\ ph,k,)nvnh,k> dt = (pohﬂ?;?)-
0
where vy, i, OUnk (Mhk, Thk, Tespectively) are suitable approximations of a free-divergence test
functions v € C1([0,T]; C(R)) ( CL([0,T]; C>°(2)), respectively) with o(T) = 0 (p(T) = 0,
respectively) such that the sequence {vj ;. \}h i ) is bounded in L*°(0, T} W1’3(Q) NL>(Q)).

Here, we only pass to the limit in the A\*-term, because the convergence of the rest of terms

Vonkx ® VPhi, Vvh,k)

(37)

has been done in [7]. We must prove that

T
1 ~
J = )\2/ < VpthV)\ & VpthV)\, Vvh7k> — 0 as (h, k, )\) — 0.
0 Ph, kX
Indeed, since in particular vy, j is bounded in L?(0,T; Wl’?’(Q)), one has

T 1/4 T . 1/4 T
oAl/2 (A?’ / uwh,k,wig(m) (A?’ / uv,ah,k,wm) (/ Hwh,kn%m)

< CON/2 0.

1/2
J

IN

Therefore, the proof of Theorem 2 is concluded.
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Remark 21 Replacing the semi-implicit approzimation of the \>-term

1
A2 (an VpZH ® Vop, Vuh>
h

by the fully explicit approximation
2 1 n n =
A <anph & Vph, V’U,h> y
h

one can establish the same stability, compactness and convergence results obtained previously in
this work.

On the contrary, if we consider the fully implicit approximation

1
A2 <pn+1 VpZH ® VPZH’ Vuh) ,
h

1

n+1
P,

then the term )2 (

(21) by

VpZH ® VpZH,VuZJrl) s estimated using the discrete interpolation

2 — —~
Cﬂkj\,ﬁ<h1/2|Ath+1|2+2M1/2h1/4|AhpZ+1|3/2+M|Ahpz+1|>|vuz+l|.

Then, it is not clear how to control the terms

AQ

Cok= <h1/2|Ahp2“|2 + 21\71/2h1/4|Ahp;;+1|3/2> [Vt
m

in order to obtain stability estimates.
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Estimaciones de error para un modelo de difusién de masa

tridimensional

*

F. Guillén-Gonzalez*, J.V. Gutiérrez-Santacreu’

Abstract

Se presentan estimaciones de error de un esquema de tipo diferencias finitas en tiempo
y elementos finitos a lo més globalmente continuos en espacio para aproximar las incognitas
densidad y velocidad-presién para el modelo tridimensional de Kazhikhov-Smagulov (o de
Navier-Stokes con difusién de masa).

Bajo ciertas hipdtesis de regularidad de la solucién continua que no exigen condiciones
implicitas de compatibilidad, obtenemos order de convergencia para las normas débiles de
O(h + K/ 2), que resulta ser no optimal en tiempo, siendo h y k los pardmetros de dis-
cretizacion de espacio y tiempo, respectivamente. Ademds, mostramos tasas de error de
O(h+k'/?) para la densidad en normas més fuertes. Todas las estimaciones anteriores resul-
tan ser optimales, de O(h + k), imponiendo regularidad sobre la solucién exacta que exigen
condiciones de compatibilidad no local para la presiéon en ¢t = 0.

Aunque el esquema resulta ser lineal y desacopla la densidad del par velocidad-presion,
también se analizan y proponen sendos métodos iterativos convergentes hacia cada uno de
estos problemas en cada etapa de tiempo, que mantienen constantes las matrices en cada

iteracion.

1 Introduccion

1.1 Modelo

Consideramos Q C R? (d = 2 6 3) abierto, acotado y de frontera I' suficientemente regular.
Denotamos por [0,7] el intervalo de observacién, para 7' > 0. Usaremos la notacién @@ =
Q2 x(0,7), =T x(0,T) y n(x) la normal unitaria exterior a {2 en el punto x € I'.
Consideramos el sistema de ecuaciones que gobierna la mezcla de dos fluidos con difusién
de masa ([1]), llamado modelo de Nawvier-Stokes con difusién de masa o modelo de Kazhikhov-

Smagulov ([17]). Las incégnitas para este modelo son: u: Q — R? el campo incompresible de

“Dpto. E.D.A.N., University of Sevilla, Aptdo. 1160, 41080 Sevilla, Spain. E-mails: guillen@us.es,
juanvi@us.es. This work has been partially supported by DGI-MEC (Spain), Grant MTM2006-07932 and
CGCI MECD-DGU Brazil/Spain, Grant 117/06.
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velocidades del fluido, ¢ : @ — R una funcién potencial (relacionada con la presién) y p: Q — R

concentracién de masa del fluido, que verifican el siguiente problema en derivadas parciales:

{ pu + ((pu—AVp) - Vu— pAu—Nu-V)Vp+Vq = pf enQ, O
V-u=0 en(Q, pr+u-Vp—AAp = 0 en @,
donde fes la fuerza externa y p > 0, A > 0 son los coeficientes de viscosidad y de difusion de
masa, respectivamente.
Una manera de obtener (1) es suponer que la velocidad v del sistema de Navier-Stokes
compresible puede descomponerse en v = u— AVlogp con V- u =0 (i.e. es suma de una parte

incompresible u y una parte potencial —\V log p) despreciando los términos de O(\?) (see [14]).

Descomponiendo el término que involucra orden 2 de derivabilidad para la densidad como
~Nu-V)Vp==AV(u-Vp) +AV - (p(Vu)"), (2)

y definiendo p = ¢ — Au- Vp una funcién potencial modificada, el sistema de momentos (1); es

escrito como
pur + ((pu—AVp) - V)u— pAu+ AV - (p(Vu)') + Vp = pf en Q.

Completamos (1) con condiciones fronteras

dp
u),, =0, onls — 0 (3)
y condiciones iniciales
p(z,0) = po(x), wu(x,0)=wuy(xz), =z, (4)

donde pg : @ — Rt y uy : © — R? son funciones dadas.

En todo el trabajo, asumimos la hipétesis sobre la densidad inicial:

O<m<py(x) <M en Q. (5)

1.2 Notacién

En esta seccién describimos los espacios de funciones usados a lo largos de este trabajo.

Como es usual LP(2) denota el espacio de las funciones p-integrables de € en R, y por
|- lp(o) su norma. Denotamos el producto escalar en L* por <~, ) y por || - llz2@) = |- |
su norma. Por H¥(Q) y HEF(Q) denotamos los espacios clésicos de Sobolev y por || - | v (0)
su norma. Usaremos letras negritas para hacer referencias a los elementos vectoriales y a los
espacios vectoriales.

A continuacién, describiremos brevemente los espacios de funciones habituales en el marco

de la mecénica de fluidos:

H={u:ucL*Q),V-u=0en Q u-n=0sobre '},
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V={u:uc H(Q),V-u=0enQ},

13(0) = {p:p e 22, [ polda—o}

Por otra parte, para la densidad consideremos el espacio afin (k > 2)
k k dp
Hy(Q)=4qpe H'(Q): =— =0 sobre 092, [ p(x)= [ po(z) ;.
8"1 0 Q

1
Obviamente, Hx (Q) = pg + HE ,(€2), donde pg = |Q|/ po(x)dxy
' Q

H]Iif,o(Q) = {p e H"(Q) : g—fL = 0 sobre 09, /Qp(m) — 0}_

Por lo tanto, H ]’%(Q) es un espacio afin asociado a H ]’f, o- Como consecuencia, gracias a la regu-

laridad H? del problema Poisson-Neumann, las seminormas ||Vpl|z1 v || Ap|| 2 son equivalentes
2

en Hy ().

1.3 Resultados conocidos

Respecto al modelo simplificado (1), Kazhikhov y Smagulov([17]) probaron, via un método de

semi-Galerkin, la existencia de solucién débil global bajo la hipétesis sobre los coeficientes:
A< 20/ (M —m) (6)

y la existencia local en tiempo de solucién fuerte (global para el caso bidimensional). Salvi ([19])
probo la existencia de solucién débil para un dominio no cilindrico. Por otro lado, Secchi ([21])
estudio el caso Q = R3, probando la existencia local y unicidad de solucién fuerte, usando un
argumento de punto fijo.

Para el modelo completo (con los términos de O(A\?)), Beirdao da Veiga ([2]) y Secchi ([20])
establecieron la existencia local de solucién fuerte usando un argumento de linealizaciéon y punto
fijo. En [20] se muestra la existencia y unicidad global en dimensién 2 imponiendo pequenez sobre
A/p y el comportamiento asintético cuando A — 0 hacia una solucién débil de Navier-Stokes
con densidad variable. En el caso de densidad inicial positiva para el caso 3D, Guillén-Gonzélez
([12]) probé la existencia global de solucién débil y el comportamiento asintético, cuando A — 0,
hacia el problema de Navier-Stokes con densidad variable. Recientemente, en [13] se ha probado
usando un método iterativo la existencia de solucién fuerte y algunas estimaciones de error entre
la aproximacién y la solucién exacta en diversas normas.

No existen muchos resultados concernientes al analisis numérico para (1). Usando un método
de elementos finitos, ha sido recientemente desarrollado en [14] y [15] dos esquemas numéricos
para el modelo (1) en el caso 2D y 3D, respectivamente. Para el caso 2D se construye un

esquema numérico incondicionalmente estable y convergente hacia la (dinica) solucién débil del
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problema continuo. Para ello es necesario aplicar un operador de truncamiento en los términos
que dependen de la densidad discreta que requieran positividad y cotas puntuales. Para el caso
3D, se construye un esquema numérico para el cual se demuestra la existencia de un principio
del méaximo aproximado por exceso y por defecto respecto de las cotas maxima y minima de
la densidad inicial, gracias a que la velocidad del término convectivo de la ecuacién discreta
de la densidad es proyectada en espacio de divergencia discreta nula relacionada con el espacio
de la densidad. Se prueba estabilidad condicional y convergencia hacia una solucién débil del
problema continuo.

Ambos esquemas se basan en métodos iterativos en tiempo de tipo Euler retrégrado, donde
en cada etapa se desacopla el calculo de la densidad discreta del par velocidad-presién, quedando
dos problemas lineales.

En [7] se desarrolla un algoritmo numérico usando el método de las caracteristicas para
la discretizacion en tiempo y elementos finitos en espacio. Los autores dan cotas de error
optimas bajo ciertas restricciones sobre los parametros de discretizacion y asumiendo hipdtesis
de regularidad sobre la solucién continua, como por ejemplo w € L*°(0, T} H3(Q)), que resultan
ser mas exigentes de las que impondremos en este trabajo. En particular, dicha regularidad

exige la condicion de compatibilidad no local para los datos en t = 0.

1.4 Formulacion del esquema numeérico

El método de aproximacién que estudiamos en este trabajo estd fundamentado en la siguiente

formulacién débil mixta del problema (1), (3), (4):

<p'u,t, ﬂ) + ((pu— AVp) - Vu, 'E) + (,uVu— Mo(Va)!, V'H)
—(p,v . a) - (pf, a) Va € HY(Q),

V- u,p) —0, Vpe L3(Q),

pt,ﬁ> + <u Vp, ,5) n )\(Vp, Vﬁ) —0, Vpe H\(9Q).

Se trata de la formulacién variacional mixta de (1) usando la reescritura (2).

Consideramos un esquema de diferencias finitas en tiempo sobre una particién, que suponemos
por simplicidad, uniforme de [0,7] de paso k = T/N: (t, = nk)zzév . Para aproximar las
incégnitas densidad, velocidad y presion, fijamos espacios de elementos finitos (Wp,, Vi, M)
aproximaciones internas de (H', Hj, L2), verificando las hipétesis (H0)-(H4) descritas en la
Seccién 2.

Proponemos el siguiente esquema numérico:

Inicializacién: Se define (uf, p9) € V), x W}, aproximaciones de (ug, po), cuando h — 0.
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Etapa n + 1: Dados p; € W), y up € V},, hallar pZH € W, tal que para cada pp € Wh:
ot — o 1 1
%,ﬁh + (UZ VRt >ﬁh) - )\<VPZ+ ,Vﬁh> =0. (8)

Dados pJ, pZH € Wiy uy € Vp, hallar (uZH,pZH) € Vj, x M}, tal que para cada (uy, pp) €
Vh X Mh:

k

Wt —
o |+ (o = AV V) )+ a ot g )
1 _ _ _
5 (Voo ) = (o b)) + (9 V ),

9)

(V-uptm) =0, (10)
donde .
U
a(p, u,v) = M(Vu,V’u) - )\/ (p At m) (Vu)': Vodz
Q 2

con .

— _ —m

M>M, 0<m<m talesque A < [

Notar que esta eleccién de M y m es posible gracias a la hipétesis (6).

La forma trilineal a(-, -, ) verifica las siguientes propiedades: si 0 < m < p < M , se tiene:

U7
a(p, u, u) > %|Vu|2 donde % =pu—A 5 m(> 0), (coercitividad) (11)

a(p,u,v) < C|Vu||V|. (continuidad) (12)

Notese que el esquema numérico presentado es lineal y desacoplado respecto de los problemas

para calcular pZH y (uZJrl’szrl).

Comparando los esquemas desarrollados en [14] y [15] con el esquema (8)-(10) encontramos
las siguientes semejanzas y diferencias:

En el esquema de [15] se reemplaza la velocidad v} del término convectivo del esquema (8)
por la velocidad proyectada wj sobre un espacio de velocidad de divergencia discreta nula, i.e.,

wj es tal que
(VwZ,V'th) (v w,) = (Vug,vm), v, € Vi,

) (13)
v : wZ)Qh = 07 VQh € Mha

donde (/Vvh, Mh) verifican la condicién inf-sup, (W},)? N LE(Q) C Mh y My, C Mh. Obviamente,

tal proyeccién se puede evitar eligiendo V; = Vh y My, = Mh. Ademads, en el sistema de
1

momentos discreto (9) se reemplaza el término estabilizador 3 ((V u)pp ﬁh> por los

términos estabilizadores

1
1 pZ+ —Ph ot =\ Lo VT IR VIS
5 k Jup Ty, 5 \Ph s pp L V(up™ - awy) ).
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Resulta facil observar que si admitimos (H4) nos encontramos que

1 pn—l-l . pn 1 1
5 hTh’ uz-ﬁ-l cay, | — 5 (pz-i-luz . )\vpz—i-l, v(uz-i-l . 'l_lth)) — 5((V . UZ)pz-i-l UZ+1, ’l_l,h),

o 1
sin mas que tomar p, = §UZ+1

-y, en (8) e integrar por partes en el término convectivo. Por lo
tanto, (9) coincide con el sistema de momentos discreto de [15]. Pero la hipétesis (V},- V) C My,
que imponemos en (H4) y la hipétesis (W), - Wj,) N L3(Q) C M), impuesta en [15] son opuestas,
ya que si por simplificar suponemos Vj = ﬁ y My, = Mh, llegamos a las siguientes inclusiones

desde el punto de vista de los grados de libertad de los espacios:
(Vi Vi Vi Vi) C (Wp - Wp) C My C Vy

(la dltima inclusién es debido a la condicién inf-sup entre ( Vj,, My)) las cuales son contradicto-
rias.

En el esquema dado en [14] para dominios 2D, se reemplaza el término convectivo semi-
implicito (uZ-VpZH, ﬁh) de (8) por el término totalmente explicito (uZ'VpZ, ﬁh), se introducen

los términos estabilizadores

1 ([P — [p7 1

en lugar de %((V ) pptt uZ'H, ﬁh> del sistema de momentos (9), donde [-]7 es un operador de
truncamiento por nodos entre las cotas maxima y minima de la densidad inicial, y se considera en
el sistema de momentos este mismo truncamiento en los términos que dependen de la densidad
discreta que requieran positividad y cotas puntuales de dicha densidad. En consecuencia, (9) no
es equivalente al sistema de momentos discreto desarrollado en [14].

Una observacién importante sobre el esquema (8)-(10) que aqui se presenta, es que no esta
claro como obtener estimaciones a priori de estabilidad de dicho esquema sin imponer hipdtesis
de regularidad sobre la solucién del problema limite, a diferencia de los esquemas desarrollados
en [14, 15] que si son estables (y convergentes).

Es importante resefiar, que el estudio del andlisis de error de los esquemas estables de [14, 15],
introduce dificultades importantes, respecto al esquema que estudiamos en este trabajo.

El buen planteamiento de (8) se tiene de forma estandar, ya que es un problema eliptico
lineal de conveccién difusién. Para obtener que el problema mixto lineal (9)-(10) estd bien
planteado, ademds de imponer la condicién de estabilidad de Brezzi-Babuska o de tipo Inf-Sup,
hay que obtener py > 0, lo que vamos a conseguir mas adelante (ver Lemma 8) imponiendo h/k

suficientemente pequeiio.
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Nota 1 La eleccion de aprozimar la densidad en el término de derivada temporal de las veloci-

un+1 U
dades de forma explicita como <phhkh, uh> queda justificada con la siguiente igualdad:
+1 +1 +1 +12 2
U’Z B “Z n+1 1 PZ — ph n+l , n+l _ 1 ’un ’ B PZ’“;H ni, n+l n|2
ph L “Up, +5 9 k Uy, U - 9 L |u U’h| :

Se trata de una version discreta de la siguiente igualdad en continuo:

) w5 (Gowe) =5 [ 5 Glp).
Pa®™®) Ty \agh® at P

1.5 Resultados principales del trabajo

En adelante, por C vamos a denotar distintas constantes positivas, independientes de los parametros
de discretizacién h y k.

Definiendo los errores entre la solucion continua y la discreta en tiempo para t = t,, como:

QZ:’U,Z—U(tn), €p :ph_p(tn)7 €p :PZL_P(tn)a
obtendremos los siguientes resultados:

Teorema 2 Asumimos las hipdtesis (HO)-(H4) (ver Seccién 2.1 mds adelante) e imponemos

la restriccion

h
S li —=0.
(S) (h,iﬁrio k

Entonces, se tienen las siguientes estimaciones de error, para h y k suficientemente pequeno:

~ m
max (7”n|eﬁ+1|2 + A|eZ+1]2) + Z (§|eﬁ+1 —e'? +

A n+1 n|(2
0<n<N-—1 5l B e"' )

2P

+k Z (‘“ 12 4 AA\ve"HP) < C(k+h?),

donde A > 0 es una constante dependiente de la solucidn exacta.

Teorema 3 En las condiciones del Teorema 2, se tienen las siguientes estimaciones de error,

para h suficientemente pequeno:

N-1
ntl |2 el _ o2 2 < 2
R Ve, +nz;|v ol +kZ|e C(k+h%),

donde e = Ap(tpi1) — Ahph Yy Ahp"H es el laplaciano discreto de ,0"Jrl definido en (44).
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Razonando de manera analoga a la demostracién del Teorema 2 y Teorema 3, pero im-
poniendo la regularidad uy € L*(0,T; H Y()) en lugar de ¢'/%uy € L*(0,T, H1(Q)) (ver
hipétesis (H1)), se consigue orden de convergencia optimal en tiempo, es decir O(h + k) en los
Teoremas 2 y 3. Sin embargo, esta mejora en la regularidad de u; sélo se asegura imponiendo
una condicién de compatibilidad no local para la presién en el tiempo inicial ¢ = 0, dependiente
de los datos ug, po y f(0), y que no se puede comprobar en la practica ([16]).

Ademsds, en este trabajo, para aproximar en cada etapa de tiempo los problemas (8) y (10),
analizamos y proponemos sendos métodos iterativos, en donde las matrices en cada iteracién
son constantes. Estos esquemas se describen como sigue:

Método iterativo para el problema (8). Conocidos (p}}, u}), se aproxima pZ'H solucion de

(8) por la sucesién (p)t""); definida como:
n+1,0

Inicializacién: Sean p, = pp.
Etapa i + 1: Conocido pZH’i, hallar pZH’Hl € W), tal que para cada py, € Wy:
it o
- _ Litl o~ i =

<hkh,ph> + )\<sz+ " ,Vph) = —(uZ . szJr ’Z,ph). (14)

Método iterativo para el problema (9). Conocidos (p7,p"™!, u?), se aproxima u?t!
Ph> Ph h h

solucién de (8) por la sucesién (uZH?’)Z definida como:
Inicializacién: Sea uZH’O = uj.
Etapa i+ 1: Conocido uerl’i, hallar (uZ“’iH,pZH’iH) € Vi, x My, tal que para cada (up, pr) €
Vh X Mh:

( Nun—i—l,i—l—l — ) .

<,0% h k L ) uh) + M<VUZ+171+17 va’h) - (pZ—FI,H_l? V- ﬁh)
, T, - A

= — (G g = AV ) - V™ ) - A /0 (o = i) (Va0 vy, (15)

1 n n+l n+li — n+lentl - M n uZ+l7i_uZ =
L ) + () + (=) )

k

(V-u ™) =0, (16)

v _ M+m i - : Li+1 1i+1 1i+1
donde pﬁ]\f = . Veremos la convergencia de las aproximaciones (uZJr ot ,pZ‘L s pZJF i )

hacia (uZH, pZ'H, pZ'H) cuando 7 — oo, para k suficientemente pequeno.

El resto del trabajo esta organizado como sigue. En la Seccién 2 describimos las hipdtesis
sobre el dominio, los datos iniciales y las aproximaciones de elementos finitos, y definimos ade-
cuados operadores de interpolacién. En la Seccién 3 obtenemos la expresion del error de consis-
tencia en tiempo de la solucion continua y las ecuaciones que verifica el error en densidad y en
velocidad-presién. En la Seccién 4 probamos, mediante un proceso de induccion en la etapa de

tiempo, estimaciones puntuales para la densidad discreta que nos permitiran obtener las tasas de
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convergencia en normas débiles. La Seccién 5 esta dedicada a las estimaciones de error fuertes
para la densidad. Finalmente, en la Seccién 6 vemos que los métodos iterativos (14) y (15) estén

bien planteados y son convergentes.

2 Preliminares

En lo que sigue, consideramos 2 un abierto acotado de R? (d = 2 6 3) con frontera poliédrica

y una familia de triangulaciones {7} },o tal que Q = U K, siendo h el didmetro maximo de
KETh
los elementos de 7y,

2.1 Hipdtesis

(HO) Regularidad para los datos: Supongamos A < py sean M>M y 0 <m < m tal

M—m

que A < .

Sea ug € VN H2(Q), py € H3(Q) con0 <m < pg < MenQQ, fe L*(0,T; H(Q)) vy
f, € L*(0,T; L%5(2)).

Regularidad para la solucion: Supongamos que (p, w) es la unica solucién del problema

(1)-(4) en (0,T) con la siguiente regularidad:
(p,w) € L=(0, T3 HY(Q) x HA(Q)), pe L>(0,T, H'(Q)
(e, w) € (L0, T3 HY) N L*(0,T; H?)) x L(0,T; L*(Q)),
(ptt70-1/2'u'tt) € L2(07T7 LZ(Q) X Hil(Q)%
donde o(t) = min{1,¢}.
Suponemos aproximaciones (p), u)) de los datos iniciales (po, up) tales que
|uo — wp| + 1|V (uo — up)| < G 1,
|Vu9b’ < G27
|00 = phl + Pllpo = phll ) < Gs b,
0 <m < ph(x) < M.
para G; constantes positivas que dependen de ug, pg y €.

(H1) La frontera de Q es poligonal y tal que se tiene la dependencia continua en norma H?

del problema Poisson-Neumann (ver (54)). Esto es verdad, por ejemplo, si 2 es convexo

([11]).
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(H2) La tringulacién de Q y los espacios discretos satisfacen:
e Desigualdades inversas:
Inll e @yrmis@y < ChY2pnllm), Von € Wi
e Errores de interpolacién:

inf {|@— |+ h||%—llmo} < CR | mg), YVae H(Q)N HQ),

up€Vy
inf |p—pal < Chlpllim), VpeH (Q)N L),
PhEMp
inf {1p— pul + hllp = pullm )} < CR2Ipll g2y, VP € H?(Q),
PrREW
inf [|p = pnll e ()nwrs) < Chl/QHﬁHHZ(Q)a Vpe H*(Q).
PrLEWR
e Propiedad de estabilidad:
I1Papllzs < Cllpllps, Vo€ L3(Q),

donde P, es la L?(Q)-proyeccién sobre Wj,.

(H3) Condicién inf-sup. Existe 5 > 0 (independiente de h) tal que Vp, € My,

1Pl 200y < 3 (P w)
PhrllL2 < sup — .
Lo@ anevi\{0} llunllro)

(H4) Los espacios discretos en velocidad y densidad ( V, W},) satisfacen Vj,- Vj, C W, es decir,

Va,, u € Vi, w-u; € W

Por ejemplo, una forma de definir los espacios discretos (Wy, V},, M},) para que verifiquen (H2)-
(H4) es la siguiente: Sea {7}, },~0 una familia de triangulaciones regulares y quasi-uniforme de €.
Entonces, se considera W}, como el espacio de las funciones globalmente continuas y localmente
Py y (Vi, My,) el espacio de Taylor-Hood Py x Py ([11]).

2.2 Operadores de interpolacién globales

A continuacién definimos operadores de interpolacién globales, como la solucién de los siguientes
problemas discretos:

Para cada par (u,p) € V x L3(Q), definimos (Iju, J5p) como la solucién del siguiente prob-
lema de Stokes discreto: Hallar (Ipu, Jp) € Vi x My, tal que,

u(V(u—Ihu),Vﬁh) . (p— Jup, V- ah> —0, VeV,

(17)
(V (u— Ihu),ﬁh) =0, Vp, € M,
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Para cada p € H'(€2), definimos Kjp € W}, tal que

— Kyp), VPh) =0, Vpp€ Wy,

/ Kyp — / (18)

De hecho, Kjp se puede obtener como sigue:
a) Consideramos 7 = p — % p € L3N).
Q

b) Hallar 7j, € Wy, N LZ(£2) la solucién del siguiente problema de Neumann discreto,
(V(n — ), Vﬁh) =0, VpneW,nLQ). (19)

c) Calcular Kpp = —i—% p.
Q
La prueba del siguiente resultado se pueden encontrar en Girault-Raviart [11] (Capitulo II,
Teoremas 1.1y 1.2) para la obtencién de los errores de aproximacién y en Girault-Nochetto-Scott

[10] para la parte de estabilidad de los operadores de interpolacién:
Lema 4 Supongamos (H3)-(H4). Para cada w€ H*(Q)N Vyp e HY(Q) N LE(Q),
|w— Inul + hllw— Ihu ) < C W ||uf g2q),
lp = Jnpl < Ch|lpll 10,
[ Thull Loo (@)nmwi3) < Cllull Lo ()nmws(q)- (20)
Un resultado andlogo se tiene para el interpolador K}, (ver [8], [11] para méas detalles).

Lema 5 Supongamos (H3). Para cada p € H?(S),
o = Knpl + hllp = Knpll ey < CR2 [lpll a2 ),

lp— Knpl < Ch|lpll a1 (a),

[Enplloe@) < Cllplleo)- (21)

Corolario 6 En las condiciones del Lema 5, para cada p; € L?(0,T; H?(12)),

< Chllptll 20,182 (0))-

L2(0,T;HY(Q))

H p(t+k)—p(t)  Kpp(t+k)— Knp(t)
k k
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3 Ecuaciones de error

3.1 Errores de consistencia en tiempo

A continuacion mostraremos la expresién del error de consistencia que se comete cuando la
solucién continua es puesta en la discretizacion temporal del esquema numeérico (8)-(10). Usando
que (p, u,p) es la solucién de (1) en t = t,41, se tiene:

Abrer) ZPU) 4 a1, Fp(tan) — Adpltnsn) = B (22)

plt) =) ) = AV p(ta)) - V) o)

—V - (uVUtnr1) = Ap(tn1) (Vultng1))') + V(tnt1) = pltns1) f(tntr) + Ryt

donde los errores de consistencias RZH y R™*1 tienen las expresiones:

;1 1 tnt1
R = k/ (s —tn)prds — V- <p(tn+1)/ w(s) ds) ;
tn tn

tn+1

mprt = A 1t =9 (ot [ i) as) wtt)

H o) ([ s000)

Definicion 7 Consideramos las siguientes definiciones:

ln

€y = €eiyu+ €y, donde ej, = uy — Ipu(ty) y e = Iru(t,) — u(ty),
GZ = €dp + €ip, donde edp = Pj, — Jnp(tn) y €ip = Jnp(tn) — p(tn),

6; = ed,p+ €ip, donde eq, = Ph — Knp(tn) y €d,p = Kpp(tn) — p(tn).
Observamos que eg4,. son errores completamente discretos y e;. son errores de interpolacion.
3.2 Ecuacién de error para la densidad

Restando (22) de (8), llegamos a la formulacién variacional del error para la densidad

6n—l—l —en
(PP, ﬁh) + A <V€Z+17 vﬁh) = <pZ+1 e?lll, =+ €Z+1U(tn), Vﬁh) (24)

k
+(Veenoptt o) + (R ).
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3.3 Ecuacion de error para la velocidad
Restando (23) de (9), se obtiene la siguiente formulacién variacional del error en velocidad-

presion:

wlrtt — up U —u
(phh P —<p(tn) (tnﬂ)k (t”),ﬂh>+u<VeZ“,Vﬂh>—(€Z+17V-ﬁh>
(e = AV - Dt ) = () ultn) = AVp(tni1)) - V)ultns),
—A<<pz+l—Mjm (Tup ), Va |+ A((p(tns1)) (Vultnsn))', Vi)

41 (v wp ppt ah) - (eg+1f(tn+1),ah)> + (RZ“,ﬁh>, Vay, € Vi,

<V : egﬂ,ﬁh) =0, Vpp€ M, (26)

Teniendo en cuenta la definicién de las operadores de interpolacién global en velocidad-

presion
/L(Veerl, V’Tl,h> - (egﬂ, V- ﬁh) = M(Vegzl, V’l_l,h> — ( g—;l’ V- ’l_Lh)
y descomponiendo las no linealidades como sigue:
ul Tt — u(tyr1) — u(ty,) _
<phhkh,uh (ot Ul uin) )
n€u —en n Wtny1) — utn) _
= <phk7uh> + <€p A ,Uh> ’
(o = AV - W)uprth ) = ((plbasa)ultn) = AVp(tasa) - V)ultnsr), )

= (i = AV - V)el ™ a )+(<<pz+1 :: We““ V)ultu ). )
(et ultn) - V) ultnsn), ).

1 1
(V UZ pn-i-l n+1 ah) _ *(V i UZ pz—l-l’ ez—i—l X 'uh) + §<V X ez PZ—H, (tn—i-l) . ﬁh),

2
- (( w1 M ;r ﬁl) (Vup ™), VUh> + A ((P(tn—l-l) - ; ﬁl) (Vu(tn+1))t,Vuh>
=-A ((PZH - M;ﬁ) (Vert), Vﬁh) - >\<€Z+1(Vu(tn+1))t, Vﬁh>,

donde hemos usado la igualdad /(Vu(tn+1))t : Vu(tpt1)de =0, ya que V - u(t,41) =0 en Q
Q
u(tp+1) = 0 on T', entonces (25)-(26) se re-escribe

en—l—l_en 1 1 1 1
(S )+ (= AV Dt + apf e )

+*<V . ’U,sz—"_l, e"H uh> + <edp , V- 'u,h) = <An,’l_1,h), Yau, € Vp,

(27)

(V ' egﬂﬁh) =0, Vpp€ M, (28)
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donde A,, se define como:
Y _ n+1 n n+1 n+1 _
(An,uh) - (( u(tn) — AVe? )~V)u(tn+1),uh)
(tn tn) _ _
- (M= ) A (e (Tuttain) V)
~|—<e’p‘+1ftn+1 W)+ (Ve V)
v
2

(V- enpptt ultnr) - ) + (Rit w,)

4 Estimaciones de error

4.1 Estimaciones puntuales de la densidad discreta

Comenzamos con una estimacién puntual de la densidad discreta bajo la hipétesis (S). La idea
para obtener este tipo de estimacién ya se ha usado en [15], en la cual se usaba un operador
n

de truncamiento, la estimacién k Z IVull|> < Cs y la velocidad del término convectivo es una

=0
proyeccién de w; en un espacio de elementos finitos de mayor orden. Ahora, suponiendo una

mejor acotacién de la velocidad discreta |Vuyl| < Cs podemos evitar proyectar la velocidad,

como se ve en el siguiente:

Lema 8 Para cada n = 0,....N — 1, supongamos que |Vulh| < Cs, para cada I = 0,...,n,
siendo Cs > 0 una constante independiente de los pardmetros de discretizacion (k,h) y de n.
Si imponemos la hipdtesis (S), entonces para h/k suficientemente pequeno (independiente de la

etapa de tiempo n) la densidad discreta del esquema (8) verifica
O<m<ptt<M, Vi:0<i<n. (29)

Prueba: Aqui dnicamente veremos una idea de la demostracion, que se hace por induccién en n
(ver [15] para los detalles). Consideramos el siguiente esquema auxiliar sélo discreto en tiempo:

Sea p° = po y dado p! € H?(), hallar p'*! € H?(Q) solucién del problema:

I+1 _ I I+1
PP n I+1 I+1 dp
P =P Ve AP =0 en -
R U Ve P M Tan laa

(30)

Se prueba que existe p!*! solucién de (30) y verifica: 0 < m < p*! < M, paracadal=0,...,n
Para ello, resulta fundamental la hipdtesis impuesta sobre la cota de tipo L (0, T; H()) para
la velocidad discreta (u} )" ,. Ademas, como m < p"*! < M para l=0...,n, de (30) es facil

deducir las siguientes estimaciones a priori (en normas fuertes):

n
I+1 +12
max [ ) < C. kElenp 20y < C-
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En particular, usando propiedades de aproximacion del error de interpolacion, tenemos

le+1 thl+1”H1 < Ch”pl+1” < C\/» VIi=0,...,n. (31)

Por otra parte, comparando (30) con (8) y usando que |Vul| < Cs para l = 0,...,n, se

puede obtener la estimacién de error ([15]):

h
! !
lop™ = P i < Cﬁ' (32)

Finalmente, de (31) y (32), deducimos

h
l+1 I+1
- K <C—.

En consecuencia, usando la desigualdad inversa ||pp| @) < Ch™ 12l HY(Q)> VPh € Wh, se

tiene le“ K pl+1||L y<C \/> Luego, usando la estimacion del error de interpolacion

hl/2
1P = Knp o) < CRYZ 10 200y < C
hl/Q
se tiene Hle HIHLm(Q) < CW'

Finalmente, se tiene (29) para h/k suficientemente pequeno, gracias a la estimacién puntual

m < pt! < M, para cadal=0,...,n. O

4.2 Estimaciones de error en normas débiles

El siguiente lema nos proporcionard las estimaciones fundamentales en cada etapa de tiempo,

para luego obtener las tasas de convergencias por un proceso de induccién.
Lema 9 Supongamos 0 < m < ph,pZJrl < M en Q. Entonces, para k y h suficientemente
pequeno y h < C'k (gracias a la hipdtesis (S)), existe una constante A > 0 (dependiente de la

solucidn exacta) tal que se verifica la desigualdad
[ (1ot et 2+ Al 1) = (1V/ohenl” + AlepP)
+( et — el + g\egﬂ - enP) + k§(myvez+l|2 + ANV )
< Cy k(| x> + Alepl?) + & (mrv«auﬁ + ANV + C k1l 3 + et e )
+O(let 2+ e ) + C 2 / " (loa By + oo gy + a(s) ) s

tn+1
k[ (5= ) (9

(33)
donde C y Cy son constantes positivas independientes de los pardmetros de discretizacion (h, k)

y dependientes de la solucion ezxacta.
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Prueba: Tomando como funcién test pp = 2]{363:1 = 2k(e

identidad (a — b,2a) = a? — b? + (a — b)?, obtenemos

mHl _ eZ;rl) en (24) y usando la

en—l—l _en
g P = lepl? ey — el + 22 RIVep TP = 2k |
20k (Ve Vertt) + 2k (o el + epulta), Vi(eptt - elfh))
+2k<v cen pptt entl ”*1) + 2k<R”+1 n+1 e;.j;l) = L1+ Lo+ Lz + Ly + Ls.

Acotamos el lado derecho como:
Ll < 6|62+1 n|2 —i—C‘ n+1|2’
Ly <ek|Vep > + Ck|Vel M2,

Ls

IN

28l ooy €3] + k)l @y et ) (IVen™t] + [Ver)
Ch(|enl? +[ept = epl? + lep[2) + =k Vet 2 + CRIVels P,

AN

Ly

IA

2k|V el pf | oo oy lentt — "“\ <e1k|Vel? + Cklept > + Ck “*1\2
< e k|Vel|? + Ck:|eg|2 + Cklentt —en|? + Ck ”+1|2
Usando que

IRy 1 0y < C’k‘2/t (oM sy + ()1 s

se puede acotar el término Ls como

+1 +1 o [ 2 2
Ls < eh(llept 2 + i o)) + C / (Ilete ()1 + lue(5)]?) ds.

n

Recopilando las acotaciones anteriores y eligiendo € y k pequenos, conseguimos

3
|6n+1‘2 _ |6n’2 Z|€;L—i-l _ en|2 + )\k|ven+1|2
< Ck(lep? + len +erl Veul® + lleiy i o) (34)

n+1
£k [ (1) + P + C el

Por otra parte, tomando en (27) como funcién test w, = eg'zl = entl —

cuenta que (egzl, V- eﬁ“) =0y la coercitividad de a(-,-,-) dada en (11) , obtenemos

ezzl, teniendo en
n eZ—H - eﬁ n+1 H1 n+12 n+1 n n-+1 n+l _n+l
phT, e, + 5 \Veu ’ + ((ph )\Vp )-V)en e )

+5 Vol it n+1_ez+1> < ((pZH AVt ) entt en+1)

u — ) L, u

( 35
ra(ppttent ) + 5 (Vo wper ey +
n+l _ _n+l n eZ—H B eu n-+1
+ Ana €y ei,u + Ph L ) ei,u
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Continuamos transformando atin mas (35). Tomamos en el esquema de la densidad (8) como
funcién test
_ 1 1

o= 5leit 2 = 5 [len P+ (et —2eit) - €] € W

(notar que pj, € W, gracias a la hipétesis Vi, - Vi, C W), de (H4)), y obtenemos

(o = 12 1 1 1 12
Ph =P o2 ) L (ot - AV V(e )
2 k 2 v (36)
5 (Ve ) = (B (et - 2ent) - e,
donde
B 1ot —pp ) 1 _
<Bh7:0> =3 <’"‘kh,p + 2(p§§“ — AV, Vp) (V uy p”“,p), (37)

para cada p € H'(Q). Por otra parte, de la ecuacién del error de consistencia para la densidad

(22) multiplicada por §(GZ+1 — 2el1) - et e integrada sobre Q, conseguimos

B, (el = 2eut) el
p(tn—l-l) - p(tn) (en+1 o 2ez+1) . n+1>

7,U ei,u

1
2 (38)
(Pt )ulta) = AVp(tasn), V(efs" = 2571 - ¢ i1))

(R”H, (et —2entl). en“) =0.

iU i,u

Luego, teniendo en cuenta la definicién (38) podemos escribir (descomponiendo las no lin-

ealidades previamente):

(Bfw( o 26%1)'6“1)

i,u

= (Bp - B (e~ 2en) - )

1,u

1 QQH*QZ 1 1 1
e O R (39)

1
o (ppen + eptult) — AVeRt V((erf! — 2ent) - efh))

7,u

1
S (Voeum™ (et —2ent) ) - S (R (el 2el ) ).

T, i,u z u

Sumando (36) (cambiando la parte derecha segiin (39)) a (35) y usando la versién de la derivada

discreta de la Nota 1, llegamos

‘ n+1 n+12 ’\/Tze ‘24_‘\/» n+l _ ‘2+M k’venJrl’Q
<2k<(( n+1 — AV v)ent! n+1) —|—2k<A n+1_ez-£1>

? Z u

—|—2ka( n—i—l7 Z—i—l n+1> +2 (ph( n+1 ez),eztl)>

7zu

+2k (B" — BP,(2e7t — il e’?“).

T, 1,U
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Por 1ltimo, tenemos que acotar adecuadamente el lado derecho de la desigualdad anterior. Por

resumir acotamos los términos més significativos

2k (o = AV - V)ept, et

= 2k((p "“<e + ultn)) = AV + pltnsn)) - V)ert, et
< Ck(len +[Veptt])[Vert| et o)

+Ck(ultn) o) + 1V p(tns1)ll oo )|Ve"+1|||e"+1H3 @
< Ck|Ve”“\2+Ck:] WP etk Vet P+ Crllel 1 g

donde se ha usado (20) en la dltima estimacién.

A partir de ahora comenzamos a acotar 2k <An, eZH ”H) : Z Qi:

Q1

IN

Clp(tni1)en + epthultn) — AVeR [ Vaultusn) s lent — € s

k] u|2+|ez+1|2+|wz+1\2)+elk(||e"+lu m+ue"+1||H1 o)
<

IN

Q2

Ckllerll Lo llwellLooom 2y llen™ — € s
< Chlep +ekVep? +erk(llent 3 +||e"+1u @)

Qs < CRlles 3 + ek (et 13 gy + el 3 >)
Q1 < C M P fttnsn) 35 + 1k (Il ey + €l ey )-
Qs <e1k|Vert 2+ Ck Vel
Qs < e1 k|Vey* + Cklen™ > + Cklel i
Finalmente, acotamos el error de consistencia ()7 para el sistema de momentos

Qr = 2k(Ryt entt — ertt) < 2k BRI o yllent — et oy

1 tnt1
i [ =t oy ds +ok | [
tn t

n
tn+1 tn+1

1 Vel
b [ el [ |ut<s>rds} (lez* @ + et )
tm tm

tn+1
< Ck / (s = tw)lluee(5) 125y ds + C 1+ er k(len 3o + 1€l Iracay )

tn+1

IN

lu(s)] dS) | u(tn+1) lwrs@)ne @)

Seguimos estimando el término 2k (B” — By, (2e ! — ezzl) . ez;‘;l> = P+ P+ P3+ Py, donde
se usara repetidamente la estabilidad en W%3(€2) N L>(Q) del operador de interpolacién para

la velocidad I; dada en (20) y el error de interpolacién [|u — Ipu| fo(q) < Chl/ZH'U/HH2(Q):

1 1 1 1 1
o< Sl —epller —2eu el i)
< O h1/2‘6n+1 nHenJrl 26n+1|
< 8|€7pz—|—1 n’2+0h| n+1‘2+c| n+1‘2
< eley™ =g+ Chley? + Chleyt! — ei’ + Clef %,
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P < \,0”“ ey + egﬂu(tn) — )\Ve"+1|]V((2eZ+1 + ezzl) : ezzl)\
< ck(| ol Lt + IVentt] ) llers! — 2en ol wr sz~ o)
< Cklen? + CkVey ™ P +erklen™ 13 o) + CRlles 3 )
1 1 1
Py < !V eullloh e lefnt —2en e e
< e k|V€u|2 +Ckle)* + Ckleg™ — e + Cklef s,
Py < CEIRy o llefs — 26 mqyllef s lwis@ni)

1 +1 o [T+ 2 2
< erk(llent 2 g + 1€ ) + CF / (ot ()13 gy + ()12 .

A continuacién, tratamos los términos residuales de la derivada discreta de la velocidad:

2k <pZ(eZ+1_ en) enJrl) < Zl’| n+1 u’2+c| n+1’2.

u’? T,

Luego, eligiendo €1, k y h suficientemente pequeno y h < C'k (gracias a la hip6tesis (S)) e

incorporando las desigualdades anteriormente obtenidas en (35), se consigue

3
o e P [ Renl? + Tent — e+ Sukivert

< Ck(reuP T rez“P + Vet 2) + kel + e HVep + Ckllefs g + Clefs!

el P g Ok (/t"“(s ) () ds + k:/tn+ 191e() 55 s + k;2>
tn tn (41)
Finalmente, acotando ]ez+1|2 < 2(](3;”'1 - e;‘|2 + \62]2) y haciendo un balance adecuado de las
desigualdades (41) y (34) para absorber los términos |} ™! — e y [VelT![* de la parte derecha
de (41), se obtiene (33). O
Ya estamos en disposicién para la prueba del Teorema 2, cuyo resultado repetimos para conve-

niencia del lector.

Teorema 10 Asumiendo las hipdtesis (H0)-(H4) y la restriccion (S), se tienen las siguientes

estimaciones de error, para k y h suficientemente pequeno:

O<m<pit <M, ¥n:0<n<N-1, (42)
T m A
O<£ln<a§_1 (ﬁz|eﬁ+1|2 +A|€Z+1’2> I 2 (§|€Z+1 Py 5|e:}+1 B ez|2>
n=0 (43)

+k Z (’“ 12 4 A)\\Ve”“P) < C(k+ h?).
Prueba: Supongamos que (29) y (33) se verifican para cada n = 0,..., N — 1. Entonces,

(42) se tiene trivialmente de (29) y, sumando (33) paran = 0,..., N — 1 y aplicando (42) y el

Lema de Gronwall discreto obtenemos (43). Veamos por tanto (29) y (33) por induccién en n.

177



Para n = 0 tenemos por hipétesis que 0 < m < p9) < My [Vu)| < G (ver (H1)). Elegimos
Cy := max{Cs, G2}, siendo C3 una constante positiva que se determinard més tarde.

En virtud del Lema 8, se tiene la estimacién puntual 0 < m < pj < M , es decir (29) para
n = 0. Entonces, del Lema 9 tenemos (33) para n = 0.

Supongamos por induccién que se tiene (29) y (33) para l =0,...,n — 1. Sumando (33) para
[ =0,....,n—1, se tiene:

n
mley|* + Alep|* + gz (mwﬁﬁ + AA|Ve;|2)

n—1 -

< CikY (el + Aleb?) + M€y + Aleh|?
1=0

1 02 02 , b

+hy (mIVel? + ANTED[2) + Ok + h? + )
n—1

<C1kYy (myew + A|e;|2) + Ok + h?),
=0

donde en la ultima desigualdad hemos aplicado las propiedades de aproximacién inicial dadas

en (H1) y que h < Ck gracias a (S). Aplicando el Lema de Gronwall discreto, obtenemos que
%k ST IVeEL? < 02t (k + h?) < C 2T (k + h2),
=1

de donde es ficil deducir que existe una constante C3 > 0 tal que \Vulh\ < (O3 < 0, para
[ =0,...,n. Porlo tanto, del Lema 8 tenemos (29) para n, es decir 0 < m < pﬁfl <M para cada
[ =0,...,n. De lo anterior, se deduce que estamos en las condiciones del Lema 9 y tenemos
(33) para n. O

Nota 11 EIl término responsable de que no se obtenga estimaciones de O(k) es el término
p(tn-‘rl)
k
de densidad constante, para obtener O(k -+ h) basta pedir wy € L*(0,T; V') que no requiere una

tn+1
/ (s — tn)wy ds que proviene del error de consistencia en tiempo R, En el caso
tn

condicion de compatibilidad no local para la presion en t = 0, mientras que para nuestro modelo
para obtener O(k + h) (en vez de O(kY? + h)) tenemos que imponer uy € L*(0,T; H-1(Q)),

que requiere dicha condicion de compatibilidad.

Nota 12 Las estimaciones de error en normas débiles anteriores no se trasladan a la presion.
De hecho, de la ecuacion de error para la velocidad (27), usando las hipdtesis (H1), (H3), el
Lema 8 y el interpolador de la presion Jy, (ver (17)), obtenemos

1

n+1
‘ed,p |<C L

lew™ — enl + Cllefy ) + Cllew ) + Cllep ) + IR [ L5 () -
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Ast, elevando al cuadrado, multiplicando por k, sumando para n y teniendo en cuentas las tasas
N-1

de error conseguidas en el Teorema 10 (en particular, Z lent — €2 < C(k+h?)) y los errores
de interpolacion, sélo consequimos la siguiente estima@?(ofn:

N-1 B2
B Jenth? < C’<1 + ?).
n=0

Y de aqui facilmente deducimos la estimacion en L*(Q) para el error de presion

N-1 2
B et < 0(1 + ?) <c.

n=0

Con el mismo argumento, en el caso de deducir O(k—+h) para la velocidad, se tiene O(kl/Q—&-m)

para la presion en L*(Q).

4.3 Estimaciones de error de la densidad en normas fuertes

Para obtener el error de la densidad en mejores normas, consideramos el operador laplaciano

discreto —Ay, : W;, — W}, definido para cada p € W), como la solucién del problema

Appp € Wy, tal que  — (Ahphvﬁh> = (Vphyvﬁh), V pn € Wh. (44)

Luego, la ecuacién discreta de la densidad puede re-escribirse en funcion de este operador como:

n+1 n
~—Pr n n — n — —
(phkh,ph> - (uh : Vph“,ph> — /\<Ah,0h“,ph) =0, Vpp€ Wy (45)

Restando (22) de (45) nos encontramos con la nueva ecuacién de error para la densidad

enJrl —en
(pkpmh) + )\<€Z—Haﬁh> = —<€ﬁ Vot uty) - Veﬁﬂaﬁh) + (R;L+1,ﬁh)7 (46)
siendo e’Krl = —Ah,o’,frl + Ap(tnt1)-
Ahora estamos en disposicién de probar el Teorema 3, cuyo enunciado repetimos para con-

veniencia del lector.

Teorema 13 FEn las hipdtesis del Teorema 10, se tienen las siguientes estimaciones de error

para h suficientemente pequeno:

N-1 N-—1
n+1|2 n+1 ny |2 n+12 2
ogznga]i)[(,llvep ‘ + E O‘V(ep _ep)| +k E - ’eA ‘ SC(k—i—h ) (47)
n= n=

Nota 14 Para obtener una cota C(k*+ h?) en (47) debemos asumir la hipdtesis de reqularidad

uy € L2(0,T; H1(Q)) que de nuevo estd relacionada con una condicién de compatibilidad global.
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Prueba: Definimos engl —Ap(tns+1) + Po(—Ap(tp+1)) donde Py es el proyector ortogonal en
L?(2) sobre W},. Consideramos pj, = e A'H - e?Xl = egzl como funcién test en la formulacién

variacional (46), llegando

n+1 n n+1 n+12 n+1 n+1 n+1 _n+1
(ep — €y, En )+)\k|e | = (ep —ep,eZA)—i—)\k:( , lA)

(48)
L vanrl ult ),vegﬂ ezﬂ n+1 +k Rn+1 n+1 _6?31)
Ahora, “integramos por partes” en el término (eﬁ‘*‘1 ez,ezﬂ) como sigue: consideramos
la ecuacion de error para el laplaciano discreto
( n+17ﬁh> = <V€Z+1, vﬁh)v vﬁh € Wh (49)

H_en  (enth e ,) € Wy, en (49), llegando

=5, — N
y tomanos pp, = €, o ip

+1 +1 — +1 +1 +1 +1 +1 +1
(ex eptt—en) = (Ve Vet =) = (Ve Verst —ep) )+ (ea™ et =ef, ). (50)

Asi, incorporando (50) en (48) y usando la identidad |a|? — [b|> + |a — b|? = (a — b, 2a), tenemos

(Vg2 = Vel + [V(eptt = en)? + 27 klex™ [ = 2 (et — e, et

_2k( Vpn+1 ulty,) - ventl Z—‘rl n+1> +2k<Rn+1 Z-Hl n+1) +/\k< ”+1, ?Xl)

p
+2<V62+1, V(e?;fl ezp)) 2<6Z+1, erl — e%) =Ky + Ko+ K3+ K4 + K5 + Kg.
(51)
A continuacién, estimamos el lado derecho de (51):
K <%| . n‘2+C| n+l‘2.
Para acotar el término Ky actuamos como sigue:
Ky = —k(en Vo™ + u(ty) - Vertt, entt — e?Zl) (52)
< —k(ey-Voptteltl - le) + Ck|Ven ™2 + e klex™ > + e kle[ .

El primer término de la derecha de la desigualdad anterior lo re-escribimos como

n n+1l n+1 n+1 _
—k( -Vp, N 6i,A> = —kle

—kle

. n+l n+l
Vep edA>

. V,O(tn—i-l) A+1 62—51) = K21 + K22

23 83

Teniendo en cuenta la regularidad impuesta a la densidad continua no es complicado acotar
K2 < Ck||eu|\H1 +6k|e”+1|2+0k|e"+1|2. (53)

Para obtener un cota para K3, definimos una aproximacién continua asociada a e’} d : hallar
e"t(h) € H?(Q) tal que
aen—i-l( h)
1 +1 — 1 —
—Ae" T (h) = e;‘A en €, T)ag =0, /Qe”+ (h) = 0. (54)
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Es facil ver que este problema de Neumann estd bien planteado, ya que /Q eg’zl = 0. Usando

esta aproximacién continua e"*!(h) escribimos

K} = k(ez LV (entt — et (), eggl) + k(ez - Vertl(h), Ae”“(h)).

Integrando por partes en el ultimo término y acotando, conseguimos

u

K} = k(e" -V(eptt —emtl(n)), es’zl>
—k(veg, Vertl(h) ® Ve”“(h)) v k(V Cen, \venﬂ(h)P)

(55)
< CklewllmolViegt — e () s lef A
+C Kl €4l o lle™ (B[ 2o leg Al
donde en los dos tltimos términos hemos usado la interpolacién || Vpl|%, y < C 1l oo ()| Al

para cualquier p € HMO(Q) y la dependencia continua |Ae™ 1 (h)| < |e”+1| de (54). Ademas, ®
denota el producto tensorial de dos vectores a = (a;)?_;, b = (b;)?_;, con coeficientes (a® b); j =
aib;

A continuacién, veremos como tratar los términos ||V (et —e" 1 (h))|| 13 (q) ¥ ||e”+1(h)||%oo(m

que aparecen en (55). Los descomponemos como sigue:
IV (ep™ — e (m))lles i) < IVers sy + 1V (e — e () s, (56)

le™*(h) = epHpoo() + llef ™ (o)
le™** (h) — egﬁlllmo @ + e lpseq) + lep™ (o) (57)

le™ 1 (h) — et l oo () +

le" 1 (h) || L= (o)

IN AN IA

donde en la tltima estimacién hemos usado la estabilidad L* de K} dada en (21).

Ahora, veamos que
IV (et — e ()| s + lle" T (h) — el b | Loy < C A2 R, (58)

En efecto, se tiene
<Veg:1, Vﬁh) = (6321, ﬁh) . (59)

Pues, por un lado de la definicién de —Aj, dada en (44),
(VPZ+1, vﬁh) = - (AhpZJrl’ ﬁh) .

Y por otro, de la definicién del interpolador Kj aplicado a p(t,4+1) y de —(Ap(tn+1),ﬁh) =
(Ph(=A(p(tn11))); 1) obtenemos

(VEwp (i), V) = (Pu(=Dpltas1)). 71 ).
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Luego, restando ambas igualdades se encuentra (59). Para las tasas de convergencia (58), com-
paramos (54) y (59) y tomamos como funcién test p, = eZJ;I — e"(h) + e"*1(h) — py, para

cualquier py, € Wy, llegando

V(egh! — e ) < [V (e (h) = pn)| < hlle™ (W) 20y < C hleg Al (60)

donde hemos usado los errores de interpolacion (H3) para el espacio W}, y la dependencia
continua del problema (54), [le"*1(h)|| H2(Q) C’|enJr1 A continuacién, siguiendo las ideas
de [15], sumando y restando un elemento cualquiera p;, € W}, en la parte izquierda de (60),
utilizando las desigualdades inversas ||pp || Lo ()nw1.30) < Ch™ 1/2||thH1 para todo pp, € W,

y la aproximacién _inf €™ (h) — pnllLenwia@) < CRY2|le™ T (h )HHQ < Ch'2leptl,
PREWR
llegamos a (58).

Por lo tanto, aplicando en (55) las descomposiciones (56) y (57), y las tasas de convergencia

(58, conseguimos la acotacién

Ky <Ck h1/2||euHHl(Q)\fan|2 + Ckllenllmleg i

Usando la desigualdad de Young y que egzl = ezﬂ 6?21, se llega

Ky < Ckhlleglmolex™* + Ckllehlinq) + e klext * + e klej 5%

Ahora, teniendo en cuenta la estimacion k|| eZH%p(Q) < C(k+h?) que proporciona el Teorema 10,

conseguimos

h n n n
K; < Clh(l+ 7)le R+ CklleqlTn ) + e klex™ P + Cklef A%

Luego, de la estimacién (53) y la anterior, tenemos que

h
Ky < k;(c h(1+ 575) + 25) X2+ C Rl el By + CEIVey ™2 + Cklef K17

k1/2

Los términos K3 y K4 se acotan como:

Ky < k(1€ 4 [entl2) + O k2 bt 2 2) 4
s <ck(lex” "+ lefA ") + lpee(s)]” + |w(s)|” ) ds.

tn

K4 — )\k( n+1’ zLJArl) < 8k‘6n+1|2—{—0k|6n+1‘2

En virtud del Corolario 6, vemos que

K5 < k|Vel™ 2+ Ckb?|| pell oo (0.7 12(02))

Ko < eklex™ | + Ckh*||pell oo 0,012 (92))-
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Por tanto, usando que h/k'/? < C gracias a la hipétesis (S) y eligiendo h y ¢ suficientemente

pequenos, nos resulta

1
Vep 1P = [Vepl* + 5|V (ep™ — ep)I* + Aklex™ |* < Clef k'[P + Cklef A * + Chllenlin o)

i | T (1l + [ () ds + CkR e o,y
; (61)
Por tltimo, de las hip6tesis de aproximacion (H3) y de las restricciones impuestas a los pardmetros
de discretizacién (S), tenemos |62Z1|2 < Ch? < CK% Luego, sumando en n y usando las
hipétesis para la solucién continua (H1), encontramos el orden de convergencia buscado.
O

5 Estudio de un método iterativo para desacoplar cada etapa

de tiempo

Nuestro objetivo en esta secciéon es desarrollar esquemas iterativos, donde las matrices de los
sistemas lineales para calcular la densidad y el par velocidad-presién sean constantes. La idea
es aproximar la etapa n + 1 del esquema (9)-(10) por los siguientes métodos iterativos:

Método iterativo para el problema (8). Conocidos (p}}, u}), se aproxima pZ“ solucién de

L1y, definida como:

.z T
(8) por la sucesion (p,
Inicializacién: Sean pnJr 0 = = pj.

Etapa i + 1: Conocido ph+ ' hallar an e Wy, tal que para cada pp € Wp:

pn—i—l si+1 pn
( h h >+)\<vpn+lz+l Vﬁh) (Uh Vpn+1z’ﬁh).

k
Método iterativo para el problema (10)-(9). Conocidos (p}, pp ™, ul?), se aproxima (u) ™, pi*t)
solucién de (9)-(10) por la sucesion (u, ™" pi™*"); definida como:
Inicializacion: Sea ZH 0 = = up.

Etapa i+ 1: Conocido uh+ " hallar ( ZH i1 pz+1,i+1)

Vh X Mh:

n+1 i+1 ol
<Pm h h >+M(V n+1,i+1 Vi) — (pn+1z+1 v. u)

€ Vi, x My, tal que para cada (uy, pp,) €

k
1 T 1,2
(((p;’LL"FI )\V,On+1) V)UZ+ K ﬂh) o AA (;0771 _ PZ+1>(VUZ+ 77«)t . V,uh
n+1,2
1 n n+l, n+li — n+lpepntl - M nuh+ _U’Z—
—§<V it ) + (o ) + <ﬁz_Ph)T7uh :

(V) =0,
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~ M4+m

donde p = 5
A continuacién, probamos que las aproximaciones (u ZH s pzﬂ’iﬂ) convergen a (pz+1 uzﬂ)
cuando i — oo. Para ello, definimos ®; ;1 = ’U,Z—H il uZH’i, Aiy1 = pZ”L“H - pzﬂz y
U, 1 = pZH i+l pZH’Z, las cuales verifican:
\I"z—&-l _ A - n _
? + A Vi1, Vo) =—uy, - V¥, 04 ). (62)
( M(I)i+1 — n+1 n n+1 -
P, +u( VP11, Vay, —AVpp ™) - V)@, uy,
T
- f (pm o) (V) s ( 0w, (63)
0
Vi D,
+(Ai+1,V-ﬂh> + ((p pZ“) o ﬁh>

(V- ®i1mm) =0. (64)

Tomamos pp, = k ¥, 11 como funcién test en (62) e integramos por partes

W12+ NE|[VT 2 = k(\lru;; v\pm) n k(V P, \Ifiﬂ)

< Cklluplinel%ilisg) + 5 )\k\v‘l’wl\
+C k|l 7 o Wil Zs ) + 5 Ak|v‘l’z+1|2 + /\k!‘l’wrl’z
< Ckllupl g o) Pi HV‘I’ |+2]€|V‘1’z+1|2+4)\’€|‘1’z+1|2

1
< Ck1/2(§\\11i]2 + 5 V| ) +5 L Lvo a2+ 1/\ kWi 2.

Eligiendo k suficientemente pequeio tal que o := C'kY/2 < 1y Ak < 2 y aplicando el teorema de

punto fijo de Banach, tenemos que {p"*1}; es una sucesién de Cauchy en H(Q), luego ,0”Jrl &

converge a pZH en H'(Q) con velocidad de convergencia o’ (ver [9] para los detalles).

Por otro lado, tomamos @, = ®; 41 en (63) y pr, = A1 en (64), obtenemos
pA P12 4 kP 3y = = (o 0 = AV L) - V)0, D)
T, _
Y / (2 — o) V)t s Vs + (o — o )i (65)

1
(v up il @, <1>Z+1> = Fy + Py + F3 + Fy.

Usando que ]p~ — it < (M — ) /2 en Q y admitiendo que e )\VpZHHLa @ <C,

acotamos
F < Ck|®, O, 4|2 1/2 , < CE||®, Lo, L4 @,
1 < D[ () | Pia ||| i [ 1 1®ill 71 (2 k1/4| i+1] + [Pit1ll 71 ()
0 pﬁzﬂ 2 2 1/2 2
< §<7|‘I)i+1| + pn k[ @i >+05/€ p k(| ®ill 7 )

184



: AM —
siendo p1 = pu — 5 5

M — M—m, (1 1
P sy < AT (H0n )+ 31l )

> 0,

Fy <A

— —~ 2

M —m M—m 1 pM

k3 < |®i[Pis1] < — [ @] + 2| D 4 [,
2 2 9o 2

m

De nuevo, como |V - ulpi"!| < C' controlamos Fy como F}

5 rpM
Fi < Cllill oo @iti sy < 5 (Z21@ia[? + i k@i ]?) + CokM k| @il o

Aplicando estas estimaciones a (65), conseguimos

pM 2 2 ]\7_7% 2,0]’\7[ 2
(1 =08) { Sl Piral” + bl @il o) | < — | ®il

M+
AN M—m

+ 05k1/2+271 5 >M1k||‘1’i||%11(9)-

A M- . AM — i
Observemos que — < 1 o equivalentemente —
2u1 2 2 2

y por la hipétesis (H1). Luego, eligiendo Csk'/? suficientemente pequefio tal que Ci K2 +

< pp por la definicion de puy

A M—-—m
2up 2

amos a la desigualdad recursiva

—~ 2 —~
M —m A M—m

< 1y 6 de modo que (1 —9J) > max - -m LCs kY24 m , lleg-
M+m 21 2

M M
P\ 2 g @i |2 <& [ 21, + o k|| )2
9 i+1 M1 i+tlllgI Q) | = 9 i M1 illHT(Q) | »

—~ 2 —

~ 1 M —m A M—m ~

siendo @ = —— max naliil , Cs K24 2 m Como a < 1, se extraen las
1-9 M +m 2u1 2

mismas convergencias que para la densidad cuando i — +o0, es decir, w1 — uZ"H en HY(Q).

. . .oy . . 1,2
Finalmente, usando la condicién inf-sup se tiene que pZJr s pZH en L%(Q).

Teorema 15 Admitiendo k suficientemente pequenio y las estimaciones de estabilidad 0 < m <
ot < M, 1wl sy < C y Vo™ | ps) < C para C > 0 independiente de h y k. Entonces,
se tiene que los métodos iterativos de matrices constantes (14) y (15)-(16) convergence hacia la
unica solucion del esquema (8) y (9)-(10) respectivamente. Ademds, se encuentran las conver-
gencias pZH’i — ppen HY(Q), wt — ult en HY(Q) y pZH’i — ppten L3(Q) cuando

1 — 0.
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Por ultimo, nétese que las acotaciones uniformes impuestas sobre las soluciones discretas

en el Teorema 15 se justifican de las estimaciones de error que hemos obtenido en las secciones

N-1 N-1
previas. En efecto, de las estimaciones de error k Z | ent? HHl <Ch*+k)yk Z lextt? <
n=0

C(h® 4 k) se tienen las estimaciones uniformes Hu”‘HHHl < Cy |App}T| < C. Es claro, que

141l 20y < Cllutllin oy Ahora, vemos que Vo) + | (o) <0|Apz“|
1905 gy < IV (o5 = Enp™ () | (I V (™ () =" ()| s oy+ IV 6™ () 5

donde p"T1(h) € H%(9Q) es definido como in (54) que por la hipétesis (H2) nos ofrece la estabili-
dad [|p" T (h) || g2(q) < C|Appy™|. Usando la desigualdad inversa IVonllpsy < Ch™ HPhHHl
y la propiedad de aproximacién |V (pp ! — ptL(h))| < C h|Anp} 1 andloga a (60), acotamos

IN

IV(ppth = Knp™ ™ (R)]l 1o () Ch7 oyt = Kn(p" T (W)l i) < C AR,
V(" (h) = Kn(p" T (W) lsy < Cll" ' (W)la2) < C !AhPZHL
IV (Wllpsy < Clo" T (W)l < ClArpp ™,

A

por lo tanto HV/)Z—HHLG(Q) < Clanpp ™.
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A mixed finite element formulation for approximating a liquid

crystal model

F. Guillén-Gonzélez*, J.V. Gutiérrez-Santacreu*

Abstract

In this work we construct a fully discrete mixed scheme using continuous finite elements
for solving a nematic liquid crystal model of Eriksen-Leslie type by means of a penalized
model of Ginzburg-Landau type.

Stability and convergence towards a weak solution of the continuous problem with res-
pect to the discretization parameters and the penalty parameter are shown by assuming
some relations between the discrete spaces and some constraints on the discrete and penalty
parameters. Moreover, the results are improved in the case of two-dimensional domains
eliminating some relations between the discrete spaces and weakening the constraints on the

parameters.

Keywords: liquid crystal, Navier-Stokes, stability, convergence, finite elements, penalization.

1 Introduction

1.1 Statement of the problem

Let Q be a bounded, open subset of R? with boundary 99 and 7' > 0 the final time of observation.
We will use the notation Q@ = Qx (0,7), ¥ = 92 x (0,T) and n the unit outwards normal vector
on 9. The unknowns are u : Q — IR? the incompressible velocity field, p : Q — R the pressure
and d : Q — IR? the orientation vector of the liquid crystal molecules. These variables satisfy

the following system of equations:
ld|=1, 0d+u-Vd—~yAd—~|Vd*d = 0 inQ,
du+u-Vu—vAu+Vp+AV-((Vd)'Vd) = 0 inQ, (1)
V-u = 0 in @,

*Dpto. E.D.A.N., University of Sevilla, Aptdo. 1160, 41080 Sevilla, Spain. E-mails: guillen@us.es,
juanvi@us.es. This work has been partially supported by DGI-MEC (Spain), Grant MTM2006-07932 and
CGCI MECD-DGU Brazil/Spain, Grant 117/06
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where v > 0 is a constant depending on the viscosity of the fluid, A > 0 is an elasticity constant,
and v > 0 is a relaxation time constant. (Vd)' denotes the transposed matrix of Vd and
|d| = |d(z,t)| is the Euclidean norm in R3.

This model is a simplification of the model proposed by FEricken-Leslie for governing the
dynamic behavior of nematic liquid crystal flows which was introduced by Liu [12].

To these equations we will add homogenous and non-homogenous boundary conditions for

the velocity and the orientation vector fields, respectively:
u=0, d=1l onX, (2)
and the initial conditions
d(z,0) = dy(x), u(xz,0) = up(x), = (3)

Here, I : ¥ — R?, up : Q — R3, and dy : © — R3 are given functions, where throughout this
work [ is assumed to be independent of time.

To construct the approximations, we will use the penalty Ginzburg-Landau model:
d| <1, Od+u-Vd+~(f.(d)—Ad) = 0 inQ,
du+u-Vu—vAu+Vp+AV-((Vd)'Vd) = 0 inQ, (4)
V-u = 0 in @,
where

fo(d)=e*(|df — 1)d

is the penalty function used to approximate the constraint |d| = 1, and € > 0 is the penalty

parameter. It is important to observe that f, is the gradient of the scalar potential function
_ 1 2 2
Fe(d) = —(ldf = 1)%,

that is, f.(d) = Va(F-(d)) for all d € R3.

1.2 Notations and concept of solutions

We will assume the following notation throughout this paper. As usual LP(€2) denotes the space
of functions defined and pth-summable in Q and || - ||zr(q) its norm. If p = 2 we denote the
inner-product in L%(Q) by (-, ) and the norm by |- |. By WP*(Q2) and W§*(Q) with s > 0
and p > 1 (or H*(Q2) and H{(Q2) for p = 2), we note the classical Sobolev spaces. The dual
spaces of H*(Q2) and H§(Q) will be represented by (H*(2))" and H~*({), respectively. For a
real Banach space X, LP(0,T; X) denotes the space of X-valued functions f defined in (0,7)
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T 1/p
such that || - ||zr0,7,x) = ( / | f \&) < 00. When we consider vectorial elements bold-face
0
letter will be used, but we do not distinguish this aspect in the notation of norms.

Now we will introduce the function spaces in the framework of fluid mechanics.
H={u:ucL*),V-u=0inQu-n=0onT},
V={u:uc H}Q),V -u=0inQ},

13(@) = {pepe @), [ s(ode=o0}.

Let us recall the concept of weak solutions of (1) and (4), both completed with (2) and (3).
Definition 1 A pair (d,u) is said to be a weak solution of (1), (2)-(3) in (0,T) if:

a) ue L>®0,T;H)N L*0,T;V),

dc L>®(0,T; H'(Q), |d(z,t)| =1, ae (x,t) €Q, d(zx,t)=1Iz,t) aec. (x,t) €.
b) V¢ € C1([0,T]; VN W1>(Q)) such that ¢(T) =0,
T
/0 [~(w.09) + ((w V)u8) + (vWu— AX(Va)'Vd, Vo) } dt = (us, $(0)).
c) VY € CH([0,T]; HL(2) N L>®(R)) such that ¢(T) = 0,
/OT {—(d, émb) n (u : Vd,zp) n 7<Vd, v¢) _ fy<|Vd\2d, ¢)} dt = (do, w(o))
Definition 2 A pair (d,u) is called a weak solution of (4), (2)-(3) in (0,T) if:

a) ue L>®0,T; H)N L*0,T;V),
d e L>(0,T; H'(Q)) N L*(0, T; H*(Q)),

|d(z,t)| =1, a.e. (x,t) €Q, d(xz,t)=1(z,t) ae (x,t)€X.

b) V¢ € CL([0,T]; V) such that ¢(T) =0,
T
/0 {~(w00) + (- V), ¢) + (vTu— \NVA)'Va, V) } dt = (w0, $(0)).
c) dd+u-Vd+~(f.(d)—Ad) =0 ae inQ, d0)=dya.ec. in.

Comparing both definitions, we note that the orientation vector solution of (1) loses the H?>-
regularity with respect to the orientation vector solution of the penalty model (4), and therefore

the d-system is satisfied only in a weak sense in instead of almost everywhere in Q.
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1.3 Known results

Considering the boundary condition for the orientation vector d independent of time (i.e. I =
I(x)) and for any fixed e, Lin and Lui proved in [14], the local existence of classical solutions
and the global existence of weak solutions by means of a semi-Galerkin method. To prove those

results, they used the energy inequality

d (1 A
pr <2]u|2 + 5\Vd|2 + A/QFa(d)da:> + v|Vul|?> + M| f.(d) — Ad|* <0, (5)

obtained by selecting A\(f.(d) — Ad) and u as test functions in (4), and (4)., respectively.

Using the same method, but this time tending the penalty parameter € to zero, Guillén-
Gonzdlez and Rojas-Medar obtained in [11], the global existence of weak solutions of (1) (where
the L%(0,T; H*(Q)) regularity for d is lost), thanks to a sharp optimization technique to get
the compactness of the gradient of d in L2(0,T; L*(2)) which allows to pass to the limit in (4)
towards (1).

The authors Liu and Walkington studied numerically the penalty model in two works. In
the first work [16], they proposed a numerical scheme which requires globally C'-finite elements
for approximating the orientation vector d. Later, in a second work [17] introducing an auxiliary
variable Vd, they replaced the C'-approximation for d by the C%-approximation. In both works
the resulting schemes are totally coupled and nonlinear.

Using the auxiliary variable —Ad a numerical scheme is introduced in [5] which is totally
coupled but linear, unconditionally stable and convergent towards (4). Also, error estimates and
convergence of iterative methods for decoupling the scheme are obtained.

In [13], two linear numerical algorithms are presented. The first of them uses an implicit
backward Euler to discrete the time derivative and the second one uses the characteristic method,
but both schemes consider C? finite elements in space. Some numerical experiments show that

both schemes recover the results obtained in [16].

1.4 Numerical scheme

The numerical scheme under consideration to approximate all unknowns (velocity, pressure and

orientation vector) is based on the following mixed weak formulation of problem (4) (see [5] for
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more details):
) 0 Vae H),
)=0 vwer?
(v.u,ﬁ) —0 Vpe L2
) 0 vde H,
where we have used the identity

V. (Vd)'Vd) = %V(|Vd|2) +(Vd)'Ad,

1 ~ ~
modified the pressure p by p =p+ §|Vd|2, and introduced the notation w = —Ad, d =d — d,

with d the following lifting of the boundary condition I for the orientation vector field d:
digo =1, (V. Vd)=0, vde HQ) (7)

Roughly speaking, velocity, pressure, orientation vector and its Laplacian will be approxi-
mated in finite element spaces (Xp,, Qn, Dy, W) C (H(2), L3(Q), HY(Q2), L*(2)). Notice that
the pressure and the Laplacian of the orientation vector can be approximated by finite element
spaces of discontinuous functions.

Computing previously &h € Dy, as the solution of the discrete elliptic problem with non-

homogenous Dirichlet boundary condition (where I, is an approximation of I):
Eth =1, and (V&h, V&h) =0 V&h € Dy, := Dp N H(l)(Q) (8)

By construction, d, — d in H'(Q) as h — 0.
The algorithm that we present consists of:
Initialization: Let (u),d})) € (X, Dy) be suitable approximations of (ug,dg). We define
32 € Dy, such that dY = 82 + chh
Step n + 1: Given (uz,aZ) € (Xn,Dop) (and dj = cAiZ +dj, € Dy), find (up ™ wp ) €

X x Wy, and (pZH,cAiZH) € Qpn x Doy, (with dZH = cAiZH + dj) solving the algebraic linear

system:
uZJrlk_w};b’ ay, | + c(uz, uZH, ﬂh> + V(VuZH, Vﬁh) ©
f)\((VdZ)thH,ﬂh) n A(V : ﬁh,FE(dZ)) - (ﬁZ“, v ah) —0 Vay, e X,
(ﬁhav : UZ“) =0 Vpp € Qn, (10)

~n—+1 ~n
d —d, _ n n = n n = =
(llkh,’wh) + ((uh+1 . V) h,wh) + ’Y(fg(dh) + wh+1,wh> =0 th € Wh, (11)
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(v&Z“,v&h) - <w;;+1,ah) —0 Vdy, € Do, (12)

where p;! = pp T + A F.(d}!) is a modified pressure, and we have introduced the trilinear form

c<~,-,-) defined by
c<u,v,w> = ((u : V)’U,w) + %(V . uv,w), Vu,v,w € H)(Q),

which displays the skew-symmetric property c(u, v, v) = 0 although the incompressibility con-
dition of u does not hold pointwise.
Another way of writing scheme (8)-(12) is to eliminate the lifting dj. For this, we replace

~n4+1 ~
dZ+ — dZ by djtt — df in (11) and add (8) to (12), getting the equation for dj*":

(Vd’,;‘“,vfih) = (wZ“,fih), Vdy, € Doy,

(13)
di M oq = 1.

dZH € D;, such that

For practical computations, we can work with this numerical scheme without the lifting, since
the two schemes are equivalent. But, from the numerical analysis point of view, we consider the
lifting, in order to apply that ]V&Z“\ and HEZH || ;1 are equivalent norms in H{ (). Afterwards,
the bound of (cAiZH) in H{(Q) imply the bound for (d}*!) in H*, since the lifting function dy,
(which is independent of the time parameter) is bounded in the H'-norm.

The main difference between scheme (9)-(12) and the scheme introduced in [5] is that now

the stabilized term A(V . ﬂh,FE(dZ)> is introduced in (9). This term causes that the original

pressure p changes by p + AF.(d).

1.5 Hypotheses

Now and below, we will assume that € is a bounded domain whose boundary is polyhedral,
and there exists a family of triangulations {7}, },~¢ of €2, furnished by tetrahedrons, where h the
maximum diameter of the elements of {7} }5~0.

The following properties will be required:
(S) Stability conditions:

h
=0 and (S2) lim — =0.

1 li
(1) s (h,k,e)—0 %

(h,k,e)—0 h2eb
(HO) Hypotheses for the data: ug € V, dy € H'(Q) with |do| = 1 in Q, I € H*?(dQ) with
| =1 on 99 x (0,T).

(H1) 09 is assumed to hold the continuous dependency in the W2" x Wh™-norm of the Stokes
problem with r > 3, and the continuous dependency in H? of the non-homogeneous

Dirichlet problem.
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(H2) The triangulation of €2 and the discrete spaces verify:

e the inverse inequalities:

IN

IV o () Ch=32|\Vay,| Va, € Xy,

ldnll o @rwis@ < ChY2|dullmy Vdu € Dy,

e the approximation properties:
lu— Jpul ) < CR|lullgso) YVue H Q)N H(Q),
[ — Tl () < CRY2 ullga) Yu e HY(9Q),
p— Knpl < Chlpllaoy ¥Ype H'(Q)N L),
Id = Ind| () < Chlld|| g2y Vd € HX(Q),
|d — Ind| < Chlld||q Yde H'(Q),
IIhd = dll sy < CBYd] 1) Yd € H'(S),
where Jy,, K3 and I, are interpolation operators into X, @y, and Dy, respectively.

(H3) Inf-Sup condition (Compatibility condition between (X, Qp)): There exists § > 0 (inde-
pendent of h) such that,

(0.7

anllzzy <6 sup  ————= Vg € Qn
lanl 2 (@) vexi\ oy Ivlla o)

(H4) Compatibility conditions between (X, Wi, Dp,):

(Xh . V)Dh cW,;, and Dj,C W,

For instance, the choice P»/P; for (X, Q) and P (discontinuous) /Py for (W, Dy,), satisfy
the previous hypotheses (H2)-(H4) whether the family of triangulations {7} },~¢ of 2 is regular
and quasi-uniform.

Concerning the space discretization, in [5] the discrete Laplacian of the orientation vector
is approximated by Py (piecewise-polynomial functions of degree 0) and now, for instance, P,
discontinuous functions have to be used whether Taylor-Hood element is chosen to approximate

the velocity and pressure as indicated above.
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1.6 Main results of the paper

In this work we deal with the first existence theorem, under our knowledge, for a nematic
cristal liquid model (1) by using a discrete Galerkin approach for the penalty model (4) of
the Ginzburg-Landau type. That result is not obvious for the previous numerical works of the
penalty model (4) since the stability estimates independent of the penalty parameter £ does not
seem evident. Through we do not assure the restriction |d| < 1 for the numerical approximations

of the orientation vector, we will get the following result.

Theorem 3 Assume hypotheses (S), (H0)-(H{) given in the previous subsection. Then there
exists a convergent subsequence of the approximations defined in Definition 6 (denoted in the
same way) as (h,k,e) — 0 towards a weak solution (u,d) of problem (1), (2)-(3) (see Definition
1), in the following sense: the discrete velocity in L?(0,T; L*())-strong, in L>°(0,T; L*(Q2))-
weakx, and in L*(0,T; Hy(Q))-weak, and the discrete orientation vector in L?(0,T; H*(Q))-
strong and in L>(0,T; H'(Q))-weakx.

After this introduction, this work is organized as follows: In Section 2, we derive stability esti-
mates for scheme (8)-(12) from a discrete version of (5) by means of an induction process in the
time step. Section 3 is devoted to the compactness results: for the discrete orientation vector in
L?(Q) as a consequence of an estimate of the discrete time derivative, and for the discrete veloc-
ity in L?(Q) due to an estimate by perturbation of a fractional time derivative of the orthogonal
projection of the discrete velocity onto V' in the Lz(Q)—norm. In Section 4 we guarantee that
the limit orientation vector satisfies the constraint |d| = 1 by passing to limit in the system
for the discrete orientation vector. We improve the compactness up to L2(0,T; H(Q)) for the
discrete orientation characterizing it as a minimum together with limit orientation vector in
Section 5. We pass to the limit in the discrete momentum equation in Section 6. Finally, some
improvements are made in Section 7 for the 2D case, where the hypothesis (X, - V)Dy C Wy,

of (H4) can be eliminated and constraints (S) is weakened.

2 A priori estimates and weak convergences

Since scheme (9)-(12) is a linear system, it is easy to check the existence and uniqueness of a
solution, once that a priori estimates are obtained.

It is well-know that the solution dj, of problem (8) satisfies the bound HahHip (@) < Ki, where
K is a positive constant which depends on the boundary data I. Now, we are going to obtain

a recursive inequality, that will be essential for the a priori estimates of scheme (9)-(12).
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Lemma 4 Suppose that there exists a constant Cq > 0 independent of h, k, and € such that
up 2 + A[Vd, |? < Cy.

Then there exist hg > 0, kg > 0, and g > 0 such that for all h < hy, k < kg and € < gq satisfying
hypothesis (S1), the corresponding solution ('uZ'H,dZJrl ”H) of the discrete problem (9)-(12)

verifies the following inequality:
(lep ™2 = g + gt = i) + vkl Vg2
A1V 2 = IV 9y - d)2) + Al P(FL(dR)) + g (14)
e [ () - )+ [ (0P - R gt - ) <o

where Py, is the L*(Q)-projection onto W,.

Proof: By taking u; =2 ku”'H (9), pn = ﬁZ'H (10), the term <ﬁg+1, % uzﬂ) vanishes,

and using the identity (a — b,2a) = |a|? — |b|? + |a — b|?, we arrive at

|U’Z+l‘2 ‘un‘2+|un+1 UZ‘Q—FQVMVUTH_I’Q

o ((Vp) ) + 20 k(Y gt Ba(d)) = 0 (15)

On the other hand, we consider wy, = 2k (w”'H + Py(f.(d}))) in (11) jointly with dj =

cAl;LZJrl - 32 = d}*! —d}! € Dy, in (12) and use that (u} ™ - V)d}! € W}, and leﬂ - cAiZ ew,

(thanks to (H4)) to get

n+l o n+1 ~n n+1 ~n n
A1V, P = (Va2 + V(@ —d)) +21 (a7 —dy. £.(dp) )
P20k (uf -V at  F(d])) 20 K PA(FL(dR) + T =0
Now, by adding (15) to (16), and using the identities
((Vdn) n+1 UZ,H) i ( n+1 th’wz—&-l) -0
and
(wptt - Vg, £o(d)) + (Vg™ Fudy)) =0,
one has
n+1)2 T2) _ (1an12 T2 ntl _ gn|2 L a2
(a2 + AV, ) = (Jugl? + AIVdRP?) + (g™ = up + Ay~ dy)P?) -

+1 ~n
2 (V[ Va2 A w4 Pu(f(di) ) + 2 (A — dy, Fu(dy)) = 0.

Next, we decompose the last term on the left-hand side of (17) as follows:

n+1 ~n n 2\ n n n n
() —dy rud) = S5 (- dp (1 - 1))
+ 52 (d““ s (dpl? - |d’,;+1|2)d;;) =1 —I.
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Rewriting I as

)\ mn mn 3 mn
R AC A AT A
_ )‘ m+12 n |2 2 n+12 n(2\2
= o [ (0P =02 = (i = 12+ (2 = g )?)

Q
(1 ‘dn—i—l ‘dn-l—l dn’2

v 5
2(2

and bounding I as

™

b < S el — i+ 25 [ (1 - i
we arrive at
( (]u”“Iz+)\\VEZ+1\2+2)\/QFE(dZ+1)> - (\u’,}?+)\|V3212+2)\/QFE(dZ))
T — a2 4 AV ”*1—8’;>\2+;/Q (1

20
+2V’fIVu”“F + 2\h[ Pu(£.(df)) + wj
(Hd ||L°° + ||dZ+1||%°°(Q))|dZ+1 —dl* = Is.

P ) T )

Now, we want to bound the term |dzJrl

- dZ\Q of I3. By taking as a test function wj, =
~n+1 ~

dZH —d} into (11), using the fact that dZ+ — dZ = dZ'H —dj (because the boundary data for

d is time-independent) and that ™' — d}} € W, (because D;, C W, imposed in (H4)), one

has

|dp ™ = dp| < Ellup ™ o) VARl L3y + v kI P (Fo(dR)) + wi .

Using the inverse inequality ||Vdy| 13y < Ch™ 1/2||d”||Hl , the bound HthHl(Q) < Kj and
the hypothesis A |VcAlZ]2 < Cy4, we bound

IVl < Ch2ldlm@ < Ch2(lldnlm@ + 19 my)
< on' (K +%) <ch\?
arriving at
A df| < O Vup | 4 P () + (19)
whence, in particular,
it —dp | < C7 (ky|Vu"+1|2 Xy I P(F (7)) + wp ' 2). (20)

Then the bound of I3 remains as

k I m n i n
3=C5 (Hth”%w(m + | h”%oo(ﬂ)) (’WWU 24 Xy k| Py(fo(d) + wh+ll2>.
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By using in the previous estimate the inverse inequality ||dp,| L) < Ch™ 1/2|dy || () for all
dy, € Dy, applied to dy, = dZH and dj, = d}}, we have

k n mn n m n
I3 < O (1 I gy + I s ) (R VIV 2+ Ay IR (Fo(dp) +wi ). (21)

Our next goal is to bound \|d2+1\|H1(Q) in terms of ||dy||g1(q) and |up|. We consider (17)

rewritten as

n ~n+1 n ~n+1 ~n
(lup ' 2+ Ava 2) + (™ —wpP + AV, —d))P?)
2k (V| Va2 4+ A wi !+ Pl S (dp)I?) (22)
n+1 ~n n
= (!%’!2 +A|Vdy| > - 2)‘<dh —dy, fe(dh)>'
Since |f.(d})] < (\d |‘3 + |dy ]), we can bound the last term of (22), thanks to Sobolev’s

inequality, as follows

2(d," —dy, fod) < 2A||dh —dhnmmnfg(d>HL6/5<Q)
~n—+1 ~n n
< *\V(dh —d,)]* + (Hd H618/5(Q)+"dh“%ﬁ/fl(ﬂ)) (23)
~n+1 ~n—+1 n
< V@ =+ S (15 ) + 1 o)

Incorporating this bound to (22), one has in particular

~n+1 ~n n 1 n n
V< 0 (1 k(140 + 1) ).

and taking into account that dzﬂ = EZ ' + ﬁh, we infer
~n 1 ~
I 2 gy < € <th|2 1P+ = (15 oy + 1B ) + ||dh|r%p(m) -

~ -~ C
Consequently, by using [|dp || z1(q) < Ki and the hypotheses |Vd:]2 < Td and |[u}|? < Cy, we
get the bound

. C
I 2 < o (24)
: n|(2 32 72 Caq :
Therefore, using (24) and that ||} |3 q) < C(IVdy[? + [|da]l%:) < C(T + Kl> < Cin

(21)’

k n mn n
Iy < O (R VU™ P 4 A RIPA(FL(d) + wp T 2)).

Using hypothesis (51), we can select (kg, ho, €g) such that for all & < kg, h < hg, and € < &,
one has
k
Ch2 b =1
and arrives at

I < k (v|Vuy ™ P 4+ Ay [Pu(Fo(dp) +wp ™)
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Therefore, we obtain inequality (14) using this estimate of I3 in (18). This is finished the
proof. O

In order to get stability estimates for scheme (9)-(12), we will need the following properties

~0
of the initial approximations d%, d;,, and u%:

NVAP < K1, |ul? < Ka 2) / Fu(d)) de < K,
Q

where K; >0 (i = 1,2,3) are constants independent of h and k.

These properties can be guaranteed thanks to hypotheses (H0) and (H2), considering df) =
Indy and u) = Jyug. Indeed, in view of the stability of the interpolation operators, ||d} || HI(Q) <
Clldol| (o) and |uf] < C]uo\ Therefore, there exist K > 0 and K > 0 such that A||d)||%: < K
and |u)|? < Kj. Since dh = dh—dh, we conclude that there exists K7 > 0 so that )\|th\2 < K;.
Finally, since the initial orientation of the liquid crystal molecules verifies the constraint |dy| = 1,

we can write

1 ) 9
oy = P o< 5 [ it S - 20
1 4
< Slido = dflfaq) + S5ldo— dh? < 5 (Ildo — dhlifae) + Ido — i)

where we have used the identity |a|? —|b|? + |b—a|? = (a — b, 2a). Now, using the approximation

properties (H2) and the stability condition (S2), we find a positive constant K3 such that
0 h
2)\ | Fe(dy) < C— < K.
[¢) 15
We now state our stability result for scheme (9)-(12):

Theorem 5 There exist hg, ko, and g9 so that for any h < hg, k < kg, and € < g9 satisfying
the stability condition (S), the corresponding solution of the discrete problem (9)-(12) verifies

the estimates:

. n +12 +1 n|2

i) oglnang‘uh‘ <C, i)k Z |Vu, ™| < C, 111) Z lup ™ —up|” < C,
N1

w) max |ldyllm@) <€, v)k 2} |Pr(fo(dp) +wp TP <C 0 i) Z ™" = di ) < C,

N-1
. . n o1 n+1|2 m|2\2 n+1 _ gn|2
V%) ogiXN/QFE(dh) <C mu)Ez?;)/Q(]dh “—1dp|*)" < C ix)— = Z \d wl° <C,
where C' > 0 is independent of (h,k,¢).

Proof: It suffices to prove (14) for all n = 0,..., N — 1. For this, we argue by induction on n.
Let us define Cy = K7 + Ko + K3 with K; the bounds for the initial data. Then, in particular,
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(u),dY)) verifies the hypothesis of Lemma 4 for n = 0: |u)|? + /\|VcAi?L]2 < Cy, then (14) holds
for n = 0 (and, in particular, |u}|? + )\\Va,ll\Q < Cy).

Now, we assume that (u},d;) verifies (14) for s = 1,...,n—1. Adding (14) for s =1,...,n—1,
one has [u[2 + A|Vdy|? < [ud]? + A|Vdy |2 + 2)\/ F.(d)) < Ky + Ky + K3 = Cy, which implies
from Lemma 4 that (14) holds for n. "’ O

Definition 6 One defines up o (u%kﬁ and pp k., respectively) as the piecewise constant func-
tions taking values uZH on (tn, tnt1] (uy and pzﬂ, respectively). Analogously, we define wp, j -,
dp ke and d%,m. Moreover, one defines uﬁhk’a € C%[0,T); V) and dﬁhkrg € C%[0,7T]; Dy,) as

the piecewise linear functions such that ulh’k,e(tn) =uy and dﬁl,kﬁ(tn) = dj, respectively.

With the previous notations, Theorem 5 says us:

ulh’k’E, ug,kﬁ,uh,k,g is bounded in  L°°(0, T} LQ(Q)) N LQ(O,T7 H(l)(Q)),

dj joordp jor e s bounded in  L*°(0, T; H' (Q)), (25)

Moreover, from #ii) and vi), u%kﬁ —up ke — 0 and uﬁhk’s —up e — 0in L2(0,T; L*(Q)), with
the same convergence for d%,k,a? d) o dh e in L2(0,T; H'(Q)).

Therefore, there exist subsequences of {ul,%k’e}hyk,g, {Uh ke thie, {u?L,k’E}h,k,g, {dlhkﬁ}h’k’a,
{d27k75}h7k,5 and {dp kc}nie (denoted in the same way) and limit functions w and d verifying
the following weak convergence as (h, k,e) — 0:

L*(0,T; Hy(92))-weak,
L(0,T; L*(2))-weaks,

l 0 3
uh,k,a —Uu, ’U,h7k7£ —u, ’l,l,]_“k.76 — u 1n

dyye—d, d)y.—d  dyye —d in L0,T; H (Q))-weak . (26)

3 Compactness for d and u

Lemma 7 Under the conditions of Theorem 5, one has

N—1|| ~sn+1 ~n (12
k> /" = it <C,
n=0 L3/2(Q)
where C' > 0 is independent of (h,k,¢).
Note that, since EZH —d, = d;tt — d}, one also has
N-1 n+1l _ gn 2
k Z dhkdh <C.
n=0 13/2(Q)
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Proof: Let w € L3(Q). Setting as a test function w;, = P,w into (11), P, being the
~nt1 ~
orthogonal projector from L?(Q) onto W, and using that dz+ - dZ € Wy and (u’;{+1 -V)dy €
W, (thanks to (H4)), this yields

~n+1 ~n

dh - dh _ n n - n m —
() = (w1t m) (w7 7))
< Ollu ™ oo VR @] L3y + [wi ™ + Pu(f(dhy))] @]

The result follows using the duality definition of the L?/2-norm and the estimates of Theorem 5.

g

d
From Definition 6, Lemma 7 and (25), we have %dﬁl’k’s is bounded in L2(0,T; L*?(Q))

and dlh,k,s is bounded in L>°(0,T; H'(2)). Then, a compactness result of the Aubin-Lions type
implies that the sequence déz,k,a is compact in C'(0,T; L"(Q2)) for any 1 < r < 6.

As a consequence of estimate vi) of Theorem 5 and (25), one obtains
d) j.or Anke — din LI(0,T; L7(Q)) as (h, k) — 0,

with 1 <r <6and1<qg< .

The rest of this section is devoted to obtaining compactness for the discrete velocity. Let
Vi ={v, € Xp,: (V-'vh,qh) =0Vq, € Qn}
and consider A;Ll : Vi, — V7, the inverse discrete Stokes operator defined as
(VA,:luh,Vvh> = (uh,vh> Yo, € Vy,. (27)

Notice that (27) is well-defined thanks to the Inf-Sup condition (H3).
Observe that |VA; 'uy| and |un v are equivalent norms in V', (the dual space of V7).

Indeed, we take vy, = Agluh in (27), then
VA a2 = (wn, A7 wn) < Cllunlly [V A7 .

whence

VA, | < Clluplvr
Conversely, we take any vy € V), in (27), then
(uh,vh> - (VA,;luh,vuh) < VA up|[Vou| Yoy € Vi
A dual definition of V', provides Junllv; < VA, tup).
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Lemma 8 Under the conditions of Theorem 5, one has
T-6
/ |wh ke (t+6) — uh,k,a(t)ui,/h dt<Co/? Vv6:0<6<T, (28)
0
where C' > 0 is independent of (h,k,¢).

Proof: As uy,, is a piecewise constant function, it suffices to suppose that ¢ is proportional to

the time step k, i.e., § = rk for any r =0, ..., N. Then, to obtain (28) it suffices to prove

k Z lup*" — w3, <C(r k)2, V¥r:0<r<N. (29)

Multiplying (9) by k& and summing for n = m,...,m — 1 + r, we have

m—1-+r m—1+r
(uhm'” — uzn,ﬁh) =—k Z (uh,uzJrl ﬂh) —vk Z (Vu”“,Vﬁh)
m—14r e m—1+4r nem (30)
Y Z (vcl" ah) =YD (Fg(d’,})—ﬁgl“,v-ah).
n=m
Setting @, = A; '(u]""" — ul") as a test function in (30), observing that
(,uzl-i-r . ua];z7Ah1(uzl+r uzn)) — ’VA ( m+r uzn)‘Q

(which is easily seen by taking u, = u)" " —u and w;, = A, *(u"t" — ) in (27)), multiplying

by k, and summing for m =0,..., N — r, we get

kZIVA upt )P = kY e AT T — )

AR D ((VdZ)fwzﬂ,A,;l(u;W_um) (31)

=J1+ Jo+ J3+ J4.

The right-hand side of (31) can be estimated as follows:

N—rm—1+r

J<CRST S g A gt )

m=0 n=m
Applying Fubini’s discrete rule, we infer

N-1 n
TS CR Y uplllui ™ Do 1A, (™t = u)l-

n=0 m=n—r+1
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where

0 if n <0,
n=4¢ n if 0<n<N-

N—-—r if n>N-—r.

Finally, using [|4, " (u}""" — u)|| < |u]"™" — u}?|, Theorem 5, Holder’s inequality and that
|m —n —r+ 1| <r, one has
- . 1/2 - 1/2
L S [ v e T | I S [V P (R (] oy 1
m=n—r+1 m=n—r+1 m=n—r+1
< C(ri)Y?

hence

N-1

<Ok Pr Y luplllup ™ < C(r k)2,
n=0

Once J; has been bounded, there are no additional difficulties in checking that Jo <
C (rk)\/2.
To estimate .J3, let us define d"™(h) € H?(Q) as the solution of the nonhomogeneous

Dirichlet problem
—Ad" M (h) = wiT in Q,
d" ' (h) =1 on 9.

Thus, for @, = A~ ("™ — u}") we can be rewritten the term —A((Vd’ﬁ)tw’,frl, '&h) as
—A((Vdg)tw;;“, ah) - )\((VdZ“)tAd”“(h),ﬂh) + A((wgﬂ — V)t ah)
_ )\((Vd”“(h))tAd”“(h), ah) + A((Vdn+1(h) — Vdr )t ah)
(T = V) ).

Next, integrating by parts in the first term on the right-hand side, one gets

A((Vd”“(h))tAd"“(h), ah) - —A((Vd"“(h))tw"“(h), Vuh) - §(V(|Vd"+1(h)]2), ah)
- —A((Vd”“(h))tw"“(h), vah) +3 (de"+1(h)|2, v ah)
= L1+ Ls.

Playing with d" (k) as before until finding the discrete terms —)\((VdZ'H)tVdZ'H, Vﬁh> and

A
3 <|de+1|2, V- ﬁh>, we transform

204



(Vv d, Vi)

(V) (V= v (n), Vay,)

(V"1 (h) = Vet (Tt — Vi (R), Va, )
+>\((de+1 — Vd T (R)) vt Vﬁh>,
A

Ly = +f<|VdZ+1|2,V . ah)

+§ ((Vd"+1(h) —vdt vt v ah)

+2 ((Vd”“(h) —vdY) L (Vd (h) — V), V- ah)

+5 (Vaptt s (varti(n) - Vi), V- w,),

where : denotes the inner product of two matrices, that is, let A = (a;5);; and B = (b;);; be

two matrices, then A : B = Z a;;b;j. Finally, recompiling the previous identities, we find the

2
discrete integration by parts

(V) = AV v, Vay)

VY (VAT — vdrt (b)), Vﬁh>

Va1 (h) — VAT (VAT — Vdr L (h), Vﬂh>
vt — vdrt(h)vdrt, Vah)

TN N TN TN
— — — —

Vd 2V ah)

Vd T (h) — Vit vdrtL V- ah) (32)
Vd L (h) — Vi) (T (h) - V), V- )
vdrt (Vd T (h) — VT,V - ah)

((Vd"“(h) — Vdr ah)

(

=N+ 1o+ 13+ Iy + Is+ Ig + I7 + Is + Ig + I,

Comparing the problems verified by d'*' and d" ™ (h), the following property holds ([3]):
\Vd" (k) — Vdt < Chlw) . (33)

Therefore, the term —A((Vdﬁ)thﬂ, A7t — uzn)) is estimated by taking into account

the Sobolev embedding H'(2) < LP(Q) with p < 6 and Theorem 5 as follows:

I < CIVA T PIVAT (up ™ = ui?) || o) < CIIVAT (uf ™ — uf?) || oo (),
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I

IN

ChIVd”HIIwZHIIIVA (up ™ = up) (o)
< C g(\ld’ﬁ\lm(mﬂld HHl(Q))+h!w”+1+Ph(fs(dZ))|> VAL (™" = )| (o)

IN

h ‘s m
c +hrwn+l+Ph<f€<dz>>\) 194 ™ — ) e

&
AN

CR2 o] 2V A (T — ) e
h2 n T m-+Tr m
c( R +1+Ph<f5<dh>>|2) VA @ — ) o,

IN

The terms I;, for i = 4, ..,8, are bounded in the same way as before. We continue with Iy:

Iy < Chlwp™PIAy (up™ — up) | e (o)

h
c( +h|w"+1+Ph<fa<d”>>\2) AT ™ — ) .

IN

To finish, we treat the term Iq:

Lo < CIV(@™ —dp)l lwp ™A (" — i) (o)

1 mn n m--r
O (AIV@ = P + ™+ PP +1) 14, @ = ) mco

IN

In view of all these bounds of I;, the bound of term J3 remains

N—rm—1+r

h 1 mn mn m-+r m
nos O S (G AV - R ) IVAL R )

m=0 n=m
N—rm—14r

FOR YD N (L ™+ PP )P VAL (T — af?)l| g0
In [6] it is proven the following bound in maximum norm
1AL (™" — w0y < C AT (™ — ) lwr.oe ().

where A™! is the continuous Stokes resolvent. Thanks to the Sobolev imbedding W?2"(Q) —
Whee(Q) with 7 > 3 and hypothesis (H1), one gets

IVAT (™" — )| o (o) < CIAT (g™ — wi) lwero) < Cllup™™ = uilllir),  (34)
N-1
but » must not be bigger than 6, because we only have the estimate k Z w3 i) < C (see
Theorem 5). i
Therefore,
N—rm—14r

1 m mn m-r+r m
nos oY S (B L@ R ) - el

m=0 n=m
N—rm—1+r

+ORY ST (1 [t Pu(Fo(df)?) ™t — | o

m=0 n=m

= J3+J3+J5+J5.
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Due to the stability condition (S2), one has Ji < C(rk)Y2. In the same way, one also has
N—1
J3 < C(rk)/? and J§ < C(rk)'/2. To estimate JZ, we use the estimate Z |V(d" —dM)|* < C

n=0

(Theorem 5), Fubini’s discrete rule and the stability condition (S1), obtaining

N-1 n
k n 0 m+r m k
BLOn V@ =P YD et - e < O < Cor 2
n=0

m=n—r-+1

Finally, N
—rm—1+r

Je< kY Y IE(d) o) VAL (™ = i) gy < C (rk),

m=0 n=m

where we have used that || F.(dy)||L1q) < C for all n, h.

Therefore, we can conclude
N—r
kY VA (upt —up)? < C (rk)?
m=0

which is equivalent to (29), thanks to |V A; 'uy| and |un v are equivalent norms. O
The first idea to obtain compactness of the discrete velocities {wp k< }p ke is to use the following
compactness result (see J. Simon|[18]):

“Let X — B — Y be three Banach spaces with continuous tmbeddings, with the imbedding

X — B compact. Then, the following imbedding is compact
Lq(07 T7 X) N {¢ € Lq(07 T7 Y) : H¢(t + 5) - ¢(t)”Lq(0,T75;Y) S C(Sa} — Lq(07 T7 B)7 (35)

for1<g<ooandd<a<1.”

But one observes that the fractional time derivative estimate for the discrete velocities (28)
has been done in the norm V7 which moves with respect to the space parameter h. In these
conditions, the previous result does not work. The following idea is to find a fixed norm where

the fractional time derivative can be bounded. For this, we consider the space
V={ve H)Q) : V-v=0}

and the orthogonal projection Ry : V), — V defined as (V(Rhuh —up), V'v) =Q0forallveV.

We will use here the following properties of the operator Ry:
o ||Ryup|| < ||unl| (H'-continuous dependency)

o |Rpup — up| < Ch|V - uy| (L*-error estimate).
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Indeed, setting v = Rjpuy as a test function, the estimate ||Rpup| < ||up|| is easily obtained.
To prove the L2-error estimate, we consider the following Stokes problem: find (¢, x) € (V N
H?*(Q)) x (LE(Q) N H'(Q)) such that

—AQO—VX:Rh’U,h—’U,h in Q
V-p=0inQ, ¢ =0 on 0f.

Multiplying (36) by Rpup — up, and making use of the definition of Ry,
|Rpup, — up|* = (X, V- (Rpup — Uh))-
In view of up, € V, and Rpup € V, the previous equality can be converted into

|Rpuy, — up|? = (X —qn, V- (Rpup, — Uh)) = —(X - Kpx, V- uh>,

where Kpx € @), is the interpolation operator defined in hypothesis (H2). Thus, using the
approximation property |x — Kpx| < Ch||x||z: and the continuous dependency of the Stokes

problem (36), |[¢[lg2) + [X|lgr < C|Rpupn — upl, one has
|Rnun — unl* < |V - upllx — Knx| < Chllxllmi o)V - un| < ChlRyup — up| |V - upl;

hence the error estimate |Rpup — up| < C h|V - up| holds.
Next, we will prove that ||Rpup|ys < C’<||uh||V;L + h|V - uh]> For this, we define the
orthogonal projection ]5h :'V — V), defined as (ﬁhv — v,'vh) = 0 for all v, € V. Indeed, let

v € V and consider the L?(Q)-inner product of v with Ryuy:
(Rhuh, ’U) = (Rhuh — uh,v) + (uh, ]Bh’v> < Ch|V . uth] + (uh, ]Bhv).

The definition of dual norms in V' and V7, jointly with the stability property |ﬁhv| < |v| gives

Up, ﬁ]ﬂ)) <uh7 'Uh)
| Rhunlly < ChIV - up| + sup ~———= < Ch|V -up| + sup ——;
veVvV vl v EVY, v
hence,
[Rrunllv: < ChIV - up| + [lup|ly; .

Taking up, = u}'™" — u}" and using (29), one has

N—r N—r N—r

kY NBu(up™ —ui)|3, < Ck Y Jup™ — w5, + Ch%k Y |V - (uf™ —uj)?
m=0 m=0 m=0

IN

C(rk)'/?+Ch
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This inequality can be written as
T—6
/ ||Rhuh7k,€(t + (5) — Rhuh’k’e(t)H%,, dt < C51/2 + Chz.
0

We again observe that the previous fractional time derivative does not verify the hypotheses of
the compactness result (35), because of the additional term C h? on the right-hand side. For
this reason, we use the following “compactness by perturbation” result due to P. Azérad and

F. Guillén ([1]):

Theorem 9 Let X — B — Y be three Banach spaces with continuous imbeddings, with the
imbedding from X to B being compact. Let {fc}eso be a family of functions of LP(0,T;X),1 <
p < 00, with the extra condition {fc}eso C C(0,T;Y) if p= oo such that

(C1) {fe}eso is bounded in LP(0,T; X),
(C2) |[fe(t +6) = fe@)llro.ry) < @(6) + ¥ (€) with

lim ¢(9) =0, lim¢(e) = 0.

Then, the family {fc}eso possesses a cluster point in LP(0,T; B) as € — 0.

Therefore, if we select X = V, B = H and Y = V', then there exists u € V such that

Rpup e — win L2(0,T; L*(Q))-strong as (k, h,e) — 0. To conclude, we prove that
up e —w in L2(0,T; L*(Q2))-strong as (k, h,e) — 0.

Indeed,

IN

lwnke = wll 20,2 (0)) [wnke = Bntenkellr20,m02 ) T [ Brtnge = wllp20,m02(0))

A

Ch+ [|[Rpupke — UHL?(O,T;LZ(Q)) — 0.
4 Convergence for the d-system

Let us denote by the symbol A the vectorial product. The convergence for (11)-(12) is based on
the following result, whose proof can be found in [2] Lemma 2.2 (see also Lemma 7.1 in [15])

without the convective terms.

Lemma 10 The next two systems are equivalent:
od+u-Vd—yAd —~|Vd*’d=0 inQ, (37)

and

d|=1, ddAd+u-VdAd—~V (VdAd)=0 inQ. (38)
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To check that d verifies the constraint |d| = 1, where d is the limit function which we have

found in (26), we only need to prove that

[P =12 =0 as (hke) -0,
Q

which can be easily deduced from the following bound (obtained in Theorem 5)

1
R = o [P - 17 <c.
/Q E\™h 4e2 Q h

Considering W), = P,w into (11) for any w € L?(2), with P, being the orthogonal projection
onto W, respect to the L?(2)-norm, and using that dZH —dp € Wy, and (uZJr1 -V)dp e Wy,

(thanks to (H4)), one has the system:

1

i — dp

(T V)d oy (Pu(f(dy) + wpT) =0 in Q. (39)

Taking vectorial product of (39) by dj,, we write

dn+1 —dr

G N V)R Ay AR (RS ) ~ L) AdE =0 6,
since f.(d}') A dj = 0. Next, multiplying by any test function dj, € Dy, we infer the discrete

weak formulation

k
oy (wp A+ (= di ) )+ (Pa(Fod]) = Fodf) A ddn ) =0,

dn+1 —dr B N
Zh  Thoagrdy |+ (- V)dE A dy,d,
h h h
(40)

on which we will pass to the limit rewriting the last two terms. For this, let us define a special

vectorial product, which we will denote by ®, such that
<wAd,Ez) - (w,d@c‘l) Vw,d,d e R>, (41)
Thus, we write the last term of (40) as follows:

((Pu(Fodg) — Fld) A ) = ((PUF(dR)) — Fo(dp)) df © db,)
- <ﬂhﬁ%&(ﬁ@&w— z@aQ;:Rm
On the other hand, we want to obtain a discrete version of the continuous identity

~AdANd=-V-(VdAd)—VdAVd=—V-(VdAd).

Taking P} [d;;“ © dy,] as a test function in (12), with P! being the orthogonal projection onto

Dy, with respect to the H (l)—inner product, one has
~n—+1 _ _
(VdZ+ Ve dh]> - (w;;“, Pl @ dh]>.
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Therefore,

n+1 -
(Vai " Vidrt o di]) = (wpt Adydy ) + R

where

R = (wp Pl © dy] - [ © dy)).
From the definition of dZH = aZ—H + Zlh, we get

(Ve Vidyt @ dp)) = (wit! Adydy ) + BRI+ Ry
where
Rn+1 <Vd v[dn-i—l ® dh])

Now, we will see that (VdZH, V[dz”rl © fih]) = (de+1 A dzﬂ, Vc_lh>. Indeed,

NE

(de+1’ V[dﬁ“ ® c_ih]) _ o, dn+1 dn+1 ® dh])

=1

I
M

=1

(
(ald"“ adi ©dy +dt © 0, dh)
(

I
M

1 Oy A Oyt dh> (&d;‘“ Aditt aiah)

%

(osi ™ Ay, 0ud)

Il
-
i Mw
I

- (VdZ“ Aditt v&h).
Therefore, we have obtained
(de-l-l A dZH,Vc_lh) — ( n+1 A dn+1 dh) + Rn+1 + Rn+1

Then, from (40) one has

N-1 dn+1 —dr B B _
k { (kh Ady, dh> + ((u’,;“ -V)dj Ady, dh) +v (VdZ“ Adpt th) }

n=0
N-1
— vk Z(Rn Rn+1 Rn-H )+ k Z ( ZH A (dz-&-l B dZ),Elh) (42)
I
=k Y (R"+ Ry + RUTH 4 .
n=0
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As mentioned, our intention is to pass to the limit in (42) and to obtain (38). We just analyze

that the residual terms in (42) go to zero as (h, k,€) go to zero.

N-1
J1 < C’fZ\wZH\HdZH— wll e @)lldnll s
n 0
< Ckz<|wn+1+Ph Fold)|+ £l )l = dillan o)
1/2 , N1 1/2
< <kz(\wn+l+zﬂh (o) + | £ ()P )) (kZHdZ“— ZH?mm)
n=0

kl/?
< CETHOELS(]’L,]C,E)HO

Using the approximation inequality |d — Pid| < Ch|\d|/g for all d € H{(Q) (which is
obtained by a duality argument jointly with the approximation inequality ||d — Pld|| H(Q) <
C’thHHz ,¥d € H?*(Q)), one has

|dy ™ @ di, — Paldy ! © dy]| < Chlldy | o)l dillw.o o)

N-1
h
Then, it is easy to prove as in J; that the term k Z R" + R”H) < C —, whence the limit

n=0
is zero thanks to (S2).

Let us consider the non-homogeneous Dirichlet problem

~Ad=0 in Q| d=1 on 0.

N-1
Thus, one observes that each term of k Z R;H can be rewrite as
n=0

(szh, Vidtle ah]) - ((V(Zzh —d), V[ e Ezh])
< |V(dy - d)||V[d @dy]| — 0

using the fact that Vdy, — Vd in L?(€)-strong and |V[d}"" @dj}]| is bounded. Thus, we obtain
N-1
that k> Ry — 0as (b, k,e) — 0.
n=0
In conclusion, we get that the limit function d verifies (38). Therefore, the limit d-system

(37) holds at least in a weak sense.

5 Compactness for the gradient of d

Let us define zj, 1o (t) = wp™' + Py(fo(dpt")) and dpp(t) = dit if t € (tn, tng1]. Then,

dp 1(t) is a minimum of the following optimization problem:

Inke(dnre(t) = dfé%ﬂ ke (dp) (43)
h
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where Jj . : Dy, — R is defined as

1
Ihke(dn) = ~|Vdp|? + Fo(dp) — zh ke (t) - d,
o \2

and

Dlh = {dh € Dy, :dy =13 on 89}

Indeed, the Euler-Langrange equation associated to this problem at the time t € (¢, tp41] is
dy, € Dy, such that (th,VElh> + (fg(dh),&h> = (Zh,k,e(t)a&h> Vah € Dyy,. (44)

Next, taking into account the definitions of zj ;. and Pj, we find that dj, . (t) verifies the
previous problem for all ¢ € (t,,,t,4+1]. Then, dj, ; -(t) is a minimum of (43).
On the other hand, we define d* : [0,7] — H{ () as a solution of the (constrained) opti-

mization problem

@)= min T (45)
where
7(d) :/Q (;ywﬁ —z(t)~d> , (46)

H} ={d, c H'(Q):d =1 on 09}.

and the function z € L%*(Q) is defined as a limit of Zp ke Indeed, we shall see that z exists.

For this, it suffices to prove that (zj, 1) is bounded in L?(Q) independently of (h, k, ). For any

t € (tns tppa):
Zh ke (t)* = [wi ™ + Po(Fo(dp ™)) < Clwp ™ + Pu(F(di) P + C|Ff(df) — Fo(di ).

Now, decomposing the last term as follows:

n n 9 mn mn mn ¢ n n n
[Foldp) = Fo(dp ™D < SR = D™ = di)® + S|(1dy ™ = |di[*)d

<

C n n n C mn mn n
Ol 3y + DI = 2 + S5 ooy 1l — [ 2P

1/2

Using the inverse inequality ||dp|ze(q) < Ch™'2||dy| 1 (q) for all dj € Dy and the estimate

| dil () < C for all n, we get

C

Folp) = ol P < oy (1 = il P (g 22

Therefore, we have obtained the bound

n mn C mn mn mn mn
Zhe (O < Clup ™ + Pu(Fo(d)) P + g (145 = di? + |1y 2 = [ 2)).

h2e2
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Finally, multiplying by k, summing over n, taking into account the bounds of Theorem 5, and
the stability condition (S1), we find that (25 k.) is bounded in L*(Q).
Next, using the interpolator operator I, : H' — Dy, which verifies I(H}) C Dy, , we

deduce

Ihee(@nre(t) < Jhpe(nd* (1))

Taking into account that F.(dp .(t)) > 0, we have

/Q (;!th,k,s(t)IQ — Zpe(t) - dh,k,e(t)> < Jnke(Ind’(1))- (47)

Next, let us see that

T
lim Jh k 5 Ihd / J d*
(h,k,e)—0 Jg

To start with, we prove that

[ fmswor [ [ e

which can be easily deduced from dominated convergence theorem, since / IVI,d*(t)]? <
Q

1 1
Clld* (t)[| g1 (o) and / §|VIhd*(t)|2 — / 5\Vd*(t)|2 as h — 0 for almost everywhere t € [0, 7.
Q Q
Using the following approximation properties of Ij, (imposed in (H2)):

[Ind”(t) — d"(8)] < Chlld" (1)l (o)
Hnd* (1) = d* ()| sy < C R4 ()| a1 (0

T
we are going to prove that / / F.(Ipd*(t)) — 0 as (h,e) — 0. Indeed, since |d*(t,z)| =1

and using |a|? — |b|? + |a — b* = (a — b, 2a), we observe that

/ /F (Ihd*(t,z)) / /]Ihd*t:c|2 \d* (¢, ) |2)?
< 52/ / |d*(t,x) — I,d*(t, z)|* + = / / ((d*(t, ) — Ind*(t,x)) - d*(t,x)|?
<oh /0 (1)l ) + O /0 (1) 211 g

T
Therefore, thanks to (S) we will obtain convergence to zero if we prove that / Ild* (t)Hjlql(Q) <
0
00, which is deduced from z € L2(0,T; L?(2)) and from the definition of d*. Indeed, from (45)
and (46) and using that |d*| = 1, we have [|d*(t)||%,, ) < C(Jz(t)| +1); hence

/OTHd*(t)Ilil <C (/0T|Z(t)|2 +1> <00
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T T
The convergence / <zh,k,‘E (t), Ind* (t)) — / (z(t), d* (t)) is deduced by using that zj, 5 . —
0 0
z in L%(0,T; L*(Q2))-weakly and I,d* — d* in L?(0,T; L*(f2))-strongly.

From (46), the previous convergences and the lower continuity of the L?(£2)-norm, we get

T
/O J(d(t) < hmlnf/ /!thks (O = 2n e (t) - dnpe(t)

h,k,e)—0

lim inf /O Tnee (Ind*(8)) = /0 J(d* (1)),

(h7k7€)*>0

IN

The opposite inequality is easily shown since |d(¢,x)| = 1 and d* is the solution of (45). Then,

T T
| = [ @,
whence

1 vd - -d vd(t)| —
UJEw/(/(’ k0 = clt) - di ) = /‘/(| Ol =(0)-d)
In particular,
T
lim / /\thkg —/ /|Vd(t)2
(h,k,e)—0 0 Q

dppe —d in L*(0,T; H'(Q)) — strong.

arriving at

6 Convergence for the discrete momentum system

Since we do not have any estimate for the discrete pressure pZH, we must choose a discrete test

function which eliminates the the discrete pressure term.

Lemma 11 Let v € C°(Q2). Then there exists up, € Xy, such that:

v, — vV in W(l)’OO(Q) and (V . 'vh,qh) = (V . ﬁ,qh), YVan € Q.

A proof of this lemma can be seen in [8], but for a convergence in the H'(€2)-norm. Some
minor changes can be introduced in order to get the convergence in the W°°(Q)-norm, using
inverse inequality ||Vt ) < Ch=3/2|Vay| Vay, € Xp, and the approximation properties

1@ — Jpatllyre ) < ChY2||al s and @ — Jya] g q) < Ch2|algsq) Va e H3(Q) .

We consider v € C1([0,T]; C(£2)) with V- v = 0 and v(T) = 0. Let v} be the projection
of v(t") furnished by Lemma 11. We define vy, € L*°(0,7;V},) as the piecewise constant
functions taking values v}™! on (t,,tn41] and Dy € C°([0,T];V3) as the piecewise linear,

globally continuous functions such that vy j(t,) = v}. It is known that as (h, k) — 0,
. o0 1,00
vpr — v in L0, T, W™ (Q)),
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Bpp — v in WHS(0,T; Wy (Q)),

+1

Taking u;, = v,"" as a test function in (9), multiplying by %k, summing over n, and using

the expression (discrete integration by parts in time)

N-1 N-1
+1 +1\ _ (,, N . N +1 0,0
Z (“Z — ujp, vy ) = (“h ’vh) - Z (u}?,v’ﬁ —UZ) - (uhvvh)

and the fact that v} =0 (since v(T) = 0), the following formulation holds:

N-1 I S N-1
-k Z <u2, Zh  "h ’ h) - (ug,vg) +vk Z <V’U,Z+1,sz+1)
n=0 n=0

+k ]:;1 {e(uiwt op ) = A((Vdg) ot o) + A (V- op L R(d) ) | =0,

Next, taking into account Definition 6, the previous equality reads

T o T

_/ (ug,k,av &”Wﬂ) - (u%,v%) - V/ (Vu?“"“g’ vvh”“)
0., 0

+/ {C(U?L,k,sauh,k,eavh,k) B A<(th,k,s)twh:k:5’”hvk> * )\(V ' vh’k’Fe(dh’k’E))} =0
0

At this point, we will only pass to the limit in the last two terms (denoted by Q1 and Q2,
respectively) because the rest of the terms are quite standard in the framework of the Navier-
Stokes equations.

Using the discrete integration by parts (32) and replacing wu; by ’UZ-H, the term @ is
rewritten as

N-1 10

T
Q1= -\ /0 (Ve e © Ve, Tore) +5 30 31+ = Q1 +Q

n=0 i=2

Clearly, we have the convergence
T T
Qf = —)\/ (vdh7k’75 O Vdp e, Vvhyk) — —/ (Vd G Vd, V’U)a as (h,k,e) — 0,
0 0

due to the fact that Vdp, . — Vd in L2(0,T; L*(Q)) and Vv, — Vo in L=(0,T; Woloo(Q))
strongly as (h, k,e) — 0.

1/2

h
In view of the proof of Lemma 8, the term QY is bounded as Ql{ < C(—4 + ) which goes
5

)
to zero thanks to hypothesis (S).
T
Finally, we have that Qo = / A(V . vh,k,Fg(dh’k’5)> — 0 as (h,k,e) — 0, thanks to the
0
fact that F.(dp k) is bounded in L°°(0,T; L'(Q)) and ||V - Vil Leo(@) — 0 as (b, k) — 0 (since

V-v=0and vy — v in L>(0,T; Woloo(Q)) strongly as (h, k) — 0).
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7 The 2D case

To approximate 2D liquid crystal flows we may avoid to impose (X}, - V)D;, C W, in hypo-
thesis (H4). In fact, it will be seen that we may choose C finite elements for the discrete
Laplacian of the orientation vector. Moreover, we will specify some new hypotheses (S1’) and
(H2') to be used instead of (S1) and (H2). In particular, hypothesis (S1’) will be better in the
sense it will require a weaken relation between the parameters h, k, and .

Next, we will describe the new hypotheses (S1’) and (H2') which will be completed with the
original hypotheses (S2), (H1), and (H3), and from (H4) only D}, C W, is imposed.

(S1") Stability conditions:

(h}jg)lzo 12/3+2a6 =0,
for a fixed o > 0 defined below.

(H2') The triangulation of Q and the discrete spaces verify:

e the inverse inequalities:

HvﬁhHLoc(Q) < Ch_1|V’l_Lh| Yu, € Xy,
ldnllwis)y < Ch3\ldpllmy VYdi € Dy,
ldnllL=) < Ch™%|ldnllgq) Ydn € Dy,

with o > 0.

e the approximation properties:
|u — Jhu| +h ||u — Jhu||H1(Q) < Ch3||u||H3(Q) VETRS Hg(Q) N H(l)(Q),

lu = Jhullwrooi) < Chllullgs) Yue H(Q),
Ip— Kipl < Chllplm Vpe HY(Q)N L),
|d — Ind| + h||d = Ld| gi oy < CRP||d| g2y Vd € HX(Q),
1nd = d| iy < Ch'2(|d|| g1y Vd € H'Y(Q),
|Phw — w| < ChP||w|lyrng) Ywe H'(Q),

for p <2 and 1/3 < 8 < 1, where Jp, Kj, and I}, are interpolation operators in Xy,

Qn, and Dy, respectively, and Py, is the L?(Q)-projection onto Wp,.
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e the stability property
[Prwllra) < CllwlLaq) Yw € L),
for some q > 2 where Py is the L%(Q)-projection onto W,.
(H4") Compatibility condition between (W, Dy):

Dy, C Wy,

Remark 12 Hypothesis (H4') is valid for W, defined by finite elements of degree 1 in each
triangle of Tp,. Moreover, in the 2D domains we have better inverse inequalities than for 3D

domains. This is the reason why we can modified hypothesis (S1) by (S1').

Throughout this section we only focus on those steps to be worthy of remark with respect to

the previous analysis for three-dimensional domains. First, we note the appearance of the extra
h2(6-1/3)

term C'————F on the right hand side of inequality (14) in Lemma 4 which converges to zero
€

under condition (S1').

Lemma 13 Suppose that, there exists a constant Cyq > 0 independent of h, k and € such that
lup 2+ A\|[Vd, |? < Cy.

Then, there exist hg > 0, kg > 0 and g > 0 such that for all h < hg, k < kg and € < gq satisfying
hypothesis (S1'), the corresponding solution (u} ™, d}™ w}™) of the discrete problem (9)-(12)
verifies the following inequality:
<|un+l‘2 |un‘2 + |un+l qu) + uk:|VuZ“|2
n+1 ~n n n
A1V, = Va2 V(@ = d)I?) + MR P (d) + w)
A 1 B2(8-1/3)
2 [ () - ma) + 5 [ (G0 PR - i) < ot
Q gE“ Jo 4 15
(48)

where Py, is the L*()-projection onto W,.

Proof: Let us only indicate how the proof of Lemma 4 changes. There are two bounds which
have an important modification. To begin with, identity (16) takes the form
n+1l o n+1 ~n ~n+1 ~n n
AIVay " 2 = Va2 + V(d, = di)P) +2A (dy —d), f.(dp)
20k (wp - Vi wp o f(dR) ) + 20y K| PL(f(df) + wi P
ntl  ~n n m n n 0 n
—2n(dy" — dy, fo(df) = Pu(Fo(di)) + 27k (wp - Vg, £ (d7) — Pu(f.(d7))),
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. . ~n+l = _
owing to the fact that the convective term (u"*!.V)d} and dZ — dz do not belong to W, in
general, because now we do not consider hypothesis (H4). Bounding the right-hand side using

the new hypothesis (H2)

n+1 ~n n n ~n—+1 ~n n n
2 (dy" —dy, £o(d) — Pulfoldg))) < [dy — dyllfodR) — Pa(f.(dp))
. nhﬁ n mn
< Cldptt - |;2||<|d 2= 1)} lwro)
~n+1 n
< Cld," —dy 2(||d e + il )
n ’y n
< SRl + SRR (dR) + wi
p2(5-1/3)
+O———F,
9

where p < 2 and we have carried out the last bound using estimate (19) and the hypothesis

dil 1 (@) < C. Analogously, we bound the next term as follows

2Ak(u;:“~de,fs<dz>fph<fg<dz>>) < Ml IVl ()~ Pt

CkHU"“Hh vy 2||(|d [ = Ddillwro)
ho-

IN

IA

A NCAI(EA e E A ey
. 12(8-1/3)
k:H +1H? +C———h

Next, identity (22) is replaced by

n ~n+1 n ~n+1 ~n
(g 2+ Ava T 2) + (™ = wpP + AV, - d))P?)

20 (0] T P+ A wp o+ Pu(f (7))

< (i + AV ) 2 (d " —d). 7. (dp))

o0k (L Vg, fo(dR) — Pa(f.(d]))),
form which we extract by using the foregoing bound for the last term on the right hand side
and (23) that

~n+1

vay P <o (Va2 (1) 7|2 ot
Vdy, |7 < C | [Vdy|" + |ugp| +3 i 7o) + IdpllE o) ) + i :

Consequently, again (24) holds.

The rest of analysis does not change. U
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convergence for non-isothermal

phase-field model



Unconditional stability and convergence for non-isothermal phase

field model

F. Guillén-Gonzalez*, J.V. Gutiérrez-Santacreu’

Abstract

We propose and analyze two CY finite element schemes with P;-approximation for solving
a phase field model of a binary alloy with thermal properties. The first scheme is nonlinear,
unconditionally stable and convergent. The other scheme is linear but conditionally stable
and convergent. A maximum principle for the discrete concentration is avoided using a

truncation operator in both schemes.

1 Introduction

1.1 Model

The phase field method provides a mathematical description for free-boundary problems asso-
ciated to physical processes with phase transitions. It postulates the existence of a function,
called the phase field, whose value identifies the phase at a particular point in space and time.
The method is particularly suitable for cases with complex growth structures occurring during
phase transitions. The mathematical model studied in this work describes the solidification
process occurring in a binary alloy with temperature-dependent properties. It is based on a
highly nonlinear parabolic system of partial differential equations with three dependent vari-
ables: phase-field, solute concentration and temperature. Moreover, the temperature equation
has nonlinear degenerate diffusion.

Let © CRY (d =2 or 3) be a bounded domain with boundary I'. Denote by [0, 7] the time
interval (T' > 0). We use the notation @ = Q x (0,7), X =T x (0,7) and n(x) is the outwards

unit normal vector to €2 at the point & € I'. We consider the following differential problem,

*Dpto. E.D.A.N., University of Sevilla, Aptdo. 1160, 41080 Sevilla, Spain. E-mails: guillen@us.es,
juanvi@us.es. This work has been partially supported by DGI-MEC (Spain), Grant MTM2006-07932 and
CGCI MECD-DGU Brazil/Spain, Grant 117/06
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related to a phase field model of a binary alloy with thermal properties ([1]):

0g— A6 = (60— )+ 50— bac—0p(1-0) nQ,
bt 5o = V- [Ki(6)V0 in Q. (1)
¢ = Ko(Ac+ MV -[c(1—c¢)Ve]) in Q,

This model is completed with the Neumann boundary conditions

olo} Oc
Fnle =0 (K(@)VO) - m| =0, =] =0 (2)
and the initial conditions

o(z,0) = ¢po(x), 0(z,0) = Oy(x), c(x,0) =co(x) xe€ Q. (3)

The unknowns for this problem are: ¢ : @ — R (phase-field) is the state variable charac-
terizing the different phases so that ¢ = 1 represents the liquid phase and ¢ = —1 represents
the solid phase, 6 : @ — R is the temperature of the material, ¢ : Q@ — [0,1] (concentration)
represents the fraction of one of the two materials in the mixture. The parameter o > 0 is the
relaxation scaling; the parameter (3 is given by = €[s]/30, where £ > 0 is the measure of the
interface thickness, o the surface tension and [s] the entropy density difference between phases;
04, Op are the melting temperatures of each of the two materials in the alloy; Cy > 0 is the
specific heat; [ > 0 the latent heat; K7 > 0 the thermal conductivity; K5 > 0 is the solute
diffusivity; M € IR is a constant related to the slopes of solid and liquid lines.

We will assume K1 = K1(¢) to be a globally Lipschitz continuous function satisfying that
0 < Ki(r) <bforall r € R, with b > 0. In this sense, the problem is singular with respect to
the temperature when Kj(¢) = 0.

The phase field model for solidification (1) is used to treat phenomena such as crystal growth

and the fusion of materials.
Definition 1 A triplet (¢,0,c) is called a weak solution of (1), (2)-(3) in (0,T) if:
1. ¢ € L*(0,T; H2(2)) N L>=(0, T, H()), ¢ € L*(Q), ¢(0) = ¢o, g—i =0 a.e ond,
2. 0€ L*(0,T;L*(Q)),0; € L*>(0, T, H (), 6(0) = by,
3. ¢ € L>®(0,T; L3(Q))NL30,T; HY (), ¢ € L*(0,T; HY(R)'),¢(0) = cp, 0 < c <1 ae. in Q,
4. J = V(Ki($)0) — OVE1(d) € L*(Q),

and verifying

ag’py — 2 Ag = %w — )+ B0 —0ac—05(1—c)) ace. inQ,
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T

C’V/(JT<0t,n>dt+é/0T (%n) dt+/0 (J,Vn) —0,

/OT<ct,n> dt + Ko /OT (vc, vn) dt + KoM /OT (c(l — Ve, vn) —0,

for each n € L*(0,T; HY(Q)). If, in addition, K1 > by > 0, then § € L*(0,T; H'(Q)) and
J = Ki(¢)V6.

Here and in the sequel, (-, -) denotes the duality H(2)', H(Q) and <-, ) the inner product in
L2(9).

1.2 Known results

In [1], existence of weak solutions for problem (1), (2)-(3) is obtained via the introduction
of a regularized problem approximating the thermal conductivity K7 by a strictly positive,
regular function followed by the derivation of suitable a priori estimates and the application of

compactness arguments. More concretely, the following existence result was established in [1].

Theorem 2 Let Q be an open bounded domain of R?, d = 2 or 3, with smooth boundary T.
Assume ¢ € H'V(Q) with 1/2 < v < 1 such that % =0onT, 0y € L*(Q) and co € H(Q)
such that 0 < c¢g < 1 a.e. in Q. Then, there exists (¢,0,c) a weak solution of (1)-(3) (with
K1 >0 a constant) in (0,T).

In [7], optimal order error estimates are given for a fully discrete numerical scheme of a more
simplified phase field model than (1) without the concentration, paying special attention on the
dependency of the parameter . In particular, it is shown that all error bounds depend only on
a lower polynomial order for — as ¢ is small. Moreover, error estimates are used to establish
convergence of the fully discretge scheme to solutions of the sharp interface limits under different
scaling in its coefficients.

In [2] a semi-discretization in time scheme is proposed considering a problem with only the
temperature and the phase field variables and replacing in the equation for the temperature
the term igzﬁt by a more general term 3 f(0,):, where f is a generic function satisfying some
adequate properties. Convergence of the semi-discrete in time solutions is proved, obtaining

existence and regularity results of the limit problem.

1.3 Main results of the paper

In this work we consider two numerical schemes in order to approximate problem (1) using
continuous P;-finite elements. Since a maximum principle cannot be satisfied by the discrete
concentration, we introduce a discrete truncation operator ([4]) in order to guarantee a L

bound for some terms in the discrete concentration equation.
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First of all, we will present in Section 2 the nonlinear numerical scheme (4)-(6) which will

be unconditionally stable and convergent

Theorem 3 (Unconditionally stable, convergent nonlinear scheme) Assume ¢y € H' (),
0o € L*(Q) and co € H'(Q) such that 0 < cg < 1 a.e. in Q. Let Tp,, 0 < h < 1, be a regu-
lar, quasi-uniform family of triangulations of a polyhedral domain ). Then, there exists a
convergent subsequence of functions ¢, i, gh,k, $h,k, On ks é\h’k, gh’k, Ch,ks Ch,le and Cp 1, associated to
scheme (4)-(6) (see Definition 7) towards a weak solution (p,0,c) of problem (1), (2)-(3) in
(0,7), as (h,k) — 0 in the following sense:

eh,k — 9, é\h,k — 9, gh,k — 0 in LOO(O,T; LZ(Q))—weak*,

L0, T; HY(Q))-weak ,

Chjk — C, Chk —C, Cpk—C in
{ L>(0,T; L*(Q))-weaks,

bh — O, Qgh,k — ¢, b — ¢ in L(0,T; H(Q))-weaks,

%{sw - %gf) mn L2(0,T; LQ(Q))-weak,

d -~ d d ~ d . 2 . 1 i
@Gh,k — %9, ZiChk = o in L*(0,T; H*(Q)")-weak.

Second, we construct the linear numerical scheme (23)-(25) which will be conditionally stable,

using the original ideas in [5].

Theorem 4 (Conditionally stable, convergent linear scheme) Assume the constraint

k
S li —=0.
() L

Under the assumptions of Theorem 3. Then, there exists a convergent subsequence of functions
Oh s ggh,k,%h,k, Onjcs gh’k, gh,k,chk, Chi and ¢y associated to scheme (23)-(25) (see Definition
7) towards a weak solution (¢,0,c) of problem (1), (2)-(3) in (0,T), as (h,k) — 0 in the same

sense of Theorem 3.

The rest of the paper is described as follows. In Section 2 a nonlinear scheme is presented,
obtaining its unconditional stability in Section 3. In Section 4 some necessary compactness
results are proved, passing to the limit in Section 5 and concluding the proof of Theorem 3.
Finally, a conditional stable and convergent linear scheme is studied in Section 6 given an

outline of the proof of Theorem 4.
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2 A nonlinear Scheme

In what follows, let us consider a uniform partition ¢, = nk of the time interval [0,7] with
k = T/N the time step and let Q@ C R? (d = 2 or 3) be a domain with polyhedral boundary

such that there is a family of triangulations 7;, with Q = | | K. Here h := max hx with
€7y
KeT,,

hyi the diameter of K. Let X}, be the finite element subspace of H'(Q) furnished by globally

continuous, piecewise linear functions, that is,
Xp={zn € C°(Q) : aplg € PI(K),VK € Ty, }.

To approximate numerically problem (1), (2)-(3), we propose the following scheme:
Initialization: Let (¢9,67,c%) € X;, x X}, x X}, be suitable approximations of (¢, 6o, o) as
h — 0.

Step n+ 1: Given (¢}, 0}, c) € Xp x Xp x Xp,.

Find gb”“ € X, as solution of the problem:

L (e )

te (wg“ Vxh> +5
(d’h,ﬂ?h) +ﬂ(9h —Oacy —0p(1 ) Yz, € Xp.

Find 0"“ € X, and C"H € X}, as solution of the decoupled variational problems:
9n+1 _ en ¢n+1 ¢n
Cy (hkh,xh> + (Kf(ﬂH)VHZHvV%) =-3 ( 2 xp |, Vap e Xy, (D)

’I’L+1 Cn
(ilkh,lth> + K2 (VCZ—H,VZCh) = _KQM([CZ]T(l — [CZ]T)V(bZ,Vxh), VZCh S Xh. (6)

Here, K f = Kj + k and []p is a truncation operator defined as follows: given zj, € X}, then

[zp]7 € X, such that:

xp(x;) i zp(x;) €10,1],
[zp]r(xs) =< 0 if xp(x;) <0,
1 if xp(x;) > 1,
where x; are the nodes of the mesh 7;. Notice that, since X}, is defined by P finite elements,
one has that 0 < [xp]7(x) < 1 for each = € Q.
Since (5) and (6) are quadratic linear systems, it is easy to check the existence and uniqueness
of solutions. On the other hand (4) is a discrete nonlinear variational problem and its existence

and uniqueness can be proved as follows: we define

/|¢h\2 /’V%P /\¢h4 /ngﬁh,
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2 1
where g = %gf)’,} + §¢Z + ﬂ(ﬂﬁ —0acy —0p(1— CZ)) Clearly, J is a strictly convex functional
on Xy, then the minimum problem (bmig J(¢r) has a unique solution characterized by its Fuler
hEXR
equation (4).
We will denote by C generic positive constants always independent of the discretization

parameters h and k.

3 A priori estimates and weak convergences

Let us denote by | - | the L?(2)-norm and by || - || #1102y the H'(€2)-norm. With such a notation

we establish the following

Lemma 5 Under the hypotheses of Theorem 2, the discrete solution of scheme (4)-(6) verifies

the following estimates:

N—-1 n+1 n
.. n+1 n ¢ _ ¢
i) O£n3‘<XNH¢hHH1 @ <C, i) Zo lop ™" =l < C, i)k Z <C,
N—
: n| < n+l n2< k( n+1 n+12<
) OgnnagXNWh’ <C, v) Z 07 n2 <, m)k;2| KF(grrhyven C,
. n| < n+1 n2 - . n+12 <
vit) oax, lep] < C, vii1) Z ley™ —cpl < C, ix)k Z Ve, < C,

n=0
where C' > 0 depends only on the data (¢o, 00, co) but is independent of (h, k).
Proof: We take z;, = 2k¢z+1/a62, T = 2/{92“/0‘/ and z, = 2kc} as test functions

in (4), (5) and (6) respectively, use the identity (a — b,2a) = |a|*> — |b|?> + |a — b|? and bound
adequately the right hand-side, resulting

6 P = lonl? + [op Tt — ohl + |V¢>"“|2 2€2|\¢"“||L4(m
§Ck:]cbh]z+Ck|0h]2+Ck]cZ\2+C’k,

’9n+1|2 |9 |2 + |0n+1 9n|2 + %| Kk(¢n+l)v9n+l‘2 o 7L k ¢Z+1 — Z 9n+1
h h Cy 1\¥h h - C k ' Yh
' (5)
k ntl 2 5 2l2 ¢n+1 _ ¢n
< 5105 nlo+ |9 "+ =k
2 CZ k|
b P = lehl? + ey ™ — el + k Ko Ve ™' ? < Ck|IVep (9)
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In order to control the terms k&

ot — o <f>”
— and k|V¢7|? on the right hand-side of (8) and

A2 ot — g

(9) respectively, we consider xj, = k as a test function in (4) getting

aCZe? k
(|v¢ HE |v¢h|2 HIVE = D) + 5o (G 61T = of)
+C2 - A <Ck|¢g\2+0k|9;;\2+0k.

1
Now, using again the identity (a — b,a) = §(|a]2 — [b|? + |a — b|?), we can rewrite

—_

(@t =on) = 5 [ @2 (@2 - @7 + @ - op)?)

>
_ 1 n+1\4 n\4 n+1\2 _ ( 1n\2\2
- %(/wh GRS KCADEICARY
g [OrRErT o

Next, adding (7), (8), (9) and (10), summing over n and applying the discrete Gronwall lemma,

we get the desired estimates and this completes the proof. O

Consider the linear operator Ay, : X;, — X}, defined as:

—<Ah¢h,l‘h) = (qu)h,th) Vap € X}, (11)

Then, the discrete phase-field equation (4) can be rewritten as:

2 (W’xh> g2 (Ah¢z+17xh> X %((¢Z+1)3,$h>

(12)
_ %(d)ﬁ,xh) + (0~ 0ack — On(1 — cf), ).

Taking xp = —Ah¢”+1 as test function in (12) and using the estimates of Lemma 5 we

establish the following result.

Corollary 6 It holds
N-1
B [Angp 2 < C
n=0

Definition 7 One defines ¢y, 1 (respectively Qgh,k ) as the piecewise constant functions in time

"L on (tn, tnga] (Tespectively oy ). Analogously, we define Oy, §h7k, and cp

taking values ¢y
Ch . Moreover, one defines ah,k,gh,k,’cvhyk € C°[0,T); X) as the piecewise linear functions in

time such that ah,k:(tn) = ¢}, gh’k(tn) =07, chi(tn) = ¢, respectively.
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An easy consequence of the previous definition and Lemma 5 and Corollary 6 is the following

result.

Lemma 8 The following estimates (independent of h and k) hold:

Onsdnis Onpdng Onpdny in L=(0,T;L3(Q)),
{cnatnis {Chitnk {Chptng in  L(0,T; L*(Q)) N L*(0,T; H' (),
{Onc e {Onc e {Ontne  in L°(0,T; HY(R)),
{i&mk}h?k in  L*(0,T; L*(Q)).
{=Andnitnr in  L*(0,T; L*(9))
{(KY(onp)VOnrtng in  L*(0,T;L*(Q))

)
)

In addition, there exist a subsequence of (h,k) (denoted in the same way) and limit functions ¢,

0, ¢, w and J verifying the following weak convergences as (h,k) — 0:
Ok — 0, Ong— 0, Ony— 0 in L=(0,T; L*(Q))-weaks,

~ - , L%(0,T; HY(Q))-weak ,

Chk —C Chk —C Chp—C 1IN
L>(0, T; L*(Q))-weakx,

Ok — & Ohg— b Gk — ¢ in L(0,T; H(Q))-weaks,

45 4y in L2(0,T; L2(Q))-weak

b 2 , i

gp Phok P m T weak,

—Apdni —w in L*(0,T; L*(Q))-weak,

K ($np)VOny — J in L*(0,T; L*())-weak.

4 Strong convergences

Next, let us show some compactness results in order to identify firstly w = —A¢ and J =
V(K1(¢)8) — VK (¢) and then pass to the limit as (h, k) — 0.

First of all, since {$h7k}h7k is bounded in L*(0,T, H'(Q2)) and {8tgz~5h7k}h7k is bounded in
L?(0,T; L?(%2)), applying a compactness theorem of Aubin-Lions type ([8]), one has that

(Zh,k — ¢ in C(0,T; LP(Q)) strongly as (h,k) — 0,

with p < 6. Moreover, due to Lemma 5

N-1
| onk — ¢I~c,h”%2(0’T;L2(Q)) < ||pnk — ¢k,h||%2(o,T;L2(Q)) =k Z gt — op> < Ck.
n=0
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Therefore, ¢p 1 — ¢, (;Ash7k — ¢ in LQ(O,T; L2(Q)) strongly as (h,k) — 0. As {¢}p and {(E}hk

are bounded in L>(0,T; H*(€)), Sobolev’s imbedding gives us the strong convergences
Ongs G — ¢ in LU0, T; LP(R)) strongly as (h, k) — 0,
with ¢ < co and p < 6.

Lemma 9 The following estimates hold

T ~
| 10000y at < €, (13)

T
/O 10k (O 21yt < C, (14)

where C > 0 is independent of (h, k).

Proof: Consider P, the orthogonal projection operator from L?(2) onto Xj. Let x € HY(Q).
Then, by taking x;, = Ppx as test function in (5) and (6) respectively, we obtain

1
o — o

k |.'L‘"

C GZH_‘% < O|Kk(prthyvgnt! £
v 0 ) SCOIKT (@) VO Izl ) + 5

At en
<hkh7$ < C’VCZH’ HfL’HHl(Q) + CIVy] H33|’H1(Q)7

where we have used the stability properties of the L2-projection |P,z| < |z| and || Pyx|/g <
C'||z|| 1 (the stability in the H!'-norm can be obtained by means of a duality argument and
comparing with the H'-projector). Finally, multiplying by k, summing over n, using Definition 7
and the dual definition of the H!(2)-norm, the proof is finished. O

As a consequence of Lemmas 8 and 9, one can use a compactness result ([8]) obtaining the

following strong convergences as (h, k) — 0:
5h7k — 6 strongly in L?(0,T; H(Q)"),
Chi — ¢ strongly in L%(0,T; LP(R)),

with p < 6. In fact, we also have that ah,k, O — 0 strongly in L0, T; HY(Q)), Chks Chp —
strongly in L?(0,T; L*(Q)) as (h, k) — 0, since

0 2 0 2
||‘9h,k - 9h,k”L2(o,T;H1(Q)/) < Heh,k - 9h,k L2(0,T;H(Q)")

N-—1
< C Ok = OnillF2 o2y = Ck D10 = 01 < Ck
n=0

N-1
and |chr — chk %Q(OI;LQ(Q)) < |lenr — /C\h7k||%2(0’T;L2(Q)) =k Z et — e < Ck (due to
n=0

Lemma 5).
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Remark 10 We can change the hypothesis co € HY(Q) by co € L*(2) by imposing the constraint
k

k/h? < C. Indeed, since k”¢2||12ql(9) < ]ch\ < C’ |CQ|2 assuming k/h* < C one has that

{Ch stk is still bounded in L*(0,T; H' (Q)) and ¢y — c strongly in L*(0,T; L*(Q)).

To prove the compactness of {¢p 1 }nr in L2(0,T; H'(Q)) we firstly must identify w = —Ag.
Indeed, we consider n € C°(Q) and choose 7, € X}, a suitable approximation of 7(t,) such that
nhk — 0 in L2(0,T; HY(2)) strongly as (h, k) — 0 (here, 1, is defined by 7;" as in Definition 7).
Then, setting ¢ = q§”+ and zj, = " Lin the discrete laplacian definition (11), multiplying by

k and summing over n and tending (h, k) — 0,

/Q<V¢7 Vﬁ) <—/Q<V¢>h,k,vnh,k> =/Q<—Ah¢>h,k,77h,k) —>/Q<wﬂ7>.

Therefore, it is clear that w = —A¢ in L?(Q). Next, taking n € C*°(Q) and proceeding in the
same manner, we recover the boundary condition In 0 on .
n

Now, we continue to get the compactness of {¢p x }n in L?(0,T; H'(£2)). Considering ¢p, =

ngZH and xp = ¢”+1 (11), multiplying by k& and summing over n, this results

/OT ’V¢h7k’2 - _ /OT (Ah@z,ka(bh,k) — — /OT (A¢, qﬁ) = /OT ’V(b‘? as (h,k) — 0

because of ¢, — ¢ strongly in L2(0,T; L*(Q)) and {—Ap¢p i thr — —A¢ weakly in L2(0, T; L(Q).
o,1:22(2) — IVOllL200.102(0)) as (h, k) —

0. Consequently, one has

|Pnk — Sl 20,101 ()) — 0 as (h, k) — 0,

thanks to ¢px — ¢ strongly in L*(Q)) and weaklyx in L?(0,T; H'(Q)).
Finally, the following compactness result is established using that {c i }sx is compact in
L%(0,T; L?(£2)) and bounded in L?(0,T; H'(2)) (see [4] for the details).

Proposition 11 The following convergences hold:
len Ty [ChilT — Tolc m L2(0,T; LQ(Q))—strong, as (h,k) — 0. (15)

where TO1 is the truncation operator defined as:

c(x,t) if c(zx,t) € [ 1],
Toc(x,t) =< 0 if c(x,t) <
1 if c(x,t) >
Now we want to identify J = V(K (¢)0) —0VK;(¢). Indeed, since K, is a globally Lipschitz
continuous function on R and ¢y, converges to ¢ in L*(0;T; H'(R2)), then (see [6], Theorem
16.7)
Ki1(¢nk) — Ki1(¢) strongly in L?(0,T; H' (Q)). (16)
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On the other hand, using that 0, — 6 weakly* in L>(0,T; L?(£2)) and (16), the following weak

convergences hold:
OhkVK1(pnr) — OVK1(¢) weakly in L2(0; T; L1 (Q)), (17)

On o K1 (o) — OK1(4) weakly in L2(0;T; L3/2(1)). (18)

Now, using the regularity Ki(¢px) € L>(0,T; H'(Q)) and 0,5 € L*(0,T; H(Q2)) (because of
0 < k < K¥) and the Sobolev product le¥llwrsrz) < Cllelm@llvll g q) forall v, € HY(Q),
we get

K1 (én1)0nk € L2(0,T; WH/2(0))

and, in particular,
V(K1 (dnk)0nk) = K1(onk)VOnhp + On ik VE1(n k) (19)
Therefore, in view of the convergences (17), (18) and the identity (19), one arrives at
K1 (k) Vi — V(K1(0)0) —OVEL(¢) in L2(0,T;W~11/275(Q)). (20)

with 1/2 > & > 0.

Next, remembering the definition of K {“ =k + K| we write
K (¢ 1) VO = kN0 + K1 (o) V. (21)

Now, taking into account that ||k/2V6), |

12(Q) < H Kf((ﬁh’k)veh,k”L%Q) < C with C >0

independent of (k, h), one obtains
kVOnr — 0 in L*(Q)
that jointly with (20) and (21), this gives us

K¥(onp)Voni — V(K1(6)0) — OVE1(¢) in L2(0,T; W—13/2-2(Q)).

5 Passing to the limit

In order to pass to the limit in the c-equation, we will use the following result, which is easy to

prove because the first equation (22) satisfies the maximum principle:

Lemma 12 The following two systems are equivalent:
et = Ko(Ac+ MV - [Tge(l — Tae)Ve))  in Q, (22)

and
0<c<1, ¢ =Ky(Ac+ MV [c(l1-¢)Ve]) inQ,
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To pass to the limit in scheme (4)-(6), we rewrite the scheme as follows: taking zj, = 7! €

X}, a suitable approximation at time ¢, of a test function n € C°([0,T]; C2°(£2)) such that
n(T) = 0 (clearly 7YY = 0) as a test function in (4), (5) and (6), multiplying by k, summing over

n and denoting 7y, i, similarly to Definition 7, one arrives at

T d ~ T T 1
2 el 2 1 3
ae /0 <dt¢h,ku77h,k> +e /O (V¢h,k,Vnh,k> +/0 5 <(¢h,k) 7nh,k>

1 t t
3 /0 (¢h,ka %k) — 5/0 (Hh,k —0alchilr — 0B(1 — [ChilT), 77h,k:> =0,

C /T<d§ 7 >+Z/T($ " ) /T(Kk(¢ )V6hk, Vi) =0
v — Ok, Mk = ks Mk | — hk)VOni, Vi) =0,
o \dt 2 Jo 0 !

T 4 T T N
/ <Eh,ka77h,k + K2/ (Vch,k, Vﬁh,k) + K2M/ ([Eh,k]T(l — [ChilT)Vbh ks Vﬁh,k) =0.
o \dt 0 0

There are no additional difficulties in passing to the limit to obtain that (¢, 0, ¢) is a solution of
(1). In particular, taking (h, k) — 0 in the discrete equation for the concentration ¢ and using
(15), we arrive at the limit equation (22), hence 0 < ¢ < 1 and Tic = c. Finally, the ¢-equation
is verified pointwise in ) thanks to the strong regularity of ¢. The proof of Theorem 3 is finished.

6 A conditionally stable, convergent linear scheme

In this section we replace the nonlinear discrete approximation (4) of (1); by a linear discretiza-
tion. Accordingly, to obtain stability we have to impose a constraint on the discrete parameters.
Let us define f(¢) = 2—;@32 — 1)¢ associated to the potential function F'(¢) = é(qﬁz —1)%
We proposed the following linear scheme:
Initialization: Let ((]52, 62, 02) € Xp, x Xp x X}, be suitable approximations of (¢, 6p,co) as
h — 0.
Step n+ 1: Given (¢}, 07, c') € Xp, x X x Xp,.
Find qﬁzﬂ € X, as solution of the problem:

n+1 _an
<¢h - d)h’xh) +é(V¢Z+1,V:}:h>
g

1
e2a

= —*<f(¢7ff)v$h) +

(07

(23)
(9% —0Oacy —0p(1 — cZ),wh), YV € Xp.

Find 92“ € X and CZH € X}, as solution of the decoupled variational problems:

Hn—i-l _n l n+l _ n
Cv (hkh,l‘h> + (Kf(cb’ﬁl)veﬁl,vfch) =73 <¢hk¢ha$h . Vap € Xy, (24)

vt en
(hkh,:l,’h +K2 <VCZ+1, V:ch) = —KgM([CZ]T(l - [CZ]T)V(;SZ, v.fCh), VCEh S Xh. (25)

The stability of scheme (23)-(25) will be obtained by induction on the time step n in two steps.

In the first step, we establish the following result which provides a basic recursive inequality.
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Lemma 13 Assume the constraint:

S lim k/h=0.
(S) (hggo/

If there exists a constants Cq > 0 (independent of h and k) such that

n a6’2
H¢h”12ql( 8l2V 03 + Ichl” < Ca, (26)

then, there exist ko, hg > 0 sufficiently small but independent of n such that for any k < ko and
h < hg, the following inequalities hold

( 1
A N Ll s
aC n n n n
§l2 C (16512 = 10512 + 16+ - 03
+3 / (651 =107 = (1631 = 17 + S (165~ [67)?) (27)
M . wirp | @ Cvk -
T o PAFO0) = A T2+ S Ko o
16 ok 41
| < CKIG1? + CEIGh* + CRlch + Ck,
2 = Rl + e = P 4+ b Ko Vep T2 < CRIV R (28)

Proof: Let P, : H'(Q) — Xj, be the L?-projection. Firstly, we consider zp, = P (f(¢})) —
Apdtt € Xy, in (23), rewritten (23) using the discrete laplacian operator (similarly as in (12)),

and bounding the right-hand side, one arrives at:
(617" — 08 F(6R) — M) + o= | PL(F(60) — Augit™ P < OMBRP + O Kl + Ok (29)
Now, we handle the first term on the left hand side of (29) as follows
(670 = o —ngp™t) = 5 (IV6RT1P = IVaR2 + (0 - 1)),

(5"~ f0p) = 2;(&“—¢zv(<¢z“>2—1>¢z)
(@) = @)k ) = — L.

optt — o
22 (
Next, we continue rewriting I, by using first the identity |a|> — [b|*> — |a — b|*> = 2(a — b, b) and

" i
afterwards |a|? — [b|]? + |a — b]* = 2(a — b, a), as follows

L= é /Q(((ﬁZH)Z = D((e)H2 = () = (o7 — o))
- 81/9 (52 = 12 = (@) = 12 + (67 = (6))?)

kz n+1\2 7‘L+1_¢n
+ g 0=y |t
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and bounding I as

1

n+1 n2
S RRT=g KGR AR

k

Iy < CK| 9170 +

Finally, we get from (29)

k
\V¢n+1\2 |Vor|? + \V(¢Z+1 — e + 5|Ph(f(¢2)) B Ahqﬁ’,f“\Q
! 1
e (OGP =12 = U9hP = 177 + 5016+ - |¢”|2>2)
(Z)n—l-l - ¢n
TE

2
1
) ¢n+ (bn

< Ck|6R1? + Cklci]” + Ck + C kl|¢hl|7 o Tk

262 (¢n+1 )
¢Z+14*¢h
k

Pt — pn
k

< CHBEP + CHIGE + Ck+ (16813 ) + 167 3w ) b

< CHOEP + C RGP + Ok + O (1673 oy + 165 sy )

(30)
where in the last line the inverse estimate ||z ||z (o) < Ch*1/2\|thH1(Q has been used.
Now we are looking for the bound ||¢} ! | #1(@) < C1 where Cy > 0 depends on the constant
Cy of hypothesis (26) but it will be mdependent of n. It will be carried out by bounding
HgbZHHfng) in terms of ||} | z1(q), 0] and |cj| and using hypothesis (26). Indeed, taking
¢h - ¢n

xp = Th as a test function in (23) yields

n+1 n2
B 0 (196~ VR + V(6 - )P

< CE|OY?+CEIE?+Ck+CE|f(ol))?
< CklOF? + Cklcp|? + Ck+ Ckl 6715 ) + CRISH I 0

(31)

In particular, the previous inequality says us, by using hypothesis (26), that
Vot < C

In order to get that H(j)”“HH1 < € we have to estimate [¢}"'|> < C. To this end, we
take 75, = ¢! in (23)

1 n 7 n n 2 n
5 (102 = 1R 4+ [0+ = 112 + kIV gt 2
< CIO? + CRlch* + Ck + CEl| 635 0y + C klI6hlITn o)

Therefore, it follows that there exists C; > 0 depending on Cy such that ||¢ZHH§{1(Q) < (1.
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Thus, using that [|¢7"1||2,, < Cy in (30) and again hypothesis (26), we get
h H

k
VORI P = IVORI® + V(e = eR)l* + —|Pa(F(6h)) — Angp ™2

i n+1y2 _ 1\2 _ n\2 _ 1)2 } n+1\2 _ (n\2)\2
=g R (CADER S (CASEI S ) )
k TL+1 _ ¢
SCMOF+CM%F+0k+0hk - Th _ Th
n+1 n
In order to control the term C hk ¢ B — % on the right hand-side of (32), we choose
n+1 n
xp = /A S — % n (23) and arrive at
¢n+1 ¢ .
B) N <C’f\9 >+ Cklep* + Ck + QIPh( (6h) — Angp 2. (33)
Balancing equations (32) and (33) and taking into account the constraint (hlllgr)n oh = 0, we have
for any k < kg and h < hy (with kg and hg independent of n) 7
1)2 2 1 2 R - ¢n
VP = [Voh 2+ V(65! — o)l + 5 b
8 Ok
1 n (o s 7 34
‘iz, (951 =107 = (6312 = 17 + 5 (165 — 64)?) 349

*!Ph( (6h) — Angp TP < OO} + Okl + Ck.

On the other hand, taking x) = 9”“ (24), one arrives at inequality (8). Now, balancing (8)

and (34), one gets

aC n n 3 n
VR = VR + V(65 = o) + S (1057 = 1057 + 10+ = 6312)

%l

1
+4?2 / (<l¢”“\2 12 (G5 = 1 + 5 (1652 — 16p)?)
¢n+1 _ ¢n k 12 aCyk g o (35)
16 T E +%‘Ph(f<¢m)—Ah¢Z |* + 7 /Kot hyvert|

< Ck|O7 ] + Ck|c|* + Ck.

Taking now zj, = ¢! in (23), we obtain

n ' n 7 2 n k n
(8571 = (ORI + 100 = GRI* + —kIVER T + o5 I nl1aq)
n n ]{: n n n
o (60 = 91617 — 6R) + e 6RI? + CHOLP + C RGP + O
1
_§|¢n+1 Ghl? + C K26y + C RIGRI? + C RIOR 2+ C Rlcj? + C'k.

Using the Sobolev imbedding ||z | z6(q) < Cll7allg1(q) and the inverse inequality ||zl zsq) <

hY4 |z s, we find
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on 2 = lohl? + w =GP SRV 4 o el
k n

< Ckl6;|? +0kr¢h|2+ck|ch|2 +Ck+C 7 ||c/>h||H1 Vel ol Lo

< CHIGE2 + C RGP + CHAR + Ch+C o e A e

where in the last line we have used hypothesis (26).
Finally, taking Ck/h <

T2 yields
ae

n n 1 n n 2 n k n
(6571 = 10h1 + S1oh ™" — GhIZ + ZIVEL T + 547l

(36)
< C kKo7 + Ck:|¢h\2 + Cklcl* + CE.

Adding (35) to (36) it gives (27).
Inequality (28) is easily obtained by testing (25) by c”+1 and bounding adequately as in the
proof of Lemma 5. 0

Now we turn our attention to the initial approximations which must satisfy hypothesis (26)
imposed in Lemma 13 in order to guarantee a correct induction argument. It is easy to check
that if we select qﬁ% = Ipoo, 02 = 13,0y, and 02 = Iyco as initial approximations, where I, is the

interpolation operator into X}, it follows that there exists a constant Co > 0 such that

aC?
B+ AR+ 1l @ + 13 [ (64 =17 < Ca (37)

thanks to the stability properties of Ij, in the L? and H' norms.

Now, we are in position to give the stability result.

Lemma 14 Under the hypotheses of Theorem 2, the discrete solution of scheme (23)-(25) satis-

fies the following estimates:

N—-1 n+1 n
. . n+1 n|(2 ¢ ¢
i) o AX ¢kl ) < C, ) E 6™ — dhllFn o) < €, did)k Z <C,
. IIP n+l _ gn|2 < k( n+1 n+1 2 <
i) Og}%wahy <C, v) Z 07 o2 < C, vi) k Z W/ K (opthver C,
. ni < n+1 n2 - n+12 <
Vi) onax, len| < C, viis) Z ley™ —cpl* < C, iz)k Z Ve, ™" < C,

n=0

where C' > 0 depends only on data (¢o, 6o, co).

Proof: Obviously, if we let (27) and (28) hold for n =0, ..., N — 1, we get all the statements of
the theorem by adding (27) and (28) and applying the discrete Gronwall lemma. Therefore, it
suffices to prove that (27) and (28) hold for n =0,..., N — 1.
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Let us consider Cy = eCT(Cg +C T) for some constant C' > 0 independent of (h, k) with
Cy > 0 from (37). As the initial approximations verify hypothesis (26) for n = 0, inequalities
(27) and (28) are satisfied for n = 0.

The final induction step can be easily seen assuming that inequalities (27) and (28) hold for

[ =0,...,n—1 and using again the discrete Gronwall lemma,

IO+ 1R+ 16 + 70z | (oA — 12
< OV CCL g0z L 00 + g J 642 =12+ C (- 1))
= 812 B T ge? [

< eCT<C'2+CT> = Cy.

Then, we find that hypothesis (26) is satisfied. Therefore, in view of Lemma 13, inequalities
(27) and (28) hold. O

To finish the proof of Theorem 4 it is necessary to prove the convergence of the linear scheme
(23)-(25). But, as the argument for this is similar to that developed for the nonlinear scheme
(4)-(6), it is left to the reader.
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Capitulo 7

Experiencias numéricas de cristales

liquidos nematicos



Experiencias numéricas de cristales liquidos nematicos

F. Guillén-Gonzélez*, J.V. Gutiérrez-Santacreu.

En este capitulo, presentamos algunas simulaciones numéricas de un modelo simplificado de
cristales liquidos nemadticos, usando el esquema numérico desarrollado en [2].

La literatura sobre simulaciones numéricas de cristales liquidos no es muy amplia. Los tests
numéricos que realizamos en la Seccién 1 son extraidos del trabajo [3] de Liu y Walkington,
con los que comparamos los resultados. Estos tests exhiben el curioso comportamiento de los
flujos de cristales liquidos en presencia de singularidades. En la Seccién 2, mostramos otros tests
numéricos inspirados en los realizados en [1], aunque con distintas condiciones de contorno.

Todos los ejemplos numéricos que se exhiben son computados en un dominio bidimensional
Q= (—1,1)x(—1,1). El par velocidad y presién (u, p) es aproximado usando el par de elementos
finitos estable conocido como mini-elemento (P; 4 burbuja,P1). El par vector de orientacién y su
laplaciano (d, —Ad) es aproximado usando el par de elementos finitos (P1,Pp). Estos ejemplos
son calculados sobre una malla uniforme de 32 x 32 y 160 pasos por unidad de tiempo (i.e.
h = 1/16 y k = 1/160). Como en [3], seleccionamos los pardmetros A, v y v iguales a uno.
Respecto al parametro de penalizacién € asociado a la funcién f, haremos varias elecciones que
se especificard mas tarde. La resolucién numérica se lleva a cabo con la ayuda del software de
Freefrem~++ usando una formulacién penalizada en norma L? de la presién en la ecuacién de la
divergencia discreta nula siendo el parametro de penalizacién del orden de 1075, El sistema, lineal
que queda en cada etapa de tiempo es resuelto usando el método directo de sistemas lineales
LU.

Los célculos han sido ejecutados con un procesador Intel(R) Core(TM)2 CPU 4300 @ 1.80
GHz 1.80 GHz.

1. Aniquilacién de singularidades de Liu- Walkington

1.1. Aniquilacién de dos singularidades de distinto signo

Para mostrar la aniquilacion de singularidades que presentan los flujos de cristales liquidos
consideramos el ejemplo dado en [3]. La velocidad inicial cero y el vector de orientacién dy =

d/+/|d|? + 0,052, donde

Este vector de orientacién tiene dos singularidades en (+£1/2,0) (puntos en los que d= (0,0))
como muestra la Figura 1. Como condicién de contorno para el vector de orientacion tomamos
el valor de dy sobre la frontera del domino 2 en todos los ejemplos.

d= (2> 44> —0,25,y).

“Dpto. E.D.A.N., University of Sevilla, Aptdo. 1160, 41080 Sevilla, Spain. E-mails: guillen@us.es,
juanvi@us.es. This work has been partially supported by the Spanish project BFM2003-06446-C02-01.
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La evolucion de los datos iniciales para e = 0,07 se muestra en las Figuras 6, 7, 8 y 9. En
ambos casos, se observa la aniquilacién de las dos singularidades que se atraen.
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Figura 8: Vector director t=0.75 Figura 9: Velocidad t=0.75

Es curioso observar la sensibilidad de los resultados del campo de velocidades respecto al
parametro de penalizacién e.

En los resultados obtenidos en el articulo [3] se toma e = 0,05 siendo el tiempo de aniquilacién
de las singularidades t = 0,25s. Para este valor del parametro de penalizacién nuestro esquema
numérico no converge, lo que nos indica que nuestro sistema lineal no muestra tanta robustez
con respecto al pardmetro de penalizacién como el esquema no lineal de [3]. Para ¢ = 0,06 se
recupera la dindmica de las singularidades (siendo el tiempo de aniquilacién ¢t = 0,41875s, casi
el doble que en [3]) observando oscilaciones del vector de orientaciéon como muestra la Figura
2 y un campo de velocidades diferente del obtenido en [3], que es el que se muestra en las
Figuras 3 y 4. Todo lo contrario sucede si elegimos € = 0,07; que muestra un comportamiento
cualitativo andlogo al de [3], siendo el tiempo de aniquilacién ¢ = 0,30625s. Los beneficios de
nuestro esquema con respecto al esquema citado [3] son obvios. En [3] se construye un esquema
no lineal y se considera una aproximacién de elementos finitos globalmente C'! para el vector de
orientacién. Luego, nuestro esquema reduce enormemente el nimero de grados de libertad y la
complejidad en la resolucién numérica, lo que se reflejan en los tiempos de ejecucion; en nuestros
célculos para e = 0,06 se tard6 1234.6s y para € = 0,07 se consumié 1221.31s para hacer las 160
iteraciones de tiempo. Por el contrario, el esquema de [3] precisé de tres a cuatro iteraciones del
método de Newton para cada paso de tiempo lo que supuso un gasto de 6 horas en un ordenador
Sun Ultra Sparc por unidad de tiempo.

1.2. Aniquilacién de singularidades con flujo rotativo

Este ejemplo parte del mismo vector inicial de orientacién del caso anterior (ver Figura 10).
Ahora, el vector de velocidad inicial serd considerado rotativo. Mas concretamente, ug(z,y) =
(—20y, 20x). Las Figuras 11, 12 y 13 muestran el comportamiento en cuatro tiempos diferentes
del campo de vectores directores para el valor ¢ = 0,07. El campo de velocidades se mantiene
rotativo.
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Figura 12: Vector director t=0.2 Figura 13: Vector director t=0.5

Cuando ¢ = 0,06 y el mismo vector director inicial (ver Figura 14) las singularidades se
mueven como en ¢ = 0,07. Las gréaficas en los tiempos t = 0,1, t = 0,2 y t = 0,5 son andlogas.
En las Figuras 15, 16 y 17 vemos la aparicién de oscilaciones en la solucion numérica del vector
director, lo que puede ser debido a que el condicionamiento del sistema lineal del esquema
empeora cuando € va a cero.
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&Q::::i::ti@s\\\\\\\\
NN X \\\\\\\

NNN
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Esta dindmica de las singularidades para e = 0,06 y 0,07 es la misma que la obtenida en [3]
para € = 0,05. En nuestro esquema los tiempos de aniquilacién son ¢t = 0,25s y t = 0,28125s
para ¢ = 0,06 y 0,07 respectivamente frente a t = 0,20s del esquema de [3].

Los tiempos de ejecucién son 981.968s para € = 0,06 y 965.409s para € = 0,07 por unidad de

tiempo.
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2. Nuevas experiencias numéricas

2.1. Dos singularidades con distinto signo

Ahora estudiamos el ejemplo de dos singularidades situadas en (+1/2,0) que se repelen a
largo del eje x hasta una posicién de equilibrio determinada por la influencia de las condiciones
frontera. Tomamos ahora el vector director inicial:

do = d/+\/|d|? + 0,025,

donde a(az, y) = (22 —y?—0,25, 4zy). La velocidad inicial es cero. Para esta experiencia numérica
elegimos € = 0,06. La evolucién del vector director y velocidad es como sigue en las Figuras 18,

19, 20 y 21:
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Figura 18: Vector director t=0.0625

Figura 19: Velocidad t=0.0625
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Figura 23: Vector director t
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2.2.  Una singularidad de orden cuatro

Como ultimo ejemplo consideramos de nuevo una velocidad inicial cero y elegimos un vector
de orientacién que tiene una singularidad en el origen de coordenadas de orden cuatro que
conseguimos eligiendo 3(3:, y) = (2t — 622y + y*, day(2® — y?)) y componiendo dy como en los
casos anteriores. El pardmetro de penalizacién es seleccionado igual a € = 0,06.

La singularidad de orden 4 en el origen evoluciona descomponiéndose en cuatro singularidades
que se dirigen hacia las esquinas del domino empujadas por el campo de velocidades generado,
donde se mantienen por la influencia de las condiciones de contorno. Esto se muestra en las
Figuras 26, 27, 28 y 29:
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