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In this paper we study the asymptotic behaviour of solutions of a first-order stochastic lattice
dynamical system with an additive noise.

We do not assume any Lipschitz condition on the nonlinear term, just a continuity as-
sumption together with growth and dissipative conditions, so that uniqueness of the Cauchy
problem fails to be true.

Using the theory of multi-valued random dynamical systems we prove the existence of a
random compact global attractor.
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1. Introduction

In this paper we study the asymptotic behaviour of solutions of the stochastic first
order lattice dynamical system with an additive noise given by

d 7 d ) t .
b v(uio1 — 2u; +uig1) — by (wg) — fi (ui) + aiiw ( ), 1 € 7,
dt dt

u; (0) = uf,

under some growth and dissipative conditions on the nonlinear terms f and h. Here
wj (t) are real independent two-sided Brownian motions.

We prove the existence of a random global pullback attractor for such systems,
extending in this way the results given in [3] (see [11] for the case of a multiplicative
noise, and also [21] for a partial dissipative stochastic lattice dynamical system
with additive noise). The main difference with [3] is the fact that we do not assume
conditions ensuring the uniqueness of solutions for the Cauchy problem. Hence, we
use the theory of multi-valued random dynamical systems [6] in order to prove the
existence of the pullback attractor. Comparing our results with the single-valued
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case from [3], the main technical difficulty appears in proving the measurability of
the attractor.

Our stochastic lattice dynamical system can be obtained by the spatial dis-
cretization of a stochastic reaction-diffusion equation in an arbitrary domain for
the spatial variable (which can be unbounded and even the whole space RY ). So,
such systems can be viewed as approximations for reaction-diffusion equations in
unbounded domains.

In the deterministic case the theory of attractors for lattice dynamical systems
has been intensively studied over the last years (see e.g. [1], [4], [5], [14], [15], [17],
[18], [20], [22], [23], [24] and the references therein).

This paper is organized as follows.

In Section 2 we recall the general theory of multi-valued random dynamical
systems as developed in [6]. First, we establish some preliminaries concerning the
definitions of multi-valued non-autonomous dynamical systems (MNDS) and multi-
valued random dynamical systems (MRDS) which turns to be an MNDS with
an additional measurability property. Then, we recall two theorems ensuring the
existence of the global pullback attractor for an MNDS and the random global
pullback attractor for an MRDS.

In Section 3 we describe the setting of our problem. By a standard change of
variable (involving the Ornstein-Uhlenbeck process), we transform the stochastic
equation into a random one depending on a parameter w. We then show that the
Cauchy problem for the transformed lattice system possesses, at least, one global
solution for each w, although it can be non-unique.

In Section 4 we first define an MINDS associated to our problem, and prove the
existence of a global pullback attractor. In this part it is crucial to obtain suitable
estimates of the tails of solutions leading to the pullback asymptotic compactness
of the MNDS. Finally, we prove some measurability properties of the MNDS which
imply that we have in fact a MRDS having a random pullback attractor. As re-
marked before, these last results are much more difficult to obtain than in the
single-valued case.

2. Multi-valued random dynamical systems

We recall now some basic definitions for set-valued non-autonomous and random
dynamical systems and formulate sufficient conditions ensuring the existence of a
pullback attractor for these systems.

A pair (2, 60) where 0 = (0;)cr is a flow on Q, that is,

0:RxQ—Q,
0y = idgq, Oryr =000, =00, fort, 7 €R,
is called a non-autonomous perturbation.

Let P := (2, F,P) be a probability space. On this probability space we consider
a measurable non—-autonomous flow 6 :

6:(RxQBR)®F)— (Q,F).

In addition, P is supposed to be ergodic with respect to 6, which means that every
f;-invariant set has measure zero or one for ¢ € R. Hence PP is invariant with respect
to 6;. The quadruple (2, F,P, ), which is the model for a noise, is called a metric
dynamical system.
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If we replace in the definition of a metric dynamical system the probability space
P by its completion P¢ := (Q, F,P) the above measurability property is not true
in general (see Arnold [2, Appendix A]). But for fixed ¢ € R we have that the

mapping

O : (QF) — (Q,F)

is measurable.

Let X = (X,dx) be a Polish space. Let D : w — D(w) € 2% be a multi-
valued mapping. The set of multi-functions D : w — D(w) € 2% with closed and
non-empty images is denoted by C(X). Let also denote by Py (X) the set of all
non-empty closed subsets of the space X. Thus, it is equivalent to write that D is
in C(X),or D:Q— Pr(X).

Let D : w — D(w) be a multi-valued mapping in X over P. Such a mapping is
called a random set if

inf dx(x,
w — yelg(w) x(z,y)

is a random variable for every x € X. It is well known that a mapping is a random
set if and only if for every open set O in X the inverse image {w : D(w) N O # 0}
is measurable, i.e., it belongs to F [13, Proposition 2.1.4].

Clearly, this is also valid if we replace P by P¢ and F by F. It is straightforward
to see that, if D is a random set with respect to P, then it is also random with
respect to P¢.

We now introduce non-autonomous and random dynamical systems.

Definition 2.1. A multi-valued map G : Rt x @ x X — Py(X) is called a
multi-valued non-autonomous dynamical system (MNDS) if

i) G0,w,-) =idx,
ii) G(t +7,w,z) C G(t,0,;w,G(T,w,x)) (cocycle property) for all t,7 € RT x €
X,we .

It is called a strict MINDS if, moreover,
iii) G(t+ 1,w,z) = G(t,0,w,G(T,w,x)) forall t,7 € RT, z€ X,weN.

An MNDS is called a multi-valued random dynamical system (MRDS) if the
multi—valued mapping

(t,w,z) = G(t,w, )
is B(RT) ® F ® B(X) measurable, i.e. {(t,w,z) : G(t,w,z) N O # 0} € B(RT) ®
F ® B(X) for every open set O of the topological space X.
For the above composition of multi-valued mappings we use that for any non-

empty set V C X, G(t,w,V) is defined by

G(t,w,V) = ] G(t,w,0).

o€V

We now formulate a general condition ensuring that an MNDS defines an MRDS.
We need the particular assumption that €2 is a Polish space and F the associated
Borel o-algebra.
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LEMMA 2.2. [6, Lemma 2.5] Let 2 be a Polish space and let F be the Borel
o—algebra. Suppose that (t,w,x) — U (t,w,x) is upper-semicontinuous. Then this
mapping is measurable in the sense of Definition 2.1.

A multi-valued mapping D is said to be negatively, strictly, or positively invariant
for the MNDS G if

C
D(Ow)=G(t,w,D(w)) forwe N, t R,
D

Let D be the family of multi-valued mappings with values in C'(X). We say that
a family K € D is pullback D-attracting if for every D € D

lim distx(G(t,0_w, D (f_w)), K(w)) =0, for all w € Q.

t—+o0

B € D is said to be pullback D-absorbing if for every D € D there exists T =
T(w,D) > 0 such that

G(t,0_tw,D (f_4w)) C B(w), for all t > T. (1)

The following definition provides the main objective of this article. We have to
introduce a particular set system (see Schmalfufi [19]). Let D be a set of multi-
valued mappings in C'(X) satisfying the inclusion closed property: if we suppose
that D € D and D’ is a multi-valued mapping in C(X) such that D'(w) C D(w)
for w € Q, then D' € D.

Definition 2.3. A family A € D is said to be a global pullback D-attractor for
the MNDS G if it satisfies:

(1) A(w) is compact for any w € 2;
(2) A is pullback D-attracting;
(3) A is negatively invariant.

A is said to be a strict global pullback D-attractor if the invariance property in
the third item is strict.

A natural modification of this definition for MRDS is the following.

Definition 2.4. Suppose that G is an MRDS and suppose that the properties of
Definition 2.3 are satisfied. In addition, we suppose that A is a random set with
respect to P¢. Then A is called a random global pullback D-attractor.

Now we recall two general results on the existence and uniqueness of pullback
and random attractors associated to MNDS and MRDS respectively, which were
proved in [6].

THEOREM 2.5.  Suppose that the MNDS G(t,w,-) is upper-semicontinuous for
t >0 and w € Q. Let K € D be a multi-valued mapping such that the MNDS
is pullback D-asymptotically compact with respect to K, i.e. for every sequence
tn, — 400, w € Q every sequence y, € G(t,,0_y,w, K(0_y w)) is pre—compact. In
addition, suppose that K is pullback D-absorbing. Then, the set A given by

Aw) = JG 0w, K (0_w)) (2)

s>0t>s
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is a pullback D-attractor. Furthermore, A is the unique element from D with these
properties. In addition, if G is a strict MNDS, then A is strictly invariant.

Remark 1. When the property A € D is not satisfied, some difficulties may appear,
for example, in proving the strict invariance of the attractor. This is the case if D
is just the set of all bounded subsets of X (see [9]-[10]).

THEOREM 2.6. Let G be a MRDS. Under the assumptions in Theorem 2.5, let
w— G(t,w, K(w)) be a random set for t > 0 with respect to P¢. Assume also that
G(t,w, K(w)) is closed for allt > 0 and w € Q2. Then the set A defined by (2) is a
random set with respect to P¢, so that it is a random global pullback D-attractor.

3. Setting of the problem

Let us consider the lattice stochastic system

du; dw; (t
© = v (uim1 — 2w + uig1) — hi (W) — fi (ui) + ag i ), i €7,
u; (0) = uf,
where u = (u;);cy € 2, u = (u?)ieZ cl?,v>0a= (ai)icz € 12, w; are

real independent two-sided Brownian motions (so they satisfy w; (0) = 0) and
fishi : R — R, ¢ € Z, are functions satisfying the following conditions:

(H1) For all z € R,

hi(z)x > « |a:|2 — 1,

|hi (z)] < Bz + cay,

where ¢; € 1!, ¢5 € l2,027,~ >0,a0,0 > 0.

(H2) For all x € R,

fi(@)z > ~y|zlP — e34,

i ()] < nlafP~ + cay,

where p > 2, ¢c3 € ll, C4 € 12,0471‘ >0, v,n>0.

(H3) The maps h;, f; : R — R are continuous.

We define the operators A, B, B* : [? — [ given by

(Bu); = ujp1 — w4, (B*u), = ui—1 — u;,

(Au)z = —U;j—1 + 2U; — Ujt1-

It is easy to see that A = B*B = BB* and (B*u,v) = (u, Bv), for all u,v € %
where (-,-) denotes the scalar product in /2.

Using conditions (H1)—(H2) it is not difficult to see that the Nemytski operators
foh: 1 — 1% given by f (u) = (fi (u));ez, b (w) = (hi (u;));e7 are well defined. On
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the other hand, we can obtain the following estimates for the norms of f (u),h (u) :

2 2 2 2
I8 (@I < 3 (eai + Bluil) < 2 (lleal + 82 Jull.) ()
1€EZ
2
2 —1 2 2p—2
1 @l <7 (eas+n ™) <2 (llealls + o2 lul272)
1€EZ

2 2p—2
< C (lleall + ulF2)

Moreover, the maps f, h are continuous and weakly continuous.
LEMMA 3.1. The maps f,h: 1> — 12 are continuous.
Proof. Let u™ — u in [2. It is clear that for any e > 0 there exist kg (¢) such that

Z ‘“?{2 <e Z leail” < e, Z [u?|? < €, Vn.

li|>ko [i]>ko [i|>ko

Also, by (H3) we can choose nyg (€, ko) such that if n > ng, then

S i) i (w0 < e

|i|<ko

Therefore, using (H2) we obtain

I )y = £ (@)= 37 [ @) = £ @O+ D (i ) = fi (ud) [

i|<ko 7| >ko

<eta Y (leaal+ 02 [ PE) 44 37 (Jeasl + 0 [u77)

|i|>ko |i|>ko

< 9¢ + 4Cyn? Z lu?|? + Z |u?|2 < Cle,

li|>ko li|>ko

where Co = Sup;cz nenu{o} |u?|2p74. Thus, f (u™) — f (u°) in [?, which implies the
continuity.
For A the proof is similar. O

LEMMA 3.2. The maps f,h: 1> — 1% are weakly continuous.

Proof. We note that as the space 1% endowed with the weak topology satisfies the
first axiom of countability, it is not difficult to show that f is weakly continuous if
and only if u, — ug weakly in [ implies f (u,) — f (uo).

Take an arbitrary & € 2. Then for any ¢ > 0 there exists K (¢, &) such that
D> K, &|* < €. Due to (4), if |lull;2 < R, then there exists M = M (R) such that
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w)|l,, < M. Thus if u — u weakly in [2 we have
£ (w)ll; y

(F @) = f (@), Ol < D 1(fi (uf!) = fi (i) &
\

i|<K,

+ (I @l + 1 @) | D 16l

|i|> K

<Nele | D0 1) = fi ()P | +2Me,

li| <K

€ .
for some M. For any ¢ > 0 we choose ¢ = i Since wu] — wu; for

all 7 and f; are continuous, we obtain the existence of Nj(g,£) such that

(ZMSKl ’(fl (u?) — fi (ul))‘Q) : < 2 HZHP (fOI‘ £# O) Hence

[(f (") = fu),8)| <eifn > Ni.

For h the proof is similar. O

We rewrite (3) in the abstract form

" aw
= = —vAu—h(u) = f (u) + —. (5)

u(0) =u’ € 12

We will transform equation (5) into a random one by using a suitable change of
variable.

First let us describe the probability space associated to the Wiener processes w;.
Let W (t,w) (W (t) for short when no confusion is possible) be the white noise with
values in the space % given by

W (t,w) = (aw; (1)) € 12
with the probability space (€2, F,P), where
Q={weC(R1?):w(0)=0}=Co(R,1?).

F is the Borel o-algebra on 2 with respect to the compact open topology and P is
the Wiener measure on F. If we define the shift operator

Ow () =w(-+1t) —w(t), for t € R,

then we obtain the metric dynamical system (Q,}" , P, (Ht)teR)'
We consider the filtration on €2 given by

Fl=c{W(n)-W(n):s<n <m <t}
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where o{W (12) — W (11) : s < 11 < 19 < t} is the smallest o-algebra generated
by W (13) — W (1) for all 71,7 satisfying s < 71 < 75 < t. We have the property
0 FL = FLn

The completion of (2, F,P) will be denoted by (Q,f, @).

We introduce now an Ornstein-Uhlenbeck process in 12 on the metric dynamical
system (Q,f, P, (at)teR) generated by the Wiener process. Namely, put

0
z (Ow) := —a/ e O (s)ds,

—00

where a > 0 is taken from condition (H1). This integral makes sense for every
path w having sub-exponential growth. It is well known that z solves the stochastic
differential equation

dz + az = dW (1),

ast — z (fw) is a 0, invariant stationary solution known as the Ornstein-Uhlenbeck
process. This process is adapted with respect to F* __, where

Fl o= \/FL

s<t

Moreover, there exists a -invariant set ' C Q of full measure such that the
mapping s — z(fsw) is continuous for each w € Q' (so that the process has
continuous trajectories) and

lim M =0 forall we Q. (6)

t—+00

Also, z (fyw) has sub-exponential growth, which means that

+
L log® 2 (6)]

. /
Jim . =0, for w e Q. (7)

See [3] for more details.

Remark 2. In the sequel, all the statements are understood to hold on a 6
invariant set ' C Q of full measure, although we shall write for simplicity that
they are true for any w € Q. That is, we keep the notation Q for the set €V'.

We now perform the change of variable v (t) = u (t) — z (6w), and problem (5)
turns (formally) into

Y e v = B0+ 2 (0w) — f (v + 2 (0w)) + a2 (0) — VA= (O

v(0) =" =1’ — 2 (w).

Let ¢¥ : RT x > — [? be the Nemytski operator given by

gf (t,vi) = hy (v + 23 (Gw)) + fi (Vi + 2 (Ow)) — az; (Ow) + v (Az (Bw)), , @ € Z.
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From (H1) — (H2) we obtain that, for every = € R,

gF (tx)x = hi (x + 2z (Qw)) z + fi (z + 2 (Ow)) v — az; (Ow) z + v (Az (bw)), x
> alz+ 2 (0w)|” — hi (z + 2 (Bw)) 2; (Bw) — c1,
+ )T+ 2 (6w) " — fi (2 + 2 (Bw)) 2i (G1w) — 34
— oz (Qw)x + v (Az (Qw)),
> a|z + 2 (0:w))7 = B (|2 + 2 (0:w)| + c24) |2i (Bew)| — 14
+ylz+ 2 (Gw)” —n (|$ + 2 (0P + C4,@'> zi (Oiw) — 3

— oz (Qw) z + v (Az (w)), x.

Using Young’s inequality and
2«
alz+ 2 (Ow) > 7= [of = 20|z (Ow)]*,

we have

a
¢ (ta) o> S o — K (|5 0w)? + 5 0w)P + (A2 Q) ) (9
—C14 — C3,i — C%,@' - Cz21,z‘-
On the other hand, and thanks again to (H1) — (H2), we obtain

1g¢ (t,2)] < Bl +n)zP™" + e + eay + alz (Bw)| + v [(Az (Bw)),].  (10)

Since s — z (Asw) is continuous for every w € €, it follows from (9)-(10) and the
definition of the operator A, that the following properties hold:

(G1) For all z € R,
g¢ (@) x> Mal® = dii (1),

where A >0, d; € C ([O,T],ll) for any T' > 0.
(G2) For all z € R,

lgf (¢, )] < C(|2]) 2] + d2i (1),

where dy € C ([0,T),1?) for any T > 0, dg; > 0, and C'(-) > 0 is a continuous
increasing function.
(G3) ¢¥:[0,T] x R — R are continuous.

Remark 3. Of course, the elements di,ds depend on w but we omit this for sim-
plicity of notation.
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Let F“ : RT x 2 — I? be defined by F (v) = —vAv — ¢g* (t,v). Then (8) is
rewritten as

dt (11)

By (4) and ||Av||;2 < 4]|v||;z we have

1F= (10l < B (14 ol + o+ 2 (0 + o+ 2 (0 [ + 12 (B

< Ry (14 ol + ol + 1= Bl + 2 @) 7). (12)

From the continuity of the maps h, f : [? — [? and t — 2z (6;w) we obtain that
the map (t,v) — F“ (t,v) is continuous for any w € .

From the weak continuity of the maps h,f : > — [, and the continuity of
t — z (Aww), we obtain that the map (¢,v) — F“ (¢,v) is weakly continuous for any
w € Q. Hence, by [16, Theorem 2 and Remark 2], for any v° € [? there exists at
least one solution v () = v (,w,v?) € C* ([0, ], 1?) defined on some interval [0, o].
The same result can be obtained arguing as in [17]. Also, by standard arguments
it can be proved that every solution is defined on the whole interval [0,7], and,
moreover, it can be extended to a global one in [0, 00) (see [17]).

Now, we say that u(-) = u (-, w,u") is a solution of (5) with initial data u"
if u(t) = v(t) + z (fw), where v (-) is a solution of (11) with initial data v" =
u’ — 2 (w). Hence, our intention is to study the asymptotic behaviour of such
generalized solutions of (5).

4. Existence of the global attractor

Let S (UO, w) be the set of all solutions to (11) corresponding to v" € I? and w € .
We define the multi-valued map G : RT x Q x I? — P(I?) as follows

G(t,w,u®) = {v(t) + 2 (Ow) : v(-) € S(W® — z (w) ,w)}.
In the sequel let us consider the system D given by the multi—valued mapping
D in [? with D(w) C Bp2(0, o(w)), the closed ball with center zero and radius o,

which is supposed to have a sub-exponential growth, i.e.

log™ o(Oww)
t—=o0 t

=0 forweq.

D is called the family of sub-exponentially growing multi-functions in C(I%). Of
course, the property on D given in Definition 2.3 holds.

The following lemma can be proved in a standard way (see e.g. [9, Proposition
4] or [6, Lemma 5.1]).

LEMMA 4.1. The map G satisfies G(0,w,-) = idx and G(t + T,w,z) =
G(t,0,w,G(T,w,x)) forallt,7r € RY x €l? weN.
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4.1 The non-autonomous attractor

In this section we prove the existence of a strict global pullback D-attractor.
We first show the existence of a pullback D-absorbing set K € D.

LEMMA 4.2. The set defined by
Kw)={ye€ Piy=v+z (w) with ||v|| < R(w)}, (13)

where R? (w C’f <\9 2 (W)||% + 6.2 (W)l + 1) dr , for some C > 0, is
sub—emponentmlly growing and pullback D-absorbing for G.

Proof. Taking the scalar product of (8) with v, and using (9) and I? C IP we have

d
S oll3 +2v (Av,0) + o olh < & (12 (6) I3 + 11z ), +1)
< Ca (12 (0) I + 1z (6w} + 1) .

By Gronwall’s lemma

o ¢ 0,0) [ < 7 "

t
b O [ e (a0 + s 0w+ 1) do.
0
(14

Put

0 3
R(w) = <2Cg/ e” (HHTz W)5 + 11672 (@)% + 1) dT) :
Since z (fw) has sub-exponential growth, this random variable is well-defined
and sub-exponentially growing (this can be shown by arguing as in [3, p.13]
or [8, Lemma 4.6]). Also, the ball K (w) is pullback D-absorbing for G. In-
deed, for every y € G (t,0_w,B(0_w)) there exists a solution v (¢,0_w,°)
of (8), with v* = 02 (0_yw) = u® (0_4w) — 2 (6_w), v’ € B(H_4w), such that
y =v (t,0_4w,v° (§_w)) + z (w). We note that z has sub-exponential growth and
that B € D, so that

lim ||u® (6_w) — 2 (0 o =0 for all w € Q.

t——+o00

w)le”
Thus (14) implies the existence of T (w, B) such that
[|v (¢, 0—1w, 0" (0_4w)) le < R(w),

and then y € K (w), if t > T (w, B). O

Further we will prove that G is pullback D-asymptotically compact with respect
to K (w).

Define a smooth function 6 satisfying

0

IAIN

0,
O(s)=¢0<
1,

I\/f-'il/\
[\')\_/Cn
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Obviously |0'(s)| < C, for all s € RT. Put pn,; := 0 <‘iN|

First, in the following lemma we establish suitable estimates of the tails of the
solutions.

LEMMA 4.3. Let K (w) be the absorbing set given in (13). Then, for every e > 0,
there ezist T (e,w) > 0 and N (e,w) > 0 such that any solution wu () of (3), given
by u(t) =v(t)+z (W), withv(-) € S (v (I_w) — 2 (0_w) ,0_w) and ug (f_w) €
K (0_4w), satisfies

Z lui (£, 0w, ug (0_w))|> <€, for all t > T (e,w) .
|i]>2N (e,w)

Proof . Consider the random equation (8) with v () = u (t) — 2 (fyw) and (2;),cq =
pN,iv;. Taking the inner product of (8) with (z;),cy, in [* we have that

2dthNZ’vl‘ :—VZ(BUZ‘,B.%'Z ZpN’ i (v + 2 (Ow)) v

i€Z i€Z i€Z
= onifi(vi+ 2 (0w) vi + @Y prizi (Ouw) v
i€Z icZ
—v Z pn,i (Az (Bw)); vi. (15)
i€z

Now, we estimate the terms of the right-hand side of (15) in several steps.
Step 1 First, in a similar way as in Lemma 4.1 in [3] we obtain

D
> (Bui,Bai) =y pnilvist —vil* - N lollz (16)

1€Z 1€EZ

where D = 2C and C satisfies |6/ (s)| < C.
Step 2 Second, we have

—ZpNZ (vi + 2 (Bw)) ZpNz (vi + 2) (i + 23) — hi (v + 2;) 2]
i€Z 1E€EZL

and using conditions in (H1) we obtain that

- ZPNZ 7 Uz + Zq (atw))

€L

< ZPN,Z' (Cl,z’ —alv + Zi|2) + ZPN,Z' (Blvi + zil |zi| + c2,i |2i]) -
i€EZ €L
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From here, using Holder’s inequality,

- ZPNZ 7 Uz + Zq (atw))

€L

«
<D onilenl =5 D pvilul® +a) pnlal

SY/ 1E€EL 1E€EL

1 1 o
t3 > pnileadl” + 3 > onilal? + 1 > o <\Uz’\2 + !Zi!2>

USY/ 1€Z 1€Z

232
+ o ZpN,i |Zi|2,

iE€EZ

where we have used the inequality |ul* = |u + s — s|* < 2 <|u + 52+ |s|2>, and

whence |u + s|* > 1 lul? — |s|*. Then,

(6%
_ZpNz ) Uz+zz (atw (% <ZPNZ (‘Clz’+‘021’ >_ZZPN,i‘Ui‘2 (17)

1€Z 1€Z 1EZL

1 232
- <a+ 5T +—> > pwilal®

€L

Step 3 In this third step, we estimate the term concerning f. Using Young’s inequality
and the condition (H2) we obtain that

- Z pnifi (vi + zi (Bw)) v;

€L

= — Z pnifi (vi + z;) (vi + 2) + Z pnifi (vi + 2i) 2

1€Z €L
< Z PN,iC3i — ZpN,i vi + zi|” + Z PN i [77 o + 2" + e |2l
i€Z i€Z i€Z
< Z PN,iC3i — % ZPN,z’ vi + zi|” + K1 (p,v,m) Z pn,i |zl
1€EZL 1€EZ 1€EZ
+ Z PN, |2i] cai
icZ
SZPN,Z‘ (63,i+C4Z 2C ZPNZ|UZ| +K2ZpNz|Zz|
1€Z P ez 1€Z
1
+5 2 pvilal”, (18)
icZ

where K is a constant depending only on ~, p and 7.
Step 4 As for the fourth term,

o
a)  pnaizi (Bw) vi < 3 > onalvil? +20>  pnilal (19)

1€Z 1€Z 1€Z
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Step 5 Finally

—v Y pni(Az (), vi

il

=—v Z Bz B (pn,ivi)
iez

= —VZ (Zi41 = 2i) (PN,i4+1Vit1 — PN,iV3)
iz

=—v ZPN,Z‘+1U¢+1 (zix1 —zi) + v ZPN,M (zit1 — 2i)
i€z i€z

(6%
1—62PN,z' il + Kz Yzl (20)

i€z lij>N—1

IN

Then, from (16)-(20), and simplifying, we have that

d o
pr Y pnilvil® + 3 > pwilvil?

1E€EL 1€Z
2Dv
< S Il 23 o (lenal + lesl + leaal® + lead?) (21
IE€EZ
+ Ky Z 2 + K5 Z T
li|>N—1 li| >N

where D, K, and K5 only depend on the parameters of the problem.
We take Ny (€) verifying that

— 2 PN (’Cl,i""’CS,i""’C?,i’ + |ea,il ) <

1€Z

e

Thanks to Gronwall’s lemma,
> pwilvi (tw,vo (@)
1EL
<e 5 i lvog (w))? (22)

€L

b . 2vD €
—g(t—s)_ o 22 d =~
+/0 € N H/U (S,W,UO( ))Hl S+ 4

t
'+K5/eat@ S @)+ Sz 0w ds.
0

[i|>N—1 [i|>N-1

Now, after replacing w by #_,w we can estimate this expression in several steps.
Step 1 For the first term, using the definition of the absorbing set in Lemma 4.2 and
up (0—w) € K (_w), we can find T} (¢,w, K) > 0 such that

e 5! ZPN,i w0 (B-w)|* < e S R* (§_w) <
i€l

€
47
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for t > Tj.
Step 2 For the second term, using (14) we have

N/ e 579 v (s, w, v0 (0_4w))||% ds

- —5(t=s),~as|,,0
< N/ e e |jv

—i—CQ—/ / e~ 5 (t=s)g—a(s—r) (HZ( r— tW)le-l-Hz( — tw)H )drds.

2 ds

Then, we estimate the two last integrals. On the one hand,

-2t

t
,ds < N Hvo (0_w) 2 e

,g,, 2
x [ el p

and, on the other hand, using that ||z (w)| is sub-exponentially growing, and
z (fyw) is continuous in ¢, we have that

CQN / / —2(t—s) ,—a(s—7) <||Z (Qr—tw)H?z + ||z (9,1715(4;)”1;’2 + 1) drds

ok -

82
< CQ—N (1+4r(w)),

mlp

ew(t I (w) 4 1) drds

where 7 (w) has sub-exponential growth [2, p. 189]. Then, we can find N; (€, w)
large enough such that

o

N/ e 5 v (s,w, vp (0 tCt)))||lgdS<8D ,if N > Ny, forallt > 0.

Step 3 Finally, we estimate the last term in expression (22). For this, we consider an
arbitrary T* > 0, to be determined later on, and we take ¢ > max {77, 7*}. Then

t
Kq / 2L S W)+ S (s G| ds
0

[i|>N—-1 i >N—1

0
:Kﬁ/ e | Y laBw)P+ D |z ()P ds

-t ji|>N -1 li|>N-1

and we split the integration domain in the last integral, (—¢,0), into two others,
(—t,—T*) and (=T*,0). Then, we can estimate these new integrals.

Again, using that ||z (w)||;» has sub-exponential growth and z (f;w) is contin-
uous in ¢, we have that

o *

N 1 o
K6/t ess[llzwsw)\li+llzz (st)\lf’p] ds < Ky (w) —e w6l
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Then, if we take T* > % log (%) we have that

_T*
Ko [ e8 [lz 0w} + s 0.0l ] ds < 5.

—t

| o

As for the other integral we use Lebegue’s theorem to find Na (€, w, T*) such
that, if N > Ny,

0
ag €
Kﬁ/ e | Y e )P+ Dz (0w)]? ds < 2.

ji|>N-1 i|>N-1

Then, if we take N > max{No, N1, No}, N > N and T (e,w) > max{T}, T*}, we
deduce from (22) that

> i (0w, w0 (0—w))* <Y pwvii [vi (04w, v0 (0w))|* <€, if £ > T.
[i|>2N i€EZ

This implies that

> Tui(t 0w, up (- w))f

[t]|>2N (€,w)
<2 Y (0w (0-w)P+2 0 Dz (W)
|i|>2N (e,w) |4|>2N(e,w)
< 4e,
forsomeNzN,iftZT. O

LEMMA 4.4. G is pullback D-asymptotically compact with respect to K € D.

Proof. Let w € Q. Consider {t,}nen with lim, ,ot, = —oo and " €
G (tn,0-¢,w, K (0_,w)). We can find 2" € K (f_; w) such that

" e G(ty,0_¢,w,2").

We will show that {£"}, . possesses a convergent subsequence.

Let T (w, K) be the time such that G (t,0_w, K (0_w)) C K (w) if t > T'. There
exists ng verifying that t,, > T (w), for n > ng. Then {¢"} C K (w), so it is weak
convergent, that is, there exists ¢ € I2 and a subsequence such that

£" — ¢ weakly in [2. (23)
We shall check that this convergence is, in fact, strong.

Let € > 0 be arbitrary. Using Lemma 4.3 we obtain the existence of n (e, w),
My (e,w) such that

Sl <e it n =

|i]>Mo
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Also, as & € (2, one can find M (¢) > My such that

ST lal® <e if M > M.
=M

We take M (¢,w) = max{My, M;}. The weak convergence (23) ensures that for
each |i| < M,

& — & as n — 0.

From this convergence, there exists ns (M, €,w) > ny such that

Z lEn — & <e, if n > ny.

li|<M

Then, using these estimates for n > ns we have that

Z\é}n—fi\z < Z & — &2+ Z & — &I

i€Z li|<M |i|>M
Se+2 Y fGlP+2 Y € < e
li|>M li|>M
The proof is therefore finished. O

Let us now prove other properties of the cocycle G.

LEMMA 4.5. Let v"" be a sequence converging to v° in 12 and fix T > 0. Then,
for any w € Q and € > 0, there exists K (¢,w) such that for any solution v" (-) €
S (von,w) it follows

S WP <e vieeloT). (24)
[i[>2K (ew)

Moreover, there exists v (-) € S (vo,w) and a subsequence v™ satisfying
™ — v in C([0,T],1%). (25)
Proof. For any € > 0 there exist K (€), N1 (¢) such that

Z o — v?|2 < i, Vn > Ny,
€L
ZpK’i ‘U?E < i, VK > Kj.
1€EZ

Hence,

ZPK’i ‘U?n‘Q < 2 (Z PK,i ‘U?n — U?‘Q + ZPK’i ‘U?f) < €, (26)

1€EZL 1EZL 1€Z
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if n > Ny and K > K;. Obviously, modifying K appropriately, the result holds
true for all n. Also, in view of (14), there exists Ry (w) > 0 such that

[0" (D)l;2 < Ro (w), ¥t € [0,T],Vn. (27)

Using inequality (21) and the continuity of ¢ — z (6,w), one can find K5 (€,w) such
that

d 2 .
pn ZpK,i lvt|” <€, if K > K.
1EZ
Integrating over (0,¢) and using (26) we obtain

Yo W OP <Y prilf (O < e+ Te, (28)

li|>2K () i€l

if K > max{Kj, K5}, so that (24) holds.

Fix now t € [0,T]. In view of (27), passing to a subsequence, we can state that
v™ (t) — w weakly in (2. Then, for any o > 0, there exist Ny (¢) and K3 (o) such
that

o () —wllp < > ol (@) —wil+ Y0 o (1) —wif?

li|<Ks(o) |i]>K3 (o)
< S o -wl+2 > P+ Y fwi@®)
li|<Ks(o) J4é]>Ks( ) |i]>K3 (o)
<o,

if n > Ny. Hence, v™ (t) — w strongly in [2. It follows that the sequence v™ (t) is
pre-compact for any ¢. By (12) and (27),

| F< (t,0" (t)||% < C (w), ¥n €N, Vt € [0,T],

)

d
and from the equality avf = I (v]') we obtain that

<Cp(w),

i)

pria )

proving that the sequence v™ is equi-continuous. The Ascoli-Arzela theorem implies
the existence of a subsequence v™ converging in C ([0, T7],1?) to some function v (-).
It is then easy to show that v is a solution of (11). Also, it is clear that v (0) = v°.

O

Lemma 4.5 implies several consequences.

COROLLARY 4.6. For anyw € Q andt > 0 the graph of the map u® — G (t,w,uo)
is closed. Hence, G has closed values.

Proof. For " € G (t,w,ul)) there are v,(:) € S(u)—z(w),w) such that
& = v, (t) + 2 (fw). Assume that " — ¢ and u) — u’. Applying Lemma
4.5 we obtain, passing to a subsequence, that v, — v in C([O,t] ,l2), where
v(-) €S (u® - z(w),w) . Therefore, { = v (t) + 2z (Bw) € G (t,w, u’). O
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COROLLARY 4.7. G is a strict MNDS.
Proof. Tt follows from Lemma 4.1 and Corollary 4.6. O
COROLLARY 4.8. For anyw € Q andt > 0, the map G (t,w, ) has compact values.

Proof. Let & € G (t,w,uo) be an arbitrary sequence. Take v, (-) €
S (u’ — 2z (w) ,w) such that " = v, (t) + z (fw). By Lemma 4.5 there exists
v(-) € S(u’ -z (w),w) satisfying v,, — v in C ([0,¢],1?) for some subsequence.
Hence, £™ = vy, (t) + 2 (Ow) — v (t) + 2 (fw) € G (t,w,u’) in 1. O

PROPOSITION 4.9. For any w € Q and t > 0, the map u° — G (t,w,uo) 1S upper
semi-continuous.

Proof. Suppose the opposite. Then there exist u”, ¢ > 0, a neighborhood O of
G(t,w,uo) and sequences ul) — u’, " € G(t,w,ug) such that &" ¢ O. Let
§" = vy (t) + 2 (Bw), where v, (-) € S (u) — z (w) ,w). By Lemma 4.5 we obtain
that, up to a subsequence, v,, — v in C ([O,t] ,12), where v () € § (uo — 2z (w) ,w).
Thus, " — v (t) + z (bw) € G (t,w,u") in [?, which is a contradiction. O

Finally, we have the following result.

THEOREM 4.10. The MNDS G possesses a unique D-pullback global strictly in-
variant attractor A(w), defined by (2), where K (w) is the set given in (13).

Proof. This theorem follows from Theorem 2.5 using Corollary 4.7, Lemmas 4.2,
4.4 and Proposition 4.9. O

4.2 The random attractor

In order to obtain that A (w) is a random pullback D-attractor we need to check
that it is a random set. And, to prove the measurability of the global attractor
A (w) we need to obtain some properties concerning the map w — G (t,w, K (w)),
where K (w) € D is the pullback D-absorbing set given in Lemma 4.2. Also, we
have to prove that G is an MRDS.

For N € N, we consider the sets

Oy ={weQ: ||lwt)|e < Neft, for t € R}, (29)

where 0 < p{ < «. Then it is not difficult to check that 2 = UyQpn and Qn € F.
It is shown in [7] that Qu is a polish space for any N.
We need the continuity of the map Rx Qn 3 (t,w) — z (fw).

LEMMA 4.11. For any N € N there exists M (N) such that
12 (Ge)llpe < M,

for allw € Q.
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Proof. We have

0 0

Iz (Br)l;> < a/ e [0 (s)]| ds < a/ e [lw (4 5) [ ds + [|w (8)]]

—00 —00

0 0
< aN/ esellitslgs 4 Nellth < NeSlt <1 + Oé/ e(aos>
—0o0 —00

<N <1 + L) el
a—¢

LEMMA 4.12. The map Rx Qy 3 (t,w) — z (Qw) is continuous.

Proof. Let t, — to, w, — wp. Then

|z (0, wn) — 2 (Or,wo) ||z =

0 0
a/ €0 wy (s)ds — a/ e, wo (8) ds

—00 —00

12

0
< a/ e |0, wn (5) — Orowo (5)]),2 ds

—00

0
<a [ e st ta) —wn s+t ds + o () = 0 (o)l

—00

Due to the definition of Qy we have |w, (7) —wo (Tl < |lwn (Tl +
lwo ()l < N (e8Il + €¢1) . Thus, for any e > 0, there exists T (¢) > to (and
then, without loss of generality we can assume that T (¢) > ¢,, also) such that

=T _ =T
a/ € |lwn (5 + tn) — wo (s + to)l|,2 ds < 2aN el / ela=0s g < %
—0o0

—00

where [to| < || (and thus, again, we can assume |t,,| < [¢|). Thus, if we take
no (e, T (g)) such that ||wy (s+t,) —wo (s +to)|l. < €/3, for any s € [T, 0] and
n > ng, then we get

|z (04, wn) — 2 (Br,wo)]l 2 < €, if n > ny.

O

Let Fq, be the trace o-algebra of F with respect to Qy and let Bq, (a,r), a €
Qn, r > 0 be a ball in Qp. These balls can be generated by Bq(a,r) N Qy where
Bgq(a,r) is a ball in Q. The same is true for all open sets in Qy. Hence Fq, is just
the Borel-o—algebra of 2. Moreover, since Qy € F we have Fq, C F.

Let us define

Po,(A) :=P(A), for A € Fq,,
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that is, P, is just the restriction of P to Fq, . Also, let Fq, be the completion of
Fa, with respect to Pq,,.
The following facts are proved in [7]:

(1) Pq, is a finite measure on (Qy, Fa, ).
(2) If A € Fq,, then A € F.

Now we establish the continuity of the random radius R (w) given in Lemma 4.2
over Qy.

LEMMA 4.13. The map w — R (w) is continuous on Q.

Proof. Let w, — wg in Q. By Lemma 4.12 we have
e (1672 @r) I + 1072 )l +1) = e (11072 (w0 + 1162 (wo) 5 + 1)
as n — o0. On the other hand, by Lemma 4.11 we obtain the majorant
7 (1607 (@n) [ + 1052 () +1) < 07 + MZle=207 4 pppele=por,

which is integrable due to the restriction p{ < a.
The result follows from Lebesgue’s theorem. O

Concerning (2 we can obtain stronger properties for the cocycle G.

LEMMA 4.14. The map Rt x Qn x 2 3 (t,w,uo) — @G (t,w,uo) 1S upper semi-
continuous.

Proof. If this is not true, then there exist u%, tg > 0, wy € Qy, a neighborhood
O of G (to,wo,uo) and sequences t, — tg, w, — wo in Qy, ud — u® in 12, & €
G (tn,wn,ug) such that £ ¢ O. We will prove that, up to a subsequence, " —
Eed (to,wo, uo), which is a contradiction.

Let v" (1) € S (v, wn) be such that £" = v™ (t,) + 2z (6, wn), where v =
u" — z (wy,). By Lemma 4.12 we have that z (6;, wy,) — 2 (04, wo) and v*" — 0¥ =
u® — 2 (wp).

Due to these properties and Lemma 4.13, one can state that (26) and (27) hold
in the same way as in Lemma 4.5, where T' > t,, T > ty, and Ry is a common
constant for any w,.

Lemma 4.12 and the continuity of ¢ — z (fywg) imply that z (Owy,) — 2z (Giwo)
in C ([O, T], 12). Hence, arguing as in the proof of Lemma 4.5, one can prove that,
for any € > 0, there exist Ky (€), Nz (e) such that Y .., pk.i|2 (Orwn))? < e, if
K > K3, n > Ny. Then, using inequalities (21) and (27), we can find K3 (¢) such
that

d
7 > prilof? < e if K > K.
i€z

Similarly to the proof of Lemma 4.5 we obtain that the sequence v™ (t) is
pre-compact for any ¢. By (12), (27) and the fact that z (Qyw,) — 2z (fiwo) in
C ([O,T],l2) , we obtain

|Fr (0" ) < C, ¥n € N, V€ [0,7),
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d
and the equality EUZ" = F/”" (t,v}) implies

which proves that the sequence v™ is equi-continuous. The Ascoli-Arzela theorem
implies then the existence of a subsequence v™ converging to some function v (-)
in C ([0,77,12).

From the continuity of the maps h, f : 1> — 12 and (t,w) — 2 (6;w) it follows
that the map (w,t,v) — F¥ (t,v) is continuous. Thus, it is easy to show that v is
a solution of (11). Also, it is clear that v (0) = v°.

It follows that £™ — & = v (to) + 2z (By,wo) € G (¢, wo, ul). O

Now, the following result is a consequence of Lemma 2.2.

COROLLARY 4.15. The map (t,w,uo) — G (t,w,uo) is B(RT) @ Fq, @ B (lz)
measurable.

Further, we need some properties of the map Qn 3> w — G (t,w, K (w)).

LEMMA 4.16. Let v"" — v° weakly in 1?, w, — wo in Qn and fix T > 0. Then
there exist v (-) € S (vo,wo) and a subsequence v € S (vonk,wnk) such that

V™ — v weakly in L* (O,T; l2) ,
V™ (t) — v (t) weakly in 1% for all t € [0,T)].

Proof. At light of (14) and Lemma 4.13 there exists Ry > 0 such that
an (t)le < R07 vt € [07T] ,VTL.

Thus, by (12) and the convergence z (iwy,) — z (6wo) in C ([0,T7,1?),

[F (&0 ()] < €, Vn €N, Vt € [0,T], (30)
. d w .
and from the equality avf = F’" (v') we obtain that
iv” | <cC (31)
dt P

Hence, there exist v,y € L? (O, T; l2) such that, up to a subsequence,

d d
" — v, av” = Y Fer (0" (1)) — x weakly in v € L? (O,T; l2) )

Also, for any £ € I? we have

0.9 = (" + [ (Se)ar— (09 + [ (e)ar= i),
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dv ¢ 12 (O,T; l2). Hence,

where the last equality follows from v,

V™ (t) — v (t) weakly in 12 for all t € [0, T].

It follows from the weakly continuity of the maps h, f : 1> — [? and the continuity
of (t,w) — z (6iw) that

Fen (t, 0™ (t)) — F* (t,v (t)) weakly in [* for all t € [0,T].
Also by (30) we get
[(F= (80" (), O < CllEllz» Vn e N, vt € [0,T],
and then Lebesgue’s theorem gives

(F (t,0™ (), &) — (F* (t,v (t)),&) in L' (0,T) for all £ € 1%,

Thus,
Fo (o) =x
and
td’U t
v(t) =2° +/ —dr =" +/ F“ (r,v(7))dr, for all t € [0,T],
o dr 0
which implies that v () € S (v°,wp) . O

LEMMA 4.17. The map Qn 3 w — G (t,w, K (w)) is Fq,-measurable for any
t > 0. Also, G (t,w, K (w)) is closed for allt >0, w € Q.

Proof. Tt is well known [12, Chapter III] that D (w) is a random set with respect
to P¢ if and only if the graph of D (w), given by

Gr(D) == {(w,z) € Qy x I?: z € D(w)},

belongs to Fq, ® B(I2). Hence to prove the first statement it is sufficient to show
that the graph of the map w — G (t,w, K (w)) belongs to Fq, ® B (I?), and this
is true if the graph is closed.

Let w — wp in Qy and €" — € in 12, where £" € G (t,wn,uon) and u" € K (wy,).
We have to show that & € G (t,wo, K (wp)) . Take vy, (+) € S (u" — z (wy) ,wy,) such
that £" = vy, (t) + z (Qwp,)-

By the definition of K (w) we have that v"° = 4" — 2 (w,,) satisfies HUO" g <
R (wp). Then by Lemmas 4.12, 4.13 we obtain, passing to a subsequence, that

v"™ — 0% weakly in 2, where ||v° 2 < R(wp), and u”" — u® = v+ 2z (wp) € K (wy)

weakly in 2.
In view of Lemma 4.16 there exists v(-) € S (vo,wo) and a subsequence such
that

v™ (t) — v (t) weakly in 2 for all t € [0, T].
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Thus, " = v, (1) + 2 (0iwn) — v (t) + 2 (fswo) weakly in 12, so that & = v () +
z (Bwo) € G (t,wo,up) C G (t,wo, K (wp)) -

Since the graph is closed, it is obvious that G (¢,w, K (w)) is closed for all ¢ > 0,
w € Qpn. [l

THEOREM 4.18 . The MNDS G is an MRDS. Also, the pullback D-attractor A (w)
given in Theorem 4.10 is a random set with respect to Fq, and then it is the unique
random global pullback D-attractor for G.

Proof. Let us prove that G is an MRDS. As G is an MNDS, it remains to show
that the map (t,w,z) — G(t,w,z) is B(RT) ® F @ B(X) measurable. Let O be an
open set of 2. Then, by Corollary 4.15, we have that the set

{(t,w,z) €RT x Qn x I?: G(t,w,z) N O # 0} := An.o
belongs to B(RT) ® Fq, @ B(I?), so that Ay o € B(RT) ® F @ B(I?). Hence
{(t,w,z) e RT x QA x 12: G(t,w,z) NO # 0}

= U {(t,w,z) e RT x Qn x I? : G(t,w,z) N O # O}
N=1

= |J Avo € BRY) © F @ B(?),
N=1

and then G is an MRDS.
_ Furthermore, in view of Lemma 4.17, the map Qy 3> w — G (t,w, K (w)) is
Faqy-measurable for any ¢ > 0. Hence, for a fixed ¢ > 0, the set

{weQn:Gt,w, K (w)NO #0}:=Cno

belongs to Fq,, S0 Cno € Fo and then

{weQ:Glt,w, K (W)NO#0}t = | Cno € Fa.
N=1

Due to Theorem 2.6 the pullback D-attractor A (w) is a random set with respect
to Fq, and then it is the unique random global pullback D-attractor for G. O

Acknowledgements

This work was partially supported by Spanish Ministerio de Ciencia e Inno-
vacién, Projects MTM2008-00088 and MTM2009-11820, the Consejeria de Inno-
vacién, Ciencia y Empresa (Junta de Andalucia), Proyecto de Excelencia P07-
FQM-02468, and the Consejeria de Cultura y Educacién (Comunidad Auténoma
de Murcia), grant 08667/PI/08.

References

[1] A.Y. Abdallah, Exponential attractors for first-order lattice dynamical systems, J. Math. Anal. Appl.,
339 (2008), 217-224.



January 25, 2011

12:44

Journal of Difference Equations and Applications 102JDEArevised

REFERENCES 25

L. Arnold, "Random dynamical systems”, Springer-Verlag, Berlin, 1998.

P.W. Bates, H. Lisei, K. Lu, Attractors for stochastic lattice dynamical systems, Stoch. Dyn., 6 (2006),
1-21.

P.W. Bates, K. Lu & B. Wang , Attractors for lattice dynamical systems, Internat. J. Bifur. Chaos,
11 (2001), 143-153.

W.J. Beyn, S.Yu. Pilyugin, Attractors of Reaction Diffusion Systems on Infinite Lattices, J. Dynam.
Differential Equations, 15 (2003), 485-515.

T. Caraballo, M.J. Garrido-Atienza, B. Schmalfuf}, J. Valero, Non-autonomous and random attractors
for delay random semilinear equations without uniqueness, Discrete Contin. Dyn. Syst., 21 (2008),
415-443.

T. Caraballo, M.J. Garrido-Atienza, B. Schmalfuf}; J. Valero, Asymptotic behaviour of a stochastic
semilinear dissipative functional equation without uniqueness of solutions, submitted.

T. Caraballo, P.E. Kloeden, B. Schmalfufl, Exponentially stable stationary solutions for stochastic
evolution equations and their perturbation, Appl. Math. Optim., 50 (2004), 183-207.

T. Caraballo, J. A. Langa, J. Valero, Global attractors for multivalued random dynamical systems,
Nonlinear Anal., 48 (2002), 805-829.

T. Caraballo, J. A. Langa, and J. Valero, Global attractors for multivalued random dynamical systems
generated by random differential inclusions with multiplicative noise, J. Math. Anal. Appl., 260
(2001), 602-622.

T. Caraballo, K. Lu, Attractors for stochastic lattice dynamical systems with a multiplicative noise,
Front. Math. China, 3 (2008), 317-335.

C. Castaing, M. Valadier, “Convex Analysis and Measurable Multifunctions”, Lecture Notes in Math-
ematics, Vol. 580, Springer-Verlag, Berlin, 1977.

Sh. Hu, N.S. Papageorgiou, ”Handbook of multivalued analysis. Volume 1: theory”, Kluwer Academic
Publishers, Dordrecht, 1997.

N.I. Karachalios, H.E. Nistazakis, A.N. Yannacopoulos, Asymptotic behavior of solutions of complex
discrete evolution equations: the discrete Ginzburg-Landau equation, Discrete Contin. Dyn. Syst.,
19 (2007), 711-736 .

N.I. Karachalios, N.I., A.N. Yannacopoulos, Global existence and compact attractors for the discrete
nonlinear Schrodinger equations, J. Differential Equations, 217 (2005), 88-123.

S. Kato, On existence and uniqueness conditions for nonlinear ordinary differential equations in
Banach spaces, Funkcialaj Ekvacioj., 19 (1976), 239-245.

F. Morillas, J. Valero, A Peano’s theorem and attractors for lattice dynamical systems, Internat. J.
Bifur. Chaos, 19 (2009).

J.C. Oliveira, J.M. Pereira, G. Perla Menzala, Attractors for second order periodic lattices with
nonlinear damping, J. Difference Equ. Appl., 14 (2008), no. 9, 899-921.

B. Schmalfuf, Attractors for the non-autonomous dynamical systems, In ”International Conference
on Differential Equations, Vol. 1, 2 (Berlin, 1999)”, World Sci. Publishing, River Edge, New-York,
2000, pp.684-689.

B. Wang, Asymptotic behavior of non-autonomous lattice systems, J. Math. Anal. Appl. 331 (2007),
121-136.

Y. Wang, Y. Liu, Z. Wang, Random attractors for partly dissipative stochastic lattice dynamical
systems, J. Difference Equ. Appl., 14 (2008), no. 8, 799-817

C. Zhao, Sh. Zhou, Attractor of retarded first order lattice systems, Nonlinearity, 20 (2007), 1987-
2006.

S. Zhou, Attractors and approximations for lattice dynamical systems, J. Differential FEquations 200
(2004), 342-368.

S. Zhou, W. Shi, Attractors and dimension of dissipative lattice systems, J. Differential Equations
224 (2006), 172-204.



