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Abstract

The asymptotic behaviour of some types of retarded differential equations, with both
variable and distributed delays, is analyzed. In fact, the existence of global attractors
is established for different situations: with and without uniqueness, and for both
autonomous and non-autonomous cases, using the classical notion of attractor and
the recently new concept of pullback one respectively.
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1 Introduction

Physical reasons, non instant transmission phenomena, memory processes,
and specially biological motivations (e.g. [20], [31], [37]) like species’ growth
or incubating time on disease models among many others, make retarded
differential equations an important area of applied mathematics.
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Moreover, the asymptotic behaviour of such models has meaningful inter-
pretations like permanence of species on a given domain, with or without
competition, their possible extinction, instability and sometimes chaotic de-
velopments, being therefore of obvious interest. However, most studies use to
deal with stability concepts concerning fixed points. The study of global at-
tractors and the equations for which the existence of an attractor (and so both
stable and unstable regions) can be ensured is therefore an interesting subject.

The theory of global attractors for autonomous systems as developed by Hale
in [23] owes much to examples arising in the study of (finite and infinite)
retarded functional differential equations [26] (for slightly different approaches
see Babin and Vishik [3], Ladyzhenskaya [32], or Temam [41]). Although the
classical theory can be extended in a relatively straightforward manner to deal
with time-periodic equations, general non-autonomous equations such as

2(t) = F(t,x(t), x(t — p(t))), (1)

with variable delay, or

2 (t) = /_Ohb(t, s 2(t +9))ds, @)

for distributed delay terms, including the possibility of being h = +o0, fall
outside its scope.

Recently, a theory of ‘pullback attractors’ has been developed for stochastic
and non-autonomous systems in which the trajectories can be unbounded
when time increases to infinity, allowing many of the ideas for the autonomous
theory to be extended to deal with such examples. In this case, the global
attractor is defined as a parameterized family of sets A(t) depending on the
final time, such that attracts solutions of the system ‘from —o0’, i.e. initial
time goes to —oo while the final time remains fixed.

Moreover, in [9] this theory has been successfully extended to deal with vari-
able delay equations, and some sufficient conditions have been proved to guar-
antee the existence of pullback attractor for equation (1) (see also Cheban [12]
and Cheban & Schmalfuss [15]).

However, as far as we know, there exists a wide variety of situations of great
interest from the point of view of applications that still has not been analyzed.
For instance, delay differential equations without uniqueness (in both the au-
tonomous and non-autonomous framework), differential inclusions, integro-
differential equations in a non-autonomous context with or without unique-
ness, all the previous situations but considering infinite delays, etc...

Consequently, we are mainly interested in providing some results on two of
the previous situations: autonomous functional equations without uniqueness,



and non-autonomous functional and/or integro-differential equations with and
without uniqueness with finite delay.

The content of the paper is as follows. In Section 2 we include some prelim-
inaries on the existence of solutions to functional differential equations and
their properties. The construction of the semiflows and processes associated
to our delay models is carried out in Section 3. Some results ensuring the exis-
tence of autonomous and non-autonomous attractors are collected in Section
4. Finally, in Section 5, which is the main one, our theory is applied to some
interesting and general situations arising in applications and several examples
are exhibited.

2 Preliminaries

First, let us introduce some notation.

Let h > 0 be a given positive number (the delay time) and denote by C the
Banach space C([—h, 0]; R") endowed with the norm |[¢[| = sup,¢(_p g [¢(0)],
which is the usual phase space when we deal with delay differential equations.
However, it is sometimes useful to consider the solutions as mappings from
R into R™ (we will consider in R" its usual Euclidean topology and denote
by (-,-), |-| its scalar product and norm, respectively). Let us point out that
the case of infinite delay needs a more careful choice of the phase space (cf.
[1], [25]), but we will not get into those details here. By z; we will denote the
element in C given by x,(s) = z(t +s) for all s € [—h,0]. Also, it will be useful
to denote Ry = {(t,s) € R? t > s}.

We will now recall some well known results for a general functional differential
equation with finite delay (cf. [24, Ch.2]):

ZL’,(t) = f(ta wt)7 Tty = 77/} € C: (3)

Theorem 1 (Existence of solutions) Suppose Q2 is an open subset in RxC
and f € C(Q;R™). If (to, V) € Q, then there is a solution of (3), i.e. a function
x:[to — hyto + @) — R™ with a > 0, which satisfies (3) in a classical sense.

Remark 2 As in the non-delay case, uniqueness results hold if, for instance,
f satisfies a locally Lipschitz condition on compact sets with respect to its sec-
ond variable (cf. [24, Ch.2, Th.2.3]).

However, we will be concerned with both situations, i.e. with and without
uniqueness, establishing a more general theory.

The existence of global solutions in time of (3) is obviously essential for our
purpose. We have the following result from [24, Ch.2]:



Theorem 3 (Non-continuable solutions) Suppose (2 is an open set in R x
C and f € C(;R™). If x is a non-continuable solution of equation (3) on
[to—h,b), then, for any compact set W in Q, there is a ty such that (t,z,;) ¢ W
forty <t <b.

As a straightforward consequence of this result, we have an analogous result
to the non-delay case with non-explosion a priori estimates.

Suppose E is a metric space and denote by P(E), C(E), B(E) and K(E)
the sets of nonempty, nonempty and closed, nonempty and bounded, and
nonempty and compact subsets of E.

Definition 4 Given two metric spaces X and Y, a single (or multi-valued
resp.) mapping Y : X — Y (P(Y) resp.) is said to be bounded if for every
B e B(X), T(B) € B(Y).

Remark 5 Observe that, if the map f is only bounded, we cannot in general
ensure that the solutions of (3) are defined in the future, even in the case
without delays, as the simple example ' = x® shows.

Corollary 6 Let f € C(R x C;R™) be a bounded map, and assume that the
equation in (3) satisfies the property that possible solutions x corresponding
to an initial datum v remain in a bounded set of C, in other words,

V(t,tg) € Ry, VYpeC, 3 D= D(tty,v) € B(C) such that
V solution x(-) of (3) defined in [ty — h,t) it holds xy € D Vt' € [to,t). (4)

Then, all solutions are defined globally in time.

Proof. By a contradiction argument, consider a non-continuable solution x of
(3) defined in [ty — h,t), with initial datum ) € C. Then, from (4) we deduce
the existence of a bounded set D = D(t, tg,v) € B(C) such that =y € D
Vt' € [to,t). Define now the set

w={p € CY([=h,0LR") : ol <IIDI, l¢'ll < sup  |f(r,n)| =M},
(r,m)Eto—h,t]xD

which is compact thanks to the Ascoli-Arzela Theorem. Thus, the set W =
[to, ] X w is compact and we can apply Theorem 3 to obtain the existence of
ty such that (t',xy) ¢ W for tyy < t' < t. In particular, for ¢y it holds that

either [z, [| > ||D] or |

Ty, H > M. The first possibility obviously contradicts



(4). For the second, observe that

x;WH N 968[25,0] xQW(H)‘

= sup |2'(tw + 0)|
0€[—h,0]

= sup |f(tw + 0, ey 10)]
0€[—h,0]

< sup |f(rn)| =M,

(rn)€Elto—h,t]xD

and the proof is complete. m

3 Semiflows and processes for retarded differential equations

In this section we aim to establish the definitions of (multi-valued) semiflows
and processes associated to our two cases under study (autonomous functional
equations and non-autonomous integro-differential equations with or without
uniqueness) and some useful properties about them.

In order to avoid unnecessary repetitions, we shall first state the results for
the non-autonomous case and will particularize later on for the autonomous
framework.

Hereafter €2 will denote the set R x C unless otherwise is specified. We also
suppose that the assumptions in Corollary 6 hold, what jointly with Theorem
1, guarantees the existence of global solutions to (3).

Since in [9] only the case containing variable delays was considered, we will
develop here most of the time our theory and applications for a mixed case of
both retarded terms, with the following canonical form

Y1) = Stz = ().t plt) + [ Oh bt s,x(t+5)ds,  (5)
x, = €C, (6)

where F' € C(R?*"™!;R") contains the dependence on the variable delays (for
simplicity, we will consider only one delay function p : R — [0, k], although the
analysis can be extended to a more general setting in a straightforward way),
and with the distributed delay term described by b € C(R x [—h, 0] x R™; R")
(which implies that f € C'(R x C;R") as can be proved by using the Lebesgue
Theorem), and such that the solutions to (5) satisfy (4).

According to Remark 2, if in addition f is such that uniqueness of solutions



holds, then the standard single-valued process can be defined as follows:
Rd xC> (t7t07w) = U(tv toﬂ/}) =T € C7 (7>

where x(-) is the unique solution of (5)-(6). However, when f is such that the
uniqueness of the problem does not hold or cannot be guaranteed, the process
will not necessarily be single-valued but multi-valued in general.

In this respect, the definition given by (7) becomes
U(t,to,v) = | J{z: : 2(-) is a solution to (5)-(6) defined globally} .

But, owing to some realistic reasons related to the models under study (e.g,
biological, physical, etc), we may be interested just in solutions which remain
in a closed subset X C C, what motivates the construction of a multi-valued
semiflow in X instead of in the whole space C. To this end, we assume that
for any 1) € X there exists at least one solution to (5)-(6) defined globally in
time and that remains in X for all ¢ > ¢y, and denote by D(tp, 1) the set of
all solutions of (5)-(6) defined for all ¢ > ¢y, which remain in X for all ¢t > t,.
Then, we can define the multi-valued process generated by (5)-(6) as

Ult,to, )= U {z}. (8)

z(-)€D(to,¥)

Let us recall this concept and some of its properties more precisely (cf. [8]).
Consider a complete metric space X which in our situation will be a closed
subset of C.

Definition 7 The map U : Ry x X — P(X) is said to be a multi-valued
dynamical process (MDP) on X if

(1) U(t,t,-) = Id (identity map);

(2) U(t,s,x) CU(t,7,U(t,s,2)), forall ze€X,s<rt<t,

where U(t, 7,U(7,5,2)) = Uycv(rs)U (£, 7, 7).

The MDP U is said to be strict if

Ult,s,z) =U(t,7,U(1,s,2)), for all x € X, s <1 <1,

Lemma 8 Under the previous assumptions the multi-valued mapping U de-
fined by (8) is a strict MDP.

Proof. It is easy to check that U is well defined and satisfies (1) in Definition
7. Let us now prove that (2) also holds. Indeed, consider ¢ € U(t, s, ). Then
from the definition of U, there exists a solution z(-) to (5) with initial datum
xs =1 and x; = ¢. If 7 > s, then z, € U(7,s,v), and as

U(t,7,2;) = {2z : 2(-) is solution to (5) with 2z, = z,},

obviously z; = ¢ € U(t, 7,2,) C U(t,7,U(T,s,v)).



To prove that the MDP is strict, let us consider ¢ € U(t,7,U(T,s,1)). Then
there exists a solution x(-) to (5) such that x, = y,, where y(-) is another
solution to (5) with initial value y; = 1. We now define

y(r), if s—h<r<r
z(r) =

xz(r), if 7<r<t

It is clear that z(-) is solution to equation (5), and it also holds that z; = ys =
¥, and z; = x; = ¢, which means that ¢ € U(t,s,1). =

Lemma 9 The map U (t,s,-) is bounded for all s <t if and only if

V(t,tg) € Ry, VB € B(X), 3 Bt tg,B') € B(X) such that (9)
Vz(-) € D (to, B") it follows that xy € B(t,to, B') Vt' € [to, ],

where D (to, B') = Uyep'D (to, ).

Proof. It is clear that (9) implies that U (¢, s, -) is bounded. The converse is
a consequence of the fact that the sets

U (to + kh, to, B")

are bounded in C ([—h, 0] ; R™) for any k € N. Indeed, for any z (-) € D (to, B')
and any s € [to, t] we have

|z (s)] < l|zto+ronll < Co,
where kg is the minimum integer such that s <ty + ksh and

Co = max su .
O o<k<k, yEU(t0+kI?L,tQ,B’) ol

For the multi-valued map F : X — 2% we shall denote
DF)={ze X | F(z) e P(X)}.

The multi-valued map F' is said to be upper semicontinuous if for any = €
D (F) and any neighborhood O of F'(x) there exists § > 0 such that F'(y) C
O, provided that p(x,y) < .

Once again the Ascoli-Arzela Theorem allows us to prove the following useful
result:

Proposition 10 Let f € C(RxC;R™) be a bounded map, and assume that the
solutions to (5) satisfy condition (9). Consider the process U : Ryx X — P(X)
generated by (5), which is therefore bounded. Then the next properties hold:



i) If t > s+ h, the process U(t,s,) : X — P(X) is compact, that is, for all
D € B(X), one has that U(t,s, D) € K(X).

ii) Given a time s € R, if §, — £ € X, and ™ : [s — h,00) — R" is a sequence
of solutions to (5) with x7 =&, then there exists a subsequence {x*}, such
that

ot —x, in X, Vt>s,

where x : [s,00) — R™ satisfies x5 = & and equation (5).
iii) For any s <t the map U (t,s,-) is upper semicontinuous and has compact
values and closed graph.

Proof. Let D € B(X), and consider any sequence of points ¢™ € U(t, s, D).
Thus, there exists a sequence of solutions of (5), 2™ : [s — h,t] — R", with
Ty =™
As t > s+ h, the solutions are differentiable and their derivatives are bounded
by
C= sup |[f(s,n)|
[t—h,t]xD
where
D= |J Ut+0,sD)eB(X).
0e[—h,0]
The uniform bound and the equicontinuity allow us to apply the Ascoli-Arzela
Theorem and conclude the compactness of U(t, s, -) for all t > s + h.
To prove ii) we proceed analogously. Observe that the condition ¢ > s+h is not
necessary now (in [s — h, s] the convergence is assumed). We have initial data
€™ at time s (converging to £ in X') and solutions from there 2™ : [s—h, 00) —
R™. The Ascoli-Arzela Theorem applied in successive steps on length A (and a
diagonal Cantor argument) implies the existence of a converging subsequence
x# to a function z : [s,00) — R™ (the convergence is uniform on compact
intervals of time).
Using

t
(1) = €(0)+ [ f0rap)ar,
by Lebesgue Theorem, we pass to the limit and obtain that

solves (5) with initial data & at time s.

Point iii) is a consequence of ii). Indeed, if the map U (¢, s, -) is not upper semi-
continuous at some & € X, then there exist a neighbourhood O of U (t, s, )
and sequences &, — &, y, € U (t,s,&,) such that y, ¢ O, for all n. But ii)
implies that for some subsequence y,, — y € U (¢, s,&), which is a contradic-
tion. The compactness of the values and the graph of U (¢, s, -) is proved in a
similar way. m



Remark 11 The above result also shows that the MDP U 1is, in the au-
tonomous multi-valued case, a generalized semigroup in the sense of Ball [4].

In the autonomous framework, all the previous results hold true but now for
the multi-valued semiflow (MSF) G : Ry x X — P(X) generated by the
autonomous functional differential equation

x’(t):F(x(t),x(t—h))—i—/_ohb(s,x(t—l—s))ds:f(act), t>0, (10)
mo =1 € X, (11)

which is defined, roughly, as
G(t,v) = {xy : x(-) is solution of (10)-(11) defined globally in time}.
In general, we have the following definition of MSF.

Definition 12 The multi-valued map G : Ry x X — P(X) is called a multi-
valued semiflow (MSF or m-semiflow) if the next conditions are satisfied:

(1) G(0,z) ={z}, for all x € X;
(2) G(t; +ta,x) C G (t1,G (ta,x)), for all ty,ts € Ry, x € X,

where G (t, B) = gBG (t,x), BC X.

This definition generalizes the concept of semigroup to the case where an
equation can admit more than one solution for a fixed initial value. This ap-
proach has already been used for some differential equations and inclusions
(cf. [2], [13], [14], [27], [28], [36], [42]). Another definition of generalized semi-
group (using trajectories instead of multi-valued maps) is given in [4], [21],
with applications to three-dimensional Navier-Stokes and parabolic degener-
ate equations. We note that this semigroup satisfies in fact the conditions of
Definition 12, so that it is a particular case (see [10] for a comparison of both
theories). A different method for treating the problem of non-uniqueness is
used in [17], [40].

For our equation, the map G is defined in the following way which is analogous
to the non-autonomous case. Let X be a closed subset of C such that for any
1 € X there exists at least one solution z() of (10)-(11) such that = (t) € X,
for all ¢ > 0. We denote by D()) the set of all solutions of (10)-(11) defined
for all ¢ > 0 which remain in X for all ¢ > 0. Then

G(taqu)) = U Tt ()

z(-)eD(y)

In any case, we can always define the multi-valued process U but for this
autonomous situation. However, it is easy to check that U (¢, s,v) = G(t—s, ).



Taking into account this fact, one can obtain autonomous versions of the
results in this section in a straightforward manner. Then we have:

Lemma 13 The map G is an m-semiflow, and, moreover,

G(t+s,x2)=G(t,G(s,x)), forall xe X, t>0.

Proof. It is a consequence of Lemma 8 and the previous comment. m

4 Autonomous and non-autonomous attractors for MSF and MDP

In this section we shall collect the main definitions and results involving multi-
valued semiflows and processes and their attractors. Let us consider a complete
metric space X with metric p.

4.1  Autonomous attractor for a MSF

4.1.1 Abstract theory of attractors for multi-valued semiflows

Let also denote by dist (A, B) the Hausdorff semi-metric, i.e., for given subsets
A and B we have

dist(A, B) = sup inf p (z,y) .
z€A YEB

Definition 14 [t is said that the set ® C X is a global attractor of the m-
semiflow G if:

(1) It is attracting, i.e,
dist (G (t,B),R) — 0 ast — 400, for all B € B(X);

(2) R is negatively semi-invariant, i.e., ® C G (t,R), for all t > 0;
(3) It is minimal, that is, for any closed attracting set Y, we have R C Y.

In applications it is desirable for the global attractor to be compact and in-
variant (i.e. ® = G (¢, R), for all ¢ > 0).

Let us denote 75 (B) = U,:G (7, B). The MSF G is called asymptotically
upper semi-compact if for all B € B(X) such that for some 7' (B) € R,
7;(3) (B) € B(X), any sequence &, € G (t,,B), t, — 400, is precompact in
X

10



The m-semiflow G is called pointwise dissipative if there exists By € B (X)
such that dist (G (t,x),By) — 0, as t — +oo, for all z € X.

The following two results can be found in [36] (see also [13,14]).

Proposition 15 Let X be a Banach space and let G (t,-) = S (t,-) + K (t,-)
be an m-semiflow, where K (to,-) : X — P(X) is a compact map for some
to >0 and S(t,-) : X — P(X) is a contraction on bounded sets, that is,

dZSt(S (th) 7S(t7y)) < my (t> ma (p(xay))v VrzyeBe B<X)7 t € Ry,
(12)
where my : Ry — R is continuous and m; : Ry — R is a decreasing map such
that my (t) — 0, as t — oo. Then G is asymptotically upper semicompact.

Theorem 16 Let GG be a pointwise dissipative and asymptotically upper semi-
compact m-semiflow. Suppose that G (t,-) : X — C (X)) is upper semicontin-
uous for any t € Ry. If for all B € B(X),there exists T (B) € Ry such
that fy;C(B)(B) € B(X), then G has the compact global attractor R, which is
the minimal closed attracting set. If G (t1,G (ta,x)) = G (t1 + ta, x), then the
attractor is tnvariant.

4.1.2  Existence of the global attractor

First we shall prove an abstract result, which will be verified later for some
particular situations.

Lemma 17 Let b and F be continuous and let for each initial condition at
least one solution to (10)-(11) be globally defined in X. We assume that G (t, -)
is a bounded map for any t > 0. Then the map G (t,-) has closed values and
1S upper semicontinuous.

Proof. It is a consequence of Proposition 10 and Lemma 9. m

Theorem 18 Let b and F' be continuous and let for each initial condition at
least one solution to (10)-(11) be globally defined in X . Suppose that G (t,-)
maps bounded sets into bounded ones and that there exists a bounded absorbing
set. Then G has a global compact invariant attractor.

Proof. It is a consequence of Proposition 10, Lemma 9, Proposition 15 and
Theorem 16. m

11



4.2 Non-autonomous attractors for MDP

We now recall (in a general metric space X and for an abstract MDP U) some
of the basic concepts and results from the theory of pullback attractors, as de-
veloped in Kloeden and Stonier [30], Kloeden and Schmalfufl [29], and Crauel
et al. [18]. As it has already been mentioned, in the case of non-autonomous
differential equations the initial time is as important as the final time, and the
classical semigroup property of autonomous dynamical systems is no longer
suitable. Therefore, the notions of the classical theory need to be adapted to
deal with MDP.

Definition 19 Let t € R. The set D(t) is said to attract (in the pullback
sense) the set B € B(X) at time t if

lim dist(U(t, s, B), D(t)) = 0. (13)
If (13) is satisfied for all B € B(X), then D(t) is said to be (pullback) uni-
formly attracting at time t.

The pullback attracting property considers the state of the system at time ¢
when the initial time s goes to —oo (cf. Chepyzhov and Vishik [16]).

Now, the concepts of (shift) orbit until s and w-limit set at time ¢ are formu-
lated respectively by:

~v¥(t, B) = U U(t,7,B), w(t, B)= ﬂ’ys(t, B).

7<s s<t

Clearly, any element y of w(t, B) is characterized by the existence of a sequence
(7™, &™) such that ™ € U(t, 7™, B) and €™ — y in X, 7 — —oo. The basic
result ensuring the existence of a minimal attracting set is the following:

Theorem 20 (c¢f. [8]) Suppose that for t € R and B € B(X) there exists
D(t,B) € K(X) such that

lim dist(U(t, s, B), D(t, B)) = 0. (14)

§——00

Then, w(t, B) is nonempty, compact and the minimal set attracting B at time
t.

For any bounded set, we need the following notion:

Definition 21 The MDP U is called (pullback) asymptotically upper semi-
compact if for any B € B(X) such that for each t € R there exists ty(t, B)
such that v (t, B) € B(X), any sequence £™ € U(t, s", B), where s" — —o0,
18 precompact.

12



Then one has:
Lemma 22 (c¢f. [8]) The following conditions are equivalent:

(1) The MDP U is asymptotically upper semicompact and any B € B(X)
satisfies that for each t € R there exists to(t, B) such that ~"(t,B) €
B(X);

(2) For anyt € R and B € B(X) there exists D(t,B) € K(X) satisfying
(14).

The concept of pullback attractor is the following:

Definition 23 The family {A(t)},cg is said to be a non-autonomous or pull-
back attractor of the MDP U if:

(1) A(t) is pullback uniformly attracting at time t for all t € R;
(2) It is negatively invariant, that is,

A(t) C U(t, s, A(s)), for any (t,s) € Ry;

(3) It is minimal, that is, for any closed attracting set Y at time t, we have
Aty CY.

In the applications it is desirable for A (t) to be compact (in such a case we
shall say that the attractor is compact). It would be also of interest to obtain
the invariance of A (t) (i.e. A(t) = U(t,s, A(s))). However, in order to prove
this we need to assume that the map U (¢, s, -) is lower semicontinuous (see [8,
Proposition 19]), which is a strong assumption.

Remark 24 [t is worth mentioning that it would be possible to present the
theory within the more general framework of cocycle dynamical systems (see,
e.g. [29]) since, in our canonical formulation, we do explicitly know the de-
pendence of our mapping f(t,x;) on the delay features, and we can therefore
construct the parameter space as the hull of some appropriate functions (being
this hull a compact set under suitable assumptions). However, in order to de-
velop a theory for a general functional differential equation x’' = f(t, x;) which
can allow, in a unified way, the treatment of several kinds of delay (without
a previous explicit knowledge of the hereditary characteristics), it is not clear
how we can construct such a parameter set. Nevertheless, we would like to
point out that this cocycle formulation has proven extremely fruitful particu-
larly in the case of random dynamical systems (see [6], [7], [18], [19], [39]).
For this reason, pullback attractors are often referred to as ‘cocycle attractors’
(see [29] or [40] for various examples using this general setting).

We shall use the following general result for the existence of non-autonomous
attractors.

13



Theorem 25 (c¢f. [8, Th.18]) Suppose that for all (t,s) € Ry, U(t,s,-) has
closed graph and that there ezists a family D(t) € K(X) satisfying (14). Then,
the set

At)y= |J w(t, B)

BeB(X)

1s the minimal compact global attractor of U.

Finally, we obtain a sufficient result for the existence of pullback attractors
for our problem, i.e., differential and integro-differential equations with delay,
which extends Theorem 4.1 in [9] to the case of non-uniqueness.

Theorem 26 Suppose the next assumptions for problem (5)-(6):

i) b and F are continuous and for each initial condition at least one solution
15 globally defined in X;
it) U(t,s,-) : X — X is a bounded map for all (t,s) € Ry,
iti) There exists a family { B(t) }ier of bounded absorbing sets for U.

Then there exists the minimal pullback global attractor A(t) for the MDP U,
which is also compact.

Proof. It is a straightforward application of Proposition 10, Lemma 9 and
Theorem 25. We note that D (t) = U (t,t — to, B (t — tg)), where to > h. m

5 Applications and examples

The objective from now on is to show that the previous theory can be applied
to several situations coming from applications. But, we first prove a Gronwall
lemma which will be useful in our proofs.

Lemma 27 Suppose that g (t) > 0 belongs to L' (0,T) and M > 0,0 < a < 2.
Let y (t) be a non-negative continuous function on [0,T] such that

y? (t) §M2+2/0tg(7')y0‘(7)d7', forallt €10,T].

Then
y(t) < M27a+(2—a)fgg(s)ds)ﬂ,if a <2,
y(t)ﬁMexp(fgg(s)ds), if a=2,

for allt € [0,T7].

(15)
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Proof. Denote U (s) = \/M2 + 2[5 g(7)y® (7) dr, which is a non-decreasing
function. Differentiating U? (t) we have
aUu (s
207 () 0 — 9 (5) 4 (9) < 29 () U (). (16)
Since U (t) is nondecreasing there exists 0 < § < T such that U (t) = M, for
all t € [0,0], and U (t) > M, for all t € [3,T]. Clearly, (15) is satisfied for
t €[0,0].If t > 3, then integrating over (3,t) we obtain

2—«

U(t)SMeXp(fgg(s)ds), if a=2.

U= (1) < 1‘;’2_a —|—fgg(s) ds, if a<?2,

It follows that

1

y() SU@M) < (M +(2-a)fg(s)ds)™", if a<2,
y(t) <U ) < Mexp ([ g(s)ds), if a=2.

5.1 Autonomous case

Recall that (-,-) and |-| denote the scalar product and norm in R", respectively.
Consider now the system of equations:

#'(t) = F(x@),x(t—h)=[f(x), t>0,
xOZwEXa

(17)
where F' = (F,..., F,), F; : R*™ =R, h >0, X = C([-h,0],L) CC (Lis a
closed subset of R™), and F' is continuous.
Let us now introduce the following conditions:

(H1) For each ¢ € X there exists at least one solution x (¢) of (17) such that
z(t) € X for all t > 0;

(H2) There exists a constant K > 0 such that for any € > 0 there exists § (¢) > 0
for which

(F(z,y),z) <=0 it o], |yl > K+e wyel;
(H3) There exist constants C' > 0, 0 < o < 2, such that

(F(z,y),z) <C(1+|z|%), foral =z,yeL.
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Remark 28
(1) The following property is a consequence of (H2) :
(F (z,y),z) <0 assoonas |z|,|lyl > K, z,y€ L.

(2) If X =C, then condition (H1) is not necessary.
(3) The most usual case in the applications seems to be L = R’}.

Proposition 29 Let (H1) and (H3) hold. Then, the m-semiflow G is well
defined and bounded for anyt > 0.

Proof. Condition (H1) and Lemma 13 imply that G is well defined.
Let z (t) be an arbitrary solution. We shall obtain an estimate on any interval
[0, T]. Multiplying (17) by z (¢) and using (H3) we get

S EOP <ot RO,

so that
t
(0% < |z (0)) + 2CT + 2/ C |z (s)|*ds, forall t € [0,T].
0

Lemma 27 applied to y (t) = |z (t)| gives

1
2—a

|x(t)|§(<|x(0)|2+2(JT)2+(2—a)CT>2_a, <o

1

()] < (Jo (0))* +2CT)  exp (CT), if =2,

for all ¢t € [0, T]. We have obtained that any solution exists globally in time in
view of Corollary 6 (note that the continuity of F' implies that f is bounded).
Hence, in the case X = C the semiflow G is well defined without using (H1).
Finally, it follows from (18) that G (¢,-) is bounded for any ¢ > 0. =

Corollary 30 Let L =R"}, (H3) hold and let for each i either F; (z,y) = 0,
for all x, y € L such that z; = 0, or F;(x,y) > 0, for all x, y € L such that
x; = 0. Then (H1) holds.

Proof. In the proof of Proposition 29 we have showed that each solution is
defined globally in time. We have to obtain that for each initial condition
el ([—h, 0] ;Ri) there exists at least one solution such that x; (t) > 0, for
allt>0,i=1,..,n

If Fi(x,y) > 0, for all x,y € L such that z; = 0, then z; (t) > 0, for all
t > 0. Indeed, let z (t) be such that x;(t;) = 0 and z; (t) < 0 in ({1, s).
Then by continuity of F' there exists an interval [ti,t3] C [t1,%3] such that
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F(z(t),z(t—h)) >0, Vt € [t1,t3], so that

d
i (t)=F;(x(t),z(t—h)) >0, Vtelt,ts],
and after integration we obtain

T (t3> > 07

which is a contradiction.

If F;(z,y) =0, for all z, y € L such that x; = 0, and z; (t;) = 0, for some
t; > 0, then we can put z;(t) = 0, for all ¢ > ¢;, and continue solving
the system of equations for the rest of the components x;. Hence, with this
procedure we obtain the desired solution z (¢). m

Theorem 31 Let conditions (H1) — (H3) hold. Then the m-semiflow G has
a bounded absorbing set.

Proof. Define

1

((K2+2oh)2?’ +(2-a) 0h>“, it a2,

R(a) = 1
(K?+2Ch)2exp (Ch), if a=2.
Let us first assume that [¢) (0)] < K. Then, it is clear from (18) that any
solution z (t) with ¢ (0)] < K remains in the ball

By=DBy(a)={zeR:|z| < R(a)},

for all ¢ € [0, ].

We shall prove that in fact this is true for all ¢ > 0. Suppose the opposite.
Then there exists a solution x (f) and times T} > 0, 7o > T} + h such that
lz(Th)| = K, |z(t)] > K, for all t € (T1,T5], and |z (Ty)] > R(a). We
can find then an interval [Ty, T3], Ty > 11 + h, for which |z (Tp)| = R () and
|z (t)] > R () ift € (Ty, T]. But in such a case we have |z ()|, |x (t — h)| > K,
for all ¢t € (T, T»], and condition (H2) implies that |z (t)| is decreasing in
(To, T1], which is a contradiction.

We have proved that the set By is absorbing for any bounded set with initial
conditions satisfying ¢ (0)| < K. Consider now an arbitrary bounded set B
of initial conditions satisfying [¢ (0)| > K. We claim the existence of ¢y such
that for any solution z (t) we have |z (t)| < R («), for all t > t,. If this is not
the case, then there exists a sequence of times t* / 400 and a sequence of
solutions z* (t) such that ’xk(tkﬂ > R (a).

We know from the previous arguments that if ’xk (tl)‘ = K for some t; < t*,
then 2" (1) < R («), for all t > ¢;. Then for any k it is clear that ‘xk (t)’ > K,
for all ¢t € [0, tk}. Hence, (H2) implies that any solution ‘x’“ (t)‘ is decreasing
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on the interval [h,tk}, and then z* (t) > R(«a) on {h,tk}. If we denote ¢ =
R (o) — K > 0, then using (H2) we have

so that ‘xk (t)‘2 < ‘xk (2h)’2 — 20 (t—2h), for all t € {Zh,tk}. Since t* /" +o0
and z* (0) € B (which is bounded), the sequence {z*(2h)};, is also bounded
(see (18)), and there exists ko such that

‘:1:’“ (75’“)‘2 < ‘mk (Qh)’2 —20 (tk — 2h) < R(a), for any k > k.

We have obtained then a contradiction. Hence, By is a bounded absorbing set
for the bounded set B. It follows immediately that By is absorbing for any
bounded subset. m

Therefore, it holds the following result, which is a consequence of Theorem
18:

Theorem 32 Let conditions (H1)-(H3) hold. Then the m-semiflow G has a
global invariant compact attractor.

We shall now consider some examples of interest arising in real applications.

Example 1. Consider the retarded logistic model

de(t) o (t = h)|\”
e ) (1—(A)>,

where 7, A >0, 1 < a<2,6>0and L =R,. In the case where a = 2 and
B = 1, the function z (t) describes the evolution of the number of a population
(the classical logistic model). In view of Corollary 30, condition (H1) holds,
and conditions (H2) — (H3) are obviously satisfied with L = R,, K = A,
C=r, —d()=r(A+e)" <1 — (1 + Z)ﬁ) The constant K is the biological
threshold of the population.

It is worth pointing out that in this example there are solutions that can leave
the set X. If we choose a = 5/3, A =0 =r =h =1, y(0) = —26, then
z(t) = (t(t—1)/3)% is a solution on ¢ € [0,1], and it takes negative values.
Hence, not all solutions are taken into account to define the m-semiflow G.

Example 2. Consider now the following model

dx (t)
dt

|z (t = h)|"™
am™+ |z (t = k)™

=p—blz ()"
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where a,p,b > 0,1 < a« < 2;m > 0 and L = R,. In the case a = 2 this
equation is a model for the concentration = of CO; in blood (see [37, p.16]).
Again, condition (H1) is a consequence of Corollary 30.

As for condition (H2), let K be the solution of the equation

Km

—bKl——— =0
p am +Km
Since the functions %! and amyrym are increasing for positive z,y, we have
. a K m
that (H2) holds with —3 () = p (K +¢) = b(K + )" g

Finally, (H3) is straightforward to prove.

Example 3. Consider a model of human respiratory

du(t)
e o = —au(t) +av(t) +c,
S =bu(t) —bu (1) —p (0 () = ) (v (¢ — h)),

where a, b, ¢, g, p are positive constants, u,v are the COs partial pressures in
tissues and lungs, respectively, z (t) = (u (t),v (t)),y (t) = (u(t — h),v (t — h)),
and ¢ is a continuous function such that ¢ (y2) = 0, for y, < zy (for some
xo > 0), and strictly increasing for yo > xo. For the physical meaning of the
constants see [11]. Weset L ={z € R*:u > g,v > g}.

Lemma 33 All the solutions starting in X = C ([—h,0]; L) remain in this
space. Consequently, condition (H1) holds.

Proof. Let 2 (t) = (u (t),v (t)) be an arbitrary solution with z;, = ¢ (0) € OL.
The case u = v = g is trivial, so we suppose one of the components is not
null. We shall suppose that z () ¢ L in some interval (tg,t1). If u(to) = g¢
and less than g in (to, 1), then there exists tg < to < t; such that —au (t) +
av (t) + ¢ > 0, for all ¢ € (to,t2). Hence, u(t) > g, for all t € (ty,t2). Then
we have to assume that v (t) < g, for all ¢ € (t,t2). But in such a case
bu (t)—=bv (t)—p (v (t) — g) ¢ (v (t —h)) > 0, forallt € (o, t2). Hence, v () > g,
for all ¢ € (to,t2), and we obtain a contradiction. The solution z (t) cannot
leave the set L. On the other hand, condition (H3) follows directly from

(F (z,y),z) < —au2+(a+b)uv—bvz+cu§C(l—l—\xﬁ).

Thus, by the proof of Proposition 29, we have that each solution is defined
globally in time. This implies that (H1) holds. m

In order to check (H2) we need additional assumptions on the constants of
the model.

Lemma 34 Let g > xo and let yp > (a —b)* /4a, where v = ¢ (g). Then
(H2) holds.
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Proof. First let a > b. We note that since ¢ (y2) > =, for all yo > ¢, and

—au® + (a+b)uv — bv? = —b (u — v) (%u - v) we have

(F (o) ,a) = =bu—10) (Ju—v) +cu—pov—9) ¢ (5)
< —b(u—0) (Zu—v)+cu—7pv(v—g).

We shall consider the following three regions:

Rlz{ajeszz%u},
R2:{:UEL:§U§U§U},

RP={zxeL:v<u}.

Note that the function ¥ (u,v) = —b(u — v) (%u - v) takes positive values
only in R2.
Let © € R'. Since v > u, |z| > K implies 2v? > u? +v? > K?, using that

¥ (u,v) < 0, we obtain

(F(2,y),7) <cv—qpv(v—g)
<Oy —ypv*/2

<-1, 0f 2] > K= (4(C 4+ 1) /().

Let now = € R2. Denote £ = vp — (a — b)* /4a. Using that v? (a — b)* /4a =

max ¢ (u,v) and u < v, we have
ue[gv,v]

(F(z,y),z) §v2(a—b)2/4a+cv—7pv(v—g)
< Gy — &v*)/2
< -1, if o] > Ky = (4(Ca+1) /)Y

Finally, let # € R3. In this case, we have ¢ (u,v) < —b (u — v)*. Hence,

(F(2,9),2) < =b(u—0v)"+cu—pv (v —g)
< C5—b(u—0v)"/2—ypv?/2.

Denote n = (2(Cs + 1) /b)* . Ifu—v > 5, then (F (z,y) ,2) < —1. Otherwise,
|z| > K3 implies 3v* + 2n* > u? +v? > K3. It follows that (F (x,y),x) < —1,
if 1] > K = (27 +6/(Cs +1) /()"
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Now let a < b and define the regions:

Rt={relL:v>u},
R5={xEL:v§u§§U},

RGZ{IEL:US%U}.

Region R* is treated in the same way as R!.
For R®, since v > $u, |z| > K5 implies (14 b*/a*)v* > u® 4+ v* > K2, using
v2 (a—b)* J4a = max 1) (u,v), we have

ue VgV

(F(x,y),r) <v?(a— b)2 J4a + cbv/a — ypv (v — g)
< G5 — &v*/2

<1 it fa] > Ks = (2(1+ (0/a)?) (Cs + 1) J€)

1/2

Finally, consider € RS. In this case, we have 1 (u,v) < —b(au/b—v)*,
Hence,

(F(z,y),2) < =b(au/b—v)* 4+ cu—ypv (v —g)
< Cg —b(au/b—v)* /2 — ypv?/2.

Denote n = (2(Cs + 1) /b)"/*. If au/b — v > 5, then (F (
Otherwise, |z| > Kg implies (1 + 2b%/a?)v* + 20°n?/a? > u® +
follows that (F' (z,y),x) < —1 if

8
<
@ N—
2
> IA
L

2] > Kq = (2% /a> +-2 (14 26°/a®) (Co+ 1) /()

Taking K = max{K;, Ko, K3} (or max {K}, K5, K¢}) condition (H2) holds
foré(e)=1. m

One of the typical functions used in such models is the Hill controller ¢ (y2) =
oyy/ (0™ + y3), with o,n,0 > 0. In this case it is clear that o = 0 < g. We
also note that the condition vp > (a — b)* /4a implies a strong enough effect
of the term p (v (t) — g) ¢ (v (t — h)), which controls the air flow in the lungs.

5.2  Non-autonomous case

5.2.1 Duissipative and sub-linear terms

We are now interested in considering a situation which takes into account the
possible appearance of variable and distributed delays together.
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Consider the equation
() = Fo(t,z(t)) + Fi(t,z(t — p(t))) + /Oh b(t,s,x(t + s))ds = f(t,z;) (19)

with Fy, F; € C(RxR™;R"), p € C1(R; [0, h]) and b € C(R x [—h, 0] x R"; R").
Assume the following conditions:

(1) There exist positive scalar functions mg, m; € L'([—h,0]) such that

1b(t, s, x)| < mg(s) +my(s)|x], vVt e R, (20)

(2) There exist positive constants ki, ko, @ and a positive function [ (-) such
that

(x, Fy(t, 7)) < —alz]* + B(t), VteR, zcR, (21)

|Fi(t, o)) < K2+ Kk3|zf>, VteER, xR, (22)

P (1) < pe <1, VieR, (23)

where (3 is such that
t
/ BT dr < 0o, VYt ER,¥8 >0, (24)

Also we denote o
m; = / mi(s)ds, i=0,1.
—h

We take as the phase space X = C (|—h,0];R").
Then, we have the following result:

Theorem 35 Let conditions (20)-(24) hold. Also, assume that
2myeh < 1, (25)
and
ks <e(1—p)ala—N), (26)
where \* € (A, A1), being Ao < A1 the solutions of the equation he ™" = 2my,
and let
AT <. (27)
Then, Eq. (19) generates a MDP which has the global compact non-autonomous
attractor { A(t) }ier-
Remark 36

i) We note that the equation Ae™ " = 2my has two solutions \o(h) < Ai(h) if
condition (25) holds, and \o(h) — 0 as h — 0 (or my — 0). Hence (25)
holds for h (or my) small, whereas (27) holds if h (or my) is small enough,
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or if a is large. On the other hand, (26) is satisfied for ko small or « large.
These conditions can be read as: a combination of strong dissipativity and

small effects of the delay (in terms of h, my or ky small) ensure the ezistence
of the attractor.

it) Conditions (26) and (27) are stronger than what is really needed in the proof
below that 1s, there exist positive values \ and € such that A — 2a 4+ € +

8(1 ) <0 and X € ()\0, )\1)
Proof. Let z (t) be an arbitrary solution with ||z | < d. First,we fixed two
positive parameters A\ and € to be chosen later on. Then, we have

& (a)P)
—A@%ﬁn+a@%<xﬂwwa»+ﬂ@wu—Mﬂm

+2eM {w(t b(t,r, x(t + r))d'r>

_ e)\t
< AeMa ()] + 26”( alz(t)]® + A(t) + e () + —|Fix(t - p(1))[*

+ 2eM <a:(t), /_Oh b(t,r, x(t + r))d’r>
< (A =20+ )Mz (b)) + 26 B(t) + e:(k% +Ey |zt — p(t))]?)

2 (ate), [ Oh bt e+ )dr )

Integrating between t; and ¢, we obtain

t t
M) < M0la(to)2 + (A — 2a+5)/ |a(s)|? +2/ e 3(s)ds
to to
1 t
£2 [+ Klals — pls))?)ds

+2 teAs <:c(s), /Oh b(s,r,z(s + r))dr> ds.

to

Now we estimate the integral containing the variable delay by using the change

of variables s — p(s) = u, taking into account that p takes values in [0, h], and
1 1.
1=p'(s) = 1=pu’

[ ¥lats — pls)as

t Ah
e
S e)\U
to—h 1 - p*
e)xh

¢ ¢
- {/ ’ e’\“|x(u)|2du+/ 6)‘“|x(u)|2du}
1 — pi Wto—n to

A g2 rto Ah t
< ‘ / My + — / N (u) du,
1 — py Jto—n 1 —ps Jto

[(w)[*du
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where we have used that ||zy,|| < d for some d > 0. Thus, we obtain

6)\th t
eMa(t)]? < eMola(ty)]? + </\ — 200 +e+ 2) / ez (s)|*ds
e(1—ps) /) Jio

t k.2 k26)\hd2
9 / As ds 4 LAt _ Ao 2 Mo A(to—h)
#2 [ ads + TN ) B o )
t 0
+2 [ et <x(s),/ b(s,r,x(s+7’))dr> ds, (28)
to —h

and it follows for the last integral in (28) that

2 t e <x(s), /_Oh b(s,r,x(s + r))dr> ds

to

t t
< 2m0/ ]a:(s)\e’\sds+2m1/ l2(s)| ||| *°ds
to to

t m2 t t
<z [ Mla(s)ds + 2 [ Nds+omy [P
to £

to to

where £ is another positive constant to be determined later on. Therefore,

At 2 Mo 2 _ M3 2\ [ 2
eMlx(t)]” < eMlx(to)|+ | A —2a+e+ ———+¢ ez (s)|“ds
¢ k2 m?
2 As d 1 0 At Ao
+ € B(s) s+<€)\—|—)\€_>(e e™')
k:%eAth Mo Mto—h) !
—_— — - 2 / 28|\ 2 ds.
+/\5(1—p*)(e e )+ 2my € |zs||7ds

Choosing € = a, A = A\* and using (26) we obtain

Ah .2
e ks

A—20+etit—>2e
e(1—p.)

<0,

for £ small enough. Then, it holds

6)\t

()] < e la(ty)* + 2/t e *B(s)ds + by + ﬂg (Nt — N0y
= 0 ‘o aX | N

.
k:%e’\ hd?

t
Mty _ A (to—h)) 4 o / A*s 2q.
Yol p) (e e )+ 2my \ e ®||xsl|*ds

Setting now ¢+ 6 instead of ¢ (where 6 € [—h,0]), multiplying by e=* ¢+ and
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using standard estimates, it follows

|z(t +0)?
* * * 40 *
< NN (1 Y[2 4 90N (t+0)/ N3 B(s)ds

to
2 A*h j2
kser "d

Atg )\*(to—h)
a1l — py) (e ‘ )

1 o (to—t—@) - (t+t9)
+ ()\*a + Y (1—e )+e

* t+0 *
4 omye (t+9)/ NS
to

x||*ds

t
< e MM WM 11 (10) |2 + 267 e h/ e *B(s)ds

= to

k2 m? 3 o k22 .
0 1 _ (to—t+h) — A%t 2 A*to _ A (t()—h)
+ ()\*a + e (1—e )+e Yol = o)) (e e )

t
+ 2mpe et h/ e ¥|| x| ?ds.
to

Neglecting the negative terms we deduce

t
N2 < X B2 4 96N h/ N B(s)ds
to

t
+ C1eMt 4 Cod®eM + L/ e ||| 2ds
to

where we have denoted

ok m
Mo NE
02 _ k%e”‘ h |
Ma(l — py)
L =2meM™.

Gronwall’s Lemma and the Fubini Theorem yield

6)\*15 thQ

t
< M ltoth) g2 4 9 h/ e *B(s)ds + CreMt 4 Cod?e? ™

to

t s
+ LeLt/ e Ls [6)\ (to+h) 2 4 2e* h/ AT B(r)dr + Ot 4 Cod®eN | ds

to to

t
< Noth) g2 | 9o h/ AB(s)ds + Cret 4 Cod?eN™ 4 Lkt

to

)\*(to-i-h)dQ C d2 A*to . to, —Lr _ _—Lt
X r 2_ 20 € (e Hto — =Lty 1 9¢2 h/ e ’"ﬁ(r)ie 7 C _ar
to
Cy ()\*—L)t}
— ¢ .
N — L
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Therefore

||xtH2 < e>‘*(t0+h)d —\*t + 26)\ h / A* 56( )dS + Cl + C2d2€)\*t067)\*t

to

4 6—)x*7f+L(t to) ( (t0+h)d2 + C d2 A* to)
t

49N +Lt/ AT B(r ~ ey
t

0
LC,
A — L

+ (29)

We can see that (29) and Corollary 6 imply that all solutions exist globally in
time (so, U is well defined), and also that the maps U (¢, ¢y, -) are bounded.

On the other hand, condition (25) implies that A* — L > 0. Then it follows
from the previous inequality that

B(t)={yecC lyl|? < 2eXhe N [T eAEB(s)ds + £ 4
+ Oy + 2N O T X G (r) (et — e H)dr

where 1 > 0, is a family of bounded absorbing sets. We conclude the proof by
applying Theorem 26. m

We can consider also the case where Fy, F; and b do not depend on the time
variable, that is, we have an autonomous equation. We note that in such a
situation [ (t) = [, and then neglecting negative terms (29) becomes

A*h
ﬁ; +01+Cd2>\t0 —\*t

+ G—A*t-l—L(t—to)(e/\*(to-f—h d2 + 02d26>\ to)
256)‘*11 LCl

||xtl|2 < eA*(t0+h)d2€—)\*t+

Now ty = 0 is fixed and t — +o00. It follows that the set

x 1 1 LC
_ lyll2 < /\h( > 1 }
By {yEC llyl|* < Cy + 20e > +/\*—L +)\*_L

is attracting for the m-semiflow GG, which is also bounded. We obtain the same
result as in Theorem 32.

Remark 37 The statement of Theorem 35 remains valid if X = C ([—h,0], L),
being L a closed subset of R™, supposing that for each ¢ € X and ty € R there
exists at least one solution such that z (t) € X, for all t > t,.

Corollary 38 If L = R" and for each i =1,...,n one of the following condi-
tions holds:
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(1) Fi(t,¢(0)) + Fi(t,(—p(t))) —|— bi(t,s,¥(s))ds =0, for allt € R, and
v € C([—h,0]; L), with ¢*(0) =

(2) Fi(t,¥(0)) + Ff( P(—p(t))) —|— (t, s,1(s))ds > 0, for allt € R, and
¥ € C([—h,0]; R™), with *(0) <

Then for each ¢ € X, ty € R there exists at least one solution x (t) of (19)
such that x (t) € X for all t > to.

Proof. It is similar to the proof of Corollary 30. m
Remark 39 We can consider two simpler situations:

Assume that b satisfies
|b(t, s, )| < m(s)|zl, (30)

and that Fy(t,z) = —ax, Fy(t,z) = 0. Then, we can deduce (obtaining an
estimate rather similar to (29)) that the pullback attractor exists and is just
one point (the null solution in C). Also, this attractor is a global attractor in
the usual forward sense (as t — +00), and implies that the null solution is
asymptotically stable (what means extinction in a biological model).

On the other hand, if we delete the bound of b on x, we can reproduce the same
calculus but extending the dependence of the bound on t. More exactly, given

be C(R x [—h,0] x R*; R")

verifying
|b(t, s, x)| < K(t,s) Vx € R, (31)

an analogous result is obtained if

satisfies

/r R*(t)e*™dt < oo VreR, for some &€ (0,q). (32)

5.2.2  Weaker assumptions on the dissipativity
In a similar way, we can also weaken the dissipativity assumption on the
function Fy in the sense that more general non-autonomous situations can be

covered by our results. To this end, we start again from equation (19), but
with F(t,x:) = Fy(t, z(t)) + Fi(t, z(t — p(t))) where p € C(R; [—h,0]) and

(Fot, o), 2) < (—a+n®)af +7(t), |Fo)] <), (33)
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being ~; positive functions satisfying
t
/ 1(5) + €% (a(s) £ 12(s)]ds < 00,  WEER, VY6 >0,  (34)

and b verifying conditions (31)—(32). Then

jt|$(t)|2 = 2(x(t),2'(t)) = 2(x(t), F(t,x;)) + 2(x(t), /Oh b(t,s,x(t + s))ds)

< 23(1) ~ e+ 232(8) + 210(0)] () + [ K (1 5)as)
< 2on(®) — ) + e + 2D 4 onue) + L2,
By Gronwall Lemma, it holds

¢
’:C(t>|2 < efto [2(’71(3)*a)+5]d5|x<t0)‘2
2 2
i <272(s)  BEIER (S)> e Bl g
to 15

_ e(za—a)(to—t)GQ f:o 71(s)ds|x(t0)|2

t + 2 R2
+ 6(872a)t/ 6(20475)562 fs ~1(r)dr <2’}/2(S) + 73 (5) —:; (5)> ds
to

< 6(2&—5)(to—t)€Mt |J?(t0) |2

t 2 RZ
+ e(a—2o¢)teMt/ €(2a—8)8 <2,}/2(S) + 73 (5) + (5>> dS,
to 9

where we have denoted .
M, = 2/ Y (r)dr.

The existence of a family of bounded absorbing sets in C is already standard
(choosing some ¢ < 2ar). Hence, we obtain the same result as in Theorem 35.

5.2.3 FExamples

Let us consider now some examples from real applications. In all of these
examples we shall consider that L = R, hence X = C ([—h,0], L). Also, in
all the examples Corollary 38 implies that the semiprocess U is well defined.

Example 1. Mackey-Glass model of production of blood cells [35]:

&) _ B
dt 1+ |z (t—h)|

where n,6 > 0, 3 (t) > 0 is continuous and [*__ e**3%(s)ds < +oo, for any
t € R and € > 0. Conditions (33)-(34) are fulfilled.
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A generalization of this model is the following [37, p.20], [38]:

dr(t) _ B(t)]x(t—h)™
dt L+ |z (t—h)|"

b (1),

where we suppose that 0 <m <n+ 1 and |5 (¢)| < k, for all ¢ € R. Let also
52

K< —, if m=n+1.
€

For conditions (25)-(27) note that A\* = p* =my =0, a = §. So, (26) follows
from the condition on k if m = n + 1 and by Young inequality if m < n + 1.

Another generalization of this model appears if we consider an integral term:

dzx (t) 0 G (t,s)
at /—h 1+ |o(t— h)|”d8 —oz(t),

where (3 (¢, s) > 0 satisfies |3 (¢, s)| < mq (s), mo € L' ([—h,0]) (or |B(t,5)] <
K (t,s) with K satisfying (32)). All the conditions of Theorem 35 are satisfied
(note that my; = ko = A* = 0).

Example 2. Lasota and Wazewska model of production of blood cells [33]:

dx (t)
dt

=) exp(=E(t)x (t = h)) = oz (1),

where § > 0, 3(t) > 0,£(t) > 0 are continuous and [*__ e**(3%(s)ds < +oo,
for any ¢ € R and € > 0. It is clear again that (33)-(34) are satisfied.

Consider also the following generalization of the model:

dx (t)

dt:/Ohﬁ(t,s)exp(—f(t—i—s):v(t—{—s))ds—533(t),

where 3 satisfies the same conditions of the previous example.

Example 3. Consider the model:

dx (t)
dt

= B(t) |z (t = h)["exp (=€ (t) x (t = h)) — bz (1),

where 6 > 0,0 <n <1, 5(t) > 0,£(t) > 0 are continuous and ]6(75)]2 < k2,
for any t € R. If n = 1 we have to assume also that k% < %. For conditions
(25)-(27) note that A* = m; = 0, a = J. So, (26) follows from the condition
on k if n =1 and by Young inequality if n < 1.

In the particular case where n = 1 this is the Nicholson model of blowflies
[22].
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We can consider also the following model:

dx (t)
dt

- /Ohﬁ(t) |z (t—h)["exp (=€ (t+5)z (t+ 5))ds — Sz (),

where § > 0,0 <n <1, 8(t) > 0,£(t) > 0 are continuous and |G ()|* < k2,
for any t € R. If n = 1 we have to assume that m; = kh is small enough, so
that (25) and (27) hold. If n < 1 we can make m; as small as we want using
the Young inequality. Hence, (25)-(27) are satisfied with o = 9, ko = p* = 0.

An analysis of persistence and extinction for these models is given in [34].

6 Conclusions

The existence of an attractor (autonomous or pullback) has been proved in
several situations arising in real applications, when some hereditary features
appear in the models. The use of multi-valued semiflows and processes allowed
us to provide results covering also the cases in which non-uniqueness of solu-
tions can take place. However, our analysis has been done by considering only
finite delays. Therefore, it is an interesting task to study the framework with
unbounded (infinite) delays, as well as the situations modelled by differential
inclusions rather than differential equations (whose importance comes, for in-
stance, from viability reasons in biological problems). We plan to investigate
these points in subsequent papers.
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