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Abstract

Some exponential growth results for the pullback attractor of a reaction-diffusion
when time goes to —oo are proved in this paper. First, a general result about LPOH(}
exponential growth is established. Then, under additional assumptions, an expo-
nential growth condition in H? for the pullback attractor of the non-autonomous
reaction-diffusion equation is also deduced.
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1 Introduction and setting of the problem

Let us consider the following problem for a non-autonomous reaction-diffusion
equation:

?;_Au:f(u)—kh(t) in Qx (r,400),
u=0 on 00 x (1,+00), (1)

u(z, 7) =u(x), e,
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where Q C RY is a bounded open set, 7 € R, u, € L*(Q), f € C'(R) and
h e L2 (R; L?(Q)). We assume that there exist positive constants oy, as, k,

loc

[, and p > 2 such that
—k—ay|s]" < f(s)s <k—als|’, Vs €R, (2)

f(s) <1, VseR. (3)

Let us denote s
Fls)i= [ fir)ar.
0
Then, there exist positive constants a;, as and k such that
—k—ay|sP < F(s) <k—ayls|’, VseR. (4)
It is well-known (see, e.g. [8] or [11]) that under the conditions above, for any
initial condition u, € L*(Q), there exists a unique solution u(-) = u(-; 7, u,) of

(1), i.e., a unique function u € L*(7, T; H (Q))NLP (7, T; LP(Q))NCO([7, T]; L*(Q2))
for all T' > 7, such that

u(t) — /Tt Au(s)ds = u, + /:(f(u(s)) +h(s))ds Vit>r,

where the equality must be understood in the sense of the dual of HJ(Q2) N
LP(9).

Therefore, we can define a process U = {U(t,7), 7 <t} in L? () as

Ult,T)u, = u(t;7,u,) Yu, € L*(Q), vr <t (5)
A pullback attractor for the process U defined by (5) (cf. [3], [4], [5]) is a
family A = {A(t) : t € R} of compact subsets of L?(£2) such that

a) U(t,7)A(r) = A(t) for all 7 < t,(invariance property),
b) lim sup ig{t) |U(t, 7)u, —v| =0, for all t € R, for any bounded subset

T7=Xu,eBVE

B C L?*(Q), (pullback attraction),
where |-| denotes the norm in L? (Q).

It can be proved (see, for instance, [2] and [7]) that, under the above conditions,
if in addition h satisfies

t
/ M5 h(s)Pds < 400 ViR, (6)

where A\; denotes the first eigenvalue of —A with zero Dirichlet boundary
condition in €2, then there exists a pullback attractor for the process U defined



by (5), and satisfying

lim <e’\17 sup |v|2> = 0. (7)

vEA(T)

Several studies on this model have already been published (see, for example,
[1], 6], [9], [10], [12]).

More precisely, we proved in [1] that, under the above conditions, if €2 is regular
enough, then for any 7 € R the set A(7) is a bounded subset of L? (Q)NH} (£2),
and if moreover h € W,5*(R; L*(Q)), then A(7) is also a bounded subset of
H? (). Therefore, the aim of this paper is to continue with the analysis of this
model in the sense of proving that the family A(7) satisfies also an exponential
growth condition on the space L? (Q)N H} (€2) , and finally in H? () provided
some additional assumptions are fulfilled.

This will be carried out in the next section where we first prove an exponential
growth condition for the attractor A(7) in LP (Q)NHJ (Q) when 7 — —oo. We
also prove, under appropriate additional assumptions, an exponential growth
condition in H? () for A(7).

2 An exponential growth condition for the pullback attractor.

First, we recall a lemma (see [8]) which is necessary for the proof of our results.

Lemma 2.1 Let X,Y be Banach spaces such that X is reflexive, and the
inclusion X C 'Y is continuous. Assume that {u,} is a bounded sequence in
L>(ty, T; X) such that u,, — u weakly in Li(ty, T; X) for some q € [1,+00)
and u € C%([ty, T);Y).

Then, u(t) € X for allt € [to,T] and

“u(t)HX < Slil? HunHLOO(tO,T;X) Vt € [to,T].

We will denote by (-, -) the scalar product in L? (Q2), by ||-|| = |V:| the norm in
Hy (), by ||l 2y the norm in H?(Q), and by ||-[| 1»(q) the norm in L7 ().
We will use (-,-) to denote either the duality product between H~! () and
H} (Q) or between L¥ () and L? ().



For each integer n > 1, we denote by u,(t) = u,(t; 7, u,) the Galerkin approx-
imation of the solution w(t; 7, u,) of (1), which is given by

1) = z”:lmt)wj, (8)

and is the solution of

{ i(un(t),wj) (A (), 105) + (Flun(®)), w5) + (A(E), w;)

(un(7), wj) = (ur,wy) G =1,.,m,

(9)
where {w; : j > 1} is the Hilbert basis of L?(Q2) formed by the eigenfunctions
associated to —A in H] (Q).

We prove the following result.

Theorem 1 Assume that f € C*(R) satisfies (2) and (3). Suppose moreover
that Q C RY is a bounded C* domain, with x > max(2, N(p — 2)/2p), h €
L} (R; L*(Q)), and condition (6) holds. Then A(T) satisfies

loc

lim {e)‘” < sup ||v]>+ sup [[v]|%, )} = 0. (10)

K veEA(T) vEA(T)

PROOF. From the inequality (9) of [1], for any ¢ > 7 we have

un()+ [ n()I ds+ [ () ds ()
< G (Jurl+ [ Ihs)Pds+ (7))

max {1, A7 2k |9
{717 ||}

forall r € [r, 4], and all n > 1, where Cy:= —— 0 e 5 T

Also, integrating inequality (10) of [1] with respect to s from 7 to r, we obtain
(r =) (ln ()P + lfn () ) (12)

< o ([ )P ds+ [ (o) e ds)

S

BT [ ks))d
* min{l,?&g}/T Ih(s)F
Ak

Ol (+ —
i1, 2,y A7),

max {1, 2a, }

for any t > 7, all r € [1,t], and all n > 1, where Cy := —, —.
min {1, 2as}



From (11) and (12) we now obtain that

(= 7) (Ran P + ) ey < CC (el + [ Jhs) s+ (2= 7))

t—T1 t 2
BT [ ks))d
+min{1,2&2}/T [h(s)]"ds
4k

— Q| (t - 1

for any ¢t > 7, all r € [1,t], and all n > 1.
In particular, from (13) we deduce

()P -+l < s (luel o+ [T In()Eds +1), (14)
for all r € [T+ 1,7 + 2], and any n > 1, where

2 8k
Cy = CiCy+ ————2C1Co+ ———— |9Q] ¢ .
’ max{ 12 min {1,2a,} " " * min {1, 2, } | ‘}

It is well known (see [8] or [11]) that u,(-) = w, (+; 7, u,) converges weakly to
uw(*) =u (7 u,) in L? (7,t; HY (Q))NLP (1, LP (Q)), for all ¢ > 7. Thus, from
(14) and Lemma 2.1, we in particular obtain

Julr+ DI+ e+ )y < s (Juel+ [ (s) P ds +1).
Multiplying this inequality by e*("*1) and using (5), we have
D (U 17l U 17l (15)

<G (M4 [T N h(a) s )
for all 7 € R, and all u, € L*(Q).
As A(t+1)=U(r+1,7)A(7), it follows from (15) that

M ([l + 0]y )

T+2
< CseM (e)‘” sup |w|® + M |h(s)|? ds + e)‘”) )
weA(T)

for all v € A(7 + 1), and any 7 € R.



Finally, this inequality implies

M (|l + v q)) (16)

< CaeM (e’\l(T_l) sup ]w[ +/ M |h(s) | ds—i—e)‘l(T_l)) ,

for all v € A(7), and any 7 € R. Taking into account (6) and (7), from (16)
we obtain (10).

Theorem 2 In addition to the assumptions in Theorem 1, assume moreover

that h € W,22(R; L? (Q)), and satisfies

T+1
lim e’\”/ W (s)|*ds =0 (17)
and
lim M7 |h(7)]* = 0. (18)

Then A(T) satisfies that

lim <e)‘” sup HvHHz >:O. (19)

T veA(T)

PROOF. From inequality (11) in [1], taking t = 7+ 3 and € = 2, we have

/ 2 T+3 / 2
() < (@04 3) [ i (5) ds (20)
T4+1
T+3 9
[ ) s,
T+1
for all r € [1 42,7 + 3], and any n > 1.

Analogously, and if we take s = 7+ 1 and r = ¢t = 7 + 3 in inequality (10) of
[1], we have

T+3
[, T (5)F ds 4 (4 3+ 288 ua( + )] (1)
< unlr 4 DI+ [ ()P ds + 4F19] + 283 ol + 1,
for all n > 1.



From (21) and (20), we obtain
Jul, ()P < (414 3) ([Jun(7 + D2 + 281 [Jun (7 + 1)]500))
] -
(41 +3) (/ Ih(s)[2 ds + 4F |Q|)
T+3 T2
+ [ ) s,
T+1
for all r € [T + 2,7 + 3|, and any n > 1.

Owing to this inequality and (14), there exists a constant Cy > 0 such that

)< (o [ ()P + W) ds+1), (@)
for all r € [T+ 2,7 + 3], and any n > 1.

From inequality (13) of [1], and thanks to (22), we have

NI <80 (Jur P+ [T ()P + W)Y ds 1) + 8 h(r)
A (1) +4.(0))? 19

for all r € [T +2,7+ 3], and any n > 1, and therefore, by (11) we obtain that
there exists a constant Cy > 0 such that

| Au, (r)[? (23)
< C, (\u7| —|—/ )\ + | (s)| )ds—i—l—l— sup |h(r)‘2>7

re[r+2,7+3]
for all r € [T+ 2,7+ 3|, and any n > 1.
It is well known that, in particular, u,(-) = wu, (-;7,u,) converges weakly to
w()=u(;7u)in L2 (714 2,7+ 3; Hy (Q)) and u (+; 7,u,) € CO ([7 + 2,7+ 3] ; H} () .

Then, by Lemma 2.1, inequality (23) and the equivalence of the norms |Av|
and ||v|| g2(q), we have that there exists a constant Cs > 0 such that

(s 7 ) 2 (24)

<C%O%|+/) MO+ ) s 1+ s ()R]

re[r+2,7+3]
for all 7 € [T+ 2,7 + 3], any 7 € R, and u, € L*(Q).

Now, observe that by Cauchy inequality,

et < e+ 2+ ([ wpas)”



for all r € [T +2,7 + 3]. Thus, from (24), and using (5), we deduce that there
exists a constant C4 > 0 such that

~ T+3
U (742, T)ur |32 < Ci <]uT|2—|—/T (Ih(s) + W (s)*) ds + |h(7+2>|2+1),

for all 7 € R, u, € L*(Q).

From this inequality, and the fact that A(7) =U(7, 7 — 2).A(7—2), we obtain

- T+1
Hvl!ip(méC4< w fuof’+ /T (R +H6)I) ds+\h<r>|2+1)7

s
weA(T—2
(25)
for all v € A(7), and any 7 € R.

Now, thanks to (6), (7), (17) and (18), we obtain (19) from (25).

Remark 3 In theorems 1 and 2, the pullback attraction property is not needed.
In fact, both theorems are also wvalid for any family {A(T) : 7 € R} of
nonempty subsets of L*(Q) satisfying (7) and the semi-invariance property

A(t+n) CU(T +n,7)A(T),
for all T € R and any integer n > 1.
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