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Absiract  This paper inlreduces 2 penerslized analytical
approach for calenlating the total harmonic distortion 'THD
and its weighted value WTHD for multilevel PWM inverters.
The calenlatlon considers one single phase und it can apply to
any number of levels of the Inverter Ln gencrul. Although the
rualysis is bascd vn the assumption of a high nmumber of
pulses, the developed equations can alse be opplied for lower
Irequency rutivs 181, The analytice! formulas require the
characterlsie pargmeters of the PWM only, which are the
modulation factor m, the switching fregquency fs, the
fundamentsal Trequency fl, the effective inductance 1. and the
THC link voltage. Voltage inveriers with s number of kevels N
ure considered. It must be noticed that some differe noes
appear between the case of N oadd and N even. Severnl
parametric curves are calculated to define the specifications of
an inverter with N levels in order to fulfill the harmonic
voltage recommendzetons trying (o reduce the output signal
filtering.

I, INTRODUCTION

Multilevel PWM inverters find increasing interest for
high power DU to AC conversion [1-4]. The calenlation of
THD and WTHD of multilevel inverters is the main subject
of some authors. In {5] this calculation was presented bul
was not generalized. Only the results of several levels of the
inverter were presented. Besides, the presented results were
completely individuals and the formulas were not
genenalized for a number N of levels. Using the way of
calcutation presented in thia paper, THD and WTHID can be
caleulated by peneralizing the formulas and studiying all
the cascs.

Figure 1 shows one possble singlephase topology of a
6- level inverter. The analysis in this paper is based on the
assumption of constant DC voltapes. One possibility of
generating the control signals for a multilevel inverter is the
carrier based pulse width modulation.
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Figl. Sixlevel PWM (diode clamped) inverter

Il THD AND WTHD

The performance of different PWM techniques and the
influenice of parameter variations can be best compared by
the total harmonic distortion TIID and the weighted tatal
harmonic distortion WTHD. The THD is defined by the
root of the sum of all squared hamuonics of the pulse width
modulated voltage U(t).
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It is normalized to the fundamenlal amplitude U, = mio
where m 15 the modulation factor. The goal of this paper is
to calulate some Important parameters of a multilevel
imverter depending on the number of levels N of the
inverter. These parameters are the duty cycle, the averaged
ripple of the current in the single phase leg and the factor
(U/Uo)z. Calculating (hese pargmeters, THD and WTHD
can be found easily. The weighted total harmonic distortion
WTHD is also based on the sum of all squared harmonics
but it considers the orderof the harmanics in addition. The
higher arder (i} of the hammonics, lower their influence to
the WTHD factor.

WITD = 2)

It must be notced that floor{l/2) will be denoted as N,
in fuoture. The floon(x} operator determines the greatest
integer less than or equal to the number x. In order to carry
out these calculations, we must discriminate hetween the
cases of N even and N odd. Positive output voltages are
only considered due to the fact that the systemn s
completely symmerrical. Tn [5], thiz way of calculation is
presented but it is generalized in this paper studying all the
possible cases. It is defined w # the average oufput voliage
over a period.

The factor U(u}* can be easily calculated using the next
formula where U(t) is the output voltage of the single phase
in a period.

@y = [y de (3)
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The RMS value of the fundamental volisge Ci(i) is
simply given by ¥y = m £z while the RMS value of the
PWM voltage U can be determined. U is identical to U(u)?
averaged over a period. For symmetrical rcasons it is
sufficient to consider one guarier of a peried only, It is
denoted o as the duty cycle. The harmonic content of



current f~(7), the corrent ripple peak to peak @} and ihe
RMS value of F(t) (F-f2)) can be determined as
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The function u can be considered in general u = m[sin{a)
—kgin(3a+f 3y sinia+fq]. Therefore, this study can
include reference voltages with third and fifth harimonic
conlent. So, several cases are shidied.

A. Calculution of the parameters

1. Nodd

The possible cutpur voltages of a multilevel inverter
with N oldd are ¢, Uy Nee. 2 Un' New, von o (N 11U WMz, Lo

Therefore, Nz possible intervals can be defined as

Interval | 7
Interval 277

{0, Uy}
{UJletl ZL'.","'\I“:}

Interval hee-1 2 {(No=2)U /N, (No= DU N}
Interval Nce?  f{Noom 1)UpM,e. U b

It must be noticed that it can he denoted a. as the duty
cy¢le of interval k, AL, as the ripple o the cusrent in the
interval k averaged over a periodand (U/U c.);fwit‘h k=12,
v » Neo These parameters huve been caleulated by
increasing iterative operations with N levels using the
formulus commented before.
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2. MNeven

The possible cutput vollages of a multtlevel inverter with
N even are -U,iN-1), U/N-1}, 2U4N-1)},
1}, A0N-1), Uo. Therefore, N intervals can be defined as

Interval 07 {-UaAMN-1). Us{N-1)} (central interval)
Interval 17 { U AN-1}, 2L, AN-1)}
Interval 27 [2U J(N-1), 3UAN-1)}

Interval Nee2 7 {{Nee2)Up/AIN 1), (¥ee- DUGN-1}
[nerval Ince-1?7 (N~ DU AN-1), U}

It must be noticed thar a cenwal inteival appears. This
special interval has an output voltage negative {its value is

—Uy(N-1)) and the ather is positive {(its valuc is L {{N=1)).
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We can also calculate the parameters &, Al and and
{UAT).2 These parameters have been caleulated where k =
0.1, %o Bl
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These expresstons are completely valid for the central
interval taking into acconnt that in this case k is equal to
zervw. Therefore, the expressions for the central interval are
the folloving.
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8. Calewlation of KU fartor

The KU factor is defined as

i sy {72 ot
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and U and U ; are determined as

i ml/, ~

o

It must be noticed that firstly it will be considered u =
m[sin{a}]. Therefore, third and fifth harmonics will be
comnsidered in the nextseciion of this work.

. Nodd

For the first ioterval, applying the formula described
before, it can be used the following cxpression
E
2 2
Vg == | —dux
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If the number of levels of the inverter is greater or cqual
than 5, a secomnd intcrval appeurs and an angle f# must be
calculated. B is the angle where the moduolation changes the
low level to the up level. Therefore, for cxample if the
number of levels is equal to 5, Ais the angle where m
changes between n=0.5 and m>0.5. [n peneral, Nce angles
fir must be calculated with N=5 These angles follow the
el CXpIession.



B, =0

—arcsin[ 2220}
B8, arcsm[ N —l)]

— wilh k =1, N-1
Br =3

In genetal, Ug can be determined as
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The parameter Ug is associated with the interval
JNcem={j-1VN... The function U is defined as the sum of
terms Ug with =1, 2, ..., M. Therefore, U is a function
where m can change between € and 1. Finally, factor KU
and faclor THD can be caleulated as

2 7 .
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The evolution of KL factor and THD factor with the
number of levels of the inverter can be calculated. It is
shown in figures 8 and &

Fig 9. THD factor evolution for N odd

3. Neven

For the central interval the factor Ug can be easily
calculatc d.

L (49

For the first interval (this interval anfy exists if N=d) the
angic § where the mudulstion changes the low level for the
high fevel must be calculaied. Sa, for example, in the case
N=4, this angle marks the change hetween m=1/3 and
m>1/3. In general, the number of angles f that must be
detenmined is Nce-l where N=4. The analytics] expression
of By is

B, =0
Bmﬂiiﬁ(m

_x k=1... K-t
B =2

It is defined ; as the initial outpnt voltapge of interval k.

uy as the final outpul vultage of interval k.. So, in genecal it
can be calculated the expressiorl.
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It must be taken into account that the factor Uco only
exists in the interval 1A(N-1)mw=0. For the other intervals,
Ug; exists in the interval (2j+1}(N-1y>nme=(2j-1}(N-1). So,
the function U can be built as the sum of this Ug factors
with j=10, 1, ..., Ny1. Therefore, U is a function where m
changes between 0 and 1. Finally, factor KU and factor
THD can calculated using (13).

S0, the evolution of KU factor and THD factor with the
number of levels of the inverter can be calculated. It is
shown in figurcs 10 and 11.
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Fir 10. KU factor evolution for N even



e e e s o o mome e ——

u 07 [X] o's ] i

Fig 11. THD factor evolution for N even

C. Calculation of KI fuclor
1. Nodd

In gencral, the factors Igjcan be calculated as
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with = 1. N

These faclors K exist in the interval N >oG-1)Nc..

So, the function I can be built as the sum of these
parameters k; with j=1, ..., Nce Therefore, I is a function
where m changes between 0 and 1. Finally, factor KI and
factor can be calculated WTHD as

2 2
K1 =_§%_ WEHD= —_‘i‘:{" (18)

Using these formulas, the calculation of the paramelers is
very fast and easy. So, the evolution of KI facter and
WTHD factor with the number of levels of the inverter can

be calculated. It is shown in figures 12 and 13.
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Fig 12, KI factor evolution for N odd

Fig 13. WTHD factos evolution for N odd

2. Neven

In general, it can be used
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with j = 0...., Neee .

The factor ley ondy exists in the interval F(N-1Y-me0.
For the other intervals, Ig exists in the interval (2fH11(N-
1)>m=(2§-1)}(N-1). The function 1can be built as the som
of this Ig; factors with §0, 1, ..., Ng-1. Therefore, Iis a
function where m changes benween ¢ and ). Finally, factor
Kl and factor WTIID can be calculated with (18).

S0, the evolution of KI factor and WTHD factor with the
number of levels of the inverter can be calculated, Tr is
shown in figures 14 and 15.
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Fig 14. KI factor evolution for N even



Fig 15. WTHD factor evolution for N even
ItL. COMPARISION BETWEEN N ODIVEVEN

o order to compare the THD and WTHD of the inverter
with N «ld and N even, several figures can be shown. THD
factar is shov in figures 16 and 17.
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Fig 17. THD factor evolution with [>m>0.5

It can be observed clearly that inverters with an even
number of levels present THL} factors preacer than inverters
with an odd number of levels when m is small This
phenomenan occurs die o the fact that inverters with N
odd present zero vectoss whereas inverters with N even da
not present that kind of vectors. When m is small, these
vectors make easy to follow the reference vector and the
errot is low.

VWhen m grows this phenomenon loses impontance and
the evolution of THD factor is completely logical.
Therefore, for example, THD factor with I\ = &is greater
than the TID factor with N= 7 and lower than THD factor
with N=5.

In the same way, it can be shoyn the evolution of
WTHD factor with the number of levels. It is shown in
figures 18 and 19.
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Fig 12. WTHD factor evolution with 0.5>=m-0.05
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Fig 19. WTHD factor evolution with 12m>{.5

In the same way on that it was comumented previously, it
can be observed cleardy that inverters with an even number
of levels present WTHD factors greater than inverters with
an ¢dd number of Ievels when m is small. Equally, when m
grows this phenomenon loses imporlane: and the evolution
of WTHD factor is completely logical.

V. THIRD AND FIFI'H HARMONIC CONTENT

Now, it will be considered that the function u including
harmonics. 8o, in general, u = m[sin{a) + lg sin (3at+f3) +
ks sin (Sa+f5)]. Therefore, this study includes reference
vullages with third and fifth harmonic content.

The evolution of the factors with hanmanic content can be
easily calculated using the same tormulas commented
before. As an example, third harmonic content will be
considered. The evolution is represented in the plane m-k3.
The results are shown in figures 20-23. [r must be noticed
that these curves include the fipures 16-19 because the 2-D
presented fipures of THD and WTHD are the fipures 20-23
with k3equal to zern. So, these 3D pammetric curves are
the summary of the calculation.



Y. CONCILUSIONS

In tius work, a fast and easy method to calculate the TEITD
and WTHD factors has heen developed. This method is
completely generalized and any number of levels can be
studicd. Yhis calcunlation can be carry out im order to knnw
the inverter specifications to fulfill the harmonics
recommendation. Besides, the filtering reduction of the
output signals can be done thauks ko decreasing THD and
WTHD harmonics . In this paper, it is shown that inverters
wilh a pumber cven of levels present THD and WTHD
faclors higher than inverters with a number odd of levels
when m is small. It must be noticed that inverters with
M2>11 achieve harmonic parameters very same and it has
not scnse tie use of inverters with more levels.

There are several practical uses for the method. Firstly, il
can be determined the number of levels of a prototype in
order to achieve the specifications of distortion knowing the
switching frequency f£. Secondly, it can be determined Lhe
maximum switching frequency /& of a real protolype with N
levels ta fulfill the distortion specifications. Thirdly, the
maximum modulation index m cun be calculated knowing
the specifications of the prototype {5, N).

Fiy 20. THD factor cvolution with third harmonic content
with N=4 and M=

Fig 21. THD factor evolution with third harmonic cuntent
with N=5 and N=7

Fig 22 WTHD factor evolution with third harmonic content
with N=4 and N=6

Fig 23. WTHD factor evolution with third harmonic content
with N=5 and N=7

So, this method 1s a very useful ool o know a real
protolype or 1o determine u pussible protdype that fulfilis
the distartion specifications. Besides, the method includes
the study of any possible harmonic content. The evolution
of THD and WTHD [actor can be easily shown.

VIi. REFERENCES

[1] K. Teodorescu, F. Biaabjerg, J.D. Pederson, T.
Cengelei, 5.U. Sulistijo, B.0. Woo, P. Enjeti, "Multilevel
Converters - A Survey” Proc. of EPE'99. Laussmne, FriNce,
1999

2] Jyan Bloh, O.F. Kashami, BW. De Doncker
"Optimisation of multilevel voltage source converters for
Medium-Voltage DC Transmission Systems" [nternational
Symip. on Ind. Electronics, ISIE2000, Puebla (Mexico)
00

[3] DPai, S, von Jouamne, A, “A Simple Method for
Ralancing the DC-link Veltage of Three-Level Inverters”
ConferaNce Proceedings PESC 2001

[4] Calais. M., Agelidis, V.G.,, Borle, L., "Anaiysis of
Multicarrier PWM Methods for a Single-Phase Five Level
Inverter” ConfereNce Proceedings PESC 2001

[5] wvan der Broeck, /. F., “Analytical calculation of the
harmonic  effects of single phase muliilevel PWM
inverters”, 29th Annual ConferelNee of the IEEE [ndusirial
Elcctronics Society, IECOND3, pp 243- 248, November
2003, Roanoke, Virginia, USA .



