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Abstract

The main objective of this paper is to obtain estimations of Hausdorff dimension as well as fractal
dimension of global attractors and pullback attractors for both autonomous and nonautonomous
functional differential equations (FDEs) in Banach spaces. New criterions for the finite Hausdorff
dimension and fractal dimension of attractors in Banach spaces are firslty proposed by combining
the squeezing property and the covering of finite subspace of Banach spaces, which generalize the
method established in Hilbert spaces. In order to surmount the barrier caused by the lack of orthog-
onal projectors with finite rank, which is the key tool for proving the squeezing property of partial
differential equations in Hilbert spaces, we adopt the state decomposition of phase space based on the
exponential dichotomy of the studied FDEs to obtain similar squeezing property. The theoretical re-
sults are applied to a retarded nonlinear reaction-diffusion equation and a non-autonomous retarded
functional differential equation in the natural phase space, for which explicit bounds of dimensions
that do not depend on the entropy number but only depend on the spectrum of the linear parts and

Lipschitz constants of the nonlinear parts are obtained.
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1 Introduction

For infinite dimensional dynamical systems generated by partial differential equations or delay differ-
ential equations, the phase spaces are generally not locally compact, while the existence of attractors
can reduce the essential parts of the flows to compact sets. Furthermore, if the attractors have finite
topological dimensions (including Hausdorff dimension and fractal dimension), then the attractors can
be described by a finite number of parameters and hence the dynamics of the infinite dynamical systems
are likely to be studied by the concepts and methods of finite dimensional dynamical systems. Owing
to this, the study of attractors as well as their topological dimensions estimation have received much
attention from pure and applied mathematics community during the past decades.

The theory of existence of attractors for deterministic infinite dimensional dynamical systems,
especially for a large class of parabolic partial differential equations and delay differential equations, is
now well developed. See, for instance, the monographs by Babin and Vishik [4], Hale [23], Ladyzhenskaya
[26], Robinson [33] and Temam [36]. With respect to the dimensions estimation of attractors for infinite
dimensional dynamical systems, there are several methods. The first one is the squeeze method in Hilbert
spaces, which dates back to the pioneering work of Foias and Temam [22], where they showed that under
some circumstances a three dimensional flow depends indeed on a finite number of parameters. Then,
the idea was adopted in [3] and [25] to show the finite Hausdorff dimensionality of the global attractor
for the Navier-Stokes equations, which was then extended to the random case by Debussche in [15]. The
idea has also been extended to investigate the exponential attractors of deterministic partial differential
equations in [I], 17, (18] BI] and stochastic partial differential equations in [41], 42], which implies the
finite fractal dimensions of attractors.

The second method is to compute traces of some linear operators generated by the linearization of
the equations, requiring quasi-differentials of the underlying systems, which originates from the early
work [I6] with an emphasise on the Hausdorff dimension. It was then further extended by Foias and
Temam in their later work [12], where they also investigated fractal dimension and the relationship
between the Hausdorff dimension of attractors and Lyapunov exponents and Lyapunov numbers. The
method has also been adopted to study the dimensions of attractors for a variety of evolution equations.
See, for instance, the nonautonomous PDEs in bounded domain [10] and unbounded domain [9], the
retarded semilinear partial differential equations in [35] and retarded Navier-Stokes-Voight equation in
[32]. More examples can be found in Babin and Vishik [4] and Temam [36] and the references therein.

The above mentioned dimensions estimation methods are mainly obtained in Hilbert spaces, i.e.,
the phase space endowed with a smooth inner product geometrical structure. Nevertheless, there are
many evolution equations arising from real world modelings defined in Banach spaces, such as the delay
differential equations [24], delay partial differential equations [38] and the non-autonomous Chafee-
Infante equation [5] and so on. Although, in [29, B2, [35], the authors studied dimensions of global

attractors for ordinary or partial functional differential equations, they recast the equations into Hilbert



spaces. Therefore, one natural question arises, what can we say about the dimensions of attractors for
FDEs in the natural phase space, i.e., the Banach spaces? Mélek, Ruzicka and Théater [28] established a
third method for estimating fractal dimension based on a smoothing property of the system, which allows
the phase space to be Banach spaces, but requires an auxiliary space that is compactly embedded into
the phase space. The method was then extended by Efendiev, Miranville and Zelik [14], 19] to construct
pullback and uniform exponential attractors for systems in Banach spaces, which has also been widely
used in estimating the fractal dimension and construct exponential attractors of deterministic systems
[8, 13}, 20, 21] and random systems [0 [34], [40].

Although, the third method is effective for systems in Banach spaces, the estimation of the fractal
dimension depends on the choice of another embedding space which may vary from space to space.
Furthermore, the dimension estimation depends on the entropy number between two spaces for which
is generally quite difficult to obtain an explicit bound. Hence, one naturally wonders whether we can
give explicit bounds of topological dimensions of attractors for systems in Banach spaces that only
depend on the inner characteristic of the system. The only works tackling topological dimensions
estimation of invariant sets for nonlinear maps or attractors for infinite dimensional dynamical systems
in Banach spaces that we can find are [30] and [7]. In [30], Mané showed that negative invariant sets
for certain nonlinear maps in Banach spaces have finite fractal dimension, which also imply the finite
dimensionality of Hausdorff dimension and was then improved by [7]. Nevertheless, in [30], the results
are obtained under the assumption that the derivatives of map are bounded. In this paper, we establish
a new method by combining the squeezing property obtained by exponential dichotomy and the covering
lemma of the finite dimensional subspace of Banach space established in [30]. We do not need the strict
restriction of the boundedness of derivatives and we also provide explicit bounds of the dimensions of
the invariant sets in Banach spaces that only depend on the spectrum of the linearized system and state
decomposition of the phase space while not relate to the entropy number as [8 [13] (14, 19] 20, 21}, 28]
did.

We organize the remaining part of this paper as follows. In Section 2, we establish the criteria
for both Hausdorff and fractal dimensions estimation for autonomous systems. The corresponding
results for nonautonomous systems are obtained in Section 3 followed by applications to a retarded
nonlinear reaction-diffusion equations and a non-autonomous retarded functional differential equations
which depend only on the spectrum of the linear part and Lipschitz constants of the nonlinear terms
are given in Section 4. At last, we summarize the paper and point out some potential directions for

future research in Section 5.

2 Dimensions of attractors for autonomous systems

In this section, we study the Hausdorff and fractal dimensions of the attractors for autonomous dynam-

ical systems. Let X be a Banach space with norm || -||x and S(t) : X — X,t > 0 be a semigroup. A set



A is said to be invariant, if S(t).A = A. Moreover, the invariant set A is said to be a global attractor if .4
is a maximal compact invariant set which attracts each bounded set B C X. The Hausdorff dimension
of the compact set A C X is
dy(A) =inf{d: pg(A,d) =0}
where, for d > 0,
pr (A, d) = lim pp (A, d€)

denotes the d-dimensional Hausdorff measure of the set A C X, where
pr (A, d ) = inf Z rd

and the infimum is taken over all coverings of A by balls of radius r; < e. It can be shown that there
exists di(A) € [0,+00] such that up(A,d) = 0 for d > diy(A) and pp(A,d) = oo for d < dy(A).
dp(A) is called the Hausdorff dimension of A.

For a finite dimensional subspace F' of a Banach space X, denote by Bf (x) the ball in F' of center
x and radius 7, that is Bf' (z) = {y € F|||ly — z|| < r}. It is proved in [30] that the following covering

lemma of balls in finite dimensional Banach spaces is true.

Lemma 2.1. For every finite dimensional subspace F' of a Banach space X, we have

N (r1, BE) < m2m <1 + Tl) , (2.1)

T2

for all vy > ro > 0, where m = dim F' and N (Tl,Bf;(O)) s the minimum number of balls needed to

cover the ball of radius r1 by balls Br}; (0) of radius ro calculated in the metric space X .

To prove the existence of finite Hausdorff dimension of the attractors for a semigroup {S(t)}+>0 in
a Banach space, we impose the following additional assumptions on its attractor A.

Hypothesis A1 There is a finite dimensional projection P : X — PX with a finite dimension
A = dim{PX}, (2.2)
and there exist three positive numbers tq, M7, Mo, M3 and two constants Ag and \; such that
1PS(to)p — PS(to)y]| < MieX™ || — 4| (2.3)

and

I(I = P)S(to)e — (I = P)S(to)]| < (Mac™® + MyeXo™0) [ — ], (2.4)

for any ¢, in A.
We can now prove an upper bound for the Hausdorff dimension of the attractors for a semigroup

S(t) in a Banach space under Hypothesis Al.



Theorem 2.1. Assume that {S(t)}+>0 is a continuous semigroup with global attractor A, Hypothesis A1
holds and there exists 0 < v < 2 such that

MM 4+ 2 Moerto 4 2 Mzetoto < 1. (2.5)

Then, the Hausdorff dimension of the global attractor A satisfies

—InA-Aln(2+2)

dg < )
B In(aMyeoto + 2MyeMito + 2 zeioto)

(2.6)

where A is the dimension of PX defined by (2.2) and My, Ms, M3, A\g and A1 are given in Hypothesis A1l.

Proof. Since A is a compact subset of X, for any 0 < & < 1, there exist 1, ...,ry in (0,¢] and @y, ..., uyN
in X such that
N
Ac B (a,r), (2.7)
i=1

where B(u;,r;) represents the ball in X of center 4; and radius r;. Without loss of generality, we can

assume that for any ¢

B (ai, Ti) NnA 7é @, (2'8)
otherwise, it can be deleted from the sequence 1, ..., uy. Therefore, we can choose u;,i =1,2,--- | N
such that
u; € B (U,15) N A, (2.9)
and
N
Ac (B (ui,2r) N A). (2.10)
i=1

It follows from ([2.3) and (2.4) that for any v € B (u;, 2r;) N A, we have
”PS (to) u—PS (to) uZH < 2M1€/\0t07’i, (2.11)

and

(I = P)S (to)u — (I — P)S (to) wi|| < 2(Mae o + Mzeolo)r;. (2.12)

By Lemma for any o > 0, we can find y;,... .y, such that

n;
Bpx (PS (to) wi, 2M1€)‘°t°7“¢) C U Bpx (yf, OfMlé’)‘OtO?“z) (2.13)
j=1
with
9\ A
n; < A28 <1 + ) , (2.14)
«

where A is the dimension of PX and we have denoted by Bpx(y, ) the ball in PX of radius r and

center y.



Set
ul =yl + (I = P)S (to) u;

fori=1,...,N,j=1,...,n; Then, for any u € B (u;,2r;) N A, there exists a j such that

HS (to) u—u

HPS to) u — yZ

+ |[(I = P)S (to) u — (I — P)S (to) uil|
< (aMle)\oto+2M26>\1t0+2M36)\0t0> r;

with

4
ng < A2+ —)A
o

Denote by n = aM;e?t + 2Merto 4+ 20520t then we have
S (to) (B (us, 2r;) N A) C U B (ul,nri) -

Thanks to the invariance of A, i.e., A =S (ty).A, we have
N n; '
AC U U B (ug,m‘l) .
i=1j=1
This implies that, for any d > 0,
u (A, d,ne) <Zanrd<A2+ AdZT“
=1 j=1

we deduce, by taking the infimum over all the coverings of A by balls of radii less than ¢,
u(Ad,me) < A2+ %)And,uH(A, d,e).
Applying the formula recursively for k£ times yields
i (A, 9)) < (M@ + ) (A, d ),
Therefore, if

—InA—-Aln(2+ %)
In(aMeroto + 2 Myerito 4 2\ zeroto)’

d<

then
4
A2+ )Mt < 1.
o

Thus, by taking k — oo, we have (ne)¥ — 0 and ([2.22) leads to
(A, d, (ne)*) = 0.

This completes the proof.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



Remark 2.1. By , we can see estimation of di depends on the parameter «. It would be convenient
to know what is the optimal bound for this dimension. In other words, what is the value of a such
that the right hand side of attains its minimum value. By doing some simulations with some
specific values of the parameters involved in , one can check that when Miet becomes smaller
and smaller the value of a at which the minimum is achieved is closer and closer to 2, and from one
threshold on this minimum is achieved when o = 2. In conclusion, in these particular situations, if
we take a T 2 and assume 2Mpe0t 4 2Moeto 4 2Mzeroto < 1, then for all o € (0,2), we have
aMierto 4 2NHe Mt 4 2\V[zeroto < 1 and hence we obtain the estimation

—InA—Aln4
2eroto + 2Moerito + 2N zetoto)’

dy < I (2.26)

which is independent of oo. But this works only in those mentioned cases in which Mie ' is smaller

than some threshold (which depends on all the parameters involved in the problem.

Next, we study the fractal dimension of attractors for the semigroup {S(t)}+>0 based on the state
space decomposition and squeeze property Hypothesis A1 following the idea of [I5,22] and [42]. Here,
we extend the method to Banach spaces. The fractal dimension (or capacity) of A is defined as

In NV,
dims A = limsup w
e—0 —Ine

: (2.27)

where N¢(.A) is the minimum number of balls of radius less than & which is necessary to cover A.

Theorem 2.2. Let A be the global attractor of {S(t)}i>0 with finite diameter R4, that is Ra :=
Supyeq llullx < oo. Assume that Hypothesis A1 holds and there exists 0 < a < M; such that
¢ = aet 4 MyeMto 4 Mzeroto < 1. Then, the fractal dimension of global attractor A has an upper

bound
InA + Aln(2 4 20)

—In(
where A is the dimension of PX defined by (2.2) and My, Mo, M3, A\g and A1 are given in Hypothesis A1l.

dim; A < < o0, (2.28)

Proof. Since A is a global attractor, then it is compact and hence the number R 4 is well defined. Thus,
for any ug € A, we have
A C B (ug, Ra) (2:29)

where B (ug, R4) is the ball with center ug and radius R4. For any u € AN B (ug, R4), it follows from
Hypothesis A1l that
HPS (to)u—PS (t())’LL()H S MlekotORA, (2.30)

and

(I = P)S (to)u — (I — P)S (to) uo|| < Mae 0 + Mze* R 4. (2.31)



By Lemma we can find yj, ..., yg° such that

no
Bpx <PS (o) uo, 6/\0t°M1RA) c |J Brx (yé,ae’\otoRA) (2.32)
j=1
with N
M
ny < A28 (1 + 1) , (2.33)
a
where A is the dimension of PX.
Set
Ug) = yg + (I — P)S (to) uo (2.34)

for j =1,...,n9. Then, for any u € AN B (ug, R4), there exists j such that

|5ty u—wf| < ||PS (to)u =g + 11 = P)S (to) u — (1 = P)S (t0) wal

(2.35)
< (ae)\oto + MgeAltO + M3e)\oto) R4.

Since A is invariant, i.e., A = S (t9) A, we have
ng

A =S5 (to) (AN B (up,Ra)) C U B (u{), (ae)‘oto + Myetto 4 Mge)‘otf’) RA) . (2.36)
j=1

Denote by ¢ = (ae?t0 4 Myerto 4+ Mzeoto). Applying the formula recursively for k times gives
0N, g1 A
A=5(kto) (ANB(u,Ra) < |J B (ufc_l, CkRA) , (2.37)

j=1
implying that the minimal number N, (A) of balls with radius rj, = (¥R 4 covering A in X satisfies

M\t
Ny, (A) <mng-...-mp_y <[A2* <1 + a) %, (2.38)

Since we have assumed that ¢ < 1, then 7, — 0 as k& — co. Then it follows from ([2.38)) that

In N,
dimy A = limsup In N, (A)
r—0 _lnTk
Im[A2M (14 21)"e
< lim sup ! ( —: 2) ] (2.39)
k—00 —In(CFR4)
InA+Aln(2 + %)
pu— < OO.
—In(
O

Remark 2.2. As noticed in Remark the estimation of df(A) depends on the parameter o. The
same arguments described there are also valid here and, therefore, in some situations in which M;e 0 s

small enough we can deduce a bound for the fractal dimension which is independent of a. Namely, if we



assume Mjeoto 4 Moyerito 4 N fzetoto < 1, then for all o € (0, My), we have ae?to 4 NMoerto 4 Nzetoto < ]

and hence we deduce, taking o T My, that

InA+Aln4 .
— In(Mjeroto + Moerito + Mzeloto) )

dimy A < (2.40)

which is independent of a.

3 Dimensions of pullback attractors for non-autonomous evolution
process
This section is devoted to the investigation of Hausdorff and fractal dimensions of pullback attractors.

We first introduce some definitions and preliminaries about evolution processes, pullback attractors as

well as their existence criteria.

Definition 3.1. A family of two-parameter mappings {S(t,s) : t,s € R,t > s} acting on X is said to
be an evolution process on X if it satisfies
S(t,7)S(r,s) =S(t,s), Vt,r,s€ER, t>=712=s,
S(s,s) =Idx, VseR,

(3.1)

where Idx : X — X represents the identity map on X.

For notation simplicity, we will write {S(¢,s) : t,s € R,t > s} simply as {S(¢,s)} in the following.
The notion of a pullback attractor is closely related to the following definition of a pullback absorbing

set.

Definition 3.2. The family {B(t) }:er is said to be pullback absorbing with respect to the process {S(t,s)}
if, for allt € R and all D C X bounded, there exists Tp(t) > 0 such that for all s = Tp(t)

S(t,t —s)D C B(t). (3.2)
The absorption is said to be uniform if Tp(t) does not depend on the time variable t.

Definition 3.3. Let {S(t,s)} be a process on a Banach space X. A family of compact sets {A(t)}ier
1s said to be a pullback attractor for S if, for all 7 € R, it satisfies

(i) S(t,7)A(T) = A(t) for allt > T;

(1) limg_yo0 dist(S(t,t — s)D, A(t)) = 0 for all bounded subsets D of X .

The pullback attractor is said to be uniform if the attraction property is uniform in time, i.e.

lim supdist(S(¢,t —s)D, A(t)) =0

S§—00 teR

for all bounded subsets D C X.



In the definition, dist(A, B) is the Hausdorff semidistance between A and B, defined as

dist(A, B) = sup inf d(a,b), for A,B C X, (3.3)
acAbeB

where d(a,b) = [|b— a|x.
Indeed, just as in the autonomous case, the existence of compact absorbing sets is the crucial

property in order to obtain pullback attractors. For the following result, see Babin and Vishik [4] or
Temam [306].

Lemma 3.1. Let {S(t,7)} be a two-parameter process, and suppose S(t,7) : X — X is continuous
for all t > 7. If there exists a family of compact pullback absorbing sets {B(t)}ier, then there exists a
pullback attractor {A(t) }ier, and A(t) C B(t) for all t € R. Furthermore,
Aty = |J An(®),
DCX

where

Ap(t)= () U Stt—s)D

neNs2n

and D is bounded.

We first study the Hausdorff dimension. Similar to Hypothesis A1, we impose the following
conditions on {S(¢,s)}.
Hypothesis A2 There is a finite dimensional projection P(t) : X — PX with a finite dimension

A =dim{P(t)X} (3.4)
and there are three positive numbers M, M>, M3 and two constants Ay and A; such that
IP(£)S (¢, t = s0)p — P()S(t,t — so)tp| < Mie*™ [l — 9| (3.5)

and
I(I = P())S(t,t — s0)p — (I — P(£)S(Et — so)b]| < (MpeM™ + M) o — | (3.6)
for any ¢ € R and some so > 0 and ¢, in A(t).

Theorem 3.1. Assume that {S(t,s)} is a continuous evolution process with a pullback attractor { A(t) }1er

, Hypothesis A2 holds and there exist 0 < o < 2 such that
M1 %0 4 2MpeM50 4 23 0% < 1. (3.7)

Then, the Hausdorff dimension of the global attractor A(t) satisfies

—InA-Aln(2+2)
OéMle)‘OSO + 2M2€)‘15 + 2]\4'36>‘050)7

dg < ln( (3.8)
where A is the dimension of P(t)X defined by (3.4) and My, My, M3, \g and \1 are given in Hypothesis A1l.

10



Proof. Replacing A and S(¢) in the proof of Theorem [2.1| by A(t — so) and S(¢,t — so) respectively till
(2.10)). For any ¢ € R and the sy € RT in Hypothesis A2. It follows from (3.5) and (3.6)) that for any
u € B (u;,2r;) N A(t — so), we have

|P()S(t,t — soyu— P(£)S(t,t - so)uil| < 2M1*%r,, (3.9)

and
(I — P(t)S(t,t — so)u — (I — P(t))S(t,t — so)ui|]| < 2(Mge)‘130 + Mge)‘OSO)ri. (3.10)

By Lemma for any o > 0, we can find y;,... .y, such that

Bpx (}D(t)S(t,t-— 50)U4,2A416A080Ti) C LJ Bpwx (yg»C¥A4i€A°S°T¢) (3.11)
j=1
with
9\ A
n; < A2° <1 + ) , (3.12)
(0%

where A is the dimension of P(¢)X.
Set
ul =yl + (I = P(1))S(t, t — s0)u; (3.13)

fori=1,...,N,j=1,...,n; Then, for any u € B (u;,2r;) N A(to — s), there exists j such that

HS(t,t — S0)u — u{

< HP(t)S(t,t — so)u—y]

+ 1 = P()S(t, t = s0)u — (I = P(£))S(t,t — so)uil

< (OéMle)\oso 4 2M26)\15 + 2M36)\050) r;

(3.14)
with
4
n; < A2+ —)N (3.15)
a
Denote by 1 = (aM1e?0%0 4+ 2Mye 150 4 2M3e0%0). Then we have
n; .
S(t,t — so) (B (u,2r;) NA) C U B (ug,nn-) . (3.16)
j=1
By the invariance property (i) in the definition ie., A(t) = S(t,t — s0)A(t — s0), we have
N ez )
A(t) C U U B (ug,nm) . (3.17)
i=1j=1
This gives rise to, for any d > 0,
prr (A, done) < 0> utrd < A2+ )Rty (3.18)
i=1 j=1 i=1

11



we deduce by taking the infimum over all the coverings of A(t) by balls of radii less than e:
dine) < A2+ )byt — 80),d 3.19
bH (‘A(t)a 7778) = ( + Oé) n MH(A<t 30)7 75)' ( : )

Applying the formula recursively for k times and it follows from the fact that A(t) = S(¢,t — s0)S(t,t —
50) -+ S(t,t — kso)A(t — kso) we have

pur (A(t), d,me) < [A(2+ g)And]k#H(A(t — ks0),d, €). (3.20)

Therefore, if
~InA-Aln(2+2)

di < 3.21
™ In(aMyeos + 2Mye o + 2Mzeos)’ (3.21)
then
4
AR+ )Mt <1, (3.22)
o
and (13.20)) leads to
o (A(t),d, ) — 0, (3.23)
when k — oo. This completes the proof. 0

Remark 3.1. Taking into account the content of Remark [2.1] we can obtain some estimation for the
dimension which is independent on «. Indeed, if we take o T 2 and assume 2Me*0%0 4+ 2Moer50 4
2Mzer050 < 1, then for all o € (0,2), we have aMie?0%0 4 2Moers0 4 2M5er0%0 < 1 and hence we

deduce
—InA—-—Aln4

2M16/\030 + 2M26)\150 + 2M36)‘050) ’

dy < o (3.24)

which is independent of o, although it may only be optimal for small values of M;e 0%,

Subsequently, we study the fractal dimension of pullback attractors for the evolution process

{5, 9)}-

Theorem 3.2. Let {A(t) }ier be the pullback attractor of {S(t,s)} with uniform finite diameter R 4 :=
SUDyer SUPLea@) [ullx < co. Assume that Hypothesis A2 holds and there exists 0 < a < M such
that ¢ == ae?0®0 4 MyeM®0 4 Mzero%0 < 1. Then, the fractal dimension of global attractor A(t) has an

upper bound
InA 4 Aln(2 4 240)

—1In¢
where A is the dimension of PX defined by (2.2) and My, Ma, M3, \g and \1 are given in Hypothesis A2.

dim A(t) < < 0, (3.25)

Proof. Since {A(t)}+er is a pullback attractor, then it is compact and hence the number R4 is well
defined. Thus, for any ¢t € R and ug € A(t), we have

A(t) € B (uo, Ra) , (3.26)

12



where B (ug, R 4) is the ball with center uy and radius R 4. For any u € A(t—so) N B (ug, R4), it follows
from Hypothesis A2 that
| P(t)S (t,t — so)u— P(t)S(t, t — so)uo|| < M1e R4, (3.27)
and
(I = P(£))S(t,t — so)u — (I — P(t))S(t,t — so)ugl|| < Mae 0 + Mze 00R 4. (3.28)
By Lemma we can find y{, ..., yg° such that

no

Bp)x (P(t)S(t,t — 50)uo, 6)‘050M13A) c |J Brux (yé, OéeAOSORA) (3.29)
j=1
with \
ng < A2° (1 + Aﬁ) : (3.30)
where A is the dimension of P(¢)X. Set
uh =yl + (I — P(t))S(t,t — s0)uo (3.31)

for j =1,...,n9. Then, any u € A(t — s9) N B (up, R4), there exists j such that
| sttt = soyu =i | < ||P®)S(t = soyu = g + 1T = P@)S(tt = soyu = (T = P@)S(t,t = so)uo]

< (ae)‘oso + Moe®0 + Mge)‘OSO) R4.
(3.32)
Since A(t) is invariant, i.e., A(t) = S(¢,t — so).A(t — so), we have

70 )
A(t) = S(t,t = 50) (A(t = 50) N B (o, Ra)) € |J B (ud, (@™ + Moe™* 1 Mye®) Ra) . (3.3)
j=1

Denote by ¢ = (ae?0%0 + Maer1%0 4 M3ze?0%0), Applying the formula recursively for & times,
T0,M1, 0 Mg—1

A(E) = S (6t = s0) -+ 8 (t = (k= 1)so, t — kiso) (A(t = kso) 1 B (w0, Ra) € | B (w1, ¢"Ra).

j=1
(3.34)
implying that the minimal number N,, (A(t)) of balls with radius r, = (¥R 4 covering A(t) in X satisfies
YA
Ny (A(t) <np-...-omg < !AQA <1 + 1) (3.35)
a
Since we have assumed that ¢ < 1, then r, — 0 as kK — oo. Then it follows from (3.35|) that
In N, t
dimy A(t) = limsup In Nr (A(®))
rE—0 —1Inry
A
In[A2 (14 20)7k
<l Qo 3.36
ST O 50
InA + Aln(2 + 24)
= < 00.
—1In(
O
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Remark 3.2. Again, at light of Remark if we take o 1 My and assume M;ero%0 + Mye %0 4+
Mser0%0 < 1, then for all a € (0, M), we have aers0  MoeMso 4 Maeos0 < 1 and hence we get an

estimation
InA+Aln4

— In(Myeroso + Myeriso 4 Mzedoso)

which is independent of «, although it may be only optimal for small values of Mie

dimy A < < o0, (3.37)

Aoso

4 Applications

In this section, we are concerned about applications of the above established theoretical results to the

retarded reaction-diffusion equation and the non-autonomous retarded functional differential equations.

4.1 Retarded reaction-diffusion equation

This subsection is devoted to the Hausdorff and fractal dimensions of global attractors for an autonomous

retarded reaction-diffusion equation on the bounded domain [0, 7] with a Dirichlet boundary condition.
(% (x,t) = 862u(x t) —au(z,t) —bu(x,t —r) + f(u(z,t —r)),0 <z <mt>0,
u(0,t) = u(m,t) =0,t >0, (4.1)
u(z,t) = o(t)(z),0 <z <m,—r <t<0,

where a, b and r are positive constants. Denote by H = L?(0,7) with inner product (&,7) =

Jo &@)n(x)dz, norm ||€||lp = [[y €2(x)dz]"/? for any &,n € H and X = C([-r,0], H) the space of

continuous functions from [, 0] to H endowed with the supremum norm ||¢|| = supge|_, o) [|#(0)]z for

any ¢ € X. In order to set the solution in the abstract semigroup framework, we define A: H — H by
with domain Dom (A) = {y € C?([0,7]);y(0) = y(x) =0}, L: X — H by

Lo 2 —ag(0) — b(1) (43)

for any ¢ € C' and Ay : X — X by
Aud = Ap(0) + Lo (4.4)
for any ¢ € X. It is well known that A — al generates an analytic compact semigroup {7'(¢)}+>0 on H
and [38] that Ay generates a semigroup {U(t)}+>0. Moreover, we assume that f satisfies the following

global Lipschitz condition.

Hypothesis A3 ||f (¢1) — f(¢2)|| g < L||¢p1 — ¢2|| for any ¢1, ¢ € X.
It follows from [38] Theorem 2.6 that (4.1)) admits a global solution u?(-) : [~r,00] — H such that

u®(t) = ¢(t) for t € [~r,0] and
u?(t) = T()$(0) + /O tT(t — %) [L (u¢) tf (m)} ds, (4.5)
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for t > 0.

Define @ : Rx X — X by ®(t)¢ = uf(), then it generates an infinite dimensional dynamical system
due to the uniqueness of the solution. The existence of attractor for semilinear or nonlinear partial
functional differential equations including as special case have been reported in much literature.
See, for instance, [39] tackles the autonomous case with a nondensely defined linear part. Apparently,
(4.1)) satisfies other assumptions in [39] and hence it follows from Proposition 3.1 and Theorem 3.1 in
[39] that admits a global attractor which is stated as follows.

Lemma 4.1. Assume that Hypothesis A3 holds. Then, for any ¢ € X, there exists a constant § > a
such that the integral solution ud)() of Eq. (4.1) satisfies the following inequality

Cle5r

<
full <

e <||¢|| - Cl) elbre )t >0, (4.6)

a— Lfe‘sr
where ¢1 = || f(0)]|, a # Lfe‘s”. If a > Lfe(sr, then Eq. (4.1) has a nonempty global attractor A.
We now estimate the dimensions of the global attractor in Lemma We first introduce the

following state decomposition results of the linear part Ay of (4.4]) established in [38]. It follows from

[38] that the characteristic values of the linear part Ay are the roots of the following characteristic

equation
n2—()\+a+b6_)"">:0,n:1,2,---. (4.7)
Since Ay is compact, it follows from Theorem 1.2 (i) in [38] that the spectrum of Ay are point spectra,
which we denote by g1 > g2 > --- with multiplicity n1,ne, -, where g1 is defined as
01 = maX{Re)\ n? — ()\-l-(l—f-b@_)\r) = O} n=12.-.. (4.8)

In the following, we always assume that b —a < 1 and it follows from Lemma 1.13 on P73 in [38] that

ifa>0,b>0and b—a <1, then p; < 0. For any given g,, < 0, m > 1, there is a

km=n1+n2+ -+ nny (4.9)

dimensional subspace X ,gm such that
X=X Pxi,
is the decomposition of X by g,,. Let P, and Qy,, be the projection of X onto Xgm and X,fm
respectively, that is X ,gm =P, X, X ,fm = — P, )X = Qg,, X. It follows from the definition of Py,
and @y, that
IU#) Q]| < Ketm*lzfl, >0, (4.10)

where K is a positive constant.
To show the squeezing property, we extend the domain of U(t) to the following space of some

discontinuous functions

C= {¢ t[=r,0] = X; ¢l is continuous and lim ¢(f) € X exists} (4.11)

0—0—
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and introduce the following informal variation of constant formula established in [3§]

u(t) = Ut)p + /0 t [U(t — 5)Xof(us)] (0)ds, > 0. (4.12)

It is proved by Theorem 2.1. in [38] that the function u : [—r,00) — X defined by (4.5)) satisfies (4.12))
with ug = ¢ € X, where Xg : [-r,0] = B(X, X) is given by Xo(f) =0 if —r < 60 < 0 and X(0) = Id.

Remark 4.1. In general, the solution semigroup defined by (4.12)) have no definition at discontinuous
functions and the integral in the formula is undefined as an integral in the phase space. However, if
interpreted correctly, (4.12) does make sense. Details can be found in [11] Pages 144 and 145.

We can now prove the squeezing property from which it is clear that the global attractors of (4.1))
have finite Hausdorff and fractal dimensions by Theorems [2.1] and [2.2]

Theorem 4.1. Let P be the finite dimension projection Py, defined by (4.10), o1, 0m and K being
defined in (4.8)) and (4.10|) respectively, then we have

|PD(t)p — PB(t)y]| < 2eLrtent|ip — g (4.13)
and I
(I = P)®(t)g — (I — P)®(t)y]| < (Keomt + ———L—elLrtenty | | (4.14)
o1+ Ly~ om

for any t >0 and p,y € A.

Proof. For any ¢, € X, denote by y = ¢ — ¢ and w; = ®(t)p — ®(t)y) = u] — uf) Then it follows
from (4.12)) that
t
wi=URy+ [ Ul = )Xol () - af)ds, 20, (4.15)
0

Taking projection I — P on both sides of (4.15]) leads to

(I = Pwt|lx =|[(I = P)U(t)y +/0 (I = P)U(t = 5)Xolf (uf) — f(ul)]ds]|

: (4.16)
<ttty + £y e T = ol
0
Multiplying both sides of ([4.16)) by e~91t,
t
eI = Pywy|| <Kelem=e!y] +Lf/ e (I = P)uwl|ds. (4.17)
0
By applying the Gronwall inequality, we have
KL
e @ |[(I = Pywy|| <[lyl|[Kelem et 4 ———=L—(elen=ent _ L], (4.18)
Om — 01 — Lf
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indicating that

KL
(1 = Pywr| <[lyll[Keemt + ———L—(etnt — elbstenty)
Om — 01 — Lf
<yl [Keent + —EL—(brre,
o1+ L — om
Hence, the second part holds with \g = Ly + 01, A1 = o, M2 = K and M3 =

IPU @)yl <IU @)yl + [I(I = P)U(#)yl].

Taking projection of P on both sides of (4.15)) gives

[Pwt|| <[[PU(#)y]| +/O IPU(t — 5)Xo[f (uf) — f(ul)]ds]|

2l

t
< = PU@T @l + Ly [ e Pl ds
1P ;

t
<ilenkcotyy iy [ et Puyjas.
|Om1]

Multiplying both sides of ([4.21)) by e~ implies

t
e[ Puy | < Q'Qm‘ ol + L / 019 | Py | ds.

mt1]

By applying the Gronwall inequality, we have

oot Puy | <12l etst,

|om+1]

which means that ol
Om

Lf+Ql)t.
| Om+ ’

[Pw| <

lylle

Hence, the first part holds by taking M; = |Q|Qm‘ | and A\g = Ly + 01.

KL;
—omFoi+L;
Subsequently, we prove the first part. Since U(t)y = PU(t)y + (I — P)U(t)y, we have

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

O]

It follows from Theorem that we have the following results about dimension of attractor

{A(t)}ter for (4.1).

Theorem 4.2. Let ky,, 01, 0m and K be defined in (4.8), (4.9) and (4.10) respectively, P be the finite
dimensional projection Py, defined by (4.10). Assume that conditions of Lemma are satisfied.

Moreover, assume there exist 0 < o < 2 and tg > 0 such that

a ’Qm‘ e(Lf+Ql)tO+2K€th0_|_2 KLf

e(Lf+Q1)to <1.
|Om+1] o1+Ly— onm

Then, the Hausdorff dimension of the global attractor A satisfies
—Inky, — kp In(2 4 2)

leml| _(L;401)to omto _ KLy (Li+oi)toy
(e, e 2R et + 2 T e )

dy <

17
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Remark 4.2. Since g1 and g, represent the first and the m-th eigenvalues of the linear part Ay of
Eq. , which depends on the delay effect, we can see the Hausdorff dimension of global attractor A
of Eq. depends on the time delay via the distribution of eigenvalues of the linear part Ay of Eq.
(4.1). Furthermore, it follows from that the Hausdorff dimension depends on the constants of
exponential dichotomy, the Lipschitz constant of the nonlinear term and the spectrum gap of the linear
part Ay, indicating that the Hausdorff dimension of global attractor A is very flexible to be tuned by
a variety of parameters. If we take o T 2 and impose conditions as Remark we can derive an

estimation independent of .

Particularly, we can see from (4.26)) that the Hausdorff dimension of global attractor A is monotone
increasing with respect to m. Thus, in the case m = 1, we can obtain the minimum Hausdorff dimension

of global attractor A, which is given in the following corollary.

Corollary 4.1. Let 91 and K be defined by (4.8) and (4.10) respectively and P be the finite dimensional
projection Py, defined by (4.10). Assume that the conditions of Theorem are satisfied a,b,r are
appropriately chosen such that k1 = 1. Moreover, assume there exist 0 < o < 2 and ty > 0 such that
a:m:e“fﬂ’l)to +2Ke0t 4 2 ebrtento . (4.27)
02
Then, the Hausdorff dimension of global attractor A satisfies
—In(2+ 3)

ln(a%e(Lf+Ql)tO + 2K€‘Qlt0 + 2K6(Lf+91)t0)
2

d< . (4.28)

By Theorem we have the following results about the fractal dimension of Eq. (4.1)).

Theorem 4.3. Let ky,, 01,0m,y and K be defined in (4.8)), (4.9) and (4.10) respectively, P be the

finite dimensional projection Py~ defined by (4.10). Assume that the conditions of Lemma are
satisfied. Moreover, assume there exist 0 < o < |£’7m\| and ty > 0 such that ¢ := aellrtedto 4 [Ceemto 4

|Qm+1
%e@fﬂ“)to < 1, then, the fractal dimension of global attractor A has an upper bound

In kp, + km In(2 + 2lom| )
mom olom1]

. 4.29

e < 00 (4.29)

Similar to Remark[4.2)and Corollary [£.4], we have the following corollary about the fractal dimension

dimf.A <

of global attractor A in the case g, = 01.

Corollary 4.2. Let o1 and K be defined in (4.8]), (4.9) and (4.10) respectively and P be the finite
dimensional projection Py, defined by (4.10). Assume that the conditions of Lemma are satisfied

and a,b,r are appropriately chosen such that ky = 1. Moreover, assume there exists 0 < a < tg such
that celLrtevto  [gearto 4 KelLiteto < 1 then, the fractal dimension of global attractor A satisfies

In(2 + 2|91\)

aloz|

—ln[(a + K)e(Lf-i-m)to + KtetO] < o0

dimy A <

(4.30)
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4.2 Non-autonomous retarded functional differential equation

Consider the following typical non-autonomous RFDE arising in real world applications

N 0
w(t) =) Apu(t —wg)+ A(t, ) u(t + 0)d0 + f(uy),t > o,
kzl : SO (4.31)

To = @,
where 0 < w; <wy < -+ <wy < r, u(t) € R", Ay € R r stands for the delay. The initial condition
¢ € X = C(]-r,0,R"), with X being the Banach space of continuous functions from [—r,0] to R”

equipped with the supremum norm |[|¢[|x = supge[_, g [¢(0)| for any ¢ € X and |- | is the usual norm
of R™. A(t,0) is integrable in 6 for each ¢ and there is a function a € £°((—oc, 00), R) such that

0
' A e>¢<e>d9\ < a(t)l¢l (4.32)

forall t > o and ¢ € X. f is a continuous nonlinear mapping from X into R"
For notation simplicity, define the linear part of (4.31) as a linear mapping L(t) from X into R"
given by

N 0
Lt)p =Y Awp(~wi) + [ A(t,0)¢(6)d6 (4.33)
k=1 -r

for any ¢ € X. Following Chapter 6 in [24], assume that there is an n x n matrix function n(t, ),

measurable in (¢,6) € R x R, normalized so that
n(t,0)=0 for 6>0, n(t6)=nt—-r) for 6<-—r

n(t,0) is continuous from the left in # on (—r,0) and has bounded variation in # on [—r, 0] for each ¢.

Further, there is an m € £P° ((—o0, 00), R) such that
Var_.q n(t,-) < m(t)

and the linear mapping L(t) : X — R" is given by
0
Lty = [ din(t.0)e(6)
for all t € (—o00,00) and ¢ € X. Obviously, the norm of L(t) satisfies |L(t)¢| < m(t)|¢|. It follows
from Theorem 1.1 of Chapter 6 in [24] that under the above assumptions the following non-autonomous
linear equation
u(t) = L(t)iy,
Uy = ¢

admits a unique global solution (-, o) : [0 —r,00) — R™ and hence the two parameters process S(t, )

(4.34)

on X defined by S(t,0)¢ = ﬂf(-, o) is a continuous process. We always assume the trivial equilibrium
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@ =0 of (4.34) is uniformly asymptotically stable and hence by Lemma 5.3 of Chapter 6 in [24], there

exist positive constants v and K such that
I1S(t, )8l < Koe 1 “7||g| (4.35)

for all t > o.

We also assume the nonlinear term f satisfies Hypothesis A3 and impose the following assumption
similar to the exponential dichotomy on the process S(t, o) generated by .

Hypothesis A4 There exist a positive constants K and a negative constant 8 < —v, and an m

dimensional projection operator P(t) : X — X,,,s € Rand Q(s) = I —P(t) : X — X;- s € R such that
IQ®)S(t, 5)[| = ISt 5)Qs)|| < KePl=), > (4.36)

Remark 4.3. The Hypothesis A4 is an intermediate and standard assumption in the study of dy-
namics of non-autonomous RFDEs, such as the boundary problem, the existence of almost periodic
solutions [24)] and invariant manifolds [37]. In the autonomous case, it degenerates to a fact that the
phase space X can be decomposed into a finite dimensional unstable subspace and an infinite dimen-
stonal stable subspace, which is guaranteed by imposing some conditions on spectrum distribution of the
linear operator. The details can be found in Chapter 7 of [24] and similar results for retarded reaction
diffusion equations in Subsection 4.1. For non-autonomous operators, the spectrum condition under

which Hypothesis A4 holds have been studied in the Appendiz A of the very recent work [27].

It follows from Theorem 1.2 of Chapter 6 in [24] and some standard contraction techniques, that
under assumption Hypothesis A3, the non-autonomous nonlinear equation admits a solution
u®(t, o) for any t € [0 —r,00), which is also continuous with respect to the initial condition. Define the
non-autonomous evolution process generated by by ®(t,0)p = uf’ (-,0) for any ¢ € X, which is
continuous for any ¢ > o. In the following, we construct exponential attractors for of ®(¢,0). We first

show that ®(¢,0) admits a family of positive invariant pullback absorbing sets B(o) for any o € R.

Theorem 4.4. Assume that Hypothesis A4 as well as Hypothesis A3 hold, Ko < 1 and KoLy~ <
0. Then the dynamical system ® admits an invariant pullback absorbing set B defined by

1 Kof(0) 1
B={pecC < : 4.37
(0 € Cllol < T P02 4 ) (137
Proof. By the following informal variation of constant formula established in [11]
t
uf(t—s)=S(t,t—s)p+ [ S(t,t—s—p)Xof(ul(-,t —p)dp, >0, (4.38)

t—s
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where X : [-r,0] — B(X, X) is given by Xo(0) =0 if —r < 6 < 0 and X¢(0) = Id, we have

t

[ o= <=9+ 1 | Sttt = (s~ p)Xof it = p))dl
<Ko ol + KoLy [ eIt = )+ FO)p (439)

- L Kof(0)(1 —e™ 7
<Kpe 7* Hng—l—KoLf/ e (s p)HU?(-,t—p)Hdp—&— of( )(7 )
t—s

Multiplying both sides of (4.39) by e?*,

¢
Kof(0)er®
o gt = o) <Kaloll + KoLy [ eelugtt = p)ldp+ SO (4.40)
—S
Applying the Gronwall inequality yields
Kof(0)ers  el—Koly)s
e’YS u¢ ',t—S H SK ¢ eKOLf3+ + ’ (4‘41)
and hence KoL
Kof(0 —hobgs
|t~ 9 <k ol et 4 FoIO) €T
T TR (4.42)

_ Kof(0) 1
<K [|¢|| eFoLs=)s + :
Il 0% v — KoLy
Therefore, in the case KoLy —v <0, for any ¢ € X, there exists a s 4 > 0 such that, for all s > s)4,

Huf’(-,t—s)H< L Ko/ (0) ! (4.43)

= + .
1-Ko" ~ v — KoL f]
That is, B(t) is an absorbing set for ®(¢,t — s). Indeed, for any bounded subset D C X, denote by

rD = Supyep |lull, if we take Tp = %ln rﬁgﬁ&g@g&igig), then we have

o(t,t —s)D C B

for all s > Tp.
The invariance property clearly follows since for any ¢ € B, by (4.42)) and (4.43)), we have

K 0 efKoLfs
o/ 0)

(¢t = )6 =[[uf 0 = )| < Kool et 4

Y v — KoLy
K Kof(0 1
e LG ] (4.44)
1—- Ky ¥ v — KoLy
1 [Kof(()) 1 |
T1-Ko v v — KoLy
This completes the proof. ]

Remark 4.4. Theorem together with continuity and compactness of the evolution process ®(t,o)
implies it admits a pullback attractor {A(t)}ier. In the sequel, we give upper bounds of Hausdorff and
fractal dimensions of the evolution process ®(t, o) generated by (4.31)).
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Subsequently, we prove the squeezing property of @, i.e., (Hs) holds.

Theorem 4.5. Let P be the finite dimensional projection Py, defined by (4.35), K, 5,y and Ky being
defined by (4.35) and (4.36) respectively and assumptions of Theorem hold, then we have

IP@O)B(t,0)p — PHB(t, o ]| < 260LDE) | | (4.45)
and
I = P(t)(t,0)p — (I — P@)B(t, o) < (et + LR impaony oy (4.46)
—y+Lp—0

for any t >0 and @, € B.

Proof. For any ¢,% € X, denote by y = ¢ — ¢ and wy(-,0) = ®(¢t,0)p — ®(t,0) = uf(-,0) — u}f(, o).
Then it follows from (4.38]) that

t
wi(,0) =St o)y + S(t, s)Xo[f(uf) — f(ul)]ds, t>0. (4.47)

t—s

Taking projection I — P(t) on both sides of (4.47) leads to

I = POyl =IT = POISE =9y + [ (1= P@)SE5)Xolrwt) - fufNas]
L (4.48)
<Ky + Lo [ eI = Pt s

Multiplying both sides of (4.48)) by ¥(*~),
t
(I = P(t))wi(-, 0) || <KDy + LfKO/ =N (I = P(t))wi(-, 0)|ds. (4.49)

t—s

By applying the Gronwall inequality, we have

KL¢K
6'7(’5_‘7) I — P(t))w o)l < Ke(ﬁ‘f"‘/)(t—g) + _ BEfR0 6(,8“"7)(15_‘7) _ eLfKO , 4.50
II( ()we (- o)l <llyll[ 5+7—LfK0( )] (4.50)
indicating that
KL¢K
I(Z = P(0))we(-, o) <[yl 4 =L (17) — Fobrm(ie))]
ﬂ + Y= LfK()
KL K (4.51)
<|lyl|[KePt) + 120 (KoLy=)(t=o)],
. KL K
Hence, the second part holds with \g = Ly Ko —y, A\ = 8, My = K and M3 = ﬁerfoKo

Subsequently, we prove the first part. Since S(t,0)y = P(t)S(t,0)y + (I — P(t))S(t,0)y, we have

[1P@)S(E, o)yl <[[S(t o)yl + I(I = P()SE o)yl (4.52)
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Taking projection of P(t) on both sides of (4.38) and on account of (4.52]),

| Pl o) =lIS(E o)yl + 11 = P1)S(t, o)yl + / IP®S(t5)Xol () ~ £ (u?)ds]|
<(Koe 7 + KeP)|ly| + Ly Ko / LI Py, o) ds (4.53)

t—s

t
<o+ K)e gl + Lok [ e Pus,0)]ds.
t—s
Multiplying both sides of (#.54)) by ¥(*~),

t
D Punl o) <Ko+ Kyl + LyKo [ ) [Put,0)]ds. (4.51)

t—s

By applying the Gronwall inequality, we have

| Puy(-, o)l <(Ko + K)lylle™r "0, (4.55)

indicating that
[Pwi(-, 0)|| (Ko + )|yl om0, (4.56)
Hence, the first part holds by taking My = (Ko + K) and A\g = Ly Ko — 7. O

Apparently, \; = f < —y < LyKog — v = Ag in Theorem Hence, it follows from Theorem
that we have the following results about the dimension of pullback attractor {.A(t)}ier of (4.1).

Theorem 4.6. Let Ky,v,3, K and P(t) be defined in (4.35) and (4.36) respectively. Assume that the
conditions of Theorems [{.4] and [{.5 are satisfied. Moreover, assume there exist 0 < a < 2 and ty > 0

such that
LfK() -

(LyKo—7v+58)
Then, the Hausdorff dimension of the global attractor A satisfies
—Inkp, — b In(2+ 2)

— L Ko— ~ .
In(a(Ko + K)elbrKomnt 4 2K efto 4 2oLt ds el Ko=)

Particularly, we can see from (4.58)) the Hausdorff dimension of pullback attractor {A(t)}icr is

monotone increasing with respect to m. Thus, in the case m = 1, we can obtain the minimum Hausdorff

el

a(Ko + K)elbrEo=t 4 ofebto 4 9 LiKo=mto < 1, (4.57)

dH<

(4.58)

dimension of pullback attractor {A(t)}:cr, which is given in the following corollary.

Corollary 4.3. Let Ko,v,3, K and P(t) be defined in (4.35) and (4.36|) respectively. Assume that the
conditions of Theorems [{.4] and [{.5 are satisfied. Moreover, assume there exist 0 < a < 2 and ty > 0

such that
LyKo—~

a(Ko + K)ellrKomto 4 g ceblo 4 o elLrko=to <, 4.59
( ) (LfKo—~+B) (4.59)
Then, the Hausdorff dimension of the global attractor A satisfies
~In(2+2
dy < — 2+3) I TRy rowee e (4.60)
11’1(@(K0+K)€ fHRo= 0+2K66t0+2m6 fRo=y 0)
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By Theorem we have the following results about the fractal dimension of Eq. (4.1)).

Theorem 4.7. Let Ky,v,3, K and P(t) be defined in (4.35) and (4.36) respectively. Assume that the
conditions of Theorems[{.4] and[.5] are satisfied. Moreover, assume there exist 0 < a < Ko + K such

that ¢ := aelLrFKo=1to 4 eflo %euﬂﬁ’_”to < 1. Then, the fractal dimension of pullback

attractor A(t) has an upper bound

Inm+ mln(2 + %)

—In(

dim; A(t) < < o0. (4.61)

Similar to Remark[4.2)and Corollary [£.4], we have the following corollary about the fractal dimension
of pullback attractor A(t) in the case m = 1.

Corollary 4.4. Let Ky,v,3, K and P(t) be defined in (4.35) and (4.36|) respectively. Assume that the
conditions of Theorems [{.4] and [{.5 are satisfied. Moreover, assume there exist 0 < a < Ko + K such
that ¢ := aellrKo=nto 4 [eflo I KL o(LKo=7to < 1, Then, the fractal dimension of pullback

LyKo—+8
attractor A(t) satisfies
1H(2 + QK?;j_K)

dimf .A(t) < “Tnc

< 0. (4.62)

Remark 4.5. In [29], the author proved that the negative invariant sets of an autonomous retarded
functional differential equation have finite fractal dimension by requiring differentiability of the solution
semiflow. Furthermore, they recast the equation into a Hilbert space and did not provide explicit bounds
of the dimension. Here, we directly investigate the problem in the natural phase space, i.e., a Banach
space and do not require the smooth condition. Moreover, we consider the non-autonomous case and
establish an explicit estimation that only depends on the inner characteristic of the studied equation.
Apparently, if we take ot Ko+ K and impose conditions as Remark[3.3, we can deduce an estimation

independent of a.

5 Conclusions

In this paper, we have established some new criterions for the upper bounds of Hausdorff and frac-
tal dimensions of global attractors and pullback attractors for both autonomous and nonautonomous
dynamical systems in Banach spaces. The methods show a wide applicability to infinite dimensional
dynamical systems generated by functional differential equations, especially the ones of which the linear
parts admit exponential dichotomies with decomposition of state spaces. They may be also available to
investigate topological dimensions of attractors for neutral partial functional differential equations, the
infinite delay case as well as some other evolution equations with certain squeeze properties in Banach
spaces.

In the applications, we only consider partial functional differential equations on bounded domain.

Actually, there are many real world process evolution on infinite domain, such as the mature population
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of species living in an infinite habitat. In such a scenario, the Laplace operator has a continuous
spectrum, H!(R") is not compactly embedded in L2(R") and the solution semiflow do not have absorbing
sets that are compact in the original topology, causing the method developed here no longer effective
and new techniques should be established. This will be studied in an upcoming paper. Generally,
random effects are omnipresent in mathematical modelings. Therefore, anther question is, what can we
say about the topological dimensions of random attractors for partial functional differential equations
perturbed by random effects, i.e. the stochastic functional differential equations(SFDEs). Indeed, even
under what conditions do SFDEs generate random dynamical systems have not been perfectly tackled.
This problem also deserves much efforts in the future.
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