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1. Introduction

The stochastic delay differential equations (SDDEs) take into account the per-
turbations and delays often present in the real world. The stochastic pantograph-
delay differential equations are a kind of SDDEs with unbounded delays. Pantograph
equations arise in a wide range of applications such as small vertical displacements
of a stretched string under gravity [6,/20]. In recent years, stochastic evolution e-
quations have received a great deal of attention. However, there is little work on
stochastic evolution equations with pantograph delay.

In this work, Our purpose is to investigate the long time behavior of the following
stochastic pantograph delay evolution equations with nonlinear multiplicative noise

du(t) = —Au(t)dt + f(t, u(nt))dt + g(t,u(nt))dBq(t), t=0, ne(0,1), (L1)
satisfying the initial condition
u(0) = up. (1.2)

Here —A is a closed, densely defined linear operator generating an analytic semi-
group S(t), t > 0 on the space H and Bg is a K-valued Brownian motion. In
what follows, we assume that the mappings [0,00) > ¢ — f(t,n) € H and
[0,00) 5t — g(t,p) € L%(K, H) are measurable for any pu € LP(€;H?*), where
H, K, L%(K, H) and LP(£2; H*) will be introduced later.

Firstly, we are interested in the existence, uniqueness, pth moment general sta-
bility and almost sure general stability of mild solutions for problem —. The
analysis is based on the Banach fixed point theorem and various estimates involving
the gamma function. Note that many existing works are concerned with the poly-
nomial and exponential stability of SDEs with delay or without delay by using the
Razumikhin technique and Lyapunov functions; see for example, [7,/11417}/22/[24]|25)
and the references therein. For some related works on stability of stochastic differ-
ential equations, we mention the interesting papers [2,[10L{12}|16L/18] and references
therein. However, there are some systems which are not exponentially stable or
polynomially stable, but the solutions do tend to zero asymptotically. Therefore,
it is necessary to study general stability. Authors in [8] have considered almost
sure stability with general decay rate of the exact solutions for stochastic panto-
graph differential equations. The moment general stability of exact solutions of the
stochastic pantograph differential equation has been investigated in [9).

Moreover, we construct a unique solution u*, defined for all ¢ € R, for problem
—. In particular, the mean-p Holder regularity, pth moment general stability
and mean-p almost sure general stability of u* are also established. The existence
and uniqueness of u* follow from constructing a Cauchy convergent sequence of
linear versions and using the generalized version of the factorization formula and
convergence analysis. Then the Banach fixed theorem allows us to show that the
limit «* has pth moment and almost sure stability with general decay rate. To the
best of our knowledge, there are no results on the construction and stability of the
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nontrivial equilibrium solution for stochastic differential equations with delay. The
mean-square exponential stability of the nontrivial equilibrium solution on ¢t € R
has been established for stochastic reaction-diffusion equations in [19]. It is worth
mentioning that, because of the difficulties caused by pantograph delays, we cannot
prove the stability with the exponential decay as in [19, Theorem 3]. The presence
of pantograph delays also makes the analysis more complicated. Here by using
the Banach fixed theorem, we obtain the pth moment stability of the nontrivial
equilibrium solution on ¢ € R with general decay rate (including the polynomial
rate and the logarithmic rate). Furthermore, the almost sure general stability of the
nontrivial equilibrium solution is also addressed. In addition, Holder regularity in
time of the nontrivial equilibrium solution is given.

The paper is organized as follows. In Section 2, we present some notations and
technical lemmas. The results of pth moment and almost sure a-type stability are
considered in Section 3 for stochastic pantograph delay evolution equations with
nonlinear multiplicative noise. In Section 4, we shall show the existence and u-
niqueness of the nontrivial equilibrium solution by constructing the stochastic pro-
cess u*. Furthermore, pth moment and almost sure stability with a general decay
function «(t) are established for stochastic pantograph delay evolution equations
with nonlinear multiplicative noise. We also establish Holder regularity in time of
the nontrivial equilibrium solution. A summary of this work is provided in Section
5. In the end the proof of Theorem and a technical proposition are given in the
appendix.

Throughout this paper, we denote by C' and C real positive constants which can
vary from a line to another and even in the same line. Moreover, let constants Cj
and C(s) denote C' and C depend on some variable s, respectively.

2. Preliminaries

We define the Banach space H* = D(A*), where D(A*) denotes the domain of
the fractional power operator A* : H — H. The norm is given by

lgllx = |A%g]| for g € H*.

Denote by LP($;HY) = LP(Q, F,P;H") the set of all strongly-measurable, L? in-
tegrable H*-valued random variable. For any g € LP(£;H") define its norm by
lgClLr@mry = (E||g()||§)% Let C(c,d; LP(€;H*)) denote the Banach space of
all continuous functions from (¢, d) into LP(€;H*) equipped with the sup norm

1

(supsere.a Ellg®)IK) 7
Let K be a separable Hilbert space endowed with a complete orthonormal basis
{ei}ien. We denote by H another Hilbert space with norm || - || and inner product
(+,-). Denote by L£L(K,H) the space of all bounded linear operators from K into H.
We use the same notation || - || for the norms of K and £(K,H), and use (-,-) to
denote the inner product of K for convenience. Let @ € L(K,K) be an operator
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defined by Qe; = Aje; with finite trace tr@Q = ;2 A; < oo. Let ¢ € L(K, H) and
define

16113 == Tr(¢Qé™) = > ||/ Niges |, (2.1)
=1

where ¢* is the adjoint of the operator ¢. If |||, < oo, then ¢ is called a Q-Hilbert-
Schmidt operator. Here L%(K, H) denotes the space of all Q-Hilbert-Schmidt oper-
ators from K into H.

Let (Q, F, (F)t>0,P) be a complete probability space where F is the o-algebra
of measurable subsets of €2, IP is the probability measure and F; is a right-continuous
filtration. Here {F;}+>0 denotes the filtration generated by B;(t), that is,

Fi:=0{Bi(s) : 0<s<t;i>1}. (2.2)

Denote by Bg(t) the Brownian motion adapted to the filtration (F;);>0. We assume
that

Bo(t) =>_ VAiBi(t)ei, >0,
i=1

where { B;(t);t > 0};>1 is a sequence of one-dimensional standard Brownian motions
mutually independent over (Q, F,P).
The following lemma is needed in this paper.

Lemma 2.1. (See [3, Theorem 4.36]) If ¢ : [0, T]xQ — LOQ(K, H) is a progressively

measurable function satisfying E(fOT ||¢(s)||2st) ? < 0o, then for any t € [0,T),

t p t %
B [ oamo)| < ([ leibas)” (23)
where C, > 0 is a positive constant depending on p and p > 2.

We will also need the following theorem which is a corollary of the stochastic
Fubini theorem (see, e.g. [4, Theorem 5.2.5]). For the convenience of the reader the
proof is given in Appendix A. This result is often referred to as the factorization
formula.

Theorem 2.1. Assume that for some o* € (0,1) and all t € [to, T},
1

/t(t S [E(/S(s — )2 S — r)qb(r)”édr) %} ds < 4o00. (2.4)

to to
Then
: * t
Ba(t) = 222 ”/ (t — 5) 7LS(t — 8)Yoe (s)ds, € [to,T], (2.5)
Vs to

where tg € R, p > 2 and

Ba(t) = / S(t - $)6(s)dBa(s),  Yar(s) = / (s 1) S(s — r)$(r)dBol(r).

to tO
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3. General stability of mild solutions for PDEs with nonlinear
multiplicative noise

This section mainly focuses on pth moment and almost sure stability with gen-
eral decay rate «(t). First we introduce the following a-type function:

(So) (1) @ € C(RT,R™) is increasing;
(2) a(0) > 0 and lim;_,o a(t) = oo;
(3) «a(t) satisfies that

pt 2 t
lim sup e % / e G (a(nr))"tdr = 0
t—o00 0
épt

and  limsupe™ T a(t) — 0,
t—o0
where 1 and 0 are given in (|1.1)) and the assumption (S7) below, respectively.
(4) There exists a positive constant ¢* such that

a(t) .

:C,

lim su
e’ alnt/2)

where 7 € (0,1) is given in ([1.1]).
It is clear that a(t) = 1+t (0 < €* < 1) and a(t) = log(2 + t) satisfy the above
requirements.

To study the stability of mild solutions with general decay rate a(t), we need
the following assumptions:

(S1) There exist a real number 6 > 0 and positive constants Cy, Cy o > 1 such
that for any x € H,

[AXS ()| < Croe™t Al >0,
|S(t)z]| < Coe™||z||, ¢ =>0.

(S2) There exist nonnegative functions Ly, Ly € L (R™) such that for any u,v €
LP(S;H) and t > 0,

B||f(t,u) = ft,0)|]” < Li®)Ellu —olf},
EHg(t’u) - g(t7v)Hg < LQ(t)E”u - UHI))\

(S3) There exist nonnegative functions Iy, 1> € L>°(R™) such that for any ¢ > 0,
Hf(t70)Hp < ll(t)7 Hg(tvo)”g < lQ(t)7

and

(/000 (Oz(T)ll(T))da>% =5 < oo,
(/OOO (0‘(7')52(7'))[11d7')ﬁ =y < 00,

where 1/p+1/g=1and 1/q; =1 —1/p; with p; € (1, 5;) and X € (0,%).
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Let us state the following definition of mild solution to problem (|1.1)-(1.2).

Definition 3.1. Let T > 0 and ug be an Fp-measurable initial process satisfying
E|lug| < oo. An F;-measurable stochastic process u(t) is called a mild solution of

problem — on [0,T] if u € C(0,T; LP(£;H*)) and for ¢ € [0, T7,
t ¢
u(t) = S(t)u0+/ S(t—r)f(7‘,u(777‘))d7‘+/ S(t—7)g(r,u(nT))dBg(T), P-a.s.(3.1)
0 0
Remark 3.1. In fact, by similar arguments in Section 4, the solution u(t) defined

by Eq. (3.1) has continuous trajectories with probability 1.

The following theorem shows that mild solutions to Eq. (1.1)-(1.2]) are pth mo-
ment a-type stable.

Theorem 3.1. Letp > 2, X € (0, %) and ug € LP(;HY). Suppose that assumptions
(S0)-(S3) hold. Let || L1l oo r+y and ||La| pow+) be sufficiently small such that

2°CR (02T (1 = X)) P || Ll poe ey < 1,
QPCPCf’O((Z(S)Q)‘_lF(l — 2/\))5 | Lol ooty < 1, (32)
22Pc*CR (02T (1 = ) | Ll poe ey < 1, '

220" 0,7 ((26)2210(1 — 2))) ¥ || Lo | 1
P“X,0 2|lLeo(rt) < 1,

where ¢*, 6, Cxo and C, are given in the assumptions (Sp)-(S1) and Lemma
respectively. Then problem (1.1)-(L.2)) has a unique global mild solution u satisfying

sup o(r)Elju(r)|} < oo. (3.3)
r€[0,00)

Proof. We consider the abstract phase space Cf;’)‘ = Cy (O,oo;Lp(Q;]HI)‘)) e-
quipped with the norm

lulls = sup IOEJu@®)]}, u e C(0,00 LP(QHY)),

te[0,00)

where

a(t), t>T, (3.4)

ﬂ(t):{a(T), tel0,7],

with T" > 0 given later. Then (Cf;“, [ - Hﬁ) is a Banach space. In order to apply the
Banach fixed point theorem, we shall prove that the mapping 7 defined by

(7~'u)(t) = S(t)up + /0 St —71)f(r,u(nT))dr + /0 S(t —1)g(r,u(nt))dBg(T),(3.5)

is contractive and bounded on Cf;”\.
Step 1. It follows immediately from (3.5) that

IOE||(Tu)(t) — (To)0);
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< 2P—119(t)E</0 |5t =) (s unr) = £ omm)]|dr)”

p

2y / AXS(t = ) (g(r, u(nr)) — g(r,0(y7))) dBg(7)
= R1 + Ra. (3.6)

In view of assumptions (S7)-(S2) and Holder’s inequality, we deduce that for ¢ €
[0, 7] and any u,v € C5™,

Ry <2 o) E( [ =) frutar) = fr o) ar)”

p—1

t
< 2p7104(T)C’§70(/ e 0t=7) (t— T)i/\dT)
0

t
« / e 0D (¢ — 1) E|| f(r, uln)) — (7, 0(nm))||Pdr
< 271CR o (T = ) L [zl = v (37)

On the other hand, for t > T and any u,v € Cf;”\,
3 P
Ry <2 2a@B( [ (S~ 1) (7(r.utor) - 1. vlm)| )
0

2220 / St =) (#(r,utnm) = f(r,00rm)) | dr)”

=R+ Ri. (3.8)

Applying Hélder’s inequality and assumptions (S7)-(S2) results in

% p
RY < 2%%a(1)0F / e — )| (7, ulnr)) = £, 07| dr)
0
% -1
<22 (5) ([t ar)
) 2 0
></ e DB f(r,u(nT)) = f(r,0(n7))||Pdr (3.9)
0
B to_px e 0Pt/2 b B . _
§22p QOZ(t)Cf)OHU—U||19||L1HLOC(R+)(§) p s A e o(t/2 )(a(nT)) Ldr

and

t
R2 < 221’—20;77004@)E(/£ e U (b — 1) MN| f(ru(nT)) — f(ﬂv(m))HdT)p
< 22p720§,0a(t) ( /t e 0(t=T) (t— T)f)‘dT)pil

« / et — ) AB|| f(r,u(nr)) — f(r,v(nr)|["dr

2
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B B a(t
< 227208, (11 = ) = vlalall i) (3.10)

Combining (3.7) and (3.8])-(3.10]), we can find T large enough such that for all ¢ > 0,

1
Ri < §||u—v||197 (3.11)
thanks to assumptions (3.2)) and (Sp).

Now it remains to estimate the stochastic term. In view of Lemma Holder’s
inequality and assumptions (S1)-(S2), we find that for ¢ € [0, 7],

Ry < 2p*1a(T)CpE(/O HA)‘S(t —7) (g(T,u(nT)) — g(T,v(nT))) ||§2d7'> :

(NS

t
< Qp—la(T)CpcioE(/ o 28(t=7) (t— T)—2/\Hg(7—,u(777-)) —g(, 1}(777))H2QdT>
0
t =
S 2p71a(T)CpC§7O (/ 6726“77—) (t _ 7.)72/\d7_)
0

« / e (1 — 1)~ E| g (7 ulnr)) — g(r, o)) [ dr

[NS]

<2710, CR 0 ((20) (1 = 2X)) 2 || Ll oo ey 1w — w9, (3.12)
and for t > T,
3 P
Ra <20 2a(E| [ (- 1ot ulm) - glr.vm) dBo ()|
0

+ 22P‘2a(t)EH f S(t —7)(g(r,u(nr)) — g(r, U(”T)))dBQ(T)Hi
R (3.13)

It follows from Lemma Holder’s inequality and assumptions (S71)-(S2) that

R} < 2220 (1)C, B( / " 428 (¢~ ) (g um)) — g v(nr)) i) :
< 2a(1)C,0F, (1)

3 P
< B 7 e e g utm) — glrm) [dr) (319
0
< 227 2a(t)CCY, gl|u = vllo | La | oo )
6_6pt/2

oy N e
= Jo

t

x (5)_])A
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and

(SIS

RZ < 222’*204(t)0,,E(/£ |425(t = 7)(g(r, ulnr)) = g(7. v(r7))[[5yd7)
< 22p72a(t)CpC§’0 ( /t (t— 7')72)\6726(7&77-)6[7') =
3 (3.15)

« / (t =)~ e D E||g(r, u(nr)) — g(r, v(n7)|[fydr

t

2

<2720, 0% o ((20) 71T (1 — 2)))

(NS}

a(t)
U — vy L2 o (RHY -
|| || ” ||L (R )Oz(nt/Q)

Inserting (3.14)-(3.15)) into (3.13]) gives

—opt/2 L

/ " e (a(nr)) ldr
0

t.—

t (3.16)
(29T - 2”)26{;55/)2)) VLol = .

Then, by assumptions (3.2)) and (Sp), in view of (3.12) and (3.16)), we can take T

sufficiently large such that for any ¢ > 0,
1
Ra < §HU_UH19' (3.17)

This together with |i and 1' implies that T is contractive on the space Cf;’)‘.
Step 2. By (3.5) we have

IO E||(Tu)®)|}

< 3P L9(t)CEe =P Bl|uo | + 6p119(t)E(/0t ISt =) f(r,0)]ydr)"

+6p—119(t)EH/OtA/\S(t—T)Q(T,O)dBQ(T)Hp (3.18)
3.18

0B ( [ 56— utm) — o) ar)”

+o | /Ot A2S(t = 1) (g(r u(nm)) - 9(7,0))dBo(r) |

=3P (t)CPe P Blug ||} + R3 + Ra + Rs + Re.

Following similar calculations as in (3.8))-(3.10) and (3.13])-(3.15), we conclude that

Rs + Re < 3P Hullg, for t>T, (3.19)
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where T is sufficiently large. By using assumptions (Sp), (S3), and Hélder’s inequal-
ity, we can find T large enough such that

R < €O ( [ e - 1) s 0)ar)”

0

Spt % _ _r _ p
< O lloale ¥ ([ 7 e /2 - ) ar)

o 0 (3.20)
+C(p,x,5)ao(‘t 5 / =0T (4 — 7) A (F)a(r)dr
< (C(p,)\ﬁ)(a?;g)a + Hl1||L°°(R+)a(t)e_%) < 00,

and

P
2

Ra < OO ( [ 2507 =) g(r.0) )

i P
< C()\7p)||l2||Loo(R+)a(t)e_% (/2 e=20/2-7) (/9 _ T)_2>\d7') 2
0 (3.21)

+C(p, A, 0) ac(“s;) / e Pt — 1)Uy (r)a(T)dT
< Cp, ), 0) (;(VS;)EQ + ||12\|Lm(R+)a(t)e—%) < .

Arguing as in (3.7) and (3.12)), we deduce that
R34+ Ra+Rs+Re < C(p, A, 8, L1, Lo, I, l2) (a(T) + |Julls), t€[0,7]. (3.22)

The assertion of this theorem follows immediately by applying the Banach fixed
point theorem. O

Remark 3.2. If we do not consider the a-type stability, then the global existence
and uniqueness of mild solutions to problem (1.1)-(1.2)) can be established by using
the assumptions (S7)-(S2), and the simplified assumption of f and g, i.e.,

1F & 0)[P + llg(t,0)lI5 < (1), ¢t >0, £e€L¥RT).

Remark 3.3. In particular, for the case a(7) = 1 + 78 (0 < & < 1), we can find
some examples of the function lq, satisfying the assumption (S3), such that

/ (14 7€) (r€ a1 4 7€) %) dr < o0, (3.23)
0
or
/ (147 %% dr < 00, (&> 0). (3.24)
0

The assertion for the function ls follows similarly.
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Based on the result in Theorem we further establish almost surely a-type
stability of problem ([1.1)-(1.2)). To this end, let us recall the following Burkholder-
Davis-Gundy inequality

" T z
(sup H/ 7)dBo(r )H )gc’E‘/ ||<I>(T)||?QdT] . for any p* > 0,(3.25)
te[0,7] 0

where ¢’ is a positive constant depending on p*.
Theorem 3.2. Lety € (0,1). Suppose that all the assumptions of Theorem are
satisfied. Then the solution of Eq. (1.1)-(1.2) is almost surely a-type stable, that is,

log Ju(t)lx _ 1-7
% Tlogalt) P

,  a.s. (3.26)

Proof. Let s > 0 be given arbitrarily. Note that N > 1

u(t) = S(t — n_(N_l)s)u(n_(N_l)s) + / - S(t—71)f(r,u(nT))dr

¢ (3.27)

+/ - St —T1)g(r,u(nT))dBg(T).

In view of Markov’s inequality, we have that
_(N— —(1-
P s a2 (el s) ")
n~Ns<t<n=(N+Ds
< (at ™MV TE( swp  [u)l)
n=Ns<t<n-(N+1g

< 3p*1(a(n*(N*1)s))177E( sup ||S(tfn*(Nfl)s)u(n*(Nfl)s)Hi)

n-Ns<t<n-(N+1)s

+6p_1(oz(77_(N b WE( sup
Ng<t<n—(N+1)g

St —71)f(r, O)dTHi)

S

S(t = )g(r,0)dBo(r)|)

n=Ns<t<n—(N+1)g

-1)

(N-1)g
+6P71(a(n*(N71)5))1*’YE( Sup

-1

n=Ns<t<n=(N+1

St —7)
W

S

/.
+6° L (a(y~ ™ Ds 1 WE( sup /nt
/.

X (f(ru(nr)) = f(r, O)WHi)

6Pt
'y—lE( sup
(a(y=(N=1s)) n-Na<t<n- (VD

/ Y sin
n—(N=1)g
% (g(r.ulnr) — (r,0))dBo ()| )
=R7;+Rsg+Rg+ Rip + Ri1- (3.28)
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Thanks to assumption (S7), we obtain

R; < 3p—lcg(a(n—(N—1)S))l—’Y

x B( sup e_p‘;(t_"iwil)s)||U(77_(N_1)3)H§)
n=Ns<t<n=(N+Ds
<3710 (a(n™ M s)) T (aln” N Ys)) Blluln Vs (3.29)

By Hoélder’s inequality and assumptions (S7)-(S2), we deduce that

Rig < 6771CF o (aln™ V1)) (/

—(N+1)

-1
e 0(t=7) (t— T)i)\dT)p

n—(N-1)g
(N
x / et — 1) B f(r ulnr)) - f(7,0)|["dr
n=(N-1)g
— - -1 - - B
Sﬁp 1C§\)’0((5>\ 1F(1—)\))p (a(n (N 1)8)) Y
g (N
></ 6—5(t—7)(t—T)_Aa(T)Ll(T)EHU(??T)||§d7
n—(N*l)S
< 677105 (0T = X)) (™ 8)) T Ll e ey
x sup a(r)/a(nr) sup a(r)Ellu(r)|5, (3.30)
TG[0,00) 76[0100)
and
pm(NHD p—1
L A TS
n—(N-1)g

- (NHD
x/ e Ut — ) Pa(T)|| f(7,0)|Pdr
n—(N—l)s
< 67710 (Z1 (P01 - )7 (6T (L - pN)) P (g~ Vs)) T

It follows from the Burkholder-Davis-Gundy inequality, Holder’s inequality and
assumptions (S1)-(S2) that

(3.31)

Rll < 6p—1c/(a(n—(N—1)s))1—’Y

—(N+1) g

’ E(/n—w—us | 428t = 7) (g, ulnr)) = 9(7,0)) [ )

WPy

—(N+1) p—2

K 6726(1577) (t _ 7_)72/\d7_) 7

_ _ _ 1—
S6p 16/05)’0((){(7] (N 1)8)) "/(/
n
—(N+1) g

n
X / e‘26(t_T)(t — T)_Z)‘EHg(T,u(nT)) —g(7, 0)”ng
n—(N-1)g

—(N-1)g

<6PICR (oM M) T ((20)PTIT(1 - 20)) T
—(N+1) ¢

n
+ / e BT (¢ — )T Ly (1) a(T) ElJu(nT) |{dr
n

—(N-1)g
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<671 CR (e~ e)) T ((20)P T (1 - 2)\))% | La|| poe (r+)
x sup «(r)/a(nT) sup o(r)E|u(r)|’. (3.32)
7€[0,00) T€[0,00)

Following similar computations as in (3.32)), we can derive from assumption (S3)
and Holder’s inequality that

n*(NJrl)s p—2
Ro < 6p—1c/C§ O(a(n—(N—ms))—’v (/ e—25(t—‘l’)(t _ T)_2>‘d7-> 2z
’ n*(Nfl)s
nm(N+Dg
X / e~ BT (t — 7)o (1)la(7)dr (3.33)
n=(N-1)g

< 6p716/520§70 (a(n=N=Ds)) 77 ((26)210(1 - 2)) =
% ((2p10)A710(1 — 2 0)) 71
Substituting (3.29))-(3.33)) into (3.28)) yields

P( sup lu@®)I = (a(n*N*Us))—“—v))

n-Ns<t<n-(N+Ds

_ (3.34)
< (a(n_(N_l)s)) 7@(1 + sup a(T)Elu(r)|}),
T€[0,00)
where C is a positive constant independent of 7, s. Then it follows immediately from
(3.34) that
S s Julf = (e Y V) T ) <00 (3.35)
No1 o SnNs<t<nm (N

In view of the Borel-Cantelli lemma, we conclude that there exists Q C Q with
P(2) = 1 such that for any w € €, there exists an integer N = N(w) > 0, such
that, for N > N and Vs <t <y~ NV+lg,

()2 < (atn~ VD)),

which implies the assertion in this theorem. O

4. Nontrivial equilibrium solution for PDEs with nonlinear
multiplicative noise

We shall construct a stochastic process u*, defined for all ¢ € R, and analyze
the a-type stability of u* for the following stochastic differential equation

du(t) = —Au(t)dt + f(t,u(nt))dt + g(t,u(nt))dBg(t), teR, ne(0,1). (4.1)

Recall that the cylindrical Brownian motion Bg(t) in Section 2 is defined only for
t € RT. In order to consider the mild solution u*(¢) defined for ¢ € R, we introduce
the following infinite-dimensional Brownian motion:

Bo(t) = i VB (tei, teR, (4.2)
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where sequences {\; };en, {€; }ien have been given in Section 2 and B (t) is defined
by

v [Bi), fort>0,
Bilt) = {Bf(—t)7 for t < 0. (43)

Here B} and B? are independent standard one-dimensional Brownian motions. Let

F ::o(U{B;(s)—B;(r):r§s§t,i21}), (4.4)
be the o-algebra generated by {B}(s) — Bf(r) :r < s <t,i>1}.

Definition 4.1. A H*-valued stochastic process u(t) is called a mild solution to

problem (4.1)) on R if
1) w(t) is Fy-measurable for each ¢ € R;

W N

u(t) is continuous almost surely in ¢ € R with respect to H* norm;
it holds that for all —oo < tg <t < 00,

=~

)
) supyeg [[u(t)||Lr @) < 00
)
)

u(t) = S(t —to)u(to) + [ St —7)f(r,u(nT))dr

to

—|—/t St —7)g(r,u(nT))dBg(T), P-a.s. (4.5)

4.1. Linear version

To construct and analyze solutions of problem (4.1)), first we consider the fol-
lowing linear equation:

du = —Audt + C(t)dt + ¥(t)dBo(t), teR. (4.6)

Theorem 4.1. Let p > 2, X € (0, %) and the assumption (S1) be satisfied. Assume
that ((t) and (t) in (4.6) are Fi-measurable and satisfy

sup E[[C(1)[|P < 0o and  sup Eib(t)]|g, < oc. (4.7)
teR teR
Then the linear equation (4.6) has a unique solution 4* in the sense of Definition
which is mean-p Holder continuous in t € R, i.e.,
sup [|[a*(t + h) — @*(t)|| Lromr) < Chz=*,  for each h > 0.
teR
Furthermore, the solution u* is exponentially stable, i.e., for any tg € R and any

solution 9(t) of Eq. (4.6) in the sense of Definition 3.1} with Fy,-measurable d(to)
and Elja(to)|l; < oc,

E|ja(t) — a(t)||; < Ce CU=t)E]|

@*(to) — @(to)Hi-
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Proof. Let
t t
@ (t) = / S(t — r)C(r)dr + / S(t - 7)o (r)dBg (7). (4.8)
—o0 —o0

Step 1. The process @*(t) given by (4.8)) is well defined.
We define IIL (¢) and I12(¢) by

11k (t) ::/ St —7)¢(7)dr, (4.9)

—n

and
t
1% (t) := S(t —1)¢(r)dBg(r), (4.10)
respectively. In view of Lemma assumption (S7) and Holder’s inequality, we
find that for n > m,

E||m2(0) — 2,0 < cpE([m J42( = Pyt [Lar)

—-m p=2
scpcgo( / e—%“—ﬂ(t—T)-%dT) ’ / et — 1) E|p(7) |15 dr

n —n

< G5 gsup Bl (1) ( [ et ry e ar)

—n

P
2

(4.11)

75q0t(675q0m _ eféqgn) ) P

_ L_re 240
< CyCR o ((3p0) 21 T(1 = 2poA) 7o ( sup B (1)llg:

dqo

where we choose pg > 1 such that Apg < % and 1/pg + 1/qp = 1. Similar to the

above arguments, we deduce that for n > m,

B|[IL, (1) — 1L, ()|}

<at( [

—n

< CFo(p3/2)P T (1~ pA)

P p—1 -m P
e T 7 gr) / e E O (4 — ) P E|C()Pdr (4.12)

2(p—1)e~ oD (e” G _ ¢ ToD )\ P~
X ( pé )
Note that the terms on the right-hand side of and are as small as
possible as n,m — oo. Then {II}(¢)} and {II2(¢)} are Cauchy sequences for each
t € R. Therefore, the process 4*(t) is well defined.
Step 2. The process u* defined by is a solution in the sense of Definition

1
sup E[C()]]".
teR

(I) The measurability and continuity of @*(¢) in time.
Since ((t) and ¢(t) are F;-measurable, by , we obtain that the process
u*(t) is Fp-measurable. Moreover, by using the factorization formula for
the stochastic integrals and Proposition we can derive that the
process 4*(t) has continuous trajectories with probability 1.
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(IT) sup,cg Ella* (t)[x < oc.
On account of assumption (S), we have

B /_; (e = (|

< nyoE(/t

— 00

< CRo(97IT(1 = X)) sup BIC(@)]” (4.13)

e~ 5 00=T) (t— T)pr?lAC(T)efi‘s(th) (t— T)iiAdT)p

Thanks to Lemma by a similar reasoning as in (4.13]), we obtain that

B[ st vz,
< G0 (28 1T(1 - 21)) sup E[[y(0)y (4.14)

By (4.13) and (4.14)), the assertion follows from (4.8]).
(III) The process @*(t) satisfies (4.5)).

ar(t) = / i S(t —t9)S(to — 7)¢(T)dT

+ / " S(t — t0)S(to — T)(r)dBq (r)

— 00

+ /t St —7)(r)dr + /t S(t —7)Y(r)dBg(T) (4.15)
= S(t—to)u"(to) + t St —7)¢(r)dr + t S(t — 1)Y(r)dBg(T).

Step 3. The Holder regularity, exponential stability and uniqueness of @*(t).
Now we show that @*(¢) is continuous in time. It follows from (4.8) that, for
each h > 0,

||ﬂ*(75 +h) - a*(t)||LP(Q;H>\)

< /_; (S(t+h—7) = S(t = ))¢(r)dr]

Lr (Q;H)

+ / (S(t+h—7) = S(t = 7)$(r)dBq(7)

— 00

Lr (Q;H)

+ /tHh S(t+h— T)C(T)dT‘

Lp(Q;HM)

t+h
- /t S+ h =B |, o

=Rz + Riz + Ria + Ras. (4.16)
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To deal with the term Ri3, let us consider

/ I | ; AS(s — 7)(r)dBa ()|

Thanks to Lemma in view of assumption (S7) and Holder’s inequality, we
deduce that

/fh I/ ; AS(s = 7)ié(7)dBo (7)
— /tt+h (EH /too ATEAG(s —T)z/z(T)dBQ(r)prds

< (Cy)7 o E( HA1+>‘S(S—T)’L/)(T)HZ?dT)g ’ s
Jol |

t
00

S
Lp(Q;HN)

ds
Lp(Q;H»)

1

) t+h ¢ 214
< (Cp)501+>\,0/t [E(/ 6726(84)(3_7)72(/”1)“1#(7)”2@‘17) ] ds

— 00

p—2

t+h t p=2
< (C(p, )\)/ (/ 6726(577) (S _ 7,)72()\+1)d7_> 2p
t —o0
t 1
x / e ) (s — 1) 2D B(r) dr ) ds

— 00

L rtth 1
P\p — Yy A2
< C(p, /\)(ilelﬂrgElllﬁ(t)HQ) /t (s —1)"""2ds

=

= Clp, N) (sup Bl[v (1)) "k~ (4.17)

Then, applying the stochastic Fubini theorem to Ri3 gives

Ri<| [ ; /t T As(s — ) (r)dsdBa (7))

Lr (Q;H)

-| /ﬁh /_ ; AS(s = T)(7)dBq (7)ds|

< Cp, N (sup B[ (8)[[5) 7h3 . (4.18)
teR

Lp(Q;HM)

By making use of Lemma assumption (S7) and Holder’s inequality, we deduce
that

Ris= (5] [ i+ n-mueiase)|)’

t+h
t

< (C,)¥Chro [E(/tt+h |ANS(t+h — T)T/J(T)Hédr)g} ’

p—2

< Cp, A ( o —28(t+h—T) h— )P dr)
< C(p,)) e (t+h—7)""dr
t

t+h 1
([ h =P Bl )
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’!ﬁb—‘

< Clp, V) (sup Bll(®)llp) "h3 > (4.19)

In view of assumption (S7) and Holder’s inequality, we have
t+h  pt
Riz = | AS(s — drds|
w=| [ ase-nceanas]

t+h t 1
< / / (E||A1+AS(S—T)g(T)HP)Pdes
t —o0
L i+
< Craa(sw EICOI) | / — 1) O drds

< C(A)(igﬂgEIIC(t)H”) S (4.20)

and

t+h
R g/ ||S(t+h—T)C(T)HLp(Q;HA)dT
t
t+h et
<O [ e h -y i) T
t

t+h %
< ( / e ¢ 4 — ) B P
t

< OV (sup EC(0)7) P (4.21)

Substituting (4.18)-(4.21)) into (4.16) yields that @*(¢) is mean-p Hélder continuous.
If o(t) is any solution of (4.6) satisfying E||o(to)||X < oo, then

o(t) = S(t —to)o(to) + S(t—7)¢(r)dT + S(t — 1)Y(r)dBg(T). (4.22)

to tO

It follows immediately from (£.15), ([£.22)) and assumption (S) that
E||a(t) — a(t)||5 < Che P10 B||a* (o) — 8(t0)][} (4.23)

which implies that u* is exponentially stable.

Finally, we show that @*(¢) is unique. Let v(¢) be another solution such that
supyer Eljv(t)[]} < co. By Definition and the assumption (S7), we obtain that
for arbitrary r < t,

E|

@ (t) — o

B} < —o(r)[|} < CemPT), (4.24)

Letting » — —o0, we have

B|

@ (t)—v(t)]s =0 forall teR. (4.25)

Using Markov’s inequality, we deduce that for each ¢t € R and any € > 0,

P(lo(t) ~ @ (Bl > ) < & Bllu(t) @ O, (4.26)
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and consequently
P([lv(t) —a*(t)[[x =0 forall te Q" NR) =1, (4.27)

where Q* denotes the rational numbers. Since the mapping ¢ — ||v(t) — @*(t)]|x is
continuous with probability 1, we conclude that

P(|o(t) — @*(#)x =0 forall t€R)=1. (4.28)

Therefore, the uniqueness of 4*(t) is confirmed. The proof of this theorem is com-
plete. O

4.2. Nonlinear version

The following theorem shows the existence, uniqueness and a-type stability of
the solution u* to problem (4.1)).

Theorem 4.2. Suppose that p > 2, A € (0, %) and assumptions (S3)-(S3) hold for
t € R. Let us further assume that assumptions (So)-(S1) hold, and the Lipschitz
constants Ly, Ly in assumption (Sa) are sufficiently small such that

227208, (001 = X)Ll o )
+ O ((20)271(1 = 20) 2 | Lol g m );: Ky < 1,

2r1c (cp((%)?**lm —20)) 2| L g (m)

+ (T - )\))p||L1||L°°(R)) =K <1, (4.29)
and
27C (A1 = X)) | La |l Lo m) < 1,
20,5 (26T (1 )% L] ey <1, (4.30)
6" Cy. (5)‘ T )p L1l zoe ) < 1,
6°c*C,C%  ((26)7'0(1 )§||L2HL°°(1R<) <1

Then, problem (4.1)) has a unique solution u*(t) in the sense of Deﬁnition which
is mean-p Holder contmuous inteR, ie.,

sup [|[u*(t + k) — w* ()| Lr (mr) < Chz,  for each h > 0.
teR

Moreover, the solution u*(t) is a-type stable, that is,
1 Ellu* _ p
o og Bl (1) — o(0)3

t—o0 log a(t)

where o(t) is any solution of problem (1.1)-(1.2)) in the sense of Definition .

<0, (4.31)

Proof.
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Let us construct a sequence of stochastic processes {u,} which converges to the
solution u*. Let ug = 0. For n > 0, define u,41(¢) as

Qi1 (t) = — At (8)dE + F(Ewn ()t + g(t un(nt)dBo(t).  (4.32)
Notice that
sup E|| £ (t, un (nt))]|” < 2771 || e ) + 277 M| Ll oo () sup Elun (8|5,
teR teR

» _— b1 » (4.33)
sup B||g(t, un (1)) ||, < 277 Il poe ) + 2P| Lol Lo =) sUD Ellun (215
teR teR
By using Theorem we obtain the unique solution w,,1(t) satisfying
sup Elun 41 (1)[% < o, (4.34)
teR
and
t t
wnia(®) = [ 8- funGm)dr+ [ S = n)g(r,u(mm)dBa(r). (435)

Step 1. The sequence {u,(t)} converges to the process u*(¢) and the process u*(t)
is a solution in the sense of Definition [4.1]

(1) supyeg |lUnllLr(o;m>) is bounded which is independent of 7.
It follows directly from (4.35) that

Blna @l <25 [ 86116 utmar]]

+2P71E H /_ :O S(t—T1)g(r, un@?ﬂ)dBQ(T)Hp

= ng + R17. (436)

A

By applying Lemma assumptions (S7)-(S3), Holder’s inequality and
([4.33)), we obtain

t »
Riz < 2p*10pE(/ ||A)‘S(t —1)g(T, un(nT))HédT) ’

(NS

t
<21C, 0, B( [ e =) P gt ) )

t P—2
<2716, ¢, / 2N (¢ — 7))
t
x / e (1 — ) g(r, un (7)) [y
< 220720, C8 o ((26)71T(1 — 2))) £

x (sl ) + 1L 2 ey 509 Elun ()1 ). (437)
teR
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Similar to (4.13)), we deduce that
Rie < 2%P72C% ,(827'T(1 - N))”

x (||m|mR> 1Ll ey sup Ellun(DI) . (4.38)
teR
Inserting (4.37] into gives
sup E||un+1( )IIp < Ko + Ky sup Ellun (£)[. (4.39)
teR teR
Then we derive from (4.39), assumption (4.29) and the recursive method
that
Ko
sup F||lu,, < 4.40
sup (0§ < 15 (110

where we have used the notation

Ko = 22728 o (71T (1 = X))l o )
+Cp (262711 (1 — ))ng2||L°°(R )

(2) The sequence {un} is convergent.

Arguing as in and -, it follows from ) that

Elluns1(t) — un( )HI;\

< 2P—1EH /_; S(t—7)(f(r,un(nr)) — f(7, Un—l(”T)))dTHi

#2708 [0 o) — o702 7)) 30|

<2708 (200270 (1 = 20)) 7 || L2l = w)

x sup E|un (t) — wn—1(8)||5 (4.41)
teR

+ 277105 o (21 = )P Ll ey ilelﬂgEHun(t) — un—1 ()],

which implies that

SUp B[tn 41(t) = un(B)|X < Ko 5up Blfun (t) — un—s (D] (4.42)

Using the recursive method again, in view of (4.40) and the assumption
Ko < 1, we obtain that

sup [[un (8) = wm (8| e (@)
teR

|
—

n

S 2 sup g1 (8) = i ()| oy = D Sup (Elluj1(t) = ui (0)5)

=

j=m
n—1 1 1nfl

= J
< 2 (s Ellugia) —ws0IF)” < (sup Elun (0)]3)" D (K2)?
j=m € teR izm
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Ko ;n_li .
< ( ) Z - — 0, as n,m — oo. (4.43)

This means that u,,(t) is a Cauchy sequence, and thus there exists a limiting
function w*(¢) such that

sup Ellu, (t) —u*(¢)[|5 — 0, as n — oco. (4.44)
teR
Combining (4.40) and (4.44) results in
Elur(0)II§ < ’C(;C ., for each t € R. (4.45)
— K1

Since the sequence {u,} is Fy-measurable for each t € R, the process u*(t)
is Fi-measurable as a limit of {u,}.

(3) The process u*(t) satisfies and has continuous trajectories with prob-
ability 1.
By similar calculations as in , it follows from that

Unt1(t) = S(t — to)un+1(to) + / St —71)f(r,un(nT))dr
fo (4.46)

—|—/ St —7)g(7,un(n7))dBg(T).

to
To show that u*(t) satisfies , we need to pass to the limit in the above
identity.
It follows from Markov’s inequality and that, for each € > 0,
P(Jtnia (1) — (1) > €) < 5 Bllunsa ()~ w (@)} 250, (447
which implies that, for each t € R,
Upt1(t) = u*(t) in probability, as n — oo. (4.48)
Due to the fact that S(t — o) is a bounded operator, we obtain that
S(t —to)unt1(to) — S(t —to)u™(tp) in probability, as n — oco. (4.49)
Arguing as in , in view of Markov’s inequality, we deduce that

gy 'St = 7)ol 0 (1) = g (1) B ()| > <)

< ;,,EH /tt S(t = 7)(g(r un(n7)) = 9(7, u*(m)))dBQ(T)H’; (4.50)

Wk

1 _ *
< 57,0;)05,()((25)2A 'T(1 = 2))) % | L2] o= m) igﬂgEHun(t) —u (0|5,
which together with (4.44)) implies
t

S(t = 7)g(7, un(n7))dBg(7)

to



March 14, 2023 22:54 WSPC/INSTRUCTION FILE liu'wang'caraballo

Stochastic pantograph delay evolution equations 23

¢
"2 | S(t—7)g(r,u*(n7))dBo(7), in probability. (4.51)
to

In a similar way as in (4.50]), we find that

/ S(t — 1) £ (ry un(n7))dr

to
t

"= | S(t—7)f(r,u*(yT))dr, in probability. (4.52)
to

Finally, by (4.48), (4.49) and (4.51)-(4.52)), we can conclude that for all
teR,

u(t) = St —to)u™(to) + ) St —71)f(r,u*(nr))dr

+ | S({t—7)g9(r,u"(n7))dBg(T) as. (4.53)
to
i.e. u*(t) satisfies (4.5)). The continuity of the first two terms can be checked
straightforwardly, and the continuity of the third term follows from the
factorization formula (2.5) and Proposition Hence the process u*(t),
defined by (4.2), has continuous trajectories with probability 1.

Step 2. The process u* is Holder continuous in t € R.

By similar arguments as in (4.16)-(4.21) and (4.33)), we obtain that for each

h >0,

(¢ + h) - u

< H /_tO<> (S(t+h—1)=5(t—71))f(r, ’LL*(?’]T))CZ’T’

+

+

+

Ol o

Lp(Q;HN)

/ (S(t +h—7)—S({t- T))g(T, u* (nT))dBQ(T)‘

—00

Lr(;HN)

t+h
/t S(t +h—7)f(r, u*(m))dT]

Lr(;HN)

t+h
/t S(t+h = 7)g(r,u" (n7))dBq(7)|

Lp(Q;H»)

< CA)(sup B/ (7, w* (7)) [|P) "B + Clp, A)(sup Bllg(r, u*(nm)15) 7 hE
TE TE
5 5 * p 1 1-X
< CO) (I oy + 1w ey (50 Bl (1)) 7 )
1 1 . AN, 1y
+COP) (M2l sy + 172l o sy (50 Bl (1)13) 7 )12 (4.54)

which means that v* is Holder continuous in time.
Step 3. The process u* is a-type stable in the sense of pth moment.
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The assertion of this step can be proved by applying the Banach fixed point the-
orem. Since the proofs of the case ty > 0 is simpler than the case tyg < 0, we assume
that ty < 0. Consider the abstract phase space CS;)‘ = Cly~ (to, 0; LP(Q;H’\)) with
the norm

o+ = sup () E|u(t)|’, uEC(to,oo;Lp(Q;]HI’\))7

tE€(to,00)

[l

where

(t) = {am, t€ [to. 7],

at), =T,

with T" > 0 given later. Then (Cf;;’\, || - [lo+) is a Banach space. Put

o(t) = o(t) — u™ (1), (4.55)
where o(t) is any solution of problem — in the sense of Deﬁnition Define
the mapping 7* by

(T*9)(0) = S(t ~ to)ato)
t
+ [ 8= ) (1 atm) + () S ) s

+ [ S(t—7)(9(r, 8(n7) +u* (7)) — g(7,u" (7)) dBg (7).

to

Now we show that 7* is contractive and bounded on C%:*.
(I) 7™ is a contraction mapping.
Due to l} we have that for any g1, s € CP,

S OE|(T a)() — (T &)1}

<2 WB|| [ S =) (7 007) 1w (0m)) = £ ) - )

n 2P*119*(t)E‘

/t S(t — ) (g(r, (97 + u* (7))

— 9. Ba2(n7) + u* (7)) dB(7)

= Rgg + Rgg. (457)
It follows from the assumptions (S7)-(S2), Holder’s inequality and (4.55|) that for
te [to, T],

t
Ros < 2p‘1a(T)Cf\’,OE(/ e 0= (g — 7)A

to

% |14, 8 07) + ) = f(r, Ba(m) + () )

t
< 2p_1oz(T)C§10 (/ e 0= (¢ — T)_)\dT)

to

p—1
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x / et — ) TAE|| f(r, 61 (n7) + w () — f(7, B2(n) + () |Vl

to

<2P71CR (ST = )P ooy ll @1 — @2l (4.58)
Fort > T,

0
Ros < 6p710¢(t)E(/t 1St =7)(f(r,a1017) + v (7))
~ (@8 0m) + u (n))) | )
+ 6" a(t)B( / 1St =) (£ 61 (m) + u(nr) — (7. Galn) +u () [ )

+ 6" la(t)B( / St = 7)(f(7, 8 ) + () = £(7. 8307) + () |y )

Using again the assumptions (S7)-(S2), Holder’s inequality and (4.55)), we deduce
that

0
Ryg < 61’—10;0@@)( / e 0t — 7)™

to

% | (r, G () + (7)) = £ (7, Ba) + w* ) )

0 -1
< 671C% a0 / e_é(t_r)‘”)p
to
0
x / e B f(r, 61 () +u” (7)) = f (7, B2(n7) + w” () [P
to

_ 1 “ox — 0 ol o~ N
< 6? lcg\)’oW”Ll”Loo(]R)Oé(t)t PAe p‘;t/ ed EHQl(T}T) —92(n7)||§d7

to

_ a(T))~ ! ~ o~
<10, D el -

For terms R3¢ and R3g, by a similar way as in (3.9) and (3.10]), we obtain that

g a(t)tTPre PO, (4.60)

Rig < 6P a(t)CF gllar — Gallv- 1 L[| Lo m)
to_ ye—%pt/2 %
X (,) PAE — / e_‘s(tﬂ_")(oz(r]T))_ldT7 (4.61)
2/ Tt
and
_ _ o~ . a(t)
Rig < 6P71CY (82 T(1 = N)P|lar — 92||19*||L1||Lx(R)a(T/2)~ (4.62)

Hence by (4.58)) and (4.59)-(4.62)), in view of the assumption (4.30)), we can take T
sufficiently large such that for any ¢ > ¢,

e (4.63)

1, . ~
Raog < 5“@1 — 03]
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Thanks to Lemma in view of assumptions (S71)-(S2), Holder’s inequality and
(4.55), we deduce that for ¢ € [to, T,

Rag < 2p—1a(T)OpE( /t |A*S(t = 7) (g(7, 01 (n7) + u* (n7))

— g, ) + () )

t
< 2p‘1a(T)CpC§70E( / e~ 200=T)(p — )72

< lg(r. &) + () — g, o) + () |ar) (469
< 2p_1a(T)CpC§’O < /t e 20(t=7) (t— T)_Q)\dT) T

t
x / BT (1 — 1)Ly (7)E|| & (7) — ()P

to

[N]iS]

< 21’*10,305)0((25)2**%(1 —2)))

| Lol oo (my |01 — 02l o+

We see that for ¢t > T,
0
Ran <6 Ya(E]| [ St~ 1) (g(r. i) + u 7))
to
~ * P
— g(r.82r7) + u* (7)) dBa(7)

+ 67 a()B| / " S0 - (gt 307) + ) — 9, B0 + u* () dBo(7)||

p

+0 | [ (= 1)(otr 8 + 0 () ~ 9(r. Bl + u* (7)) B ()

= Rag + Rig + Rig. (4.65)

A

Using Lemma assumptions (S7)-(Sz2), Holder’s inequality and (4.55)) again, it
follows that

0
Riy < 6 1a()C,CL B [ e )2

to

[N]

x [lg(r, 6 (r7) + w* (7)) = 9(7, B2(n7) + w* (7)) )

0 p—2
§6p_1CpC§’Oa(t)t_p)‘( / e—%(t—f)dr) * (a(T)?

o 0]
y / =207 Ly (1)a(T)E| 6 (n7) — &3(nr)| |2
((T))~

< 6p_1cp0§,0WHL2”L°O(R)”é\l — 02

gt "Pra(t)e PO, (4.66)
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In a similar way as in (3.14)) and (3.15]), we arrive at
Rig < 67 La(t)CpCh ollor — G2llo- || Lall Lo ()
efépt/Q

(26)"%°

t

X (5)717A

/ ? e=3-27) (o () Ldr, (4.67)
0

and
ao(t)

Bl ey

Collecting (4.65)-(4.68)) and (4.64]) together, in view of assumptions (Sp) and (4.30)),
we choose T large enough such that for all ¢ > %,

Rig < 6771 C,C% 5 ((20)2 71T (1~ 2X))* | a1 — 22|

o (4.68)

e (4.69)

1. 0
Rag < 5“91 — 02|
Consequently, inserting (4.63]) and (4.69)) into (4.57) yields that the mapping 7* is

contractive on the space C%:".
(II) 7* maps CP.* into itself.
By (4.56) we derive that for any g € C’g:},

BT )|}
< 3719 (O B[St — to) (elto) — u* (o)) |2

+ 31 (B tt S(t = 7)(f(r,2m) + () = f(ryu () ]|

t
PN * * p
+3 70 W] [ St =) (a(r.30rm) + u* (7)) — gl (0m)) dBo () |
to
< 31RO (e E3(to) 5 + Rao + R (+.10)

By similar arguments as in (4.59)-(4.62) and (4.65))-(4.68]), we deduce that for t > T,
Rso + Ra1 < C||0ll9- (a(T)) " La(t)t—Pre Pt

+Cllo]

t
t — pot 2 t
»(5) e E [Tt atm) ar

N a(t)
+C||@||19*a(nt/2). (4.71)
This implies that R3p+R31 < C||9]|9+ when T is sufficiently large. Following similar
computations as in and , we obtain that Rsp + R31 < C||9||¢~ for any
t € [to, T). Therefore, the desired assertion follows immediately by the Banach fixed

point theorem. O

Remark 4.1. For the case t; > 0 in Step 3, in order to deal with the dif-
ficulty caused by pantograph delay, we shall consider the phase space CS’{\ =
n

Cy- (nto, 00; LP(Q; HY)) with the norm

9 = sup  Op(OEu®)|}, u e C(nto,00; LP(HY)),
te[nto,00)

[l
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and define the mapping 7," by
t
(e~ ta)alto) + [ St~ 7)(7(r.20m) + u” r)
to

Taw =] —feu )i+ [ S o am o) @)

to
- g(Ta U'*(UT)))dBQ(T)a t Z th
@\(t)a te [Wto,to]a
where 9(t) and o(t) are given in Theorem and

bt - {am, e lnto, 71,
a(t), t>T.

The following result gives almost surely a-type stability of u* to problem (4.1)).

Theorem 4.3. Let v € (0,1). Suppose that all the assumptions of Theorem
are satisfied. Then the solution u* of Eq. 4.1) defined on R is almost surely a-type
stable, that is,
1 *(t) — 1-—
o Tog (1) — o(t) )

- 5. 4.73
t—00 log a(t) D I (4.73)

where o(t) is any solution of problem (1.1)-(1.2)) in the sense of Definition .

Proof. The proofs are still concerned with the case any ty < 0. We find that for
N >1 and any given s > 0 > g,

u(t) — o(t) = S(t _ n—(N—l)S) (u*(n—(N—l)s) - Q(n_(N_1>s))

n / S(t—7)(f(r,u (7)) — f(r, 0(n7)))dr (4.74)

—(N-1)g

+ / S(t — 7)(g(r.u* (7)) — g(r. o(17)))dBg (7).

—(N-1)g

Thanks to Markov’s inequality, by a similar way as in (3.29), (3.30) and (3.32), we
derive that

P s ur(t) = o0} = (el N Vs) )

n™Ns<t<n=(N+Ds
< (ar ™) TE( swp Jur () = o))

n~Ns<t<n=(N+Ds
< 3p_1(a(77_(N_1)3))1_’YE( sup HS(t—r]_(N_l)s) (u*(n_(N_l)s)
n=Ns<t<n=(N+Dsg
— oy~ Vs)) %)
t
4 3r~1 (a(n*(Nfl)s))17WE< sup / St —7)(f(r,u*(n7))
NN s<t<n=(WHDs 1 JJn=(N=1s
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~ f(rolgm))dr]|))

t
+3r1 (a(n_(N_l)s))l_’YE< sup / S(t—T) (g(7'7 u*(nT))
n*NSStST]*(NJrl)s ,,7—(N—1)S
-t etm)aBo(r) )
< C(a(n~ ™ Vs ) M(alt NV Ellut (n” NV s) — o(n” NV}
+Cla(n N Ys))™" sup a(r)/a(nr) sup a(T)E|lut(r) = o()[R. (4.75)
T€[0,00) TE[tg,00
This, together with (4.31]) given in Theorem and assumption (Sp), yields
* —(N— -(1-
P s () = @ = (el Vs) ")
=N s<t<n~(NHD
< CanNYe)) ™, (4.76)
where C is a positive constant independent of 7, s. Hence,
= K\ p —(N=1) ;\\—(1—7)
SB( s )o@} 2 (el VD) <oo. (477)

N=1 n=Ns<t<n=(N+Ds

Thanks to the Borel-Cantelli lemma, we conclude that there exists Q C Q with
P(2) = 1 such that for any w € Q, there exists an integer N = N(w) > 0, when
N>Nandn Ns<t <y WNthg,

u*(8) = (0I5 < (aln™NDs)) ",
which implies that assertion (4.73]) holds. |

5. Conclusions

In this work we studied stochastic evolution equations with pantograph delay
and nonlinear multiplicative noise. First we established the pth moment general de-
cay stability and almost sure general decay stability (including both polynomial and
logarithmic rates) of mild solutions. We then constructed the nontrivial equilibrium
solution defined for ¢ € R by using the generalized version of the factorization formu-
la and an approximation technique. Moreover, we established the Holder regularity
and general stability of the nontrivial equilibrium solution in the pth moment and
almost sure senses. It is worth mentioning that the stability analysis here is based
on the Banach fixed point theorem and various estimates involving the gamma
function, which are quite different from the Razumikhin technique and Lyapunov
functions usually used in stochastic differential equations with pantograph delay.
One technical challenge is that the presence of pantograph delay makes the anal-
ysis more complicated. Another highlight of the work is the construction and the
general stability of the nontrivial equilibrium solution, which can be used to study
stochastic evolution equations with discrete and distributed delays in the bounded
and unbounded cases.
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6. Appendix

Proof. [Proof of Theorem Thanks to condition (2.4)), it follows that

. * t
sina’m / (t— $)* “LS(t — 5)Yar (s)ds
Vs to
. « t s
_ Sm: 7r/ (t-s)a*—ls(t—s)/ (s =)~ S(s — r)p(r)dBo(r)ds  (6.1)
to tO
. * t t
_ sina 7r/ [/ (L= 8)* =" (s — )~ ds] S(t ~ r)o(r)dB ).
™ to T
Since
t
*_1 o ™ *
_ g™ _ « = <r< 6.2
/T(t s) (s —7)"% ds snors STrst oo €(0,1), (6.2)
the result follows. O

Proposition 6.1. Assume that 30 > 1, 31 > 0, 6 > 0, o™ > ]io +91, 1 —a* <
¢ <1—=1(1/30 + 1) and that Ev, Ey are Banach spaces such that for t € [0,T] and
r € Fs,

IS@)zllz, < Cte™*||zp,, 1S®)x = zl|p, < Ct*[|A*z]|g,. (6.3)

Then Go~ defined by

Ga*f(t):/ (t—s)* ~1S(t—s)f(s)ds, te[—o0,T], (6.4)

— 00

is a bounded linear operator from L°(—oo,T; Eg) =: L into C([—o0,T]; E1).

Proof. Following the similar arguments of |3, Proposition 5.9], in view of the con-
ditions 1) and a* > ]io + 71, we deduce that

t t
| [ = isa-oseas]|, <o [ @msrme g pas

t * 7 206 (t—s) 20=1 (65)
S C(/ (t—S)(a 717]1)“)—1 ei. J0—1 dS) 70 ||f||LJO,
which means
Go-f(t)||lg, £C 70 -
) SlglggTH f®lle [1£1lz (6.6)
By , we have
1Gar f(t) = Gar f(5)l 2,
<| / (t— o) “1S(t — o) f(0)dor — / (5~ )" S5 ~ o) f(o)do] |
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+ H /:(t — )" 1St — a)f(o)do‘

E;

< [ o9 DG - o]

— 00

e[ (o o sts - o110

t
+ [ =0 St = o)1) o
= A1 + As + As. (6.7)
It follows from (6.3) and Holder’s inequality that

A < c/ (t— o) Lt — 5)° do

1

A<S(S;U)S(S;U)f(0)‘

° x_ 1 _8(s=0) S —O\—¢ _8(=9) ,§— O\ —
gC(t—s)‘/ (t—o)* lem 72 (——) om0 (72 ) £ (@) || g do
Jo—1

o 2
* s G149 5(s—a) s a
< C(t - st —1(/ (s — o) S e 5 o) (/ 1) 3, do) ™
o0

— 00 —

< Ot =) I oo (—oo,i2)- (6.8)

Noting that 1 —a* < ¢ <1—(1/90 + 1), we have Ay — 0 as t — s.
For As, in view of (6.3)), we arrive at

asC [ (-0 =m0 =) PO nde (69

Applying the dominated convergence theorem to results in Ay — 0 as t — s.
For Az, by (6.3) and Holder’s inequality we obtain

t
Ay <C / (t— o) 19 f(0)|| g do
] (6.10)
1+]0(o¢*—1

—31)
< Ot —s) =T || fll Lo (—oorizy) — 0 8s t — s. O
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