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Abstract

Among the boundary equilibrium bifurcations in planar continuous piecewise
linear systems with two zones separated by a straight line, the focus-saddle
bifurcation corresponds with a one-parameter transition from a situation
without equilibria to a configuration with two equilibria, namely a focus
and a saddle point. Depending on the dynamics of the two linear systems
involved, the focus can appear surrounded by a limit cycle, by a saddle-loop
(homoclinic connection) or by nothing else.

After introducing a criticality coefficient whose sign discriminates the
different possible situations, the focus-saddle bifurcation is quantitatively
characterized for the first time. The analysis requires to work in a more
general framework, as is the family of planar refracting linear systems with
two zones, for which a new result about existence and uniqueness of limit

cycles and saddle-loops is also shown.
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The achieved results are applied to the study of oscillations in an elec-
tronic circuit involving a single memristor cell, showing rigorously the appear-
ance of limit cycles via the focus-saddle bifurcation analyzed in the paper.
Keywords: Qualitative Theory of ODEs, Piecewise linear systems, limit

cycles, bifurcations

1. Introduction and statement of main results

In this paper, we consider continuous piecewise linear differential systems
(PWL systems, for short) with two linearity zones separated by a straight
line representing the only non-smoothness manifold in the phase plane. Such
systems are relevant in different application fields and have been studied by
several authors; see [1, ] and references therein for a thorough introduction
and a revision of the state of the art in the study of these systems.

Our main goal is to characterize in a precise way the focus-saddle bound-
ary equilibrium bifurcation for such continuous PWL systems, a phenomenon
leading to the creation/annihilation of two equilibrium points (a focus and
a saddle) along with the possible appearance of a limit cEcle or a saddle

1,

We will assume without loss of generality that the linearity regions in the

connection surrounding the focus, see Chapter 5 of H] and

phase plane are the left and right half-planes,
Sp={(z,y) e R : 2 <0}, Sp={(x,y) e R*:2>0},

separated by the straight line ¥ = {(x,y) € R* : x = 0}.

We proceed by considering a specific family of systems within the more
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general setting of discontinuous systems. Namely, we first study discontinu-
ous PWL systems for which the two involved linear vector fields share their
normal component to ¥ at all the points of such discontinuity manifold.
These systems are known as refracting systems and are characterized by not
having any sliding segment in the discontinuity manifold X, see [3]. In other
words, orbits arriving at > can be naturally extended by concatenating so-
lutions from both sides, since all the orbits hit ¥ in the so-called sewing or
crossing points, see |6]. In fact, refracting systems belong to the slightly
wider class of sewing systems, characterized by sharing only the sign of the
normal component to the discontinuity manifold 3, see [1].

To reduce the number of parameters in the analysis, we start by introduc-
ing a canonical form for X-refracting PWL systems. A general discontinuous
PWL system can be written as

Agx + by, if x € Sg,

% = (1)
ALX+bL, ifZL’GSLUE,

where x = (z,y) € R? is the vector of state variables, Az = (a}}) and
Ap = (af;) are 2 x 2 constant matrices, bg = (bf", by)", by = (b, b7)" € R?
are constant vectors, and the point denotes derivatives with respect to the
time variable s. Imposing now the refracting condition on these systems, we

require that for all x = (0,y)? € 3, with y € R,
el (Apx+bg) =ef (ALx+by), (2)

where el stands for the first unitary vector in row form. From () and some



elementary algebra, we must assume aly, = alt, and bF = b, so that systems

to be studied become

L
. a a12 bl .
X = " X + itxeSpud,
L L L
Q91 Qg by
(3)
R
. a Q12 by .
X = ! X + if x € Sk,
R R R
Qo1 A9 by

s where ajo = aky, = af}, and b, = bl = bl

Remark 1. Note that it is natural to assume a5 # 0 in () if one wants to
cope with non-elementary dynamics. Otherwise, we should have & = b, for
all the points in X, so that all the orbits would cross X in the same direction.
Furthermore, the dynamics of the first variable would be decoupled from the
3 second one in the whole plane, oscillations would be not possible and the

system could not exhibit a proper two-dimensional dynamics.

As done in Proposition 3.1 of ﬂg], by assuming a1 # 0 and applying the

homeomorphism X = h(x) given by

_ 1 0 0

X = X — ifxeS,u,
a22 —a12 bl

~ 1 0 0\

X = X — if x € Sk,
a% —a12 by

after dropping tildes, we transform systems (3]) into the following discontin-

4
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uous Liénard canonical form for refracting systems

. tr, —1 0 )
X = X — ifxeSpul,
dp, 0 Hr
(4)
tp —1
x=[ " x — if x € S,
dr 0 KR

where ML = aubg—aézbl, MR = algbf—agbl, and t{L,R} =tr A{L,R}u d{L,R} =

det A¢y gy denote the traces and determinants of L- and R-matrices.

Remark 2. Tt should be noticed that if we start from a continuous PWL
vector field in () instead of a refracting system, then the continuity require-
ment at ¥ provides the conditions a, = alf, and bl = blf. Thus, in such
a case we obtain p; = pg, and the above canonical form turns out to be

continuous.

Regarding the canonical form for refracting systems (), it is evident that
our systems constitute a specific case of Filippov systems in which, excepting
the origin, all the points in X belong to the so-called crossing or sewing set,
not having a proper sliding set. The origin can be thought as a tangency
point or a singular isolated sliding point, see |[d]. When one or both of the two
vector fields vanishes at the origin, such a point is a boundary equilibrium
point; otherwise we can have a pseudo-equilibrium point or even a regular

point, see [9].

Remark 3. The Liénard canonical form for refracting systems () is invari-
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ant under the following transformations:

Hl : (Sv €r,Y, tLu th ML, MR, dL7 dR) — (_Sv —T,Y, _th _tLv —HR, —HL, dR7 dL)
H2 : (87 €,Y, tLa tR> ML, MR, dLa dR) — (_37 €, =Y, _tL> _tR> ML, LR, dL> dR)
H3 : (Sv z,y, tLu th ML, MR, dL7 dR) — (87 -, Y, th tL, —MR, —HL, dR7 dL)

Note that as a result of transformation II;, we should obtain the symmetrical
version of the system with respect to the y-axis along with a reversal of time
that maintains the rotation sense of orbits around the origin. Similarly, the
transformation Il; returns the symmetrical version of the system with respect
to the z-axis, while IIs = II; o [Iy = Il5 o II; gets the mirror image of the

system respect to the origin of coordinates.

In canonical form (), the parameter pair (uy, ug) controls the number
and position of the equilibrium points. From () and assuming d;dg # 0, the

candidates to be equilibrium points in the left and right zones are respectively

Xp = &t& and Xp = ’u—Rt’u—R
L dLaLdL R dRaRdR'

Obviously, apart from the boundary cases, X is a real equilibrium only if
prdr < 0, and so is Xg if urdr > 0. Otherwise, one can speak of virtual
equilibrium points, since they would not be in the corresponding zone.
Boundary equilibrium bifurcations in the case of determinants with equal
sign were studied in [10]. Here, we consider the case of determinants with

different sign, and for definiteness we will pay attention to the configuration

dp, >0, dr <0, and either ppur >0 or pup, = pug =0, (5)
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which has obvious dual cases that could be analyzed via Remark [Bl In this
situation, regarding equilibria of systems (@), we have the following general

result. The proof is direct and is omitted.

Proposition 1 For refracting systems ([{@l) fulfilling hypotheses ([Bl) the fol-

lowing statements hold.

a) If pp = pr = 0, then the origin is the single equilibrium point.
b) If ppur > 0, then the following cases arise.

(1) If pp < 0 or equivalently pr < 0, then the system has two equilib-
rium points, a saddle point in the right zone and an anti-saddle
point (to be a node or a focus) in the left zone.

(i3) If pr > 0 or equivalently g > 0, then the system has no equilib-

I POINts.

It is easy to rule out the existence of periodic orbits in all the cases where
there are no equilibrium points of focus type, that is, when the two dynamics
involved are of type node and saddle. Therefore, from the dynamical point
of view, the most interesting case under hypotheses () is the focus-saddle
configuration, the case to be considered in what follows. When the left
dynamics is of focus type, having then a saddle dynamics in the right half
plane, it is also clear that in the cases of statement (a) and (b.ii) there cannot
be limit cycles. Effectively, every limit cycle must use the two half planes,
and then it is not possible to define any return map on the y-axis by using
the orbits in the right part.

Regarding the possible existence of a saddle connection or limit cycles

in the focus case of statement (b.i) of Proposition [, a first useful result is
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the following. From Proposition 3.7 in ﬂg], which is a direct consequence of
Bendixson’s criterion, we know that the inequality t;tr < 0 is a necessary

condition for that; for definiteness, we take t;, > 0 and g < 0.

Proposition 2 Considering refracting systems ([@l) under hypotheses 4dy, —
t2 >0 and dgr < 0 with t;, > 0, tg < 0, ur, < 0, pr < 0, if there exists a
periodic orbit then it is a unique stable limit cycle and there are no homoclinic
connections. Furthermore, if there exists a homoclinic connection then it is

stable as seen from its interior and there are no periodic orbits.

Proposition 2] will be shown in Section Bl Note that, within the realm
of sewing planar piecewise linear systems, Proposition [2] gives a uniqueness
statement both for limit cycles and saddle-loops in the focus-saddle case
that cannot be obtained from the recent analysis made in [7]. Effectively,
the condition p; < 0 implies that we have a real focus and so a visible
tangency for orbits approaching the origin from the left. Therefore, the origin
is not a X-monodromic singularity in the terminology of the quoted paper.
Thus, Proposition 2 represents a new uniqueness result that was lacking for a
complete analysis of sewing linear systems in the focus-saddle configuration.

Next result characterizes completely the existence of closed orbits in sys-
tems () in the focus-saddle configuration. The main ideas behind the tech-
niques are similar to the ones needed to show Theorem 2.b.3 in [11], but
here we must extend them to cope with the family of refracting systems.
Furthermore, the discontinuous character of such a family required specific
new uniqueness results for closed orbits, as given in Proposition 2l above. We

introduce some auxiliary parameters to be crucial in the rest of the paper,



namely

and
_ ke wr(1497)
pr wr(l—~%)

along with the angles

0. = +2arctan (\/1 + e+ p(vr £ D T [ + plyr + 1)]) . (8)

s Note that from the condition dr < 0 we have v € (—1,1) and so p > 0

when pp < 0, pgr < 0. We can state the following result.

Theorem 1 Consider refracting systems (@) under hypotheses 4dy, —t2 > 0
and dg < 0 with tp, >0, tg <0, pup, <0, ug <0, and vr, Yr, p, and 0+ as
defined in ([6)-(8). If we define the values

Vi = detb+ \/1 + [y + plyr £ D), (9)

then the following statements hold.

a) If eV, +V_ <0, then the unstable focus is surrounded by one stable
limit cycle.
110 b) If eV, +V_ =0, then the unstable focus is surrounded by an homo-

clinic orbit and there are mo limit cycles.

c) If eV, +V_ > 0, then the system does not have either limit cycles
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or homoclinic connections.

Theorem [ is shown in Section [3
When we consider the case p;, = pur = p in systems (@), we are dealing

with a continuous system, namely

. tr, —1 0 )
X = X — ifxeSpud,
dL 0 12
(10)
tp —1
x=[ " X — if x € Sp,
dR 0 12

where we take the parameter p as the only bifurcation parameter.

From Proposition [Il and assuming hypotheses (B) with u = pur = pr, we
first note that for y < 0 we have a situation with two equilibrium points (a
focus or a node plus a saddle); these two points collide in a single equilibrium
point for u = 0 and disappear, both becoming virtual equilibrium points for
p > 0. In this last case p > 0, it is easy to see that the system dynamics
excludes equilibrium points and periodic orbits, see Fig. [Il For ;1 < 0 we can
also rule out the existence of periodic orbits and saddle-loops (homoclinic
connections) in the node-saddle case; from Theorem ([l) both types of closed
orbits are possible however in the focus-saddle case, see also ﬁ

In the previous work [10], boundary equilibrium bifurcations were consid-
ered for such PWL systems in the so called persistence scenario, characterized
by the condition dydr > 0. Under this condition, by moving the parameter
p from negative to positive values or vice versa, a transition of the unique

equilibrium point through the boundary manifold between linearity zones is

10
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Figure 1: The case p > 0 and the critical situation g = 0.

z

guaranteed, being possible the simultaneous generation of limit cycles.
Here, we deal instead with boundary equilibrium bifurcations in the non-
smooth fold scenario, since by moving the parameter u two different branches
of equilibria collide in the boundary to disappear in the other side of the
bifurcation. We study now the focus-saddle boundary equilibrium bifurcation
for PWL systems (I{), regarding the simultaneous generation of a limit cycle,
a saddle loop or nothing else, depending on the dynamics properties of the
two involved vector fields. It is our main goal to characterize quantitatively
which one of the above three alternatives actually appears: a problem that,
up to the best of our knowledge had not been solved before and turns out
to be a necessary first step to study the same bifurcation in more general
non-PWL frameworks, as done in ] for the Andronov-Hopf bifurcation.
Our second main contribution comes to fill a gap in the bifurcation theory
of continuous PWL systems. Indeed, the focus-saddle bifurcation already
appeared in the celebrated book [1], but there was a lack of quantitative
characterization, see Theorem 5.2.2.b.ii in the quoted work. We use again the

auxiliary parameters introduced in ([@)-(8]), but note that here the parameter

11
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Theorem 2 Consider continuous PWL systems ([Q) with t;, > 0, tg < 0,

under the hypotheses of left focus dynamics 4dy, —t2 > 0, and right saddle

dynamics dg < 0, so that vyp, vg are given in (@), p as in ([II)) and 0+ as in
s (8). Define the criticality coefficient & as follows,

2
§ = 2L(mHo1—0-) _ L+ [y + plyr — 1) .
L+ [y + plyr + D)

Regarding p as the only bifurcation parameter, the system undergoes a

(12)

saddle-focus boundary equilibrium bifurcation for u = 0; that is, we pass
from a situation without equilibria for p > 0 to a single boundary equilibrium
at i = 0, and to a configuration with an unstable focus and a saddle for

0 p < 0. Furthermore, the following statements hold.

a) If 6 < 0 the boundary equilibrium bifurcation leads also for u < 0 to
one stable limit cycle surrounding the unstable focus and no homoclinic

connections. The size of the limit cycle evolves linearly with |pu)|.

12



b) If 6 = 0 the boundary equilibrium bifurcation leads also for u < 0 to a

155 homoclinic connection (saddle-loop) surrounding the unstable focus and
no limit cycles. The size of the saddle-loop evolves linearly with |p|.

c) If § > 0 then the boundary equilibrium bifurcation arising for p = 0

does not involve any limit cycle or homoclinic connection.
The proof of Theorem Bl is given in Section Bl See Fig. [ and [ for the

1o different configurations mentioned in above statements.

Example 1. To illustrate the above result, we consider a concrete model in

the form (I0), namely

. 1/2 -1 0 )

X = X — ifxeS,ux,
) 0 W
-1 -1

X = X — if x € Sk,
-1 0 7

which is equivalent to Example 5.5 in p. 228-229 of H], but note that our
parameter g is the opposite to the one appearing in the quoted book.

From (B)), computations give w;, = /79/4, v, = 1/v/79, wr = V/5/2,
Yr = —V/5/2, while from () we get p = 10v/5/v/79. Then, from (§) we
obtain #; = +2arctan (((2\/165$Tx/5:|: 9 — 10\/3> /x/@) . After some

simplifications, we finally obtain

271 + 4 arctan (@> 1
5 = exp Vs )} 2 (83 + 33\/5) ~ —1.66363,

V79 38

13
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so that Theorem [2 assures that for © < 0 we have a stable limit cycle sur-
rounding the unstable focus. Thus, the qualitative statement given in Theo-
rem 5.2.2.b.ii of H] is substituted by a rigorous quantitative assertion, coming

from Theorem [2]

It is worth to emphasize the rather involved expression for the criticality
coefficient 9. This feature arises because of the lack of smoothness in PWL
systems, which precludes any local analysis; in fact, the semi-homogeneity
property of systems (0] with respect to the parameter u, explains why it is
possible to characterize the bifurcation only after a global analysis.

The applicability of Theorem [2]is greater than it seems. In fact, we could
state evident dual versions of this theorem for other three different cases: (i)
tp < 0, tg > 0 keeping 4d;, —t2 > 0 and dr < 0; (ii) t;, > 0, tg < 0 but
assuming dy, < 0 and 4dp — t% > 0; and (iii) {7, < 0, tg > 0 with d;, < 0 and
4dp — 1% > 0; all these cases can be dealt with by resorting to Remark [3 and
will not be explicitly listed.

Remark 4. It is interesting to note that if we let v, — 0 (which corresponds
to let t;, — 0 keeping d;, > 0 constant so that w;, — v/dy) then we have that

the limit value §, for ¢ is

1+ p2(yg — 1) 4p?
5. — lim §—1— +pr—1)7" PR <0,
10 L+ pi(vr+1)2 1+ pi(yr +1)?
where
G
ps = lim

0" wr(l—7R)
This negative limit value d, indicates that whenever v, > 0 is sufficiently

small, then 0 < 0 and the unstable focus is surrounded by one stable limit

14
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cycle for p < 0. On the other hand, if 7, = 0 and g < 0 then we have a
bounded linear center whose outermost closed orbit is tangent to ¥ from the
left. Then, if we start from v, = 0, any small increase in 7, leads to a limit
cycle bifurcating from the center, a phenomenon that has been qualitatively

and quantitatively studied in [13].

We want to emphasize that the bifurcation characterized in Theorem 2
has no counterpart within the realm of smooth vector fields. Effectively, we
know that when a smooth system undergoes a bifurcation leading to the
generation of two equilibrium points, the generic configuration corresponds
with a saddle-node bifurcation. Thus, the saddle-focus situation studied here
is specific to the class of piecewise linear systems.

As a final remark, Theorem [2] could be extended to the more general case
of continuous piecewise smooth systems (not necessarily PWL systems), in
the same spirit of the study made in M] for the Andronov-Hopf bifurcation.
Such extension should require to take into account the nonlinear terms in
each vector field and is beyond the scope of this paper.

The rest of the paper is organized as follows. We show an interesting
application of Theorem [2to nonlinear electronics in Section 2 by considering
a circuit already studied in ] but allowing non-zero initial conditions, which
is a fact of special relevance to cope with the dynamical richness of these
devices, see E] Some auxiliary results and the proofs of main results appear

in Section

15
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2. Application to the analysis of memristor oscillators

We consider here an electronic circuit already analyzed in ] and ]
under different hypotheses. For the sake of completeness, we include the
derivation of the model, which is very similar to the one appeared in [11],
but with an important novelty related to the consideration of non-zero initial
conditions.

Following B] memristors are two-terminal electronic passive devices for
which a nonlinear relationship links charge and flux [17]. They are at the
basis of future generation dynamic memories; as another important feature,
nanoscale memristors have potential to reproduce the behavior of biological
synapses. Here we apply our previous results to the analysis of an elementary
oscillator endowed with one flux-controlled memristor, see Figure [l and [1§].

Note that in the shown circuit the values of L and C for the impedance
and capacitance are positive constants, while the resistor has a negative value

—R . We write from Kirchoff’s laws

iR(T) - iL(T) - O, iL(T) - ic(T) - ’LM(T) == O,

vo(T) — oy (1) =0, vr(T)+ (1) +ve(r) =0,

where v, 4 stand for the voltage and current, respectively, across the corre-
sponding element of the circuit. Next, we integrate with respect to time the

above equations, and it should be emphasized that we do not assume zero

16



20 initial conditions as in ], to get

) = = qr(0) —qr(0), (13)
) = QL(O) - QC(O) - QM(O)a ( )
) =®1= ¢r(0)+¢L(0) +9c(0),  (15)
) (16)

=& = ¢o(0) —eu(0),

qr(T) — qr(T
qr(7) — qo(7) — qu (7
¢r(T) + oL(1) + ¢c(r
(T

wc(T) — ou

where ¢ and ¢ stand respectively for the charge and flux associated to each
element. The flux-charge characteristics of the memristor f,; is assumed as

in @] and ] to be the symmetric piecewise linear function

b(x+1)—a foraz< -1,
fu(z) =< ax for -1 <z <1,

b(x —1)4+a forz>1,

where it is considered a passive memristor, and in particular 0 < a < b. After

recalling the constitutive equations of the bipoles, namely

pr(r) = ~Ranlr). ou(r) = L-au(r).
d

go(r) = Cpo(r), an(r) = faulom (7)),

we arrive at the equations

%900() = éQC(T) é[%( ) = au(7) = Q2
d 1 _1

17
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Figure 3: The simple oscillator with one memristor analyzed in this section. Note that
the negative value —R considered for the resistor makes it the only active element in the
circuit.

We denote the state variables by x; = ¢c(7) and s = q1(7), and using

»s  ([3) and ([I0), to write pr(7) = —Rqr(T) = —R(qr(7) + Q1) along with
au (1) = fau(em (7)) = fu(pe(T) — @g), we have the differential system

% = é [—fr(z1 — P2) + 22 — Qo] (17)
W L lmt R+ Q)+ @) (18)

It turns out more convenient to translate variables by introducing z =

r1 — Py, and y = x5 — @9, and write

d 1

= Sl +l, (19)
d

Vo= Llr Ry RQu RQy+ @y — By (20)

As a consequence of the conservation laws of flux and charge, we can intro-

duce the constant

h=RQ1+ RQs + 1 — Py = 01,(0) + v (0) — R(qe(0) + qar(0)),

18
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and using the parameters « = 1/C, = R/L, £ = 1/L, we get the piecewise

linear system

dx

— = al-ful@)+y, (21)
% = —fx+ Py +<h. (22)

We note that until here we have reproduced exactly the model achieved
in [15], but with the additional constant term involving the parameter h,
because here the initial conditions are not assumed to be zero. This fact,
which introduces some lack of symmetry in the model, is of special relevance
in the analysis of the dynamical richness of these oscillators, as remarked in

|. Also, it should be noticed that we are dealing with a PWL system with
three linearity regions, but as long as the interesting dynamics involves only
two adjacent regions, we can take advantage of the results of Section [l

To simplify the analysis, we rescale the time by taking as new time 7 = a7t
and introduce the rescaled parameters h = h/a, B = /o = RC/L > 0,
and £ = &/a = C/L > 0, to get

dx

= @ty (23)
=

d - - -

d—z = —fx+ Py+h. (24)

In what follows we assume the same dynamical configuration analyzed in
|, namely saddle dynamics in the external zones and anti-saddle dynamics
in the central zone, what leads to the condition aB < é < bB3. Of course, we

also assume the necessary condition for oscillation coming from Bendixson’s

19



criterion, which amounts to have non-constant sign for the divergence of the
vector field, that is, by computing traces, a < B < b.

It is straightforward to determine the number of equilibrium points and
its topological type depending on the value of parameter h. Effectively, if we
introduce the modified slope parameters @ = £ — fa > 0 and b= & — b < 0,
then the conditions for equilibria allow to eliminate the value of y, to get the

equivalent condition i = f(x) = éx — Bfy(z), where

(

b(x+1)—a forx<—1,
f(z) =9 ax for -1 <z <1,

b(x—1)+a forx>1.

\
The following result is now direct.
Proposition 3 Considering system ([23))-(24) under hypotheses 0 < a < b
»0  and aff < 5 < bB, the following statements hold.

a) [fiz < —d orh> a, then there exists only one equilibrium point, which
1s a saddle located at

x:1+hga>L R R
h—a h+a
=a+b—o, =b—— —a,

Y b Y b

respectively.

b) If |h| < a, then there exist three equilibrium points; one in the central
zone located at

xr =

Y=

Y

ISHISE

ok
a

20
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which is of anti-saddle type, while the other two are saddles and located
at the external zones, with the same coordinates given in statement (a).
¢) When |h| = a, there appears a boundary equilibrium bifurcation giving
rise to the generation or annihilation of two equilibria, namely a saddle

and an anti-saddle.

Regarding Proposition ] if we impose the condition of focus dynamics in
the central zone, then we see that for both # = —a and h = a we have the
focus-saddle bifurcation studied in this paper. Such a central focus configu-

ration requires (—a + 5)2 < 4(5 — Ba), which is equivalent to the condition

(a+B)* < 4¢. (25)

To illustrate here the usefulness of our previous results, let us consider
the focus-saddle bifurcation undergone by system (23))-(24]) under condition
(25) and hypotheses of Proposition Bl when h = a for some specific choice of
parameters. We remark that in such a case, we can neglect the left external
zone z < —1, since for small values of | — a| the relevant dynamics involves
only the adjacent zones to the boundary at x = 1. The first preparation
task is to do the translation X =z —1, Y = y — a, to get a continuous
system in the form (@) with af, = —a, aff = —b, a1 = 1, a4, = af} = —¢,
ak, = af, = B, along with by = 0, by = b} = h — € + fa = h — a. Now a
change of variables as the one used to obtain system (@) (which turns out
to be homogeneous in this case, since b; = 0) transforms our system in a
continuous version of such family, with ¢, = B—atp=B-bd; = §~— af,

dr = é— b3, and the bifurcation parameter is =L =g =h—a.

21
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Let us assume, following ], the values « = 1.25, f =& =1,a = 0.75
and b = 1.5. Note that the specific passivity condition 0 < a < b is fulfilled.
Thus, we get B = é = 0.8, d, = a = 0.2 and dg = b = —0.4, so that
tp, = 0.05 and tg = —0.7. Apart from the necessary condition for oscillating
behaviour a < 3 < b, we see that both the external saddle dynamics condition
aB < € < bB3 and the focus condition ([25) hold. Next, we apply Theorem

Using (6l) and (IT), we get wy, ~ 0.446514, v, ~ 0.055989, wgr ~ 0.722842,
vr ~ —0.4842, and p ~ 0.809427. Now from (8] we obtain 6, ~ 1.12858
and 0_ ~ —0.717745. Finally, from (I2) we deduce 6 ~ —0.140354 < 0,
and then statement (a) of Theorem [ assures that for p < 0, that is, for
h < G there appears one stable limit cycle surrounding the unstable focus.
This limit cycle (responsible for the stable oscillation in the circuit) grows
linearly with |}~L — @ as long as the assumption regarding that the cycle does
not use the zone r < —1 is true. In fact, we could show the existence of
a certain value hp > 0, such that the limit cycle becomes tangent to the
line x = —1. Thus, the existence of stable oscillations is guaranteed for all
hr < h < a. Furthermore, the symmetry of the model allows us to assure
also the existence of stable oscillations for —a < h < —hy. We conjecture
that such oscillations exist indeed for all —a < h < &, but the proof of this
conjecture is beyond the scope of this paper.

If we take instead a = 0.74, keeping fixed the rest of parameters, we have
now t;, = 0.06, d;, = a = 0.208, wy, ~ 0.455082, v, ~ 0.0659221, and then
we get p ~ 0.825955, 0, ~ 1.11361 and #_ ~ —0.711476. However, now
0 ~ 0.0363403 > 0 and so the bifurcation does not lead to any limit cycle.

Numerically, one can estimate that the critical value for the appearance of
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the homoclinic orbit in the bifurcation is a ~ 0.742014.

3. Auxiliary results and proofs

In order to show the results of Section [I] it is convenient to reduce even

more the number of essential parameters by rescaling time in a different

way on each half-plane along with an appropriate rescaling of variables to

maintain the canonical form. Note that this change of variables preserves

any closed orbits. Afterwards, we obtain a useful reduced canonical form for

the study of the focus-saddle configuration in refracting systems.

Proposition 4 If 4d;, — t2 > 0 and dg < 0 then refracting systems ) can

be written in the following reduced canonical form

d 2 -1 0
R R X — ifxe Spu,
do \ 241 0 ar
d 2 —1 0
dTX = T X — if x € Sk,
R vh—=1 0 QR
where
. \/4dL—t% . tL . ML
Wp = ——F—, YL = 77—, ap = —,
2 QWL wr,
and
V% — 4dg tr KR
== =—¢c(—11), = —.
WR B y Yom (=1,1), ag on

(26)

(27)

(28)

PrROOF. We know that the eigenvalues of the linear part at Sy in (] are

or, + iwy. We make first the change X = wrz, Y = vy, 0, = wrs for the
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variables in the half plane Sj, without altering variables and time in Sg.
Note that we do not change the coordinate y, so that periodic orbits using

both half planes are preserved. Then, we get

dHL Wi, ds ds Wi, ’

dY 1 dY 1 dy 1 dL dL 1959
iy L
doy, wrp ds  wrds wp (wL 'uL) w? Wi,

Introducing the parameter 7, defined in ([27), we see that t;, = 2y, w; and
dr, = (72 + 1)w?, and the left vector field is already in form of (26).
Similarly to what is done in the left zone, we define wr > 0 such that
w? = t%/4 — dg and o = tr/2, that is, the eigenvalues of the linear part
at Sk in () are og £ wg. In the same way as before, we make the change
X = wgx, Y =y, 0 = wgs for the variables in the half plane Sg, without

altering variables and time in S7,. We obtain

dOr wr ds ds  wgr ’
dy 1 dY 1 dy 1 dR dR HR
dHR WR ds WR ds WR (wR IUR) %{ WR

Now, introducing the parameter vz as in (28]), we see that tg = 2yrwr and
dr = (v% — 1)w%. Finally, using the definitions of oy, and ap in 217)-(28),

we get the expressions given in (26]).

Note that under hypotheses of Proposition [l if we assume ¢t; > 0 and

tr < 0 then we have v, > 0 and —1 < vz < 0. In the canonical form (26]),
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under hypotheses ay, < 0, ag < 0, we have a focus at the point

F _F ar 2o
T, = ) €S ’
e (viﬂ v%+1> .

and a saddle at

(xS’yS) _ ( QR 20&373) € Sp.

Th—17R—1
We can compute the points (0, 7+) where the unstable (stable) manifold
of the saddle intersects ¥ as follows. The eigenvectors for the saddle can be
selected as (1,7 F 1)7 corresponding to the eigenvalues g & 1. Thus, the
linear invariant manifolds that emanate from the saddle intersect ¥ when,
for a certain value of 5, we have
x° 1 0

+8 =
y° YR F 1 U

Clearly, 8 = —z° and then we get

_ 20pyr  or(rT1) _ ar(rtl)  or
R=1 -1 -1 rTFl

Y+

In the next result, we review some useful properties of the half-return
maps that can be defined by using ¥ as a Poincaré section, see Fig. [
Generically, these half-return maps cannot be explicitly computed and must
be obtained in parametric form in terms of the respective flight times 67, and
Or. Their properties can be straightforward deduced from the solutions of the
linear vector field involved, see Proposition 6 and 7 of [19] and Proposition

3 of @]
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»s  Proposition 5 Considering systems (206) with v, >0, —1 < v <0, ap <

0 and ar < 0, the following statements hold.

a) The right Poincaré half-return map Pg is defined only for y_ < y <
0, and is always bounded, so that 0 < Pgr(y) < §s. Its parametric

expressions are

e~ 1R9% — cosh O + g sinh O
(7% — 1) sinh fg ’

Y= Qg

e"8%% — cosh fp — ypsinh Oy
(7% — 1) sinh 0p ’

Pr(y) = —ar

where O € (0,00). The first derivative satisfies lim Pi(y) = 0, and
the second derivative satisfies Pp(y) < 0 for all; <y70. The function
can be analytically extended to the origin by writing Pr(0) = 0 and then
330 PL(0) = —1.
b) Introducing the auziliary function ¢ (0) = 1 — e (cos@ — ysinf), the
left Poincaré half-return map Pp is defined for all y > 0, and their

parametric erpressions are

e_PYLGL Prr (QL)

. 67L9L90—’YL (HL)
(72 +1)sind,’

2
(72 +1)sin6,’ (29)

P(y) = —ar,

y=uo

where 0, € (W,é), being 0 the unique zero in (m,2m) of v, that is,

~

P (9> = 0.
Furthermore, using that y(0) = 0 in @9), the image of the origin under
the map is the point (0,y) with y = Pr(0) = —arefsind < 0 (after
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Figure 4: The graphs of the half-return Poincaré maps when v, > 0, -1 < v < 0,
ap <0, ag < 0. The asymptote Ap, for P;, when oy < 0 is parallel to the graph of P,
when o = 0.

simplification), and we have
Pp i [0,00) — (—00,7].

Moreover, lim P;(y) = 0, lim P/ (y) = —e™*, P/(y) < 0 for all
y—07t Y—00
y > 0, and the graph of Py has the asymptote

200,vL
72 +1

Ap(y) = —ery + (14e™*).

Remark 5. The parametric expressions in terms of the flight time 6, of
Proposition BF(b) are no longer valid when the focus is located at X, since
then the left return time is equal to 7 for all the points in the domain. How-

ever, this exceptional case, corresponding to a;, = 0, can be easily managed.
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Effectively, a simple computation shows that then Pp(y) = —e™%y, for all

y > 0, and so its graph is a straight line (the thick, dashed one in Figure [)).

Next, to show the uniqueness of closed orbits in systems (28], we use the
non-generic case «y = 0, when the focus is located at the boundary, as a

reference case for the more general situation oy < 0.

Proposition 6 Considering refracting systems 20) with v, > 0, —1 <

Yr <0, ar =0, ar <0, the following statements hold.

a) If €% < (1 —vgr)/(1 + vgr), then there exists one stable limit cycle
surrounding the unstable boundary focus at the origin and there are no
homoclinic connections.

b) If et = (1—~g)/(1+r), then there exists one homoclinic connection
to the saddle and there are no periodic orbits surrounding the boundary
focus.

c) If e > (1 —~g)/(1+~r), then the system has no periodic orbits and

no homoclinic connections.

PROOF. Under our hypotheses, using Remark [B we know that Pp(y) =
—e™Ly. Clearly, the limit cycles of the system are in one-to-one correspon-
dence with the intersection points of the graphs of Pp and Pp 1 see for
instance ﬂﬂ] and Fig. [l

From Proposition Bl using the concavity of the graph of Pg, the maximum

number of intersections is one, and there is one intersection if and only if

U+ Yr+1
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YR

Figure 5: The open region in the plane (yz,,vr) where it is possible the existence of a limit
cycle or a homoclinic connection for systems ([26) with vz > 0, =1 < yg < 0, ar, < 0 and
ar < 0, according to necessary condition (30).

From this condition, all the statements follow, if we take into account that

the equality above leads to the existence of a homoclinic connection.

After changing the hypothesis a; = 0 to ap < 0, a simple necessary

condition can be obtained.

Corollary 1 Considering refracting systems (26]) with vy, > 0, =1 < vz <0,
arp < 0 and ar < 0, a necessary condition for the existence of a limit cycle

or a homoclinic connection is

e <

VR, or equivalently, ~vyr < — tanh <w> (30)
1+~vgr 2

Corollary [ follows from the fact that when «j < 0, the graph of Py is
below the graph of the asymptote Ay, which is in turn a straight-line parallel
from below to the graph of Pp, |4, -0, see Fig. [l
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In figure [ it is shown in the plane (yz,vg) the open region where the
necessary condition (B0) is fulfilled. Next, under same hypotheses of the
above corollary, we give the proof of the uniqueness result of Proposition [2]

which is more involved.

PROOF OF PROPOSITION 2. We start by applying Proposition 4] to get the
corresponding system (26) with a;, < 0 and ag < 0. Recall that when o, < 0
the concavity for the graph of Pp, is the same than for Pg. We will denote by
(y*, —e™ty*) the point of intersection of the graph of P,' with the parallel
to the asymptote A passing through the origin, that is, with the graph of
Py, if we had taken all the parameters equal but a; = 0, see Fig. @l Note

that at such a point we must have
(Pr') (") < = (31)

Clearly, from Proposition [l if there is any intersection between the two
graphs, then it should be in a point with y > y*. Suppose that there are two
intersections points corresponding to y = y; and y = yo, where y* < y; <

Yo < y+. In other words, we are assuming that

Pr(y1) = Pg' (1), Pr(yz) = Py (y2)-

Then by Rolle’s theorem there should be some intermediate point y where

P(y) = (Pz') (v)

30



but we claim that this is impossible. Effectively, we know that
0> Pj(y) > —e™*
for all y > 0, and on the other hand, recalling (1)
(PR) (v) < (PR) (y") < —e ™,

getting the required contradiction. Note that the stability of the limit cycle
(and for the homoclinic connection, as seen from its interior) comes easily by

using that
Py(y) = (P") (y) > 0

in any intersection of both graphs.

It follows the proof of Theorem [II

PrOOF OF THEOREM [Il. We start again by applying Proposition [ to get
the corresponding system (26]) with oy, < 0 and ar < 0. For convenience, we
make next the global translation z — z + 2, y — y + 9%, to put the focus

at the origin. To alleviate notation, we define the positive constant

v=—2f=— > 0, (32)
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so that (2%, y") = (—v, —2v7y). Thus, we work with the equivalent system

27, —1 L
x=| * x, if x €, U,
+1 0
(33)
2p  —1 20 (v — _
x= | ® x - Or=m) ) ixe
=1 0 ap+v(vg—1)

where the linearity regions in the phase plane are now the left and right

half-planes
§L ={(z,y) e R* : 2 < v}, §R: {(z,y) € R? : 2 > v},

separated by the straight line ¥ = {(z,y) € R? : # = v}. Furthermore, the

saddle point becomes the point
-5 -~ o 2c
(:L,S’ys): (U_l_,yiR 2U7L+7ﬂ) ,

which after introducing the positive parameter

_or 1490 pr wi(l+97)

= . = > 0, 34
P T3 i wr(—3) (34

can be written in the more compact expression
(@°,9%) = v (1 +p,2(y + prR)) (35)
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Figure 6: Sketch of the process to determine the remarkable points (0, Yy ). The focus F' is
already put at the origin, so that the dashed vertical lines are the discontinuity manifold
Y at x = v, and the line x = v + :CI%, where the saddle S is located.

since from (B2]) we have

The linear invariant manifolds that emanate from the saddle intersect the

line x = v at the points (v, y+) when, for a certain value of 3, we have

1 v
+ =
Y Yr F 1 Y+
Taking into account (BH), we get 3 =v — 3% = v —v(1 + p) = —vp, and so
the invariant manifolds of the saddle intersect the line x = v at the points

(Ua y:l:) ) where

yr =02y, + p(yr £ 1)], (36)

see Fig.

We will follow the orbit with initial point (v,y;) up to determine its
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intersection point (0, Y, ) with the new y-axis. Similarly, we can compute the
point (0, Y_) whose orbit eventually arrives at the point (v, y_) by integrating
backwards in time from this latter point. Since the focus is at the origin,
taking (v, y+) as the starting point, to compute now the value of Y, , it suffices
to write the exponential matrix and to solve the equation

0 cos sin 6 —sin 6 v
s + 1+ 7L + +

Y. (72 +1)sinfy  cosfy — ypsinf. Yt
(37)

where the flight times must satisfy 0 < 6, < 7, since we must integrate
forward (backward) in time to get Y, (Y_), see Fig. [d
From the first component of equality in (3, we get

veosOy = (yy —vyp)sinfy = v [y, + p(yr £ 1)) sin by (38)

Equivalently, we write

1
v+ p(yr £1)’

tanfy =

and we obtain

| tan O | _ 4 1

) - )
R R

sinfy = +

and then
vz + p(yr £ 1)

V1+bo+ ot t )P

To ease the angle determination with the arctan function, we use the

cosfy = +
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trigonometric identity

Hi sin Hi 1

tan | — | = ——F == .
<2) 1+ cos Oy \/1+[7L+p(7Ri1)]2i[7L+p(7Ri1)]

After multiplying numerator and denominator in the argument by the con-

jugate, we get

0y = £2arctan <\/1 + [+ p(vr £ D F [ + pvr £ 1)]) , (39)

as given in (§). Noting that cos 0L — v sin 0y = p(yg£1)sin by, we get from
the second component of equality of (37) that

Yy = et [(7% + 1)v+ p(yr £ 1)ys] sin by = +perrf+ \/1 + [vp + p(yr £ 1],

where 6. is given in (B9) and we have used the above expresions for y, and

sin A, leading to

(i + Do+ p(yr £ )ys = v (1+ [y + p(yva £ 1)) .

Therefore, the common expression for both ordinates is Y. = vV, with
Vi as given in ().

Summarizing, the unstable invariant manifold of the saddle after inter-
secting the vertical x = v at the point (v, y) passes through the point (0, Y7)
and will come back again to the new y-axis at the point (0, —e™*Y,). Anal-
ogously, the linear stable invariant manifold of the saddle is reached when

we consider the orbit starting at the point (0,Y_), see Fig. [
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Assume first that —e™~Y, > Y which after reordering and removing the
common factor v leads to €™V, +V_ < 0. Then we have a trapping region
containing the unstable focus, so that by Poincaré-Bendixson’s theorem we
must have at least a periodic orbit surrounding the focus. The uniqueness
and stability of the corresponding limit cycle comes from Proposition 2l and
statement (a) follows.

To show statement (b) it suffices to see that if the condition of the
statement holds, then the two linear invariant manifolds of the saddle are
connected forming a saddle-loop or homoclinic connection. Therefore, from
Proposition [2 there cannot be limit cycles.

In the case of statement (c), since —e™*Y, < Y_, we conclude that for
the original system (2€) we have Pp(7.) < 7_, see Fig. @l Then, regarding
the proof of Proposition @ if there exists an intersection between the graphs
of P and P ! then the concavity of both graphs implies the existence of
at least two intersection points below the point y*. This is impossible, as
shown in Proposition 2 so that we conclude that there are no limit cycles.

The theorem is so completely shown.

Finally, we give the proof of Theorem

ProoF oF THEOREM [2l All the assertions about the equilibrium points
and their stability come easily from Proposition [I, taking into account the
hypothesis 4dy, — t2 > 0.

Applying Proposition l, we arrive at a system 6] with o = p/wp,
ar = /wg. Note that even we start from a continuous vector field in (),

after the transformation involved in the quoted proposition, we pass to a
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refracting system. This is the reason why we needed to consider the more
general framework of discontinuous refracting systems.

Note also that from (34 the parameter p becomes

~wp(1+97)

p - > 07
wr(l —7%)

as given in (1), not depending on .

If p is negative, then the appearance of a limit cycle, an homoclinic
connection or nothing else, is a direct consequence of Theorem [I], considering
the sign of the expression ™=V, + V_. Taking into account that e™=V, —

V_ >0, we can write
V2
sign(e™V, + V_) = sign(e**V? — V?) = sign (62“” - V__Q) :
+
from where the expression of the coefficient ¢ follows.

To complete the proof, we need to show the linear evolution of the limit
cycle or the saddle-loop with respect to |u|. It suffices to note that in sys-
tems (I0), when p # 0, the system can be rewritten with © = £1 by the
homothety change X = |u|z, Y = |u|ly. Therefore, if © < 0 and there exists
a periodic orbit or an homoclinic connection, then there exists also the same

distinguished closed orbit for 4 = —1 and both orbits are homothetic. So,

the size of the such orbit evolves linearity with |u|, and the theorem follows.
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