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Abstract

This article studies the lattice long-wave-short-wave resonance equations in weighted spaces.
The authors first prove the global well-posedness of the initial value problem and the existence of
the pullback attractor for the process generated by the solution mappings in the weighted space.
Then they establish that the process possesses a family of invariant Borel probability measures
supported by the pullback attractor. Afterwards, they verify that this family of Borel probability
measures satisfies the Liouville theorem and is a statistical solution of the lattice long-wave-short-
wave resonance equations. Finally, they prove an upper bound of the Kolmogorov entropy of the
statistical solution.
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1 Introduction

In this article, we investigate the following initial value problem of the lattice long-wave-short-wave

resonance equations in weighted space:

P, — (AU — UV + 10Uy, = frn(t), M EZ, t > T, (1.1)
Um + Buy, + 'y(B(|u|2))m =gm(t), meZ, t>r, (1.2)
U (T) = Um,7, Vm(T) =V, MEZ, t>T, (1.3)

where Z is the set of integer numbers, u,, = un(t) € C and v, = vy, () € R are the unknown
functions, C and R are the set of complex and real numbers respectively, i is the imaginary unit such
that i2 = —1, a, 3, are positive constants, |u|?> = (|um|?)mez, A and B are the linear operators
defined as

(A'U')m = 2Up, — Up—1 — Um+1, U= (um)mEZa

(Bu)m = Um+1 — Um, U= (um)mEZ-
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Equations (|1.1)-(1.2]) can be regarded as a discrete approximation of the following non-autonomous
long-wave-short-wave resonance equations with respect to the space variable x € R:

Uy + Uy — uv + tau = f(z,1), (1.4)
v + Bu +y(Ju?)e = g(a,t). (1.5)

Equations — were first derived from the study of surface waves with gravity and capillary mode
interactions, as well as in the analysis of the internal waves and Rosby waves (see [2,|12]), where the
unknown complex-valued function u(zx,t) stands for the envelop of the short wave, and the unknown
real-valued function v(z,t) denotes the amplitude of the short wave. The complex-valued function
f(x,t) and the real-valued function g(x,t) are both time-dependent external sources. In plasma
physics, the long-wave-short-wave resonance equations explains the high-frequency electron plasma
resonance and the associated low-frequency ion density perturbations. Equations — have
been extensively studied. For instance, the well-posedness of the Cauchy problem was investigated
in [417]; the orbital stability of solitary waves was investigated in |13]; the existence of global attractors
and random attractors was proved in [18/19].

The purpose of this article is to investigate the probability of solutions to the lattice long-wave-
short-wave resonance equations — in weighted space. Over the past two decades, various
attractors have been the subject of numerous investigations for lattice dynamical systems (LDSs). For
example, the global attractors, exponential attractors and their fractal dimension, pullback attrac-
tor, uniform attractors for the first-order and second-order LDSs were investigated in [25,39H41]; [42]
researched the random exponential attractor for the stochastic LDSs; the uniform global attractor,
pullback attractor and random attractor in weighted space were studied in [1}/14,|15]. For the lat-
tice long-wave-short-wave resonance equations —, the existence of the attractors and kernel
sections was verified in [20,23}[28]; the existence of invariant Borel measures was established in [26].
However, to the best of our knowledge, there is no reference investigating the statistical solution of
equations (L.1)-(1.2)) in weighted space.

The concept of statistical solutions and invariant measures comes from the study of turbulence in
statistical physics (see [10,/111[24L27]). In reality, most of the main physical quantities of turbulence
(such as velocity field and energy) show strong characteristic after ensemble average with respect to
time or space. There are two prevalent definitions of statistical solution, called Foias-Prodi statistical
solution |10] and Vishik-Fursikov statistical solution [24], that were originally formulated respectively
to describe the probability distribution of solutions in phase space and temporal-spatial space for the
incompressible Navier-Stokes equations.

Nowadays, the term “statistical solutions” is usually used as a strict mathematical concept to
characterize the probability distribution of solutions of evolutionary equations in the corresponding
space. There are several papers studying the invariant measures and statistical solutions of some
typical dissipative systems. For instance, reference [8] proved sufficient conditions for the existence
of invariant measures for general dissipative semigroups, and this result was extended by [22] to the
general dissipative processes; references [56] presented an abstract framework concerning the theory
of statistical solutions and trajectory statistical solutions for general evolution equations. Recently,
reference [31] established sufficient conditions for the existence of trajectory statistical solutions of
the general evolution equations and the result was applied to some typical evolutionary equations
(see [16,[30,133H35]). In addition, references [32}/36] investigated the statistical solutions for the 2D
non-autonomous magneto-micropolar fluids and Klein-Gordon-Schrédinger equations, and [37] studied
the invariant sample measures for the 2D stochastic Navier-Stokes equations.

The main results of this article are the existence of statistical solutions and upper bound estimation
of its Kolmogorov entropy for the lattice long-wave-short-wave resonance equations — in



weighted space Lf, X éf,, where

fz :{u = (um)mez : Z PmUEn < 400, Um € R}’ (16)
meZ

L2 ={u= (n)mez : Y pultm|? < +00, um €C}, L7
mEZ

here p : Z — (0,+00),m — p(m) = p,, are weight functions satisfying some conditions that will be
specified in next section. Recall that [26] proved the existence and uniqueness of a family of invariant
Borel probability measures for the problem (1.1)-(1.3)) in the space ¢? x L?, where

72 :{u = (Um)mez : Z uZ, < 400, Uy, € R}, (1.8)
meEZ
L? :{u = (Um)mez : Z [ < 400, um € (C}~ (1.9)
mEZ
Obviously, the spaces LI% X 6;2) and L? x ¢? are the same provided that p,, = 1,m = 1,2,---. Thus,

the result within this article concerning the existence of invariant Borel probability measures is a
generalization of that of [26]. However, some new difficulties, together with some new phenomena,
will arise when we investigate the existence of statistical solutions and its Kolmogorov e-entropy in
the weighted space LZ X éﬁ. Firstly, the weighted functions will produce some additional difficulties
when we establish the so-called 7-continuity of the generated process, and this 7-continuity plays
the vital role when we construct the statistical solution. Secondly, we discover that the weighted
functions influence the Kolmogorov e-entropy of the statistical solution. In fact, we reveal that the
upper bound of the Kolmogorov e-entropy of the statistical solutions decreases with respect to the
weighted functions.

The rest of the article is arranged as follows. In the next section, we prove the global well-
posedness of the problem — in the weighted space. In Section 3, we establish the existence of
the bounded pullback absorbing set and the pullback attractor for the process {U(¢,7)}:>- generated
by the solution mappings of problem —. In Section 4, we verify the existence of the statistical
solutions for equations -. Finally, we give the definition of Kolmogorov e-entropy for the
statistical solution and estimate its upper bound.

2 Global well-posedness

In this section, we will prove the global well-posedness of problem (|1.1))-(1.3).
We first introduce some hypotheses of the weighted functions p : Z — (0, +00),m — p(m) = pm,
that adopted in the weighted spaces 5 and L?.

(H1) Assume that the weighted functions p,, are decreasing with respect to |m|, and that for all
m € Z there holds

0<ew < p(m) =pm <" <400, (2.1)
p(m=£1) = ppa1 < cip(m), (2.2)
|p(m £ 1) — p(m)] < eap(m), (2.3)

where c,, ¢*, ¢; and co are positive constants. Moreover, the positive constants « in (L.1), ¢;
and cy satisfy

0:=a—cicy —cg > 0. (2.4)



We now illustrate the existence of the weight functions p(m) satisfying (H1). Indeed, let us consider
the weight function
p(x) = (1 +w?a?) ™" +c., TR,

where ¢, > 0, w > 0 and k > 1/2. Pick ¢* = ¢, + 1, then the right side of (2.1)) is satisfied. It is

+1
clearly that pletl) € C(R) and
p(x)
i PEED o pmED
v—toc  p(z) iml—o0  p(m)
+1
thus sup M < 4o00. Noticing that
z€R p(x)
p(1—=1) 1+ ¢ p(—=1+1)
= = > 1,

p(1)  (+w?)r+e p(1)

+1
we take ¢; = sup plm £ 1) and obtain (2.2) with ¢; > 1. At the same time, for any m € Z \ {0}, by

meZ p(m)
using the mean value theorem we see that there exists ¥, > 0 such that

Ip(m % 1) — p(m)| = ¢/ (m % D) < kwp(m £ In) < swmax{p(m + 1), pm — 1)} < crrwp(m).
For m = 0, we have
lp(£1) = p(0)] = |(1 +w*) ™" = 1| < 1 < p(0).

Choose ¢y = max{cikw, 1}, then (2.3) is satisfied.
For the sake of brevity, we use X, to denote EQP or L% and let it be equipped with the inner product
and norm as

= Z PmUmUm, ”uH;Z) = (u,u)p, U = (um)meZ7 v = (Um)mEZ € Xpa
mEZ

where 9,, is the conjugate of v,,. Similarly, we denote ¢? or L? by X, whose inner product and norm
are given by:

U) = Z U, U ||u||2 = (u,u), u = (um)m€Z7 v = (Um)mEZ S Xa

mEZ
where v,, is the conjugate of v,,. Let
E,=L2x 102,

and equip it with the inner product and norm as: for any two elements %) = (u(k),v(k))T €K,
(k =1, 2),

(W0, 6P)5, = @D, u®), + @0, 0), = 3 p (w52 + oo,
meZ
||wHE me‘wm‘ me(|um|2+v72n)7 Vi € Ep,
meZ meZ

where ugn) stands for the conjugate of um . Obviously, E, is the weighted Hilbert space.

Besides the operators A and B introduced in the Introduction, we define the operator B* on X,
and X as

(B*u)m = Um—1 — Um, U= (um)meZ-



We can check that operators A, B and B* are all bounded linear operators from X, to X,. Indeed,

using (2.1)-(2.3)), we obtain

‘B’U’H2 Z pm‘ Bu m|2 Z pm|um+1 - um|

meZ meZ
<2 p (il + [uml?) =2 ponltmial* +2> " ot
meZ meEZ meEZ
=23 pmaltuml® +2 ) pmlml* <2 c1pmltml* +2) " pmltm]?
meZ meZ MmeZ MmeEZL
=2(1+ cl)||u||i7 Yu = (Um)mez € Xp. (2.5)
Analogously,
1B*, < vV2(1 +c1), [lAll, < V/8(1+c1). (2.6)
NOW7 we write u = (um)mGZv |U|2 = (‘um|2)m€Z, v = (Um)mGZv f(t) = (fm(t))mGZa g(t) =

(gm(t))mEZ, Ur = (Um,r)mGZa Uy = (Um,r)m627 and put problem "" as follows:

i — Au—wv +iou = f(t), t> 7, (2.7)
0+ Bv +yB(|ul?) = g(t), t>T, (2.8)
w(t) =ur, v(r)=v,, TER (2.9)

Further, we write ¢ = (u,v)”, F(¢,t) = ( —iuv —if(t),g(t) — ’yB(|u|2))T, and express problem
[2.7)-(2.9) as an abstract nonautonomous first-order ODE with respect to time ¢t in E,:
¥+ 0y =F(Y,t), t>T, (2.10)
U(1) =¥y = (ur,v,)" € E,, TER, (2.11)

where I is the identity operator and

al +iA 0
@( 0 BI)' (2.12)

To ensure the global well-posedness of problem ([2.10))-(2.11]), we suppose that the functions f(¢) =
(fm(t))mez and g(t) = (gm(t))mez satisfy the following conditions.

(H2) Assume f(t) = (fm(t))mez € C(R,L2), g(t) = (gm(t))mez € C(R,£3). Moreover, we suppose
that there is some continuous function K(-) on the real line, bounded on intervals of the form
(—o0,t), such that

t
/ eos”f(g)”ids < e(%+6)tK(t) <400, teR, 0<i< % := min {%,g , (2.13)
and that
¢
[ elalds < +oo, te®. (2.14)
For the existence of functions f and g satisfying (H2) one can refer to [26]. In fact, let || f(s)]% <
Me"?® for all real s, with constants M > 0 and kK > § — 2. Then

/ e £(3)|2ds < e EHIK(s),

— 00



with

K(S) _ %e(%“rhl*(s)s'
(o2 K

Thus, choosing £k < 0,k = 0 or x > 0, we allow different behavior of the external force f near
infinities. The estimation (2.13) will play the essential role when we investigate the existence of a
bounded pullback D,-absorbing set for the process {U(t,7)}i>- in E,.

Lemma 2.1. Let assumptions (H1)-(H2) hold. Then for any given initial data 1r = (ur,v,;)" € E,,
there exists a unique local solution 1 (t) = (u(t),v(t))T € E, of problem ([2.10)-([2.11) such that

Y(-) € C([r,Tv), E,) N CY((1,Tv), E,), (2.15)

for some Ty > 7. Moreover, if Ty < +o0, then lim |[[4(t)|| g, = +oo.

t—T,

Proof. It is not difficult to check that © is a bounded linear operator that maps F, into itself, and
F(-,-) maps E, xR into E,. Now let B be a bounded set in E, and 1*) = (u(® )T € B (k = 1,2),
denote by L(B) = sup ||¢||% . Then for any ¢t € R, we have

YeB °

F(W”J) _ F(w@),t) — (_ i(u(l)v(l) _ u(2)v(2)), —'y(B(|u(1)\2) _ B(|u(2)|2)))T € E,.

It is obvious that for every ¢ = (u,v)" € E, there holds [[¢[|3 = [ul|? + ||v||7. Therefore, using (2.9)
and some computations, we arrive at

1F @D .0 = P, o)y,
:Hu(l) 1) _ @ (2)H2_|_H,y( (JuM)?) = B(|u®|?) )H
<[l @0 — @) |2 Bl — P
<JJu® (0™ — U(2>) + @@ — @ H2 +2(1+ 1) [u®]? - |u<2>|2Hi
<2[|u (0@ — o)+ 2@ @ — @)
+2(1+a)y H\u(l [+ [u®])2 H\uﬂ — [u®])2
<LB)[[p® P +801+ e’ LB)|[p® |,
=(2+8(1+c1)7?) L(B)||v™ - zp(?)HEp, (2.16)

where ¢; > 0 is given by (2.2). By equation (2.16), we see that the map F(-,-) : E, xR — E, is
locally Lipschitz with respect to 1 € E,. Using the classical theory of ODEs, we obtain the results of
Lemma 211 O

We next prove that the local solution obtained in Lemma exists globally, by showing that the
solution will not blow up at any finite time.

Lemma 2.2. Let assumptions (H1)-(H2) hold, and ¢(t) = (u(t),v(t))T € E, be the solution of
problem (2.10)-(2.11) corresponding to initial data 1. = (u,v;)T € E, at initial time 7. Then

— -7 eigt K S
Ju())|2 < e |u. |12 + T/ e® | f(s)]2ds, Vt>T. (2.17)
Proof. Taking the imaginary part of the inner product (Lf), (+,-)p) of (2.7) with u gives

2 T % e M7+ allu@®f =Im(f(t), u(t)), + Im(Au, u),

@ 1
<G lu®If + - IF O + Im(Au, w),, ¢ > 7. (2.18)



Write W, (t) = pmtm(t), w(t) = (Wm(t))mez. Then by direct computations, we have

(Au,u), = (Bu)m (Bw0)m, (2.19)
meZ
|(BW)m — pm(BU)m| = |tmy1(pmi1 — Pm)| < c2pm|tml, (2.20)

Im(Au,u), =Im Z (Bu)y (BW)

meZ
=10 Y { o (Bu)ua(Ba) + (Bu)[(B@)m — pon(Bi)m] |
meZ
=1Im Z (Bu)m(Pm+1 — Pm)Ums1 = Im Z (Pma1 = Pm) (Umg1 — U ) Um 1
meZ meZ
C2
< e Z pm|um+1||u7R‘ < 9 Z(pm|um+l|2 + pm|um|2)
MmeZ meZ
C1C2 C2 1
< —=lull2 + = ull = 5 (erea + ca)|Julf3- (2.21)
2 2 2
Using (2.18) and (2.21)), we arrive at
d 2 9 1 2
T @I + ellu@ll; < Z IO, (2.22)

where 9 = oo — ¢1¢2 — co > 0 is given by (2.4]). Applying Gronwall’s inequality to (2.22)), we deduce
(2.17) and complete the proof. O

Lemma 2.3. Let assumptions (H1)-(H2) hold, and ¢(t) = (u(t),v(t))T € E, be the solution of
problem (2.10)-(2.11)) corresponding to initial data ¢, = (u.,v.)T € E, at initial time 7. Then

t
lelE, <lv-llE,e " +03€_‘”/ e (IF ()7 + lg(s)I[7)ds

T

t
+egeot / e |lu(s)|4ds, ¥t > T, (2.23)

2
where o is given in (2.13) and c3 := max {é, %, W}
Proof. Taking the real part of the inner product of ([2.10) with ¥(¢) = (u(t),v(t))T in E, yields

1d
s IIE, + Re(O0,¢)5, = Re(F(¥,1),¥)m,, Yt =T (2:24)
We first estimate the term Re(©v,¢)g,. Direct computations gives

Re(09,vY)p, = Re((au + iAu, Bv)T, (u, U)T)Ep = aHuHi + ﬂHvHi —Im(Au,u),. (2.25)

Note that we have denoted by w, (t) = pmum (t) and w(t) = (W, (t))mez. Using (2.2)) and the similar



derivations as those as (2.21]), we have

—Im(Au,u), = —Im Z (Bu), (Bw)

meZ

=—1m Y {pn(B)n (B + (Bu)n[(BD)m — pr(Bi)m]}

mEZ

=~ Tm Y {(Bu)u[(Bo)n — p (B} = ~Tm 3 (B (@1~ 0

meZ meZ

=—1Im Z (Bw)m(Pm+1 — Pm)tms1 = —Im Z (Pmt1 = Pm) (Umg1 — U ) Uiy 1

meZ meZ
> —celm Z pm(um-i-l - um)ﬂm+1
meZ
C
Z—C Z Pmltm1||um| = _52 Z (Pm|um+1|2 + pm|um|2)
meEZL meZ

Co C2 C2
— 2N pmtlunl = 23 plml® = =2 S i — 2

meZ meZ meZ
C2 C2
Yy Z Clpm‘um|2 - 5”“”;2)
meZ

0102
= lull; - || 5 = (0162+02)HUIIP

Inserting (2.26)) into ([2.25)) yields

1
Re(0¢,¢)p, > allully + Bllvl; = 5 (crea + eo)lfull3.

For the term Re(F(¢,t),7)E,, we use Cauchy’s inequality to derive

Re(F(4.1).1) ;, =Re((~iuv —if(1).g(t) ~1B(ul?)" (w.)")
=Tm(£(1), u), + (9(8), ), —~ B(u?),v),
<SIOI2 + 5171 + @I + 9ol

B 2 7 212
+ oI + B ()2
o 2 1 2, B 2 1 2
<G I + 5o IO + 5 IOl + 5loI3 +
From (2.24) and (2.27))-(2.28)), it follows that

d
T [P@IE, +olv®lE, < es(FON+1g®17 + llullp)-

IBllz .,

(2.26)

(2.27)

(2.28)

(2.29)

Applying Gronwall’s inequality to (2.29), we obtain (2.23). The proof of Lemma is complete. [

By definition, a continuous process {U(t,7)}s>- in the phase space E, means {U(t,7)}s>- is a

two-parameter family of mappings in E, satisfying:
(a) Ut,s)U(s,7)=U(t,7),Vt=2s=>1,7T€R;

(b) U(r,7) =1d (identity operator), 7 € R;

¢) For given t and 7 with ¢ > 7, the mapping U (¢, 7) is continuous from F, to E,.
2 2



Combining Lemma 2.1 and Lemma 2.3, it follows that, to every given initial datum v, = (u(7),v(7))T €
E, at every initial time 7, problem (2.10)-(2.11) corresponds uniquely a global solution ¥ (-, 7;%,) =
(u(-),v(-))T € E, on [r,+00). Hence the solution mappings U(¢,7) from initial datum ¥, to solution
W(t, 7;1,) defined via

Ut,7):E, 3¢, = (ur,v.)" — ¢t m50,) =U{t, 7)), € E,, VE>TER, (2.30)
generate a process {U(t,7)}4>- on E,. Next we prove the continuity of {U(t,7)}>-.

Lemma 2.4. Let assumptions (H1)-(H2) hold. Then the process {U(t,T)}i>r defined by (2.30) is
continuous on E,, that is, for any given t,7 € R with 7 < t, the mapping U(t,7) : E, — E, is
continuous.

Proof. Let B be a bounded subset of E,, and t,7 € R given with 7 < t. Let ¢ () = =
(ugk),vg )T € B (k = 1,2) be the initial data at initial time 7, and ) (t) = U(t, )w (k) the cor-
responding solutions of problem (2.10)-2-IT). Write @(-) = uV(-) — u® (), (-) = vV () — 0@ (),
() = W) — @ (.). Then we have

dw( ) L Od(t) = F(W, 1) = F®, 1), t > (2.31)

¢(T) = M) —y®. (2.32)

Taking the real part of the inner product of (2.31)) with ¢ in E, yields

S S, + Re(00,7),, = Re(FE:M,1) ~ F@®,0,4),  t>7 (2.33)

From ([2.27)), we find

~ ~ 1 1
Re(09,9)s, > allully + Bl — 5 (crea + ea)[ally = ellall; + BIDIE + 5 (cre2 + eo) a3
> ollall} + Bl53. (2.34)

At the same time, from (2.16)), we see that there exists a constant ¢y = ¢4(¢, 7, 8) > 0, such that
Re(F(pW.t) — F(p®.1),9) . < calld(®)]E,- (2.35)
Combining (2.33)-(2.35)), we obtain
d - _
Ellw(b‘)\\%p +2(0 — ca)[[o (1), <O. (2.36)
Applying Gronwall’s inequality to ([2.36]), we derive

1D @)%, < lD(r)|F,e 2=,

This completes the proof of Lemma [2.4] O

3 Existence of the pullback attractor

In this section, we will first prove that the process {U(¢,7)}i>, possesses a bounded pullback
absorbing set and pullback asymptotic nullness in E,. Then we verify that {U(t,7)}:>, possesses
a pullback attractor. For the definitions concerning the bounded pullback absorbing set, pullback
asymptotic nullness and pullback attractor, one can refer to reference [7].



Henceforth, we denote by O(E,) the family of all nonempty subsets of E, and consider the families
of nonempty sets Dy = {Dy(s)|s € R} C O(E,) parameterized by time ¢. Let D, be the class of
families of nonempty subsets D = {D(s)|s € R} C O(F,) which satisfies

D, = {f) = (D(s)ls € R}| lim ¢% sup |[¢]3 = o}. (3.1)
S§—— 00 wED(s)

We next prove the existence of the pullback D,-absorbing set for the process {U(t,7)}i>, in E,.

Lemma 3.1. Let assumptions (H1)-(H2) hold. Then the process {U(t,T)}1>r possesses a bounded
pullback Dy-absorbing set By = {Bo(s)|s € R}, that is, for each t € R and any D = {D(s)|s € R} €
D,, 310 = 7o(t, D) < t such that U(t,7)D(7) C By(t), V7 < 70, where Bo(s) = Bo(0; Ry(s)) is a closed
ball in E, with center zero and radius Ry (s).

Proof. Let t and D = {D(s)|s € R} € D, be given. Then Lemma and Lemma show that for
any ¢, € D(7) there holds

t

070, <lrli, e+ e [ (LI + o) )as

T

t —ps s 2
+c3ff”/ eUS(e*@<S*T>\|uT||§+L/ e@0||f(e)||§d9) ds, Vt>71.  (3.2)
- a

T

According to assumption (H2) and (3.1)), it is clear that

im0 =0, (33)
t

[ e O + o)) ds < +c. (3.9
—00

For the third term on the right-hand side of (3.2), we express it as

t e—0s [ 2
/ eos(e*@@*ﬂnuTHpT/ e|£(6)200) ds = L(7) + Ia(r) + Is(7), (3.5)

where
t
Bir) = [ e as,

2 ! —20s T °
Iz(T)=5/ 7 |lu|[5e2este / e? || £(0)]|2d6ds,

T

Ly(r) = — / te<ff*29>5( / oot f(a)||§do)2ds.

a2

From (3.1)), it is easy to see that

t
B(r) =(Jur 2e57)? [ ersemelemoms

P
1 2 272 —(20—0)(t—7)
=5y (e i) (1 o)
o 2
Url|p €27
<(”2H9Eﬂ) 50, as T — —oo. (3.6)
— 0
By (H2) and (2.13]), we have
t t
/ €| f(s)]|2ds = / (@575 £(s)[|2ds < e @ E TR () < +oc. (3.7)
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Therefore, we can conclude that there exists a positive constant K (t), which depends only on ¢t and
function K(-), such that

2 T — )T ’ — —0o)s ®
Iy(7) = lur|[je&Tele™) / [e (2e >/e99\|f(e)||§de]ds

t
<23, e8 el / 720050 FTVO R (5)ds
« 4 .
2 2 2 br (o-5—8)r [ (5—otd)s
:a||¢r||E,,e2 e’Tel? 2 et 27T K (s)ds
4 o ~ o
<qmg oy lVrlEe BRI - e E )
4 T 0T 17
<m”¢r”%p62 K (t) — 0, as T — —o0. (3.8)
Also by (H2), (2.13) and (3.7), we have
1 t s 2
Ii(7) = = / o(0—20)s ,(0—20-28)s ( / e?| f(9)§d9> e(-oH2et+20)s 4
1 t s 2
S5 | el (e@“)s / e@enf(e)nide) elmrrzeriiids
« —o0 —0o
LY s pen L otz
< el e K*(s)ds < 25a2® Ky (t) < 400, VT < t, (3.9)

o0

where K(t) is a bounded quantity relying only on the function K (-) and ¢. Now, we choose Ry (t) > 0
such that

t cze ot
2

t s 2
RO =1+ [ e (IFIE+ o R)ds+ 2= [ e [ 56 00) o

— 00

Then, from (2.23) we conclude that the family of closed balls By = {Bo(0; R, (t))|t € R} is the desired
bounded pullback D,-absorbing set for {U(t,7)}s>- in E,. The proof is complete. O

The following lemma shows the pullback D,-asymptotic nullness of the process U(t, 7)., in E,.

Lemma 3.2. Let assumptions (H1)-(H2) hold. Then Vit € R, vD = {D(s)|s € R} € D, and Ve > 0,
My = Mo(t,e,ﬁ) € N and 79 = 70(t, &, f)) <t such that

sup Z P (U (t, 77 )m|? < €%, V7 < 70, (3.10)
YreD(T) \m|>M0

where |¢m|2 = |um‘2 + U%L; P = (d’m)mez = (Umavm)T € Ep-

Proof. According to Urysohn’s Lemma, we choose a smooth function x(-) € C*(R, R, ) such that

x(z) =0, 0< <1,
0<x(z) <1, 1<x<2,
X(x) —1, 2> 2 (3.11)

|X/(Qf)| < X0, T2z 07

where Yo > 0 is a positive constant. Consider any given D = {D(s)|s € R} € D, and ¢, we denote by

W(t) = Y(t;7,0b,) = U(t, 7)Y, = (u(t),v(t))T the solution of problem (2.10)-(2.11)) with initial value
1, € D(7) at the initial time 7 € R. Let M > 0 be a natural number and set

m m
Em = X(%)umy Cm = X(%)Uma bm = (EmaCm)Ta Wm = PmUm, Zm = Pm§m, m € Z,

§=Em)mez, ¢ = (Cm)mez, ¢ = (Pm)mez, W= (Wm)mez, z= (2m)mez, M € Z.
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Taking the real part of the inner product of (2.10) with ¢ = (¢,)mez in E, yields

Re(),0) , +Re(09,0), =Re(F(1.1),0),

P

We next compute the three terms in (3.12)) one by one.
Firstly, direct computations gives

Re(lb, (;5) =(1u, f p = Z PmUm&m + Z PmOmCm
meEZ mEZ
= Z PmumX(%)ﬂm + Z pm@mX(%)vm
meZ mEZ
_1d
=2 S5 o .
meZ

Secondly,
Re (@1/)7 (b) :Re((au +iAu ﬁv)Tv (67 C)T)Ep = OL(’LL, é)p - Im(Auv g)p + ,8(’0, C)P

m
o3 poxd Dl 4 8 ()2~ T,
meEZ meZ

For the term —Im(Auw,§),, we have

—Im(Au,§), = — Im(Au, z) = —Im Z (Bu)m (BZ)m

meZ
m
= 1m( ) (Bu) (B + Y (B (B2 — <1y (B).0) ).
mEZ meEZ
From and - we deduce
—1m Y () By, (B,
meZ
C2 | | ‘ ‘
> =23 (pax(T ) st 4+ prx (Dl )
2 M
meZ
C1C2
> 225 k(P = 2 5 pux(
mEeEZ meZ
__aa Il ety e mly
--3 mezpmﬂ[x(M) KOG X [l =5 32 s Gl

Using the differential mean value theorem and (3.11)), we obtain

|m| Im +1] Xo Xo
Z Pm+1[ X(T)} [umt1]? < i Z Pt |timi|* = M”“Hi'

meZ mEeZ

Inserting ([3.17) into (3.16) yields
~Im )" x( |m| Yo (B@)

meZ

162 | Ca |m)|
> A2 e S (2] 25 pre( T 2
meZ meEZ
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At the same time, performing direct computations and estimation, we arrive at

~tm 3 (B [(B2)n () (B9),.

MEZ
|m +1] Im| _
=—Im Z (Bu) ( i —_—) - X(ﬁ))/’m+1um+l
MmeEZ
X0
Z - M Z Pm+1[(BW) | |[tm 1]
meZ
>~ i > n (B + ).
From ([2.2) and (2.5, we see that
S bt (B <1 3 pn(Bu)m)? = 1| Bull2 < 2e(er + 1)lJull2
meZ mEZ

It then follows from and (| - that

~Im Y (Bu)n [(Bam () B5)] > X0 (2 + 261 (e + 1) ull2).

M

mEZ

Combining (3.15)), (3.18) and (3.21)), we obtain
cie c m
I (A, > 2202 1 3 (2] - 2 3 gD 2

meZ mEZ

X0
— o (lul2 + 2e1(ex + 1) ul]2)

Cc1Co + C2 |m\ (6162 + 1+ 261 (Cl + 1))X0
= A2 N (S lum - Jul2

2M
mEZ

Thus, taking (3.14) and (3.22)) into account, we have

Re(0¢, )5, >a Y pmX( |)Iuml2 +8> pmx(

meZ mEeZ

)|U7n|2

cica + ¢ || (crea + 14 2¢1(c1 +1))x0
Sactoe g e a2

2 2M

mEeEZ

Finally, let us estimate the term Re(F'(4,t),#)g,. In fact,

Re(F(¢,1),0), =Re((—iuv —if(t),g(t) —yB(|ul*))"
=Im(uv,§), + Im(f(t),£), + (
)

=Im(f(t),€), + (9(t),0), (vB(IuIQ),C)p,

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

since that Im(uv,§), =Im ) me( D) [ty |20 = 0. For the first two terms on the right-hand side
ez

me
of (3.24]), we use Cauchy’s inequality to obtain

Im(f(t)a Z PmX M”um Z me |fm( )| )
mEZ mGZ
60.05 <5 3 pux(EDlun (O + 5 3 o % gm0
mEZ meZ
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We next estimate the last term on the right-hand side of (3.24)). Using (2.2) and Cauchy’s inequality,

we derive

(’YB(|U| == Z me |Um+1|2 — |um\2)vm
mEZ
B m
<7 PmX(| Do Z X () Gt 2 = i 272
mezZ mEZ
gzzme(M) m"’?ZPm‘Um-{-ﬂ Z (M)|um+1|2
meZ me7z mezZ
7 m|
> ol D0 X ()l
meZ meZ
g Im| 2y 01||u||2
<G sl + L 5 gD
meZ * mezZ
Iy
22l 1 ml.
B3 e mA " /1% mi - 3.27
+—3 c*mzezp X(Syp )t (3.27)
Is

To estimate the terms Iy and I5 in (3.27)), we write

Im — 1]

M

Pm = X( )Uma qm = PmPm, P = (pm)m627 q= (Qm)meZ~

Taking the imaginary part of the inner product (L?)7 (+,-)p) of equation (2.7)) with p gives

1d |m 1 | —1]
S > pmx( Nm|* + > pmx( el
MEZL MEZL

m—1

M
meZ
lm — 1| 2 1 lm — 1 2
<= e — B : :
<5 2 pmx(g 0P + 5 3 pex (I OF + (gl (329

By direct computations, we have

m(A“,p)p =Im Z (Buw)m(Bq)m

meZ
—tm( 3 (" (Buy (B + Y BB~ () B).0)). (3.29)
meZ MEZL
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Using (2.2) and (2.21)), together with differential mean value theorem and (3.11)), we deduce

Im Z |m - 1| )(BU)m (B0)

meZ
-1 -1
“tm 3 (o ‘mM (B (B) e+ 3 ) (BU) (BB — (B} ]}
m—1 _

i 3 (" (B — o

meZ

m—1 c m—1
<or 3 Xl < 2 57 X ) b+ )
meZ meZ

cics m — 1] m| [m| 2 2 m —1] 2
< D) Z[X( M )—X(M)+X(ﬁ)]f)m+1|um+1| +§ZX( % )P | Wi |

meZ MEZL
€1C2X0 5 cCiCa+co |m — 1] 9
<7 Mls+— ZG:ZX( ~ )Pt (3.30)

Also, we obtain by using (2.2)) and (2.5)) that
_ m—1 _
Im Y (Bu), [<Bq>m (2=t Ba),,]

meZ

m m—1 _
_Imz | |) X<‘ M |))pm+1um+l

meZ

X0 X0
<47 2 Pl (Bu)mllumia| < 5% D pmst (1(Bu)m | + [um s )

meZ meZ
X0(1+201(Cl +1))H ”2
2M ’

Inserting (3.30) and (3.31)) into (3.29) gives

(3.31)

~

cico + o |m — 1] (0102+1+201(01 +1))X0
(Au,p)p < —— Y x(——)pmlum|® + ul?

5 7 oI 2, (3.32)

meEZ

It then follows from ) and - that

m|
T Z Pm+1X |um+1|2 +0)  pmrix(57 ) e

mEZ

(0162 +1+ 201(61 + 1)))(0 9
[[ull,-

<— meJrlX |fm ()‘ M

mEZ

Applying Gronwall’s inequality to (3.33),

[m]
=Y pm+1x(ﬁ)\um+1(t)\2
meEZL

m ot 1 [t s
gZPmHX(%)\umH(THQe ot )+a/ ( Z p7n+1|fm+1(5)|2>6 o(t=5) qg

meZ |m|>M

(3.33)

cico +1+42ci(c1 +1
i ( 1C2 1( 1 ))Xollu”%
oM
= lu(r Hp+7/ > pmialfmia(s)] ) ?ds
T m|zM

n (0162 + 1 + 2C1(Cl + 1))X0 ||u||2
oM ”

(3.34)
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Parallel to I, we can obtain

= pm(2 \um( )

mEZ

t
S Z me(%)\um(ﬂpewu_ﬂ +$/ ( Z pm|fm(8)|2>e—0(t—s)ds

meZ |m|>M

N (cre2 +142¢1(c1 + 1)) xo0 2
oM

<e T u(n) |2 + —/ > pmlfm(s) )e”ds
T m|>M
n (cre2+142c1(c1 + 1)) xo0 2
oM ”

Combining (3.22)-(.27) and (3:39)-(3:35), we have
Re(F(w7 t)a ¢)Ep

<25 x4 5 3 s Dm0

M
MEZ mMEZL

+ 2 3 oDl @F + 5 3 pux g ()

mEZ meZ
c1 + D)2 |lull? c1 + 1)y?||ul[2e2t
PRV SN O Ve

Be. hes / > plfm(s)?)eesds

|m|>M

(3.35)

N 2er + 1)72““”’2) . (c1c2 +1+42¢1(c1 + 1))X0 ”qu

e Al (3.36)

We next will use the notation a < b to stand for a < ¢b for a general constant ¢ > 0 that just
depends on the parameters from our problem and will not produce confusion. At this stage, we can

derive from (3.13)), (3.23)) and (3.36]) that

d
4 2P (%M%Pprmx B +6 3 s

meZ meZ meZ
m| et
S ox T + 3 oD lam (O + e e (o)
meZ meZ
! SO T P
@z [ (X pulf()P)erds + 200 4 S (3.37)
T imi>M

Now Lemma shows that there exists a time 7 = 7 (¢, ﬁ) < t such that

lu()|7 < R3(t), V7 < 7.
Hence, (3.37) implies that

d
iy pmx<%>|wm|2 o Y o

M
meZ meZL
| | (bt
<> pmx Ifm OF + > pmx M)Igm( 7 + e 2, | T R2(2)

meZ MmeZ
¢ R2(t

+R§(t)e*9t/ ( Pl fm (s ) 34”, vr <. (3.38)
T ml>M
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Note that R, (t) < +oo for given ¢. Thus, for any € > 0 there exist My = M;(t,¢) € Nand 75 = (¢, €)
such that

R3(t) + Ry (t) _oe?

R > .
M X 9 9 v]\4/]\417 (339)
2
lr B, DR () < T, VT < T (3.40)

t

At the same time, from (3.7]) we see that / eQS|\f(s)||f,ds < 400 for given t. Therefore, for above
—o0

given t and € > 0, there exists My = Mas(t,¢) € N such that

t 2
R[Z,(t)e_gt/ ( Z pm|fm(s)|2)egsds< %, VM > Ms. (3.41)

m|>M

Inserting (3.39)-(3.41]) into (3.38]) yields

d
S (‘M ol 0 3 pc(Ds 2

meZ meZ

oe?

|m|
<mex ST |2+mex Ngm @) + =

meZ meEZ

Applying Gronwall’s inequality to (3.42)) implies

mex<%>|¢m<t>\2szpm%nwm(ﬂ\?eﬂ“T / 7 3 () ()P0

meZ mEeZ meEZ

gs 6
et [ S puBignoas + 5 (3.9

mEZ

(3.42)

Now, from assumption (H2) we see that, for above given t and ¢ > 0, there exists some M3z = M3(t,¢) €
N such that

70' ags gs €
([ oo S omdphimmepas s [ e 3 pundlgn(o)ras) < 5. v > w340

meZ mEZ

~

Finally, from (3.1) we can conclude that for above given ¢t and ¢ > 0, there is a time 73 = 73(¢,¢, D)
such that

[\v]

m —o\l—T —o(l—T €
S ok (T ()27 < 70 sup B, < S, Ve (3.45)
ez M $-€D(r) 3
Let
MO = II]ELX{J\41,]\42,]\43}7 T0 = min {T17T2,7'3}.
Then, it follows from (3.43)-(3.45) that (3.10) holds. The proof of Lemma [3.2]is complete. O

In terms of Lemma [3.1] Lemma[3.2) and [29, Lemma 2.1], we obtain the main result of this section
as follows.

Theorem 3.1. Let assumptions (H1)-(H2) hold. Then in E,, the process {U(t,T)}i>r corresponding
to the problem (2.10)-(2-11) has a pullback D,-attractor (denoted by) Ap, = {Ap,(t) : t € R}
satisfying

(a) Compactness: ¥Vt € R, Ap,_(t) is a nonempty compact subset of E,;

17



(b) Invariance: U(t,7)Ap, (1) = Ap_(t), Yt > T;
(¢) Pullback attraction: flpo is pullback Dy -attracting in the following sense

lim distg, (U(t,7)D(1), Ap, (t)) =0, VD = {D(s)|s € R} € D,,t € R,

T——00

where distg, (-, -) denotes the Hausdorff semidistance in E,.

4 Construction of the statistical solutions

In this section, we will use the generalized Banach limit and the pullback attractor AD,, obtained
in Theorem to construct the statistical solutions for equation (2.10)).

Lemma 4.1. Let assumptions (H1)-(H2) hold. Then for every givent € R and ¢, € E,, the E,-valued
mapping T — U(t, 7)Y, is continuous and bounded on (—oo,t].

Proof. For every given t € R and 1, = (u.,v.)T € E,, we derive from ([2.17) and (2.23)) that

t
U, 7)0ullT, <lvlf,e 7 +036_"t/ e (IF ()15 + Ng(s)lI3)ds

— 00

t —
—ot os( ,—o(s—T) 2 e
+ cse e’ le lluxll; +
(0%

—00 —

S

2
e@9||f(9)\|§d9) ds, Vt>71.  (4.1)

From the proof of Lemma [3.1] and (H2) we are not difficult to see that the right-hand side of is
bounded by a constant independent of 7. Therefore, ||U(t,)1«| g, is bounded on (—o0,].

Next we prove the E,-valued mapping 7 — U (¢, 7)y, is continuous. Let s, € (—oo,t] be given.
We just need to prove that to any € > 0, and the above given ¢ and 1., there corresponds § =
0(g, 8x,t,1,) > 0, such that

for every r € (s, — 6,5, +6) = |[U@, 7)Y« —U(t,5:)04llE, <e. (4.2)
Without loss of generality, we assume r < s,. Write
PO = UG 8)U(se,m)e, 9P () = U89, 90 () =@ () =00,
then ¢(-) satisfies

d’z%) +00(t) = F(pW 1) - F@®, 1), t> s,, (4.3)

Y(8x) = U(Su, )i — . (4.4)
Taking the real part of the inner product of with @Z in E, gives
1d
2dt
For the term Re(©(t), J)(t))Ep in ([4.5)), we derive from that

10013, + Re(04(1), 9(1)) , = Re(F(W™,6) = @, 1), 4(1)),, (4.5)

S 1 1
Re(00(1), ¥(t))m, Zalla®)|; + BloI}; — 5 (eres + ea)llll; = ellally + BIIBIL + 5 (crea + eo) @l

>ollal; + Blol5, Vt > s.. (4.6)
From (4.1) and (H2), we see that there exists a constant ¢5 = ¢5(t, s«,1,) > 0 such that

P @I, + 1@ @I, < ecs. (4.7)
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Now ([2.16)) and (4.7) imply that there exists a constant cg = cg(c5) > 0 such that

Re(F(W, 1) = F(¥®,8),4(t)m, < colld(0)[I%, - (4.8)
Combining (4.5] . ) and (4.8]), we obtain
3 dt ||1/)( Mz, +ollb®)E, < cslld @)z, - (4.9)

Using Gronwall’s inequality to (4.9) gives
¢
901, < 19, exp { [ 2ea - o)a6)
Sx
¢
= ||U (84, 7)0s — w*||2Ep exp { / 2(cg — U)dG}, (4.10)
which indicates that ||U (s, ). — 9 H2E,, is as small as needed provided that |r — s.| is small enough.

Therefore, the E,-valued function 7 — U (¢, 7)1, is continuous on (—oo, t]. O

To state the existence of the Borel probability measure, we recall the definition of generalized
Banach limit.

Definition 4.1. ( [22]) A generalized Banach limit is any linear functional, which we denote by
LIM;_, ., defined on the space of all bounded real-valued functions on R and satisfying

(1) LIM;—_ooh(t) = 0 for nonnegative functions h(-) on (—oo,+00);
(2) LIM;_ooh(t) = lim h(t) if the usual limit lm h(t) exists.
t——oo t——o0

Let B(R) be the collection of all real-valued bounded functions on (—oco, +00). For any generalized
Banach limit LIM,;_, _,, we have the following useful property ( [11} (1.38)] or [8, (2.3)])

ILIM;_,_ooh(t)] < limsup |A(t)], Yh(-) € B(R). (4.11)

t——oo
In terms of Theorem Lemma and the abstract result |22, Theorem 3.1, Theorem 4.1]E| we

have the following result.

Theorem 4.1. Let assumptions (H1)-(H2) hold. Then for given generalized Banach limit LIM_, _ o
and every C = (ux, )T € E,, there exists a unique family of Borel probability measures {ji; }ier on
E, such that the support of the measure p; is contained in Ap, (t), and

1 t
LIMHW;/T @(U(t,s)g*)ds_/

.AD (t)

() due () = / () dur (1)

=LIM,,_o —7// ¥)dps (1) ds, (4.12)

where ® € C(E,) and C(E,) is the set of all real-valued continuous functionals on E,. Moreover,
is invariant in the sense that

/ () dpn (1) = / (Ut 7)0)dpir (), ¢ > 7. (4.13)
Ap, (t) Ap, (7)

n the following Theorem we pick a fixed point (x in E,. In this case, the abstract result |22, Theorem 3.1,
Theorem 4.1] is completely correct.
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In the following we will establish that the family of Borel probability measures {u;}+er obtained
in Theorem is a statistical solution of equation (2.10)). Write equation (2.10]) as

dy

i H(y,t) := F((t),t) — Oy, teR. (4.14)

Then for each t € R, we see from the proof of Lemma that H(¢,t) : E, x R+ E, is continuous.
To specify the definition of statistical solution, we need introduce the class 7 of test functions. We
expect that the test function W € T satisfies

d

Y00 = (V@) HW,1) g, tER, (4.15)

for every solution ¥(t) of equation (4.14).
Definition 4.2. We define the class T of test functions to be the set of real-valued functionals ¥ = ¥(-)
on E, that are bounded on bounded subset of E, and satisfy:

(a) for each ¢ € E,, the Frechét derivative V'(v) exists: for any ¢ € E, there exists an element
V() € E, such that
V(¢ +¢) = V(W) - (V' (), 9)s,|

lim =0, ¢eck,
Ill, 0 [6llE, .

(b) the mapping ¢ — V' (¢) is continuous and bounded as a functional from E, to E,;

(c) for every solution 1(t) of equation (4.14)), (4.15) holds true.

Definition 4.3. A family of Borel probability measures {v;}1er on E, is called a statistical solution

of equation (4.14]) if the following conditions are satisfied:

(a) for every ® € C(E,), the function t — O (¢)dve () is continuous;
E,

(b) for almost t € R, the function ¢ — (H (1, 1), ¢)E is v¢-integrable for every ¢ € E,. Moreover,
the map

tF—>/ th(QZJ)
belongs to Li .(R) for every ¢ € E,;

(c) for every test function ¥ € T, there holds that

/E\Il(z/;)dut(z/;)f/E ¥)dv, (¥ // ¥,5)) p dvs(¥)ds, Vt,7 € R.

P P
The main result of this section reads as follows.

Theorem 4.2. Let assumptions (H1)-(H2) hold. Then the family of Borel probability measures { s }ter
obtained in Theorem is a statistical solution of equation (4.14]).

Proof. We prove that the family of invariant Borel probability measures {y }+cr obtained in Theorem
satisfies the defining properties (a)-(c) of Deﬁnition
Flrstly, for any given ¢, € R, we derive from and - that

/ () due () — / ()dpr, (1) = / (DUt £)0) — D)) dpae, (1), Ve > .. (4.16)
E E Ap, (t«)

P P
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Because that [|U(t,t.)Y — ¢|lg, — 0in E, as t — tf, ® € C(E,) and that Ap, (t.) is compact in

E,, (416) implies
im [ B () = / B(6)due, (8), VO € C(E,).

t—tf JE, E,

Similarly,
i [ @)du(e) = [ (). (v), vo < C(E,)
t—ty JE, E,

Hence,

tiw [ S = [ B@)dn(0), V0 € CIE).

t—t.
E, E,

and property (a) is proved.
Secondly, we verify property (b). Note that we have proved that p is carried by Ap_(t) C E, for
every t € R. Now, for every ¢ € E,, we define Ty(-) : E, — R by

To() = (H(, 1), 0)m,, = (u,0)" € E,. (4.17)

We next establish Ty(-) € C(E,). Let ¢, = (us,v.)T € E, be fixed and consider ¢ = (u,v)” € E,
with |9, —||g, < 1. Then

To(2) = Yo(0)| = [(H(b, ) = H,),0) |
< (EQt) = F(.0).0) | +1(O0h — 00.0) , |. (4.18)

On the one side, (2.12) shows that ©: E, — E, is a bounded linear operator. Indeed, there exists a
constant ¢7 = cr(a, §) > 0 such that

(O = 09,9) , | < erllvo — ¥z, |4, - (4.19)
On the other hand, (2.16) shows that there exists a constant cg = cg(c1,7,%x) > 0 such that

[(F(art) = F(1,1),8) ;| < esllvw = ¥llg, 9]l - (4.20)
Inserting (4.19) and (4.20) into (4.18) yields

Ty () = Ty ()] < (7 + cs)[ve = g, l10lle,, (4.21)

which implies that the real-valued function Y4(-) defined by (4.17) belongs to C'(E,). Then we
conclude from (4.12) that for every ¢ € E,, the function ¢ — (H(¢,-), ¢)r, = T¢(1)) is ps-integrable.
Meanwhile, we have proved in property (a) that the function

ts [ (H0.0.0) 5, duw) = [ Yo@)d(w)
E, E,

is continuous on R. It obviously belongs to Li, (R).
Lastly, for any solution #(+) of (4.14) and any ¥ € T, we deduce from (4.15]) that

(1) = w(y(r)) =/ (W' ((0)), H(¥(6),0)) ;, do. (4.22)

P

Now for any s < 7, let ¥, € E, and ¥(0) = U(0, s)b«, 6 > s. Then we use (4.22) to get
t

V(U s)6) — WU, s)p) = / (W/(U(0, 5).), HU(, 5)p.0)) . 6. (4.23)

P
T
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Using (4.12)), (4.23) and Fubini’s Theorem, we arrive at

| vdn) - [ ww)duw
E, E,
[ v - / ) )
Ap, (t)
=LIMaros oo~ M// V) = U(U(7, ) ) ) dps (104 )ds

s ] / U0, )6.) H(UO,5)0-.,0)) 5, A0y () s

LM [ / / U0, 9).), HU, 5)..0)) . dyus(16)d0s.

Taking into account the invariance property of the process U(6,s) = U(0,7)U(r, s) and the measure
1t (see (4.13])) we have

| W96, HUG.90..0) , i)

P

= [ (WO 510, OO 5)0,0) ()

_ /E (W (U0, 7)), H(U (B, 7). 0)) , i (1), (4.24)
The right-hand side of is independent of s. Therefore,
[ weame) - [ e
Ap, (t) Ap, (1)

-/ [, (W 0.7 HOO.)0,0) g e )00

-/ [E (W), HO(5),5)) , i (). (4.25)
The proof of Theorem is complete. O

Remark 4.1. Since p; is carried by Ap,_ (t) C E, for every t € R, equation shows that { s her
satisfies property (c) of Definition . We want to point out that if statistical equilibrium has been
reached by the lattice long-wave-short-wave resonance equations, then its statistical informations do
not change with time, that is V' (¢ (t)) = 0. In this situation, implies

/ W) dpe () = / W()dus (6), >, (4.26)
Ap,, (t) Ap, (7)

which indicates that the shape of the pullback attractor Ap, () could change with the evolution of time
from T to t, but the “total measures” of Ap_ (7) and Ap,(t) coincide with each other. This is the

result of Liouville Theorem from Statistical Mechanics.

5 Kolmogorov entropy of the statistical solutions

The goal of this section is to formulate the concept of the Kolmogorov e-entropy for the statistical
solutions {y}+cr in the weighted space E,, and then estimate its upper bound.

From now on, we use supp p; to denote the support of p;. Notice that supp py C Ap, (t) for every
t € R. Hence, the open balls in E, with radii ¢ which is necessary to cover pu; C Ap_ (t) shall also
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cover supp p. Since Ap_(t) is compact in E, for every ¢ € R, the minimal number N.(Ap, (t)) of
open balls in E, with radii ¢ which is necessary to cover Ap_(t) is finite for any € > 0.

Definition 5.1. Let {yu:}ier be the statistical solution obtained in Theorem . For each € > 0, let
Ne(pe, Ep) = No(pe) be the minimal number of open balls in E, with radii € which is necessary to
cover supp pz. The number K () = Ko (e, E,) = InNo(p) is called the Kolmogorov e-entropy of
the statistical solution {u;}icr in E,.

From Definition 5.1 we see that the Kolmogorov e-entropy of the statistical solution y; is given via
that of supp u¢ C Ap, (t). In fact, the Kolmogorov e-entropy of Ap, (t) is defined in the same way as
Definition 5.1. We know that the number

dp(Ap, (1)) = limsup 282Ne(AD. (1)
7 e—0+ logy(1/¢)
is called the fractal dimension of Ap_ (t). This number is known also as the box dimension, metric
dimension, or entropy dimension. Note that Ap_(t) is a compact set in the Hilbert space E,. If
dr(Ap, (t)) < m (m is a nonnegative integer), then Ap_(t) has topological dimension less than or
equal to 2m + 1 and is homeomorphic to a subset of RY, where N < 2m + 1 (cf. [9]).

Lemma 5.1. ( [21]) Let n € N, Ay = {2 = (Zp)jmj<n * Tm € R, |@m| < r} C R be a regular
polyhedron. Then Ay can be covered by No(Ay) = ([r-2-v2n + 1] + 1)2n+1 balls in R*"T1 with radii
5, where [x] denote mazimum integer < x. Also the regular polyhedron Ay = {x = (Tm)jm|<n * Tm €
C,|zm| < 7} € C*F can be covered by No(Ag) = ([r-2-v2n+1] + 1)2(2n+1) balls in C*" 1 with
radii 5.

Next we prove the upper bound estimation for the Kolmogorov e-entropy of the statistical solutions

{me}eer.

Theorem 5.1. Let assumptions (H1)-(H2) hold. Then the Kolmogorov e-entropy of the statistical
solutions {pit}er obtained in Theorem[{.9 satisfies

K. (u) <3(2M, +1)In ([R;g) . iﬁ “V2M, + 1] + 1), tcR, (5.1)

where M, = M*(2\5/§,t, R,(t)) is the minimal positive integer such that

1
2 g
sup ( Z meJm|2> <§

(Ym )mez=v€Bo(t) |m|> M.

Proof. Forgivent € Rande > 0, Lemmashows that there exists some M, = M*(2\5/§, t,R,(t)) €N
such that

2
3
sup E Pm‘¢m|2 < i (5-2)
(wm)meZ:wEBO(t) \m|>M*

Now for any ¢ = (¥ )mez = (tm,vm) 5 ey € Ap, (t) C Bo(t), we decompose 1 into two parts as

=24y =(2m)ez + (Ym)mez, (5.3)
where
_ T _ | m, Im| < My, {0, |m| < M,
Zm = (‘Pmanm) = { 0, ‘m| > M,, Ym = s |m| > M, (5.4)
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Obviously,

1
2 3
Wle, =( D pulvnl?)’ <3, (5.5)
[m|>M.
l2lE, = 3 bzl = 3" pmlenl® = 30 pulvml® <IlWllE, <BZOH.  (56)
meZ |m| <M., |m|< M.

where |2,|2 = |@m|? +n2,. From (5.6) we see that

Z pm(|90m|2 +77$n) < ||¢H2Ep < Ri(t),

[m|<M.(e)
which implies that
Rg’ t Ra- t Ra‘ t RO’ t
oml < B ¢ O o Bl Bo®) -y <,
vV Pm \VPM. Pm vV PM,
because that p,, is decreasing with respect to |m|. For the regular polyhedron
R,(t
Fl = {77 = (nm)|m\§M* CMm € R, |T}m| < \/p(%} C ]R2I\/I*+17
Lemma [5.1] indicates that I'; can be covered, under the usual norm of R?M-+1 by
Ry(t) 2v2 2M.+1
NOT) = ({‘77 LY 2L /2M, 1] 1)
€ ( 1) \/m c + +
balls in R2M=+1 with radii 575 Similarly, the regular polyhedron

Ry (t) } C C2M.+1

Iy = {%0 = (‘Pm)lm\gM* S om € C, lpm| <
M

*

can be covered, under the usual norm of C2M++1 by

Ry(t) 22 2(2M. +1)
NO(Ty) = ([ o -—-\/2M*+1} +1)
(T2) N7
balls in C2M-+1 with radii 575+ Hence, the polyhedron
R, (t R, (t
I =I4 XFQ:{Z:(‘pmﬂm)’ﬁangM* om| < ()’ | < ()}
PM, PM,
C(C2M*+1 % RZM*+1
can be covered, under the usual norm of C2M-+1 x R2M-+1 }y
N(I') =N(Ty) x N&)(T)
Ry(t) 2v2 3(2M.+1)
- 7~—~\/2M*+1] +1)
([W €
balls in C*M-+1 x R?M-+1 with radii . Let the centers of these 5 balls be
Z; = (@Zm)nl:l)|m\,|l|<]\/f* - (C2M*+l X RQM*+17 k= 1727 o 7NE(F)7

and write

ék:{ 2 max{|m|,\l|}<M*, k:1727"' ,NE(F),

0, max{|ml,|l|} > M.,

Z =(2m)jm|<M. »
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then 2, € E,, k = 1,2,--- ,N.(T), Z € C?*M-+1 x R2M-+1 Above analyses show that for any
z = (2m)mez defined by (5.3) and (5.4), there exists 2;(1 < k < N.(T')) such that

5 R €
I = 2ullz, = 117 = #ilcss s < 5.
Therefore, for each ¢ = (VYm)mez € Ap, (t) C Bo(t),
5 . . e €
14 = 2ulle, = ll2+y = Zlle, <z = 2lls, +llylle, <5 +35 =¢

which shows that Ap_(t) can be covered by N.(I') balls in E, with centers £, and radii e. The proof
is complete. O

6 Conclusions and remarks

In this article, we first prove the existence of statistical solutions for the lattice long-wave-short-
wave resonance equations in weighted space, and then present an upper bound estimation of the
Kolmogorov e-entropy for the obtained statistical solutions. The result concerning the existence of
invariant Borel probability measures is a generalization of that of [26], from usual L? x ¢2 space to
weighted space Lf) X ﬂf,. There are some new difficulties, together with some new phenomena, arise
during our investigation. Firstly, the weighted functions produce some additional difficulties when we
establish the so-called 7-continuity of the generated process, and this 7-continuity plays the essential
role in the construction of the statistical solution. Secondly, we observe that the upper bound of the
Kolmogorov e-entropy of the statistical solutions decreases with respect to the weighted functions.

It is worth remarking that the method used in this article is also valid for some other model lattice
system, such as the lattice reaction-diffusion equations (parabolic problem) and lattice nonlinear
wave equations (hyperbolic problem) [39], and the coupled lattice Klein-Gordon-Schrédinger equations
(]29]), etc. Particularly, reference [38] investigated the statistical solutions and Liouville theorem for
the following second order lattice systems

() tm + Um + (2Um — Um—1 — Um+1) + Amtm + [ (Um) = gm(t), t>7, m € Z, (6.1)

with varying coefficients on the time-dependent phase spaces. We predict that the results of [38] can
be extended to the time-dependent weighted spaces. This is an interesting issue and we will investigate
it in another paper.

Finally, we want point out that the fact that system — is of infinite ODEs produces con-
siderable difficulties in numerical simulation. It seems more reasonable to present numerical examples
for the finite-dimensional truncated approximate ODEs of system — to verify the theory of
this article. For each positive integer n € N, we consider the following finite-dimensional truncated

approximate ODEs of system (|1.1)-(1.2)):

Wy —2U_p +U_p_1 + U—ptl — U—nVU—pn + QU_p = f—n(t)7

Un + Bo—pn +(Ju—n|* = [u_n-1]?) = g-n(t),

iﬂfnJrl - 2u7n+1 FU_p +Upt2 = U—pp1V—pt1 + iaufnJrl = ff’n+1(t)7

U—pt1 + Bo_nt1 + ’7(|u—n+1|2 - |u—n|2) = g-n+1(t), (6.2)

Py — 2Up 4 Up—1 + Upt1 — UnUp + G0Uy = fir(t),
Up + B, + 7(|Un|2 - |un71|2) = gn<t)a

with the initial conditions

U (T) = Um,r, U (T) =vimr 2m(T) =2mys m=-n,—n+1--- ,n, 7R, (6.3)
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where functions f,,(t) and g,,(t), |m| < n, are exactly as the same ones as in and . Obviously,
we can use the same procedure as that in this article to obtain the existence and an upper bound of the
Kolmogorov e-entropy of statistical solution (denoted by ,ut")) for system in finite-dimensional
weighted space

Egn-s—l :{u = (Um)|m|<n Z Pz, < +00, Uy, € (C}

m=—n

n
X {u = (Um)jm|<n Z Pz, < +00, Uy € R}.

m=—n

Then we can use the method of [3] to proceed analysis and simulation, verifying the theory of this
article. In addition, the convergence of the statistical solution utn) of the finite-dimensional truncated
approximate ODEs to the statistical solution p; of the original system - as n — oo will
rationalize above numerical simulation. We will prove this convergence and present some numerical
examples in another paper.
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