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Abstract

In this thesis we investigate the long time behavior of random dynamical systems associated to several
kinds of stochastic equations with delays in terms of stability for stationary solutions, weak pullback
mean random attractors, random attractors and numerical attractors. The thesis consists of three parts,
where the first part covers Chapters 1-3, the last two cover Chapters 4 and 5, respectively.

Chapters 1-3 are devoted to the random dynamics of 3D Lagrangian-averaged Navier-Stokes equa-
tions with infinite delay in three cases.

In Chapter 1 we consider the stability analysis of such systems in the case of bounded domains.
We first use Galerkin’s approximations to prove the existence and uniqueness of solutions when the
non-delayed external force is locally integrable and the delay terms are globally Lipschitz continuous
with an additional assumption. We then prove the existence of a unique stationary solution to the
corresponding deterministic equation via the Lax-Milgram and the Schauder theorems. The stability
and asymptotic stability of stationary solutions (equilibrium solutions) are also established. The local
stability of stationary solutions for general delay terms is carried out by using a direct method and
then apply the abstract results to two kinds of infinite delays. It is worth mentioning that all conditions
are general enough to include several kinds of delays, where we mainly consider unbounded variable
delays and infinite distributed delays. As we know, it is still an open and challenging problem to obtain
sufficient conditions ensuring the exponential stability of solutions in case of unbounded variable
delay. Fortunately, we obtained the exponential stability of stationary solutions in the case of infinite
distributed delay. However, we are able to further investigate the asymptotic stability of stationary
solutions in the case of unbounded variable delay by constructing suitable Lyapunov functionals.
Besides, we proved the polynomial asymptotic stability of stationary solutions for the particular case
of proportional delay.

In Chapter 2, we further discuss mean dynamics and stability analysis of stochastic systems in the
case of unbounded domains. We first prove the well-posedness of systems with infinite delay when the
non-delayed external force is locally integrable, the delay term is globally Lipschitz continuous and
the nonlinear diffusion term is locally Lipschitz continuous, which leads to the existence of a mean
random dynamical system. We then obtain that such a dynamical system possesses a unique weak
pullback mean random attractor, which is a minimal, weakly compact and weakly pullback attracting
set. Moreover, we prove the existence and uniqueness of stationary solutions to the corresponding
deterministic equation via the classical Galerkin method, the Lax-Milgram and the Brouwer fixed
theorems. We discuss in the last part of Chapter 2 with those stability results concerning stationary
solutions discussed in Chapter 1.

The last case is concerned with the invariant measures for the autonomous version of stochastic
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viii ABSTRACT

equations in Chapter 3 by using the method of generalized Banach limit. We first use Galerkin ap-
proximations, a priori estimates and the standard Gronwall lemma to show the well-posedness for
the corresponding random equation, whose solution operators generate a random dynamical system.
Next, the asymptotic compactness for the random dynamical system is established via the Ascoli-
Arzela theorem. Besides, we derive the existence of a global random attractor for the random dynam-
ical system. Moreover, we prove that the random dynamical system is bounded and continuous with
respect to the initial values. Eventually, we construct a family of invariant Borel probability measures,
which is supported by the global random attractor.

It is well-known that lattice dynamical systems have wide applications in physics, chemistry,
biology and engineering such as pattern formation, image processing, propagation of nerve pulses,
electric circuits and so on. The theory of attractors for deterministic or stochastic lattice systems has
been widely developed. Therefore, we focus on the asymptotical behavior of attractors for lattice
dynamical systems in the last two chapters.

Two problems related to FitzHugh-Nagumo lattice systems are analyzed in Chapter 4. The first
one is concerned with the asymptotic behavior of random delay FitzHugh-Nagumo lattice systems
driven by nonlinear Wong-Zakai noise. We obtain a new result ensuring that such a system approx-
imates the corresponding deterministic system when the correlation parameter of Wong-Zakai noise
goes to infinity rather than to zero. We first prove the existence of tempered random attractors for
the random delay lattice systems with a nonlinear drift function and a nonlinear diffusion term. The
pullback asymptotic compactness of solutions is proved thanks to the Ascoli-Arzela theorem and uni-
form tail-estimates. We then show the upper semi-continuity of attractors as the correlation parameter
tends to infinity. As for the second problem, we consider the corresponding deterministic version of
the previous model, and study the convergence of attractors when the delay approaches zero. Namely,
the upper semicontinuity of attractors for the delay system to the nondelay one is proved.

Eventually, existence and connection of numerical attractors for discrete-time p-Laplace lattice
systems via the implicit Euler scheme are proved in Chapter 5. So far, it remains open to obtain
a numerical attractor for a non-autonomous (or stochastic) lattice system, and thus we can at least
investigate numerical attractors for the deterministic and non-delayed version of p-Laplace lattice
equations. The numerical attractors are shown to have an optimized bound, which leads to the contin-
uous convergence of the numerical attractors when the graph of the nonlinearity closes to the vertical
axis or when the external force vanishes. A new type of Taylor expansions without Fréchet deriva-
tives is established and applied to show the discretization error of order two, which is crucial to prove
that the numerical attractors converge upper semi-continuously to the global attractor of the original
continuous-time system as the step size of the time goes to zero. It is also proved that the truncated nu-
merical attractors for finitely dimensional systems converge upper semi-continuously to the numerical
attractor and the lower semi-continuity holds in special cases.

The results of our investigation in this thesis are included in the following papers:

e S. Yang, Y. Li, Q. Zhang and T. Caraballo, Stability analysis of stochastic 3D Lagrangian-
averaged Navier-Stokes equations with infinite delay, J. Dynam. Differential Equations, Pub-
lished Online, (2023), Doi: 10.1007/s10884-022-10244-0.

e S. Yang, T. Caraballo and Y. Li, Dynamics and stability analysis for stochastic 3D Lagrangian-
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averaged Navier-Stokes equations with infinite delay on unbounded domains, Appl. Math. Op-
tim., (submitted).

S. Yang, T. Caraballo and Y. Li, Invariant measures for stochastic 3D Lagrangian-averaged
Navier-Stokes equations with infinite delay, Commun. Nonlinear Sci. Numer. Simul., 118 (2023),
pp- 107004, 21.

S. Yang, Y. Li and T. Caraballo, Dynamical stability of random delayed FitzHugh-Nagumo
lattice systems driven by nonlinear Wong-Zakai noise, J. Math. Phys., 63 (2022), pp. 111512,
32.

Y. Li, S. Yang and Tomés Caraballo, Optimization and convergence of numerical attractors for
discrete-time quasi-linear lattice system, SIAM J. Numer. Anal., (to appear), 2023.
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Resumen

En esta tesis investigamos el comportamiento a largo plazo de sistemas dindmicos aleatorios asociados
a varios tipos de ecuaciones estocdsticas con retardos en términos de estabilidad para soluciones
estacionarias, atractores aleatorios débiles en media de tipo pullback, atractores aleatorios y atractores
numéricos. La tesis consta de tres partes, donde la primera parte cubre los capitulos 1-3, las dos
ultimas cubren los capitulos 4 y 5, respectivamente.

Los capitulos 1-3 estdn dedicados a la dindmica aleatoria de las ecuaciones Lagrangianas de
Navier-Stokes en 3D con retardo infinito en tres casos.

En el Capitulo 1 consideramos el analisis de estabilidad de tales sistemas en el caso de dominios
acotados. Primero usamos aproximaciones de Galerkin para demostrar la existencia y unicidad de
soluciones cuando la fuerza externa no retardada es localmente integrable y los términos de retardo
son globalmente Lipschitzianos con una hipétesis adicional. A continuacién, demostramos la exis-
tencia de una solucidn estacionaria Unica para la ecuacion determinista correspondiente mediante los
teoremas de Lax-Milgram y Schauder. También se establecen la estabilidad y la estabilidad asin-
tética de las soluciones estacionarias (soluciones de equilibrio). La estabilidad local de las soluciones
estacionarias para términos de retardo generales se lleva a cabo mediante un método directo y, a con-
tinuacion, se aplican los resultados abstractos a dos tipos de retardos infinitos. Cabe mencionar que
todas las condiciones son lo suficientemente generales como para incluir varios tipos de retardos,
donde consideramos principalmente retardos variables no acotados y retardos distribuidos infinitos.
Como sabemos, sigue siendo un problema abierto y desafiante obtener condiciones suficientes que
garanticen la estabilidad exponencial de las soluciones en el caso de retardo variable infinito. Afor-
tunadamente, hemos obtenido la estabilidad exponencial de las soluciones estacionarias en el caso de
retardo distribuido infinito. Sin embargo, podemos investigar mas a fondo la estabilidad asintética
de las soluciones estacionarias en el caso de retardo variable no acotado mediante la construccion de
apropiados funcionales de Lyapunov. Ademads, demostramos la estabilidad asintética polindmica de
las soluciones estacionarias para el caso particular de retardo proporcional.

En el Capitulo 2, discutimos mds a fondo la dindmica en media y el andlisis de estabilidad de
los sistemas estocdsticos en el caso de dominios no acotados. En primer lugar, demostramos que los
sistemas con retardo infinito estin bien planteados cuando la fuerza externa no retardada es localmente
integrable, el término de retardo es globalmente Lipschitziano y el término de difusién no lineal es
también localmente Lipschitziano, lo que conduce a la existencia de un sistema dindmico aleatorio en
media. Ademds, demostramos la existencia y unicidad de soluciones estacionarias para la ecuacion
determinista correspondiente mediante el método clasico de Galerkin, el teorema de Lax-Milgram y
el teorema de Brouwer. Discutimos en la tltima parte del Capitulo 2 aquellos resultados de estabilidad

xi



xii RESUMEN

relativos a soluciones estacionarias analizados en el Capitulo 1.

El ultimo caso se refiere a las medidas invariantes para la versién auténoma de las ecuaciones
estocdsticas del Capitulo 3 utilizando el método del limite de Banach generalizado. En primer lugar,
utilizamos aproximaciones de Galerkin, estimaciones a priori y el lema estindar de Gronwall para de-
mostrar que la ecuacion aleatoria correspondiente, cuyos operadores de solucidén generan un sistema
dindmico aleatorio, estd bien planteada. A continuacidn, se establece la compacidad asintética del
sistema dinamico aleatorio mediante el teorema de Ascoli-Arzela. Ademas, derivamos la existencia
de un atractor aleatorio global para el sistema dindmico aleatorio. De igual forma, demostramos que
el sistema dindmico aleatorio estd acotado y es continuo con respecto a los valores iniciales. Final-
mente, construimos una familia de medidas de probabilidad invariantes de Borel, que estd soportada
por el atractor aleatorio global.

Es bien sabido que los sistemas dindmicos reticulares tienen amplias aplicaciones en fisica, quimica,
biologia e ingenieria, en problemas tales como la formacion de patrones, el procesamiento de ima-
genes, la propagacion de impulsos nerviosos, los circuitos eléctricos, etc. La teoria de atractores para
sistemas reticulares deterministas o estocdsticos ha sido ampliamente desarrollada. Por ello, en los
dos dltimos capitulos nos centraremos en el comportamiento asintético de los atractores para sistemas
dindmicos reticulares.

En el Capitulo 4 se analizan dos problemas relacionados con los sistemas reticulares de tipo
FitzHugh-Nagumo. EI primero se refiere al comportamiento asintético de los sistemas reticulares
FitzHugh-Nagumo con retardo aleatorio conducidos por ruido Wong-Zakai no lineal. Obtenemos
un nuevo resultado que asegura que tal sistema se aproxima al sistema determinista correspondiente
cuando el parametro de correlacion del ruido Wong-Zakai tiende a infinito en lugar de a cero. En
primer lugar, demostramos la existencia de atractores aleatorios atemperados para los sistemas retic-
ulares de retardo aleatorio con una funcién de deriva no lineal y un término de difusién no lineal tam-
bién. La compacidad asintética de las soluciones se demuestra gracias al teorema de Ascoli-Arzela y
a las estimaciones uniformes de las colas. A continuacién demostramos que la semicontinuidad supe-
rior de los atractores a medida que el parametro de correlacion tiende a infinito. En cuanto al segundo
problema, consideramos la correspondiente versiéon determinista del modelo anterior, y estudiamos
la convergencia de los atractores cuando el retardo se aproxima a cero. En concreto, se demuestra la
semicontinuidad superior de los atractores del sistema con retardo al sistema sin retardo.

Finalmente, la existencia y la conexion de atractores numéricos para sistemas reticulares de p-
Laplace de tiempo discreto mediante el esquema de Euler implicito se demuestran en el Capitulo 5.
Hasta ahora, sigue abierta la posibilidad de obtener un atractor numérico para un sistema de celosia
no auténomo (o estocdstico), por lo que al menos podemos investigar atractores numéricos para la
version determinista y no retardada de las ecuaciones reticulares de tipo p-Laplace. Se demuestra
que los atractores numéricos tienen un limite optimizado, que conduce a la convergencia continua
de los atractores numéricos cuando la grifica de la no linealidad se cierra al eje vertical o cuando la
fuerza externa desaparece. Se establece y aplica un nuevo tipo de desarrollos de Taylor sin derivadas
Fréchet para mostrar el error de discretizacion de orden dos, que es crucial para probar que los atrac-
tores numéricos convergen de forma semicontinua superior al atractor global del sistema original de
tiempo continuo a medida que el tamafio de paso del tiempo va a cero. También se demuestra que los
atractores numéricos truncados para sistemas finito-dimensionales convergen de forma semicontinua
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superior al atractor global del sistema original de tiempo continuo a medida que el tamano del paso
del tiempo se acerca a cero y la semi-continuidad inferior se cumple en casos especiales.

Los resultados de nuestra investigacion en esta tesis forman parte de los siguientes trabajos:

e S. Yang, Y. Li, Q. Zhang and T. Caraballo, Stability analysis of stochastic 3D Lagrangian-
averaged Navier-Stokes equations with infinite delay, J. Dynam. Differential Equations, Pub-
lished Online, (2023), Doi: 10.1007/s10884-022-10244-0.

e S. Yang, T. Caraballo and Y. Li, Dynamics and stability analysis for stochastic 3D Lagrangian-
averaged Navier-Stokes equations with infinite delay on unbounded domains, Appl. Math. Op-
tim., (sometido).

e S. Yang, T. Caraballo and Y. Li, Invariant measures for stochastic 3D Lagrangian-averaged
Navier-Stokes equations with infinite delay, Commun. Nonlinear Sci. Numer. Simul., 118 (2023),
pp- 107004, 21.

e S. Yang, Y. Li and T. Caraballo, Dynamical stability of random delayed FitzHugh-Nagumo
lattice systems driven by nonlinear Wong-Zakai noise, J. Math. Phys., 63 (2022), pp. 111512,
32.

e Y. Li, S. Yang and Tomds Caraballo, Optimization and convergence of numerical attractors for
discrete-time quasi-linear lattice system, SIAM J. Numer. Anal., (por aparecer), 2023.
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Introduction

Dynamical systems are derived from evolution equations, which describe the evolution in time of
solutions of equations in a phase space (state space). Attractors, as sets possessing attracting and
invariance properties as well as being compact in an appropriate phase space, can well characterize
the asymptotic behavior of dynamical systems. Since the decade of 1960s, they have received much
attention, see [/, 20, 27, 38, 82, , ]. It is well known that the systems we study are affected by
a variety of random factors in real life, so it is necessary to consider some kind of noise in our models.
The concept of random dynamical system was first introduced by Ulam and von Neumann [117] in
1945. Due to the fact that stochastic differential equations can generate random dynamical systems,
a growing number of researchers have studied random dynamical systems since 1980s. Amongst the
many notable results, it is remarkable the importance of the work [ | 1], where Bensoussan and Temam
discussed the stochastic Navier-Stokes equations driven by white noise and random forces, providing
a more realistic model to solve the problem.
To study the asymptotic behavior of random dynamical systems, Crauel, Debussche, Flandoli ([42,
1) and Schmalfuf} ([50, ]) introduced the concept of random attractors and established the related
theoretical framework. In the past three decades, the study of random attractors has attracted great
interest from many outstanding scholars, such as Arnold ([5]); Bates, Lu, Wang ([&, 9]); Caraballo,
Langa ([24]); Han ([60, 61]); Kloeden, Langa ( [74]); Li, Guo ([87]); Wang ([! 18, 1); Zhou,
Wang ([155]) and others. They mainly discussed the existence, uniqueness, continuity, regularity,
Morse decomposition, Hausdorff dimension and fractal dimension estimation of random attractors.

It is also worth pointing out that delay effects play a significant role in the modeling of physical,
biological, engineering phenomena and in other real world applications. To describe better a realistic
model, we should consider some hereditary characteristics such as aftereffect, time lag, memory
and time delay (see [133—135]). It seems natural to impose an external force which may take into
account not only the current state of the system, but also some part of its history (bounded delay),
sometimes even the whole history (unbounded or infinite delay). Inspired by this fact, Caraballo
and Real started the analysis of Navier-Stokes models with some hereditary features in [33], where
the existence of solutions was established in both two and three-dimensional spaces. Besides, the
uniqueness of solutions was proved in the two-dimensional case. Later on, the asymptotic behavior
of those solutions and the existence of a pullback attractor were carried out in [34, 35].

Based on the previous discussion, we focus on the asymptotic behavior of random dynamical sys-
tems associated to several kinds of stochastic equations with delay by stability of stationary solutions,
weak pullback mean random attractors, random attractors and numerical attractors. Correspondingly,
we split the introduction into three parts as follows.

XV



XVl INTRODUCTION

Part I: Lagrangian-averaged Navier-Stokes equations with infinite
delay

As we know, the Lagrangian-averaged Navier-Stokes (LANS) model arises from a one-dimensional
model of nonlinear shallow-water wave dynamics. It was the first time to use the Lagrangian aver-
aging technique to deal with the turbulence closure problem. The main reason is that such a model
requires lower computational cost than the usual Navier-Stokes equations (see Holm [66] for more
details).

Concerning this model with finite delays or memory, the analysis was carried out by Caraballo et
al. in [29, 31]. In the first paper, the authors proved the existence of a unique solution to the stochastic
3D LANS equations. In the second one, the existence and exponential stability of stationary solutions
were established. To our knowledge, unbounded or infinite delay effects have been considered in other
equations, such as reaction-diffusion equations, globally modified Navier-Stokes equations and usual
Navier-Stokes models (see [95, 96, 99, , ]). However, they still have not been thoroughly
investigated for LANS models. Motivated by the above references, we may choose several state
spaces to deal with the infinite delay case in the stochastic 3D LANS system. The first one is the
Banach space

C,(H) = {p € C((—00,0]; H) : lim e”¢(r) exists in H}, where y > 0, (0.0.1)
where H is the 3D Lebesgue-type Hilbert space. The second one is
C_o(H) ={p € C((—00,0]; H) : lim ¢(r) exists in H}. (0.0.2)

Moreover, we also use C,(V) and C_(V), where V is another Sobolev-type subspace instead of H in
(0.0.1) and (0.0.2).

Based on the previous discussion, we investigate in this part the LANS equations with infinite
delay in three cases, which correspond to Chapters 1-3.

In Chapter 1 we discuss the random dynamics of the following non-autonomous stochastic three-
dimensional LANS equation with infinite delay and nonlinear hereditary noise:

0,(u — aAu) + v(Au — aA(Au)) + (u - V)(u — aAu)

—aVu' - Au+Vp = f(t) + g1(t,u;) + g2(t, u)W, in (1, +00) x O,

V-u=0, in (1,+0) x O, (0.0.3)
u=0, Au=0on (1, +0) X 90,

u(t + s, x) = ¢(s,x), s € (—00,0],x € O,

where O C R? is a bounded open set with sufficiently regular boundary 4O, t € R, A is the Stokes
operator, the pair (v, @) of positive coefficients denotes the kinematic viscosity of the fluid and the
square of the spatial scale at which fluid motion is filtered respectively, the symbol * denotes the
transpose of a matrix, u = (uy, up, u3) is the averaged (or large-scale) velocity of the fluid, u, denotes
the segment of solutions up to time ¢, i.e. u,(s) = u(t + s) for all s <0, p is the pressure of the fluid, f
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is a non-delayed external force field, the terms g, g, contain some hereditary characteristics, such as
memory, unbounded variable or infinite distributed delay, etc, ¢ is an initial velocity field defined in
(—00,0] X O, and W denotes the generalized derivative (white noise) of a cylindrical Wiener process,
which will be introduced later.

Our first goal is to prove the existence and uniqueness of solutions to the stochastic three dimen-
sional LANS in the Banach space C,(V). As done by Liu and Caraballo [95] for the usual two-
dimensional system, we need to assume that the non-delayed external force f is locally integrable
(see Hypothesis F) and the delay forcing terms g;(¢,u,) (i = 1,2) are globally Lipschitz continuous
(see Hypothesis G). An example is given in the last part of Section 1.1. The calculation shows that
the example (corresponding to infinite distributed delay) satisfies all conditions of Hypothesis G in
the space C,(V) for y > 0. Besides, we also need an extra assumption on the nonlinear diffusion term
2> of noise (see Hypothesis I).

Under the above assumptions, we use the Galerkin method to construct an approximating se-
quence. We then establish a priori estimates for the approximating sequence ensuring the solutions
exist for the whole time interval [7,7 + T'] for all 7 > 0. We finally obtain the well-posedness of the
LANS equation based on uniform estimates of solutions.

Another interesting and challenging topic is to consider the asymptotic behaviour of solutions for
Eq. (0.0.3) towards to the stationary solutions. This issue will provide some useful information on
future evolution of the system. Thanks to the Lax-Milgram and the Schauder theorems, we first prove
the existence and uniqueness of stationary solutions to the corresponding deterministic equation. We
then show the local stability of the stationary solution for the general delay term by using a direct
method, where the general delay contains the unbounded variable delay and the infinite distributed
delay in C_.,(V). Next, we prove the global stability of the stationary solution. However, to obtain
stability results in C, (V) with y > 0, the exponential stability in the case of unbounded variable delay
fails to be proved in general (see [95] and [100] for more details). Fortunately, in the case of infinite
distributed delay, we are able to prove not only stability of stationary solutions in C,(V), but also
exponential asymptotic stability. Since we may not analyze the exponential stability in the unbounded
variable delay case in C,(V), we will explore, at least, the asymptotic stability in C_(V), by using
the Lyapunov functionals construction proposed by Kolmanovskii and Shaikhet [78]. Furthermore,
we eventually discuss the polynomial asymptotic stability in the particular case of proportional delay
(also known as pantograph delay).

Note that all results in Chapter 1 have been published in [142] (S. Yang, Y. Li, Q. Zhang and

T. Caraballo, Stability analysis of stochastic 3D Lagrangian-averaged Navier-Stokes equations with
infinite delay, J. Dynam. Differential Equations, Published Online, (2023), Doi: 10.1007/s10884-
022-10244-0).

Then, in Chapter 2, we are mainly interested in mean dynamics and stability analysis of the
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following stochastic 3D LANS equations with infinite delay on unbounded domains:

0,(u — aAu) + v(Au — aA(Au)) + (u - V)(u — aAu)

—aVu' - Au+Vp = f(t) + g(t,u,) + o(t,u)W, in (1, +00) X O,

divu =0, in (1,+00) X O, (0.0.4)
u=0, Au=0on (1,+0) X 00,

u(t + 5,x) = ¢(s,x), s € (—00,0],x € O,

where 7 € R, O c R3? is an unbounded open set with boundary O, which is a Poincaré domain, that
is, there exists a positive number A such that

pl f ly*dx < f \Vyl*dx, ¥ v € Hy(O), (0.0.5)
o @]

g is a nonlinear term capturing the time delay, o is a locally Lipschitz nonlinear diffusion coefficient,
the other symbols are the same as the symbols of the model in Chapter 1.

The first aim of this chapter is to study mean dynamics of the stochastic 3D LANS equation
(0.0.4) driven by infinite delay on unbounded domains. In the Banach space C,(V), we first establish
the well-posedness of problem (0.0.4) with infinite delay when the non-delayed external force f(¢) is
locally integrable, the delay term g(¢, u;) is globally Lipschitz continuous and the nonlinear diffusion
term o (¢, u) is locally Lipschitz continuous. To that end, we introduce a globally Lipschitz continuous
cut-off function &, (for every n € N) defined by (2.2.3) to approximate o (¢, u). The solution operators
enable us to define a mean random dynamical system instead of the usual pathwise random dynamical
system, mainly because, in this case, there is no approach available to transfer the stochastic system
(0.0.4) to a corresponding pathwise deterministic one. We then show the existence of a unique weak
pullback random attractor for the mean random dynamical system.

Another purpose of this chapter is to prove the existence of a unique stationary solution to the
corresponding deterministic equation (see Eq. (2.3.9)) and analyze the asymptotic behaviour of solu-
tions for Eq. (0.0.4) towards to the stationary solution. Since our results no longer depend on Sobolev
compact embeddings for unbounded domains, we modify some arguments in [3 1, Theorem 10], i.e.
apply the classical Galerkin argument as well as the Lax-Milgram and the Brouwer fixed theorems to
derive the existence and uniqueness of stationary solutions to system (2.3.9) on unbounded domains.
Moreover, we establish different stability sufficient conditions via several methods used in subsections
1.3.2-1.3.5.

The work [137] (S. Yang, T. Caraballo and Y. Li, Dynamics and stability analysis for stochastic
3D Lagrangian-averaged Navier-Stokes equations with infinite delay on unbounded domains, Appl.
Math. Optim., (submitted)) contains the results proved in Chapter 2.

In Chapter 3, we investigate invariant measures of the following stochastic 3D LANS equations
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driven by infinite delay and additive noise:

0,(u — aAu) + v(Au — aA(An)) + (u - VY(u — aAu)

—aVu' - Au+ Vp = f(x) + g(u,) + k(x)W, in (s, +o0) X O,

divu =0, in (s, +00) X O, (0.0.6)
u=0, Au=0on (s, +0) X 90,

u(s +r,x) = ¢(r,x),r € (—0,0], x € O,

where O C R? is a bounded open set with sufficiently regular boundary O, s € R, f and « are given
functions defined on O, the delay function g is the autonomous form in Eq. (0.0.4), and W is a two-
sided real-valued Wiener process on a complete probability space which will be specified in Chapter
3. The other symbols are the same as those in Eq. (0.0.3).

In the present chapter, our main goal is to prove the existence of invariant Borel probability mea-
sures for the stochastic 3D LANS system driven by infinite delay and additive noise. For the research
of infinite dimensional evolution equations, especially for invariant probability measures, there are a
number of different mathematical methods applied to ergodicity. One approach is to consider some
kinds of simple linear or semi-linear first order PDEs, see [46, 83]. Although the authors discussed
linear systems where solutions are able to depict chaotic or ‘turbulent” behavior, the method is lim-
ited to a very specific class of equations. Another different method, namely the classical Krylov-
Bogolyubov method, focuses on the study of stochastic PDEs, and one can define ergodicity via the
Markov semigroup induced by the stochastic semiflow. Thanks to Krylov-Bogolyubov’s method, the
existence of invariant measures for stochastic PDEs has been extensively investigated, we refer the
readerto [14, 15, 19, 45, Jand [17, 18, 47, , ] for bounded and unbounded domains, respec-
tively. However, by using this approach, we find that invariant measures of the Markov semigroup are
deterministic probability measures and thus they are not supported by global random attractors.

Based on the previous discussion, in this chapter we introduce a different technique to construct
invariant measures, that is, the so called ‘generalized Banach limit’, denoted by LIM,_,,.,, pioneered
in [52] and developed in [23, 40, 51, 98, , —148]. The use of such limit allows us to relate time
averages with ensemble averages in the state space.

To our knowledge, this work seems to be the first one discussing invariant Borel probability mea-
sures for the stochastic 3D LANS system with infinite delay and additive noise, even there is not any
published work on this issue for stochastic delay equations. We mainly apply the abstract theory for
autonomous random dynamical systems in [ 48, Theorem 2.1] to our model (0.0.6). To this end, we
shall transform (0.0.6) into a deterministic equation with a random parameter (see Eq. (3.2.8)) and
prove that the solution operators associated to Eq. (0.0.6) generate a random dynamical system ¢ in
the state space C, (V). In addition, we need to prove the following two assertions:

(1) the random dynamical system ¢ possesses a global random attractor A(w) in C,(V);

(2) ¢ is bounded and continuous with respect to the initial values.

Using the classical Galerkin method, a priori estimates and the standard Gronwall lemma, we
first derive the existence of a unique weak solution to system (3.2.8). We then obtain some uniform
estimates of the solutions to system (3.2.8) ensuring the existence of a global random absorbing set
in C,(V) (see Lemma 3.3.5). Next, we establish the asymptotic compactness for ¢ in C,(V) via
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the Ascoli-Arzela theorem (see Lemma 3.3.6). Moreover, we show the existence of global random
attractors for ¢ (see Theorem 3.3.8). Furthermore, for each ¢ € R, almostall w € Q and ¢ € C,(V), we
prove the C,(V)-valued function s = ¢(t, 5, 6_,w)¢ 1s bounded on (—oo, 7], as shown in Lemma 3.4.1.
Finally, the continuity of ¢(z, s, 6_,w)¢ with respect to the initial values (s, ¢) on (—oo, ] X C,(V) is
proved in Lemma 3.4.4.

The results in Chapter 3 have been proved in the paper [136] (S. Yang, T. Caraballo and Y. Li, In-
variant measures for stochastic 3D Lagrangian-averaged Navier-Stokes equations with infinite delay,
Commun. Nonlinear Sci. Numer. Simul., 118 (2023), pp. 107004, 21).

Part II: FitzHugh-Nagumo lattice systems with delay

Some lattice dynamical systems can be derived from spatial discretization of continuum systems.
They have wide applications in our daily life, including physics, chemistry, biology, engineering and
other fields of science (see, e.g., [10, 49, 71, 72]). As far as we are aware, one of the most interesting
lattice systems is FitzHugh-Nagumo model, which simulates the process of signal transmission across
axons. It is known that, lattice dynamical systems with delay have been receiving much attention for
many years ( [32, , D.

The motivation of Chapter 4 is to study the long-time dynamics of pullback random attractors for
the following delay FitzHugh-Nagumo lattice system driven by a nonlinear Wong-Zakai noise:

— +6vi = Bu; = hi(t) + fi(vi(t — 0P(1))),

u(t+s)=¢i(s), viir+s)=vi(s), i€Z, t>1, TeR, se[—p,0],

(0.0.7)
where A, a, ¢, B, v and p are positive constants, o) is a variable delay function with maximum
delay p, F; is a nonlinear drift function with polynomial growth of arbitrary order, f; is an external
force affected by memory during the interval of delay time [—p, 0], the deterministic time-dependent
forcings gi, h; € LZZOC(R, L*(R™)), ¢;,; are the initial data on the internal [—p, 0], G; is a nonlinear

diffusion, G; is the Wong-Zakai process with correlation time 6 > 0, which is ¢-difference of a two-
side scalar Wiener process W on a probability space (2, ¥, P), given by

Gs(t,w) = %(W(t +o,w) - Wt w), YVo>0,1eR, we. (0.0.8)

This type of Wong-Zakai noise was first introduced by [131, ] in which the authors used
deterministic differential equations to approximate stochastic ones for one-dimensional Brownian
motions. Later, a growing number of authors extended the idea of Wong-Zakai approximations to
higher-dimensional Brownian motions, martingales and semimartingales (see [80, 81, —106, ,

, , ]). Recently, the convergence of solutions and attractors for random equations with such
a noise when 6 — 0 has been extensively studied (see [, 9, 16, 56, 59, ]). Note that Wong-Zakai
approximation systems in these references were only considered in the case of linear noise, that is, the
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sequence of diffusion functions G = (G;),cz in (0.0.7) is u = (u;);cz or independent of u. Moreover, so

were all the results on the semicontinuity of random attractors, see [&, 806, , ] for autonomous
stochastic equations, and [9, 21, 84, 85, 89, 93, , , , ] for non-autonomous stochastic
equations.

However, there exist very few works on studying the attractors of random delay equations driven
by the nonlinear Wong-Zakai noise, even in autonomous version. To our knowledge, the only two
papers for such autonomous equations were published by Li et al. in [91, 92]. In this part, we in-
vestigate the dynamics of non-autonomous random delay FitzHugh-Nagumo lattice system with a
nonlinear Wong-Zakai noise (0.0.7).

Chapter 4 is divided into two parts. In the first part, we prove the existence of a pullback random
attractor A° = {A°(t, w)} for the random delay system (0.0.7) with a nonlinear noise and its upper
semicontinuity when 6 — +oo. This is different from the general situation 6 — 0. To prove the
existence of a pullback random attractor A° in Xt. = C([—p, 0], X,,) with X, = €% x (%, where (> is
weighted space for each § > 0, we must verify the random dynamical system (or cocycle) ¥, induced
by Eq. (0.0.7) driven by the Wong-Zakai nonlinear noise, is pullback asymptotically compact in X%.
The ideas of uniform estimates and the Ascoli-Arzela theorem are crucial tools to prove it. As for
the upper semi-convergence of A° as § — +oo, we need the help of the logarithm law of the Wiener
process, which establishes W(z, w)/ log(log |¢|]) — 0 as t — +oo, as well as the result (4.1.6) in Lemma
4.1.1 which ensures

lim sup Gs(t,w) =0, P-a.s. w € Q, a<b.

0—+00 tela,b]

Based on the previous arguments, we consider the limiting system of random delay lattice model

(0.0.7) when § — +co as the deterministic delay lattice system:
di; P PO 5 5 ®

7 (-1 = 20; + D) + All; + ab; = Fi((0) + [l (2 — 07 (1)) + gi(0),
dvi | o an 5 ®
= T - Bit; = hi(1) + fi(i(r — 0*(1))),
(t+8) =i, Vi(t+8)=0;, i€Z t>1, TER, s€[-p,0].

(0.0.9)

Under some appropriate conditions (see Hypotheses E, F1, F2, G1-G3 later), we find out that
system (0.0.9) generates a pullback attractor denoted by A~ (¢) whose existence has been established,
see [2, 26, ]. Then we need to check that the random pullback attractor A°(¢, w) semi-converges
to A®(t) as 6 — +oo (see Theorem 4.3.2), that is,

6lim dye (A(t,w), A1) =0, VIeR, weQ, (0.0.10)
—+00 T

where the distance dy» is defined for all subsets A and B of X, by

dx» (A, B) ;== supinf sup [la(v) —bW)|lx,.
7 acA beB ve[-p,0]
For this end, we prove the solutions to random system (0.0.7) converge to that of the corresponding
deterministic system (0.0.9) when 6 — +co. Note that the pullback attractor A*(¢) in (0.0.10) is
written as A, (?) to indicate its dependence on the delay p for later purpose.
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In the second part of this chapter, our goal is to further establish the upper semicontinuity of the
pullback attractor A,(7) as p — 0 (see Theorem 4.4.4), that is,

liné A\ (A0, Ap(1)) =0, V1ER, (0.0.11)
p=0 o

where Ajy(¢) is a pullback attractor for the non-delay version of Eq. (0.0.9), and the distance dj\,,, is
defined for all subset A of X%. and B of X, by

dj(g(A, B) :=supinf sup |la(v) - bllx,.

acA bEB ye[—p 0]

Due to the validity of all the estimates we obtained in Section 4.2 of the first part, especially in
two cases of the non-delayed case (p = 0) and the deterministic case (6 — +o0) for (0.0.7). Therefore,
we immediately deduce the existence of the pullback attractor Ay(7). As for (0.0.11), the main task is
to prove the convergence of solutions to system (0.0.9) as p — O.

Notice that all the results obtained in Chapter 4 are new and interesting, which have been published
in [141] (S. Yang, Y. Li and T. Caraballo, Dynamical stability of random delayed FitzHugh-Nagumo
lattice systems driven by nonlinear Wong-Zakai noise, J. Math. Phys., 63 (2022), pp. 111512, 32).

Part I11: Numerical attractors for lattice systems

Recently, Han, Kloeden and Sonner [64] develop a subject about numerical attractors for the reaction
diffusion lattice system. More precisely, they have proved the existence of a numerical attractor for
the time-discrete lattice system via the implicit Euler scheme (IES), and also established the upper
semi-convergence of the numerical attractor towards the global attractor when the step size tends to
zero.

In Chapter 5, we will apply the idea of Han et al. [64] to the following p-Laplace lattice dynamical
system (LDS):

T~ A+ Fo) + g5, i €2, (0.0.12)

where v > 0, p > 2, u = (4;);cz, and the discrete p-Laplace operator is defined by
(Apu)i = |uj — Wil (uiey — w) = |y — wiy|P"(u; — uiy), i € Z.

As one knows, the p-Laplace LDS (0.0.12) is the space-discretization of the corresponding p-
Laplace partial differential equation (defined on the real line), while the dynamics of the (deterministic
or stochastic) p-Laplace PDE was studied in [37, 48, 54, 55, 70, 77, 79, 86, 88, 92, , ].

As preliminaries, we show in Section 5.2 that the LDS (0.0.12) has a positively invariant ball
B,-(0) and a global attractor A in ¢*, where the dissipative condition of f is different from those in
[39, 57, 58, ] and assumed by

a = inf wAO)

s#0 S

> 0. (0.0.13)
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In this chapter, we mainly consider the numerical scheme in the discrete-time sense. Using the
step size € := t,, — t, of the time to discretize the LDS (0.0.12), we obtain the p-Laplace IES

€ _ €
ni = Up-1,

u +ev(Apu); + €f(u;, ;) + €gi, Yn €N, i € Z. (0.0.14)
As pointing out by Han, Kloeden, Sonner [64], the IES (0.0.14) with p = 2 is not globally solvable
for a common step size (see Lemma 5.4.3 for the reason if p > 2). Instead the global solvability,
we will prove in Theorem 5.2.1 that, for sufficiently small step sizes, the IES (0.0.14) is uniquely
solvable when the initial datum belongs to the positively invariant ball B,-(0). In the recursive proof
of Theorem 5.2.1, we use a new method of enlarging the radius to overcome the difficulty that the
ball 8,-(0) is no longer a positively invariant set under the operator defined by the right-hand side of
(0.0.14). The proof is more careful and technical than those in [64] even for the case of p = 2.

For the later purpose, we have to consider the numerical approximation of solutions as € — 0.
In this respect, Kloeden and Lorenz [75] (see also Jentzen et al. [12, 67—69]) have introduced the
method of the Taylor expansion by using the Fréchet derivatives of the linear Laplacian A, (p = 2)
and f. However, the nonlinear operator A, (p > 2) has not a Fréchet derivative.

To overcome the above difficulty, we establish a new type of Taylor expansions without Fréchet
derivatives and give the continuous-time error of solutions for the LDS (0.0.12) (see Lemma 5.3.1).
Using this continuous-time error, we can show the discretization error of order two for the solutions
between LDS (0.0.12) and IES (0.0.14), see Theorem 5.3.2. Our method is suitable for a wider class
of discrete-time equations even if the operators are not Fréchet differential.

As for Section 5.5, our main purpose is to study the numerical scheme of attractors, which is a
relative new subject (introduced by Han, Kloeden, Sonner [64], see also [140]) in both Numerical
Analysis and Dynamical Systems [112]. More precisely, we study the discrete approximation of the
global attractor A for LDS (0.0.12) in terms of numerical attractors for IES (0.0.14) and its finitely
dimensional truncated system.

We prove in Theorem 5.4.2 that the discrete semigroup, generated from the IES (0.0.14), possesses
a unique connected numerical attractor A, for sufficiently small step sizes. In the proof, we need to
recursively estimate the tail of solutions for all n € N, where the usual cut-off function technique (see
[6, 7, 22, 25, 62, 65, , , ]) is still valid in the discrete-time case.

Furthermore, we prove in Theorem 5.4.4 that A, has an optimized bound given by ||g||/@. This
bound is crucial to prove that the numerical attractor converges continuously (upper and lower) to zero
as the graph of f closes enough to the y-axis and as g — 0, respectively. This subject of optimization
and convergence of numerical attractors is new in the literature.

In Theorem 5.5.1, we establish the upper semi-continuity from the numerical attractor A, to the
global attractor A as € — 0, where the discretization error of solutions in Theorem 5.3.2 plays a
crucial role in the proof.

In Section 5.6, we study the finite dimensional approximation of the numerical attractor. For this
end, we truncate the IES (0.0.14) on the (2m + 1)-dimensional Euclid space to obtain the truncated
numerical scheme with the periodic boundary condition, see the model (5.6.1). We then prove in
Theorem 5.6.4 that the truncated IES (5.6.1) has an attractor denoted by A, ,,, and that A, ,, converges
upper semi-continuously to the numerical attractor A, as m — oo. If the viscosity is zero, i.e. v = 0,
the lower semi-continuity from A, to A, still holds as proved in Theorem 5.6.6.
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All in all, we have established a convergence path from A, to the global attractor A through
Ae.. In fact, there is another convergence path from A, to A through A,,, where A, is the global
attractor for the truncated system of the LDS (0.0.12) on the (2m + 1)-dimensional Euclid space. All
convergence paths and optimized bounds of attractors are displayed in Figure 1.

A m — o0 A a —ooor g — () I 0
i Lower ct. if v =0 : Lower ct.

m = o0 Opt. bound
An A !

Lower ct. if v = ()

9]l /e

Figure 1: Convergence paths and bounds of attractors.

It is worth emphasizing that the topic we discuss in Chapter 5 on optimization and convergence of
numerical attractors are challenging, and they have been published in [90] (Y. Li, S. Yang and Tomds
Caraballo, Optimization and convergence of numerical attractors for discrete-time quasi-linear lat-
tice system, SIAM J. Numer. Anal., (to appear), 2023).

Future work

We conclude this thesis with some comments about our future work. In general, systems are often
affected by external and internal noises. In addition, if delays are also disturbed by noises, then they
will be random. Recently, random delay systems have received increasing attention, especially in
the area of control and optimization. One of the most important examples is the networked control
system, and one of the main problems associated with it is the communication delay, which is often
random, see [103, ]. Motivated by this fact, on the one hand, we can further establish theoretical
results of numerical attractors for the following p-Laplace lattice systems with random delay via IES:

dui(1)
dt

= V(A,u(®); + f(u(t — 1(t, w))) + &, 1 € Z,

where 7(f, w) is a random function, which has continuous sample paths with bounded valued 7(f, w) €
[70,71] where 0 < 7y < 7, are finite deterministic numbers and w € € for a given probability space
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(Q, 7, P). The other symbols are the same as (0.0.12) we have studied in Chapter 5. Compared with
(0.0.12), the above model can be more realistic.

On the other hand, we plan to investigate the existence, uniqueness, regularity, Morse decomposi-
tion, Hausdorff dimension and fractal dimension estimation of pullback random attractors for several
kinds of non-autonomous systems with random delay. Their forward asymptotically autonomous is
also considered, that is, the time-component of pullback random attractors semi-converges to global
random attractors as the time-parameter tends to infinity.






Introduccion

Los sistemas dindmicos se derivan de las ecuaciones de evolucién, que describen la evolucién de
las soluciones de las ecuaciones en un espacio de fases (espacio de estados) con el tiempo. Los
atractores, como conjuntos con propiedades de atraccién, invarianza y compacidad en un espacio de
fase, puede caracterizar bien el comportamiento asint6tico de los sistemas dindmicos. Ya en la década
de 1960, han recibido mucha atencién, véase [7, 20, 27, 38, 82, , ]. Es bien sabido que los
sistemas que estudiamos se ven afectados por diversos factores aleatorios en la vida real, por lo que
es necesario considerar algin tipo de ruido en nuestros modelos. El concepto de sistemas dindmicos
aleatorios fue introducido por primera vez por Ulam y von Neumann [ 17] en 1945. Debido al hecho
de que las ecuaciones diferenciales estocdsticas pueden generar sistemas dindmicos aleatorios, un
numero creciente de investigadores han estudiado los sistemas dindmicos aleatorios desde la década
de 1980. Entre los muchos resultados notables, cabe destacar la importancia del trabajo [! 1], donde
Bensoussan y Temam discutieron las ecuaciones estocdsticas de Navier-Stokes impulsadas por ruido
blanco y fuerzas aleatorias, proporcionando un modelo mas realista para resolver el problema.

Para estudiar el comportamiento asintético de los sistemas dindmicos aleatorios, Crauel, Debuss-
che, Flandoli ([42, 43]) y Schmalfu3 ([50, ]) introdujeron el concepto de atractor aleatorio y
establecieron el marco tedrico adecuado para su estudio. En las dltimas tres décadas, el estudio de los
atractores aleatorios ha suscitado un gran interés por parte de muchos destacados académicos como
Arnold ([5]); Bates, Lu, Wang ([8, 9]); Caraballo, Langa ([24]); Han ([60, 61]); Kloeden, Langa
([74D; Li, Guo ([87]); Wang ([ 18, 1); Zhou, Wang ([155]) y otros. Principalmente discutieron la
existencia, la unicidad, la continuidad, la regularidad, la descomposicién de Morse, la dimension de
Hausdorff y la estimacion de la dimension fractal de los atractores aleatorios.

También cabe sefialar que los efectos de retardo desempenan un papel importante en el modelado
de fendmenos fisicos, bioldgicos, de ingenieria y en otras aplicaciones del mundo real. Para describir
mejor un modelo realista, deberiamos considerar algunas caracteristicas hereditarias como el efecto
de retardo, la memoria y el retardo temporal (véanse [133—135]). Parece natural imponer una fuerza
externa que tenga en cuenta no sélo el estado actual del sistema, sino también una parte de su historia
(retardo acotado), a veces incluso toda la historia (retardo ilimitado o infinito). Inspirados por este
hecho, Caraballo y Real iniciaron el andlisis de modelos de Navier-Stokes con algunas caracteristicas
hereditarias en [33], donde se establecid la existencia de soluciones tanto en espacios bidimensionales
como tridimensionales. Ademas, se demostro la unicidad de soluciones en el caso bidimensional.
Posteriormente, el comportamiento asintético de dichas soluciones y la existencia de atractor de tipo
pullback se llevaron a cabo en [34, 35].

Basdndonos en la discusién anterior, nos centramos en el comportamiento asintético de los sis-

XXVil
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temas dindmicos aleatorios asociados a varios tipos de ecuaciones estocdsticas con retardo mediante
la estabilidad para soluciones estacionarias, atractores aleatorios débiles en media de tipo pullback,
atractores aleatorios y atractores numéricos. En consecuencia, dividimos la introduccion en las tres
partes siguientes.

Parte 1I: Ecuaciones Lagrangianas de Navier-Stokes con retardo
infinito

Como sabemos, el modelo Lagrangiano de Navier-Stokes (LANS) surge de un modelo unidimen-
sional de dindmica no lineal de olas en aguas poco profundas. Fue el primero en utilizar la técnica de
promediado lagrangiano para tratar el problema del cierre de la turbulencia. La razén principal es que
dicho modelo requiere un menor coste computacional que las ecuaciones de Navier-Stokes habituales
(véase Holm [66] para mds detalles).

Respecto a este modelo con retardos o memoria finitos, el andlisis fue realizado por Caraballo
etal. en [29, 31]. En el primer trabajo, los autores demostraron la existencia de una solucion tnica
para las ecuaciones estocdsticas 3D LANS. En el segundo, se establecio la existencia y estabilidad
exponencial de soluciones estacionarias. Hasta donde sabemos, se han considerado efectos de retardo
ilimitado o infinito en otras ecuaciones, como las ecuaciones de reaccidon-difusidn, las ecuaciones de
Navier-Stokes modificadas globalmente y los modelos habituales de Navier-Stokes (véanse [95, 96,

, , ]). Sin embargo, ain no se han investigado a fondo para los modelos LANS. Motivados
por las referencias anteriores, podemos elegir varios espacios de fases para tratar el caso de retardo
infinito en el sistema estocdstico 3D LANS. El primero es el espacio de Banach

C,(H) ={p € C((=0,0]; H) : lim e"¢(r) exists in H}, donde y > 0, (0.0.15)
y donde H es un espacio de Hilbert. El segundo es
C_(H)={peC((-,0];H) : lir_n @(r) exists in H}. (0.0.16)

Ademas, también utilizamos C,(V) y C_(V), donde V es otro subespacio de tipo Sobolev en lugar
de H en (0.0.15) y (0.0.16).

Basandonos en la discusion anterior, investigamos en esta parte las ecuaciones LANS con retardo
infinito en tres casos, que corresponden a los capitulos 1-3.

En el Capitulo | discutimos la dindmica aleatoria de la siguiente ecuacion estocdstica tridimen-
sional no auténoma LANS con retardo infinito y ruido hereditario no lineal:

0,(u — aAu) + v(Au — aA(Auw)) + (u - V)(u — aAu)

—aVu' - Au+Vp = f() + g1(t,u,) + g2(t,u)W, in (1, +00) X O,

V.u=0, in (r,4+00) x O, (0.0.17)
u=0, Au=0on (1, +00) X 90,

u(t + 5,x) = ¢(s,x),s € (—0,0],x € O,




INTRODUCCION XXiX

donde O C R? es un conjunto abierto acotado con frontera suficientemente regular 00,7 € R, A es el
operador de Stokes, el par (v, @) de coeficientes positivos denota la viscosidad cinemaética del fluido y
el cuadrado de la escala espacial a la que se filtra el movimiento del fluido respectivamente, el simbolo
* denota la transpuesta de una matriz, u = (u;, u, u3) es la velocidad promediada (o a gran escala) del
fluido, u, denota el segmento de solucidn hasta el tiempo ¢, es decir u,(s) = u(t + s) paratodo s <0, p
es la presion del fluido, f es un campo de fuerza externo no retardado, los términos g;, g, contienen
algunas caracteristicas hereditarias, como memoria, variable no limitada o retardo distribuido infinito,
etc, ¢ es un campo de velocidad inicial definido en (—c0,0] X O, y W denota la derivada generalizada
(ruido blanco) de un proceso cilindrico de Wiener, que se introducird mas adelante.

Nuestro primer objetivo es demostrar la existencia y unicidad de soluciones para el sistema es-
tocastico tridimensional LANS en el espacio de Banach C, (V). Como hicieron Liu y Caraballo [95]
para el sistema bidimensional habitual, tenemos que suponer que la fuerza externa no retardada f
es localmente integrable (véase Hipdtesis F) y los términos de fuerza retardados g;(t,u,)(i = 1,2)
son globalmente Lipschitz continuos (véase Hipétesis G). Un ejemplo se proporciona en la dltima
parte de la Seccién 1.1. El cdlculo muestra que el ejemplo (correspondiente a un retardo distribuido
infinito) satisface todas las condiciones de la Hipétesis G en el espacio C,(V) para y > 0. Ademds,
también necesitamos una hipdétesis adicional sobre el término de difusion no lineal g, del ruido (véase
Hipétesis I).

Bajo los supuestos anteriores, utilizamos el método de Galerkin para construir una sucesion apro-
ximante. A continuacién obtenemos estimaciones a priori para la sucesion aproximante asegurando
que las soluciones existen para todo el intervalo de tiempo [7,7 + T] para todo 7 > 0. Finalmente,
obtenemos el buen planteamiento del problema para el modelo LANS basado en estimaciones uni-
formes de las soluciones.

Otro tema interesante y desafiante es considerar el comportamiento asintético de las soluciones
de la Ec. (0.0.17) hacia la solucion estacionaria. Este tema proporcionard informacién util sobre la
evolucidn futura del sistema. Gracias a los teoremas de Lax-Milgram y de Schauder, demostramos
primero la existencia y unicidad de soluciones estacionarias para la ecuacidon determinista correspon-
diente. A continuacién, mostramos la estabilidad local de la solucion estacionaria para el término de
retardo general mediante un método directo, donde el retardo general contiene el retardo variable no
acotado y el retardo distribuido infinito en C_(V). A continuacion, probamos la estabilidad global
de la solucion estacionaria. Sin embargo, para obtener resultados de estabilidad en C, (V) cony > 0,
la estabilidad exponencial en el caso de retardo variable ilimitado no se puede demostrar en general
(véanse [95] y [100] para mas detalles). Afortunadamente, en el caso de retardo distribuido infinito,
somos capaces de demostrar no solo la estabilidad de las soluciones estacionarias en C,(V), sino tam-
bién la estabilidad asintética exponencial. Puesto que no podemos analizar la estabilidad exponencial
en el caso de retardo variable ilimitado en C,(V), exploraremos, al menos, la estabilidad asintdtica en
C_.(V), utilizando la construccion de funciones de Lyapunov propuesta por Kolmanovskii y Shaikhet
[78]. Ademads, discutimos finalmente la estabilidad asintética polindmica en el caso particular de re-
tardo proporcional (también conocido como retardo pantografico).

Noétese que todos los resultados del Capitulo 1 han sido publicados en [142] (S. Yang, Y. Li,
Q. Zhang y T. Caraballo, Stability analysis of stochastic 3D Lagrangian-averaged Navier-Stokes
equations with infinite delay, J. Dynam. Differential Equations, Published Online, (2023), Doi:
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10.1007/s10884-022-10244-0).

A continuacién, en el Capitulo 2, nos interesamos principalmente por la dindmica en media y
el andlisis de estabilidad de las siguientes ecuaciones estocdsticas 3D LANS con retardo infinito en
dominios no acotados:

0,(u — aAu) + v(Au — aA(An)) + (u - V)(u — aAu)

—aVu' - Au+Vp = f(t) + g(t,u,) + o(t,u)W, in (1, +00) X O,

divu =0, in (1,+00) X O, (0.0.18)
u=0, Au=0on (1,+00) X 00,

u(t + 5,x) = ¢(s,x), s € (—0,0],x € O,

donde 7 € R,O c R? es un conjunto abierto no acotado con frontera 0, que es un dominio Poincaré,
es decir, existe un nimero positivo A tal que

Pl f VIRERS f \Vyl2dx, ¥ v € Hy(O), (0.0.19)
o o

g es un término no lineal que captura el retardo temporal, o es un coeficiente de difusién no lineal
localmente Lipschitz, los otros simbolos son los mismos que los de la Ec. (0.0.17).

El primer objetivo de este capitulo es estudiar la dindmica en media de la ecuacion estocéstica
3D LANS (0.0.18) conducida por retardo infinito en dominios no acotados. En el espacio de Ba-
nach C,(V), primero establecemos el buen planteamiento del problema (0.0.18) con retardo infinito
cuando la fuerza externa no retardada f(¢) es localmente integrable, el término de retardo g(z, u,)
es globalmente Lipschitziana y el término de difusién no lineal o (¢, u) es localmente Lipschitziano.
Con este fin, introducimos una funcidén de truncamiento globalmente Lipschitziana &, (para cada
n € N) definida por (2.2.3) para aproximar o (¢, u). Los operadores de solucién nos permiten definir
un sistema dindmico aleatorio en media en lugar del habitual sistema dindmico aleatorio trayectorial,
principalmente porque, en este caso, no hay ningtin método disponible para transferir el sistema es-
tocdstico (0.0.18) a uno aleatorio que sea conjugado. A continuacién, demostramos la existencia de
un unico atractor aleatorio débil en media para el sistema dindmico aleatorio en media.

Otro propdsito de este trabajo es demostrar la existencia de una solucion estacionaria Gnica para
la ecuacién determinista correspondiente (ver Ec. (2.3.9)) y analizar el comportamiento asintético de
las soluciones de la Ec. (0.0.18) hacia la solucidn estacionaria. Dado que nuestros resultados ya no
dependen de las inclusiones compactas de Sobolev para dominios no acotados, modificamos algunos
argumentos del [31, Teorema 10], es decir, aplicamos el argumento cldsico de Galerkin asi como
los teoremas de Lax-Milgram y del punto fijo de Brouwer para derivar la existencia y unicidad de
soluciones estacionarias del sistema (2.3.9) en dominios no acotados. Ademads, establecemos difer-
entes condiciones suficientes de estabilidad a través de varios métodos utilizados en las subsecciones
1.3.2-1.3.5.

El trabajo [137] (S. Yang, T. Caraballo y Y. Li, Dynamics and stability analysis for stochastic
3D Lagrangian-averaged Navier-Stokes equations with infinite delay on unbounded domains, Appl.
Math. Optim., (sometido)) contiene los resultados demostrados en el Capitulo 2.
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En el Capitulo 3, investigamos las medidas invariantes de las siguientes ecuaciones estocdsticas
3D LANS conducidas por retardo infinito y ruido aditivo:

0,(u — aAu) + v(Au — aA(Au)) + (u - V)(u — aAu)

—aVu' - Au+Vp = f(x) + g(u,) + k(x)W, in (s, +00) X O,

divu =0, in (s, +00) X O, (0.0.20)
u=0, Au=0on (s, +00) X 90,

u(s +r,x) = ¢(r,x), r € (—0,0],x € O,

donde O C R? es un conjunto abierto acotado con frontera suficientemente regular 90, s € R, fy «
son funciones dadas definidas en O, la funcién de retardo g es de forma auténoma en la Ec. (0.0.18),
y W es un proceso de Wiener de dos caras con valores reales en un espacio de probabilidad completo
que se especificard en el capitulo 3. Los deméds simbolos son los mismos que los de la Ec. (0.0.17).

En el presente capitulo, nuestro principal objetivo es demostrar la existencia de medidas de prob-
abilidad invariantes de Borel para el sistema estocastico 3D LANS conducido por retardo infinito y
ruido aditivo. Para la investigacién de ecuaciones de evolucién de dimension infinita, especialmente
para medidas de probabilidad invariantes, hay varios métodos matematicos aplicados a la ergodici-
dad. Un enfoque consiste en considerar algunos tipos de EDP lineales o semilineales sencillas, véase
[46, 83]. Aunque los autores analizaron sistemas lineales cuyas soluciones pueden presentar un com-
portamiento cadtico o ‘turbulento’, el método se limita a una clase muy especifica de ecuaciones.
Otro método diferente, a saber, el método cldsico de Krylov-Bogolyubov, se centra en el estudio de
las EDP estocasticas, y se puede definir la ergodicidad a través del semigrupo de Markov inducido por
el semiflujo estocdstico. Gracias al método de Krylov-Bogolyubov, se ha investigado ampliamente la
existencia de medidas invariantes para EDP estocésticas, remitimos al lector a [14, 15, 19, 45, ]
y [17, 18, 47, , ] para dominios acotados y no acotados, respectivamente. Sin embargo, uti-
lizando este enfoque, encontramos que las medidas invariantes del semigrupo de Markov son medidas
de probabilidad deterministas y, por tanto, no estan soportadas por atractores aleatorios globales.

Basandonos en la discusion anterior, en este capitulo introducimos una técnica diferente para con-
struir medidas invariantes, es decir, usaremos el llamado ‘limite de Banach generalizado’, denotado
por LIM,_, ., iniciado en [52] y desarrollado en [23, 40, 51, 98, , —148]. El uso de dicho
limite nos permite relacionar los promedios temporales con los promedios de conjunto en el espacio
de estados.

Hasta donde sabemos, este trabajo parece ser el primero que discute las medidas de probabilidad
invariantes de Borel para el sistema estocastico 3D LANS con retardo infinito y ruido aditivo, incluso
no hay ningun trabajo publicado sobre este tema para ecuaciones estocdsticas de retardo. Principal-
mente aplicamos la teoria abstracta para sistemas dindmicos aleatorios autébnomos en [ 148, Teorema
2.1] a nuestro modelo (0.0.20). Para ello transformaremos (0.0.20) en una ecuacién determinista
con un parametro aleatorio (ver Ec. (3.2.8)) y probaremos que los operadores solucién asociados a
la Ec. (0.0.20) generan un sistema dindmico aleatorio ¢ en el espacio de estados C,(V). Ademds,
necesitamos demostrar las dos afirmaciones siguientes:

(1) el sistema dindmico aleatorio ¢ posee un atractor aleatorio global A(w) en C,(V);

(2) ¢ es acotado y continuo con respecto a los valores iniciales.



XXXii INTRODUCCION

Utilizando el método clasico de Galerkin, estimaciones a priori y el lema estdndar de Gronwall,
deducimos primero la existencia de una solucién débil unica del sistema (3.2.8). A continuacidn,
obtenemos algunas estimaciones uniformes de las soluciones del sistema (3.2.8) asegurando la exis-
tencia de un conjunto absorbente aleatorio global en C,(V) (ver Lemma 3.3.5). A continuacion,
establecemos la compacidad asintética para ¢ en C,(V) a través del teorema de Ascoli-Arzela (ver
Lemma 3.3.6). Ademds, demostramos la existencia de atractores aleatorios globales para ¢ (ver
Teorema 3.3.8). Mds aun, para cada ¢ € R, casi todo w € Qy ¢ € C,(V), probamos que la funcién
s — @(t,s,0_,w)p estd acotada en (—oo,7], como se muestra en el Lemma 3.4.1. Por tdltimo, la
continuidad de ¢(t, s, 6_,w)¢ con respecto a los valores iniciales (s, ¢) en (o0, 1] X C,(V) se demuestra
en el Lemma 3.4.4.

Los resultados del Capitulo 3 se han demostrado en el articulo [136] (S. Yang, T. Caraballo y Y.
Li, Invariant measures for stochastic 3D Lagrangian-averaged Navier-Stokes equations with infinite
delay, Commun. Nonlinear Sci. Numer. Simul., 118 (2023), pp. 107004, 21).

Parte II: Sistemas reticulares FitzHugh-Nagumo con retardo

Algunos sistemas dindmicos reticulares pueden derivarse de la discretizacion espacial de sistemas
continuos. Tienen amplias aplicaciones en nuestra vida cotidiana, incluyendo la fisica, la quimica,
la biologia, la ingenieria y otros campos de la ciencia (véase, por ejemplo, [10, 49, 71, 72]). Por
lo que sabemos, uno de los sistemas reticulares més interesantes es el modelo FitzHugh-Nagumo,
que simula el proceso de transmision de sefiales a través de los axones. Se sabe que, los sistemas
dinamicos reticulares con retardo han recibido mucha atencién durante muchos afios ( [32, , D.

La motivacion del Capitulo 4 es estudiar la dindmica a largo plazo de los atractores aleatorios
para el siguiente sistema reticular FitzHugh-Nagumo con retardo conducido por un ruido de tipo
Wong-Zakai no lineal:

(0.0.21)
donde A, @, ¢, B, ¥ y p son constantes positivas, 0’ es una funcién de retardo variable con retardo
maximo p, F; es una funcién de deriva no lineal con crecimiento polindmico de orden arbitrario, f;
es una fuerza externa afectada por la memoria durante el intervalo de tiempo de retardo [—p, 0], las
fuerzas deterministas dependientes del tiempo g;, h; € LIZOC(R, L*(R™)), ¢:, ¢; son los datos iniciales en
el intervalo [—p, 0], G; es una difusion no lineal, Gs es el proceso de Wong-Zakai con pardmetro de
correlacion 6 > 0, que es d-diferencia de un proceso escalar de Wiener de dos caras W en un espacio

de probabilidad (Q, ¥, P), dado por

1
Gt w) = S(W(t +6,0) = W(t.w), 6 >0, 1€R, weQ. (0.0.22)
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Este tipo de ruido Wong-Zakai fue introducido por primera vez por [ 131, 132] en el que los autores
utilizaron ecuaciones diferenciales deterministas para aproximar las estocdsticas para movimientos
brownianos unidimensionales. Posteriormente, un nimero creciente de autores extendio la idea de las
aproximaciones de Wong-Zakai a movimientos brownianos, martingales y semimartingales de mayor

dimensioén (véanse [80, &1, —106, , , , 1). Recientemente, se ha estudiado am-
pliamente la convergencia de soluciones y atractores para ecuaciones aleatorias con tal ruido cuando
0 — 0 (véase [1, 9, 16, 56, 59, ]). Nétese que los sistemas de aproximacion de Wong-Zakai en

estas referencias solo se consideraron en el caso de ruido lineal, es decir, la sucesién de funciones
de difusién G = (G;);cz en (0.0.21) es u = (u;);ez 0 independiente de u. Ademds, también lo eran en
todos los resultados sobre la semicontinuidad de los atractores aleatorios, véanse [8, 80, , ]
para ecuaciones estocdsticas auténomas, y [9, 21, 84, 85, 89, 93, , , , ] para ecuaciones
estocdsticas no auténomas.

Sin embargo, existen muy pocos trabajos sobre el estudio de los atractores de ecuaciones de
retardo aleatorio conducidas por el ruido no lineal de Wong-Zakai, incluso en versidn auténoma.
Hasta donde sabemos, los dos dnicos trabajos para tales ecuaciones auténomas fueron publicados
por Liet al. en [91, 92]. En esta parte, investigamos la dindmica del sistema reticular de FitzHugh-
Nagumo con retardo aleatorio no auténomo con un ruido de tipo Wong-Zakai no lineal (0.0.21).

El Capitulo 4 se divide en dos partes. En la primera demostramos la existencia de un atractor
aleatorio A° = {A°(t, w)} para el sistema aleatorio de retardo (0.0.21) con un ruido no lineal y anal-
izamos su semicontinuidad superior cuando § — +co. Esto es diferente de la situacién general 6 — O.
Para probar la existencia de un atractor aleatorio A° en X4 = C([—p, 0], X)) con X, = {2 x ¢2, donde
% es un espacio ponderado para cada § > 0, debemos verificar que el sistema dindmico aleatorio (o
cociclo) ¥?, inducido por la Ec. (0.0.21) impulsado por el ruido no lineal de Wong-Zakai, es pullback
asintGticamente compacto en X%.. Las ideas de las estimaciones uniformes y el teorema de Ascoli-
Arzela son las herramientas cruciales para demostrarlo. En cuanto a la semiconvergencia superior
de A° cuando 6 — +oo, necesitamos la ayuda de la ley del logaritmo del proceso de Wiener, que
establece W(t, w)/log(loglt]) — 0 cuando ¢ — oo, asi como el resultado (4.1.6) del Lemma 4.1.1
que asegura

lim sup Gs(t,w) =0, P-as. w e Q, a<b.

0400 ye1q.b]

Basandonos en los argumentos anteriores, consideramos el sistema limite del modelo reticular de
retardo aleatorio (0.0.21) cuando 6 — +oo como el sistema reticular de retardo determinista:

dit;:

% = (@ = 2 + D) + Al + 0¥y = Fi@(0) + filay(t = 0 () + i(0),

di}i D i % . .
= Tsvi- Bit; = hi(t) + fi(i(t — 0¥ (1)), (0.0.23)

LT+ s)=¢;, d(t+s)=0;, i€Z t>1, TR, se[—p,0]

Bajo algunas condiciones apropiadas (véanse mds adelante las Hipétesis E, F1, F2, G1-G3), en-
contramos que el sistema (0.0.23) genera un atractor de pullback denotado por A™(#) cuya existencia
ha sido ya establecida, véanse [2, 26, 1 19]. Entonces tenemos que comprobar que el atractor aleatorio
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pullback A°(t, w) semi-converge superiormente a A®(f) cuando § — +oo (véase Teorema 4.3.2), es
decir,

6lim dxfr(ﬂé(t, W), A1) =0, YteR, weQ, (0.0.24)
—+00

donde la distancia dy» se define para todos los subconjuntos A y B de X% mediante

dy (A, B) :==supinf sup |la(v) —b()l|x,.
7 aeA VEB e[ 0]

Para ello, demostramos que las soluciones del sistema aleatorio (0.0.21) convergen a la del corre-
spondiente sistema determinista (0.0.23) cuando 6 — +oco. Noétese que el atractor pullback A*(¢) de
(0.0.24) se escribe como A, () para indicar su dependencia del retardo p para propdsitos posteriores.

En la segunda parte de este capitulo, nuestro objetivo es establecer también la semicontinuidad
superior del atractor pullback A,(#) cuando p — 0 (ver Teorema 4.4.4), es decir,

lir% Ay (A, (1), Ag(1)) = 0, Y1E€R, (0.0.25)
p—0 to

donde Ay(¢) es un atractor de pullback para la version sin retardo de la Ec. (0.0.23), y la distancia dj(p
se define para todo subconjunto A de X%, y B de X, por

dyw (A, B) := sup inf VGS[I_JEO] lla(v) - bllx, -

Debido a la validez de todas las estimaciones que obtuvimos en la Seccién 4.2 de la primera parte,
especialmente en el caso sin retardo (p = 0) y el caso determinista (0 — +oo) para (0.0.21). Por tanto,
deducimos inmediatamente la existencia del atractor pullback Ay(f). En cuanto a (0.0.25), la tarea
principal es demostrar la convergencia de las soluciones al sistema (0.0.23) cuando p — O.

Notese que todos los resultados obtenidos en el Capitulo 4 son nuevos e interesantes, y han
sido publicados en [141] (S. Yang, Y. Li y T. Caraballo, Dynamical stability of random delayed
FitzHugh-Nagumo lattice systems driven by nonlinear Wong-Zakai noise, J. Math. Phys., 63 (2022),
pp. 111512, 32).

Parte III: Atractores numéricos para sistemas reticulares

Recientemente, Han, Kloeden y Sonner [64] desarrollaron un trabajo sobre atractores numéricos para
el sistema reticular de difusion de reaccion. Mas concretamente, han demostrado la existencia de
un atractor numérico para el sistema de reticulo discreto en el tiempo mediante el esquema de Euler
implicito (IES), y también han establecido la semiconvergencia superior del atractor numérico hacia
el atractor global cuando el tamafio de paso tiende a cero.

En el Capitulo 5, aplicaremos la idea de Han et al. [64] al siguiente sistema dindmico reticular de
tipo p-Laplace (LDS):

du;(t)
dt

= V(A u(1); + f(u(t)) + g, i € Z, (0.0.26)
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donde v > 0, p > 2, u = (u;)icz, y €l operador discreto p-Laplace estd definido por
(Apu); = ey — wil” > (isy — ;) — |y — wig P> — ui_y),i € Z.

Como es sabido, la EDL p-Laplace (0.0.26) es la discretizacion espacial de la correspondiente
ecuacion en derivadas parciales de tipo p-Laplace (definida en la recta real), mientras que la dindmica
de la EDP de tipo p-Laplace (determinista o estocdstica) se estudié en [37, 48, 54, 55,70, 77,79, 86,

, 92, 115, 130].

Como preliminares, mostramos en la Seccion 5.2 que la LDS (0.0.26) tiene una bola positivamente
invariante B,-(0) y un atractor global A en ¢2, donde la condicién disipativa de f es diferente de las
de [39, 57, 58, ] y asumida por

a = inf wAO)

s#0 S

> 0. (0.0.27)

En este capitulo, consideramos principalmente el esquema numérico en el sentido de tiempo dis-
creto. Utilizando el tamaio de paso € := t,,,1 — ¢, del tiempo para discretizar la LDS (0.0.26), obtene-
mos la IES de p-Laplace.

Uy, = Uy + ev(Apuy); + €f(uy,;) + €gi, YneN, i € Z. (0.0.28)

Como sefialan Han, Kloeden, Sonner [64], la IES (0.0.28) con p = 2 no es globalmente resolu-
ble para un tamafio de paso comun (véase el Lemma 5.4.3 para la razén si p > 2). En lugar de la
resolubilidad global, demostraremos en el Teorema 5.2.1 que, para tamafios de paso suficientemente
pequefios, la IES (0.0.28) es unicamente resoluble cuando el dato inicial pertenece a la bola positiva-
mente invariante $,-(0). En la prueba recursiva del Teorema 5.2.1, utilizamos un nuevo método de
ampliacién del radio para superar la dificultad de que la bola $,-(0) ya no es un conjunto positiva-
mente invariante bajo el operador definido por el lado derecho de (0.0.28). La demostracion es méas
cuidadosa y técnica que las de [64] incluso para el caso p = 2.

Para el propdsito posterior, tenemos que considerar la aproximacion numérica de soluciones
cuando € — 0. A este respecto, Kloeden y Lorenz [75] (véase también Jentzen et al. [12, 67-69]) han
introducido el método del desarrollo de Taylor mediante el uso de derivadas Fréchet de la parte lineal
Laplaciana A, (p = 2) y f. Sin embargo, el operador no lineal A, (p > 2) no tiene derivadas Fréchet.

Para superar la dificultad anterior, establecemos un nuevo tipo de desarrollo de Taylor sin derivadas
Fréchet y damos el error en tiempo continuo de las soluciones para la LDS (0.0.26) (ver Lemma
5.3.1). Utilizando este error de tiempo continuo, podemos mostrar el error de discretizacion de orden
dos para las soluciones entre LDS (0.0.26) e IES (0.0.28), ver Teorema 5.3.2. Nuestro método es
adecuado para una clase mas amplia de ecuaciones en tiempo discreto, incluso si los operadores no
son derivables Fréchet.

A partir de la Seccidn 5.5, nuestro principal propdsito es estudiar el esquema numérico de atrac-
tores, que es un tema relativamente nuevo (introducido por Han, Kloeden, Sonner [64], véase también
[140]) tanto en analisis numérico como en sistemas dindmicos [ 1 12]. Mas concretamente, estudiamos
la aproximacion discreta del atractor global A para LDS (0.0.26) en términos de atractores numéricos
para IES (0.0.28) y su sistema truncado finitamente dimensional.
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Demostramos en el Teorema 5.4.2 que el semigrupo discreto, generado a partir de la IES (0.0.28),
posee un dnico atractor numérico conexo A, para tamafios de paso suficientemente pequefios. En la
demostracidn, necesitamos estimar recursivamente las colas de soluciones para todo n € N, donde
la técnica usual de funcién de truncamiento (ver [6, 7, 22, 25, 62, 65, , , ]) sigue siendo
vélida en el caso de tiempo discreto.

Ademads, demostramos en el Teorema 5.4.4 que A, tiene una cota optimizada dada por ||g||/a.
Esta cota es crucial para probar que el atractor numérico converge de forma continua (superior e
inferior) a cero a medida que la gréfica de f se acerca lo suficiente al eje y y a medida que g — 0,
respectivamente. Este tema de la optimizacion y la convergencia de los atractores numéricos es nuevo
en la literatura.

En el Teorema 5.5.1, establecemos la semicontinuidad superior del atractor numérico A, al atrac-
tor global ‘A a medida que € — 0, donde el error de discretizacion de las soluciones en el Teorema
5.3.2 juega un papel crucial en la demostracion.

En la Seccion 5.6, estudiamos la aproximacion finito dimensional del atractor numérico. Para
ello, truncamos el IES (0.0.28) en el espacio (2m + 1)-dimensional de Euclides para obtener el es-
quema numérico truncado con la condicién de contorno periddica, véase el modelo (5.6.1). Luego
demostramos en el Teorema 5.6.4 que la IES truncada (5.6.1) tiene un atractor denotado por A, y
que A, converge de forma semicontinua superior al atractor numérico A, a medida que m — oo. Si
la viscosidad es cero, es decir, v = 0, la semi-continuidad inferior de A, ,, a A, sigue siendo valida
como se demuestra en el Teorema 5.6.6.

En definitiva, hemos establecido una senda de convergencia desde A, al atractor global A a
través de A.. De hecho, hay otro camino de convergencia de A.,, a A a través de A,,, donde A,
es el atractor global para el sistema truncado de la LDS (0.0.26) en el espacio de Euclides (2m +
1)-dimensional. Todos los caminos de convergencia y los limites optimizados de los atractores se
muestran en la Figura 2.

A m — o0 A a —xor g — () , 0
B Lower ct. if v =0 : Lower ct.

4. m — o0 y Opt. bound

Lower ct. if v = ()

9]l /e

Figure 2: Trayectorias de convergencia y limites para los atractores.
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Cabe destacar que el tema que tratamos en el Capitulo 5 sobre optimizacién y convergencia de
atractores numéricos son un reto, y han sido publicados en [20] (Y. Li, S. Yang y Tomds Caraballo,
Optimization and convergence of numerical attractors for discrete-time quasi-linear lattice system,
SIAM J. Numer. Anal., (por aparecer), 2023).

Cuestiones para trabajar en el futuro

Concluimos esta tesis mostrando nuestro plan de trabajo futuro. En general, los sistemas suelen verse
afectados por ruidos externos e internos. Ademads, si los retardos también se ven perturbados por
ruidos, entonces seran aleatorios. Recientemente, los sistemas de retardo aleatorio han recibido una
atencion creciente, especialmente en el drea del control y la optimizacién. Uno de los ejemplos més
importantes es el sistema de control en red, y uno de los principales problemas asociados es el retardo
de la comunicacién, que a menudo es aleatorio, véase [103, ]. Motivados por este hecho, por
un lado, podemos establecer resultados tedricos de atractores numéricos para los siguientes sistemas
reticulares p-Laplace con retardo aleatorio via IES:

dui(1)
dt

= V(Apu(®); + f(u(t — 1(t, w))) + &, i € Z,

donde 7(¢, w) es una funcidn aleatoria, que tiene trayectorias muestrales continuas con valor acotado
7(t,w) € [19,71] donde 0 < 7y < 7; son nimeros deterministas finitos y w € € para un espacio
de probabilidad dado (Q, ¥,P). Los demds simbolos son los mismos que en (0.0.26) y que hemos
estudiado en el Capitulo 5. Comparado con (0.0.26), el modelo anterior puede ser més realista.

Por otra parte, investigamos la existencia, unicidad, regularidad, descomposicién de Morse, di-
mension de Hausdorft y estimacion de la dimension fractal de los atractores aleatorios pullback para
varios tipos de sistemas no autébnomos con retardo aleatorio. También se considera su avance asin-
téticamente autonomo, es decir, el componente temporal de los atractores aleatorios pullback semi-
converge a atractores aleatorios globales cuando el pardmetro temporal tiende a infinito.
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Preliminaries

We focus on the notation used throughout the Part I and the cylindrical Wiener process needed for the
first two chapters.

Let (Q,F,{F}icr, P) be a complete filtered probability space such that {F;},cr is an increasing
right continuous family of sub o-algebras of #, which contains all P-null sets, and further 7, = ¥y
for all < 0.

Let LB{ ,t > 0,j = 1,2,3,...} be a sequence of mutually independent standard real valued 7-
Wiener processes and K a separable Hilbert space with an orthonormal basis {e;; j = 1,2,3,...}.
Suppose that {W(¢);t > 0} be a K-valued cylindrical Wiener process (with the covariance operator
0 : K — K) given by

W) =) fle;, 1>0. (0.0.29)

j=1

Given a separable Hilbert space H,, we denote by £*(K, H) the space of Hilbert-Schmidt opera-
tors from K into H, with following norm

IS 2k 1y = 1S QS™), VS € LX(K, Hp), (0.0.30)

where tr denotes the trace of an operator and S * is the adjoint operator of S.

For any separable Banach space X, interval (a,b) C R and p > 1, we denote by I”(a, b; X) the
Banach space of all processes ¢ € LP(Q X (a,b),F ® B((a,b)),dP ® dt; X) such that ¢(¢) is F;-
progressively measurable for a.e. ¢ € (a, b), where B(-) denotes the Borel o-algebra. We also denote
by LP(Q,F,dP; C(a,b; X)) with p > 1 the space of all continuous and ¥,-progressively measurable
X-valued processes ¢ such that E(sup,,, ||g0(t)||§) < oo, where C(a, b; X) is the Banach space of
all continuous functions from [a, b] into X. For convenience, we write L”(Q,F,dP;C(a, b; X)) as
L (Q;C(a, b; X)).

For any positive constant 7 > 0, process ® € P(r,t+ T; L*(K,Hy)) and t € [1,7 + T], the
stochastic integral fT ' ®(s)dW(s) is defined by the unique continuous Hy-valued ¥,-martingale such
that

( f t (D(s)dW(s),w)HO = i f t ((D(s)ej,w)HOdﬁj(s), Vw € Hy, (0.0.31)
T j=1 T

where the integral with respect to /() is the Ito integral. By [45], if ® € P(t,t+ T; L*(K, Hy)) and
¢ € L*(Q, L>(t, 7 + T; Hy)) is F,-progressively measurable, then

t
T

D f | (@(5)e;. 6(5),, dB'(s) = f (@()dW(s), 6()). T<r<T+T,
=1 YT

converges in L'(Q, C(r,7 + T)).



Recall that given a function ¢ : (—oo,7 + T] — X, for each ¢ € (r,7 + T), the segment ¢, of ¢ is
defined by

¢:i(s) = ¢t + 5), ¥ 5 € (=00,0]. (0.0.32)

Next, we introduce some notations and linear operators, recall some properties with respect to the
nonlinear term (u - V)(u — aAu) — aVu* - Au, and impose some suitable assumptions.

Recall that O C R? is a bounded open set in Chapters 1 and 3, an unbounded open set in Chapter
2. Denote by L*(0) := (L*(0))*, H)(O) := (H}(0))*, C5(0) = (C5(0))* and

V={ueCyO):V-u=0 in O}. (0.0.33)

Let H be the closure of V in L?(0). Then H is a Hilbert space with the inner product and norm
3
(u,v) = Z fuj(x)vj(x)dx, [ul? = (u,u), Yu,v € H. (0.0.34)
j=1 Y0
Let V be the closure of V in H(O). Then V is a Hilbert space with the inner product

Ou; 0v;
(V) = (u,v) + a(Vu, Vv) = (u, v) +aZ f G 7o dx Yuv eV, (0.0.35)
l _1 1 l

and the norm |jul|*> = ((u,u)). We have V. ¢ H C V*, where V* is the dual space of V, the injections
are dense, continuous and compact.
Denote by P the Leray projector from L*(O) onto H and define the Stokes operator A by

w=—P(Aw), Ywe DA) =HO)NYV, (0.0.36)
where H>(0) = (H*(0))*. We deduce
(Au,v) = (Vu, Vv), |lullgpzo) < CilAul, Yu € D(A),v €V, (0.0.37)

where C, is a positive constant. In particular, D(A) is a Hilbert space.
Denote by (,-) the duality product between (D(A))" and D(A), and define a continuous linear
operator A € L(D(A), (D(A))*) by

(Xu, v) = v(Au,v) + va(Au, Av), Yu,v € D(A) =: D(Z). (0.0.38)
It is well-known that the Stokes operator A has a sequence {4, : k € N} of eigenvalues satisfying

VP _

- <A<, 0.
velxlfl\{O} [v|? 1 ? A = o0 0.0.39

and a sequence {&; € D(A) : k € N} of eigenvectors which is orthonormal in H. From (0.0.38) we
have

(A&, v) = vA((E, V) (0.0.40)



and the eigenvalues of the operator A are given by A = v By (0.0.38)-(0.0.40), the operator
Ae L(D(A), (D(A))) satisfies the following conditions:

(A1) A is self-adjoint;

(A2) For all u € D(A), 2(Au, u) > @(Au, Au), where @ = 2va;

(A3) Afk = /lkfk with /lk = V/lk

Denote by D(A) {u € D(A) : Au € V} the domain of the operator A, itis a subspace of D(A)
with the inner product (u, v)D( I = ((Au Av)) for all u,v € D(A) and norm |u| I = = ||Au||. Note that

D(A) is a Hilbert space, and the injection D(A) C D(A) is continuous and

Al < luly, 7, Yue € DCA). (0.0.41)

As in [3 1], we associate another inner product on D(A) = D(Z), defined by
(4, V)pea) = (Au,v), and so Ayllul® < llull}y,), Yu,v € D(A). (0.0.42)
By (0.0.37), the above is equivalent to the original inner product ((u, v)) + (Au, Av) for u,v € D(A).
For u € D(A) and v € L?(0), we regard (u - V)v as the element of (H~!(0))* =: H™'(O) given by

3
((u-Vyv,wy_; = Z(@ivj, uwj)-1, Ywe H(l)(O), (0.0.43)

i,j=1

where (-,-)_; denotes the duality product between H™'(O) and H(O) or between H™'(0) and H(O),
and u;w; € Hy(O) due to the continuous injections of H*(0) C L°°(O) and H}(O) c L°(0). Hence,
there exists a positive constant C, := C»(0) such that

(- Vv, w)_1| < ColAu|vlIwll, Y (u,v,w) € D(A) x L*(O) x H} 0(0). (0.0.44)
If u € D(A), then Vu* € (H'(0))? c (L°(0))?, where H'(O) = (H'(0))? and L%(O) = (L*(0))>. For
all v € L?(0), we have Vu* - v € (L*’*(0))* c H™!(O) satisfying
(Vu' v, wy_; = f 0w dx, ¥ w e HyO), (0.0.45)
i,j= l
which implies that there exists a positive constant C3 := C3(O) such that
(Vi v, w)_i| < CslAulvliwll, Y (u, v, w) € D(A) x L*(O) x H} 0(O0). (0.0.46)
Now, we introduce the trilinear operator as follows:
b*(u, v, w) = ((u- Vv, wh_y + (Vi - v,w)_i, Y (u,v,w) € D(A) x L*(O) x H}(O). (0.0.47)
By [36, Proposition 2.2], we obtain

b*(u,v,w) = =b*(w,v,u), Y (u,v,w) € D(A) x L*(0) x D(A), (0.0.48)



which implies that b*(u, v, u) = 0,V (u,v) € D(A) x L?(0). Moreover, there exists a positive constant
c* := ¢*(0) such that

16" (u, v, )| < FlAulvliwll, ¥ (u, v, w) € D(A) x L*(0) x Hy(O), (0.0.49)
and
16" (u, v, w)| < HlullVlAW], Y (u, v, w) € D(A) x L*(O) x D(A). (0.0.50)
We then define a bilinear mapping B: D(A) x D(A) — (D(A))*, denoted by
(E(u, V), w) = b u,v — aAv,w), ¥ (u,v,w) € D(A) X D(A) x D(A), (0.0.51)

and E(u) = E(u, u) for all u € D(A). By the definition and properties of 5%, we find that there exists a
positive constant ¢ := ¢(Q) such that

(B1) (B(u, v), u) = 0 and (B(u),v) = —(B(v,u),u), ¥ (u,v) € D(A) x D(A);

(B2) 1B, Vlipay: < cllulllviipay, ¥ (u,v) € D(A) X D(A);

(B3) KB(u, v), w)| < cllullpaIVllpalwll, ¥ (u, v, w) € D(A) X D(A) x D(A).

Recall the phase space

C,(V) ={p € C((=,0]; V) : lir_n e’ p(s) exists in V}, where y > 0, (0.0.52)

which is a Banach space with the sup norm

lellc,ovy = sup e”llg(s)ll. (0.0.53)

$€(—00,0]



Chapter 1

Non-autonomous stochastic 3D
Lagrangian-averaged Navier-Stokes
equations with infinite delay on bounded
domains

In the chapter we investigate the asymptotic behaviour of stochastic three-dimensional LANS equa-
tions with infinite delay and nonlinear hereditary noise. First, using Galerkin’s approximations, we
prove the existence and uniqueness of solutions when the non-delayed external force is locally inte-
grable and the delay terms are globally Lipschitz continuous with an additional assumption. Next, we
show the existence and uniqueness of stationary solutions to the corresponding deterministic equa-
tion via the Lax-Milgram and the Schauder theorems. Later, we focus on the stability properties of
stationary solutions. To begin with, we discuss the local stability of stationary solutions for general
delay terms by using a direct method and then apply the abstract results to two kinds of infinite delays.
Besides, the exponential stability of stationary solutions is also established in the case of unbounded
distributed delay. Moreover, we investigate the asymptotic stability of stationary solutions in the case
of unbounded variable delay by constructing appropriate Lyapunov functionals. Eventually, we es-
tablish criteria on the polynomial asymptotic stability of stationary solutions for the special case of
proportional delay.

1.1 Hypotheses and an example

We now impose some assumptions on the non-delayed external force and delay terms respectively.
Hypothesis F. f € I’(t,7+ T;H '(0)) forany r € Rand T > 0.
Hypothesis G. Let g; : R x C,(V) > H'(O0) and g» : R X C(V) = L*(K,L*(0)) satisfy the
following conditions.
(G11) For any n € C,(V), gi(-,n7) are measurable, i = 1,2.
(G12) gi(-,0) =0, i = 1,2.
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(G13) There exists Ly, > 0 (i = 1,2) such that forall # € R and ,{ € C,(V),

g1 (2, m) — &1, Dlla-10) < Lg,llm = Lllc,v)s
llg2(2,m) — 82(t, Dll 2k 120y < Ly lIm = Llle, v

(G14) There exists C,, > 0 (i = 1,2) such that for all t € Rand n, { € C,(V),

t t
f llg1 (s, us) — g1(s, Vs)||12HI71(0)dS <C, f llu(s) = v(s)IPPds,
! !
f ”82(5» MS) - 82(5’ VS)”_zLZ(KLZ(O))dS < Cézzz f ”M(S) - V(S)||2d5;

(G15) There exists 5&. > 0 (i = 1,2) such that for all T € R,¢# > 7, all decreasing function
@ e C([t,1]) and u, v € CO((—o0, t]; V),

jj @ (s)llg1(s, us) — g1(s, Vs)||]?ﬂ71(0)ds <C, f; @(s)|lu(s) — v(s)|lds,
j: @ (s)llga(s, us) — ga2(s, Vs)||2£2(K’L2(0))dS < Cy, jj w@(s)llu(s) — v(s)|ds.
We infer from (G12)-(G13) that, for all n € C,(V),
g1, Mlle-100) < Ly IMllc,ovy> 118208 Ml 2k 2200 < L lmlle,v)-
Next, let us define f(t) as
(@, w) = (F@O, w)-1, ¥ (5, w) €RXV.

By the hypothesis F, fe I*(t,7+ T;(D(A))*) forany r e Rand T > 0.
In addition, we define g; : R x C,(V) — V such that

((g1t,m, w)) = (g1t m), w)-1, ¥ (t,n,w) ER X C,(V) X V.
Finally, we define g, : Rx C,(V) — L*(K, V) such that
2t =T +aA) oPog(t,n), ¥ (1,m) e RX Cy(V),
where [ is the identity operator in H and / + @A : D(A) — H is bijective, moreover,
(I +aA) " 'u,w)) = (u,w), Yue H, we V.
Hence, for the orthonormal basis {e;} of K, we have

(&2(t, mej, w) = (I + aA)ga(t, nej, w) = ((g2(t, e, w)),
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forall j > 1 and (¢,17,w) € R x C,(V) X D(A), by (0.0.31), we further obtain that
(f g2(s,mdW(s), w f(gz(s n)e],w)dﬁf(s)
- Z [ @tsmepmasis
=1

= (( f (s, AW (), w)). (1.1.1)

By the same method as in [30], one can prove that g; : RX C,(V) = Vand g, : Rx C, (V) —
L%(K, V) satisfy the following conditions:

(H11) For any n € C,(V), gi(-,n) are measurable, i = 1,2;

(H12) g;(-,0) =10, i =1,2;

(H13) Taking Lz, = Lg,, Lz, = L,,/ V1 + ad;, we deduce, forallt € R and n, { € C,(V),

llg1(t.m) =15 DNl < Lz, lIn = Llle,wv)s
lg2(t, 1) — &2 (t, Dl 2y < L llm — Llley,wys

(H14) Setting C3, = C,,, G5, = C,,/ V1 + ad,, we obtain, forall t e R and ,{ € C,(V),

t t
fI@l(s,us)—§1(s,vs)||2ds<C%f llu(s) = v(s)Ids,

t t
f I182(5, 15) = a8, Vo)l o gy ds < C3, I luCs) = v()Pds;

(H15) Letting Egl = C, PR 5:52 = C, o,/ V1 + ad; such that for all 7 € R, > 7, and all decreasing
function @ € C°([r,¢]) and u, v € CO((-c0, t]; V),

fW(S)I@(s,us)—§1(S,Vs)||2ds<551fW(S)IIM(S)—V(S)Ilzds,
fW(S)Iﬁiz(s,us)—§z(s,vs)||2£z(,(,v)ds<5§2fW(S)IIM(S)—V(S)IIZdS-

It follows from (H12)-(H13) that for all t € R and n € C,(V),

g1 Il < Lz lInlle, o> 182t Ml 2kv) < Lz mlle,wv)- (1.1.2)

An example of the delayed terms with (H11)-(H15) is given as follows.
Example 1: For all t € R and &€ € C,(V), let

0
(&) = f Gi(t, s,&(s))ds, i = 1,2, (1.1.3)

[Se]
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where Gy : R X (—00,0] x V — V with G,(£,5,0) = 0, and G, : R X (—00,0] x V — LX(K, V) with
G,(t,5,0) = 0, and both are measurable. Assume that there exist Lg € [*(—00,0) (i = 1,2) with
Lg ()e™*® € L?(=0,0) for certain 6 > 0 such that for all t € R, 5 € (—c0,0] and 1,{ € V,

IG\(t, s,1) = Gi(t, s, Oll < Lg, (9l = £l
IGa(t, 5,1) = Ga(t, 5, Oll vy < L, ()l = -

Thus, we can rewrite the delay terms'g; (i = 1, 2) in our problem as g;(¢, u,) = f_ (; &(t, s, u(t+s))ds (i =
1,2). It follows that the example is within our framework, and g;(i = 1,2) fulfill conditions (H11)-
(H15) (e.g., see [100] for more details).

1.2 Well-posedness of stochastic 3D LANS equations with infinite
delay

In this section, we prove the well-posedness of the stochastic Eq. (0.0.3), which can be transferred
into the following abstract equation:

du ~— ~ =~ ~ aw
= HAu@) + Bu®) = f() + &1t u) + gt u)—-, V>, (1.2.1)

u(t+5) = ¢(s), s€(—o0,0].

Definition 1.2.1. Suppose that ¢ € L*(Q, C,(V)) (which is a F,-progressively measurable V-valued
processes, t < 0) and T € R. A stochastic process u defined on R is called a solution to system (1.2.1)

if
ueP(t,t+T;DA)NL*Q, L (r,t+ T;V)), VT >0,

u, = ¢ and P-almost surely

(o + [ (). wds + | Blu(s). wds
= ((¢(0), W) + f | ((FCo) + 21 (5. ), w))dss + ((w, f s u)dW(s))) (1.2.2)
forallt > 7 andw € D(A).
Lemma 1.2.2. For all u,v € D(A), we have
(=AW — 2(B(u) — B(1)), w) < ol M), (12.3)

where w = u — v and o = ¢°.
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Proof. Note that
(~Aw, W) = ~ (W3 (1.2.4)
By the property (B1) of the operator B, we have
(B(u), wy = —(B(W, u), u) = —(B(W, u),v), (1.2.5)
and similarly
(B(v), w) = —(B(W, v), v). (1.2.6)
Subtracting (1.2.6) from (1.2.5),
(B(u) — B(v), w) = —(B(W), ), (1.2.7)
which, together with (B2), implies that

KB(u) — B(v), w)| = KBW), v)|

< IBW)|lpay VlIpea)

< clwlllwlipelIvIipea

N

1 —I12 ’E_Q —12 2 l 2
< ”W”D(A) + vl ”V”D(A)- (1.2.8)
2 2
Combining (1.2.4) and (1.2.8), we obtain (1.2.3) as desired. O

In the following, we present the well-posedness of problem (1.2.1). For this end, we further
assume
Hypothesis L. For all u,v € L*(—co,7 + T; D(A)) and t € [r,7 + T], Eq. (1.2.1) satisfies

f g2(s, us) — ga(s, Vs)”sz(KV)dS +2 f (8105, ug) — g1(s, vy), u(s) — v(s)))ds
<o f IV()Ipa les) = v(s)IPds
+2 f (Au(s) = v(s)) + B(u(s)) — BO(s)), u(s) — v(s))ds, (1.2.9)

where o is given by (1.2.3) in Lemma 1.2.2.
Remark 1.2.3. Let

2 1
C%z + _TC??1 < 31 and u(s +7) =v(s + 1) = ¢(s), s <0. (1.2.10)
A
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Then (1.2.9) in hypothesis I is satisfied. Indeed, by (0.0.42) and Lemma 1.2.2, we only need to prove
that the following inequality holds:

f |E§2(S’ I/ls) - §2(S7 VS)HZ_EZ(K’V)CZS + 2 f (@1 (Sa us) - ?1 (S7 VS), M(S) - V(S)))ds
<A f lu(s) — v(s)|IPds. (1.2.11)

The Young inequality, (H14) and (1.2.10) imply

f 1825, 14s) = 8205, Vol g1y + 2[(@1(& s) = 81(8,vs), u(s) — v(s)))ds

! 2 t _ ’/‘i t
< [ I =vlfds + = [ s =i vlfds+ 5 [ = lPds

- 1 Y7 T

2 2 2 t 2 :i] t 2
<(c2 + I—Cgl) lu(s) = v(IPds + = | llus) = v(s)lPds
1 —00 T

=(c2 + %C—él - %) f lu(s) = v(s)|*ds
<A f lu(s) = v(s)IPds, (1.2.12)

which implies (1.2.11) as desired.

Theorem 1.2.4. Suppose that hypotheses ¥, G, I hold, moreover, ¢ € L*(Q, C,(V)) and felPr+
T; V), then there exists a unique solution u to (1.2.1), which satisfies in addition,

uel*'(t,t+T; V)N LYQ, L (r,7 + T; V)). (1.2.13)

In fact, there exists a positive constant R depending on T, E(||¢||‘éy(v)) and B( fTT+T ! f’t'(s)”4 ds) such that

T+T
E( sup [l g v,) +E( f lu(s)ll*ds) < R. (1.2.14)

T<r<t+T

Proof. We split the proof into several steps as follows.

Step 1: We use the Galerkin method to construct an approximating sequence. Consider the Hilbert
basis {w;; j € N} C D(A) of V such that Aw; = = /l w;j, ¥ j > 1, denote by V,, the linear space spanned
by {wi,ws,...,w,} for m € N, and then put

W0 = ) an W), (1.2.15)

=1
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where a,, j(t) (j = 1,---,m) will be obtained as the solution of the following finite dimensional
system:

(" (1), ) + f (Au"(5), w;)ds + f (B (s)), wj)ds

= ((W"(7),w)) + f ((F(o) + 315, wy))ds (1.2.16)

+((w), f tgz(s,uf)dW(s))), Vielnt+T], jell,m], P-as.

u"(t+ ) = PLp(s), ¥ s € (—00,0],

where #,, : V — V,, is the projector.

By the similar argument in [13], for each m € N, the stochastic ODE (1.2.16) possesses a (local)
solution {a,,, j(~)};?’:1 in [7,1,,) with 7 < ¢, (by the initial condition, the value of a,, ;(-) in (oo, 7] is well
defined). From this, u™(-) is well-defined in [, #,,) (and thus in (—o0,1,)). Next, we will give a priori
estimates to ensure that the solutions «™ is global, i.e. t,, = +oo.

Step 2: We give a-priori estimates for the approximating sequence. We first claim that, for any

T > 0, the following inequality holds:

T+T
E( sup ||u:”||%y(v))+E( f ||um(s)||f)(A)ds)<R1, (1.2.17)

T<r<t+T

where R; is a positive constant depending on T, E(||¢||%y(v)) and E( fTHT ||f(s)||2ds).
Indeed, multiplying (1.2.16) by a,, j, summing those relations for j = 1,--- ,m and applying Ito’s
formula to ||u”(¢)||>, we obtain that

(o) + 2 f I Bguds = @ +2 f I (f(9) + i (s ), u"(5) )ds (1.2.18)
« [ Gt s + 2 [ (), Bt AW (5))
By (1.1.2), we can rewrite (1.2.18) as
" @I + 2 f t||u'"(s)||é(A)ds <llp(O)II* +2 f | ((Fo) + 21 (5. ), u"(9)) )ds
- [ ot s + 2(( | (5, Bl W)
< GO +2 f ) + s s

t !
+12 f ||u§”||%y(v)ds+2‘(( f u’7’(s),§2(s,uT)dW(s)))'. (1.2.19)
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By (0.0.42), the Young inequality and (1.1.2), we find

!
2f £ (s) + g1 (s, uDllllee™ (s)lld s
1 ! P
< 2/11_2f fCs) + g1 (s, D™ ()l payds
! ! !
<24 f IF(IPds + 247" L f 6113 vl s + f 6" (I, ds. (1.2.20)
Substituting (1.2.20) into (1.2.19), we obtain
! . ! ~ t
WO + [ 1Oy ds < 10O + 285" [ U5 + o [ 1l ds
T . T T
+2‘ f ((um(s),’gz(s,u;")dW(s)))|, (1.2.21)
where ¢, = L2 + 2;{1‘1%1. The above inequality implies

2 2y60 2 2y60 2
12, vy < max { sup e?|lu"(e + OIF, sup ™| (r + 0)]}
0<t—t T-1<6<0

< max{ sup e?|¢(t + 6 — D), sup et + 9)||2}

O<t—t T—1<6<0
. t+60 .
< max { sup & IpO)II°, sup 6279(||¢(0)||2 +247" f I£()IPds
0<0 T-1<6<0 T

t+6 1+6
+ ¢ f ||u§"||%7(v)ds+2' f ((um(s),'gz(s,ug")dW(s)))')}

, ¢
—2y(t— 2 2 -1 ( 2 c
< et T)||¢||CY(V) + ||¢||C7(V) + 24, f ILf (I ds + ¢y f ||M'sn||CY(V)ds
T T

+2 sup e’

T-1<6<0

1460
f ((w"(s). 2o, uT)dW(s)))‘. (1.2.22)

Taking supremum and expectation of (1.2.22), we find

! !
B sup 171, 1) < 22(161%, ) + 20, E( [ IFIPas)+ eo [ B sup I s

TSIt TSFSS

2v0

+2E( sup sup e f He((u'"(s),'gz(s,u;")dW(s)))'). (1.2.23)

TIr<t 7-r<6<0

By the Burkholder-Davis-Gundy inequality and (1.1.2), the last term of (1.2.23) is bounded by

r+6
f (o)t umaws))

2vy0

2]E( sup sup e

T<r<t T-r<6<0
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r+6
f (5Tt umaws) )
2c1E( f " (PG5, Py ))

%
<ZC1E( sup [l llc,(v) f IEz(s,uT)IlzdS))
TSIt

< 2E( sup

Tr+6<t

1
< 2E( sup |lu”||% (v) + 2C2L~ f sup |[u”||% (v))ds (1.2.24)

TSIt TSI<S

It follows from (1.2.23)-(1.2.24) that, for all r € [T, 7 + T],

2 sup 712, 1,) < 4B(I01E ) + 47,2 f I7IFds)+ cx f IE( sup 1, Jds. ~ (1:2.25)

TSIt TSISS

where ¢, = 2¢,(1 + 201L§2). Set

. T+
cr 1= 4B(I01, ) + 47 B f IF)IPds). (1.2.26)

which is finite due to ¢ € L*(Q,C,(V)) and f € I*(r,7 + T; V). Applying the Gronwall lemma to
(1.2.25), we find, for all r € [T, T+ T],

E( sup 1. ) < cre” =: Ruy. (1.2.27)

TSIt

Finally, we infer from (1.2.21) and (1.2.24) that, for all 7 € [r,7 + T],

'

T+T
B sup [ Il ds) < E(IgO)IP) + 27, f IF)IPds)

TSISt Jr
¢ T+T o, 1
+ = E( sup || ||c (V))ds + ZE( sup || ||C (V)) (1.2.28)

2 TSI<S TSIrst

which, together with (1.2.27), implies that there exists a positive constant R,

!
g f 1" (a ds) < Riz, ¥ m. (1.2.29)

Combining (1.2.27) and (1.2.29), we obtain (1.2.17) for Ry = Ry + Ry».
We also need to give the following estimate:

T+T
E( sup [l (V))+1E( f ||u'"(s)||4ds)<R, (1.2.30)

T<r<t+T

where R depends on T, E([|¢ll¢ (V)) and E( fHT ||f(s)||4ds).
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Indeed, by (1.2.18) and Ito’s formula, we infer from (1.1.2) that

o +4 [ P s
<l +4 [ I IR((F) + B, (50 + 2 | RIS, Wy s
+4 f I3, () + 4 f e IP((17(5), Bals YW ()
< IO +4 f e IFIFS) + 7 (s, wDlds
+6 f Rats, W) I ()| s + 4 f t||um<s>||2((u’"<s>,'§z<s, u!)dW(s)))
< oo +4 [ W IFIFS) + B, wlds
+3tf, [ W s + 3 | s + 4 | I, Bl W), (1.231)

where g is the adjoint operator of g,. By (0.0.42), the Young inequality and (1.1.2), we obtain

4 f I IPITE) + B, s
A, 5[ ™ ()Pl ()l ey 1F(5) + B (s, u™)llds
<L f W OIPIF(S) + B (s uleds + 2 f I (s
<47 f W IPIFIPds + 4T L2, f I OFIEE, ds
+2 f P (5 ds
<27 f IFIds + 3 f (s + 22712 [ e, ds
+2 f I P ()P ds, (1.2.32)

where ¢; = 2/1 '+ 12 ) Substituting (1.2.32) into (1.2.31),

!
WO + 2 f " S)IP(5)B ds

t t t
<|I¢(O)II4+2/1?1f IIf(S)||4dS+C4f ||um(s)||4ds+c5f 16 1¢. vy ds
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+4 f , " OIP (" (5), Bas, AW (s))), (1.233)

where ¢, = ¢35 + 3,¢5 = 3ng2 +2 I‘L%l.

By (1.2.33), we find

4 4y0 4 4y0 4
eI v, < max { sup e’llu"(t + O)|*, sup €llu(z + O)|I*}
o<t—t T-1<6<0

140
< maX{ sup ”’llp(t + 6 — DII*, sup 6479(||¢(0)|I4 +24;" f I f(s)l*ds
O<T—t 1<6<0 T

1+6 i+0
vo [ WIS ses [ I s
+4 f e ()E(( 5, g2<s,u'")dW<s>))|)}
! t
<N g, + W00+ 25 [ 1T s [ ot

t 1+0
+cs f I I¢, s + 4 sup e’ f ||um(s)||2((um(s),§2(s,uT)dW(s)))‘. (1.2.34)

T-1<6<0

Taking supremum and expectation of (1.2.34), we infer

B( sup 1%, ) < 2E(I91IE 1) + 27 'E f Il ds) + e f E( sup 112, Jds

TSIt TSISS

4y6

+4E( sup sup e

T<r<t 7-r<6<0

f ) ||Mm(S)||2((Mm(S),§2(S,M'S")dW(S)))’), (1.2.35)

where c¢ = ¢4 + ¢5. By the Burkholder-Davis-Gundy inequality and (1.1.2), the last term of (1.2.35)
satisfies

4E( sup sup e

T<r<t T-r<6<0

r+60
[ (o zsanaw))

r+60
f ||um<s>||2((um<s>,'§2(s,u’f)dwm)))‘)

r+6
[ ((umu),’g’z(s,uZ’)dW(s)))‘)

< 4]E( sup

Tr+6<t

< 4E( sup ||u’” IIC (v) Sup

TSIt Tr+6<t
1 r+0 2
< =E( sup ||u + 8E| su u"(s), g2(s, u)dW(s
SE( sup 141, ) (ng f (("(9), Zals, udW(s))) )
1 ' m 2 my|(12
< 5B sup Il ) + 8eB( | 1" OIPIBaC5, 1B 16)
TSIt
1
< 3B sup 1 ) + e f (s ) + des L f sup 71 1, Jds
TSIt TS
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1 !
< SE( sup W1 ) + s f E( sup ||u’r"||‘éy(v))ds, (1.2.36)

2 TSIt TSISS
where cg = 4c7(1 + ng). Substituting (1.2.36) into (1.2.35), we obtain

! !
B( sup ||u;”||?;y(v))<4E(|I¢|l‘éy(v))+4/11‘lE( f ||f(s)||4ds)+c9 f E( sup ||u’,"||éy(v))ds, (1.2.37)

TSIt TSISS

where cg = 2(c¢ + cg). Setting

T+T
¢ = 45(llgll ) + 44;‘15( f I f(s)||4ds), (1.2.38)
then applying the Gronwall lemma to (1.2.37), we deduce that

E( sup llll¢, ) < c"e®" =: Ry, Yt € [1,7+T]. (1.2.39)

TSIt

It follows from (0.0.42), (1.2.33) and (1.2.36) that for all ¢ € [, 7 + T'] such that

ﬁlE( sup ||um(s)||4ds)<2E( sup ||u'"(s)||2||um(s)||3)(A)ds)

TSISt J7 TSIt Jr

<E(l¢OI") + 278 f | 17l ds)

1 co ("
+ 5B sup Il ) + 2 f B sup I/l o Jds.  (1.240)

TSIt TSISS
which, together with (1.2.39), ¢ € L*(Q,C,(V)) and f € I*(r,T + T; V), implies that there exists a

positive constant R, such that

A
]E(f ||u’”(s)||4ds) <Ry Viel[rr+T] (12.41)

Combining (1.2.39) and (1.2.41), we obtain
t
E( sup 21 1) + E( f ||u'"(s)||4ds) <SR:=Ry +Ryp, Vie[r,r+T], (1.2.42)

which implies (1.2.30) as desired.
Step 3: We prove the existence of solutions to Eq. (1.2.1). Indeed, by Step 2,

W™ is bounded in L*(Q, L¥(t, 7+ T; V) N I*(t, T+ T: V) N I*(t, T + T; D(A)),
u"™(t + T) is bounded in L*(Q; V).

By (B2), (1.2.39) and (1.2.40), E(u’”) is bounded in I*(7, 7 + T;(D(A))*). Moreover, by (1.1.2) and
Step 2,

21(t,u") is bounded in I*(7,7 + T; V),
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2(t,u™) is bounded in I*(1,7 + T; L*(K, V).
Thus, there exists a subsequence u™ (still denoted by itself) and five elements
ue LlNQ L (x, v+ T; V) N I'(x,7 + T; V) N (1,7 + T; D(A)),
weLXQ; V), 1€ P(r,t+ T;(D(A)*), k; € P(r,7+ T; V) and k, € I’(t,7 + T; L*(K; V)) such that

W' = ouin LAQ, LY, T+ T3 V),

" — u in I*(r,7+T;V),

" = u in (r,7 + T; D(A)),

W(t+T)— p in L2(Q;V),

— Au" — BW™) — ¢ in I*(r,7 + T;(D(A))"),
21(t,ul") = k; in P, 7+ T;V),

2t u") — Kk in P(r,t+T; LK, V)).

As in [41], we extend Eq. (1.2.16) to an open interval (-6 + 7,7 + T + ¢) for any 6 > O such that
all terms are equal to O outside of the interval [7,7 + T].

Let ¢(7) be a function in W'3(=6 + 7, 7+ T + 6) with ¢(7) = 1. Put w;(¢) = y(t)w; for all integers
J = 1, where we recall that {w;} is the Hilbert basis of V such that {w;; j > 1} C D(A). Applying the
Ito formula to the function (u"(¢), w;(t)), we obtain

dw;(s)
ds

T+T +T
W"(t +T),wi(t + T)) = (u"(x), w)) + f (u"(s), )ds + f (—Au™(s) — Bu"(5)), wi(5))ds

T+T . T+T
+ f ((f(s) + (s, ), wi(s)))ds + f ((w(s), g2(s, uNdAW(s))).
’ ’ (1.2.43)

Taking limit of (1.2.43) as m — oo, we refer to the similar calculation as in [ | |, Theorem 2.6], then

T+T de(S) T+T T+
- f (u(). — = )ds = @(0). w)) + f (L w(s)ds + f ((F(9) + k1), w)W(s)ds

T+T
+ f Y($)((Wj, k2()dW(s))) — (, wy(t + T). (1.2.44)

Consider a sequence of functions {i;} such that y, — 1;,,.7) and the time derivative of ¢, tends to v,
weakly as k — co. We use ¢ in (1.2.44) to replace ¢ and then let k — oo, we find that

(u(t),wj)=(¢(0),Wj)+f<t(S),Wj>dS+f ((RS)+K1(S)’Wj))dS+f((Wj,KZ(s)dW(S)))
(1.2.45)
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forall < 7+ T with (u(t + T),w;) = (u,w;) forall j > 1, then
! ~ !
u(t) = ¢(0) + f(L(S) + f(s) + k1(s))ds + f K2 (5)dW(s) (1.2.46)
withu(t +T) = .
Let o(t) = f: ||y(s)||%)(A)ds, where y € I*(1, T+ T; D(A)) with y(t + 5) = ¢(s), s < 0. Applying Ito’s

formula to the process e~79?|ju(¢)||> and e79?||u"(¢)||* respectively, where o is the same as in Lemma
1.2.2,

Be o)) = B{lo o)) - B f t e Ny ()Pl
+ ZE( f t e (s), u(s))ds) + 2E( f t e_(’g(s)((f(s) + K1, u(s)))ds)

!
+ 5 f ol g5 ) (12.47)

and
8O @l ) = Bl oIF ) - 2 f t e ly(s) 1" (5P
+ 2E( fT t e~ Au"(s) — Bu"(s)), u’"(S)>dS)
w2s( [ O (Fls) + B )9 s
+]E( f " oo s, u';’)||f,¥.2(mds). (1.2.48)
Define three elements X, ¥,, and Z, by
X = -5 f e () () — ¥(s)IPds)
+ 2E( f O T (5) — B (5)). " (s) y(s»ds)
- 25 f O Ey(s) — B u'(s) - ¥(s))ds)
+ 2E( f [ (@1, ) = Za(s, 3., () y(s)))ds)
+ 5 f ot )~ B ¥l l5)

Vo= 5( f e Ol (sl ()P ) + 28 f e =R () = B (5), " (3))ds)
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+ 28 f (5, ), w(5)))ds ) + f O s, W)
Zn=-% f e (g (I 2007(5), ())ds )

+ 28 f T s) - Bl (5), ~¥()ds)

- 2E( f Ay (5)  Bly(s), '(s) - y(s»ds)

- 28 f (a5, 30 4 C5) - y(5)))ds) + 25 f (s, ~3(9))ds)

+ E( f[ e_gg(s)((gz(s, Vs) = 282(s, uy), g2 (s, ys)))gz(K,V)dS)'

We infer from the above equalities that X, = Y, + Z,,. By (1.2.3) in Lemma 1.2.2 and (1.2.9), we
have X,, <0,

0 > liminf X,

m—o00

> - f e Iy lu(s) - (o)IFds) + 28( f e u(s) - y())ds
- 26 f et (=A¥(5) = BO(6),u(s) - ()ds)

+ ZE( ff e—rrg(s)((/q — 8108, y5), u(s) — y(s)))ds) + E( f’ e |ky — 2o (s, ys)||~2/:2(1<,v>ds)-
T T (1.2.49)

Taking y(r) = u(f) in (1.2.49), since e 79? is bounded with respect to ¢t € [r,7 + T], we find that
Ky = g(t,uy), t € [1,7+ T]. By (1.2.48), we derive

Y, = E(e-‘f@(”num(t)uz) - E(Ilum(r)ll2) - ZE( f t e e((Fs), um(s)))ds), (1.2.50)

which, together with (1.2.47), implies

imint ¥, > (e ) - E(jec0?) - 22( | e (Fs) o))

n—0o0

= -5( [ oo Iyl lusPds) + 25( [ e utsnds)

28 [ ao))is)+ 5 B uts) @250

Besides,

m—00

liminf Z, > -2 f el (s) (NI = 20u(s), 5)ds ) + 25 f e, ~y(9)ds)
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- 2E( f O~ Ay(s) — BO(S)), u(s) — y(s>>ds)

- ZE( ft e‘”ﬁ’(”((gl(s, V), U(Ss) — y(s)))ds) + 2]E( ft e_‘TQ(S)((Kl , —y(s)))ds)

B[ e (@05, - 2Bt Bat5.00)

Therefore, by (1.2.49), (1.2.51) and (1.2.52), we have

LZ(K’V)ds). (1.2.52)

0> li”rgglf Xm = li”rlrlglf Y, + “,f}LE,‘f Zn
> —E( f | e 7Oy ()l B lueCs) — y(S)||2ds) + ZE( f t e, u(s) — y(s)>ds)
+ 2E( fT t e“"@(s)((Kl —81(8,y5), u(s) — y(s))ds))) - 2E( fT t OO Ay(s) — BOy(s)), u(s) — y(5) ds)
* E( f (s ) - Bl ys)”izm,wdb")- (1.2.53)

‘We further obtain
0 < f N, )~ Fals, ¥l )
< 28( f 0 Fy(s) — B () uls) — ¥(s))ds)
+ 2E( f t (105,35 = 1, () = y(s)))ds)
- 2( f O u(s) - ¥(s))ds) + o f () ) — yolPds) (1254
Let y(¢) = u(t) — 9z(t) with for any z € P(r,t+ T;DA)NI*t,7+ T;V)and ¢ € [0, 1], then
0< 213( f 0 K - 92) — Blu — 92, ﬁz)ds)
; ZE( f t (@1 (s s — 92) — 1, ﬂz))a’s) (1.2.55)

! !
- 28 f &7, 2)ds) + P f &5 s )
Dividing by ¥} on both sides of (1.2.55), and then letting ©} — 0, we have
! !
E( f e 4+ Au(s) + B(u(s)),z)ds) + E( f e (k1 = 31 (s, us),z))ds) <0. (1.2.56)

Since I*(t, 7+ T; D(A)) N I*(t,7 + T; V) is dense in I*(r,7 + T; V), we find
e+ Au(s) + Bu(s) + k1 = 3i(s,u,)) =0, ae.t€ [T+ T], w € Q. (1.2.57)
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Note that k, = gy(t,u;), t € [1,7 + T], we can rewrite (1.2.46) as
! ~ ! .
u(t) + f Au(s)ds + f B(u(s))ds

= ¢(0) + f (F(s) + Z1(s, us))ds + f 2o(s,u)dW(s), ae.te[n,t+ T, weQ.  (1.2.58)

Therefore, the existence of a weak solution has been proved.
Step 4: We derive the estimate (1.2.14). For eachn € N and T > 0, we can define a stopping time
7" as follows.

!
™= inf{t <t+T: W@ + f " ([ payds > n} (1.2.59)

For fixed m, the sequence {7)); n > 1} is increasing to 7 + 7. By (1.2.42) and (1.2.59), we obtain

(AT
B sup Il ) + B f " ('ds) < R, ¥ 1 € 5,7+ T (1.2.60)

re[rtnT]

Thanks to (1.2.60) and Fatou’s lemma, we deduce that (1.2.14) holds for every 7" > 0.

Step 5: We prove the uniqueness of solutions to Eq. (1.2.1). Let u,v be two solutions of Eq.
(1.2.1) with the same initial condition u(s) = v(s) = ¢(s — 1), s < 7, and let w := u — v. For every
ne€Nand T > 0, we can define a stopping time T, by

t
T,=inflr<t+T: f IV($)I[Bands > n}. (1.2.61)

In addition, let ¢(¢) := e I8 MM where o is given by (1.2.3) in Lemma 1.2.2 and ]E(f; IV()I34,d5)
is finite due to the steps 2-3. Applying Ito’s formula to the process ¢(#)|[w()||*, we infer from (1.2.3)
in Lemma 1.2.2 that

st ATIWE ATIP = -0 f . SOV W1
+2 f . s()(—AW(s) — B(u) + B(v), w(s))ds
+2 f (@510 — B, v, )
+2 f " (7, ot ) ~ B, v )W)
+ f " S 1)~ Bass v P

AT, tAT),
<- f (W) ads +2 f s()((21(5 ) = Za(s,vy), W(s)) )ds
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(AT,
+2 f S(5)((W(s), @25, 1) = Bals, v))dW()))

(AT,
+ f S(NE(s, 1ty) = 88, Vol 1y L5- (1.2.62)

Taking supremum and expectation of (1.2.62), we find

B sup 50 A Tl A TIF) + B f (5 A TIFCs A Tlfds)

TSIt

[ (6 @ats. ) - B vnaw)

< ZE( sup

T<Ir<tNT,

f (71510 = B, 7). W) ds

T

+ ZE( sup

TISIAT,

+ E( sup

T<IrSIAT,

f S(E(s, 4y) = 88, Vol o 1y LS

tATy, (AT,
<E( f S(9)IZ (s, us>—2§1<s,vs>||2ds)+E( f g<s>||w<s)||2ds)

) (1.2.63)
The Young inequality and (H15) imply

25 swp | [ (@510 ~ B0, ) s

TISIAT,

<@+ VE( [ st ATIIFG AT IFds)

< (Cy + 1)E( f sup (0 A T,)|[W(0 A T,,)||2a’s). (1.2.64)

T<O<Ss

By the Burkholder-Davis-Gundy inequality and (H15), we have

f , S()((WCs), @25, 1) = Zals, v))dW())) )

IAT, 2
< 2610E(( f (gz(s)”W(s)”Z”?z(S, uy) — ga(s, Vs)”zﬁ(K’V))ds) )

ZE( sup

T<r<tnT,

(AT, %
< 2cloE( sup ¢'2(s A T)IW(s A Tn>||( f G(9)IZ2(s, us) = 2als, vs)||iz(K,V)ds) )

TSt

1 N AT, _
< —E( sup ¢(s A Tp)lw(s A Tn)llz) + CIIE( f S(9)Ig2(s, uy) — g2(s, Vs)||2L2(K,V)dS)

2 TSt

1 . t
< —E( sup ¢(s A T,)|[w(s A T,,)||2) + 1G5, f E( sup ¢(8 A T,)I[w( A Tn)llz)ds, (1.2.65)

2 TSSE T<O<s

where ¢;; = 20%0. By (H15), the last line of (1.2.63) is bounded by

f s(9)Ng2(s, us) — ga(s, "AY)||2£2<K,V)dS

)

E( sup

T<IrSIAT,
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7V
<B [ OB 00 B s

!
< G f E( sup (6 A T,)|lw(0 A Tn)llz)ds. (1.2.66)

T<O<s

It follows from (1.2.63)-(1.2.66) that

!
E( sup ¢(r A T,)|[(r A T,l)||2) <cp f E( sup (0 A T)I[W(0 A Tn)llz)ds, Vielnt+T)

T<Ir<t T<O<s

where ¢y, = 2(5§1 +1+¢ 15§2 + 5§2). The Gronwall Lemma, together with 0 < ¢ < 1, implies

E( sup [[w(r A T,,)llz) —0.Vrie[nr+Tl.

5% Y

and thus,
urnT,) =virnT,), ae., w € Q.

Furthermore, by Markov’s inequality,

E( [ IM(s)I30ds)

!
PT,<t+T)= P(f ||v(s)||f)(A)ds > n) < .
T n

We infer from E( f: ||v(s)||%)(A)ds) <oothat T, —» 7+ T as n — oo. Therefore, u(r) = v(r), a.e., w €

for all » < 7 + T. The proof is concluded. O

1.3 Stationary solutions and their stability results

In this section, we are concerned with existence, uniqueness and stability properties of the stationary
solutions to (0.0.3). For this end, we need to assume that f(f) = f € (D(A))* (i.e. f(t) = f € H'(0)),
which is independent of the time.

1.3.1 Existence and uniqueness of stationary solutions

We now consider the abstract equation associated to Eq. (0.0.3):

Z—L; + Au(t) + Bu(0)) = f +21(t,u;) + Zot, ut)dd—‘:/, Vi>0,
u(t) = ¢(t),t € (—o0,0].

(1.3.1)

We denote by u(t) := u(t; ¢) the solution of (0.0.3) with 7 = 0, where ¢ = u.
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By a stationary solution to (1.3.1), we mean a constant solution (in other words, an equilibrium
point) of (1.3.1). Therefore, u., € D(A) will be a stationary solution if formally

— = ~ _ dwW
A+ Blu) = f+Z1(t o) + Balt.u)— -, V10, (13.2)

However, this equation depends on ¢ and a noisy term. Therefore, we would need to assume that
21 and g, would not depend on ¢, moreover, to get rid of the noise, we must assume that g, (7, u.,) = 0.

Consequently, we will focus on the existence of stationary solutions for the deterministic equation
(i.e. g2 = 01in (1.3.1)) which will be any u,, € D(A) such that

At + Bus) = fF+21(tus), Y130, (1.3.3)

and then analyze the behavior of the solutions to (1.3.1) around these stationary solutions of (1.3.3).
Now, in order to study the existence of solutions to (1.3.3), we have to restrict ourselves to assume
that for constant elements & € C,(V), g,(t,€) (i = 1,2) can be rewritten as

%18 = G(&) if &(s) = £, Y5 <0, (13.4)
where él :V — Vwith él 0) =0, éz .V = L%(K, V) with 52(0) = 0, they are Lipschitz continuous,

that 1s, there exist Lé,- >0@G=1,2),foralln, eV,

IG() - Gl < Lg,lIn = ¢, (1.3.5)
1G> = G2l 2y < L lln = £l (1.3.6)

For example, if g; (i = 1, 2) are driven by unbounded variable delay, defined by
(6, = GE=h@)), i = 1,2, (1.3.7)

with é, satisfying conditions (1.3.4)-(1.3.6), where h € C'([0, +o0)), h(t) > 0 and h* = sup,o h' (1) <
1. In this case, the delay terms g; (i = 1, 2) in our problem become g;(¢, u,) = é,-(u(t — h(t))).

Another example is the case of infinite distributed delay, that is, the delay terms g; (i = 1,2) are
defined by

0 P
gi(t, &) = f Hi(s,E(s))ds, (1.3.8)

where H, : (=00, 0] x V — V with H,(s,0) = 0, and H, : (—00,0] X V — LK, V) with H,(s,0) =0
are measurable, and they are Lipschitz continuous with respect to their second variable, that is, there
exist Lg (5) € [*(—0,0) (i = 1,2) with L,;{[(-)e‘(”e)' € L*(—0,0), for certain # > 0, such that for all
s € (=00,0],p, €V,

1H,(s. ) = Hi(s. Il < Lz, ()l = Il (13.9)
15, 7) = Ho(s Ol 2wy < Lig, (9l = £I- (1.3.10)
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In this case, we can rewrite the delay terms g; (i = 1,2) in our problem as g;(¢, u,) = f_ 000 Hi(s, u(t +
sNds (i =1,2).

The above both situations are within our framework, the conditions (H11)-(H15) are fulfilled for
the infinite distributed delay in C, (V) for y > 0, but not necessarily for the unbounded variable delay.
However, conditions (H11)-(H15) are satisfied for both delays in C_,(V).

Now, we are interested in studying the existence and uniqueness of a stationary solution to Eq.
(1.3.3).

Theorem 1.3.1. Assume that the above assumptions and notation hold. If A > Lz, then:

(a) For all ]76 (D(A))*, then there exists at least one stationary solution to (1.3.3), which belongs
toDA)iffeV; o
(b) If (1 — A;' Lz, )* > €A, || f1l, then the stationary solution to (1.3.3) is unique.

Proof. We can prove this result by using the same method as in [3 1, Theorem 10] (or [30, Lemma
3.2]), which is based on the Lax-Milgram, the Schauder theorems. Therefore, we omit the details. O

1.3.2 Local stability of stationary solutions

In this subsection, we will prove the local stability of stationary solutions to (1.3.3) for general delay
terms by using a direct method and then apply the abstract results to two specific situations.

Theorem 1.3.2. Suppose that the same hypotheses and notations in Theorem 1.2.4 and Theorem 1.3.1
hold. In addition, let

o, > L

+2C + C2. (1.3.11)
-4 "

If u(-) is any solution of Eq. (1.3.1), u., is the unique stationary solution of Eq. (1.3.3) and w(t) =
u(t) — U, then

E(Iw®IP) < E(Iw(O)IP) + (Cg, + CZ) f (Ilp(s) = ueclP)dis. (1.3.12)
Proof. Applying Ito’s formula to [|w(7)|[?, we obtain
WO = WO + 2 fo (= An(s) — Bluts)) + B, w(s))ds
+2 fo t (3165, 5) = 71 (s, 1), w(s) ) ls + 2 fo t (325, 15) = Zals, 1), w(s)) ) AW (s)

t
+ f llg2(s, us) — ga(s, uw)lli:z(K,V)dS. (1.3.13)
0

Taking expectation of (1.3.13), thanks to Fubini’s theorem,

!

(o) +2 [ B () )ds = E(Iw(O)F) -2 | BBt - B wisn)as

0
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+ 28 f (315, ~ B, ), w(s)))ds)

0

1
+ fo E(I122(5, 1) = Za(5s o)y ) - (1.3.14)

By (0.0.42), (B2) and (1.2.7), we deduce
) fo E(<E<u(s)) — B(uw), w(s)>)ds =2 fo E((E(um, w(s)), w(s)>)ds

!
<2 f Bl llw(s)IBy s
0

Y A
<202 f E(/ltteol oy W ()1 . (1.3.15)
0
By (0.0.42), (1.1.2) and (1.3.3), we find

lttcollBay = (Altoo, Uoo)
= ((f, Ueo)) + (811, Ueo), Ue))
~_1 ~ —_
< A 2 Mool peay + A7 Lz lteo I a (1.3.16)

which, together with :il > Iz, implies that

12071
lteollpiay < i (1.3.17)

- /11_11‘?1

Thanks to (1.3.16)-(1.3.17), we can rewrite (1.3.15) as

Jps - 22 A1 [ )
—2 f E((B(u(s)) — Bluws), w(s)))ds < —=—— f E(W(s)Ia))ds. (1.3.18)
0 1- /11 L§1 0

We now estimate the last two terms of (1.3.14) respectively. On the one hand, by (H14), (0.0.42) and
the Young inequality, with € > O to be specified later on, we deduce

28 fo (s - B, w(3)))ds)

1 !
<24’ f E(11g1 (s, 1) = 15, el (s)lIpeay ) s
0
1 ! ~ t
<z f E(Iw()p s + ed7' C2, f E(Iw(s))ds
0 —00
l ' 2 =12 ° _ 2
<z E(Iw()H s + €Ay C, E(1lp(s) — ueoll)ds
0 —00

+ ;! fo E(||w(s)||§)(A))ds). (1.3.19)
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On the other hand, by (H14) and (0.0.42), we find
!
f E(|E2(S, us) - gz(S, Moo)”i:Z(K,V))ds
0

0 t
<C~§z( f OOE(H«MS)—uoollz)dsfi;1 fo E(nw(s)n%)m))ds). (13.20)

It follows from the above inequalities that

THNAL 1~y o~
a(iwon) <o)+ (s Lot e -2y
1- /11 L:?-l €

0
( f B )ds) + @1;'CE + C2) f E(6(s) - I )ds

2 4~ -
E(IwO)F) + 4! (—=F = AL T 2 -2y

1-A'L;, &
( f B(Iw () )ds) + (e €2, + C2) f (I6(s) — ualP)ds.  (1.321)

In order to minimize the right-hand side of (1.3.21), we choose € = 4, C§_11 such that Z—; + eOF/TIICé
achieves its minimum value 2Cs,. Then, by (1.3.11), we have (1.3.12) as desired. |

In what follows, we will discuss the local stability of stationary solutions to (1.3.3) when the delay
terms have particular forms in C_,,(V), and establish some sufficient conditions in the next corollaries.
In this way, it is much easier for us to check the conditions than (1.3.11) in practical application.

Corollary 1.3.3. Under the same hypotheses and notations in Theorem 1.2.4 and Theorem 1.3.1, let
the delay terms g;(t,u,) = Gi(u(t — h(1)))(i = 1, 2) satisfy (1.3.5)-(1.3.7), moreover,

= 2(1 —h*)2Ls + L~
—~ 2 G
241 = E:.I,lf” + , G2
1- 7' 1 —n

(1.3.22)

is satisfied. If u(-) is any solution of Eq. (1.3.1), u., is the unique stationary solution of Eq. (1.3.3)
and w(t) = u(t) — ue, then

(1-h*)2Lz + L%

s f E(llg(s) = ueell)ds. (1.3.23)

E(IwIP) < E(IwO)]P) + 1—h

Proof. Taking h = s—h(s), we obtain ds = 1/(1—'(s))dh < 1/(1—h*)dh. Then, by (1.3.5), it follows
fo I181(s, 1) = Z1(s,vo)lPPds = fo IG1 (u(s = h(s))) = G1(v(s — h(s)))|ds

< L% f lu(s — h(s)) — v(s — h(s))|*ds
"Jo
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)23 t
< ﬁ f llu(s) — v(s)|ds, (1.3.24)
Lg,
Let C3, = W’ we deduce that, there exists Cz, > 0 such that the first inequality in (H14) holds.
Similarly, there exists Cg, = ‘/Ll_fh , such that the last one in (H14) holds. Thanks to (1.3.22), we
find
= 21 - h*):Ls + L2
~ 2 G
> Il fl N *1 2
1A' Ly, I=n
2c
> i +2Cq +C2, (1.3.25)
1- /ll_lL'gl

which implies (1.3.11). Therefore, by Theorem 1.3.2, we obtain (1.3.12) as desired, and thus,

E(Iw®IP) < E(Iw(O)I) + (Cz, + C2) f (Ilp(s) — uel?)ds

¢! —h*) 2Lz + L2

Gi G-
i f B(19() ~ ualP)ds. (13.26)

E(Iw(O)IP) +

The proof is concluded. O

Corollary 1.3.4. Assume that the same hypotheses and notations in Theorems 1.2.4 and 1.3.1 hold.
Let the delay terms g;(t,u;) = f_(; Hi(s,u(t + s))ds (i = 1,2) satisfy (1.3.8)-(1.3.10), moreover,

_ oralbal
o, > 2l
1 -7

1 81

+ 20 L7 200y + M 172 o) (1.3.27)

holds. If u(-) is any solution of Eq. (1.3.1), us is the unique stationary solution of Eq. (1.3.3) and
w(t) = u(t) — Ueo, then

0
E(IwI?) < E(wOIP) + (IL7 2 w0y + L7 1 o) f B(l6s) - ualPlds.  (13.28)

Proof. The proof is similar to the one of Corollary 1.3.3. It follows from (1.3.9) and (1.3.10) that
there exist C3, = ||L7~{i|| 2(—00) > 0 (@ = 1,2) such that (H14) hold, and then by (1.3.27), we obtain
(1.3.11). By Theorem 1.3.2, we deduce (1.3.28) as desired. O

Remark 1.3.5. In the case of infinite distributed delay, we can prove not only stability of stationary
solutions in C_(V) (see Corollary 1.3.4) even in C,(V), but also their exponential asymptotic stability
will be established as follows.
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1.3.3 Exponential convergence of stationary solutions

Under suitable assumptions, we prove that the solution u(¢) to problem (1.3.1) with infinite distributed
delay converges exponentially to the unique stationary solution u., of Eq. (1.3.3) in C,(V) for y > 0.

Theorem 1.3.6. Assume that the same hypotheses and notations in Theorems 1.2.4 and 1.3.1 hold.
Let the delay terms g;(t,u,) = foo Hi(s,u(t + s))ds (i = 1,2) satisfy (1.3.9)-(1.3.10), and moreover,
there exists a constant O < p < 2y such that for all t > 0,

~ 2211l 1 . 1 .
21, > 1_~—f +2(20) 2 |ILg, (Ve P |20y + %nLﬁz(-)e O ) TP (1.3.29)
1 81

is satisfied. If u(-) is any solution of Eq. (1.3.1), u., is the unique stationary solution of Eq. (1.3.3)
and w(t) = u(t) — U, then

E(Iwl?) < e(1+ )((2p>%||qul(-)e*”m'ny(_m,m

202y -p
L7, e P2 o) JE(I6 = sl )- (1.3.30)

and

E 2 <eP(2+ —— (20)2 1Lz (e " |2
(101, 0) < €7 (2 4 o5 (@) gy e s

FIIL7, O 1R, o ))E(l = ul, ). (1.3.31)

Proof. Applying Ito’s formula to e”'||w(1)||> with 0 < p < 2y, we find, for all # > 0,
& w@®|I> = WO +pf0t & lw(s)|Pds
+2 fo | E(s)) — Blu(s) + Bl wis)ds
+2 fo t (( f ’ (H(r, u(s + 1)) = Hi(r, ue))dr, w(s)) )ds

!
+f e’
0

+2 f , e’”((w(s), ( f ' Ho(r,u(s + 1)) — Ha(r, um)dr)dW)). (13.32)
0 —00

2

0 —_— —_—
f (Hao(r, u(s + r)) — Ha(r, us))dr

S
LAKV)

Taking expectation of (1.3.32), then using (0.0.42), we obtain
!
E(e”w()II”) +2 f E(e”|w(s)l[pa) )ds
0

!
<E(llg - uslle, ) + p 47" fo E(e”Iw(s)lF4))ds
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) f E(e’""(E(u(s)) - E(um),w(s)))ds
0

+ 2E( f: eps(( Ii (771 (ryu(s +r)) — 77(1 (7, lso))dr, W(s)))ds)

t 0 .
+E( fo e f (Fhruts + 1) = Fo(r e ))dr ;(K’v)ds). (13.33)
Thanks to (1.3.18), we deduce
o = AN
-2 fo E(e” (B(u(s))—B(uoo),w(s)))ds<#{11@ fo E(e”[w(s)IB )ds. (1.3.34)

By (0.0.42), (1.3.9) and the Young inequality with € > 0 to be specified later on, the fourth line of
(1.3.33) is bounded by

¢ 0 —_
ZE(Lfs((I (7-{1(r,u(s+r))—Wl(r,uoo))dr,w(s)))ds)
. t 0
<2E( [ ([ Laets +ldr) - ol ds)
A -1 ' N ? 2 1 t S 2
< e E(‘fo ep(f Lﬂl(r)llw(s+r)||dr) ds)+gE(fO e’ ”W(S)”D(A)ds)

_ 1 4
_. 8/1]11+5E( f epsnw(s)nf)(A)ds), (1.3.35)
0

where [ is estimated as follows. By the Holder inequality,

1= f o f O Ly (lw(s + lidr) ds)
0, 2
E( f ' f Lz (N e, dr) ds)
Ot - 0 2
:E(\f(; el"s||\/vs||?:y(v)(b[:Oo L(ﬁl(r)e‘()/ﬂ’)reprdr) ds)

! 0 0
<E( f & Iwllg, f L% (e dr f ez”’dr)ds)
0 -0

—00

1 /
[~ (e |12 E y 2
< 2,0” 'Hl( )e ”LZ(—oo,O) (‘f(; e’ ”Ws”cy(v)ds)

N

1
_ 2
< 2_p||L7—:{1(.)e ) ||L2(—00,0)X

!
E(f e’ max{ sup e?|lw(s + O)|I*, sup e??|w(s + 9)||2}ds)
0

0<—s 0e[-s5,0]

1 !
— (No—rtP) 2 —2y-p)s| 4 _ 2
< Zp”Lﬂl( )e ”LZ(—oo,O)E(j; (e Il uooHCy(V)
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+ 1 sup e P (s + H)II%)(A))ds). (1.3.36)
fel—5.0]

Thanks to (1.3.10), we obtain the following result by using the same method in (1.3.36):

]E( j(; t e’
t 0 >
<E( f & f Ly, (llw(s + r)ldr) ds)
0 —00
t 0
<E( fo ' I Lﬁz(r)e_yrllwsl|C7(V)dr)2ds)

[ee)

1 !
— (N~ P> |2 ~Q2y-p)s|| 4 _ 2
< 2P||L(H2( )e ||L2(—W,O)E(£ (e ||¢ uoo”cy(v)

2

0 —_— —_—
f (Hao(r,u(s + r)) — Hay(r, us))dr

ds)
L2(K,V)

+:1';1 sup 6(2)’P)Hep(HH)Hw(s+0)||%)(A))ds)_ (1.3.37)

0€[—s,0]

Substituting (1.3.34)-(1.3.37) into (1.3.33), then by 0 < p < 2y, we have

—( 22l ¢ . A
E(e”IwOI?) < E(lld — ool 1)) + 4 1( b —— Ly (e P,
( ) ( CV(V)) 1 1 _ /ll_ngl 2p/11 H Lz( 00,0) €

1 . !
_ —( )-112 r 2
+ S5O M P - 241) fo B( max e Iw(rl 1 )ds

Ui ~(r+p) 2 ~(r+p) 2
+ Z(E/ll ||er[l()e e ||L2(—00,0) + ||L7?[2()e re ||L2(—oo,0))x
!
E(lle — ueollZ 1) f eI ds. (1.3.38)
0
Notice that
: € (A~ rtp) 2 1 — =INT — (N~ (rtp)
ggg{zpzlllL%()e o + 3} = 22007 H L7, O N2 wmoy (1.3.39)

which is achieved by & = (2,0)%11||L(f~{1(~).e‘(““p)‘||zzl(_oo o- Then, we infer from (1.3.38), (1.3.39) and
(1.3.29) that (1.3.30) holds. ’
By (1.3.30), and by 0 < p < 2y, and thus ¢®*? < 1 when 6 < 0, we find, for all > 0,

E(Iwilg, ) = E( sup 2wt + O)|)

= E( max{ sup  e?||p(t + 6) — u|l>, sup e™|lw(t + 9)||2})
fe(—o0,—t] 0e[-1,0]

-2 2 2y0 2
E( max {e "ll¢p — uolle, vy sup e liw(t + O })
0e[-1,0]
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1 |
< max {e-P’E g — teollZ 1 )s € (1 + =—=——((20)2 1Lz (e " || 2o
( ¢ Cv(V)) ( 202y —p)( L H, L2(=0,0)

L7 O P JE(ll6 - ”oo”éy(w)}

< (2 4+ 5 ((20) L7, (Ve e
( 2p(2y —p)( e PO
F Lz O o) JE(I6 = sl ). (1.3.40)
Therefore, the proof is complete. m|

Remark 1.3.7. In Section 1.3.2, we only analyzed the stability (rather than asymptotic stability) in
the case of unbounded variable delay and proved in the current subsection the exponential stability
in the particular case of distributed delay in C,(V). Therefore, next, we are interested in studying the
asymptotic stability for such variable delay in C_.,(V). More precisely, on the one hand, we will prove
the asymptotic stability by the method of Lyapunov functionals construction. On the other hand, we
will prove the polynomial asymptotic stability with proportional delay, which is a particular case of
unbounded variable delay.

1.3.4 Asymptotic stability: the Lyapunov functional method

In this subsection, we first investigate the asymptotic stability of the trivial solution of the following
abstract nonlinear stochastic partial functional differential systems by constructing suitable Lyapunov
functionals. In the last part of this subsection, we will apply the abstract results to Eq. (0.0.3).

Now, we consider the following problem:

{du(t) = (A(t,u(t)) + F1(t, u,))dt + Fr(t,u)dW(t), Vtel0,T], (1341)

M(t) = ¢(t)’ re (—OO, 0]7
where A(t,-) : D(A) — (D(A))* satisfies (A(z, u), u) < 0, for all u € D(A), Fi(t,-) : C_(V) — V and
Fyt,) : C_oo(V) = LXK, V) satisfy the following conditions: F1(t,0) = F»(1,0) = 0 and they are
Lipschitz continuous, that is, there exist Lg, > 0 (i = 1,2) such that for all > 0 and n,{ € C_(V),
|1t m) — Fr(t, O < L In = Lle_wvys
1E5(5 1) = Bt Dll vy < Ll = Llle_vy- (1.3.42)
By the similar estimates as in Section 1.2, the well-posedness of (1.3.41) can be proved. Fixed

T > 0 and given an initial value ¢ € L*(Q, C_.(V)), a solution to (1.3.41) is a stochastic process
u € I*(0,T; D(A)) N L*(Q, L>(0, T; V)) satisfying

u(t) = ¢(0) + f A(s, u(s))ds + f F\(s,uy))ds
0 0

!
+f Fy(s,u)dW(s), P—a.s., ¥Vt €[0,T], (1.3.43)
0

u(t) = ¢(1), 1 € (=00, 0],
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where the first equation is understood in (D(A))*.
We denote by u(-; ¢) the solution of Eq. (1.3.41) corresponding to the initial condition ¢.

Definition 1.3.8. The trivial solution of Eq. (1.3.41) is said to be p-stable, with p > 0, if for any € > 0,
there exists 6 > 0 such that E(||u(t; ¢)||P) < €, forallt > 0, provided that II(/’)II‘;7 := supyo E(ll@O)II7) < 0.
If, besides, lim,_, .., E(|lu(t; p)|I’) = O for every initial function ¢, then the trivial solution of Eq.
(1.3.41) is called asymptotically p-stable. In particular, if p = 2, then the trivial solution of the
system (1.3.41) is called asymptotically mean square stable.

Consider the stochastic differential of the process 1(f) = x(z, u(t)), where u(¢) is a solution of the
system (1.3.41) and the function x : [0, o) X D(A) — R, has continuous partial derivatives:

_Ox(t,u) Y- Ox(t, u) s 0*x(t, u)
T L T A

Applying Ito’s formula to 7(¢) we obtain

/

dn(t) = Lx(t, u(t))dt + (x, E(t, u)dW (1)), (1.3.44)

where (-, -) denotes inner products in Hilbert spaces, and L is called the generator of Eq. (1.3.41),
defined by

Lx(t,u;) = x,(t, u(t)) + (x,(2, u(®)), A, u(0) + Fy(t,u)) + %tr(x;’u(t, () ot u) QF3(t, uy))-

We then apply the generator L to some functionals U(z, &) : [0, 00) X L2(Q,C_(V)) — R,. In
addition, assume that U(¢,¢) = U(t,£(0),£(6)),0 < 0, and for & = u,, then set

Ue(t,u) = Ut,&) = U(t,u) = U(t,u,u(t +0)), 6 <0,
u = &0) = u(z). (1.3.45)

Let D be the universe of functionals which satisfy conditions (1.3.45). Any functional Ug(z, u) € D
has a continuous derivative with respect to ¢t and two continuous derivatives with regard to u. Then,

OU(t, u(t)) N <6U§(t, u(t))
ot ou
1 (02U§(t, u(t))

+ (S Fa(t.u)QF3(, u))-

LUt u;) = LA u() + i)

Thanks to Ito’s formula, we obtain, for functionals from D,
!
E(U(t u) - Us,uy)) = f E(LU(r,u))dr, t>s. (1.3.46)
In the next proposition, we generalize the idea of Shaikhet in [109, Theorem 2.1] to the infinite

delay version of stochastic partial differential equations. Let us now prove the following result which
plays an important role in our stability investigation.
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Proposition 1.3.9. Suppose that there exists a continuous functional U(t, £) : [0, 00)XLP(Q,C_(V)) —
R, such that for the solution u(t) of problem (1.3.41) and p > 2, the following inequalities hold for
some positive constants iy, U, and s,

E(U, u) = mE(u@I”), Y1 >0,

E(U(0,¢)) < pallgllf,

EU(t, u) — U0, 9)) < —u3 f E(lu(s)I")ds, Yt > 0. (1.3.47)
0

Then the trivial solution of equation (1.3.41) is asymptotically p-stable, that is,

t1i1+n E(|u()||?) = 0. (1.3.48)
Proof. We infer from (1.3.47) that
mE(lu@®)”) < EU(t, u,)) < E(U(0, ) < wllgll] = 12 Sup E(llp@II"), (1.3.49)

which proves the trivial solution of equation (1.3.41) is p-stable. Taking supremum of (1.3.49) with
respect to #, we find

sup E(lu()Il”) < %Ikﬁll’f (1.3.50)

=0

Thanks to the last two lines of (1.3.47), we obtain

« 1
f E(llu(s)II")ds < —E(U(0, ¢)) < &Hﬁbllf < oo. (1.3.51)
0 H3 M3

Applying the generator L to the function U(t, u,) = ||u(?)||, by the Young inequality and (1.3.42), we
have

LUt u) = Llu@IP = pllall”>(Aw), u) + pllull?>(F (2, 1), )
i (P=2), s
+ DO 1) gy, + O 1)

2
(P=1, e
0l 12 A7

pip-1)
2

< pllull”((F 1 (2, ), w)) +

< pllull” A (8w - Null) + NP1 F(t u) gy,

pip—1)
2

p JZ ) -2 2
< Ellu(t)ll” + ELﬁlllu(t)ll” leedlle_ vy +

14 — -2 2
= Ellu(t)ll” +elluN” udle_ v,y

P — P L p
< (5 + Q)OI + Tl

2 =211, 112
Lo MO Nl v

P —~  — —
< (5 + @+ ), = Cllul?. (13.52)
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where ¢ = ngﬁ] + @Léz,a = a(’; 2 and ¢ ZA‘ . The above inequality implies
E(LU(la I/l[)) C4E(”utllc (V)) = ’C\S < 00. (1353)

Combining (1.3.46) and (1.3.53) , we obtain, for any # > s > 0,
[Eu)P) = EQlu(s)IP)] < Tt - 9), (1.3.54)

which implies that E(|u(r)|”) is Lipschitz continuous, together with (1.3.50) and (1.3.51), shows that
E(|lu()]|’) — 0 as t = +co. This completes the proof. O

We state our asymptotic stability result by applying the previous abstract results to our model in
the next theorem.

Theorem 1.3.10. Assume that the same hypotheses and notations in Theorems 1.2.4 and 1.3.1 hold.
In addition, let the delay terms g;(t,u;) = G;(u(t — h(1)))(i = 1,2) satisfy (1.3.5)-(1.3.7), f 0 and

201 -h)iLg + I
24, > . (1.3.55)

Then u,, = 0 is the unique stationary solution to problem (1.3.3). Moreover, the trivial solution of
(1.3.1) is asymptotically mean square stable.

Proof. We first infer from the assumption f = 0 and Theorem 1.3.1 that u,, = 0 is the unique
stationary solution to Eq. (1.3.3). We then let

(1-h")2Lg + Lé 0
U(1,€) = €O + 7 - fh IE(s)Ids, (1.3.56)
~h(t)

if £ is replaced by u,, then

(1-h")2Lg + 1%
U(t,u;) = lu@)|® + g f llu(s)|Pds, (1.3.57)
1 - h* —h(7)

and then let A(t,u) = —Au(r) — Bu(®), Fi(t,u;) = 21(t,u) = Gi(u(t — h())), Fat,u) = alt,u) =
Go(u(t — h(t))) in (1.3.41), by (0.0.39), (0.0.42), (1.3.5) and (1.3.6), we obtain

Llu)I* = 2(=A(w) = Bw), u) + 2(G1 (ut = kD)), 1)) + |Gt = KOy ey,
< =2lullpys, + 201G e = ROl + L lu(t = R@)IP

!

23 2 ( ) Lgl *
< =24 [lull +Wllull +(1-h": g llu(t = h(D)I? +L ||u(t—h(t))||
(1-h)'Lg .
COMllP + ((1 = )2 L, + LE Ylute = )P, (1.3.58)

:(—ZZ]+W
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then

(1-h"):Lg + LX
LU w) = L@ + ——— Zj‘ lu(s)IPds)

t—h(t)
2 (- h*)%Lél i Léz 2 : 2 2
< Lilu(®|P? + P = (= B L, + L Jlutt = @)
_ 2(1-hY)iLg + L?éz .
< ( =24, + T~ )llu(t)ll , (1.3.59)

which, on account of (1.3.55), implies LU(t,u,) < 0. Moreover, the functional U(t, u,) defined in
(1.3.57) satisfies the conditions in Proposition 1.3.9, and thus the trivial solution of (1.3.1) is asymp-
totically mean square stable in the sense of Definition 1.3.8. O

Remark 1.3.11. By using the method of Lyapunov functionals construction, we obtain the asymptotic
stability of the trivial solution to (1.3.1) with unbounded variable delay. Notice that condition (1.3.55)
becomes exactly condition (1.3.22) when f = 0. Therefore, Theorem 1.3.10 ensures asymptotic stabil-
ity under the same sufficient conditions which ensures only stability in Corollary 1.3.3, which means
that the construction of Lyapunov functionals may provide better stability results. Furthermore, our
analysis is also valid to study the asymptotic stability for the general case, that is, if the stationary
solution is not the origin, in this case, we can shift it to the origin by a coordinate transformation.

1.3.5 Polynomial asymptotic stability for a particular case of unbounded vari-
able delay

In this subsection, we study the polynomial asymptotic behaviour of solutions to deterministic panto-
graph equations. In the particular case of proportional delay, we not only prove asymptotic stability
but we can determine that the rate of convergence is at least polynomial. Now, let us consider the
following deterministic pantograph equation:

{ X'(t) = a\X(t) + a,X(00), V t > 0, (1.3.60)

X(0) = Xo,

where a;,a, € R,and 8 € (0, 1).
Recall that the Dini derivative DT F, where F is a continuous real-valued function of a real variable
defined by

F(t+906) - F(t
D'F = limsupM.
510 0

Thanks to [3, Lemma 3.4], we present the following result which is useful to obtain the polynomial
asymptotic stability of stationary solutions to (1.3.60).
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Lemma 1.3.12. Let a; € R,a, > 0 and 6 € (0,1). Assume that X satisfies (1.3.60) with X, > 0. If
there exists a continuous non-negative functiont — Y(t) : R, —» R,

DY) < a1 Y(®) +axY(6r), t>0 (1.3.61)
with 0 < Y(0) < X, then Y(t) < X(t) forall t > 0.

Lemma 1.3.13. Assume that X is the solution of (1.3.60). If a; < 0 and a, € R, there exists a constant
My = Mo(ay, a2, 0) > 0,

lim sup 'th)' = My|X,), (1.3.62)
where 3 € R satisfies
ai + lasl€” = 0. (1.3.63)
Then, for some M = M(a,, a,,0) > 0,
X < MIXo|(1+1F, t>0. (1.3.64)
Proof. The proof is similar to [3, Lemma 3.5], thus the details are omitted here. |

Note that the polynomial asymptotic stability of the trivial solution to (1.3.60) is presented in the
above Lemma when 8 < 0. In the following, we apply the idea to derive the polynomial asymptotic
stability of stationary solution to (1.3.1).

Theorem 1.3.14. Assume that the same hypotheses and notations in Theorems 1.2.4 and 1.3.1 hold.
In addition, let the system (1.3.1) satisfy f = 0, the delay terms g,(t,u;) = Lzu(0t) (i = 1,2) with
0 € (0,1) and 24, > 2|L3| + Lg%, then the origin is the unique stationary solution of Eq. (1.3.3),

moreover, any solution u(t) of Eq. (1.3.1) converges to zero polynomially, that is, there exist M =
M(lz,1%,,4,,0) >0and B <0,

E(lu(t; 9)IP) < ME(IBlIE )1+ 1, >0, (1.3.65)

where 8 satisfies =24, + |Lz,| + (L, | + ng)ég =0.

Proof. The conclusion that the origin is the unique stationary solution of Eq. (1.3.3) follows from
f =0 and Theorem 1.3.1. Applying Ito’s formula to ||u(z)||?, then taking expectation, we obtain

E(lu(®)I’) = E(lu(0)II*)
<—2E(fo ||u(s)||%(A)ds)+|L§1|E(£ ||u(s)||2ds)+(|L§1|+L§2)E(f(; ||u(95)||2d5)

< (<2 + | Lz, DE( fo le()IPds) + (ILg,| + L2 )E( fo lu(@s)|*ds), ¥ t >0,



40 STOCHASTIC 3D LANS EQUATIONS WITH INFINITE DELAY ON BOUNDED DOMAINS
where we used (0.0.42). Let v(f) = E(||u(?)||?), then
V(1) < (=24, + |Lz, Dv(t) + (L5, | + ng)v(et). (1.3.66)
By Lemmas 1.3.12-1.3.13, we obtain that there exist M = M(Lgl, ng,zl, f) > 0 and 8 € R,
(1) < Mv0)(1 + . (1.3.67)
Since =21, + 2|Lg | + Lé%z < 0, we deduce 8 < 0 and
E(lu()I’) < ME(IIP)(1 + 1 < MEIBIZ. o)1 + 1.

The proof is complete. O

Remark 1.3.15. As a matter of fact, we can take into account a more general case in the form of
2i(t, &) = Gi(&(—(1 = O)1)), where G,(-) is Lipschitz continuous.



Chapter 2

Non-autonomous stochastic 3D
Lagrangian-averaged Navier-Stokes
equations with infinite delay on unbounded
domains

This chapter is devoted to investigating mean dynamics and stability analysis for stochastic 3D LANS
equations driven by infinite delay on unbounded domains. We first prove the existence of a unique
solution to stochastic 3D LANS equations with infinite delay when the non-delayed external force is
locally integrable, the delay term is globally Lipschitz continuous and the nonlinear diffusion term is
locally Lipschitz continuous. This enables us to define a mean random dynamical system. Besides,
we find that such a dynamical system possesses a unique weak pullback mean random attractor.
Furthermore, we prove the existence and uniqueness of stationary solutions to the corresponding
deterministic equation via the classical Galerkin method, the Lax-Milgram and the Brouwer fixed
theorems. The stability results of stationary solutions are also considered, including local stability,
exponential stability, asymptotic stability via Lyapunov method and polynomial asymptotic stability.

2.1 Some suitable hypotheses

In order to analyze our problem, we need to establish some suitable assumptions. We first suppose
that the non-delayed external force is locally integrable, that is, for all T € R, T > 0,

felPat+T;H'O)). 2.1.1)

Then, we need some assumptions on delay term.

Let g : R x C,(V) —» H(O) satisfy the following conditions:
(G21) For any n € C,(V), g(-,n) is measurable;

(G22) g(-,0) = 0;

41
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(G23) There exists a constant L, > 0 such that forallz € R and n,{ € C,(V),

lg(z,m) — &, Dlla-10) < Lelln = Lllc,wv)s

(G24) There exists a constant C, > 0 such that, forall T € R, > rand u,v € C%((=c0,1]; V),

t !
f llg(s, us) = g(s, vollii o, ds < Cﬁ[ llu(s) = v(s)IPds;

(G25) There exists a constant @ > 0 such that, for all T € R, > 7, all decreasing function
w € C'([r,1]) and u, v € CO((=o0,1]; V),

f @()lIg(s, us) = g(5, V)1 0,5 < gﬁf @(s)llu(s) = v(s)|Pds.

For the diffusion coefficient, we will impose some suitable assumptions as follows.

Let o : R x V — L2(K,L*(0)) be measurable, and locally Lipschitz continuous, that is, for every
r > 0, there exists a positive constant L, depending on r such that for all t € R,w;,w, € V with
Iwill < rand [[woll < r,

llo(t, wi) — o(t, w)ll 2 k1200)) < Lellwi — wall. (2.1.2)

Besides, suppose that there exists a constant L, > 0 such that, for all (r, w) e R X V,

llo(, Wl r2k120p) < Le(1 + [IW]. (2.1.3)
Now, let us define f(¢) as
(F(B), W) = (f(B), w1, ¥ (1, w) ER X V. (2.1.4)
Define 3 : R x Cy(V) — V as
((g(t,m), w)) =g(t,m),w)-1, ¥ (1,1, w) ERX C, (V) X V. (2.1.5)

By (2.1.1) and (2.1.4), we obtain fe I*(t,7 + T;(D(A))") for any 7 € R and T > 0. It follows from
(G21)-(G25) and (2.1.5) that g : R x C,(V) — V satisfies the following conditions:

(H21) For any n € C,(V), g(-,17) is measurable;

(H22) ¢(-,0) = 0;

(H23) Setting L7 = L,, we obtain, for all t € R and 1, { € C,(V),

gz, m) — g(&, DIl < Lelin = Lllc,w)-
It follows from (H22) and (H23) that, for all n € C,(V),

g, Ml < Lelinllc,wv).- (2.1.6)
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(H24) Letting Cz = C,, forall T € R,7 > 7 and u, v € CO((—o0,1]; V),
! !
I18(s, us) — (s, vo)llPds < C%f llu(s) = v(s)IPds;

(H25) Taking E-gv = Eg, for all T € R,t > 7, all decreasing function @ € C°([r,7]) and u,v €
CO((=00,1]; V),

f @(s)|[g(s, u) = &(s, vo)lPds < 5§f @ (s)llu(s) = v(s)IPds.

Finally, we define o : R x V — L2(K, V) as
o(t,v) = +aA) " o Poo(tv), ¥ (t,v) eRXY,
where [ is the identity operator in H and I + @A : D(A) — H is bijective. Moreover,
(I + aA) 'u,w)) = (u,w), Yue H, we V.
Hence, for the orthonormal basis {e;} of K, we have
(o(t,mej, w) = (I + aA)o(t,me;, w) = ((0(t, mej, w)),
forall j > 1and (t,v,w) € RX V X D(A), by (0.0.31), we further obtain that

( f (s, mdW(s),w) = >’ f (o (s, mej, w)dB’(s)
T j=1

T

-, f (@ (s, e w)dBi(s)
j=1

T

= (( ft o(s, n)dW(s),w)). (2.1.7)

It follows from (2.1.2), (2.1.3) and (2.1.7) that o : R x V — L*(K, V) is measurable, and locally
Lipschitz continuous, that is, for every 7 > 0, there exists a positive constant L depending on 7 such
that, for all # € R, wy, w, € V with ||wy|| <7 and |[w,|| <7,

llo(t, w1) = o (t, w)ll p2kvy < LAlwy — wall. (2.1.8)
In addition, there exists a constant Lz > O such that, for all (r, w) e Rx V,

llo(t, Wl 2k, vy < La(1 + [[wl). (2.1.9)

2.2 Well-posedness and mean dynamics

In this section, we investigate the well-posedness and mean dynamics of the stochastic 3D LANS
system (0.0.4) with infinite delay and locally Lipschitz nonlinear noise.
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2.2.1 Well-posedness of stochastic 3D LANS equations

In this subsection, our main aim is to prove the well-posedness of the stochastic 3D LANS equa-
tion (0.0.4). Based on the previous operators and assumptions, we consider the following abstract
equation:

du ~— ~ = — — dW(t)
T + Au(t) + B(u(t)) = f(t) + g(t,u,) + o(t, u)—dt , Yi>T, 2.2.1)
u(t +5) = ¢(s), s € (—o0,0].

Definition 2.2.1. Suppose that ¢ € L*(Q, C,(V)) (which is a Fo-progressively measurable V-valued
processes) and T € R. A stochastic process u defined on R is called a solution to system (2.2.1) if

uelP(t,t+T;DA) N LAQ, L (1, 7+ T; V), VT > 0,

u; = ¢, and the system (2.2.1) is satisfied in (D(A))*, that is, for almost all w € €,

((u(t), w)) + f (Au(s), wyds + f (B(u(s)), wyds
= ((¢(0), w)) + f ((FCo) + 35 we) w))ds + ((w, f (s, dW(s))), (2.2.2)

forallt > T and w € D(A).

In order to prove the well-posedness of problem (2.2.1), for every n € N, we introduce a sequence
of cut-off functions &, : V — V (n € N) defined by

£uv) = { Uﬂ ’ o ”Z” S (2.2.3)
Then, &, : V — V is globally Lipschitz continuous:
€. (V1) = En)ll < vy —vall, Yur,v2 €V, (2.2.4)
and
lE@Il<n, YveV. (2.2.5)

Given n € N, let o,(t,v) = o(t, &,(v)), then we infer from (2.1.8), (2.1.9), (2.2.4) and (2.2.5) that,
for every n € N, there exists a positive constant L, such that for all t € R, vy, v, €V,

llou(t, v1) = ou(t, V) 2k vy < Lullvy = vall, (2.2.6)
and

o7 (8, Wl 2k, vy < Le(1 + (VD). (2.2.7)
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Next, we consider the approximating system (n € N):

dt dt (2.2.8)

{ du” + Zu”(t) + E(u”(t)) = f(t) +g(t,uy) + on(t, u”(t))dW(t), Yt>1, T€R,
ur(s) = ¢(s), s € (—o0,0].

For every n € N, 7 € R and ¢ € L*(Q, C,(V)), the approximating system (2.2.8) has a unique
solution " by using the same method as in [4]. Therefore, one can define random stopping times by

t, = inf{t > 7 : |[u"(®)|| > n}, Yn e N, (2.2.9)

where ¢, = +o0 if {t > 7 : ||u"(?)|| > n} = 0.
We will need the following lemma when proving the well-posedness of problem (2.2.1), which
can be obtained in a similar manner as Lemma 1.2.2.

Lemma 2.2.2. For all u,v € D(A), we have

~2(AW + B(u) — B(),w) < =[[WlPIvllHa), (2.2.10)

N | 0]

where w = u — v.

Theorem 2.2.3. Suppose that (H21)-(H25), (2.2.6) and (2.2.7) hold. Let ¢ € L*(Q, C,(V)) and

]TE I*(t,7+T;V), then the stochastic system (2.2.1) has a unique solution u in the sense of Definition
2.2.1 such that for every T > 0, there exists a positive constant R depending on T, ]E(||¢||éy(v)) and

E( [T If(IPds),

T+T
E( sup ||u,||%;y(v))+E( f ||u(s)||§,(A)ds)<R. (2.2.11)

T<r<t+T

Proof. We split the proof into the following four steps.
Step 1: We prove 1.1 > t, almost surely. In fact, we only need to prove the following equality
holds:

WAL =Wt AL), Pas. Y1, neNlN. (2.2.12)

Without loss of generality, we may assume that E( fT ' ||u”(s)||f)( A)ds) < oo. Actually, this is a direct

consequence of the Step 2. Set Let u"(f) := u""'(¢t) — u*(t),s(t) = P LG Applying Ito’s
formula to the process ¢(¢)|[u"(#)||?, by (2.2.10) in Lemma 2.2.2, we deduce, for all t € [r, 7 + T],

. C Aty ; .
st A"t AP = _Ef SN ()l " ()P

-2 f ’ s(s){AW'(s) + Bu"'(5)) — B"(5)), u"(s5))dss
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v2 [ G, 1)~ T, ), T (5

+ fT’A‘n ST (5, ™) = T (5, iyl

+2 fT - S)((#'(s), @or (s, 0™y = T, u")dW(s)))
<2 f“n (s, uy™) —gls, u), u"(5)))ds

+ j; - ST 1 (5, 6™ 1) = T8, )2 g 1,8

22 [ (6 G -5 NaW ). @213

By (H25) and the Young inequality, we find
AL,
2 [ SNl = B T (o)
’ AL, I\
< f S(9)IIg(s, ™) = g(s, u|Pds + f s(s)ll"(s)|Pds

1AL, A
<C: f s(I"(s)|Pds + f s()I"(s)|Pds

t

<S(@C+1) | sup s A" (I A w)lPds. (2.2.14)

T T<OLS

Thanks to (2.2.6), and the fact that 7,(s, u") = T 1 (s, u") for all s € [1,1,], we obtain
AL,
—_~ +1 o 2
fT S(MT 1 (s, u™ ) = Tuls, U2 1S
AL,
B I ST 1 (5, ™) = T (8, W s

!
<Ly, f sup ¢ A L)W' (@ A 1)l Pds. (2.2.15)

T<OLS

Substituting (2.2.14) and (2.2.15) into (2.2.13), we find

!
St Al A )P < & f sup (& A L)@@ A 1)l ds

T<ILs

+2 f - SO((@'(9), (Tsa (5, u™") = To(s, u"))dW(5))),

where & = C2+ 1 + L2 ,- Taking supremum and expectation of the above inequality, we find
g n+

E( sup ¢(r A, (r A L,,)||2) < f E( sup ¢(® A L)@ A Ln)||2)ds (2.2.16)

T<Ir<t T<ILs
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+ ZE( sup

TSrst

AL,
[ (@6 G - Fotsnaws)))
By the Burkholder-Davis-Gundy inequality and (2.2.15), the last line of (2.2.16) is bounded by

ZE( sup

TSIt

f (6 G (5.0 = Tl NW )
M i 2= ntly = (2 1
<262E(( f (SO GIPIFrii(s, 1) = Fols, >||£2(K,V))ds))
< ZCZE( sup 65 A I (s A f G Faer (5, ) = Fols, u">||2£2(,<,v>ds)2)

IS Y

1 . AL, _ \ _ ;
< —E( sup ¢(s A )" (s A Ln)llz) + ZCiE(f ST 1 (s, u™ ) = Tuls, u )IIZLZ(K,V)dS)

2 TSt
1 !
< 5E( sup ¢(s A )" (s A Ln)||2) + & f E( sup ¢ A )" (@ A Ln)||2)ds, (2.2.17)
TSt T T<ILs

where &; = 2¢3L2 . Combining (2.2.16) and (2.2.17), we obtain

!
E( sup ¢(r A L)@ (r A Ln)||2) <& f E( sup ¢(@ A L)@ A Ln)||2)ds, Vielnt+T], (2.2.18)

TSt TS

where ¢4 = 2(¢; + ¢3). By the Gronwall Lemma, together with 0 < ¢ < 1, implies

E( sup [[@(r A L,,)||2) —0.Vrie[nr+Tl.

TSIt

thus,
WAy =t A, P-as. V=1, neN, (2.2.19)

which implies (2.2.12) as desired.
Step 2: We prove ¢ := lim,,_, t,, = SUp, g tn = o0, almost surely. Applying Ito’s formula to (2.2.8),
we find, forall r € [t, 7+ T],

A I+ 2 f B ds
_ IO +2 f () + sl i (5)))ds

; f G5, W (DI s +2 f C(W(5), Tols, u")AW(s))). (2.2.20)

By (2.1.6) and the Young inequality, we deduce

2 f (Fls) + Fso ), ' (5)))ds < 2 f UFGIR + 7, )P + f l(s)lPds
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Ay ALy 1AL,
<2 f (ILFIP + L2 f 212, v, s + f lu"(s)IPdls

Aty ALy,
<2 f IF(s)IPds + &5 f i1 v ds. (2.2.21)

where & = 2L§ + 1. Thanks to (2.2.7), we find

AL, ALy
f IIE,z(s,u”(S))IIf,;z(KV)dS<2L§f (1 + llu"(s)I*)ds

AL,
<2L f (1 + WlIE s, ¥ 1 € [1,7+ T, (2.2.22)

By (2.2.21) and (2.2.22), we can rewrite (2.2.20) as

Al
2 2
[l A e)II” + 2f 1" (Ipayds
-
ALy

AL, ~
< IO +2 f IFlPds + 2 f 12, s

AL,
+ 2‘ f ((u"(s). TuCs. u”)dW(s)))' +2L2T, (2.2.23)
where & = &5 + 2L2. We infer from (2.2.23) that

e 6,y <max{ sup Nt ALy + NP, sup (e Ay + DI
7 B€(—00,7—1Aly] de[T—tAL,,0]

<max{ sup gt AL, +I-DIP sup "t AL, + D))

YEe(—00, 71—t ALy ] de[t—1AL,,0]
A+
<maX{ sup 7N g@)|P,  sup €M(|I¢(O)Ilz+2 f £ (s)IPds
¥€(—00,0] de[t—tAt,,0] T

tAL+10 t AL+
+ f 12117, s + 2‘ f (9. FuCs. u")dW(s)))' + 2L§T)}
AL,

AL,
-2 n— 2 2 £ 2 ¢ ¢
< e VN T)||¢||cy(V) + lglle, vy + 2f Lf()IIds + C6f llusllc, vyds
T T

2y

+2 sup e
S ()

AL, !
2 Y 2 ~ 2
S 2“¢”cy(v) + zf If(s)II"ds + C6f ”u?/un”cy(v)ds
T T

f MW (w9, (s, u")dW(s)))‘ FOLAT

+2 sup e

de[r—tAL,,0]

e u'(s), on(s, AW (s)))| + 2LAT. (2.2.24)
[ )|+

Taking supremum and expectation of (2.2.24), we obtain

AL, .
E( sup I I, ) < 28(101%,00) + 22( [ WFs)Pds)
] T

re[rt
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!
+ f E( sup ||u’}mn||éy(v))ds FOLAT

relr,s]

2y

r Aty +9
f ((u"(s). Tt u”)dW(s)))‘). (2.2.25)

+ ZE( sup sup e

relr,t] 9€[t—rAL,,0]

By the Burkholder-Davis-Gundy inequality and (2.2.22), the last term of (2.2.25) is bounded by
AL+
[ (o))

AL+
f (151, T, u")dW(s)))')

2y

2E( sup sup e

re[r,t] 9€[t—rA,,0]

< ZE( sup

rAL+O€[T,t AL, ]

ALy 1
~ 2 = 2 :
< 2C7E(( f ||u’;||CY(V)||O-n(S’ un)”LZ(K’V)dS) )
T

ALy, 1
- — 2 2
< ZC7]E( sup ||qun||Cy(V)(f [l (s, u")llﬂz(,(’v)ds) )
T

re[t,t]
1 } ' 0
< QE( SI[JP] ||u’:/\t,1”%y(V)) + 2C%L§(T + f E( SI[JP] ||Mrmn||%y(v>)ds)- (2.2.26)
re[t,t T relr,s

It follows from (2.2.25) and (2.2.26) that, for all € [t,7 + T],

t —~
B sup I I, ) < 4E(1012,0,) + 42( [ 1F)Pds)

re[t.t]

!
+ 2 f E( sup ||u’r1mn||%7(v))ds+58, (2.2.27)

relr,s]

where &3 = 4L2T(1 + &), 8 = 2(6 + 235L2). Set

T+
2ro 1= 4B(I01 ) + 43 f IFIFds)+ s (2.2.28)

which is finite due to ¢ € L*(Q, C,(V)) and f € I*(r,7 + T; V). Applying the Gronwall lemma to
(2.2.27), we find, for all t € [T, T+ T,

E( sup [, 17, ) < E10e™" =: Ry. (2.2.29)

re[t.t]

Finally, we infer from (2.2.23) and (2.2.26) that, for all € [r,7 + T],

ALy T+T
2 sup f I ds) < E(I9CO)) + 2 f I7IFds)

relr,t]
T+T

Co 2
+ & ]E( sup IIMZ'Nn”cy(m)dS
2 - relt,s]
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1 ¢
; 5E( sup IIM;‘NnH?:y(V)) +2, (2.2.30)

rel[rt]

which, together with (2.2.29), implies that there exists a positive constant R»,

AL,
E( f ||u”(s)||§)(A)ds)<Rz. (2.2.31)

Combining (2.2.29) and (2.2.31), we show that, for R = R; + R, > 0, the following inequality holds:

T+T
B( sup IIMZNnII%y(V))+E( f ||u"(sALn)||§)(A)ds)<R. (2.2.32)

T<r<t+T

Next, we use (2.2.32) to prove Step 2 holds. It follows from (2.2.9) that

{tu<T+T}C{ sup |l (r Ayl > n},

T<r<t+T

which, together with Chebychev’s inequality and (2.2.32), shows

1 R
Plo, <7+ T} <P( sup [u'(r Al > n) < 5B( sup ["(r Aw)IP) < .
T<r<t+T T<r<t+T n
and thus,
(o) () 1
D Pl <T+TI<R) — <o, (2.2.33)
n=1 n=1 n

which, together with the Borel-Cantelli lemma, implies from (2.2.33) that

P(ﬁO{Ln<T+T}):O.

m=1 n=m

Therefore, there exists a subset Q7 = N>_ U2 {1, < 7+ T} of Q with P(Q7) = 0 such that for each
w € Q\ Qp, there exists ny = no(w) > 0 such that ¢,(w) > 7+ T for all n > ny. Since ¢, is increasing

in n, we obtain «(w) > 7+ T forall w € Q\ Q7. Let Qy = J Qr, then P(Qy) = 0 and
T=1

(w)yz27+T foralwe Q\Qpand T € N,

Consequently, we deduce that ((w) = oo for all w € Q \ Q as desired.
Step 3: We prove the existence of solutions to system (2.2.1). By Step 1 and Step 2, there exists
Q; € Qwith P(Q\ Q;) = 0 such that

WHENA G, w) =" (A, w)YneN, t>1, (2.2.34)
(w) = lim ,(w) = 0, Y w € Q. (2.2.35)



2.2. WELL-POSEDNESS AND MEAN DYNAMICS 51

By (2.2.34) and (2.2.35), for every w € €, and ¢ > T, there exists an n; = n,(¢, w) > 1 such that for all
nznp,

t,(w) > t, thus u"(t, w) = u"'(t, w). (2.2.36)
Define a mapping u : [1,00) X Q@ — V by

u'(t,w), ifweQandt €[, ,(w)],

$(0,w), ifweQ\Q and? € [r, ). (2.2.37)

u(t,w) = {

Since u" is a continuous V-valued process, it follows from (2.2.37) that u is also almost surely con-
tinuous with respect to ¢ in C,(V). Besides, we further infer from (2.2.37) that

lim u"(t, w) = u(t,w),Yw € Q, t > 1. (2.2.38)

n—oo

Note that u" is F,-adapted, it follows from (2.2.38) that u is also ¥;-adapted. Thanks to (2.2.38),
(2.2.32) and Fatou’s lemma, we obtain that, for every 7' > 0,

T+T
E( sup ||u,||éy(v))+E( f ||u(s)||§)(A)ds)<R, (2.2.39)

T<r<t+T

where R is the same positive constant as in (2.2.32). Therefore, (2.2.11) holds.
We then prove that u is a solution to problem (2.2.1). Since u" is the solution to (2.2.8), we deduce,
forallte[r, 7+ T],

AL, ~ .
u'(t Aty,) + f (Au"(s) + B(u"(s)))ds
‘ A 1ALy
= ¢0) + f (f(s) +g(s,ul))ds + f 0, (s, u"())dW(s). (2.2.40)
By (2.2.37), we find that, u"(t A t,) = u(t A ¢,) for all ¢t € [r,7 + T], P-a.s., which together with the

definition of o, implies o, (s, u"(s)) = o (s, u(s)) for all s € [r,,], P-a.s., it follows from (2.2.40) that
P-a.s.,

ut Ay + f " (Au(s) + B(u(s)))ds = ¢(0) + f Ln(f(s)+'§(s,us))ds+ f " (s, u(s)dW(s),
' ’ ' (2.2.41)

By ¢, T oo a.s., we can rewrite (2.2.41) as

u(t) + f (Au(s) + B(u(s)))ds = ¢(0) + f (F(s) +2(s, uy))ds + f (s, u(s)dW(s),

and thus, we prove that u is a solution to (2.2.1) as desired.
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Step 4: We show the uniqueness of solutions to (2.2.1). Let u and v be two solutions to system
(2.2.1) with the same initial condition u(s) = v(s) = ¢(s — 1), s < 7. Foreveryn € Nand T > 0, we
can define a stopping time T, as follows:

T, =inf{t > 7 : |[u@®)| >nor|v@®)l>n}A(T+T). (2.2.42)

Let w = u — v, applying Ito’s formula to the process $(2)|[w(t)||> where $(¢) = e sk ”V(S)”%’Wd“', we infer
from (2.2.10) in Lemma 2.2.2 that, for all r € [, 7 + T,

SUATWEAT,) = —=

2 oo

, f " S E(s) + Blu(s)) - Bo(s)), o))

o f (@5 ) — B v, )

. f " N u(5)) = F 5 U

s f " S)((0s), (s, us)) - s, w(5)dW(5)))
<2 [ @1 . T

+ f . ST, u()) = (s, V(NI .1y LS

tATy,
+2 f S()((WCs). (@ (s, u(s) = T, w(5))dW(5))). (2.2.43)

By the similar calculation as in Step 1, we deduce from (H25) and (2.2.42) that there exists ¢;; > 0
such that

t
E( sup S(s A T)lw(s A TIP) < & f E( sup S(s A T,)|w(s A T,)|*)dr.

TSt TSSSr

By the Gronwall lemma and 0 < ¢ < 1, we obtain

E( sup [w(s A T,)IF) = 0,

TSt

which implies |[w(t A T))|| = |lu(t A T,) — v(t A T,)|| = 0 for all ¢ € [t,7 + T] almost surely. Since u
and v are continuous with respect to #, we show T,, = 7 + T for large enough n. We then obtain that
|w(®)|| = 0 for all ¢ € [r, 7 + T] almost surely. Therefore, for every 7" > 0,

P(I[(r)ll = 0, forall 7€ [r,7+T])= 1.
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Since T is an arbitrary number, we further imply
(w0l = 0, forall > 7) =1,
which proves the uniqueness of the solutions. This completes the proof. O
By Theorem 2.2.3, one can define the following mapping:

D(1,7) : L(Q, T3 Cy (V) = LA, Friis Cy(V),
(1, )¢ = tsr(, T, 9), V120, TER, ¢ € LAQ, Fr3 Cy(V)). (2.2.44)

Thanks to [76, ], we deduce that @ is a mean random dynamical system generated by (2.2.1) on
LX(Q, 7 C,(V)).

2.2.2 Weak pullback mean random attractors

In this subsection, we are interested in proving the existence of a unique weak pullback mean random
attractor for the stochastic system (2.2.1) in L*(Q, C,(V)) over (Q, F, {F:}ier, P). To this end, we need
to further assume

f ' MBI (IP)dr < 0o, V1 €ER, (2.2.45)

[0e]

0 ~ —_
lim ¢ f ATE(If(r = HIP)dr =0, V¢ > 0. (2.2.46)

t—+00 .

A family D = {D(7) : T € R} is a family of nonempty bounded sets such that D(7) € L*(Q, F; C, (V)
and further tempered if

lim e || D(t — =0, V{>0. (2.2.47)
t—+400

2
Mz e v
We will use D to denote the collection (or universe) of the above tempered families.

Lemma 2.2.4. Suppose that (H21)-(H25), (2.2.45) and (2.2.46) hold. If 2y > Il, then for each T € R,
it follows

Ellur(-, T = £, DI 1) < Ro(7), (2.2.48)

forall ¢ € C,(V), where

Ro(t) =L+ Le™" f MTEIFPIP)dr (2.2.49)

—00

with L a positive constant independent of T.
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Proof. By Ito’s formula, we obtain from (2.2.1) that

d —
—lu@IF + 2@y = 2((F(0) + 3. 1). u(0))
+ 115 ) gy, + 2(((0). Tt 1u()dW (D).
By the Young inequality, (0.0.42) and (2.1.6), we deduce
2((F0 + 3t w0, u®))) < 20, 170 + 2t ud el

<ATNF@) + 3t udlP + (D),
< 2/11_1||f(t)”2 + 2/11_1L§||ut”%;7(v) + ”u(t)”ZD(A)-

Thanks to (2.1.9), we find

—_ 2 2 2
||O-(t9 M)HLZ(K,V) < 2L5(1 + ”ut”Cy(V))'

Substituting (2.2.51) and (2.2.52) into (2.2.50), then by (0.0.42), we obtain
%nu(z)nz + Ll < 227 NFOIP + E1llunllg, ) + 2L + 2((u(), T, w(@)dW (D)),

where ¢, = ZZIIL% + 2L%. Taking the expectation of (2.2.53), we have

d N 2 -1 T2y o & 2 2

a—,tE(Hu(f)H ) + LE(lu@I) < 24, EAfOI) + & Eludlc v) + 2L5.
Multiplying (2.2.53) by " and integrating over (7 — ¢, 5), we obtain

Elu(s, 7 = £, )IP) < e"TESOIP) + 247" f B TPy
T
+ & f o COB (2, )dr + 2L
-t

Since the fact that 2y > Zl , we deduce

E(luliz, ) < max{ sup e?”Elu(s + I, sup e E(lu(s + D))

I<T—t=5 T—1t—5s<9<0
2yd 2 2y 2
<max{ sup eE(¢®—7+1+9)I). sup e E(u(s+ DIP))
I<T—1—58 T—1—5<9<0

<max{supezﬂﬂ”‘f‘”E<||¢<ﬂ)||2), sup em(eﬁl“‘f‘f—ﬂ)an(O)uz)
<0 T—1—5<9<0
s+19

s+ ~
2 [ A BT+ [

—t Tt

(2.2.50)

(2.2.51)

(2.2.52)

(2.2.53)

(2.2.54)

(2.2.55)

(2.2.56)

M IIEuy 2, )+ 2127 )}

< 2B(I¢IIz. ) + 24" f ) M IE( F(IPYdr + & f ) e IB(u I3, o)dr + 2L
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Let s = 71in (2.2.56), we find

Elucl ) < 2E(IIZ, ) + 20" f MOR(IF I

Tt
+ & f e71<’-T>E(||u,||gy(V))dr + 20207 (2.2.57)
Tt

Set
.

¢y := 2B(IBlIE ) + 207 e f E(IF(DIP)dr + 2L2A7"

—00

Applying the Gronwall lemma to (2.2.57), we deduce
E(lleellg, 1)) < Eae™. (2.2.58)
This yields (2.2.48) as desired. O

Recall that the definition of a weak pullback mean random attractor AY = {AY(s) : s € R} € D
is introduced by [124], that is, it is the minimum among all weakly compact and D-pullback w-
attracting sets, where A%(-) is called D-pullback w-attracting if for each D(-) € D, s € R and each
neighborhood N(A"(s)) under the weak topology of L*(Q, F; C,(V)), there is T > 0 such that

O, s —)D(s — 1) C N(AY(s)), Ve = T.

Theorem 2.2.5. Assume that the same hypotheses and notations in Lemma 2.2.4 hold. Then the mean
random dynamical system ©, induced by system (2.2.1), possesses a unique weak D-pullback mean
random attractor A* = {A”(1) : T € R} € D in L*(Q, F; C,(V)) over (Q, F, {Fi}iex, P).

Proof. Let K = {K(7) : T € R} with
K1) = (€ € C,(V) : B, ) < Ro(@)}, ¥ T €R, (2.2.59)

where Ry(7) is given by (2.2.49). Since K () is a bounded closed convex set in L*(Q, F+; C,(V)), we
obtain it is weakly compact in L*(Q, F; C,(V)).
Finally, we prove K € D. For every ¢ > 0, we infer from (2.2.46) that

: ~t —_ A2 — 1 =gt -
t1—1>1-330 e ||(]((T t)”LZ(Q,T‘—T,t,Cy(V)) - t1—1>1-;20 e RO(T t)

_ -1 _ —_—
“Tlim e % + T lim oG f AE(IF(P)IP)dr

t—+00 t—+00 .

0 ~ —_—
=L lim e + L lim e‘g’f E(If(r + T = 0P)dr
t—+00 [—+00 —c0

t—+00 t—+00

0 ~ —~
=L lim ¢ + Le™*™ lim e‘gtf eYE(|f(r - 0P)dr = 0,
which implies K is tempered, that is, K € D. This together with Lemma 2.2.4, shows K is a weakly
compact D-pullback random absorbing set for ®. By [124, Theorem 2.13], we prove the existence of
a unique weak D-pullback mean random attractor A" for O. O
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2.3 Stationary solutions and their stability results

In this section, we are concerned with existence, uniqueness and stability properties of the stationary
solutions to (0.0.4). For this end, we need to assume that f(t) = fe (DAY, ot,)=0():V >
L2%(K,V) with o(0) = 0, i.e., they are independent of time. Besides, suppose that o is globally
Lipschitz continuous, that is, there exists a positive constant Cz such that for all vy, v, € V, ||o(v)) —
o)l kv < Cllvy = vsll.

2.3.1 Existence and uniqueness of stationary solutions

We now consider the abstract equation associated to Eq. (0.0.4):

o _ _aw
{ =+ Au(t) + Bu(®) = 4 Bltu) + T~ V1> 0. (2.3.1)

u(t) = ¢(t),t € (—o0,0].

We denote by u(?) := u(t; ¢) the solution of Eq. (0.0.4) (or (2.2.1)) with 7 = 0, where ¢ = uy.
A stationary solution (an equilibrium solution) to problem (2.3.1) is an element u., € D(A) satis-

fying
~ ~ ~ _ dw
Auo + B(us) = f+ gt us) + O'(MOO)E, Vi=0. (2.3.2)

However, the above equation depends on ¢ and a noisy term. Therefore, on the one hand, to get
rid of the noise, we must assume that o (u.,) = 0. Consequently, we will focus on the existence and
uniqueness of stationary solutions for the deterministic equation (i.e. oo = 0 in (2.3.1)) which will be
any U € D(A) such that

Ao + B(us) = f + 2t o), V1> 0. (2.3.3)

On the other hand, we would need to assume that the delay term g would not depend on the time
t, that is, there exists a function g, : V — V such that

21,6) = 2@ if £(s) = &, ¥ (5,1,6) € R™ X R" x Cy(V), (2.3.4)

and it is Lipschitz continuous (with the same Lipschitz constant Lz) and gy(0) = 0.
For example, if g is driven by unbounded variable delay, defined by

2(t,6) = GE(=h®))), (2.3.5)

where h € C'([0, +00)), h(1) > 0, h* = supo I'(1) < 1,and G : V — V satisfies G(0) = 0, assume that
there exists Lg > 0, foralln,{ €'V,

IGG) - GOl < Lglin - £1. (2.3.6)
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In this case, the delay term g in our problem becomes g(z, u;) = é(u(t — h(1))).
Another example is the case of infinite distributed delay, that is, the delay term g is defined by

0 —_—
8(1,6) = f H(s, &(s)ds, (2.3.7)

where 771 1 (=00,0] X V — V with 7:7 (s,0) = 0 is measurable, and it is Lipschitz continuous with
respect to its second variable, that is, there exists Ly (s) € L*(—0,0) with Lz(-)e"*?" € L*(—c0,0),
for certain 6 > 0, such that for all s € (—0,0],1n,{ €V,

IH (s, 1) = H(s, Oll < L ()l = - (2.3.8)

In this case, we can rewrite the delay term g in our problem as g(¢, u,) = f_ Ooo H(s,u(t + s))ds.
Observe that the above both situations are within our framework, the conditions (H21)-(H25) are
fulfilled for the infinite distributed delay in C,(V) for y > 0, but not necessarily for the unbounded
variable delay. However, conditions (H21)-(H25) are satisfied for both delays in C_. (V).
Now, we are interested in studying the existence and uniqueness of solutions to Eq. (2.3.3), more
precisely, we will prove the existence of a unique u., € D(A) such that

Ao + Bluteo) = [ + Z0(iteo)- (2.3.9)

By non-compactness of Sobolev embeddings on unbounded domains, we need to modify some
arguments of [31, Theorem 10]. More precisely, we use the idea of the classical Galerkin approxi-
mations as well as the Lax-Milgram and the Brouwer fixed theorems to establish the existence and
uniqueness of a stationary solution to Eq. (2.3.9).

Theorem 2.3.1. Assume that the above hypotheses and notations hold. If A > Lz, then:
(1) For all [ € (D(A))", there exists at least one stationary solution to (2.3.9);
(2) If (1 = 27" Lg)* > €A f ||, the stationary solution to (2.3.9) is unique.

Proof. (1) Let an orthonormal basis B = {w;; j € N} C V of V such that linear combinations of
elements of B are dense in D(A). Denote V,, = span[w;, ws, ..., w,] for m € N with the norm || - [|p()
of D(A).

Step 1: We use the Lax-Milgram Theorem to find a unique solution to Eq. (2.3.10). More pre-
cisely, fixed x € V,,, it suffices to find ™ € V,,, which solves the equation

Au™, w™y + (B™, X, w™y = (f +Zo(xX™), w™)), ¥ W" € V. (2.3.10)

Note that for each x” € V,,, the functional (i, w) — <Xyﬂ, w) + (E(u, x™), w) is bilinear continuous and
coercive in V,, X V,,, besides, the functional w — ((f + go(x™),w)) is linear continuous in V,, and
thus by the Lax-Milgram Theorem, for each fixed x™ € V,,, there exists a unique solution u™ to Eq.
(2.3.10). Thus, we can define an operator 7, : V,, = V,,, given by

T,(x™) =u". (2.3.11)
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Step 2: We apply the Brouwer fixed point theorem to the mapping T,, (restricted to a suitable
subset of V,,) to ensure that there exists ™ € V,, such that

Au"™, W™y + (Bu™), w"y = (f + o™, w")), ¥ w" € V,,. (2.3.12)
Taking w" = v in (2.3.10), by (0.0.42), we deduce
Al < N1
= ((f +go(x™), u™))
< IAMMe™ 1+ Ll el (2.3.13)
Since 11 > L3, one can take k > 0 such that k(ﬁl -1z > ||f||, then
™|l < kA, — kLg + Lgllx™|l. (2.3.14)

Define C,, = {x € V), : |Ixllpa) < k}, which is a convex set of D(A), and compact in D(A). Note that
the mapping 7, maps C,, into itself.

Let us now apply the Brouwer fixed point theorem to 7},|C,,. To that end, we only need to prove
T, is continuous. Indeed, taking x|, xJ' € V,,, we then denote by u" = T(x]) and v" = T(x}) the
solutions to Eq. (2.3.10), next, taking the difference, we obtain

AW™ = V™), W™y + (Bu™, XY, w™y — (BO™, X, w™) = ((Zo(X™) = Zo(xM), w™)), (2.3.15)

for all w" € V,,. Setting w" = u™ — V" in the above equality, by (0.0.42), (B1), (B3) and ™ € C,,, we
find

™ = V" |30 = BO™, ), u™ ="y = (BU™, ), u™ =™ + (@o(X]) — Go(¥), " — V™))
= —(E(u’” — V" X0, V") + (E(u'” v x), ™) + ((go(x]) — go(X5), u™ —v™))
= —(B" = V", X3, 1™y + (B =", x7), u™) + (o) — Bo(x), ™ — V™))
< = el = Vool + A LK = 2ol = "l

—~_1 —_—
<@,k + /11_1L§)||xr1n — X5 lpallu™ = v*lIpay, (2.3.16)

which implies the continuity of 7.
Step 3: We take limit of the solutions proved in Step 2 to derive the existence of solutions to Eq.
(2.3.9). Taking w" = u™ in (2.3.12), we have

™3y, = ((F + o™, u™))
—_ 1 ~ —_
<A NN ey + A7 Ll 1, (2.3.17)

_ 1 — —_
which implies all solutions obtained in Step 2 are bounded by |[u"||pwu) < 4, *IIfIl/(1 - /lIIL-g). Thus,
u™ has a weakly convergent subsequence (not relabeled) such that ™ — u in D(A). Moreover, for
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any regular bounded set Q C O, we derive the same uniform bounds of «™|y, which together with the
compact injection, yields u™|p — ulp in H(l)(Q).
For (2.3.12), we fix any w; € B, there exists a subsequence of ™ (relabeled the same) such that

(Au™,w;) + (B, w;y = (f + 2™, w))), Ym> | (2.3.18)
Taking limit in (2.3.18), we find

(Au,w;y + (B, w;y = (f + Zolw), wj)). (2.3.19)

In fact, the first term is obtained due to the weak convergence of u” — u in D(A). The bilinear
mapping converges as long as they are defined on the support of w; which is compact, so we denote
by Q; € O abounded open set with smooth boundary containing it. Therefore, we not only deduce the
weak convergence u” — u in D(A), but the strong convergence u™ — u in H(l)(Q ;) (see [53, Lemma
2.4] for more details). For the last term,

o™, w)) = (@olae) wIl < o™ = Zo(w)lar g, W
< Lgllu™ = ull g 11 (2.3.20)

which converges to zero due to the strong convergence in H(Q,). Consequently, (2.3.19) is satisfied
for each w;. Since the linear combinations of elements for B = {w;; j € N} are dense in D(A), we
deduce that (2.3.9) holds at least by u., = u.
(2) Let u'l) and ug) be two solutions to system (2.3.9). Then,
A = u2) + Bl = Bw) = Zould) = o). (2.3.21)
Taking the inner product of (2.3.21) with ug,) - ug), we find
) = u@ll) + (B@) = Bu@), ul) = uly = (@) - 2o@), ul) = ul)).  (23.22)

(9] [Se]

Thanks to the fact that (B(u) — B(v),u — vy = —(B(u — v),v) for all u, v € D(A), then by (0.0.42) and
(B3), we obtain

(B®) - Ba®), 1) — @) <2 11l = u@1B 1l (2.3.23)
Multiplying (2.3.9) by u.,, we infer from (0.0.42) and (2.3.6) that

lteol2yp) = (Alteos too)
= ((f, o)) + (B0 (theo), Ueo))
_1 — —_
<A, 1 Mucollpeay + A7 LellucolBy ), (2.3.24)

which, together with A > Lz, implies that

(2.3.25)
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Actually, all solutions to (2.3.9) must satisfy the above bound. Therefore, combining (2.3.23) and
(2.3.25), we have

I£1
-1

1 8

KBy — Bu®),ul) — u®)| < a7 ) — w214 (2.3.26)

By (0.0.42), the last term of (2.3.22) is bounded by
((8o(ui) — o), ul) — ul))) < Lellu — ul I
< Lllul? — u@1B - (2.3.27)
Substituting (2.3.26)-(2.3.27) into (2.3.22), we deduce
(1= " L)y = My < A7 NN = 4215 (2.3.28)
which implies the uniqueness follows as long as we assume (1 — II‘ILE)Z > Ac?if‘ I1£1l. o

Next, using the same method as 1.3, one can obtain the stability results of stationary solutions to
(2.3.9).

2.3.2 Stability of stationary solutions

We first prove the local stability of stationary solutions to (2.3.9) for general delay terms by using a
direct method.

Theorem 2.3.2. Assume the same hypotheses and notations in Theorem 2.2.3 and Theorem 2.3.1
hold. In addition,

_ oralbal
o, > il

> +2C; + C2 (2.3.29)
1- /ll_ng

is satisfied. If u(-) is any solution of Eq. (2.3.1), u., is the unique stationary solution of Eq. (2.3.9)
and w(t) = u(t) — U, then

0
E(Iw®IP) < E(IwO)IP) + Cz I E(llp(s) - uel?)ds. (2.3.30)

Proof. The proof can be derived in the same manner as Theorem 1.3.2 and thus omitted. m|

As an immediate consequence of Theorem 2.3.2, we derive some sufficient conditions ensuring
the local stability of stationary solutions to (2.3.9) when the delay term has particular forms in C_.(V).

Corollary 2.3.3. Assume the same hypotheses and notations in Theorem 2.2.3 and Theorem 2.3.1
hold. Let the delay term g(t, u,) = G(u(t — h(t))) satisfy (2.3.5) and (2.3.6), moreover,

_ ol 2(1 — h*)2 L~
24, > Eﬂf” ¥ S yc2 (2.3.31)
1- ;'L 1—hr
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is satisfied. If u(-) is any solution of Eq. (2.3.1), u. is the unique stationary solution of Eq. (2.3.9)
and w(t) = u(t) — ue, then

1—h")2Ls; [0
E(||w(t)||2)<E(||w(0>||2)+( S5 f E(llp(s) — usl)ds. (2.3.32)

1-h*
Corollary 2.3.4. Assume the same hypotheses and notations in Theorem 2.2.3 and Theorem 2.3.1
hold. Let the delay term g(t,u,) = f_ooo H (s, u(t + s))ds satisfy (2.3.7) and (2.3.8), moreover,

~ _ 2211

24 >

1- /1]_1L§

+ 2Ll 200 + C (2.3.33)

holds. If u(-) is any solution of Eq. (2.3.1), us is the unique stationary solution of Eq. (2.3.9) and
w(t) = u(t) — Ueo, then

0

B(IwIP) < E(IwOIP) + 1Lzl w0 f B(I6(9) - wal)ds. (2.3.34)

Next, we consider the exponential stability of stationary solutions in the case of unbounded dis-

tributed delay, that is, we prove that the solution u(¢) to problem (2.3.1) with infinite distributed delay
converges exponentially to the unique stationary solution u., of Eq. (2.3.9) in C,(V) for y > 0.

Theorem 2.3.5. Assume the same hypotheses and notations in Theorem 2.2.3 and Theorem 2.3.1

hold. Let the delay term g(t,u;) = f_ow ﬂ(s, u(t + s))ds satisfy (2.3.7) and (2.3.8), moreover, there
exists a constant 0 < p < 2y such that for all t > 0,

~ 2 |
24 > % +2(20) 7 |ILg()e" " 2oy + C2 + p (2.3.35)
A ]

is satisfied. If u(-) is any solution of Eq. (2.3.1), u., is the unique stationary solution of Eq. (2.3.9)
and w(t) = u(t) — U, then

20)?
B(IwlF) < e /(1 + %||L¢,<->e-<7+m'||Lz(_w,0))E(||¢ — ul ) (2.336)
and
> o (2p): ipy )
E(Iwillz, ) < e™(2+ To2y g LA0e 122000 JE(ll = sl 1)) (23.37)

Proof. Using the same arguments as in the proof of Theorem 1.3.6, we imply (2.3.36) and (2.3.37) as
desired.
O

Besides, we state our asymptotic stability result for our original problem via the Lyapunov func-
tional method.
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Theorem 2.3.6. Assume that the same hypotheses and notations in Theorems 2.2.3 and 2.3.1 hold. In
addition, let the delay term g(t, u,) = G(u(t — h(t))) satisfy (2.3.5), (2.3.6), f = 0 and

_ 21 -h"):L5
2, > Wg +C2. (2.3.38)

Then u,, = 0 is the unique stationary solution to problem (2.3.9). Moreover, the trivial solution of
(2.3.1) is asymptotically mean square stable, that is,

lim E(|lu(z; A = 0. (2.3.39)

Proof. The proof of this theorem can be done directly by using the same method in Theorem 1.3.10
and thus omitted. o

Finally, the polynomial asymptotic stability of stationary solution to problem (2.3.1) in the partic-
ular case of proportional delay is derived.

Theorem 2.3.7. Assume the same hypotheses and notations in Theorem 2.2.3 and Theorem 2.3.1
hold. In addition, let the system (2.3.1) satisfy f: 0, the delay term g(t,u,) = Lzu(0t) with 6 € (0, 1)
and 21, > 2|17 + Cé, then the origin is the unique stationary solution to Eq. (2.3.9), moreover, any
solution u(t) of Eq. (2.3.1) converges to zero polynomially, that is, 0 = 0(Lz, Cz 11,0) > 0 and B <0,

E(|lu(r; $)IIP) < 0Bl )1 + 1, 1> 0, (2.3.40)
where 3 satisfies =21, + |Lz] + CZ + |L56F = 0.

Proof. One can prove (2.3.40) by using the same method as in Theorem 1.3.14, which is based on
Lemmas 1.3.12-1.3.13. Therefore, we omit the details. O

Remark 2.3.8. In fact, we can take into account a more general case in the form of g(t, &) = 5(§(—(1 -
0)t)), where G(-) is Lipschitz continuous.



Chapter 3

Invariant measures for autonomous
stochastic 3D Lagrangian-averaged
Navier-Stokes equations with infinite delay
and additive noise

In this chapter we focus on random dynamics and invariant measures for stochastic 3D LANS equa-
tions driven by infinite delay and additive noise. In Section 3.1, we describe some preliminaries,
including some definitions related to random dynamical systems, some notation and linear operators,
some suitable assumptions about the non-delayed external force f, delay term g and additive noise
k. In Section 3.2, we prove the well-posedness of the stochastic 3D LANS equations with infinite
delay and additive noise (0.0.6). Section 3.3 is devoted to the existence of a global random attractor
in C,(V) for the stochastic equation (0.0.6). In the last section, we construct a family of invariant
Borel probability measures of Eq. (0.0.6) by using the method of generalized Banach limit.

3.1 Random dynamical systems and hypotheses

3.1.1 Random dynamical systems

Let (X, || - |lx) be a separable Banach space equipped with its Borel o-algebra B(X). Let (Q,F,P)
be a complete probability space with a group {6;},cr such that P is the Wiener distribution, Q is
identified with the subset {w € C(R,R) : w(0) = 0} via the relationship W(t,w) = w(?), F is a o-
algebra, and each 6, : Q — Q is measure-preserving. If {6,},cg fulfills the group property and the
mapping (f, w) — Gw is (B(R) ® ¥, %) measurable, then (Q, F,P;{6,},cr) is called a measurable
dynamical system and {6,},cr is said to be a metric dynamical system over the complete probability
space (Q, 7, P).

For the reader convenience, we need to introduce the following definitions related to random
dynamical systems (see [42, D.

63



64 AUTONOMOUS STOCHASTIC 3D LANS EQUATIONS WITH INFINITE DELAY

Definition 3.1.1. A family of mappings ¢(t, s,w) : X — X, —co < s < t < 400, parameterized by w €
Q, is said to be a random dynamical system over the measurable dynamical system (Q, F,P;{6;}.cr),
if it holds, for almost all w € Q,

(i) o(t, r, w)p(r, s, w)x = @(t, s,w)x forall s < r < tand x € X;

(ii) @(t, s, w)- is continuous on X;

(iii) for all t € R,x € X, the mapping (s,w) — ¢(t,s,w)x is measurable from ((—oo,t] X
Q, B((—00,t]) @ F) to (X, B(X));

(iv) forall s < t, x € X, the mapping w — ¢(t, s, w)x is measurable from (Q, F) to (X, B(X)).

Set
Y(t - s,0,0) = ¢(t, s, w) and O(1) : (w, P) — (Bw, Y(t, w)P).

Notice that if ‘Y(7, w) satisfies the cocycle property, that is, W(¢+s, w) = Y(¢, O,w) P (s, w), then {D(#)};cr
fulfills the semigroup property ®(z + s) = O(r)D(s). The mapping {P(7)},er 1s a skew product flow on
Qx X.

A family D = {D(w) C X : w € Q} of closed subset is said to be random (or measurable) if the
mapping w — disty(x, D(w)) is (F, B(R")) measurable for each x € X.

Denote by £(X) the family of all nonempty subsets of X. Let D be a family of nonempty random
sets D = {D(w) : w € Q) C P(X). The class D is said to be a universe in P(X).

Definition 3.1.2. The random dynamical system ¢ is said to be D-asymptotically compact if, for
any (t,w,D) € R x Q X D and any sequences {s,},{x,} C X with s, < t, lim,_, s, = —oco and
X, € D(b;,_,w), the sequence {p(t, s,, 0_,w)x,} has a convergent subsequence in X.

Definition 3.1.3. Let {¢(t, s, W)}i>s50eca be a random dynamical system with a universe © over the
measurable dynamical system (Q,F ,P;{0,}cr). A random subset { A(w)},ecq of X is called a global
D-random attractor for {¢(t, s, W)}=s.weq, if

(i) A is compact, that is, each A(w) is compact in X;

(ii) A is invariant, that is, for all (t, w) € R X Q,

e(t, s, w)AGw) = A(Gw), Vs < 1
(iii) A is D-attracting, that is, for each (t,w,D) e R X QX D,

lir_n distx(¢(t, s, 0_,w)D(0,_,w), A(w)) = 0. 3.1.1)

3.1.2 Hypotheses

In order to analyze our problem, we need to establish some suitable assumptions. We first suppose
that there exists a constant u such that

O<p<land(1-pa; <7y. (3.1.2)

Leta:=2(1 — p)A;, then 0 < a < 2.



3.1. RANDOM DYNAMICAL SYSTEMS AND HYPOTHESES 65

Recall that P(C,(V)) is the family of all subsets of C, (V). Denote by D, the tempered universe of
nonempty random subsets D = {D(w) : w € Q} C P(C,(V)), that is, D € D, if and only if,

lim e DO, )7, v, = 0, forall (1,w) € R x Q. (3.1.3)

We then assume that the non-delayed external force f and the additive noise « satisfy:
f and x € HY(O). (3.1.4)

We also require some assumptions on the delay term g. Namely, let g : C,(V) — H™'(O) satisfy the
following conditions:

(G31) For any n € C,(V), g(n) is measurable;

(G32) g(0) = 0;

(G33) There exists a constant L, > 0 such that for all n,{ € C,(V),

lg(m) — &(Dllu-10) < Lglln = {llc,v)s

(G34) There exists a constant C, > 0 such that, forall s € R,z > sand u,v € CO(=c0,1); V),

! !
f () = gl o)dr < Ci f llu(r) = v(r)|Pdr;

(G35) There exists a constant gg > 0 such that, for all s € R,r > s, all decreasing function
@ € CO([s,1]),

f T(llgu,) — VI o)dr < C; f @ (Nllu(r) = v(r)|Pdr;

(G6) If the sequence {v"} converges weakly to v in L?(—oo, T; D(A)), weakly star in L*(s, T; V)
and strongly in L*(—co, T'; V), then g(v'") converges weakly to g(v.) in L*(s, T; H™'(0)), ¥V T > s.
Next, let us define f,x € Vandg: C,(V) = V as

(fow) = (fow)_t, YweV, (3.1.5)
((kK,w)) ={k,w)_1, Ywey, (3.1.6)
(g, w)) = (g(m),w)_1, Y (7,w) € C,(V) x V. (3.1.7)

Besides, g : C,(V) — V also satisfies the following conditions:
(H31) For any € C,(V), g(n) is measurable;
(H32) g(0) = 0;
(H33) Setting Lz = L,, it follows, for all n, € C,(V),

() — (DIl < Lzlln — Llle,wvys
It follows from (H32) and (H33) that, for all n € C,(V),

gl < Lzlinllc,w)- (3.1.8)
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(H34) Letting Cz = C,, forall s € R, > s and u,v € C%((—o0,1); V),
! t
f Ig(u,) — goIPdr < C% f lu(r) = v(rI*dr;
(H35) Taking é’% = Eg, for all s € R, > s and all decreasing function @ € C°([s, t]),

f @(NIgu,) - gvlPdr < Cq f @(r)llu(r) = v(r)|Pdr;

(H36) If the sequence {"} converges weakly to v in L*(—co, T; D(A)), weakly star in L*(s, T; V)
and strongly in L*(—o0, T; V), then g(v"") converges weakly to g(v.) in L*(s,T; V), Y T > s.

In what follows, the letters ¢ and ¢; (i € Z) represent positive constants whose values may vary
from line to line even in the same line.

3.2 Well-posedness of autonomous stochastic 3D LANS equations

Based on the previous operators and assumptions, we focus on the random dynamics and invariant
measures of the following stochastic 3D LANS equations with infinite delay and additive noise:

dt dt (3.2.1)
Us = ¢a

which is satisfied in (D(A))*, a.s. for all ¢ > s.
In order to define a random dynamical system for Eq. (3.2.1), we need to transform the stochastic

{ du Au(t) + Bu(®) = f +3(u,) +Zd—W, Vi>s,

equation into a random system. As usual, let z(,w) = — |__ e*(6,w)(s)ds, with t € R, be the Ornstein-
Uhlenbeck processes, which is the stationary solution of the stochastic Langevin equation dz + zdt =
dW(t). Thanks to [5], we obtain that there exists a 6,-invariant set Q of full measure such that z(6,w)
is continuous with respect to ¢, and the following results hold:

0 1 (0
im 2 _ i L[ 200mds = o, (3.2.2)
t—+00 t t—+oo [ _t
1 l"(—Hzm)
lim n f l2(Ow)|"ds = ,Ym > 0, (3.2.3)
t—=+00 —t T

forall w € ﬁ~, where I" denotes the Gamma function. Note that 7 — z(6;w) is continuous and tempered
for all w € Q, where Q is a f-invariant full-measure subspace of €, but we will not distinguish them
below. Therefore, it follows from [5, Proposition 4.3.3] that there exists a tempered function r(w) > 0
such that for P-a.e. w € Q,

lZ(w)I* < r(w), (3.2.4)
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where r(w) satisfies, for P-a.e. w € Q,
rGw) < er(w), t € R. (3.2.5)
Combining (3.2.4) and (3.2.5), for P-a.e. w € Q,
ZGw)P < eMr(w), t € R. (3.2.6)
Let
v(t, s, w, ) = u(t, s,w, d) — kz(O,w), t > s. (3.2.7)
Then, by (3.2.1) and (3.2.7), we deduce

fz_: + Av(®) + BO(1)) = —2(6,0)AK — 72(6,w) B(®)
+ T3 + 26w, V1>, (3.2.8)
Vg = '7[/’
where ¥ (t) = ¢(t) — kz(0,, 3w) with ¢ < 0.

Definition 3.2.1. Suppose that € C,(V). A stochastic process v defined on R is called a solution to
system (3.2.8) if

veL*s,T;DA)NL (s, T;V), VT > s,

vy = W and the system (3.2.8) is satisfied in (D(A))", that is, for almost all w € Q,
((v(£), w)) + f (Av(r) + BO/(r)), whdr + f 2(0,w){AK + B®), w)dr

- @O+ [ (FrFuwar+ [ @@ (329)

forallt > s and w € D(A).

Theorem 3.2.2. Suppose (H31)-(H36) and (3.1.5)-(3.1.7) hold. For each (w, s,¥) € Q X R x C,(V),
system (3.2.8) possesses a unique weak solution v(-, s, w, ¥) in the sense of Definition 3.2.1 defined on
s, +00).

Proof. Using a Galerkin method and a priori estimates given in [33], one can similarly prove the
existence of weak solutions to Eq. (3.2.8), while, the uniqueness follows from a standard Gronwall
lemma. O

The following result shows that the solution to system (3.2.8) is continuous with respect to initial
data.
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Theorem 3.2.3. Suppose that (H31)-(H36) and (3.1.5)-(3.1.7) are satisfied. Let i, J € C,(V) be two
initial values to problem (3.2.8). Let v(-) = v(-, s, w,¥) and V(-) = V(-, s, w,¥) be two solutions to
system (3.2.8) at the initial time s, respectively. Then, for all t > s,

)||¢ - 'Z”%y(w exp (f

L =2

C
(S + 1+ Lf;)do-).
(3.2.10)

o

max ||v(r, s, w, ¥) —v(r, s, w, J)ll2 < (1 +
rels.] 2

\<

Proof. Setting u(t) = u(l, s, w,¢) = v(t) + kz(,w), u(t) = ull, s, w, 5) = () + «kz(6,w), we have
v(t) = V(1) = u(t) —ult) and ||y, —'\lea(v) = ||u, —'ﬁllléy(v). Then it follows from (3.2.8) that

d _ — == _ _ _
EIIV(L) —VOI? = =2(A(() = WV) + Bv) = BM), v(t) = V(0)) + 2((g(w,) — g(@,), v(t) = V(v))),
(3.2.11)

where ¢ > s. By (B3), (H33) and the fact that (B(u) — B(v),u — v} = (B(v,u — v),u — v) for all
u,v € D(A), we easily obtain
d SO = (SR 1 YOI + L2|v, =V |I? 3.2.12
VO =TOIF = (S, + 1)Iv© = FOIP + Ll = Vil v, (32.12)

Note that for o € [s, ], we deduce

Ve = Vollg, ) < max{ sup e?’|lv(o +9) =T + DI, sup ™ |lv(o + ) = (o + DI}
I<s—o s—o<9<0

<max{ sup e’|ly(c+0 - 5) = (o + 9= s)’. sup e?’|w(o + )~ Vo + D)}

I<s—0o s—o<9<0

9<0 s<U<o

< max { sup "7y () — YD, sup [[v(9) — “v‘(ﬂ)llz}

< max {7Vl — Yz, vy, max V@) - FIP). (3.2.13)

Combining (3.2.12) and (3.2.13),

L =2

V(0 =VOIP < [1(0) = $(O) + f (S + 1)) =T Pder
+ LE = Wi, ) f g1z [ max V(@) - VIPdo.  (3.2.14)

Taking supremum of (3.2.14),

max |[(r, 5, w, ) = (1, 5, w, Y|I>
rels,e]

L =2

< I (0) - GO + f (S + 1)) = T Pder
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+ Lally = Iz, v, f " Vdo + L max lIv(?) ~V®IFdo G:215)
<(1+ _§)|| — P2 o+ [(E—Qn (@ + 1+ L2) max [v(@) — ()| d
< 2’)/ l/’ '// C,(V) s 2 v D(A) 8/ s<i<o v Y o

which, together with the Gronwall inequality, yields (3.2.10) as desired. O

Let v(, s, w, ¥) be the solution to system (3.2.8) with ¥/(¢) = ¢(¢) — kz(6,45w), where ¢ < 0, and s is
the initial time. Then u(z, s, w, ¢) = v(t, 5, W, ¥) + kz(B,w) is the solution to Eq. (3.2.1) corresponding
to the initial value ¢. Next, we can define the family of operators {¢(?, 5, W)};>s.weq DY

‘p(t’ S, (,())¢ = ut(" S, W, ¢)
=v,(-, 8, W, ¥) + k2(0;1.w).

By Theorems 3.2.2 and 3.2.3, one can prove the above mapping is a continuous random dynamical
system over the measurable dynamical system (L, 7, P; {6,},cr) with state space C,(V) by using the
same method in [42]. Moreover, for P-a.e. w € Q,

o(t, s,w)p = @(t — 5,0,0,w)p, forall s <z, ¢ € C, (V).

3.3 Existence of global random attractors in C, (V)

In this section, we first obtain uniform estimates on the solutions of problem (3.2.8). Then, we
prove that the random dynamical system ¢ associated with problem (0.0.6) has a global ©,-random
absorbing set in C,(V), and further prove it is ©,-asymptotically compact in C, (V) via the Ascoli-
Arzela theorem. Finally, the existence of global D,-random attractors for ¢ is proved.

Uniform estimates of solutions

Lemma 3.3.1. Let (H31)-(H36), (3.1.2) and (3.1.5)-(3.1.7) and k € D(Z) hold. Then, for each
(t,w,D) e Rx QX D, and ¥ € D(6,_,w), there exists an sqy := so(t, w, D) < t such that for all s < s,

iy s, 00, e, ) < R(w), (3.3.1)
where R(w) = ¢ + cr(w) with the positive constant c being independent of t, s and w.

Proof. Let r € R be fixed. Taking the inner product of the first equation in (3.2.8) with v(r) :=
v(r, s, w,¥), s < r, we obtain

d o = - —_—
EIIVII2 + 254, = —22(6,0)AK + B(), v) + 2((f + &(u,), v) + 22(6,0)((K, v)). (3.3.2)

Consider u, which is given by (3.1.2). Since x € D(;f) — D(A), (0.0.42) and (B3), we deduce that,
there exists a positive constant ¢; such that

2|2(6,w){AK + B®), v)| < 2|2(6,w)|I[{AK + B®), v)|
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~_1
~3 2
< 2|20, )|kl peay|Vllpea) + 4 2AC_I|7<1|D(A)||V||D(A))

_ 1
< il w)* + Z,uIIVII%(A)- (3.3.3)
Thanks to (0.0.42) and (3.1.8), we derive

2((f +8(u),v) < ﬁf%(llﬁl +118u)IDIVIIpeay

_ = _ 1
< GllfIP + ellgw)IP + §M||V||%(A)
_ = _ 1
<GP + Eslille, ) + Zr), (3.3.4)
where ¢, = 4];1y‘1,53 = Engi. Since v(r, s, w, ¥) = u(r, s, w, ) — kz(6,w) with s < r, we deduce

2 2 2
”ur”cy(v) = sup e”|lu(r + |

1<0

= sup e |v(r + 1) + Kz(6,+, )|
<0

< 21V, lIg, vy + 21RIP sup €26+, ). (3.3.5)

<0

By (0.0.42), we obtain

21z(0,w)ll((k, V)| < ZII%IZ(Qrw)IIWIIIVIIDm)

_ 1
<EGROWN + e, (3.3.6)

where ¢, = G|[K|[* < o on account of the fact that ¥ € D(A) — V. Substituting (3.3.3)-(3.3.6) into
(3.3.2), we have

d. o 2 = N2 o+ 9= 2 = 2 2
27 M+ @ = vl < GllAF + 2esllvellc, ) + cs supe Mz(0, )7,

<0

where ¢5s = ¢; + 2¢3|[kl[> + ¢4. By a = 2(1 — ,uﬁl € (0,2y) and (0.0.42), we can rewrite the above
inequality as

d 2 2 2 = N2 = 2 = 2 2
AV + allvlP + VI, < GlIFIP + 23R, ) + T sup @ k@) (3.3.7)

dr <0

Multiplying (3.3.7) by e*” and integrating the inequality on [s, r], we obtain

r T
2 - 2 5= 2 = I AR L A= - 2
[IVOII” + p f (o, 5, w, Pl do < e r)lltlfllcym +ca |IfII7 + 2¢5 f e r)“V(T”Cy(V)dO-
S N

+Cs f e sup €?'(2(0y )P do. (3.3.8)

1<0
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For all r € R with # > s, we replace w by 8_,w in (3.3.8). Then, thanks to (3.2.6),

”V(r, S, g—tw’ 'ﬁ)”z + /"l f ea((f—r)”v(o.’ S, Q—Iw’ w)”%)(A)dO-

§

,
<wWWM%m+awmm%4@fkmwwmaww+%wﬁmw*% (3.3.9)
N

By (3.3.9) and 0 < a < 2y, we deduce that, for all s < r,

2 2y 2 2y 2
VI8, vy < max{ sup e+ D)2 sup elv(r + D)}

I<s—r s—r<<0
<max{ sup e?’|y(r+9 =9I’ sup e’ v(r+ )|}
I<s—r s—r<9<0

<mﬂ&w£W*%mwﬁsweﬁﬁm+WW&w

9<0 s—r<9<0
. r+
+ Ga '|IfI + 2¢; f TN I3,y dor + 2¢sa”! r(w)ezlr+ﬁ-fl)}
S
~ v
< 2N, vy + 2 IFIP + 283 f e“TNVellg. vydor + 26sa” r(w)e M. (3.3.10)
N
Since s < 7, (3.3.10) can be rewritten as
— r

2 2 | 2 - - 2 = -1 4r—
velle, vy < 201, vy + c2a IIAI7 + 2¢5 f TNV llg. vy dor + 26sa” r(w)e"

N

=1 B(r) + 2¢; f e“TNvollg, vda, (3.3.11)

where B(r) = 2”‘/’”%;(\/) +Ca  |IfI? + 2¢sa” H(w)e? . Applying the Gronwall lemma to (3.3.11), we
deduce, for all s < r,

5. 00,00 ) < B0+ [ Bl el
< ¢+ ce™r(w). (3.3.12)

Letting r = ¢ in (3.3.10), by ¢ € D(0,_,;w), then there exists an sy = so(w, D) < t such that for all
s < 5o, we derive

'
2 = FR L= - 2 ——
”Vt”cy(v) <2+ca |lfI7+ 2C3f e [)HVO'”C,/(V)dO-"' 2csa” r(w). (3.3.13)
s

Using the Gronwall lemma to (3.3.13) or taking r = ¢ in (3.3.12), they both imply
iy 8, 60, Y, ) < R(w), (3.3.14)

where R(w) is the same number as in (3.3.1). This proof is concluded. O
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Remark 3.3.2. For each (t,w,¥) € R X Q x C,(V) and for all s € (—co,1], the proof of Lemma 3.3.1
implies (3.3.1) also holds.

Let us recall now the uniform Gronwall lemma as in [! |5, Lemma 1.1] which is the key to prove
the asymptotic compactness of solutions.

Lemma 3.3.3. Let ty € R, assume that y, hy, h, are three nonnegative, locally integrable functions on
[#9, 00) such that y' is locally integrable on [t, o) and

d
D < hy+hy, forr> (3.3.15)
dr
In addition,
r+T r+T r+T
f hi(o)do < bl,f hy(o)do < bz,f y(o)do < bs, Yr > ty, (3.3.16)

where by, by, b3, T are positive constants, then
(rT)< by + 2), vr> (3.3.17)
Y T/

Thanks to Lemmas 3.3.1 and 3.3.3, we derive the uniform estimates as follows.

Lemma 3.3.4. Assume the same hypotheses and notation in Lemma 3.3.1 hold. Then, for each w € Q,
for all s < ty for some fixed ty € R, forall r > ty and T > 0,

v (r, 8, 0w, Yl < 5, V1€ rty+T], (3.3.18)

and
r+T
f AT, 5, 0w, Y)|Pdo < X, Y t e [r, 1y + T, (3.3.19)

where R(w) = ¢ + cr(w) with the positive constant c being independent of r,t, s and w.
Proof. Replacing w by 6_,w in (3.3.7) and integrating the inequality between r and r + 1 for r > 1,
we deduce from (3.2.6), (3.3.1) and (3.3.12) in Lemma 3.3.1 that, fort € [r, 1y + T],
r+T r+T
Iv(r + T, 5, 0_0,9)I* + a f V(o 5,0-w, WIPPdo + p f V(o 5, 0-0, Y)Ipado

r+T r+T
2 7112 2 2 2
< |v(r, s, 6-w, YII° + cllfII° + ¢ f Ve (-, 8, 6, Ylle (ydo + ¢ f sup €72(0p+- )| "do
r r

1<0
r+T
a|p_ st alg_ a
<c+ce?™Mrw) + lfIF + T + cf e r(w)do + ce T r(w)
r

¢+ celr(w) + c||f||2 +cT + cTe r(w) + ce? T r(w)
(

< c
< R(w). (3.3.20)
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Dropping the first two terms on the left-hand side of (3.3.20), we obtain
r+T
f v(o, s, 0_;w, lﬁ)”%)(A)dO' < p_lR(w), Yr>ty, telrty+T]. (3.3.21)

Taking the inner product of the first equation in (3.2.8) with ;fv(r) = Zv(r, s, 0_,w, ), we obtain, for
all ¥ > 1y,

%nv(r)ném) + 2|Av()I* + 2(B(v(r)), Av(r))
= —22(6,-,w)((AK, AV(r))) — 22(6,-w)(B®), Av(r))
+ 2((f + Z(uy), Av(r))) + 22(6,-w)(&, Av(r))). (3.3.22)
Thanks to (B3), it follows
2(BO(r)), Av(r) < 22v(r)[[3 ) lAV

1 —_
< ZullAV(r)Ilz + clv(Pipea-

By«ke D(A) and (B3), we have
— 22(0,-,w)(AK, Av(r))) — 22(6,,w){B®), Av(r))
< 2020, ) IAKNAVP)I| + 28120, )Rl AV
< clz(6,_w)* + Ll—l,ullgv(r)llz. (3.3.23)
Thanks to (3.2.7) and (3.3.12), we deduce, fort € [r,ty + T],

2((f + 8u), Av(r)) < 2011l + @I IAV()|

— 1 —
2 2 2 2 2
< clfI + clville, ) + ¢ sup €720y w)|” + Z,UIIAV(V)H

<0

— . 1 ~
< cllfIP + ¢ + ce2" ™ r(w) + e sup e |26, ) + Zﬁtllz‘h/(r)ll2

<0

— 9 1 —_
< cllfIP + ¢ + ce2Tr(w) + ¢ sup e?|2(6,4w)* + Z,ullAv(r)Ilz. (3.3.24)
1<0

Noticing that'x € D(A), we have
22(60,_,w)(&, Av(r))) < 2|20, w)IKIIIAV()]
1 ~
<47 KPR, + ZullAv)l. (3.3.25)

It follows from (3.3.22)-(3.3.25) that

d _
lev(r)llé(A) +(2- IJ)HAV(V)HZ <c+cr(w)+c sup 62yL|Z(9r+L—tw)|2 + C||V(I‘)||%)(A)||V(}")||%)(A), (3326)

<0
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where we recall that 0 < u < 1. By (3.2.6), it yields, for ¢ € [r,#y + T,

¢ sup e?z2(0,4w)* < ce M (w) < cer(w).
<0

Thus, one can rewrite (3.3.26) as

d _
d—rIIV(r)II%(A) + (2 = WIAVI)IP < R() + vl IV a)- (3.3.27)

Applying the uniform Gronwall lemma introduced in Lemma 3.3.3 to (3.3.27), we have, for r > t,
andr e [r,tp+ T],

v + T 5. 0.0, W)l < € (b2 + ).

where b, = cbs, by = u~'R(w) on account of (3.3.21), b, = R(w). Since t, € R is arbitrary, then for
all r > 1o,

b
(5. 6. Wl < € (b2 + ). 1 € It + T, (3.3.28)

which implies (3.3.18) holds as desired. Combining (3.3.27) and (3.3.28), we imply, for all » > ¢, and
telrty+T],

r+T r+T
f lAv(r)|Pdr < (2 — p) f |AV(r)|*dr
b2
< TR@) +cTe™ (by + ) + V(7. 5. 0.0l
b3\2 b
2b 3 b 3
< TR(w) + cTe l(bz + ?) te l(bz + ?), (3.3.29)

which shows (3.3.19) holds. The proof is complete. O

3.3.1 Existence of global random absorbing sets

We now prove the existence of a global D,-random absorbing set in C, (V)

Lemma 3.3.5. Suppose that (H31)-(H36), (3.1.2), (3.1.5)-(3.1.7) and 'k € D(Z) are satisfied. Let ¢
be the random dynamical system generated by problem (0.0.6). For each (t,w,D) € R X Q X D, and
¢ € D(O,_,w), there exists an sy := so(t, w, D) < t such that for all s < s,

llot, (-, 5, 6_0, ¢)||éy(v) < R(w), (3.3.30)

where we recall that R(w) = ¢ + cr(w) with the positive constant ¢ being independent of t, s and w.
Moreover, the random dynamical system ¢ has a global ©,-random absorbing set in C,(V).
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Proof. Given D = {D(w) : w € Q} € D,, we define

D(w) =€ CYV) : IENE, vy < 2ND)IIE, vy + 20K r(w)}. (3.3.3D)
Suppose that Disa family corresponding to 9 which consists of the sets defined by (3.3.31), that is,
D = {D(w) : D(w) satisfies (3.3.31), w € Q}. (3.3.32)

Since D € D,, we infer from (3.2.5), for all r € R,

S| 2 K 2 2 |s—
eav”@(es—t(ﬂ)”cy(v) < 2em||1)(9s—tw)”cy(v) + 2eas||7<‘”cy(v)ezls t‘r(w)

i 2 55,5 2
< 2 1D(O5- )l vy + 2€2° 2 M[KIIE, (1 (w) — 0, as s — —co.

This shows D € D,. Since ¥(t) = ¢(t) — kz(0,45_;w) With ¢ < 0, it follows from (3.2.4), (3.2.5),
¢ € D(O;_,w) and 0 < a < 2y that

I1IE, v, = sup e[

<0

= sup e ||p(0) — Kz(O,4 s w)||*

<0

< 2 sup e?lp| + 21K sup e"1z(6,5_w)|*

<0 <0

2 2y 4
< 2ll¢llc,v) + 21Kl sup e e r(0,_w)

<0

<2AIDO, W)y, + 2ARPr@,iw).

which, together with (3.3.31), yields ¥ € f)(@s_tw). Since D is tempered, it follows from (3.3.1) in
Lemma 3.3.1 that, there exists an sy := so(f, w, D) < t such that for all s < sq,

iy 5, 00, e, ) < R(w). (3.3.33)
Thanks to (3.2.6), (3.2.7), 0 < a < 2y and (3.3.33), we deduce

2 2 2
il vy = sup e llu(t + ¢, s, 0w, Pl
<0

= sup e |v(t + ¢, 5, 0_,w, ¥) + KZ(BW)|I*

<0

2 2 2 2
< 2lville, vy + 2l sup e |z(6,w)

1<0
<20l v, + 2RIPr(w)
< R(w). (3.3.34)

This implies (3.3.30) as desired. We then define the family K = {K(w) : w € Q},

K(w) =1L € C\(V) : IlZlIE, v, < R(w)). (3.3.35)
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Then K is a random absorbing set for ¢ in C, (V).
Finally, it suffices to prove that K is tempered, that is, K € D,. Indeed, by (3.2.5), we deduce, for
eachr e R,

e“R(0,_;w) = ce” + ce™r(0,_,w)

alg_
< ce® + ce® e r(w)

< ce™ + ce?*e?Mr(w) - 0as s > —oo, (3.3.36)
which implies
e?||K (Qs_tw)lléy(v) < e”R(O,_,w) — 0 as s — —oo.

This shows K € D, as desired. Therefore, the proof is complete. O

3.3.2 Asymptotic compactness of solutions in C,(V)

In this subsection, we establish the D ,-asymptotic compactness of solutions to problem (0.0.6) in
C,(V) by using the Ascoli-Arzela theorem. To this end, we require the asymptotic compactness of
solutions to problem (3.2.8) in C, (V) as stated below.

Lemma 3.3.6. Let (H31)-(H36), (3.1.2), (3.1.5)-(3.1.7) and k € D(Z) hold. For each (t, sy, w, D) €
R X R x QX D, assume that {s,},>1 is a decreasing sequence satisfying s, — —oo as n — +oo and
Sp < So. Besides, Y, is a sequence of functions such that yr, € D(0,,_,w) for each positive integer n.
Denote by v (-) = v(-, 5, 0_;w, ) the solutions to system (3.2.8) corresponding to the initial data ¥,
at the initial time s,. Then the sequence {vgz)(-)} has a convergent subsequence in C, (V).

Proof. Let w € Q be fixed, and take an arbitrary sequence s, — —oo such that s, < sy for some fixed
so € R. Let T be the same number as in Lemma 3.3.4. We infer from (3.3.12) in Lemma 3.3.1 that
there exists ny € Z* satisfying s, < so — T for all n > ny, and

VI, 0 <cte  sup e Trw)
7 r€[so—T,s0],t€[r,s0]
S Rw), Yre[sy—T,sol,t€lr,s], ¥n=ng, (3.3.37)

where we recall that R(w) = ¢ + cr(w) with the positive constant ¢ being independent of 7, ¢, s, so, n
and w. Using (3.3.18) in Lemma 3.3.4, we obtain

IV Olipy < €V r € [so = T sol. 1 € [y so). ¥ > o, (3.3.38)

For the proof of the lemma, we will proceed in the following three steps.

Step 1: We show that {v(")(r)}@no,weg is pre-compact in 'V for all r € [so — T, sol,t € [r, s0]. By
(3.3.38), we deduce that {v(”)(-)}nzno,weg is bounded in L*(sy — T, so; D(A)). Due to the compactness
of the embedding D(A) — V, it follows that the pre-compactness of {v(”)(r)}@no,weg in V is satisfied
forall r € [sg — T, s¢],t € [r, sol.
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Step 2: We establish the equi-continuity of (V™" (r)}usneweq in V, for all r € [so — T, sol, 1 € [r, 50],
Sp < 8o — T forall n > ny and ,, € D(b,,_,w) by contradiction. Assume that the equi-continuity does
not hold true, then there would exist a positive constant € and two sequences {r,(:)} and {r,(f)} such that
so—T < rﬁll) < rf,z) < o and |r,(,l) - r,(f)l < %

IO GDY = VP D) > &. (3.3.39)

By Step 1, we obtain (v (r)}usn,weq is pre-compact in V. Thus, we can assume that i’ — r*,

V() = 25 and v (1) - 20 (i = 1,2) in V as n — +oo. Then, it immediately follows r'¥) — r* as

n — +oo. Moreover,
12V - 29| > &. (3.3.40)

Let y(")(r) = V() = v () = v(r, s, 0w, W) —v(r', s, 0w, ) with r € [sg — T, 5], t € [r, 5o] for
all n > ny and w € Q. We infer from (3.2.8) that

d — —
Eny(’”(r)n2 + 2" (Pl + 2AVE), Y (1)) + 2(BO" (1)), y™(r))
= —22(0, W)X AR + B®), Y™ (1)) + 2((f + ™), Y™ (1)) + 22(6,-,w) (&, y"(1))). (3.3.41)
The Young inequality implies
26AVP ),y ()] = 21" ), Y ()|
* 1 n
<O M) + 2l - (3.3.42)
By (0.0.42), (B3) and (3.3.38), we obtain
—_ ~_1
2KBO™ (1)), Y™ ()] < 24, 2V (D] IV (Dl pia)
~ 1
< 6/1IIC2||V(”)(I")||4D(A) + 6||y(n)(r)||2D(A)
1
< R 4 glly(”>(r)||§)(A). (3.3.43)
Taking into account (0.0.42), (B3) and '« € D(X) — D(A), we have
—_ —_ ~_1
2/2(6,-w){AK + B(®), y" () < 2[z(0r— )R]l [y Pllpeay + A, e 1y Plipa))
_ | B
< i@ ) + glly( LGl (3.3.44)
Thanks to (3.2.6), we deduce, for all # € [r, sp],

26w < Hw)  sup e
relso—T,s0],t€[r,s0]
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Thanks to (0.0.42), (3.2.6), (3.2.7), 0 < a < 2y and (3.3.37), we deduce
2((f + 3™,y (1))
< 202U + IR Pllpeay
<6EWﬁP+62H@m@m2+§wwvmam

S IVal - n - L 1 n
< 64, lllf”z + 124, ng%llVg )”éy(v) + 124 1L§,IV<1|2 sup e IZ(9r+L—t(U)|2 + §||y( )(’”)”%)(A)

1<0
—_ —_ _ 1 .
<O IfIF + R@) + Eor(w) + Iy (lipa) (3.3.46)
By (0.0.42), (3.3.45) and « € D(Z), we obtain

2026, I, Y (r)] < 211_% 20—l ™ ()l pa)

1
< car(@) + 2Ol (3.3.47)
Substituting (3.3.42)-(3.3.47) into (3.3.41),
d * w
al—rlly(")(r)ll2 + Y peay < IV TN, + €5 + 2R(w). (3.3.48)
Integrating (3.3.48) from r* to rf,i), we have
YO 1? < (po + 2R + ) Ir? =7, 3.
Iy (I 2RO 1 2R(W))IrY — | (3.3.49)

where py = 6supre[m_T’SO]{||v(")(r)||%)(A) 1 n > ny,w € Q) is bounded by e®“ due to (3.3.38). Letting
n — +ooin (3.3.49), we derive

129 = 2P = lim [V =v@0IP =0, i = 1,2,
n—+oo

which contradicts (3.3.40).

Step 3: We establish the asymptotic compactness of solutions to problem (3.2.8) in C, (V).

Recall that V() = v(-, s,, 6_,w,¥,). By steps 1-2, it follows from the Ascoli-Arzela theorem
that {(V™(-)},cn+ weq is pre-compact in C([so — T, so]; V) with each T > 0, and thus there exists a
function £(+) € C([-T,0]; V) and a subsequence of v(s?(-) such that v§?(-)|[_T o E()in C([-T,01; V).
Repeating the procedure for nT with n = 2,3, -- -, and using the diagonal procedure (relabeled the
same), we can obtain a function &£(-) € C((—o0,0]; V) satisfying vg';)(~)|[_m] — &) in C([-T,0]; V).
Moreover, by the estimate (3.3.37), we obtain

IlEMI* < R(w), Y r € [-T,0], forany T > 0. (3.3.50)

In the following, we prove that in fact vﬁ?() — &(-) in C, (V). It suffices to prove that, for every € > 0,

there exists some integer n. > 0 such that

W) = EPNIF < €, Ver sol, n>ne. (3.3.51)

sup e 5

re(—00,0]
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Let T, > 0 be fixed such that max{ce "¢, ce™"er(w), ce” @ "ee2" (w)} < §. Taking ne > ngy such
that &2 |V’ (r) — £(r)|* < € for all r € [-T,0], and s, < so — T for all n > n,. Therefore, to prove
(3.3.51), we only need to check the following conclusion holds:

sup_ V() = ENIP <€, V1€ [r50), n > ne.
re(—o0o0,—T¢]

By (3.3.50) and the fact that 0 < a < 2y, we imply, forallm > 0, and r € [-(T. + m + 1), —(T. + m)],
e NE)IP

ce” Y Tm(] 4 r(w))

<
< ce e 4 ce™Ter(w)

A

€
7
Note that

v

(n)( ) lﬁn(r + S0 — Sn), ifre (—oo’ Sp— SO),
A\r) =
50 v(n)(r + 50), if r € [s, — s0,0].

Therefore, this proof is finished if we prove that

max{ sup eI (r+so-s)IF.  sup eIV + so)lPf <
re(—co,8,—50) rels,—so,—Te]

On the one hand, by ¥, € D(6,,_,w) and (3.3.37), we deduce

A~ m

sup e u(r + 5o — spIF = sup eVTHOTWAYETOy (50 — 5,2
r<s,—5s0 r<sp—50

2v(sp—s 2
< et bO)”Wn”cy(v)

- eQY(Sn—So)R(w)

On the other hand, by (3.3.37) with T = T,, we deduce

sup eV (r + so)lI? sup TN (r — T + so)|?
rels,—s0,— Tl rels,—so+Te,0]

=2yTeyy,,(1) 2
e VI o lle, o)

e 2TeR(w)

ce e  ce™2Te r(w)
€

1

Therefore, the proof of Lemma 3.3.6 is complete. O

NN

N
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Let us now prove the D,-asymptotic compactness of solutions to problem (0.0.6) in C, (V).

Lemma 3.3.7. Assume that the same hypotheses and notation in Lemma 3.3.5 hold, then the sequence
@(t, Sp, 0_,w)d, has a convergent subsequence in C,(V). In other words, ¢ is D,-asymptotically com-
pact in C,(V).

Proof. By (3.2.7), it follows, for each s, < ¢,

()O(t’ Sns (9_;60)(]5” = ut(" Sns Q—I(J), (bn)
= V[(‘, Sn’ 0—[(1)’ l//n) +’EZ(00)).

Then ¢, € D, on account of ¢, € D(b,,_,w). Thanks to Lemma 3.3.6, we derive that the sequence
Vi(+, 8y, 0w, Yr,) of solutions to problem (3.2.8) has a convergent subsequence in C,(V), which to-
gether with the continuity of z(6.w), proves that ¢(¢, s,, 6_;w)¢, has also a convergent subsequence in
C, (V). O

3.3.3 Existence of global random attractors

Based on the previous results, one can derive the existence of a global ©,-random attractor for ¢ in
C,(V) as stated below.

Theorem 3.3.8. Suppose that the same hypotheses and notation in Lemmas 3.3.5 and 3.3.7 hold.
Then, the random dynamical system ¢ possesses a global D ,-random attractor A = {A(w) : w € Q}
in C,(V).

Proof. 1t follows from Lemma 3.3.5 that the random dynamical system ¢ has a global ©,-random
absorbing set in C,,(V). By Lemma 3.3.7, ¢ is D,-asymptotically compact in C, (V). Thanks to [28,
Theorem 7], we finally obtain the existence of a global D,-random attractor A = {A(w) : w € Q}. O

3.4 Existence of invariant measures in C,(V)

In the rest of this chapter, we prove the existence of invariant measures in C, (V). To this end, we need
to show that, for each r € R, w € Q and ¢ € C,(V), the C,(V)-valued function s — ¢(t, s, 0_,w)¢ is
bounded (—oo, 7], and further derive the continuity of (s, ¢) = ¢(t, s,0_,w)¢ on (—oo, ] X C,(V) (see,
e.g., [148]).

Lemma 3.4.1. Ler (H31)-(H36), (3.1.2), (3.1.5)-(3.1.7) and % € D(A) hold. Then, for each (t,w, ) €
R x Q x C,(V), the C,,(V)-valued function s — ¢(t, s,6_,w)¢ is bounded on (-0, 1].

Proof. Lett € R, w € Q and ¢ € C,(V) be given. By Remark 3.3.2 and (3.3.34), we deduce that, for
all s € (—o0, 1]

||90(t, s, H—tw)(ﬁ”%y(v) = ”ut(" S, 9_[0.), ¢)”%‘y(\/) < R((I)), (34 1)

where we recall that R(w) = ¢+ cr(w) with the positive constant ¢ being independent of 7, s and w. O
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Lemma 3.4.2. If € C,(V) is given, then for each € > 0, there exists 6 = 6(, €) > 0 such that, for
all s1, s, € (—o0,0] with |s1 — s3] < 6,

el (s) — Y(s)ll < e. (3.4.2)

Proof. Let Yo, := lim e”y(s) € V. By the definition of C,(V), we deduce that, for any € > 0 there

exists an sg < 0 such that
e w(s) = wall < 3. ¥ 5 < 50, (3.43)
which implies
€7 w(s1) = (sl < €7 Wis1) = wall+ €702 = wall < 5. ¥ 51052 <0 (344)

Due to the uniform continuity of the V-valued function s — e”*i(s) on the interval [s(, 0], there exists
0’ € (0, 1) such that, for all sy, s, € [s9,0] with |s; — 55| < &',

€

lle” (1) — € Y(s)ll < R (3.4.5)
Let 6 = min {6’, % In(1 + m)} we infer from (3.4.4) and (3.4.5) that, for all s, s, € (—o0, 0] with
|s1 — 82 <0,

ey (s1) — (sl < lle””'w(s1) — el + e — eIl (sl
€ —51 S1

< [T =2l ol

< S+ 1Ml < e (34.6)
This yields (3.4.2) as desired. O

Lemma 3.4.3. Let (H31)-(H36), (3.1.2), (3.1.5)-(3.1.7) and «k € D(Z) hold. For given s, € R, Y €
C,(V), for all Ty > 0, almost all w € Q, and for any € > 0, there exists 6o = 6o(s., ¥, To, w,€) > 0
such that for all s € (s. — o, S.), ¥ € [, 5.] and t € [s., s, + Tol,

[v(r, s, 0_w, ) — Y(0)]| < €. (3.4.7)

Proof. Firstly, we prove that there exists a constant y > 0 such that
s irv(r, s, 0_w, ) (ZD(A))*dr <X, Vsels.—1,s.] tels.,s.+Tol (3.4.8)
s d
Indeed, we infer from (3.2.8), V — (D(A))*, (B2), (0.0.42) and x € D(X) that

d 2 — _ — _
| Gvrsocww| < DAV + ABON gy + clz,-)PIARI + B
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+ cllfIP + cligun)IP + clz(6,—w) IR
< cllAVIP + clvlide, + cle@w)? + llfI? + cliul, . (3.4.9)

Integrating (3.4.9) over [s, s.], we deduce, for all s € [s,. — 1, s.], t € [s., 8. + To],

fs*
N

V/

d 2 S — Sx
sowol dr<e [ EmOFdre [ ol
so—1 si—1

(DAY

+ C”ﬂ|2 + f ||ur||%‘y(v)dr + Cf |Z(9r_t(1))|2dr. (3410)
si—1 se—1

By similar arguments to those in (3.3.19) and (3.3.21), we deduce the first two terms on the right-hand
side of (3.4.10) are bounded, that is,

cf |AV(r)|dr + cf ||v(r)||2D(A)dr < oo.
s Sx—1

si—1 .

Thanks to (3.3.5) and (3.3.12) in Lemma 3.3.1, for all s € [s, — 1, s.], t € [s., 5. + Ty], we have

S S'x
f e lle, v dr < e + ¢ f e (w)dr
Si—1 Si—1

<c+ce? TV p(w).

By (3.2.6), the last term in (3.4.10) is bounded by

A

f 12(0,_,w)[2dr < r(w) e dr

7o—1 Ss—1

< e Vpw), Vs e[s.—1,s.], t €[s., s + Tol, (3.4.11)

which, together with fe V, shows (3.4.10) is finite. Therefore, (3.4.8) holds.
Note that, for all s, — 1 < s <r < s, <, it follows,

(7, 5,610, ) = (O
= [v(r, s, 00, I = GO = 2((v(7, 5, 00, %) = $(0),¥(0)))

" d 2
B f %HV("’ 5, 00, w)” do = 2((v(r, 5, 60—, ) = ¥(0),¥(0))). (3.4.12)

We now estimate the last two terms of (3.4.12). On the one hand, by (3.2.6), (3.2.7), (3.3.7) and
(3.3.12), we have

" d 2 ~ S S
|f a5 - do| < cls. = AP + ¢ f Wolle, v der + ¢ f Sup ¢((6r-)dor

<0

Sk S
<cls. = 9IfIF + ¢ f Volle, odo + ¢ f e (w)do
S )
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<c(s, — s)||]7||2 + (s, — s)(l + sup e%l"_’lr(w))

o€[s.—1,5.]
< (s, — s)||]7||2 + (s, — s)(l + e%(Toﬂ)r(a))), t €[s., 5.+ Tol
(3.4.13)
As ]76 V, there exists some 6, = 6;(s., ¥, Ty, w, €) € (0, 1) such that
" d 2 e
‘f d—Hv(a, 5,0-,w)| dor| < TS -G<s<r<s<t<s 4T (3.4.14)
, do

On the other hand, since ¥(0) € V and D(A) is dense in V, there exists some ¥* € D(A) such that

2

€
- S — 4.1
™ =yl < 16 VR@) (3.4.15)

Thanks to (3.3.12) in Lemma 3.3.1, we imply, for all s € [s. — 1, s.], r € [, 8], t € [84, 5. + Tol,

||v(r’ S, 6_1‘(,(), l//)”z < C + Ce%lr_llr(a))
< ¢+ ce? T V()
<

R(w). (3.4.16)

By (3.4.8), (3.4.15) and (3.4.16), we deduce

2|((V(r, s, 9_,;(1), lﬁ) - w(o)a lﬁ(o)))
< 2|, 5,00, ) — Y(0), )| + 2|((v(r, 5, 0_10, ) — Y(0), Y(0) — y*))

" d
<2 f V(0 5. 00,0)dou )| + 4 VR@)IWO) - o

2

d 2 €
%V(O-’ S, 9—[0), w)H(D(A))*dO-) + Z

<25 = oo [

2
< 24x (s = )Y lIpa) + EZ’ Yrels, s, t €[s.s.+Tol (3.4.17)

This implies that there exists some 6] = 6{(s., ¥, To, w, €) € (0, 1) such that

2

2/((v(r, 5, 60_w, ) — ¥(0), Y(0)))| < % S.— 0y <s<r<s.<t<s.+T,. (3.4.18)
Letting &, = min{d), &}, we infer from (3.4.12), (3.4.14) and (3.4.18) that (3.4.7) holds. O

Lemma 3.4.4. Ler (H31)-(H36), (3.1.2), (3.1.5)-(3.1.7) and k € D(;f) hold. Then, for every t € R,
almost all w € Q and ¢ € C,(V), the C,(V)-valued function (s,$) — ¢(t, s, 0_,w)¢ is continuous on
(=00, 1] X C)(V).
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Proof. Note that

(QO(I, S, G—Iw)¢)(L) = ut(L’ s, 9_,0), ¢)
=L, 5,0_0,¥) + kz(0,w), t <0, (3.4.19)

where ¢ € C,(V) due to ¢ € C,(V). The above equality, together with the continuity of |z(f,w)| with
respect to ¢ € R for P-a.s. w € Q, shows that we only need to prove that v,(¢, -, 6_,w, -) is continuous
on (—oo,t] X C,(V). For given s, € (-o0,1], ¥, € C,(V), for all T > 0 and almost all w € Q, we just
need to prove that for any € > 0, there exists a positive constant & = d(s., ¥., Ty, w, €) > 0 such that
for all |s — s.| V [l — Yulle,v) < 6 and 1 € [s., 5. + Tol,

sup e”|[vi(e, s, 01w, %) — vi(L, S, O_w, .|| < €. (3.4.20)

1€(—00,0]

Notice that the above inequality satisfies

Sup ew”vl(L’ s, g—tw’ lr//) - Vt(La Sy 9_,(,(), lr//*)” < Sup ew”vl‘(l” Sa e—tw’ l//) - VZ(L7 S, e—lw’ lr//*)”

1€(—0,0] 1€(—0,0]
(3.4.21)
+ sup e"|vi(e, s, 0_w, ) — vi(L, 8., O_w, Yl
1€(—00,0]

Using similar arguments as Theorem 3.2.3, one can derive that there exists 6; > O such that |s — s,| V
Y — ¥.lle, vy < 61, for all ¢ € [s., 5. + To] and almost all w € €, the first term on the right-hand side
of (3.4.21) is bounded by

sup €”|[vi(t, 5, 0w, ) — vi(t, 5,00, )| < ; (3.4.22)
1€(—00,0]

In the following, we only need to prove the last line of (3.4.21) is also bounded by £, that is, we
need to show that v,(¢, -, 0_,w, ¢..) is both left and right continuous on (—oo, f]. We start with the left
continuity.

By Lemma 3.4.2, we deduce that, for every € > 0, there exists some 6, = 0,(¢., €) > 0 such that
for all sy, s, € (—00,0] with |s; — 55| < 87,

ewmmuo—wxnm<§. (3.4.23)

Thanks to Lemma 3.4.3, there exists 03 = 03(s., Y., Ty, w, €) > 0 such that, for all s € (s, — 03, 5.),
r€ls, s, t €[s. 5.+ To] and almost all w € Q, it follows

wm&aww»—%mm<§ (3.4.24)

By (3.4.23) and (3.4.24), for the above e, there exists some 6, = 94(€, S., W, ¥,) = min{d,, 03} > 0
such that, for all s € (s, — 04, 5.), ¥ € 5, 8.], t € [5., 5. + To] and almost all w € Q,

”—\7(1", Sy 6_[(,(), ‘ﬁ*) - V(r, s, g—tw’ w*)” = ||¢*(’” - S*) - V(l", s, 9_[(4), lﬂ*)”
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< s (r = 5.) = YOl + [l (0) = v(r, 5, 6, )|

<< (3.4.25)

2,
where V(. 5., 0_,w,,) is the solution with the initial datum ¢, at the initial time s.. The above

inequality implies

max V7, ., O_w,0.) — v(r, 5, 0_w,.)|| < 5, S E (S, —04,5:), t €[5:,8.+Tp], we Q. (3.4.26)

rels, sy

Combining (3.4.23) and (3.4.26), we deduce that, for all s € (s, — d4, 5.), t € [S., 5. + Tp] and almost
allw € Q,

g = ville, < max { sup @Il (r) = v(s. + ), sup el (r) = v(s, + P}

r<S—Ss re[s—s4,0]
<max { sup e”.(r) = (s, + 1= 9Il. sup W.(r— 5.) = v}
r<S—Ss rels,s.]

< max { sup e |y (r = s, + 5) — (0],
r<0

sup [0, 5., 0.0, 10) = (15,00, )} < 5. (3.4.27)

re[s,s:]

Note that v(r, s, w, ¥..) = V(1, S., W, v, (-, S, W, ¥.)), by (3.2.10) in Theorem 3.2.3, we deduce

max |[(r, 8., 0w, ¥.) — v(r, s,0_,0, 4.l

re[sy.t]

= max |l~(7” S*, tw, l//*) - V(”, S*’ g—lw’ vs*(', S, 9—1(-‘)’ l//*))“

re[s |
2 ‘ __2

L2
< (14 5o = vl exp ( f (SIFC 52,00, + 1+ L2)dr ), (3.4.28)

which, together with (3.4.27), yields for all s € (s, — 04, $.), t € [S., 5. + Tp] and almost all w € Q,

max [V, s.. 6.0, 01.) = v(r, 5,60, 0.)]| < g (3.4.29)
re|Ss,t
We deduce from (3.4.26) and (3.4.29) that
ma [F(r, .. 0., 6) = v(r. 5. 0,0, 6| < g (3.4.30)
rels.,t

By (3.4.23) and (3.4.30), we obtain that, for all s € (s. — d4, 5.), t € [5., 5. + To] and almost all w € Q,

SUD € it 5, 0100, 01) = Vi 52 64, Y| = SUp (VL + 1, 5, 6,0, ) = Fe + 1, 5., 60, 1))
1€(—00,0] <0

< max{ sup e’ | (t+1t—s) —w.(t+ 1= s,

ISSs—t

sup e”|v(t + ¢, s, 0_w,¢.) = V(L + , 5., 0_ 0, w*)ll}

s—1<t<0
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< max { sup e’y () — (e + s = s,

<0

sup [Iv(c, 5, 0w, 4r.) = Ve, 5., 0, w)lI} <

€
SISt 2

(3.4.31)

This implies that the C,(V)-valued function s = ¢(t, s, 0_,w)¢ is left continuous at s = s,. It is similar
to prove the right continuity of ¢(z, s, 6_,w)¢ at s = s., and we omit the details.
For the above €, there exists § = min{§;, 84} > 0 such that for all |s — 5.| V [l = ¥.llc,v) < 6 and

t €[5, 5. + Tp], we deduce from (3.4.21) and (3.4.22) that (3.4.20) holds as desired. O
Recall the definition of generalized Banach limit, which plays an important role in constructing
the invariant measures for ¢ (see [51, 52, 98, ] for more details).

Definition 3.4.5. A generalized Banach limit is any linear functional, denoted by LIM,_, ., defined
on the space of all bounded real-valued functions on [0, +00) and satisfying

(1) LIM,_, . ,&(t) > 0 for nonnegative functions &(-) on [0, +00);

(2) LIM,_, . ,&(t) = lim,_, o, &(2) if the usual limit lim,_, ., £(t) exists.

Remark 3.4.6. Note that we will discuss the asymptotic behavior s — —o of ¢(t, s, w)e, and thus,
we require generalized limits as s — —oo. For a given real-valued function ¢ defined on (—oo, 0] and
a given Banach limit LIM,_, ., we define LIM,_,_é(t)=LIM,_,, &(—t1).

Theorem 3.4.7. Let (H31)-(H36), (3.1.2), (3.1.5)-(3.1.7) and k € D(K) hold. Let ¢ be the random dy-
namical system associated with problem (0.0.6) over the measurable dynamical system (Q, F, P; {6, };cr)
with the state space C,(V). Let A(w) be the global D ,-random attractor obtained in Theorem 3.3.8.
Then for a given continuous mapping {, : R — C,(V) with {(-) € D, and a generalized Banach limit
LIM,_ o, there exists for almost all w € Q, a family of Borel probability measures {4, }er on C,(V)
such that the support of g, is contained in A(6,w) and

LM, ot f Tt 1, ), )dr = f T ) (1)

- K A(O;w)

= f T ()dptg, (1)
Cy(V)

1 !
Y f f Tp(t, r, )i (0)dr,
L=5Js Je,w)

or every real-valued continuous functional Y on C.(V). Moreover, g, is invariant in the sense that
ry Y H t

[t = [ Tt s omdun, > s
A(O;w)

A0,w)
Proof. For the random dynamical system ¢ on the space C,(V), we need to verify the conditions (i)
and (ii) in [ 148, Theorem 2.1].
By Theorem 3.3.8, we obtain that ¢ possesses a global ©,-random attractor A(w) in C, (V). Thus,
(i) has been proved. Moreover, by Lemmas 3.4.1 and 3.4.4, we deduce that ¢ is continuous and
bounded with respect to the initial values, and thus (ii) holds true. Therefore, we obtain the results of
Theorem 3.4.7. O
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Chapter 4

Dynamical stability of random delayed
FitzHugh-Nagumo lattice systems driven by
nonlinear Wong-Zakai noise

In this chapter, we first introduce Wong-Zakai process, weighted spaces and some notations, impose
some suitable assumptions, and define a family of continuous cocycles in the next section. In Section
4.2, we then prove the existence of pullback random attractors for problem (0.0.7). In Section 4.3,
we further establish its upper semicontinuity as 6 — +co. The last section is devoted to the upper
semicontinuity of pullback attractors for problem (0.0.9) as p — 0.

4.1 Random delayed FitzHugh-Nagumo lattice systems with Wong-
Z.akai noise

In this section, we first prove some useful results on Wong-Zakai processes and weighted spaces. We
then define a continuous cocycle (non-autonomous random dynamical system) ¥ associated with
the random delay FitzHugh-Nagumo lattice system (0.0.7) for all 6 > 0, and establish some suitable
assumptions.

4.1.1 Wong-Zakai process

As usual, we identify the Wiener process W(z, w) with the path w(f) on the metric dynamical system
(Q,&,P,0}, ie., W(t,w) = w(t), where Q = {w € C(R,R) : w(0) = 0} with the compact-open
topology, & is the Borel o-algebra, P is the Wiener measure on (Q, ), 0 = {6, : t € R} is a group
on (Q, ¥, P) denoted by f,w(-) = w(- +t) — w(t), and there is a f-invariant full-measure set )y C Q
satisfying

lim@ =0, Y we Q. 4.1.1)

t—»+ f

89
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For convenience, we write € as Q. For each ¢ > 0, define a random variable Gs by

Gs(w) == G50,w) = ?, V6>0, weQ, (4.1.2)

which implies that the Wong-Zakai process has another form:
1
Gs(t,w) = S(W(t +0,w) — W(t,w)) = Gs(Bw), Y6 >0, teR, weQ. (4.1.3)

The following Lemma gives several conclusions on G;.
Lemma 4.1.1. For each (6, w) € R* X Q, we obtain the following results

(i) The mapping t — Gs(0,w) is continuous such that

!
lim sup 'f Gs(0,w)ds — w(t)| = 0; 4.1.4)
-0 tefap) ' Jo

(ii) The mapping t — Gs(6,w) is of sublinear growth, i.e.,

li Gs(0w) _
1m =

t—+00 t

0; 4.1.5)

(iii) The mapping 6 — Gs(6,w) is continuous on (0, +o0) and uniformly continuous on [y, +o0)
for all 69 > 0 such that

lim sup |Gs(6,w)| = 0; (4.1.6)

0=+ se(a.h]

(iv) For any ¢,¢, > 0 and w € Q such that for all 6 > 0,

0 0
f e*V'|Gs(0,w)[*dt < +o0, and 6lim f e*V'|Gs(B,w)|2dt = 0. 4.1.7)
oo -t J_ o
Proof. (i) It follows from [97, lemma 2.1] that (4.1.4) holds true.
(i1) According to (4.1.2), we obtain
0 1+0)— w(t t+06) t+o0 1 t
hmM:hmM: limM-———limw=0. (4.1.8)
f—+00 t f—+00 ot t—t0 40 ot O toxc0 t
(ii1) Since t — w(¢) 1s continuous, one can imply that 6 — Gs(6,w) 1s continuous on (0, +c0). We
now prove that it is uniformly continuous on [dy, +o0) for all 6 > 0. And thus we need to imply that

t+0)— w(t
lim sup Gs(6,w) = lim sup M
0—+00 re[a,b] 0—+00 tela,b] 6
w(t)

5
= tim sup 29D i inf @9 o, 4.1.9)

d—+00 te[a,b] 0—+o0o r€la,b] o)
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On the one hand, for given € > 0 and w € €, note that %l) — 0 as t — +oo, so there exists

T, := T\(e,w) > 0 such that |w(?)| < et for all t > T,. For each a,b € R and a < b, then [a, b] is
compact. Then, forall 6 > T} —a,and so r+ 6 > T > 0 whenever ¢ € [a, b],

wit+d) o e+ (4.1.10)

sup < <
refah] [+O refah] [+O refah] [+0

We then easily check that 0 < %5 < 2 for all 6 > max({|al, |b|}. Let 69 = max{T| — a,|al, |b|}, then for
all 6 > 6y and ¢ € [a, b] such that

w(t + 9) wit+9d) t+0
= Su .

sup — < 2¢,
tefa,b] 0 tefap] [+0 0
which implies
t+96
tim sup 20 _ g @.1.11)
d—+00 tE[a,b] 6

On the other hand, since the minimum of w(-) over [a, b] exists and is finite, we deduce

. . w
61_1)r+nm té{;g] > 0. (4.1.12)

Combining (4.1.11) and (4.1.12), we obtain we obtain (4.1.9). This implies (4.1.6), which together
with the continuity of 6 — Gs(6,w), yields the uniform continuity on [, +o0).

(iv) By (ii), t = Gs(6,w) is of sublinear growth as t — —oo, which along with the continuity of
0 — Gs(0,w) shows that e5|G5(6,w)|* is integrable with respect to ¢ € (—o0, 0] for any ¢,¢, > 0. By
%’) — 0ast— +oo,thereisa T := T(w) > 0 such that |@| <lforall|f| =T,

lw(?)| < |t + C(w), YVt eER, (4.1.13)

where C(w) = sup |w(?)| < +oo.
1e[~T,T)
For all 6 > 1, we then proves the following inequality holds true.

|IGs(O:w)| < 2C(w) —2t+1, V<0, weQ. 4.1.14)
Case A: If r € [-6,0], then for all § > 1,
Gl =1t +6) ~ wlo)
<<(lt + )l + ko0
<%((t +6+ C(w) + (-1 + C(w)))

2
=1+ EC(Q))
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<L2C(w) =2t + 1. (4.1.15)

Case B: If r € (—o0, 6], then forall 6 > 1,

1
|Gs(6,w) =glw(t +06) — w(1)|
1
<5(Iw(t +0)| + lw(®)])

<%((—t — 5+ C(w)) + (-1 + C(w)))
<L2C(w) =2t + 1. (4.1.16)

Combining two cases A and B, we have (4.1.14) as desired. Thus, we easily show

0 0
f e$"Gs(Bw)|*dt < f e"(2C(w) = 2t + D%dt < +00, Y 1,6, > 0. (4.1.17)

According to the Lebesgue control convergence theorem and (4.1.6), we deduce

0 0
lim e$"Gs(6,w)|2dt = f eg"élim |Gs(6,w)|**dt = 0, (4.1.18)
oo _ —-+00

0—+00 o

which proves (4.1.7) as desired. All proofs are complete.

O
4.1.2 Weighted spaces and continuous cocycles
Given p > 1 and o > %, we define the weighted p-times summation space by
= {M = {uitiez : lullop = (Z §i|ui|p)”} , (4.1.19)
i€Z

where & = (1+i?)7 fori € Z, and s0 & = (&);cz € € for any p > 1. Thanks to [9, 63], (£, ]| llp) 1s @
separable Banach space. In particular, £2 is a Hilbert space with inner product and norm, respectively:

Vo = Y e, e = ()i, ¥ uve (4.1.20)
i€Z

P=q

By the Holder inequality, for p > g > 1, we have ||@lls, < li¢ll, ll@ll5,, ¥ @ € ;. More
precisely,

e, = > élolt = > &7 (¢ 1aot)
i€Z i€Z
(D) (S ()

i€Z i€Z
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rP=q

=11l NIz ,- (4.1.21)

Taking into account the delay, let X¥. = C([—p, 0], é’i), which is the space of all continuous func-
tions from [—p, 0] to £2 with the following norm

1
bl = sup Ilolle = sup (> &i(P)’, Vv e X2, (4.1.22)

s€[—p,0] s€[—p,0] ez
For convenience, the delay shift of ¢ = (4, v) : R X R — R? is defined by
@ = (V) [=p, 01 X [=p, 0] = R?, (5, %) = (u(t + ), v( + 5)) (4.1.23)

for all s € [—p, 0].
Let X, = 2 x €% and X, = C([-p, 0], X,-) be equipped by the norms

lellx, = Bllully. + allvllz, Yo = (u,v), (4.1.24)
and
el = Blluddls, + allvill> =B sup Nlu(I3 + vl Yo = (u,v), (4.1.25)
7 7 v s€[—p,0]

where @ and § are as in (0.0.7). Then, we introduce the discrete Laplace and gradient operators by
(Aw)i = —wiy +2u; — uiy,  (Bu)i = wipy —w;,  (B'u); = wiy — w;, (4.1.26)

which shows that A = BB* = B'B, see [62]. Note that for all u,v € [* such that (Bu,v) =
(u, B*v), (Au,v) = (Bu, Bv). It is simple to obtain that for all i € Z,

&irl 1+ o Ei L+ (-1)Y
0.47 < =(——=) <257, and 04’ < =— = |————) <2.5, 4.1.27
é (1+(i+1)2) an é () (4.1.27)
which implies that
Eir1 < 2578, |(BEN| = i1 — &l < 2.57¢;, [(B°E)il < 2.57¢;. (4.1.28)

Let F(x,u(1)) = (Fiu{0))iez, fut —o® (1)) = (fi(ui(t = 0¥ 0))iez, f(v(t — 0P ®))) = (fivilt -
0P (O))iez, 8(x, 1) = (8:(D))iez, G(t,u) = (Gi(t,u;))iez, and h(x, 1) = (hi(t))iez. Then system (0.0.7) can
be rewritten as

fl—b; + Au+ Au+ av = F(x,u(t)) + f(u(t — Q(p)(t))) + g(x, 1) + G(t,u)Gs(6,w),

% + v —Bu = h(x,t) + f((t - 0P (1)),

u(t+s)=¢(s), v(r+s)=uv(s), t>1, TeR, se[-p,0], p>0.

(4.1.29)
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Hypothesis E. The delay function o*(-) is a positive continuously differentiable function satisfy-
ing
©) d ®)
p =supp”(t) < +oo, p, := sup sup—o”(t) < 1. (4.1.30)
teR pe(0,00] teR

Therefore, the memory time p € (0, po] for some py > 0.
Hypothesis F1. For the nonlinear drift function F; € C!(R,R), we assume that for all s € R and

I€Z,
2p-2
Fi(s)s < —aqs|” + w1, M1 = (Mii)iez € "7, (4.1.31)
|Fio)| < aalslP™ + pags pto = (o )iez € €2, (4.1.32)
OF; _ 00
() S —anlsl" kg g = Guadiz €67, (4.1.33)

where p > 2, a;, @, and a3 are positive constants.
Hypothesis F2. The nonlinear delay term f; is continuous such that for all sy, s, € R,

f(0)=0, VieZ,
sup sup |fi(s1) — fi(s2)l < Lyls1 — 52, (4.1.34)

i€Z s1,52€R

where Ly > 0 is constant.

From now on, let k = min{4, ¢} and oy := 4 X 2.5%7 + 3(2.5%" + 2||us/lr~). Besides, we assume
2

oo + m < k. In this case, there exists my > 0 small enough such that for all m € (0, my),
412 emPo
m+ oo —k+ —1—— <0. (4.1.35)
k(1 = p.)
. 4L2 00
In particular, m — k + —— < 0.

(1 —px)
Hypothesis G1. Let G,(-, -) be continuous from R? to R satisfying

Gilt, | < @alsl™ + pai(0),  pa = (aidiez € LR, D), (4.1.36)

where 2 < g < p, a4 > 0.
We further impose the following assumptions.
Hypothesis G2. The forces g and / are backward tempered:

0
(1) := sup f ™ (lgv + DI + [|h(v + r)|[2)dy < +oo0, ¥ T € R. (4.1.37)

r<T 0

Hypothesis G3. The forces g and / are backward tail-small:

hm supf Zg,(lg, v+ )P+ v+ rP)dv =0, VY1 eR. (4.1.38)

—)OO
<
r<t >k
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Under the assumptions (4.1.30)-(4.1.38), similarly to the Galerkin method, we can show that for each
6>0,7eR, weQandy, = (u,v,) € Xb = C([—p, 0], £2x¢2), the random delay FitzHugh-Nagumo
lattice system (4.1.29) possesses a unique solution ¢°(-, 7, w, ¥;) = °(-, T, W, uz), V’(-, T, w, v)) such
that

¢ € C([t — p, +0), L2 x (). (4.1.39)

Besides, the solution ¢° is continuous with respect to the initial data ¢, in X%.. By the same method
as in [44], one can prove that ¢°(t, T, w, ¥;) is (§F, B(XE.))-measurable in w € Q. Then, for each § > 0,
we can define a family of continuous cocycles ¥° : Rt x R x Q x X — X’ given by

Yot 1, oW = (T, 0_cw, rr). (4.1.40)

Let D be the universe of all backward tempered bi-parametric sets in X%, where a bi-parametric set
D :={D(r,w) : (1,w) € R x Q} in X%, is called backward tempered, that is, D € D if and only if

lim ™ sup |D(r — £,6_,w)|% =0, ¥ (7, T,w) € R* X R X Q. (4.1.41)
t—+o00 o

r<T

We easily check that D is backward-union closed in the sense of 9 € D whenever D € D, where

@(T, w) = U D(r,w), Y (1,w) € R x Q. (4.1.42)

r<T

However, the usual universe Dofall tempered bi-parametric sets is not backward-union closed, where
D € D if and only if

lim e‘ytllf)(‘r —t, 6’_,w)||f\,p =0,V (y,,w) e R" XR X Q. (4.1.43)
t—+00 o

4.2 Existence of pullback random attractors

This subsection is devoted to the existence of pullback random attractors for the random delay FitzHugh-
Nagumo system (4.1.29). We first derive a variety of backward uniform estimates of solutions to Eq.
(4.1.29), including the backward uniform absorption and tail-estimates. We then prove the pullback
asymptotic compactness of the solutions via the Ascoli-Arzela theorem in X = C([—p, 0], X,.), where
X, = €% x (2. Finally, we prove the existence of tempered random attractors for Eq. (4.1.29).

Backward uniform absorption

Lemma 4.2.1. Let hypotheses E, F1, F2, G1, G2 and (4.1.35) be satisfied. Then, for each (1, w, D) €
RxQXxDand ¥, = (¢y—, Ur—y) € D(r — t,0_,w), there exists a T = T(1,w, D) > 3p + 1 such that
forallt > T, the solution ¢° = (u°,1°) to (4.1.29) satisfies

sup  sup [l@°(r + 5,7 — £,0_,0,0, )y, < cRs(1, w), (4.2.1)
r<t s€[-2p-1,0]
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supf e’”("_’)llgo‘s(v)llfvgdv + supf em(v_”)(llgo‘s(v)llg((r + ||u5(v)||f;’p)dv < cRs(T, W), (4.2.2)
r—t r—t

r<T rs<T

where Rs(t, w) = 1 + T (1) + ns(w) with

0 0 »
T() = sup f M (llg(v + DI + (v + IR, 15(w) = f GO Fidv.  (423)

r<T =) —00

Proof. Taking the inner product of (4.1.29) with (26u°, 2a0°) := QBu(v,r — t,0_,w, ¢,_;), 2av° (v, r —
t,0_,w,v,_;))in X, = 5(27 X 5(27 (when no ambiguity is possible, we delete the superscript 6 below), we
obtain

divnm, + 26l = ~28 > E(Awya + 2B(F (x, 1), ) (4.2.4)

i€Z
+ 2B(f (v = 0¥ ())), g + 2(f V(v = 0¥ (1)), V)o
+ 2:8(g(x, V)’ u)(r + 2a(h(x, V), V)O' + zﬁgé(ev—rw)(G’ M)(T,

where we recall that ||<,0||{2\,(r = Bllull> + alvl>, k = min{4, ¢}. By (4.1.28) and (B(éw)); = (BE)iuiy +
&:(Bu);, we have

2B ) &AW = 2B ) (Buy(B(Ew));

= =
=28 ;(Bf)i<3u>l-ui+1 - 2@221 &l(Bu)
< ZﬁZZ: 2.57&|(Bu)illuini| - 2@22: &l(Bu)
<B Y EQS il +1(Bu)P) =28 ) £l(Bu) P
<257 D Gl :
< 2.53%32: Ertluin | = 2.5°Bull2. (4.2.5)
=

By (4.1.31) in the hypothesis F1, we imply

2B(F(x,u), )y = 28 ) &F (ui)u

i€z

< —2a46 Z Eilwil? + 2 Z &itn i
i€Z i€Z

< 21 Bllull,, + 2Bk llo-1- (4.2.6)

According to the Young inequality and (4.1.34) in the hypothesis F2, we deduce

2B(f (u(v = 0P )), )y + 2a(f (Vv = 0¥’ (1)), V)
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=28 &fiwl(v— 0P + 20 Y Efilv = PO

i€Z i€Z
4sz, B
é Blui(v — 0P M) + alvi(v — 0P () ) Z||<P||§((,
4L2 K.
—||90(V Q(’))(V))HX Z”SO“X"' (4.2.7)

The Young inequality gives

K A
2B(g(x,v), u)y + 2a(h(x, V), V), < ZI|¢II§U + &1(lgWIE + 1AM, (4.2.8)
where ¢; = ¢1(8, @, k) > 0. By (4.1.36) in the hypothesis G1, we have

2BG5(0y+)(G, )y 2BIGs(0,, )| ) EIGi(v, )

i€Z

<L2BaslGs(6,-rw)| Z Eiluil? + 2B1Gs(6,—,w)| Z Eilua i (V)||ui

i€Z i€Z

2 .
<G50 )llullf., + 5ﬂ|§5(9v-rw)lllu4(1/)lI(q,,q, (4.2.9)

where ¢, = 2Ba4 + %IB and %1 + 611 = 1. Now, we estimate the last two terms in (4.2.9), respectively. On
the one hand, by (4.1.21), we obtain

=9
&21G5(O,— )l < 2G5 )IENLT N2,
1 . .
< e Bllully, + 51Gs(0-w) 7, (4.2.10)

where ¢; = ¢3(||élle, @1,8,¢2) > 0. On the other hand, note that ¢ > 2 and so § < 2 < g < p, by
(4.1.21) and py € L*(R, £9), we imply

—,BIQ(s(HV )WL, < _ﬁ|g(5(0v rw)lllfll ||u4(V)||

—,3|Q5(9v rw)lllfll |Iﬂ4lle(M
< C4|§5(9V_rw)|p*q + Cs. (4.2.11)

Substituting (4.2.10)-(4.2.11) into (4.2.9),

1 . P
2BG5(0y-,w)(G, u)s <§a1ﬂllu||5,p + ColGs(0y— )7 + &5, (4.2.12)

where ¢¢ = ¢3 + 4. By (4.2.5)-(4.2.8) and (4.2.12), we can rewrite (4.2.4) as follows.

el + dielly, + Sliell, + SaiBllul,,
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4 2
<25“mm%+~;ﬁw0—ewwmﬁa

+ 2118 + IROIZ) + E6lGs(0,—rw)| 77 + &7, (4.2.13)

2p-2
where &7 = ¢s + 2B||u1ll-1 < +oo 1n view of y; € {,” . Taking into account (4.1.21), we obtain

p—2
3 2 3 A 2
2.5%Bllully, < 25BN, Nlull;,

1 N
< sl + &, (4.2.14)

where ¢g = Cs(||€]lp1, 0, B, 1) > 0. Combining (4.2.13) and (4.2.14), we have

d K
—lelly, + wllglly, + Sllell, +arBlull;, (42.15)
4L3‘ ) 2 ~ 2 2 A L
< g = 0P DI, + o1 + g + ) + 26lGs By 7.

Multiplying (4.2.15) by €™ and integrating it about v € [r — t,r + s], where r < 7, t > 3p + 1 and
s € [-2p0 — 1,0], we deduce

s K r+s . r+s .
"IN + 5,7 = 1,60, )y, + §f e lleO)llx, dv + Chﬂf luWlly. ,dv
r—t r—t
r+s 4L§ r+s
< "D, (O, + (m = ) f "l dv +—* f et - 0PI, dv
r—t r=t

r+s

r+s
+ 0o f (1 + g + IhOR)dy + ce f "IGs(Or )P dy. 42.16)

—t r—t

Now, we compute the third term on the right-hand of (4.2.16):

4L? r+s
— " lle(v — P M)IIx, dv
r—t
4L§C r+s

< ——— | "y, du
K(l —P*) r—t—p o
4L2em0 (ot 4p2em0 s

<« Mgl dp+ —— f gl dy
k(1=p.) iy k(1 = p) o

4L§‘ e 4L§ emro s
< "y} +————:f " lle@llx, d. 42.17
= ¢ Wl + g | el dp (4.2.17)

It follows from (4.1.35), (4.2.16) and (4.2.17) that

r+S
2 K —r=s 2
ot 5,7 1,000, 0, DI, + 5 f I, dv
r—t
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r+s

+aif f " INu)|Ih ,dv
—1
' r+S

~ —t— 2 —r— 2 2
< 2gpe™ S)Ilwr_,llxg + ¢ f "I+ [lgWIl + IhM)I)dv

r—t

r+Ss
+ ¢ f "TING SO, w)| T dy. (4.2.18)
r—t

By s € [-2p—1,0] and p € (0, po] , we have

r+s
2 L K - 2
ll(r + 5,7 = 1,0_,w, ¥, Iy, + 3 f e ’)Il(p(v)llxadv
r—t

r+s
+aiB f " Nu)L. ,dv
r—t
i
N 2 1) — 2 2, 1 — 2 2
< 210" Ve g, |3 + coe 0D f "L+ IgWIIG + 1RO)IZ)dy
—t
r » "
+ cge" ot f " NGs(0,_,w) |71 dy. (4.2.19)
r—t

Since ¥,_, € D(r — t,0_,w) and D € D, we obtain that there exists a T := T(1,w, D) > 3p + 1 such
that forallt > T,

sup fm’ll%-rllig <esup |D(r - 1,6y <1,

2
X°
r<t r<t 7

which, together with (4.2.19), implies that for all t > T

sup  sup |lp(r + 5,7 — 1,0_,0,,_ Iy, < c(1+ T(1) + n5(w)),
r<t s€[-2p-1,0]

which yields (4.2.1). Letting s = 0 in (4.2.19) shows (4.2.2) as desired. O

As an immediate consequence of Lemma 4.2.1, we prove D-backward absorption, which means
D-pullback absorption is uniform with respect to the past time.

Proposition 4.2.2. Let hypotheses E, F1, F2, G1, G2 and (4.1.35) be satisfied. The cocycle ¥’
associated with the random delay FitzHugh-Nagumo lattice system (0.0.7) possesses a D-pullback
random absorbing set Ks € D, given by

Ks(r,w) = (¢ = @’ V°) € X0, - ||¢°]]

Y < CcRs(T, W)}, (4.2.20)

where Rs(T, w) is the same as in Lemma 4.2.1. Moreover, Ks is D-backward absorbing set, that is, for
each (1,w,D) e RXQ XD, thereisaT :=T(t,w,D) > 3p + 1 such that

Wt r—t,0_,0)D(r —t,0_,0) C Ks(t,w), Yr<t, t >T. (4.2.21)
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Proof. 1t follows from (4.2.1) in Lemma 4.2.1 that K is D-backward absorbing set as in (4.2.21),
which implies the D-pullback absorbing when r = 7. By the hypothesis G2 and (4.1.7) in Lemma
4.1.1, we easily obtain Rs(7, w) = 1 + T (1) + ns(w) < co. We then infer from the randomness of 7(+)
that, for each 7 € R, Rs(7, w) is random in w, and thus Kj(t, -) is a random set in X%..

It suffices to prove that K € D for all 6 > 0. Since 7 — Ki(7, w) is increasing, it follows that

- 2 - 2
e 7 Sup ”7(5(}" - t7 H—Iw)llxp =e 7t||7<‘5(T - t7 9_[(4))”/\,;(;

r<t 7

<ce™(1+ (T - 1) + ns(0_,w)). (4.2.22)

Now, we estimate the last line of (4.2.22). On the one hand, by (4.1.37) in the hypothesis G2,

0
ce " Y(t—1) < ce”” sup f e (lg(v + DE + ||h(v + »)|2)dv

r<t—t oo

0
< ce " sup f (L + DI + IR + HIE)dv

r<T oo

=ce"Y(1r) = 0, (4.2.23)

ast — +oo in view of T(7) < +co. On the other hand, let ¥ := min{y, m}, then by (4.1.7) in Lemma
4.1.1, we deduce

0
ce”"ns(0-w) =ce™" f ¢"Gs(6,-w)|7i dv

(o9

0
5 o
<ce™ f e”1Gs(0,—w) 7 dv

(%)

—t
S P
=ce™” f "G50, w) 7T dy

(%)

0
<ce f e"1Gs(0,w)|7idy — 0, as t — +oo. (4.2.24)

(o)

Using (4.2.23) and (4.2.24) in (4.2.22), we imply

e sup [ Ks(r — 1, 6_,w)|

r<T

2 =0, as 1 — +oo. (4.2.25)

The desired result is proved. O

Let us now obtain the uniform estimates of solutions in £/ for later purpose.

Lemma 4.2.3. Let hypotheses E, F1, F2, G1, G2 and (4.1.35) be satisfied. Then, for each (1, w, D) €
RXxQXDand ¥,y = ($r—s, Ur—y) € D(r — t,0_,w), there exists a T = T(1,w, D) > 3p + 1 such that
forallt > T, the solution ¢° = (u°,V°) of (4.1.29) satisfies for all s € [—p, 0],

sup Nl(r + s,r —t,60_,0, %—t)”fi,p + sup f Nl (v, r —t,0_,w, lﬁ,_t)||2p_2 dv < cﬁ(g(T, w), (4.2.26)

o2p-2
T r<T —p P
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where Rs(t, w) = Rs(t, w) + Ns(w) with

0 2p-2
ns(w) = f " (1Gs(O,w) 7 +1G5(0,w)")dy, (4.2.27)

o0

and Rs(t, w) is the same as in Lemma 4.2.1.

Proof. Taking the t’?,—inner product of the first equation in (4.1.29) with |u|’~>u, where u := u(v,r —
t,0_,.w,¥,_,), we obtain

d _ _ _
l—@nunﬂ,p + Allully, + Aw, [ulP 1) = —, Ul u)y + (F(x, u), [ulP~ 1),
+ (fuv = 0P ), P ~*u) g + (g, ulP % u)
+ Gs(0y—r )G, ), |ulP 1), (4.2.28)

By (B(éu)); = (BE)iuiy, + &(Bu);, (4.1.28) and the fact that (s; — $2)(|s1/P72s; — [s2/P7%s5) > O for
s1, 52 € R, we have

~(A, )y = = ) EAW(ulu); = = (Buy(BElul2u);

i€Z i€Z
== > (BB w1 = ) EBu)(Blul ),
i€Z i€Z
<257 > ElBulual™ = " EBu)Blulw);
i€Z i€Z
<2.57 Z Elugen] + luiDluz [P~ = Z Eiuier — u) (i [Py — |l uy)
i€Z i€Z
<257 &l +2.57 " Efulluz P!
i€Z i€Z

1 p-1
<2.5%\ull., +2.57(— + X 2.5 )|ull”.
p+257(5 I 2l
<2 % 2.5%||ull%,. (4.2.29)

The Young inequality gives

1
-2 2p-2 A 2
—aW, ", < —aillull )l , + vl (4.2.30)

16

where «; is the number given by (4.1.31) in the hypothesis F1. Using (4.1.31) again, and by the
Young inequality, we imply

(FO6 ), w0 = ) EF )l u,
i€Z
< Z El—ar|ugl? + py D"~
€7

2p-2 -2
= — il + D &l
i€Z
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2p-2 ay 2p=2 A 2p2
<@l + 5 D a7 + & ) Gl
i€Z i€Z
2p-2
o2p-2

- _ %Ilull + s, 4.2.31)

2p-2
where ¢3 = &l %, < +oo. Using (4.1.34) in the hypothesis F2 and the Young inequality again,

(F(u(v = 0PN, )y + (2, 1l 1),
< Dl = 0PNl + ) Eigilui™! (4232)

i€Z i€Z

1 2p— 1 2p-2

< —a JuiP7 + ¢ Af (v = 0P )P + &sligl> + —ay|lull
T ;ez &iluil 4 ,-Eez Eilf (v — 0 INI” + ¢sligll;; 6 el
1 2p-2 A 72 (o) 2 A 2 1 2p-2

< Ealllulloﬁp—Z +CaLy ;ez Eilui(v — 0 M) + &sliglly, + Ealllu”(r,lp—Z'

According to (4.1.36) in the hypothesis G1, we have
G5(0,—,0)(G (v, ), [ul" 1)y <IG5(6,-,0) Z &G, )|
i€Z

+q—2
<adlGs(0,—w)lllully )",

1G5 O Y Elul” s V). (4.2.33)

i€Z

By (4.1.21), the second line of (4.2.33) is bounded by

P=q
+q—2 2p-2 +q—2
aalGs(O,-,)lllull] ) <aalGs@y-)IENT Ul

21 _
<26lGs(By-r ) 77 + el (4.2.34)

And we can rewrite the last term in (4.2.33) by

_ 7 R
1G5(6,-rw)| Z &l g s ()] <§Ilu||§,,, + 871G5 (0, )P llpaWIIE.,
i€Z,
<Ellull” + &71G5(0,—r )P lluall? (4.2.35)
\2 o.p 7NIs\Yy—r 4 LoR,D) oL

Using (4.2.34) and (4.2.35) in (4.2.33), we obtain

_ 2p-2 1 _ A
G50, ) (G (v, w), ul"2u)y < colGs(B,w) 770 + Ealuunzp 2+ Sl + cslGs (6. (4.2.36)

o2p-2
It follows from (4.2.28)-(4.2.36) that

d P A ap - R R
Ellulli,,, + E/lllull’;,p + Tllullffz,f_2 < &1plvIE + &L pllu(y — 0P M) (4.2.37)
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. 22
+ &splligWIl; + ceplGsO,w) 7 + csplGs(6,-,w)I” + co,

where 1 = 1—4x2.5% > gk — o > 0in view of (4.1.35). Let (r, w) € Rx Q, Ee(r+s—1,r+s) for
s € [—p, 0]. Integrating (4.2.37) over (&, r + s), we obtain

’

llur + NIy, < M@l + 51Pf IO dv
r—p-1
"

,
rallp [ - oNRar ey [ g0y
r—p—1 r—p-1

r 2p-2
+ 10 f 1G5y )70 +|G5(6,-)P)dy + 11 (4.2.38)
r—p—1

Integrating (4.2.38) with respect to £ on (r + s — 1, r + ), taking the supremum over r € (—oo, 7], we
obtain for all s € [—p, 0],

sup [lu(r + 9, <(1 +c1p) SUPf (luIIE, + IOy

r<t r<T —p—1

+ &4L7p sup f lu(v — 0P W))||2dv + &sp sup f lgv)II2dv

r<T —p—1 r<t —p—1

4 2p-2 N
+ C1o SUp f (G5O, ) 70 + |G5(6,—, )" )dv + E11. (4.2.39)

r<T —p—1

According to (4.2.2) in Lemma 4.2.1, there exists a T := T(1,w, D) > 3p + 1 such thatforallt > T,

7 g f (UL, + VO dv

r<t —p—1

< sup f "D (L, + vy

r<r Jr-3p-1

< sup f " (M, + IVO)IZ)dY < cRs(T, w). (4.2.40)
r—t

r<T
By (4.2.1) in Lemma 4.2.1, we imply forallt > T,

sup f lu(v — 0P ()IPdv < (o + Dsup  sup  [lu(v — 0¥’ M2

r<T —p—1 r<tT r—p-l<vsr

< c(p + DRs(1, w). (4.2.41)

The hypothesis G2 gives

r 0
Supf lgladv = Supf lg(v + rlldv

r<7 —p—1 r<T p—1

0
<em(p+1)supf e’""llg(v+r)||(27dv

r<T )
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<e"PrDY(r) < 4o0. (4.2.42)

Note that

sup f (G5O )| 77 + G50y )P)dy

rs<T —p—1

0 _
< " sup f (GO T+ IGs(O,w))dv. (4.2.43)

r<T )

It follows from (4.2.39)-(4.2.43) that for all > T and s € [—p, 0],

0 2p-2
sup [lu(r + 95, < EnRs(7T, W) + C13 f " (1Gs(0,w)l = +1Gs(O,w)|7)dv. (4.2.44)

r<T 0

Then, integrating (4.2.37) over (r — p, r) and taking the supremum over r € (—oo, 7] such that for all
t>T,

.

ap 2p-2

——sup f a5, odv
r—p

4 <t Jr-

< sup lu(r — p,r = 1,0_,w, ¢ II7., + 1 p sup f Iv»)II5.dv

r<t ST —p

+ &4 L3 p sup f lu(v = 0P ()l5dv + &sp sup f lgIIdv

r<T —p r<T —p
+ Cop SUp f 1G(6,w)[ 7 dv + cyp sup f 1G5(6,-)I"dv + cop, (4.2.45)
ST Jr—p r<t Jr—p
which, along with (4.2.40)-(4.2.44), yields (4.2.26) as desired. ]

Next, we derive uniform tail-estimates of solutions.

Backward uniform tail-estimates

Assume that ¢ : R* — [0, 1] is a smooth function such that

0, if 0<
(D=1 o

4.2.46
1, if s ( )

Let ; := L('—,i') for each k > 1 and i € Z. It is not hard to check that ¢, = (¢,)iez € ¢~ and for all
k>1,i€Z,

Cy
Liiv] — bl < - (4.2.47)



4.2. EXISTENCE OF PULLBACK RANDOM ATTRACTORS 105

Lemma 4.2.4. Let hypotheses E, F1, F2, G1-G3 and (4.1.35) be satisfied. Then, for each (1, w, D) €
R X Q X D, then the solution ¢° = (u°,1°) to (4.1.29) satisfies

lim sup sup llg°(r + 5,7 —1,0_,0, Y, Dlx st = 0 (4.2.48)
kit—oteo o7 s€[—p,0] 7
uniformly inr,_, = (¢,_, v,_,) € D(r —t,0_,w). Moreover, the convergence in (4.2.48) is uniform with
respect to large 6, that is, there exists a 6y := do(w) which is independent of T, D such that

lim supsup sup |lg’(r+ 5,7 — 1,00, ¥, X (s = O- (4.2.49)
k=400 5550 r<t se[—p,0] 7
Proof. Taking the inner product of (4.1.29) with (28 &u;(v), 2au :£vi(V)) = QBu iEiui(v, r—t, 0_,w, u,_,),
2a &vi(v,r — 1,0_,w,v,_,;)) and summing up the product over i € Z, it follows

d
— D wibiBlul’ +alviP) + 26 ) Bl + alvi) + 28 ) i Awyu

i€Z, i€Z i€z
=28 Z & (upu; + 23 Z i f (v = 0 (V)
i€Z i€Z
+20 ) wiif iy = 8PN +2B ) it
i€Z i€z
+20 ) ()i + 2BG5(0,,0) Y uiGilv, uus (4.2.50)
i€Z i€Z
where we recall that « = min{4, ¢}. By (i iiui, (Au);) = (Buéu)i, (Bu)i) = (4 ivi&isithivr —tii&itti, (Bu);)
and (B(éu)); = (BE)iuis + &;(Bu);, we obtain

—2,32 uii(Au)u; = 23 Z(Lk,ifiui = tiv1€iv1 i) (Bu);
i€Z, i€Z
=28 Z(tk,i — teiv1)Eiv1ttiv1(Bu); — 28 Z ei(Eivittivr — &) (Bu);
i€Z i€Z
=28 ZZ:(Lk,i ~ i1 (Bue); = 2B ZZ: i (BEui (Bu);
-2p Z Ll (Buil. (4.2.51)

i€Z

By (4.2.47) and &;;1 < 2.57¢; as in (4.1.28), we deduce

2Bc.,
28 Z(Lk,i — Ui 1)1 Uis1 (Bu); < i Z Et (i * + i )
i€Z i€Z
28c. 3 1
< i Z§i+1(§|ui+l|2 + §|Mi|2)
i€Z

B Be.

3B, o 2
< — +2.57—
- lull 7l
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Be.

= (3 +2.57=lull. (4.2.52)

By (4.2.47) and (4.1.28) again, we have

—28 ) ui(BEti1 (Bu) = 2B ) il (B
i€Z i€Z
<28 2.5l ll(Bul = 28 ) 1 (B
i€Z i€Z
<B Z Lk,ifi(2-520|ui+1 |2 + |(Bu)i|2) -2 Z Lk,i§i|(BM)i|2
i€Z i€Z
<25 Y ikl <258 ) vl
i€Z i€Z
=2.5B Z tiniéinlui|* +2.5778 Z(Lk,i — i)l P
i€Z i€Z
30 2 3B o
<25 ) wiblu + 2.5l (4.2.53)

i€z

Using (4.2.52) and (4.2.53) in (4.2.51), we deduce

¢
-2 Z Lk,ifi(AM)iui < 2-530,3 Z Lk,i§i|ui|2 + EIHMH(ZT, (4.2.54)

icZ icZ
where &, = (3 + 2.57 + 2.5%)c,. By (4.1.31) in the hypothesis F1, we imply
2B Z wi&iFi(uu; < —2a,8 Z wiiluil” + 2B Z L i&ilkn il (4.2.55)
icZ icZ icZ
Applying the Young inequality and using (4.1.34) in the hypothesis F2, we yield
28 ) wiif (v = 0PN + 20 ) i f iy = 0PN,
icZ icZ
A D wibi(Bluiv = 0P NP + iy — P ONE) + 5 > Bl + alviP). (4.2.56)
K ’ 4 ’

i€Z i€Z
The Young inequality gives
2B Z ei&igi(WMu; + 2« Z L i&ihi(V)v;
i€Z i€Z

<& w8 + P + 7 3 wiéiBlul + alv). (4.2.57)

i€Z i€z

According to (4.1.36) in the hypothesis G1, the last term of (4.2.50) is bounded by

2BG5(0,-,w) Z e i&iGi(v, u)u;

i€Z
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< 281650, )| ) il Gily, )l
i€Z
< 2B04lGs(0, )| ) uitilil? + 28G5(0y )| ) eiéilita ()]

i€Z i€Z

< &3IGs(Oyy)| ) ikl Iq+—,8|§5(9 L) D w01,

i€Z i€Z

(4.2.58)

where ¢;3 = 2Bay + 2,8, we recall that é + (11 = 1. Now, we estimate the last two terms in (4.2.58),
On the one hand, by the Young inequality and the same method as in the proof of

respectively.
(4.1.21), we imply
P=4 P9
E1GA O, Y il = &5 > (&l 1 €7 166,
i€Z i€Z
! Vra Y (e #
<58 G +e0 Y (0 €7 160 ))
i€Z i€Z
1
=35@ 1ﬁZLk,fllu 1” + 241G s(6,-,w)| 77 ZZ:Lk,f,, (4.2.59)

i€Z

where ¢4 = ¢4(p, g, C3,3, @1). On the other hand, note that ¢ > 2 and so § < 2 < g < p, we have
P=q

—ﬁ|§5(9y ) > il i) —ﬁ|g5(0v PN & |u4,<v>|q)( pT;f,-T)

i€Z i€Z
-4

gﬁ@a(@v )l > (u l§l|u4,<v)|P)%( witi)

i€Z i€Z

<gﬁlg(s(ev_rwn||u4<v)||?,,p( > bit) "

i€Z

<566 Y )" (4.2.60)

i€Z

where &5 = 'ﬁ”M”Lw(R o < +o00. Using (4.2.59) and (4.2.60) in (4.2.58), we obtain

2BG5(0y-10) Dt ibiGilv, uu; < alﬁ Dbl + GO )P Y it

i€Z i€Z i€Z

+ 251660 Y i) " (4.2.61)

i€z
From the above estimates, (4.2.50) can be rewritten:

d 2 2 2 2
= > Bl + olvi) + & D i Bl + elvi?)
dv i€Z i€Z
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2 Z Lk, ,§,(,8|u | + Cl’lV,| ) + a’lﬁz Lklfl'”z

i€Z IEZ

4] 2
<258 il + L+ —L 3 (B~ VO + vy - 8PP

i€Z i€z

+ Cs Z L&l i (V)] + |gi(V)|2 + |hi(V)| )

i€Z

+ é\’4|g¢5(9v—ra‘))|ﬁ Z Lk,i‘fi + 65|§5(9V_r(1))|( Z Lk 161)p7a (4262)

i€Z i€Z

where ¢¢ = 28 + ¢,. Note that

p=2 p-2
258 Y wtlul = 258 Y ) &7 )& lu)
i€Z i€Z
alﬁz Wil + & ) ik (4.2.63)
i€Z i€Z
Thus,
d
— D i Bl + o) + & 3 (Bl + alviP)
v i€Z i€Z
+ 2 D wikBul + alvf) + 1B Y kil
i€Z i€Z
€ 4L§ © ()2 O ()2
< llly + == > (Bl = @V ODF + alvity = @V 0))F)
k i€Z
A 2 2
25 ) b1+ 0] + GO + IO)P)
i€Z
+ &lGa O )77 Y i + E5IG O ) D uiti) " (4.2.64)

i€Z i€Z

Multiplying (4.2.64) by €™ and integrating it about v € [r — ¢, r + s], where r < 7 and s € [—p, 0], we
deduce

r+s

"N i Blui(r + )P+ alvitr + 9P + 5 f " ) iiB(v) + alvi()P)dv

i€Z r-=t i€Z

r+s

raif | ) wilu)ldy

r=t i€Z
— 2 2
<em t)(ﬁ Z il —il” + @ Z Uei&il Vil )
i€Z i€Z
2 2
+(m—x) f D wiiBu)P + alvi)P))dv

tEZ
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4L2 ) 5
+— " D wibi Bty = 0V NP + alvitv = 0V ()P )dv
r=t i€Z
6_1 r+s oy 5 R r+s oy ) )
s e lu)lizdv + s e Z ti&i(1 + [+ 18I + 1()17)dy
r—t r—t icZ
r+s » r+s r=4q
vo [ Gy Y gt [ G0l Y uws) " @269
r=t i€Z r=t i€Z
For the third line of (4.2.65), we easily deduce
"B Y ikl il + @ D i) < Pl O (4.2.66)
i€Z i€Z
The fifth line of (4.2.65) is bounded by
2
L%

| w0V ODF + vy — o ) )dv

K Jr i€z

4L§ rts

 —— e ) il Bl + alvi(w)?)dp
K(l —P*) r—t—p é ¢ ( )

4 Li e'mro r—t

S —F/—— e tii&i Blu(wl* + le|Vi(,U)|2 du
k(1 =p.) Jrip ;‘ ( )

4L%em0

" (Bl + efvi(u)|
K(l—p*)f 2Bt GoF s
4170 - )
< S m(r- -
el = 16—l o
AL2em
+ " (Bl + edvi(u)? (4.2.67)

k(1 —p@f ZZ: “ Jau.
By (4.1.35) and (4.2.67), we can rewrite (4.2.65) by

2 2 K e m(v—r—s) 2 2

D wkBlutr + 9P +alvitr + )+ 5 | e Y u Bl + i)y
i€Z, r-t i€Z,
+aip f "IN ()P dy
i€Z
Cl r+S
< 29" TIN5 + % f " Nu)|2dv
r—t
r+s
+ Cg f em(v"“")ZLk,ifi(l + [ + g WP + () P)dy (4.2.68)
r=t i€z

I+
. o L
+ C4f " I\Gs(6,-,w)| i dy E Ui
r

—t i€Z
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+ 6’5 fr+s em(v_r_S)|g6(0v—rw)|dV( Z Lk,igi)¥ .

-t i€Z
By s € [-p,0] and p € (0, po] , we have
K r+s
2w Blur + )+ alvi(r + 9)F) + 3 f " LB + alvi()P)dy
i€Z r—t i€Z,
r+s
+ alﬁf " Z e i&ilu(V)|Pdv
r-t i€Z.

1 r
< e Ry + e f O )|y
7 r—t

+ ege™” f e Ztk,i&-(l + i ] + g P + ()P )dv
r—t

i€Z

,
_p_
s [ e IG G0y Y e
r—t

i€Z
rese [ Gso ol i) (42.69)
r=t i€Z
Since l/’r—t = (¢r—t, Ur—t) € ‘Z)(r - ta 9_[(0), we lmply
ey < e SuplD(r — 1,60 W), — 0, as 1 > oo, (4270)
By (4.2.1) in Lemma 4.2.1, since Y(7), ns(w) < +o0 such that for each 6 > 0,
1 T
Z Sup f " Nu)|dv < %R(S(T, w) — 0, ask, t — +oo. (4.2.71)
ST Jr—t
According to (4.1.38) in the hypothesis G3, we obtain
sup f e Z t&i(1+ | + g + ()P )dv (4.2.72)
r<T r—t icZ
0
< sup f " Y EQ+ (v + Dl + 18y + PP + (v + )Py — 0,
r<T —00 li>k
as k,t — +oo. It follows from (4.1.7) in Lemma 4.1.1 and & € ¢! that for all § > 0,
r 0
sup f "GO W)Y Y i < f ¢"|Gs(Ow)7ady Y & — 0, (4.2.73)
r<t Jr—t ic7, — li|l>k

as k,t — +oo. In fact, the convergence of (4.2.73) is uniform convergence for large 6. By (4.1.7) in
Lemma 4.1.1, there exists a 6; = ¢;(w) > 0 such that

0
ns(w) = f e"|Gs(O,w)Fadv < 1, ¥ 8 > 6y, (4.2.74)

(%)
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which implies that

sup sup f " NGO TTdY Y i < Y & = 0, ask,t - +oo. (4.2.75)
r—t

> < - B
5201 rer iz >k

Using the same method, we obtain for all 6 > 0,

r r=q 0 r=d
sup f NGOl Y i) < sup f MGl D E)T 0. (4.276)

< S <
r<t icZ st o |l|>k

as k,t — +co. And the above convergence is also uniform convergence for large 6. More precisely, by

(4.1.7) in Lemma 4.1.1 again, f_ow " Gs(6,.w)|ldr — 0 as 6 — +oo, hence, there exists a 0, = 0,(w) >
0 such that

sup sup f " NGs(Oy v ) i) 7 <(> &) 7 0, 4.2.77)
r—t

020y r<T iz >k

as k,t — +oo. It follows from (4.2.69)-(4.2.77) that

sup sup Z fl(ﬁlu (r+ ) + alv (r+ s)) (4.2.78)

r<t s€[—p,0] li>2k

< sup sup Z W& B (r + IF + ahi(r + s)[*) = 0, as k, t — +oo,
r<t s€[—p,0] w7

for all 6 > 0 and uniformly in large 6. This completes the proof. i

Backward asymptotic compactness of solutions and existence of pullback random attractors
The following lemma is useful for verifying the asymptotic compactness of solutions.

Lemma 4.2.5. Let hypotheses E, F1, F2, G1, G2 and (4.1.35) be satisfied. Then, for each (1, w, D) €
RxQXDand ¥, = (¢, U,1) € D(r — t,0_,w), there exists a T := T(1,w, D) > 3p + 1 such that
forallt > T, the solution ¢° = (u°,V°) to (4.1.29) satisfies

r d T
supf d—u‘s(v, r—1t,0_,0,¥,—) dv + sup f
r

r<t Jr—p av r<t

2 —_
iv‘s(vr 1,0_,0,0,—)|| dv<cRs(t,w), (4.2.79)

dv

where Rs(t, w) is given by Lemma 4.2.3.

Proof. Multiplying the first equation in (4.1.29) with du/dv, where u(v) := u(v,r — t,0_,w,¥,_,), we
obtain

du 2
”EHU <cllAul% + cllul% + c|VIIZ + cllF @) + cllf (@ — 0P ))IA

+ cllgMIE + clGs(6,- ) PIG, wl>
<cllull2 + clVIZ + ellF @O)IZ + cll f (v — 0PI
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+ g + clGs(0,—, ) PIIG, w2 (4.2.80)

Integrating from r — p to r and taking the supremum over r € (—oo, 7], we deduce

r d 2
sup f 5u(v, r—t0_.w, . ) Udv

rs<T —p

<esup | (O + IVO)IE )Y + Csupf IF u(v)ll>dv

r<T Jr—p r<T —p

+csup f If (v = 0P ))lzdv + ¢ sup f g5 dv

r<tT —p r<tT —p
+ csup f G50, - w)PIIG(v, u)|2dv. (4.2.81)
r<T r—p

By (4.2.2) in Lemma 4.2.1, there exists T := T(1, w, D) > 3p + 1 such that for all # > T, the first term
on the right-hand side of (4.2.81) is bounded by

sup f (eI + IvIZ)dy < ce™ P sup f ")l dv
r=p r

r<t r<T Jr-3p-1

< ce" DR (1, w). (4.2.82)

By (4.1.32) in the hypothesis F1 and (4.2.26) in Lemma 4.2.3, we have

sup f IF (uO)IEdv < sup f Qa3llull?y? , + 2luall2)dv

r<T —p r<T —p

i
<2a3 supf Null"2 . dv + ¢
I

o2p-2
r<T —p
<202cRs(t1,w) + ¢, (4.2.83)

where we used u, € 5?,. According to (4.1.34) in the hypothesis F2 and (4.2.41), we obtain

sup f If (u(v = ® ON)IIzdv <L sup f lu(v = 0P W)II5-dv

r<T —p r<T —p

<cLi(p + DRs(1, w). (4.2.84)

As done in (4.2.42), we have

r 0
supf ||g(v)||%,a’v<em(p+1) supf e’"vllg(v+r)||(27dv

T —p ST o)

< ™"V (T) < oo, (4.2.85)

It follows from Lemma 4.1.1 (i) that 1 —» G5(6,w) is continuous. Thus, there exists an Ly > O such
that

sup |Gs(0,w)I* < L. (4.2.86)
ve[-p,0]
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According to (4.1.36) in the hypothesis G1, we obtain

sup f 1Gs(6,-,w)PIIG(, wll5dv <Lo sup f D &G, w)ldy

rs<T —p r<T —p iez

<Losup [ Qa0 + s (VP
r—p

< -
rsT icZ,

:ZQZLO sup f Zgilui(v)lzq_zdv

r<T -0 iez

+2Lg sup f a2 . (4.2.87)

r<T —p

Now, we estimate the last two lines of (4.2.87) separately. On the one hand, by 2 < ¢ < p, and so

2g-2>0, ;’qj—:g > 1, and by (4.2.26) in Lemma 4.2.3, we deduce

sup r Zfi'ui(v)|2q_2dv <csup f r Zgi(|u,~(v)|2p-2+ dv

IST Jr-p ez IST Jr=p ez

=csup f I 7 ,dv + ¢ sup f €]l dv

r<t —p r<T —p

<CRs(T, w). (4.2.88)

On the other hand, by (4.1.21), & € ¢! and uy € LR, £9),

r r p=2
sup f s OIZdv <sup f el s, v

r<t —p r<Tt —p

P2
<PUENY kallf g ) < +oo. (4.2.89)

Using (4.2.88) and (4.2.89) in (4.2.87), we imply

sup f 1G5 (6y_ )G, w)|>dv < cRs(t, w). (4.2.90)

r<t —p

By (4.2.81)-(4.2.90), we deduce

" d 2 —
supf Eué(v, r—1,0_w, wr—t)“O_dV < CRé(T’ (L)) (4291)

r<T —p

One can similarly prove that
_V(S(V9 r—1, g—rw’ wr—t)

Vi
su
r<‘1P r—p dv

This together with (4.2.91) yields (4.2.79) as desired. O

2 —
dv < cRs(T, w). 4.2.92)
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Proposition 4.2.6. Let hypotheses E, F1, F2, G1-G3 and (4.1.35) be satisfied. For each 6 > 0, the
cocycle ¥ associated with the random delay FitzHugh-Nagumo lattice system (0.0.7) is D-backward
asymptotically compact in X, = €2 X €. More precisely, for all s € [-p, 0],

(\P(s(tna rn — tm Q—an)l//n)(s) = 906(7”;1 + 8,1 — tn’ e—r,,wa ';I/n)
has a convergent subsequence in X, whenever r, < 7,t, T +00 and ¥, = (¢, v,) € D(r,, — t,,0_, W).

Proof. Let (1,w, D) € Rx QXD be fixed and suppose that r, < 7,1, T +00 and ¥, € D(r, — t,,, 0_, w).
For each s € [—p,0], we define Y"(s) := (Vo(ty, 7 — tn, O, w),)(s). It suffices to prove that the
sequence {Y"(s)};7 | has a convergent subsequence in X,. Besides, we write Y"(s) = (¥]'(s));ez for
each n € N. Given € > 0, by Lemma 4.2 .4, there exist k;,n; € N such that

sup sup 1Y ONX, sty < €55 ¥ 1> ny k> ky. (4.2.93)

r<t s€[—p,0

According to (4.2.1) in Lemma 4.2.1, there exists n, > n; such that for all n > n,,
IY*(9)Ix, < cRs(T, w) < +00, (4.2.94)

which implies that the sequence {Y"(s)} | is bounded in X,-. In particular, the sequence {(Y7(s))ji<k, } oo,
is bounded and pre-compact in the finite-dimensional space R?%*1~!, In this case, there is a subsequence
{(Y" (5))i<ty }2, such that it is a Cauchy sequence in R*~!. Hence, there exists n3 > n, such that for
all n*, m* > ns,

DEYI ) -V eP < Y 6 - )P < €, (4.2.95)

lil<ky lil<ki

where we recall that & = (1 + %) < 1 foralli € Zand o > % By (4.2.93) and (4.2.95), we show
that for all n*, m* > ns,

1Y () = Y™ (), = D &IV () = Y ()P + D&Y ()= ¥ (9)

lil<k [k
2 n* 2 m* 2 2
<€ +2 ) &Y (P +2 ) G ()P < 5
li>ky li>ky

which shows ||Y" (s) — Y’”*(s)llx‘r < V5e. Therefore, (Y™ (s)}is a Cauchy subsequence of {Y"(s)} and
convergent in X, . O

We are now in a position to show the existence of D-pullback random attractors for the cocycle
¥,

Theorem 4.2.7. Suppose all hypotheses E, F1, F2, G1-G3 and (4.1.35) are satisfied. For each 6 > 0
and s € [—p, 0], the cocycle ¥° associated with the random delay FitzHugh-Nagumo lattice system
(0.0.7) has a D-pullback random attractor A° € D _and a D-pullback random attractor A’ € Din
X:. = C([-p, 01, X,), respectively. Moreover, A° = A°.
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Proof. We mainly proof that ¥° is D-backward asymptotically compact in X%. That is, for any
sequences 1, < 7,1, T +oo and ¥, = (¢, v,,) € D(r, — 1, 0_,,w), the sequence

\P(s(tn’ Fn = Iy, 9—:,160)% = ‘10(2”(" Tn — by, Q—rnw’ l//n)

has a convergent subsequence in XY.. For this end, we need to check the following three steps.

Step 1: For each s € [—p, 0], we prove {(¥°(t,, 1, — Ly, 0_, WW,)(5)}aen 1S pre-compact in X, =
% x £2. The conclusion holds true on account of Proposition 4.2.6.

Step 2: We show the sequence {¥(t,, r, — t,, 0_, WWnlnen in XY, is equi-continuous from [—p, 0]
to X,.. Let sy, s, € [—p, 0] with s, > s;. By Lemma 4.2.5, there exists an N € N such that ty > T and
thus, for alln > N,

”(\P(S(Zn, Tn — Iy, 9—znw)$n)(31) - (\Pé(tna n — Iy, 9—[,160)%)(52)”/\’0
= ||‘;06(rn + S, 7 — Iy, e—r,,w’ (»l’n) - (pé(rn + 82, 1 — Iy, Q—r,,wa %)HX(,

Fp+S82 d Fp+S2 d
< Cf d—ua(v, Fon = by, 0,0, ¢,)|| dv+ Cf d—Vﬁ(V Fn = by, 0,0, 0)|| dv
rnts] 14 o rnts] 14 a
I'n d 6 2
< c( —u’V, 1y — 1, 0,0, ¢,)|| dv
n—p dV e

I'n
wof [
'n=pP

=~ 1
< CRs(T, w)ls2 — 512,

3 1
) ls2 — 512

} 1
) ls2 — 81/

d 2
—V(V, 1y — 1y, 0_, w,0,)|| dv
(on

dv

Hence, the sequence {¥°(t,, 7, — t,, 0, W lnsy in XL, is equi-continuous from [—p, 0] to X,.. Note
that it is obvious that the finite set {¥°(t,, r, — t,, 0, W<y in XL is equi-continuous, and so is the
whole sequence {W°(t,, 7y — ty, 0_ WOy b

Step 3: We prove the existence and equality of two pullback random attractors. By Steps 1-2, it
follows from the Ascoli-Arzela theorem that the sequence {¥°(t,, 7, — t,, O_, W)W }nen 1s pre-compact
in X%.. Thanks to Proposition 4.2.2, ¥° has a D-pullback random absorbing set K = {Kj(t, w)} € D.
Using the abstract results established in [121, Theorem 2.23], we derive that ¥° has a D-pullback
random attractor A° € D in X%, which is the omega-limit set of K.

By c D, we imply that K is also a - -pullback random absorbing set and K € D. By the same
argument of Proposition 4.2.6 and the above Steps 1-2, we derive that ¥ is - pullback asymptotically
compact in X7. It follows from [ | that the existence and uniqueness of a ©-pullback random
attractor A° € D are obtained, where A° is the omega-limit set of K. Therefore, A=A €D O

4.3 Upper semicontinuity of attractors as correlation time tends
to infinity

In this section, we mainly discuss the upper semicontinuity of the pullback random attractor A° for
problem (0.0.7) as 6 — +oco. For this end, we need to verify convergence of solutions.
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Lemma 4.3.1. Suppose the hypotheses E, F1, F2, G1, G2 and (4.1.35) hold. Let ¢° = (u°,v°) and
@ = (@1,9) be the solutions to (0.0.7) and (0.0.9) with initial value y° = (¢°,1°) and tﬁ = (qAS, D),
respectively. If [y° — || x.. — 0.as 6 — +oo, more precisely,

dye (W0, 0) = sup I(#°, L°)(¥) = (&, )Wllx, — 0, as § — +oo, (4.3.1)
ve[—p,

then ¢° converges to ¢ in the following sense:

Jim  sup g’ + 5,7, w0, ) = Pt + s, 7,05 =0, Vi>7, weQ. (4.3.2)
—+00 se[-p,0] o

Proof. Let U°(v) = u°(v, T, w, ¢°)—1u(v, 7, (2)), Vo) = v (v, T, w, °)—D(v, 7, /) and Wo(v) = @° (v, T, w, Y°)—
o(v, 7,4 = (U*(v), V°(v)), which is equipped by the norm ||W‘5||§({r = BIIU°|1Z + a||V°|>. We subtract
(0.0.9) from (0.0.7) to obtain W° = (U°, V°) satisfies that for v > 7,

0

U°
d—v’ +(AU%); + AU? + aV? = Fi(d (v)) = Fi(i(v)) + £l (v — 0© ()

— fiti(v = 0P 0))) + Gi(v,u0)Gs(B,w), 4.3.3)
()

dV¢
—=+ sVI = BU?S = fi(0(v = 0P ) = [i(9i(v — 0P ),

where U° = (U?)iez and V° = (V?);ez. Taking the inner product of (4.3.3) with (2B&U?, 2a¢;V?) and
summing up the product over i € Z, it follows that

d
ZBIUllg + allVIZ) + 261Ul + llV°I7)
= =28 ) EUNAU®) +2B )" EUNF () = Fi(@) +2BGs(0yw) ) &UGi(v,u)
i€Z i€Z i€Z
+28 ) &UI(fid (v = 0P 0) = filiu(v = 0¥ ()
i€Z
+20 ) EVEHOLW = 0P ) = A = 0P 1)), (4.3.4)
i€Z

where we recall that xk = min{A, ¢}. As done in (4.2.5), we have

~28 ) &UNAU®) < 2.5V BIU°)2. 4.3.5)

i€Z

According to the mean valued theorem and (4.1.33) in the hypothesis F1, there exists a := a(uf, ;) €
(0, 1) such that

2B ) EUNFi) - Fi(@) <28 ) &IU?IZ%(auf + (1 - a)it)

i€Z i€Z

< =283 ) EUNPlaud + (1 - @)l + 28 > &IV Pus,

i€Z i€Z
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<2Blusll=NU°|I2. (4.3.6)

Note that § < 2 < g < p, by the Young inequality and (4.1.36) in the hypothesis G1, we imply

2BG5(Ohw) Y | EUIGi(v, 1) <2BIGsOhw)l D ENU N @alull’™ + puai(v)

i€Z i€Z
<&lGs(0.0)] ) E(ull? + i)
i€Z
+ 821G O D EWP + 1l + g ()P)
i€Z
<&|GsO112,, + ], + s, + 1)
<G O, + Il + 1), (4.3.7)

where we recall that uy € L¥(R, £7). By (4.1.34) in the hypothesis F2, we obtain
28 )" EUNHW = 0P (0) = Fli(vy = 0P ()
i€Z

+20 ) EVI(HOL0 = 0P 0) = iy = 0 1)))

i€Z

<2BL; ) ENULIE (Y = 0P () = (v = 0 ()

i€z
+2aLy Y EIVIIM Y = 0P () = 5iv = 0P ) (4.3.8)
i€Z
4L12‘ 5 ©) 2 o) %) 2 K 5112 )
< T(ﬁIIU v ="Ml + V(v =0 W)Il;) + Z(ﬁIIU Il + al[V°II;,).
We substitute (4.3.5)-(4.3.8) into (4.3.4) that

d 3k
WO+ klIWOI, + (S = 2.5% = 2llusll=) WO,
dv 4
2
< —Kf||W5<V — 0P OIX, + elGs @l + Nallz., + 1), 4.3.9)

where % — 2.5% — 2|3l > 0 in view of (4.1.35), and we recall that ||W5||§(a = BIU|12 + al|V°)2.
Integrating (4.3.9) over [7,¢ + 5], where ¢t > 7 and s € [—p, 0], we deduce

I+5
IWo(t + 9)llx, < W@y, —« f IW W)y, dv
4LJ2[ t+s
+— IW(v — 0P W)l dv

T

f+s
+ 8y f Gs@) U’ DI, + 125, + Ddy, (4.3.10)
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where ||W6(T)||§((r = Bll¢°(0) — ¢O)|> + a|l’(0) — HO)|> < dip (W°, ) — 0as & — +o0. The second
line of (4.3.10) satisfies

4L§ 1+ 4L§ T 4L§C 1+5
— IIW‘S(V—Q(”)(V))Ilﬁ(FdV<f) f ||W5(/1)||§(de+ﬁ f WOz, dv
T P+ —p
4L2p 4L2 s
< —L &, )+ f W)l dv,
K —py e D+ = s X
) . 412 )
which, together with K(l_é 5 <K yields
W+ 9, < (1 + )
S
Xo = k(1 -p.)
I+
+ &4 f G5O’ WL, + 1aW)IIE, + Ddy. (4.3.11)

Similar to the argument as in Lemma 4.2.3, we imply it € L” (1, +00), £7), which yields f ||u(v)||p dv <
+00. Finally, we only need to prove

1
lim sup f DI, ,dv < +oo. (4.3.12)

0—+0c0

Replacing 6_,w by w in the energy inequality (4.2.15), by (4.1.6) in Lemma 4.1.1, there exists a
0o := 09(w) > 0 such that for all 6 > 6y, v € [, 1],

d K
d—vllso‘sllia + eI, + Ellwfsll?@ + a1 Blu’ll5,
4L§' 5 ) 2 A 2 2 A 7
< THSD (v =0 Wlly, + &1 + gl + IhOWII;) + E6lGs(6yw)] 7= (4.3.13)

Using (4.1.6) in Lemma 4.1.1, there exists a 6; > ¢, such that for all 6 > ¢,

sup sup |Gs(6,w)|77 < 1

0201 ve[tt]

Then we can rewrite (4.3.13) as follows.

d K
Ellwallio + I’y + Ellﬁoéllf\gf + 0’1,8””6”5,,)
2
f ~ ~
< TI|¢5(V - Q@)(V))Ili(, +&5(1 + g% + IAMW)IIZ) + &6,

which, together with the Gronwall inequality, ¢°(-, 7, w,y°) € C([t — p, ), X,), g&.h € L? (R, (%),

) ) loc
implies that

supf 1’ (v, 7, 0, $IE ,dv < & Sup||l// e + &

0>00
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Since [[y° — Ylly» — 0 as § — +oo, we obtain that ||w6||§(p is bounded when § — +oo. Therefore,
(4.3.12) holds true. It follows from (4.3.11) and (4.1.6) in Lemma 4.1.1 that

W@t + 9)llx, < 29d3 (W°, ) + 10 sup |G5(6yw)| — 0,

7 ve[r,t]
as 0 — +oo. Therefore, we obtain (4.3.2) as desired. O

We assume that ¥ : R™ X R x X% — X% is the corresponding deterministic dynamical system
(or process), given by

\POO(I’ T)& = ¢Z+T(" Ta '7’[’)5 t > 09 (T’ '1’[’) € R X Xﬁ, (4314)

where ¢ = (@1, V) is the unique solution to system (0.0.9). One can prove that ¥ has a D*-pullback
attractor A* by using the same method as in Theorem 4.2.7, where D is the universe of all backward
tempered sets in X%., that is, D € D* if and only if

lim e sup ||D*(r - 1)|
—+00 r<T

w=0,Vy>0,1eR (4.3.15)

Theorem 4.3.2. Let hypotheses E, F1, 2, G1-G3 and (4.1.35) be satisfied. Suppose A° is the D-
pullback random attractor of random delay lattice system (0.0.7) with the size 6 > 0 and A* is the
D-pullback attractor of deterministic delay lattice system (0.0.9). Then A° converges to A%, i.e.

6lim dX/;r(ﬂé(T, W), A®(1)) =0, YTeR, we Q. (4.3.16)
—+00

Proof. We split the proof into the following three steps.

Step 1: We prove the cocycle W is uniformly absorbing in X% with respect to the large-size 6.
Indeed, by Proposition 4.2.2, each cocycle ¥ has a D-pullback random absorbing ball Kj(-,-) € D
with the radius

SR (1, w) = A1+ T(@) + 5@, ¥ (Tw) ER X Q. 4.3.17)

By (4.1.7) in Lemma 4.1.1, we have
0 )
6lim ns(w) = 6lim f e"|Gs(0,w)|7idv =0, Y w € Q. (4.3.18)
—+400 —+o0 J_ o

Since all estimates in section 3 are valid when § — +o0, one can show that the determinstic system
Y has a D*-pullback absorbing set K, given by

Ko(t) ={we X : ||w||§(p <c2+Y()}, VTekR (4.3.19)
Using the same method as in Proposition 4.2.2, one can show K, € ©*. Thus, we imply

limsup || Ks(r, w)ll3, < K@

d—+00

e ¥ (Tw) eRXQ. (4.3.20)
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Step 2: We verify the large-size uniformness of the D-pullback asymptotic compactness for the
cocycle ¥ in X.. By the proof of Theorem 4.2.7, we prove the conclusion as desired.

Step 3: We prove the upper semicontinuity in (4.3.16). In fact, the convergence of systems
(P° — P> as § — +o0) has been obtained in Lemma 4.3.1. And for all large enough §, the uniform
absorbing has been proved in Step 1. Moreover, the uniform asymptotic compactness has been derived
in Step 2. Using the abstract result of upper semicontinuity for random attractors as in [86, Theorem
4.1], we prove (4.3.16) as desired. O

4.4 Upper semicontinuity of attractors as delay goes to zero

The last section is devoted to the upper semicontinuity of the pullback attractor A, for problem (0.0.9)
as p — 0. Hereafter, we write the solution and deterministic dynamical system (or process) of system
(0.0.9) as ¢ = (&, 9°) and ¥,,, respectively. In addition, we use D, = {D,(7) : T € R} to replace the
notation D% defined by (4.3.15).

As proved in Section 4.3, ¥, has a D,-pullback attractor A, in X% and a D,-pullback absorbing
set K, given by

K,(1) = {w e X2 : Wik <cR(T)}, VT €R, (4.4.1)

where E(T) =2+ T(7) and Y(7) is given by (4.2.3).
Let p = 01in (0.0.9), we obtain

di?

d—t" + AR + 220 + o) = Fi@d(0) + £(@2(0)) + gi(0),

d_ti + g‘\A/? _’31)? = h(t) + f,-(f)?(t))’

~0 20 o0 A0
w(y=¢;, v;(r)=0;, t>1, T€R

(4.4.2)

From now on, we denote by ¢° = (#°, ?°) the solution to Eq. (4.4.2). Assume that D, is the universe
of all backward tempered sets in X, that is, Dy € Dy if and only if

lim e sup||[Do(r — % =0, ¥y >0,7eR. (4.4.3)
t—+00 7

r<T

Since all estimates in Section 4.2 are valid when in both cases p = 0 and 6 — +oco for problem
(0.0.7). We deduce that the deterministic dynamical system ‘Py(:, -) induced by Eq. (4.4.2), possesses
a Dy-pullback attractor Ay = {Ap(t) : t € R} € Dy and a Dy-pullback absorbing set K given by

Ko(t) ={we X, : ||w||§((r < CE(T)}, Y1eR, 4.4.4)
where E(T) is the same as in (4.4.1). Combining (4.4.1) and (4.4.4), we infer
lim sup 1Ty, = 1Ko(D)llx,,- (4.4.5)
p—

Thanks to Theorem 4.2.7, the following Lemma is immediate.
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Lemma 4.4.1. Suppose all hypotheses E, F1, F2, G1-G3, (4.1.35) are satisfied. Then the process
¥, associated with the deterministic delay FitzHugh-Nagumo lattice system (0.0.9) is ©,-backward
asymptotically compact in Xt = C([—p, 0], X,»), that is, for each (t, D,) € RXD,, forall Y, € D,(7,),
and for each sequence {t,} < t with T, — —oco asn — oo, the sequence {'¥ ,(t, T, )W, }nen is pre-compact
in Xt

Proof. One can prove the proof by using the same method as in Theorem 4.2.7, which is based on the
Ascoli-Arzela theorem. More precisely, we can complete this proof by the following two steps.

Step 1: For each s € [—p, 0], we prove {(¥,,(, T,)¢,)(s)}uar i pre-compact in X, = €% X £Z.

Step 2: We show the sequence {¥, (7, T,)¥/n}new in X" is equi-continuity from [—p, 0] to X,.. Let
S1, 82 € [—p, 0] with s > 5.

2, (8 T )w)(51) = (Ep(t TW)(52)llx, < R(Dsy = 5112

Let us first prove the convergence of solutions as p — 0.

Lemma 4.4.2. Suppose the hypotheses E, F1, F2, G1, G2 hold. Let ¢* = (2, ) and ¢° = (2°,7°) be
the solutions to (0.0.9) and (4.4.2) with initial value 1,7/’3 = ((fbp, o°) and lZ/O = ((]Aﬁo, %), respectively. If
JP converges to 4P, i.e.,

4l (0.9%) = sup |I(@",0°)(s) = (8%, 0")lIx, = 0, as p — 0, (4.4.6)

s€[—p,0]
then ¢° converges to Q° in the following sense:

lim sup [[°(t + 5, 7,0°) - ", 7. YO)3, =0, V> (4.4.7)

P=0 se[—p,0]

Proof. Let UP(v) = i (v+s5,T, ) —i’(v, 7, 8°), VP(v) = P (v+s, T, )= (v, 7, ©°) and WP(v) = @P(v+
5, T,0°) = §°(v, 7,4°) = (UP(v), V#(v)), which is equipped by the norm [[W?|% = BIU*I12 + allV7|[;.
We subtract (4.4.2) from (0.0.9) to obtain W* = (U*, V) satisfies that for v > 1,

au?

—o +AUD); + AUT + aV] = Fiil}(v + 9) = Fi@} ) + @ (v + 5 = 0P+ )
= G 0) + i + 5) = i),

ave ;

= " SV =BUY = fi[ (v + 5= 0P (v + 9)) = G 0) + By + 5) = hi(v).

Taking the inner product of (4.4.8) with (28&;U?, 2a&;V?') and summing up the product over i € Z, it
follows that

d
d—v(ﬁIIUpllfr +allVAI2) + 2<BIUPIL + alIVPII3)

= 28 ) &USAUR) + 2B Y EULFA# (7 + 5)) = FA@l(0))

i€Z i€Z
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$2B Y EUL(Y + ) = gi) + 20 ) EVIU( + 5) = hi(v))

i€Z i€Z

+2B ) EULfE Y + 5= 0P + ) = @ ()

i€Z

+20 ) EVI(OVL 0+ 5= 00 + ) = FEN0D), (4.4.8)

i€Z

where we recall that k = min{4, ¢}. Using the same arguments as in (4.2.5) and (4.3.6), we deduce

=28 ) EUIAUR) +2B ) EUCF (v + 5)) = Fi(@)(v))
i€Z i€Z

<257BIU"Il; + 2Blluslle=1U71I5- (4.4.9)
The Young inequality gives

28 ) EUL iy +5) = i) + 20 Y EVE(y + 5) = hy(v) (4.4.10)

i€Z i€Z
n K
<ei(lgv + 5) = gWIIZ + lh(v + 5) — hW)IIZ) + Z(BIIU’JH?, +allVAII2).

According to (4.1.34) in the hypothesis F2, we imply

28 EULH@ Y + s = 090 + 5) = H@()

i€Z

+20 ) EVIHWL 6 + 5= 000 + ) = FG)0))
i€Z
412
<0+ 5= +5) = 2O

+ P+ 5 =0 (v +5) - 9O(V)|Ifr) + g(ﬂllUpllfr +allVI2). (4.4.11)
Substituting (4.4.9)-(4.4.11) into (4.4.8), we obtain for v > 7 — s and s € [—p, 0],

d 3
EIIW’) (V)Ili({, + EKIIW’ (V)Iliﬁ (4.4.12)
< (2.5 + 2||N3||[°°)||WP(V)”,2\’U +81(lgv + 5) — gMIIE + |h(v + 5) — h(W)|12)
4L]% ~p ) PN (PANTE- TN %) S0 (12
+ 7(||u v+ 5—020+5) =’ W) + [P0 + s — 0P (v + 5)) = D (v)||(,).
Integrating (4.4.12) over [t — s,v] withve [t —s,7+ T]and T > p,

IWPO)II, < IWP(T =9y, + (2.5 + 2||,ua||fw)f W%, dr

+0 f (lg(r + 5) = &I + llA(r + 5) = h(D)II5)dr (4.4.13)
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AL
+— | (10 + s = 0¥+ 9) - 0
+ [ + 5 = 0 (r + ) — ()% )dr
Note that
WPz = 9y, =BIFO) - 2°(t — 5,7, ) + |t (0) — 9t — 5,7, D)2
<2(d}, (w’ 0) +28118° — 2%t — 5,7, OI2 + 2a118° — 0 — 5,7, OO)%. (4.4.14)

Forallr € R, s € [-p,0],let = y(r) = r+5—0¥)(r+s), then y'(r) > 1 —p, > 0, and thus there exists
an inverse function such that r = y™'(¢) for all £ € R. If let # = r — 0¥ (r + ), then r = y"!(# + s5) and

f 127 (r + s — 0¥ (r + 5)) — 2°(r)I2dr

() v
= f 16 (r + s — 0“(r + 5)) — 2°(r)||2dr + f 16 (r + s — 0“(r + 5)) — 2°(r)|2dr

yl(7)
') . Y (1) )
< 2f 16 (r + s — 0“)(r + 5)) — @°|2dr + 2f 12°(r) — ¢°|2.dr
TS TS5
+ — 2’677 + 5)|2dP
1-p.
2

T+2p0
< 18 (r) — ¢° ||2dr+2f 12°(r) = @°I5.dr
1- P e

PIBdr + - f W00+ ) - 2 (PIdr

1_

2 R . T+20 .
< sup [|¢”(s) — ¢0||2+2f 12°(r) — ¢°II%dr (4.4.15)

1 - p. se[—p 0]

+T
f 122 + 5) — 20| Edr.

Similarly, we deduce
f 19°(r + s — 0©(r + 5)) = P°(r)||2dr

<

2 T+2p0
0 sup [[#¥(s) — %2 +2 f 19°(r) — 0°|2.dr (4.4.16)
1 = ps s p01

Vp(r)llzdr 7 f 0 (r + ) = D°(r)I|2dr.

It follows from (4.4.13)-(4.4.16) that

WO, < e [ IWPOIR dr + 23(dy, .00
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+2Bl1¢° - 2°(x = 5,7, 8O)I5. + 2all8” - 9Oz — 5,7, O)II7
T+2p
vey f 1) = BOI +116°0) — D012
TT+T
+ f (120" (r + s)) = 2% + 190" (r + ) = D2 )dr
TT+T
+1 f (lg(r+ 8) = g + G + ) = h()|13)dr. (44.17)
Applying the Gronwall lemma to (4.4.17), we deduce, forall v € [t — s, 7+ T1],
IWPOIR, < 23e™ (A (B, 8 +2Be27116° — 2°(r = 5,7, 9% + 22”7 [[0° = (7 — 5,7, DO)II2
T+2p0
+ 84607 f (12°(r) = @°II% + 19°Cr) = 8°112)dr
A TT+T
+ 25e" f (120 + 9)) = 2° PN + I (r + ) = ()2 )dr

T+T
+ ¢y f (lg(r + s) — gIZ + Ih(r + 5) — h(r)|[2)dr. (4.4.18)

By (4.4.6), we imply the first term on the right-hand side of (4.4.18) &;e"(d}, W, %) - 0 as
p — 0. Then we infer from the continuity of #°(-, 7, #°), 9°(-, 7, #°) at T and s € [—p, 0] that
2pe"19° = (7 = 5, 7.8O)lg + 20”710 = 97 — 5. 7. DO

T+2p0
+ &4eT f U2°r) = %1% + 119°(r) — 2°|2)dr — 0, as p — 0. (4.4.19)

0 50

Since it”, V" are uniformly continuous over [7,7 + T + p], then the third line of (4.4.18) is bounded by

T+T
&se®T f (12°7 o + 9)) = 2° P + ° (r + 5)) = P°()IE)dr — 0, (4.4.20)

as p — 0. Thanks to g, h € L?

loc

(R, £2) and s € [—p, 0], the last line of (4.4.18) satisfies

T+7
&€t f (lg(r + 5) — g2 + Ih(r + 5) — h(r)|2)dr — 0, as p — 0. (4.4.21)

Collecting the above estimations, we deduce that for all v € [t — 5,74+ T] and s € [—p, 0],
||W‘“(v)||§(rr — 0, asp — 0. (4.4.22)

We now consider the other case v € [r,7—s]. Letu = v—1. Then we obtainv = y+7and 0 < u < p.
Therefore,

WDz, = 107 + 5, 7.0°) = @0, 7, 6O,
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<2ARP + 5,799 = ilx, + 210°0, 7, 9% — 9Ol

<2 sup 167 (s) = 9li%, + 218°u + 7. 7.9°) — ¥l
s€[=p,0]

By the continuity of ¢° = (¢°,7°) at 7, u € [0, —s] and the condition (4.4.6), we imply the above
inequality goes to zero as p — 0, which together with (4.4.22), yields that for all v € [r,7 + T] and
s € [—p, 0], (4.4.7) holds true. m|

Lemma 4.4.3. Let hypotheses E, F1, F2, G1-G3 and (4.1.35) be satisfied. If p, — 0, t € R and
U = (P, vy) € A, (1) C Xt then there exist 12/0 = ((?)0, 9%) € X, and an index subsequence {n*} of {n}
such that

e W, 9°) = supO - (s) = ¥°llx, = 0, as n* — oo. (4.4.23)
7 SE€[=py+,0]

Proof. Take a sequence 7, — —oo. By the invariance of A, (-), there exists a i, := (¢,, 0,) € A, (T,)
such that

Y = \Ppn(ta Tn)l)@w (4.4.24)

By A, € D,,, and using the same method as in Step 1 of Lemma 4.4.1, we deduce that {(*F,,, (¢, T )W) (0} e
is pre-compact in X, = €% x %, and thus there exist a }° := (¢°, #°) € X,, and an index subsequence
{n*} of {n} such that

(P, (¢, T W )(0) = §0llx, — 0, asn* — +oo,
which implies that for given any € > 0, there exists Ny > 1 such that for all n* > Ny,
I(P,,,. (&, T W )O0) = §Pllx, < €. (4.4.25)

By the arguments as in Step 2 of Lemma 4.4.1, we imply that there exists ¢ > 0 with |s; — 5| < ¢ such
that for all € > 0,

(P, (1 Tu W )(51) = (B (8, T W ) (82l x, < €.
Since p,» — 0 as n* — +oo, there exists N, > N; such that p,- < ¢ for all n* > N,, then
(P, (8, T W () = (P (1, T W )OIk, < €, (4.4.26)

for all s € [—p,+, 0]. It follows from (4.4.24)-(4.4.26) that there exists N3 > N, such that

I () = BOllx, = IICP,,. (& T W )(8) = 0PI,
<P, (8, T W )(8) = (P, (8, T W YO .,
+ IO, (&, T W NO0) = B0llx, < 26,

for all n* > N3 and s € [—p,+, 0], which yields (4.4.23) as desired. O
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Theorem 4.4.4. Let hypotheses E, F1, F2, G1-G3, (4.1.35) be satisfied. Suppose A, is the D,-
pullback attractor of deterministic delay lattice system (0.0.9) and A is the Dy-pullback attractor of
deterministic non-delay lattice system (4.4.2). Then A, converges to Ay, i.e.

lin& d (A1), Ag(1)) = 0, Y1eR. (4.4.27)
p—0 o

Proof. If (4.4.27) does not hold true, then there exist € > 0,p, — 0 and ¥, := (¢, v,) € A,,(?) such
that

dj\/ﬂn (l//ns ﬂ()(t)) =2 €, VneN. (4428)

Thanks to (4.4.23) in Lemma 4.4.3, there exist a subsequence ¥, (relabeled the same) and an element
§° = (@°, 0°) € X,, such that

lim sup [[a(s) — ¥lx, = O. (4.4.29)

n—eo SE[—Pn,O]

We now prove that y € Ay(?). By the invariance of A, , there exists J* := (¢*, %) € A, (7;) such
that

U, =W, (T, Yk eN, (4.4.30)

where 7, — —oo as k — +o0. By (4.4.23) in Lemma 4.4.3, there exist a subsequence of 1,/A/ﬁ and an
element ¥ € X,, such that

&y (e ) — 0, as 0™ — oo, (4.4.31)

It follows from a diagonal process that there exists an index subsequence (relabeled the same) of {n*}
such that

lim  sup |[¢*.(s) —¥*lx, = 0, VkeN. (4.4.32)

n*—+oo se[—pr,0]
By (4.4.7) in Lemma 4.4.2, we have

lim  sup |[¥,. (6 TP (s) — Yot TP NIy, =0, Yk €N, (4.4.33)
]

n*—+oo se[—p,=,0
which, together with (4.4.29) and (4.4.30), implies
J° = Wo(t, 7)P*, V k e N. (4.4.34)

Since K,,, is a pullback D, -absorbing set, and by the invariance of A, , there exist a ¥y := T4 (1, A,,) <
T; such that

A, (i) =¥y, (Ti, Ti) A, (Th)
C K, (10, (4.4.35)
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which shows zﬁﬁ € K,,(71). Combining (4.4.5) and (4.4.32), we obtain, for all k € N,

7k2 : 7k 2
15 1l, = lim [l O)llx,
n—+oo
< limsup 7,113,

n—+0oo0

< 1Kol -
As Ay(-) is a pullback Dy-attracting set, and by (4.4.34) and K € Dy, we deduce

dy (0°, A1) < dy (Wo(t, TP, Ao(1))
< dy (Wo(t, i) Ko(tr), Ao(1))

— 0, asn — +oo,
which implies ¢° € Ay(t). We then infer from (4.4.29) that

e W Ag(0) < sup[Igra(5) = Il + diy, (5", Ao(1)

SG[—Pn,O]
— 0, asn — +oo.

This contradicts with (4.4.28). The proof is complete.
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(4.4.36)

(4.4.37)

(4.4.38)

O
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Part 111

Numerical attractors for lattice systems
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Chapter 5

Optimization and convergence of numerical
attractors for discrete-time quasi-linear
lattice systems

Since the nonlinear operator A, (p > 2) has not a Fréchet derivative, we first establish a new type
of Taylor expansions and give the continuous-time error of solutions for the LDS (0.0.12). Next,
we prove the existence and uniqueness of a numerical attractor A, for sufficiently small step sizes.
We then derive its optimized bound given by ||g||/@. Besides, we establish the upper semi-continuity
from the numerical attractor A, to the global attractor A as € — 0. Eventually, we study the finitely
dimensional approximation of the numerical attractor.

5.1 Positively invariant ball and global attractor for p-Laplace
lattice

The discrete p-Laplace operator A, (p > 2) can be formally written as
Ayu= —B*(1Bul’Bu), (Bu); = i1 — i, (B*u); = uiy — u;,

where u = (4)icz, lul? = (|uil")icz and uv = (u;v;)icz. By [57], we have (A,u, u) = —||Bull},, where || - lly
(omitting the subscript if ¢ = 2) denotes the norm in the Banach space

= fu = ez Nl = " il < oo}, g > 1.
i€Z

We assume that g = (g;)iez € €% and f : R — R is locally Lipschtz continuous, i.e. for each r > 0,
there is L, > 0 (increasingly in r) such that

1f(s1) = f(s2)l < Lilsy = sal, YIsil <7y [so| <7y (5.1.1)

131
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and the dissipative condition (0.0.13) holds. Note that f € C'(R,R) implies (5.1.1), which together
with (0.0.13) implies that

f(s)s < —as®, ¥s e Rand £(0) = 0. (5.1.2)
Moreover, we obtain the bounded and locally Lipschtz continuous Nemytskii operator
F:0 >, Fu)= (f(u)iez, Yu € e

Now, the p-Laplace LDS (0.0.12) is rewritten as an abstract form

dt
u(0) = ug € 62,

{ du(®) _ VA u(t) + F(u(t)) + g, t > 0, (5.1.3)

where v > 0, p > 2. Although the dissipative condition ((0.0.13) or equivalently (5.1.2)) is different
from those in [39, 57], one can similarly prove that the p-Laplace LDS (5.1.3) has a unique solution
u € C([0, 00), £2) for each u, € ¢?, which generates a continuous semigroup (semi dynamical system)
defined by

S@): 0 - 0, SWOug = ut;up), Yt =0, uy € £°.

Lemma 5.1.1. The semigroup S () has a positively invariant absorbing ball

B(0):={x e |l <r*:= V1 +lglP/a?).

Proof. By the inner product of (5.1.3) with u(#), using (5.1.2) we obtain

inunz = 2v(Au, u) + 2(F (u), u) + 2(g, u)

dt
= —lIBull} - 2a )" fluu; + 2(g, w)
i€Z
llgll” llgll”
< ~2allulP + (ellull? + %) = ~aful? + 5.
(04 (04
The Gronwall lemma yields
2 —at 2 ”gHZ —at
(I~ < e luoll” + ?(1 —e ™), Vt>0. (5.1.4)

For all uy € 8,(0) with arbitrary radius r > 0, we have

2 2
e, up)lP < e + 8 g preny < 1y J8E ey
a

ift > % log r. Hence 8,-(0) is an absorbing ball.
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By (5.1.4) again, for all uy € B,-(0) and 7 > 0,

Y w lgll*y gl —at
et uo)lP < & (1+ =) + =25 (1 = ™)
o gl llgll? 2
at _ *
= + ? <1+ — = (r ) .
Hence 8,-(0) is also positively invariant under S (-). ]
We remark here that the bigger radius +/1 + 2||g||*/a? was used in [64].
By the technique of a cut-off function (see e.g. [0, ] or Lemma 5.4.1 later), one can give the

uniform estimates of the tail of the solution on the ball 8,-(0), which leads to the existence of a global
attractor. The proof is similar as those in [57].

Theorem 5.1.2. The semigroup S (-), generated from the p-Laplace lattice, possesses a unique global
attractor A C B,+(0).

5.2 Numerical solutions and discrete semigroup on a ball

The implicit Euler scheme for the p-Laplace LDS (5.1.3) with the step size € > 0 can be read as

- (5.2.1)

{ u, =u,  +evA,u, + eF(u;) + €g,
0

Note that there does not exist a common step size such that (5.2.1) is solvable for all initial data
(see Lemma 5.4.3 later or see [64, ] in the case of p = 2). So, we will restrict (5.2.1) on the ball
B,-(0) to ensure the existence of a discrete-time dynamical system for at least one size.

We need the local Lipschitz continuity of the discrete p-Laplace operator

1Ayt = Apvll < Lyl = vl and A ull < Ly, llull, Ve, v € B,(0), (5.2.2)

where L,,, := (p — 1)2°7r"~2 depends increasingly on r > 0. The proof of (5.2.2) is similar to those in

[126].

Theorem 5.2.1. There is € > 0 such that, for each € € (0, €] and uy € B,-(0), the IES (5.2.1) has a
unique solution such that

u;(up) € B,-(0), Yn e N, where r' = 1 +|g|*/a>.

Proof. We recursively prove the theorem in four steps.
Step 1: In the case of n = 1, we find an €* > 0 such that the IES (5.2.1) has a solution

ui(uo) € B,+41(0), Ye € (0,€°], up € B,(0),

where the radius is temporarily enlarged (from r* to r* + 1).
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For each € > 0 and uy € B,-(0), we define an operator M¢, : £> — {* by
M (x) = ug + evA,x + €F(x) + €g, Yx € (. (5.2.3)

We prove that M, , maps B,-,1(0) into itself if € is small enough. Since A, is bounded, it follows
from the second inequality of (5.2.2) that

VA < VL iallxll < (7 + DVLy i1, Vx € By (0).
By the local Lipschitz continuity (5.1.1) and f(0) = 0, we obtain
IFCON < Ly allxll < (7" + DLy, Yx € B41(0).
Hence, for all uy € B,-(0) and x € B,-,,(0), we have

IME OOl < lutoll + €(VIIA x| + [[F O + 11811

uo

<4 "+ DLy + Lest) + lgl).
We define an essential constant by

1
. . (5.2.4)
(r + (VL 41 + L) + lIgll

Then for all € € (0, €*], uy € B,-(0) and x € B,,(0),
IM,, Il < 7" + 1, and so M; (B,-,1(0)) C B,41(0).

We then prove that, for each € € (0, €] and uy € B,+(0), the mapping M;O : B1(0) = Bq(0)
is contractive. Indeed, by the local Lipschitz continuity in (5.1.1) and (5.2.2), for all x,y € B,-,1(0),

M, () = ML DI < €MIIApx — Apyll + IF(x) = FD)ID

<
< €(VLp 41 + L )llx =yl (5.2.5)
If € € (0, €], where € is the constant defined by (5.2.4), then

E(VLp,r*+l + Lr*+l) < e*(VLp,r*+1 + Lr*+1)
— VLp,r*+l + Lr*+l < 1 <1
(r+ DLyt + L) + gl e+ 11

By the contraction mapping principle, for each € € (0, €"] and uy € 8,:(0), the mapping M, :
B,+11(0) = B,-,1(0) has a unique fixed point

uj € B,-,1(0) such that M;, (u7) = uj,

which is the unique solution of the IES (5.2.1) for n = 1 in B,-,,(0).
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Step 2: To ensure that €* does not change in the recursive proofs, we further prove that the unique
solution in Step 1 satisfies

ui(uo) € B,+(0), Ye € (0,€°], uo € B,-(0).
For this purpose, we take the inner product of the equation (5.2.1) for n = 1 by u$ to obtain
||ui||2 = (uo, uy) + ev(Apus, uy) + e(F(uy), u) + e(g, u}). (5.2.6)

By (5.1.2),

2
e(F(uf),u) = € ) f(us us ; < —eallu|P.

i€z

The Young inequality implies

| | . € e, .
(o, uy) < Elluoll2 + Ellulll2 and €(g, u}) < %Ilgll2 + jllulllz-

Since (A,uf,uj) = —||Bui||§ < 0, it follows from (5.2.6) and the above estimates that
1 € 1-ex
€12 < = 2 2 €112
[lecs | 2||uo|| + 2allgll +— et 117,
which can be reorganized as
I < 25 )gl?). 5.2.7
eI < (Il + —ligIF) (52.7)

Since uy € B,-(0), it follows from (5.2.7) that

1 lgl* e,
1+ + —
1+ ea/( a? a/”g” )

1 1 2+ 2 2
. lgll mmn<1+mg:vw,
(02

2
lluflI” <

T l4+ex 1+ea a?

which means that u € 8,-(0) as desired.

Step 3: We show that the solution is unique globally. Let € € (0, €*] and uy € 8B,-(0). By Step 1,
the solution uf(uo) is unique in B,-,;(0). By Step 2, there is not a solution outside 8,-(0) and thus the
solution u{(up) is unique in £2. So far, the theorem for n = 1 has been proved.

Step 4: Suppose the theorem holds for a certain n, that is, for each € € (0, €"] (where €” is still the
constant given by (5.2.4)) and uy € 8B,-(0), the n-th IES (5.2.1) has a unique solution u; (1) € B,+(0).
We then define a mapping by

MZ;(X) = u;, + evA,x + €F(x) + €g, Vx € B,-,1(0),

where u; € 8,-(0) instead of uy € B,-(0) in (5.2.3). Repeating the process in Step 1, we know that,
for each € € (0, €'], the mapping MZE : B,11(0) > B,,1(0) is well-defined and contractive, which
implies the existence of a unique fixed point u; , in B,-,;(0).
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Repeating the estimates in Step 2, we obtain an analogue inequality of (5.2.7) as follows

1
1+ ex

€
e 17 < (sl + = ligIP)- (5.2.8)
(04

By the recursive hypothesis u;, € 8,-(0), we infer from (5.2.8) that u;, , € 8,-(0), which is the unique
solution of the (n + 1)-th IES (5.2.1). The recursive proof is complete. O

Remark 5.2.2. The above proof is more careful than the proof of [64, Lemma 2] even in the case of
p = 2. In fact, B,-(0) may not be positively invariant under the operator M, (although it is invariant
under the solution mapping, see [064, Lemma 1]). To overcome this difficulty, we enlarge the radius r*
to r* + 1 such that B,-,,(0) is positive invariant under M;O with a possible maximal size €".

The following result shows the generation of a discrete-time dynamical system (see [73]), which
has better properties than the continuous system.

Corollary 5.2.3. For each € € (0, €*], where € is given by (5.2.4), the unique solution of the IES
(5.2.1) in B,+(0) generates a discrete semigroup given by

Se(n) : B-(0) = B,-(0), S(mug = u;(up), ¥n € Ny, 1y € 8,-(0).
Proof. The unique solution of the IES (5.2.1) for n = 1 defines an operator by
Se(1) : B,:(0) = B,-(0), S(Duo = uj(uo).

Due to the same recursive relation in (5.2.1) for any n, the solution u;, satisfies

uy(up) = Se(Du;,_; = (S(1)"up, Vn € N, uy € 8,-(0).
Hence S <(-) constitutes a discrete semigroup on 8,-(0). O
Lemma 5.2.4. For € € (0,€"] and n € N, the operator S ((n) is Lipschitz continuous in 8,-(0).
Proof. Letn = 1 and ug, vy € B,-(0). By (5.2.5), the solutions u] = S «(1)ug and vi = §(1)vy satisfy

e} = VSl = II(uo + evA, uj + €F(u) + €g) — (vo + evA,vi + eF(v]) + €g)|
< lug = voll + eVlIA,uf — ApvSll + 1IF(u)) — FOvID

<
< lluo = voll + €(vLp 41 + Lps)lluy — vill,
which further implies that for all € € (0, €],

lluo — voll < lluo — voll
<
1 - G(VLp,r*+1 + Lr*+1) 1 - 6*(VLp,r*+1 + Lr*+1)’

[z} = vill <

where €*(VL, 1 + Ly-41) < 1 in view of (5.2.4). By the semigroup property,

Il — voll

IS (g — S (myvoll <
’ U (=€ WLyt + Lo

for all n € N. The proof is complete. O
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5.3 Generalized Taylor expansion and discretization error

To study the convergence of attractors, we need to estimate the discretization error of solutions, for
which we need to develop a generalized Taylor expansion.

5.3.1 Generalized Taylor expansion for continuous-time error

According to the method in [64, 75], one must consider the Taylor expansion of LDS (5.1.3) starting
from u(t,,1; up) and going back to u(t,; up) as follows:

1
u(ty) = u(tnsr) + (—O)H,(u(tyi1)) + 5(—6)21)7‘{;7(”(95))
where t,,1 — t, = €, 6, € (t,, 1,41), the operator H,, : {* — {* is given by
H,(x) ;= vA,x + F(x) + g, Vx € £ (5.3.1)

and DH,, denotes the Fréchet derivative (perhaps formal) of H,,. If p = 2, then A := A, is a bounded
linear operator, which has a Fréchet derivative given by itself, and thus, by the method as in [69], one
can clearly write the Fréchet derivative as

DH(x) = (vA + diag(f'(x;))H(x), Vx € £2.

However, if p > 2, then the nonlinear operator A, has not a Fréchet derivative (even the original
function y = |s|’~2s is not differential in R).

To overcome the difficulty, we give an alternative for the second order Taylor expansion of LDS
(5.1.3) without Fréchet derivatives, which will be useful for estimating the discretization error in the
next subsection.

Lemma 5.3.1. Let u(-; uy) be the solution of LDS (5.1.3), t,.1 —t, = € > 0, t, > 0. Then, for each
uy € B,(0) with any radius r > 0, there is Mc(uy) € €* such that

u(ty; o) = u(tysrs uo) — €H,(u(tyi1; o)) + eMe(up), (5.3.2)
[IMc(up)ll < €C,, Yuy € B,(0), (5.3.3)

where C, is increasing in r (but independent of €) and the operator H, : €* — {* is well-defined by
(5.3.1).

Proof. The first order Taylor expansion of LDS (5.1.3) can be read as

d
(1) = (tye) = €(6) = ultyer) = €H,(u(6))
= u(tn+l) - 67’{p(u(tn+l)) + E(ﬂp(u(tnﬂ)) - 7’{p(u(g)))a
where 6 € (1,,1,.1). Hence (5.3.2) follows if we put

Me(”O) = 7‘{p(u(l‘nﬂ 5 MO)) - 7‘[p(u(ga uO))-
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To prove (5.3.3), we assume without lose of generality that r > ||g||/@ (otherwise, one can use
r + ||gll/a instead of r), and claim that $B,(0) is a positively invariant set for the semigroup S (-).
Indeed, by (5.1.4), for all > 0 and u, € B,(0),

lgll®
2

2 2
SR < o 2 llgll llgll )
(s uo)ll” < e lluoll” + ” __)+ <

(1-e")< e_‘”(r2 e o S (5.3.4)
By the local Lipschitz continuity of A, and F', we obtain

IMe(uoll = V(A pu(tni) — Apu(0)) + (F (u(tys1)) — Fu(@))I
SYIApu(tnr1) — Apu@)l + [|1F (u(ty11)) — Fu(@))l]
< (VLp,r + Lr)llu(tn+l) - M(@)”

By the first order Taylor expansion again, we have
du , N
U(ty1) — u(0) = (ths1 — 9)5(9) = (tnr1 — OYH,(u(0))
= (tas1 = OALU@) + Fu(®) + 2)
for some 8 € (6, 1,111). By the local Lipschitz continuity of A, and F again, it follows from (5.3.4) that
llee(tni1) — (@I < |tns1 — 6'((VLp,r + L)@l + llgl) < e(r(vLy,, + L) + lIglD),
which further implies that for all u, € 8,(0),
IMcuo)ll < e(r(vLy, + L) + IGIlO/Ly, + L)) =: €C,.,

where C, is obviously increasing in r. The proof is complete. O

5.3.2 Discretization error of order two

We now use the generalized Taylor expansion in Lemma 5.3.1 to estimate the discretisation error of
solutions when the initial data are restricted on the ball 8,+(0).

Theorem 5.3.2. Let u(t; up) and u;,(up) be the solutions of LDS (5.1.3) and IES (5.2.1) respectively,
where uy € B,-(0). We have the discretisation error of order 2:

llu(e; uy,(uo)) — us,, (o)l < €’C,-, Ye € (0,€], n e N,. (5.3.5)
Furthermore, for each T > 0, there is a Cr,» > 0 such that

u(t,; uo) — u,(uo)ll < €Cr,+, Vt,:=ene0,T], € €(0,€]. (5.3.6)
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Proof. Both (5.3.2) and (5.2.1) can be rewritten as

u(tn+]) = M(tn) + GWP(M(IH+])) - EME(”O)a

ufz+1 = urEl + 67_{(1";61+1)’

where H, = vA, + F + gl as given in (5.3.1). From the difference between the above two equalities,
we know that the discretisation error

AL (uo) = u(ty; uo) — u;, (o)
satisfies the following equation:

AE

n+1

= Afz + 6(']"([,(14(1,,_'.1)) - 7_{p(ufﬂ_])) - fo(uo).
Taking the inner product with A¢ , yields

1A 1P = (A, + e(Hp(ultnn)) = Hy(us, ) = eMc(uo), Ay, )
< (1AL + €llH, (u(tnen)) — Hp (s DI+ llMe(uo)IDIAT I,

which further implies
AL 1T < NAGI + €llH, 1)) = Hp(up, DI+ ellMe(uo)ll. (5.3.7)

Since 8B,-(0) is positively invariant under both S (#) and S ¢(n) (see Lemma 5.1.1 and Theorem 5.2.1),
it follows that u(t,+1), u, € B,+(0), and thus we see from the local Lipschitz continuity of A, and F
that

1H (1)) — H ()]

= V(A putner) — Apy, ) + F(utyi1)) — Fup, )l

S utnir) — Apuy ||+ I1F ((tns1)) — F s, )

S (VL + Le)llu(tosr) — up |l = WLy + L)AL

On the other hand, by Lemma 5.3.1, we have
IMe(uo)ll < €C,-, Yug € B,(0).
Substituting two bounds into (5.3.7) yields
A5 1l < IAG+ €Ly e + Leo)llAG, || + €Cpe.
Denote by L= vL, + L,.. We see from (5.2.4) that for all € € (0, €],

vL,, + L
<
(r* + DLy 41 + Lyey1) + il

2

€L < €L, =
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and thus we obtain, for all € € (0, €],

IAS|| + €2C,-, ¥ € Ny, (5.3.8)

1Al <

1 — €L,
where C,- is 1/(1 — €*L,.)-times bigger than the original constant. Since A§ = 0, we infer from (5.3.8)
that
llu(e; o) — us (uo)ll = IAS]l < €

Using u; as an initial datum in the above formula, we obtain the discretization error (5.3.5) of order
2.
On the other hand, for all 7, = en € [0, T'], by the recursive inequality (5.3.8) and Aj = 0, we have

n—1
Al < €C,e (5.3.9)
= (1 — b))’
Since €l < 1 and n < T /e, it follows that
n—1 N
2 1 l - 1 - Lr* n A ~ N
€L, Z = ( €L) <(1- eLr*)_(”_l) <(1- eLr*)-g 1Tt

(1—ely)  (1-el)!

as € | 0, where the last limit is deduced from the basic limit (1 + 1 /k)k T eask — oo. By (5.3.9),

n—1
1 C,
ISl < €Sl <& e
L,* = (1 —€l,.)i L,
forall e € (0,€"], 1, = en € [0, T] and uy € B,+(0). Hence (5.3.6) holds true. O

5.4 Numerical attractors: existence, optimized bound and conti-
nuity

In this section, we derive the existence, optimized bound and continuity of a numerical attractor for
IES (5.2.1).

5.4.1 Estimates for tails of numerical solutions

We need to give the estimate of tails of the solutions in 8,-(0).
Lemma 5.4.1. Let € € (0,€"]. Then, for each 6 > 0, there are 1(6) € N (independent of €) and
N(0) € N such that the solution of IES (5.2.1) satisfies
||S5(n)u0”€2(|l|>1(5)) Z |unl|2 < 5 (541)
[i1=1(5)

foralln > N.(9) and uy € B,-(0).
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Proof. As usual, we consider a cut-off function & € C'(R™, [0, 1]) such that &(s) = O for all s € [0, 1/2]

and &(s) = 1 for all s € [1, +00). For each k > 0, we define an element &, € £~ by
&= (G where £ = £(1), VieZ,
Since the IES (5.2.1) is well-defined in £ and
&l = (&us )iez € €0, Yk >0, n €N, € € (0,€"],

we can use the inner product of (5.2.1) with &u, to obtain

&l P = sy, ) + €A s + F(uf) + g, &),

i€Z

We now estimate all terms on the right-hand side. First,

. . 1 1
(i i) < 5 ) & P+ 5 ) il .

icZ i€z
Second, since A,x = —B*(|Bx|’*Bx) and

(B*x,y) = (x, By), B(xy) = xBy + yBx
for two sequences x = (X;)iez and y = (¥;);ez (need not belong to £?), it follows that

(A us, &ul) = —(|Bul|"But, B(&u))
= —(|Buf|P*Bu, & BuS) — (|Bufl’But, uf BE,)

== ka,il(Bu,i)il” ~ (|Bug|"~ Bug,, uy, BE) < |(1Bug "> Bus, uf, BE|-

i€Z

Since |£'(s)| < C for all s > 0, it follows from the mean-valued theorem that

Beod = e - ()] < T vk ew ez

By Theorem 5.2.1, u§ € B,-(0) and thus |[(Bug);| < ||BuSll < 2||us|| < 2r*. Therefore,

(VA uy,, Eutyy) < ev|(|Buf P2 But, u’ BE,)|

Cp winti e C, .
<ev E (BENN(Bug )il Ju ;| < e—kp(r')” Mot 11 < e—kp (r).
i€Z

Third, by (5.1.2), we have

e(F(ug) + 8 Eif) = € ) & (s Jus, + g, )

i€Z

(5.4.2)

(5.4.3)
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(S04 € 2
< 5 fk,i|un,i| Z‘szgz

i€Z i€Z

Substituting the three estimates into (5.4.3) we find

D Gl < 5 sy P+ ( S I ) (5:4.4)

i€Z, @ lil>—1+k/2

Given ¢ > 0, there is 1(0) € N (independent of €) such that

C 1
Ly Y g <56 k> 1),
k _ 2
lil>—1+k/2
which together with (5.4.4) implies that for all k > 1(9),

2
Z‘fk,ilu;,il < 1+

i€Z

€
,‘|”n—1,i

Iterating the above inequality yields

i€Z
wolP 6 _ P 6
T+exr)yr 2 (A+exr)r 2
Note that
12
lim L — 0. (5.4.5)

n—o (1 + eq)”
Hence, there is N.(0) € N such that for all n > N.(6) and k > 1(6),
6
g > < ) Eilu P <=+ 5 =6
PILIEDY 55

Setting k = 1(6) we obtain (5.4.1) as desired. O

5.4.2 Existence and connection of numerical attractors

Recall that a compact subset A, of B,-(0) is call a (numerical) attractor of the discrete-time dynamical
system {S ¢(n)},en, for the IES (5.2.1) if A, is invariant and attracting

Scn)A, = A (Vn € N), and lim dist2(S (n)B,-(0), Ac) =0

Theorem 5.4.2. For each € € (0,€"], the discrete semigroup {S ¢(n)},en, on B,-(0) has a unique
numerical attractor A, such that A, is topologically connected in >
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Proof. We prove that the semigroup S (+) is asymptotically compact on B,-(0). It suffices to prove
that the sequence {S ((n)ug : n € N} is relative compact for any sequence {ug : n € N} in B,(0).
Given 6 > 0, we see from Lemma 5.4.1 that there are N.(6), I(6) € N such that

1S e sy = NS U oy < 6% ¥ 10> N.
By Theorem 5.2.1, {S «(n)ug, : n € N} C 8B,-(0), which is bounded in 2. In particular,
(S «(mup)i<s is bounded in £*(Ji| < I) = R**!,

where the space is finitely dimensional. Then the sequence {(S c(n)u)ji<i}n>n has a finite 6-net with
centers X, Xa, - -+ , X, € R**!1. We define the null-expansion y of an element y € R**! by

i = yi Vlil < I and 3; = 0, Vil > I.
Hence, for each n > N, there is x;, € R¥*!, where k € {1,2, - - , ko}, such that
IS c(myuy — XlI* = IISe(n)u8||§2(|i|>,) + 1S e(m)ug — Xk||?z(|,-|<,) <267,

which means that the sequence {S . (n)uy : n > N} has a finite V26-net in £2. Since the finite set
{Se(mug : n < N} is compact, it follows that the whole sequence {S.(n)uy : n € N} has a finite
V26-net too and thus relatively compact in £2.

Therefore, since the state space B,-(0) is bounded, it follows that the discrete semigroup S .(-) has
a unique numerical attractor denoted by A..

Suppose that A, is not topologically connected. Then there are two open sets O, 0, C ¢? such
that

01U023ﬂ€ 010916;&(2), 02ﬂﬂ€¢®.

Let K. be the closed convex hull of A, in £2. Then K is pathwise connected and thus topologically
connected in £2. As the ball B,-(0) is closed and convex, we have K. ¢ B,-(0) and thus the set S .(n)%K.
is well-defined. By the invariance of A., we have A, = S (n)A, C S (1)K, and thus

ONS(MK#0, O,NS (MK #0, Vn e N. (5.4.6)

By Lemma 5.2.4, the operator S .(n) : B,-(0) — B,-(0) is (Lipschitz) continuous. Since K, is topo-
logically connected, S (n)K, is topologically connected too, which together with (5.4.6) implies that
O U O, cannot cover S .(n)K.. In particular, for each n € N there is

X, € S (n)XK, so that x,, ¢ O, U O,.
Since A, attracts the bounded set K, it follows that
lim distp(x,, A.) = 0.

By the compactness of A, passing to a subsequence, x, — x for some x € A.. Hence x € O; U O,,
which contradicts x, € €%\ (O; U 0,) (a closed set). O
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5.4.3 Optimized bound and continuity of attractors on f, g

To give an optimized bound of the numerical attractors, we consider the restriction of the IES (5.2.1)
on arbitrary balls.

Lemma 5.4.3. For each ry > ||gll/a, there is €,, > O, given by
_ 1
(ro + D)(VLp st + Lypir) + llgll”

such that, for all € € (0,¢,] and uy € B,,(0), the IES (5.2.1) has a unique solution {u},en C B,,(0),
which generates a discrete semigroup

€,

Sf,ro(n) : Br()(o) - Br()(o), SE,V()(”)MO = u;(u())’ VE € (07 6”0]'

Proof. By the same method as in Step 1 of Theorem 5.2.1, one can prove that, for each uy € 8,,(0)
and € € (0, ], the operator M, : B,,1(0) — B,,,1(0) is well-defined and contractive. Hence the IES
(5.2.1) with n = 1 has a unique solution u} € 8, ,,(0). By the method in Step 2, we have uS € 8, (0).
Suppose the solution u;, € B,,(0) for some n € N. Then we see from (5.2.8) in Step 3 and ry > |[g||/a
that

2 en2 . Enoe 2 €
us < ( ull” + — )< (r + — )
oy, 1117 < T o |2, 1 allgll S T\ allgll

1 > llgl? 1 llgl? llgll®
= —~ + + ea
1+ ea(ro a? ) 1+ ea/( a? a? )

< (r2 B ||g||2) N llgll®
SV 2 a?

_ 2
- ro .
Hence the recursive proof is available. m|

Note that ¢, | 0 as rp — oo and €+ = €, where €" is defined by (5.2.4).

Theorem 5.4.4. For each ry > ||gll/, there is €,, > O such that, for each € € (0, ¢€,], the discrete
semigroup S ¢, () has a unique attractor A, in B,,(0). Moreover, the numerical attractor A, in
Theorem 5.4.2 fulfills

Ae = Aey» Ve € (0, minfe,, €11,

Al := sup ||x]] < M, Ye € (0,€]. (5.4.7)
a

xeA
Proof. By the same method as in Theorem 5.4.2, one can prove the existence of a unique attractor
Ae.r,- To prove the equality between two attractors, we let ry < 7y and ry, 7 € (||gll/a, +o0) (note that
r* belongs to this interval). Since ry — ¢, is decreasing, we have min{e,, €,} = €,.
Next, we prove that B, (0) is an absorbing set of the semigroup S . 7,(-) on B;,(0) for all € € (0, €;,].
Given any ball 8,(0) with the radius r € (0, 7y]. For each uy € 8,(0) C B;,(0), it is similar to prove
the recursive formula as in (5.2.8), given by

€
IS sy (ol < (IS can(n = Duoll + ~lgIP). ¥in € No.

1+ ea
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Iterating it yields

€ - 1 r? ||g||2
S s (Mu 2 < —|u 2 + — 2 E < +
|| s 0( ) 0” ” 0” ”g” - (1 € )

1
(1 + ea) i T (1+eay a2

Since 7*/(1 + ea)" — 0 as n — oo and ry > ||gl|/a, there is N = N(r) such that for all n > N,

r [ gl llgl® _ ,

2
ro— —)+ — =1;.
(1+ea)r a? <o cxz) a? 0

2
1S e, (Muol” <

Hence 8,,(0) is a bounded absorbing set for S 7, (-).
Since an attractor is the omega-limit set of any bounded absorbing set, it follows that

\-ﬂe,f’o = mkENUn>kS E,i’o(n)Bro (0) = ﬂkENUn>kS €10 (n)Bro(O) = ﬂe,roa

where we have used the uniqueness of solutions to ensure S¢;,(n) = S, (n) on B,,(0). In particular,
since A, = A, it follows that

. lIgll
A = Acpy» Y0 < € < minfe,, €'}, 1y > %,

If ro € (llgll/, r*], then €,, > €*. The above equality implies

A € B,,(0), Vry € (M, r‘], e € (0,€"].
a

Letting ro — |gll/a we obtain A, C By, (0) for all € € (0, €7]. O

Example. The bound ||g||/a of |[[A¢|| in (5.4.7) seems to be optimized. Let v = 0 and f(s) = —as
(satisfying (5.1.2)). Then the IES (5.2.1) is read as

U, = U, | — €au, + €g.

It has an entire solution u,, = g/« for all n € Z, which belongs to the attractor and ||u,|| = ||g||/.

To close this section, we deduce the continuity (upper and lower semi-continuity) of the numerical
attractors depended on the nonlinearity f or the external force g. The Hausdorff metric between two
subsets X, Y C £? is defined by

dist, (X, Y) = max(d(X, Y), dist(X, Y)), d(X,Y) := sup in; llx — yll.
xeX Y&
Corollary 5.4.5. Denoting the numerical attractor A, by Aa, g), depended on the constant « in

(5.1.2) and the force g, we have
lim dist,(A(a, g),{0}) = 0 and lir% dist,(Ac(a, g),{0}) = 0.
g—)

a—00

In particular, if fi and f, satisfy (5.1.2) with the same constant a, then

il_f){)lo dist,(AL(f1), A f2)) = 0.
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Proof. By (5.4.7) we have

disty(Ac(a, g), {0}) = Ala, &Il < @ -0

asa@ — oo or g — 0. By (5.4.7) again,

dist,(Ac(f1), A(f2) < AN + AL < 2@ —0

as @ — o9, O

Remark 5.4.6. A continuous function f : R — R satisfies the dissipative condition (5.1.2) if and
only if the curve y = f(s) falls in the area surrounded by two straight lines y = —as and s = 0, In
particular, the graph of y = f(s) closes to the vertical axis as @« — oo, see Figure 5.1.

y=f(s)

y=-as

a—+oc

Figure 5.1: Graph and limit of f.

5.5 Convergence from numerical attractor to global attractor

We are in a position to establish the upper semi-continuity of the numerical attractors.

Theorem 5.5.1. Let A, and A be the numerical attractor and the global attractor for IES (5.2.1) and
Eq.(5.1.3) respectively. Then

lir(r)l+ dp(As, A) = 0. (5.5.1)
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Proof. Suppose (5.5.1) is false, then there are ¢ | 0 (as k = +0), x; € A, and dp > 0 such that
dp(x, A) = 6y, Yk € N. (5.5.2)

Since the global attractor A attracts B,-(0), we can find a 7 > 0 such that
do
dgz(u(t;B,*(O)), ﬂ) < 3, Ve>T.

We can assume ¢, < 1 for all £ € N. Then, for each k € N, there exists n;, € N such that ¢.n, € [T, T+1]
and thus

dp(u(eng; B,+(0)), A) < %, Vk € N,
By the invariance of each attractor A, we have
Xp = S ¢ (ng)yy for some y, € A, C B,-(0).
Now, the discretization error (5.3.6) in Lemma 5.3.5 implies

IS & i)y — uleni; yoll < &Crn s
where the constant depends on 7' + 1 in view of gn, < T + 1. Since ¢ | 0, there is an ky € N such

that

0
IS o )y — uleeni: yoll < 3‘), Yk > ko.

Therefore, for all k > ko,

dp (X, A) = dista(S ¢ (m)yi, A)

0 0
< IS o (oY — u(en; yoll + dp (u(eny; B,-(0)), A) < 50 + 30 = 5o,

which gives a contradiction to (5.5.2). O
Corollary 5.5.2. The union U 1A is relatively compact in 2.

Proof. Let {x;}ren be a sequence taking from the union. Then there is {€} C (0, €] such that x;, € A,.
We prove that {x;}en has a convergent subsequence in two cases.

Case 1: infg > 0. Then ¢ € [, €"] for some ¢ > 0. By Lemma 5.4.1, the tail estimate of
solutions is uniform for all . More precisely, for 6 > 0, there is N(6), [(6) € N such that for all
nzN,

IS ¢ Muoll2gi>ry <6, Yn >N, k€N, uy € B,-(0).
The invariance implies x;, = S . (N)y, for some y; € 8B,+(0) and thus

lxell2ip>ry < 6, Yk € N. (5.5.3)
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Since {x;} is bounded in ¢, its truncation on ¢(|i| < I) = R**! is also bounded. Hence the truncated
sequence of {x;} has a finite §-net in R**!, which together with (5.5.3) implies that the sequence {x;}
has a finite 26-net and thus relatively compact in £2.

Case 2: inf g = 0. Passing to a subsequence, we assume €, — 0. By the upper semi-continuity as
in Theorem 5.5.1, we have

dp (X, A) < dp(Ag, A) = 0as k — oo.

Since A is compact, we see from [38, lemma 2.3] that the sequence {x;} has a convergent subsequence.
O

Remark 5.5.3. The uniform compactness of attractors is usually applied to prove the upper semi-
continuity, see [50, ]. For the numerical attractors, the situation is reversed.

5.6 Finitely dimensional approximation of numerical attractors

How to truncate the IES (5.2.1) on a finite-dimensional space? For each m € N, the operator F : {* —
£? has a natural truncation given by

F, R S R F(0) = (FO3))iem VX = (X)ji<m € R,

However, it is not easy to truncate the discrete p-Laplace operators A, because A,x (x = (X;)jij<m)
involves two unknown components x,,,; and x_,,_;. To overcome it, we may use the following periodic
boundary conditions (see [7, 64])

Xmi1 = Xop and X_p 1 = Xy
So, the truncation A, : R?"*! — R?"*1 of A, can be defined by

-2 -2
(Ap,mx)—m = |x—m+1 - x—mlp (x—m+l - x—m) - |x—m - -xmlp (-x—m - xm),
(Ap,mx)i = (APX),', Vil < m,
-2 -2
(Ap,mx)m =Xy — xmlp (X = X)) = X — xm—llp (Xm = Xm—1)

for all x = (x)<m € R>"+! For p > 2, the truncated operator A pm 18 nonlinear and thus it is not a
matrix. But A, ,, can be denoted by a function of a special matrix

-1 1 0 0
0 -1 .o
Bm — . " . 0 e (R2m+1)2,
0 -1 1
1 0 0 -1
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which is just the truncated matrix of the linear operator B. We denote by B! the transport matrix of
B,, to obtain

AppmX = ~B' (B, x|"* o B,,x), ¥Yx € R*™*!,

Then the IES (5.2.1) can be truncated as follows:

u" = u" + evA, iy + €F(uy") + €8, (5.6.1)
Mg,m — u81 e R2m+l’ .
where gl,, := (g)ji<m € R*"*! is the truncation of g € 2, and the unknown is denoted by u;," =
@ iem € R
Asin (5.2.2), A,,, : R — R¥"*1 is locally Lipschitz continuous too:
A pmx = Apuyll < Ly, llx — yll and ||A, x| < Ly /||l (5.6.2)

for all x,y € B87(0), where B7(0) is the ball in R*"*' and L,, := (p — 1)2%rP~2.

5.6.1 Existence and bound of truncated numerical attractors

As in the infinite dimension case, there may not be a common step size such that the truncated IES
(5.6.1) is globally solvable and thus we restrict it on some suitable balls.

Lemma 5.6.1. For each ry > ||glull/@ and m € N, there is €,, > 0, such that, for all € € (0, €,] and

uy € B (0), the truncated IES (5.6.1) has a unique solution {up,™} e satisfies

1 em €
1P < (40P + —llghal). (5.6.3)

In particular, for alln € N, u;" € 87 (0).

Proof. We recursively prove it as done in Theorem 5.2.1. Consider the case n = 1. For € > 0 and
uy € B (0), we denote by

Mzgg(x) = uy + €VA, X + €F,(x) + €8l, VX € 8:'(’)+1(0).
By the local Lipschitz continuity of A, ,, and F,,, we have
MG Ol < g1+ €OIAp Xl + 1Em (O + gLl
<10+ €((ro + DLyt + Liyr) + lIghall).
Using ||g|| instead of ||g|,.|| we put

1
(o + DOLp syt + L) + llgll’

(5.6.4)

€,
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which is independent of m. Since ||gl,.|| < |gll, it follows that for all € € (0, €],

ro+ DL, , .1 + L, + ||glm
IME, (oIl < ro + (ro + DLy rgs1 + Ligr1) + 1181l <rtl,
0 (”o + 1)(VLp,ro+l + Lro+l) + ||g”
which means that MZO’” : B’}; 40) — B’}; +1(0) is well-defined. By the local Lipschitz continuity of

A, and F,, again, for all € € (0, ¢,] and x,y € 8" (0),

ro+1

MG () = ML < €VN1Ap i x = Ap Yl + 1En(x) = Frn()ID)

< G(VLp,r0+1 + Lr0+1)||~x - y” <

T llx = yll.
Then the contraction mapping principle implies that the first equation of (5.6.1) has a unique solution
ui™ € By 1(0), Ve e (0,¢€,l.
Now, we take the R¥"*!-inner product of the truncted IES (5.6.1) with uf”’ the result is
||u§’m||2 = ug, uy™) + €v{Ap u™" uy"y + €(Fp(uy™), ui™) + €(gln, ui™). (5.6.5)
Since A, is the function of the matrix B, it follows that for all x € R*™*!,
(ApmX, x) = —(BL(IBuxlP ™ © B,x), x)
= ~(IB,x|”2 0 Byyx, Byxy = = > [(Byx)l? < 0.

lil<m

Hence, by estimating other three terms in (5.6.5) and using the method in Theorem 5.2.1, we obtain

2, € 2
ur|l” + — )
= (g P + gl

Since ro > [|g]nll/a and u € B (0), it follows that

™ IIP <

emy2 2 € 2
us < (r + — )
o™ M1 < 5 g 0 allglmll
_ 1 (}"2 _ ”g|m”2) + 1 (||g|m||2 n E”gl ”2)
l+eax\’ a? 1+ex’ a? a "
1 > lglall®y  lghall? <2
T 1+ ( 0 2 )+ 2 ST
e a a

which means u7™ € 87 (0) for all € € (0, ,]. Repeating the above process with u;", € B7(0) instead
of ug € B7(0), the recursive proof is available. O

Note that the radius r* and step size € in the previous sections satisfy

2
S AT
(0

3k
, and € = €,

where €, is defined as in (5.6.4). By Lemma 5.6.1, for each € € (0, €*] and m € N, we can define a
discrete semigroup by

S em(n) 1 BO0) > B(0), S el = us"Wulk), ¥n € Ny
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Theorem 5.6.2. For each € € (0,€"] and m € N, the discrete semigroup S . ,(-) has a (numerical)
attractor A, such that

Aem C B

llglnll/ex

(0) and A.,, is connected. (5.6.6)

Proof. The existence of a unique attractor A, ,, follows from the compactness of the state space 87(0)
immediately. The connection of A, ,, follows from the same method as in Theorem 5.4.2.

To prove the bound of the attractor, we put ry € (||g|nll/a, r*) and prove that 87 (0) is an absorbing
set for the semigroup S, (). It suffices to prove that 87 (0) absorbs the whole state space 8/:(0).
Iterating (5.6.3) in Lemma 5.6.1, we have for all u € 87:(0),

g™ II” <

me2, € 2
— (Il 31 + ~lgll)
|

(ry 18l
<Greay ' Slehf Z(1+ SUveay @

Since ry > ||glm|l/ @, it follows that there is N € N such that for all n > N,

[

[ [
=r;.

2 2 Ilglm
1P < (5 = =5

) s

a?

Since ry < r*, we see from (5.6.4) that €,, > €. By Lemma 5.6.1, 87(0) is positively invariant
under S ,(-) for all 0 < € < €” (and thus € < ¢,,). Therefore,

ﬂe,m = ﬁkENUerS e,m(n)Bl;%(O) - BZ:,(O)

for all € € (0, €*] and ry € (||g|nll/@, r*). Taking the limit as ry — ||gl..||/@, we obtain the inclusion in
(5.6.6). O

5.6.2 Convergence from the truncated attractor to the numerical attractor

The following result states that the tail of any element in A, ,, 1s uniformly small in € € (0, €*] as
m — oo,

Lemma 5.6.3. For each 6 > 0, there exists 1(0) € N such that for all m € N and € € (0, €],

il < 6, Y(xDicm € Aems (5.6.7)

1(0)<|il<m
where the sum is zero if m < 1(9).

Proof. Taking the inner product of the truncated IES (5.6.1) with &' ¢ u,™ in R2"! where & =
(&.)jil<m» We obtain

D&l P = @ g™

lil<m



152 OPTIMIZATION AND CONVERGENCE OF NUMERICAL ATTRACTORS

+ eV(Ap iy, & u™) + €(F (™) + gln, ' uy™).

Since A, ,, and A, have the same local Lipschitz constants, we can similarly obtain

CI’ %
V(A pmtty™ & 0 ™) < <=0 (5.6.8)

where the constant C,, is independent of m. Hence, by other same arguments as in the proof of Lemma
5.4.1, it follows that, for each 6 > 0 and € € (0, €], there are N.(0) € N and /(0) € N such that for all

n> NJ6), k> 1) andm € N,
D < Y Eau? <6,

k<l|il<m li|<m

which further implies (by taking k = 1(6)) that

us"? < 8, ¥n = N(6).

n,i
1(0)<lil<m

Given now x € A, ,, with arbitrary € € (0, €'] and m € N. The invariance implies that

X =Sem(N(0)uy = u;jg5)(ug’), for some u;; € B7.(0),

and thus

2 g 2
WP = D g <,

16)<lil<m 1&)<lil<m
which implies (5.6.7) as desired. O
Any x € R¥"*! has a null-extension X € {* defined by

% =0, Y[i|>m, % =x;, Y[i| <m.

Then a set D in R?"*! still has a null-extension set in €2 denoted by D. In this viewpoint, both attractors
A, and A, can be contained into the same ball B,-(0) of £2.

Theorem 5.6.4. For each € € (0, €], the numerical attractor A, of the truncated IES (5.6.1) upper
semi-converges to the attractor A, of the IES (5.2.1), i.e.

dp( Ay, A = dp(Aepm A — 0, as m — . (5.6.9)

Proof. We fix € € (0, €'] and prove the theorem by using the idea of an entire solution. Suppose (5.6.9)
is false. Then there are ng > 0, subsequence {m;} of {m} and x™/ € A, such that the null-extension
XM of x™ satisfies

d(@", A > o, VjeN. (5.6.10)
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The solution of (5.6.1) with the initial data x™ is given by
u," = u" (X)) = S em,(MX", ¥n e Ny, jeN.

Since x™ € A, it follows that the solution u;,"" can be expanded as an entire solution, i.e. defined
foralln € Z.

Since uf,’mj € Acm, for all n € Z, it follows from Lemma 5.6.3 that, for each 6 > 0, there is
1(9) € N such that

Z i, = Z P <&’ Vnez, jeN, (5.6.11)

lil>1(5) 16)<lil<m;

where # is the null-extension of u. By the previous discussion, all attractors are contained in those
balls of radius r*, we have

Il < r*, ¥neZ, jeN.
In particular, the double sequence
{(ftem )iii<is) - 1 € Z, j € N}

is bounded in R?/®-! and thus it has a finite 6-net, which together with (5.6.11) implies that the double
sequence

(i, :neZ, jeN}

has a finite 26-net and thus it is relatively compact in ¢>. By a diagonal argument, there are {u" : n €
Z} C % and an index subsequence (denoted by itself) of {j} such that

i, — ul|]l = 0 as j — oo, Vn € Z. (5.6.12)

We then prove that {u; : n € Z} is an entire solution of the IES (5.2.1). As an entire solution,
(" : n € Z} satisfies the truncated IES (5.6.1) for all n € Z:

em;j _€m; €m; €m;
w, ' =u,_ |+ evA, i, + €F(u, ) + €8ln;-

We now fix i € Z, then there is j; € N such that for all j > j; we have m; > [i| + 1, and thus
i = A" = (Apity™ )iy (8l = 8
for all j > j; and n € Z. Hence, the ith-component of the entire solution u,,”"” satisfies
i, = "+ ev(Apiy, ™) + ef (i,)) + egi (5.6.13)

forall n € Z and j > j;. By the local Lipschitz continuity of A, and F', we have

~E,M; ~E,M; ~E,M; %
(A, )i = (Apu)il < A, — Apugll < Ly ol — w I,
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~ €1

(@) = fg )l < FG@R™) = Fap)ll < Lelli,™ = u;)l.
Letting j — oo (thus m; — o0) in (5.6.13) and using (5.6.12), we obtain
Uy, = Uy 1+ €V(Ayu); + ef(u ;) + €gi, Vn € Z.

Since i € Z is arbitrary, it follows that {u; : n € Z} is a (bounded) entire solution of the truncated IES
(5.6.1). Hence, u; € A., which together with

. ~EM .
¥ =1, — uyas j— oo

gives a contradiction to (5.6.10). O

5.6.3 Lower semi-continuity of numerical attractors for viscosity zero
We denote the restrictions of an element x € £? and a subset D C £> on R*"*! by
X = (X)jii<m and D|,, = {y e R**! : Ax € D, s.t. y = x|}

Proposition 5.6.5. For each € € (0, €*], the numerical attractor A, of the IES (5.2.1) satisfies the
following lower semi-continuity:

lim dp(Ae, Aelm) = 0. (5.6.14)

m—00

Proof. By Lemma 5.4.1, for each 6 > 0, there are 1(6) € N and N.(6) € N such that the solution of
the IES (5.2.1) satisfies

IS e(m)uoll2iz1) < 6, Y = N(6), ug € B,-(0).

Given any x € A.. By the invariance, we have x = S (N.(6))y for some y € A.. Hence, for all
m = 1(9),

1 = Xlall? = 10 oy = 1S V@DV ) < 67
Since ;E € ﬂn, it follows that for all m > I(6) and x € A,,
dp (%, Ad) < llx = xlull < 6,
which further implies

de(Aey Adw) = sup dp(x, Ady) < 6,

xeA,
for all m > I(6). Hence the lower semi-continuity (5.6.14) holds as desired. O

However, A, # Al generally, where A, 1s the truncated numerical attractor for the truncated
IES (5.6.1). We only prove the lower semi-continuity in a special case of viscosity zero.
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Theorem 5.6.6. Suppose v = 0 in both IES (5.2.1) and (5.6.1). Then, for each € € (0, €], we have
the following lower semi-convergence:

lim dp (A, Ae,) = 0. (5.6.15)
Proof. Given x € A.. We know that the solution
U, = u,(x) = S(n)x

can be expanded into an entire solution defined for all n € Z. Hence, the entire solution {u, : n € Z}
satisfies

u, =u,_1 +€eF(u,) +eg, \neZ, uy=x. (5.6.16)
The component form of (5.6.16) can be read as
Upi = Up_1; + €f(Un;) + €8, Y/n€Z, i € L. (5.6.17)
Considering the truncation of (5.6.17) for those components |i| < m, it follows that u,|,, satisfies
Ul = Up_1|m + €F(Upln) + €8", Yn € Z,
Uolm = x|,y € R,
which means {u,|,, : n € Z} is an entire solution of the truncated IES (5.6.1) with v = 0. Due to the
positively invariance, we know u,|,, € 87(0) and thus the entire solution is bounded in R?"*1 which
implies
Xlm = tolm € Aem-
Denote by ;CT:,, the null-expansion of x|,,, by x € £2, we have
Tim [lx], = x| = lim > [xf* = 0. (5.6.18)
lil>m

Suppose now the lower semi-convergence (5.6.15) is false. Then there is a subsequence {m;} of
{m} and 6y > O such that

de(Ae, Acy) > 6, Vj €N,

where the tilde denote the null-expansion of the set. Furthermore, for each j € N, there is y; € A,
such that

—

dp(yjs ) > 6, Vj €N. (5.6.19)

Since A, is compact in {2, there is an index subsequence {ji} of {j} such that y;, — x for some x € A,.
By the previous proof, we know x|, € A, such that (5.6.18) holds. In particular,

n11g>l;lo ||x|mjk - X” =0, and xlmjk € ﬂe,mjk-
Hence,
dfz(yjk’ ﬂe,mjk) < ”yjk - X” + ||X - x|mjk||
+ dt’z(xlmjka ﬂe,mjk) - 09 ask — 0o,

which contradicts (5.6.19). i
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5.6.4 Final Conclusions

As displaying in Figure 1, we have established a path of upper semi-convergence from the truncated
numerical attractor A, to the global attractor A through the numerical attractor A,, see Theorems

5.6.4and 5.5.1.
On the other hand, we can establish another path of upper semi-convergence from A, to A
through A,,, where A,, is the attractor of the following truncated LDS of LDS (5.1.3):

du(t)
dt

In fact, by the similar method as in Theorem 5.5.1, one can prove the upper semi-convergence from
Aem to Ay, while the upper semi-convergence from A, to A follows from the same method as in
[7].

Only in the special case of v = 0, we can establish the two classes of lower semi-convergence as
in Figure 1. Lower semi-convergence in other cases remains open.

= VA, u(t) + F,(u(t)) + gl,,, u(0) € R,
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