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We explore two-particle transfer reactions as a crucial probe of the occurrence of shape coexistence in 
shape phase transitions. The (t,p) reactions to the ground state and to excited 0+ states are calculated 
for the isotope chain of even-even Zirconium isotopes starting from stable nuclei up to beyond current 
experimental limits. Two-particle spectroscopic factors derived from Monte Carlo Shell Model calculations 
are used, together with the sequential description of the two-particle transfer reaction mechanism. The 
calculation shows a clear signature for a shape phase transition between 98Zr and 100Zr, which displays 
coexistence of a deformed ground state with an excited spherical 0+ state. Furthermore, we show that 
there is a qualitative difference with respect to the case of a normal shape phase transition that can be 
discriminated with two-neutron transfer reactions.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

The phases and transitions between them are prominent fea-
tures of many-body systems. The atomic nucleus, in some cases, 
clearly exhibits these features. This is a unique and precious situa-
tion because the nucleus is an isolated system, and the transition 
occurs as a consequence of certain changes of its ingredients rather 
than due to a change of external environment. We note that be-
cause the nucleus is a finite quantal system, quantum phase tran-
sitions (QPT) may occur [1–4].

The phase transition can take place in different ways. Typi-
cally the change occurs as a function of control parameters as 
the excitation energy (i.e. the temperature in a thermodynamical 
framework) or the angular momentum. But equally important are 
the transitions taking place in the shape of the ground state along 
a chain of isotopes (or isotones), where the discrete control pa-
rameter is the number of neutrons (or protons). Meaningful order 
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parameters systematically used in such shape evolution are, in the 
case of even-even nuclei, the energy of the first 2+ state, the ratio 
E4/E2 and the strength of the electromagnetic E2 transition con-
necting ground state and the first excited 2+ state. However, both 
the excitation energies and the E2 transition depend also on the 
structure of other states. It is of great and broad interest whether 
and how one can directly see the structure change between the 
ground states.

Two-particle transfer processes, e.g. reactions populating the 0+
states, can however provide a complementary but crucial clear-cut 
signature of the occurrence of the phase transition. In particular, 
in the presence of a sharp or abrupt transition, one expects a sud-
den weakening of the usual dominance of ground-to-ground A →
A+2 transitions and a corresponding abnormally strong population 
of one (or more) excited 0+ states. The behavior of the full pair re-
sponse (as defined below) should indicate not only the occurrence 
of a shape phase transition, but also the nature of this transition.

A correct description of the process implies, besides a proper 
reaction model, a proper microscopic description of the nuclear 
wave functions and in this Letter we present novel microscopic 
calculations of the pair transfer process based on nuclear struc-
ture inputs obtained within the Monte Carlo Shell Model for the 
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
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chain of Zirconium isotopes [5]. Before that, for the sake of clar-
ity, we discuss schematic behaviors that can be obtained within 
simplified algebraically-based approaches [6,7] and are meant as a 
guideline.

After a two-year hiatus, we have resumed this work, that only 
made it to the arXiv without being published [8], because we think 
that it is still very timely and interesting and we believe that other 
research groups, in parallel [9] or right after [10,11] our pioneer-
ing efforts in this field [12], have come to the same or very similar 
conclusions and that these conclusions are relevant for disentan-
gling the onset of the usual QPT scenario from the more involved 
interplay of intruder configurations. In particular, the comparison 
of our results (see pictures and table) with Fig. 1 in Ref. [9] re-
veals differences, namely that there is a clear case for opening up 
new experimental investigations: we find that the fourth 0+ states 
takes up all the transfer strengths, but the shell model calculations 
suggest that the second 0+ state in 100Zr is the analogous to the 
ground state of 98Zr. It would be highly desirable to perform two-
neutron transfer reactions with sufficient energy resolution and 
analyze the outcome along the lines proposed in the present paper. 
The intensity for the two-neutron transfer according to the struc-
ture model of [9] is presented in [10] where one of the present 
authors is also involved. However, this is, to our knowledge, the 
first time that second-order Distorted Wave Born Approximation 
(DWBA) calculations of the actual cross section for two-neutron 
transfer are discussed. The problem of how the intruder configura-
tions come down in energy and alter the onset of a quantum shape 
phase transition is clearly an open one and an interesting one, 
because the scheme can be repeated in other shells. Several im-
provements to Figures, comments and new calculations have been 
added to the present final version of the manuscript.

2. Schematic description

We first consider the case of a series of isotopes described 
within the Interacting Boson Model (IBM), with a model Hamil-
tonian that abruptly performs a transition from U(5) to SU(3), 
i.e. from a spherical behavior to the situation of deformed ax-
ial symmetry, so as to simulate the structure of the ground state 
of the MCSM calculation [5]. As an example, considering a core 
with A = 90, we can assume the U(5) Hamiltonian for systems 
with a number of bosons, N, ranging from 1 (92Zr) to 4 (98Zr) 
and the SU(3) Hamiltonian starting from N=5 (100Zr). The system 
will therefore be “spherical” up to N=4 and “axially-symmetric de-
formed” from N=5 on. This choice of core and valence bosons is 
not unique (see for example Ref. [13]), but a different core would 
not qualitatively change the physical picture within the Interacting 
Boson Model IBM-1 model.

Within the IBM the pair creation operator, in leading order, is 
given just by the s† operator and one can evaluate the correspond-
ing pair addition intensities obtained by taking the square of the 
matrix element connecting the ground state in system N with the 
ground and excited state in N+1. See for example Eq. (2.1) and 
Eq. (2.2) of Ref. [6]. These intensities are shown in the upper frame 
of Fig. 1 and display a clear “anomaly” for the transition across 
the change of phase, i.e. the one connecting a “spherical” system 
with a “deformed” one. The full pair response is shown in the 
three lower frames panels of Fig. 1 for a pair addition within the 
spherical phase (N=3→4), across the phase transition (N=4→5) 
and within the deformed phase (N=5→6). The pair strength, nor-
mally concentrated in the ground to ground transition, appears 
completely fragmented in correspondence of the critical point as 
seen in Fig. 1.

A different physical scenario is that of shape coexistence, where 
different shape phases occur within the same nucleus at similar 
excitation energies [14]. We may face the situation of a (slow or 
2

Fig. 1. Upper panel: two-particle transfer intensities to the ground state (solid) and 
to the summed excited 0+ states (dashed) in the case of a sequence of isotopes 
making the sharp transition from U(5) to SU(3) (cf. text). In the lower panels, the 
full pair response spectrum is shown for the indicated cases, showing fragmentation 
of the strength at the critical point. The excitation energy E∗ is in arbitrary units 
since the actual energies of the different states will vary on each particular case.

Fig. 2. Two-particle transfer intensities to the ground state and to the excited 0+
state in the case of a sequence of isotopes in the presence of shape coexistence. 
From N=4 to N=5 there is the exchange of the spherical ground-state configura-
tion with the “intruder” deformed configuration. In the lower panels, the full pair 
response spectrum is shown for the indicated cases. As in Fig. 1, the excitation en-
ergy E∗ is in arbitrary units.

rapid) progressive mixing of the spherical and deformed phases, 
eventually leading to the interchange of the dominant phase in the 
ground state. Again we can have a first guess of the consequences 
of this situation on the pair-transfer processes within a simpli-
fied IBM-like framework. Following the idea of ref. [15,16] we can 
assume for each system a possible mixing of a “spherical” state, 
characterized by N valence bosons, obtained within an IBM U(5) 
Hamiltonian with another “deformed” 0+ state obtained within a 
SU(3) Hamiltonian with N+2 bosons, microscopically originated by 
a 2p-2h core excitation. In this case the pair creation operator will 
be given, in leading order, by (s† + s), since we can either add a 
valence-like boson or destroy the “hole-like” boson. Assuming a 
sharp transition with increasing number of particles from a fully 
spherical ground state to a fully deformed ground state we ob-
tain, still with a transition taking place passing from N=4 to N=5 
(cf. inset in Fig. 2), the pair transfer intensities shown in Fig. 2. 
As in the previous case a clear discontinuity appears at the tran-
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Table 1
Two-particle transfer amplitudes for the different reactions connecting even-even Zr isotopes, for the most relevant single-particle orbits. For each case the largest component 
is evidenced. Notice that, depending on the phase convention, an extra (−1)� factor should be added to these amplitudes.

90-92gs 92-94gs 94-96gs 96-98gs 98-100gs 98-100(0+
4 ) 100-102gs

1d5/2 0.74 0.86 0.86 0.13 ∼ 0.0 0.16 0.08
2s1/2 0.10 0.08 0.10 0.90 ∼ 0.0 0.16 0.05
1d3/2 0.13 0.18 0.16 0.07 ∼ 0.0 0.90 0.04
0h11/2 0.22 0.20 0.19 0.08 ∼ 0.0 0.14 0.55
sition point. However, at variance with the previous case, the pair 
strength is always practically concentrated in a single state, with-
out the fragmentation illustrated in Fig. 1 (lower central panel). 
Therefore, while the discontinuity just signals the occurrence of 
a phase transition, it is precisely the presence or the absence of 
this fragmentation that characterizes the physical scenario: normal 
phase transition vs. phase transition driven by coexistence.

3. Numerical results

We move now from schematic models to a fully microscopic 
calculation, for both reaction mechanism and structure. We take 
the case of (t ,p) reactions on even-A Zirconium isotopes, where 
experimental data at E=20 MeV are available [19] at least for the 
lighter systems, i.e. up to 96Zr(t ,p). Novel interest on Zirconium 
isotopes has arisen from the recent shell model calculations [5]
that indicate a possible case of shape coexistence in these nuclei 
with a sharp transition occurring between 98Zr and 100Zr. The sit-
uation seems to resemble the schematic case of shape coexistence 
displayed in Fig. 2, although the amount of the particle-hole excita-
tions exceeds the, proton in this case, 2p-2h picture as emphasized 
in [5]. On the other hand, the amount of the particle-hole excita-
tions may not matter as the normal (intruder) states are connected 
by the present transfer reactions to the normal (intruder) states. In 
other words, the cross section of transferring two neutrons will 
be large if the rest of nucleons remain in the same configuration 
but it will not depend if this configuration is 0p-0h, neutron or 
proton 4p-4h, or even a mixture of all possible ones. The defor-
mation of Zr isotopes were already studied within the Shell Model 
in Ref. [20] and within the IBM in Ref. [10,11,21,22]. Recent ex-
perimental studies can be found searching for evidences of shape 
coexistence in 98Zr [23,24] and 96Zr [25].

We have therefore calculated the two-particle transfer proba-
bilities across the phase transition up to 100Zr(t ,p) to the ground 
and excited 0+ states. In parallel with the detailed microscopic 
structure description described above, also the reaction process has 
been described in microscopic terms. In particular, we have per-
formed second order DWBA calculations with the code FRESCO [26,
27]. Therefore the reaction mechanism includes the “correlated” 
sequential single-particle transfer through all intermediate states 
in the A+1 odd system, the simultaneous transfer of the two neu-
trons and non-orthogonality terms. Preliminary calculations with 
only the sequential transfer can be found in [12]. Single-particle 
wave functions for the construction of the single-particle form fac-
tors have been generated within a Saxon-Woods potential adjusted 
to yield the proper single-particle energy. Optical potential for pro-
tons is taken from Chapel-Hill 89 [28], for deuterons is taken from 
Lohr-Haeberli as retrieved from [17], and for tritons from Bechetti-
Greenless [17]. Such choice, together with the structure input from 
MCSM calculations allows for a good reproduction of the available 
data from [19]. As an example we show the case of 96Zr(t ,p)98Zr 
in Fig. 3(a) together with other reasonable options for the differ-
ent optical potentials. Fig. 3(a) also shows several calculations with 
different choices of optical potentials as explain in the caption of 
the figure. It can be seen that the overall description is preserved 
and it has been tested that present conclusions are not affected by 
the choice of optical potentials.
3

Fig. 3. Upper panel: Angular distribution for the reaction 96Zr(t ,p)98Zr at 20 MeV 
when calculated with the present choice of optical potential (black thick solid line, 
see text). In red dashed, the result of changing the proton optical potential by the 
global parametrization of Menet et al. as retrieved from [17]; in blue dot-dashed, 
the result of changing the deuteron potential by that of Perey-Perey [17]; and in 
green dotted the result of changing the triton potential by that of X. Li et al. [18]. 
Lower panel: Angular distributions when the two particles are transferred in a pure 
configuration. The thick solid line gives the result in the case of correlated wave 
function according to the value of two-particle amplitudes, the largest being given 
in the table I. Experimental values are taken from [19].

This reaction mechanism generates a dynamical dependence 
on each specific orbit on which the pair is transferred. The ori-
gin of this behavior in the case of (t, p) or (p, t) reactions comes 
from the different content of (0s) relative n − n motions, that is 
associated to each two-particle configuration (cf. how the Talmi-
Moshinsky brackets enter into the calculation of reaction probabil-
ities [29]).

The transfer probabilities become therefore sensitive not only to 
the value of the “global” pair strength, but also to the details of mi-
croscopic wave functions [30]. This is better evidenced in Fig. 3(b) 
where the cross sections associated with single-particle orbits are 
reported in the case of the 96Zr(t ,p)98Zr reaction. The collective 
effects in the pair transfer process comes from the correlations 
present in both initial and final states that induce a coherent 
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Fig. 4. Differential cross sections at the maximum around 40◦ for (t ,p) reactions on 
the different isotopes and specific final states. Experimental values, when available, 
are also given [19]. Total cross section would be preferable although not available. 
Explicit values for error bars are not given in [19].

and constructive interference of all the sequential paths (cf. refs. 
[29,31] and references therein). In our case this coherence is ob-
tained by using the two-particle spectroscopic amplitudes provided 
by the Monte Carlo Shell Model calculation [5]. The most impor-
tant two-particle addition amplitudes or two-neutron amplitudes 
(TNA) are reported in Table 1, but also the smaller contributions 
from the other orbits included in the model space have been used 
in the reaction calculation. The constructive effect of the residual 
pairing-like interaction is evidenced by the enhancement of the 
correlated cross section (also shown in Fig. 3(b), full black line) 
with respect the single particle estimates.

The comparison with the experimental data is not straight-
forward since explicit values are not given in the only available 
reference [19]. In Fig. 4 that summarizes the results for the full 
sequence of transfer reactions, the black bars correspond to ex-
perimental data that we obtained by combining relative strengths 
from Fig. 10 of Ref. [19] with the differential cross section at the 
first maximum (excluding θ = 0◦) given in Table 4 of the same ref-
erence.

The overall behavior of our calculations (blue bars in Fig. 4) 
reproduces the experimental trend, when this is available. As ex-
pected from the amplitudes given in the table, in the case of 
98Zr(t ,p)100Zr the calculation predicts a large population of the 
fourth 0+ state in 100Zr, which displays a “spherical” behavior as 
the target 98Zr(gs). Such fourth 0+ state appears in the NCSM 
calculation at an excitation energy of 1.47 MeV [5]. Continuing 
beyond the critical point, we predict again a relatively weak popu-
lation of the ground state in 100Zr(t ,p)102Zr, although the reaction 
connects now two deformed systems with practically the same 
deformation. In this case, this is not due to small two-particle 
spectroscopic amplitudes (cf. the rather large spectroscopic ampli-
tude associated with the h11/2 orbit in Table 1), but to the reaction 
mechanism that does not favor the transfer of a pair to the h11/2
single-particle level characterized by a large single-particle orbital 
angular momentum, having a small overlap with a 0s wavefunc-
tion in the relative n − n motion. In this sense, reaction dynamics 
modulates the pattern of Figs. 1 and 2, but such modulation is 
well under control in second-order DWBA. The fact that the small 
cross section comes from the small overlap of the particular or-
bit to the 0s relative n − n motion can be shown just multiplying 
the intensity to the ground state in Fig. 1 by the square of the 
Talmi-Moshinsky bracket corresponding to the largest amplitude of 
each case, renormalizing all values to one experimental cross sec-
4

tion, 94Zr(t ,p)96Zr in this case (red dashed line in Fig. 4). It can be 
seen that this approximation follows the experimental trend and 
explains reasonably well the small cross section in 100Zr(t ,p)102Zr. 
The same information is encoded in the TNA: if one multiplies the 
largest two-neutron transfer amplitude by the square of the cor-
responding Talmi-Moshinsky bracket, (green dotted line) the same 
behavior is found as can be seen in Fig. 4 (green dotted line) also 
renormalizing to the case of 94Zr(t ,p)96Zr.

4. Summary and conclusions

In summary, reaction calculations for (t, p) processes between 
even-even Zr isotopes have been performed using two-particle 
transition amplitudes provided by state-of-the-art MCSM calcu-
lations. The outcome reproduces the trends of available experi-
mental data and indicates a sharp change in the pattern of two-
particle cross-sections between 98Zr and 100Zr: the ground-to-
ground cross-section drops dramatically, in correspondence with 
a strong population of an excited 0+ state. This confirms that two-
particle transfer reactions can be nicely used as an additional, but 
crucial probe to pinpoint the occurrence and the nature of quan-
tum shape phase transitions. The higher resemblance to the IBM 
with configuration mixing appears to be consistent with the actual 
situation in the MCSM calculation. Finally, we stress that the pair 
transfer reaction is a very crucial tool to look into the structure 
of the wave functions of unstable nuclei, such us 98Zr and 100Zr, 
and it will play more central roles in the near future as the Rare-
Isotope beams are becoming more intense, being more suitable for 
this kind of reactions.
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