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0. Introduction

We study formal solutions of A-hypergeometric systems, also known as GKZ-systems, as they were
introduced by Gel’fand, Graev, Kapranov and Zelevinsky (see [7] and [8]). They are systems of linear partial
differential equations associated with a pair (A4, ) where A is a full rank d x n matrix A = (a;;) = (a1 - an)
with a; € Z for all j =1,...,n and B € C? is a vector of complex parameters. Recall that the toric ideal
of A is defined as

Iy = (0" — 9" | u € Z", Au=0) C C[d,...,d]

where (uy); = max{u;,0} and (u_); = max{—u;,0} for j = 1,...,n. The A-hypergeometric system
H(p) is the left ideal of the Weyl algebra D = Clx1,...,x,](01,...,0,) generated by I4 and by the Euler
operators E; — §; := Z?Zl ajjx;0; — B for ¢ = 1,...,d. The A-hypergeometric D-module is nothing but
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the quotient M4 (8) := D/Ha(B). It is well known that M4(8) is a holonomic D-module, see [1] and [8].
In [1] and [8], it was also proved that the holonomic rank of M4 (), i.e. the dimension of the space of
its holomorphic solutions at a nonsingular point, equals the normalized volume of A, denoted by vol(A)
(see (1.1)), when S is generic. Moreover, M4(8) is regular holonomic if and only if I, is homogeneous
(equivalently, (1,...,1) lies in the rowspan of the matrix A), see [10, Ch. I, 6.2, Thm.], [15, Thm. 2.4.11]
and [19, Corollary 3.16].

Gevrey series solutions of a holonomic D-module M along a variety Y are closely related with the
irregularity sheaf of M along Y defined by Mebkhout [13] and with the so called slopes of M along Y,
see [11]. The slopes of M4 () along a coordinate subspace Y were computed in [19]. The spaces of Gevrey
series solutions of M4 () along Y were described in [4] (see also [6], [5]) for generic enough parameters
B eCe

On the other hand, there is an algorithm that computes, for any regular holonomic left D—ideal I and
a generic vector w € R™, a set of canonical series solutions of I that belong to certain Nilsson ring. These
series converge in a certain open set that depends on w and form a basis of holomorphic solutions of I, see
[15, chapters 2.5 and 2.6]. In [3] the authors introduced a notion of formal Nilsson solutions of H4(f) in
the direction of w, denoted by N, (H4(fB)), and they used it to generalize various results in [15] to the case
when H,4(8) is not necessarily regular.

In the papers [4] and [3], some of the results assume [ to be (very) generic, meaning that it lies out-
side a certain infinite (but locally finite) collection of affine hyperplanes. In particular, this condition
is stronger than [ being not rank jumping, a condition that only requires to avoid a concrete finite
affine subspace arrangement of codimension at least two [12]. The set of rank jumping parameters is
e(A) := {B € C¥ rank(M4(B)) > vol(A)} and it was computed in [12] in terms of the local cohomol-
ogy modules of the toric ring S4 = C[d]/I4. In particular they proved that €(A) = @ if and only if S, is
Cohen—Macaulay.

In this note we prove, for all 3 € C¢, that the space of Gevrey series solutions of M (3) along a
coordinate subspace is contained in the space of formal Nilsson solutions of H4(f) in a certain direction, see
Theorem 3.3. We also prove that under one additional condition both spaces coincide and that for 5 ¢ e(A)
the dimension of this space is the normalized volume of certain submatrix of A, see Theorem 3.4. Moreover,
in Section 2, we provide some additional results about formal Nilsson solutions of H4(f).
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1. Preliminaries
1.1. Notations

Let A = (a;---a,) be a d x n matrix with columns a; € Z¢ such that ZA := Z?Zl Za; =7

For a given subset 7 C {1,...,n}, set 7:= {1,...,n} \ 7. We shall identify 7 with the set of columns of
A indexed by T and write A, for the submatrix of A with column set 7. We denote by A, the convex hull
in R? of all the columns of A, and the origin. We also denote pos(7) := > ier R>o0a;.

We say that a subset o C {1,...,n} is a mazimal simplex if A, is an invertible matrix. We associate to
a maximal simplex o an n X (n — d) matrix B,, where its columns are indexed by &, the j—th column of B,
has o-coordinates equal to —A;'a;, j-coordinate equal to one and the rest of coordinates equal to zero. In
particular, the columns of B, form a basis of the kernel of A.
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For example, if o = {1,...,d} then

1

A tagy —Atagie - —A lta,
1 0 0
B, = 0 1 0
0 0 1

Recall that for any subset 7 C {1,...,n}, the normalized volume of A, (with respect to the lattice Z<)
is given by:

vol(A;) 1= dlvolga(A;) (1.1)

where volga(A,) denotes the Euclidean volume of A, C R%. We also denote vol(t) := vol(A,). If o C
{1,...,n} is a maximal simplex, then vol(c) = [Z¢ : ZA,] = | det(A,)|.

1.2. Regular triangulations

A vector w € R™ defines an abstract polyhedral complex T, with vertex set contained in {1,...,n} as
follows: 7 € T, iff there exists a vector ¢ € R? such that

(c,a;) = wj for all j €, (1.2)

(c,aj) <w;j forall j & (1.3)

Such a polyhedral complex is called a regular subdivision of A if it satisfies pos(A) = Urer, pos(r). This
happens for example if w € RY, or if A is pointed, i.e. the intersection of RY, with the rowspan of A is
nonempty.

An element 7 € T, is called a facet of T, if the rank of A, is d. Any regular subdivision is determined
by its facets and from now on we will write only 7 € T;, when 7 is a facet of T,,. We say that a regular
subdivision T, of A is a regular triangulation of A if all its facets are simplices.

An important case of regular subdivision of A is the following. If w; =1 for all j =1,...,n, a facet of T},
is the same as a facet of A4 not containing the origin. This particular regular subdivision of A is denoted
by FA.

Notice that for a maximal simplex o, it is straightforward from (1.2) and (1.3) that

o €Ty, <= wB, > 0. (1.4)

If T is any regular triangulation of A then the set
C(T)={weR"T=T,}={weR"wB, >0, Vo e T} (1.5)
is an open nonempty convex rational polyhedral cone. The closures of these cones and their faces form the
so called secondary fan of A, introduced and studied by Gel'fand, Kapranov and Zelevinsky [9, Chapter

7]. When A is pointed, it is easy to see that the secondary fan is a complete fan, i.e. its support is R™. In
general, it is not necessarily complete but its support contains the orthant R,
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1.8. The A-hypergeometric fan

A vector w € R™ defines a partial order on the monomials of the Weyl Algebra D (and also on the
monomials in C[dy,...,d,]) by defining the (—w, w)-weight of x*07 € D as the real value (w,y — a).

The initial form of an element P = 37 _
in(_yw)(P), is the sum of the terms cq 297, with ¢4, # 0, whose (—w,w)-weight is maximum. If [

Ca,y2*07 € D with respect to (—w,w), denoted by
is a left D—ideal, its initial ideal with respect to (—w,w) is defined as
in(_wm,)(I) = (in(_w,w)(P)| Pe I, P 75 0>.

Remark 1.1. When A is pointed, there is a vector w’ € RZ in the rowspan of A and we have that in,(I4) =
I4 and in_yy ) (Ha(B)) = Ha(B). Then, for any w € R™ we have that w” := w' + ew € RY, in,(l4) =
inw(inw/(IA)) = inwu(IA) and in(,w,w)(HA(ﬁ)) = in(,w_’w)(in(,wzyw/)(HA(B))) = in(iwuyw//)(HA( )

€ > 0 small enough, see [15, Lemma 2.1.6].

sy

=
]
=

The Grobner fan of 14, see [18, p. 13] (resp. the small Grébuner fan of Ha(B8), see [15, p. 60]) is a
rational polyhedral fan in R™ whose cones C satisfy that in,(la) = in.s (La) (resp. in_y ) (Ha(B)) =
in(_y ) (Ha(B))) for all w,w" € C, where C denotes the relative interior of C. By Remark 1.1, these two
fans are also complete fans when A is pointed.

Definition 1.2. The A-hypergeometric fan (at ) is the coarsest rational polyhedral fan in R™ that refines
both the Grobner fan of T4 and the small Grobner fan of H ().

Remark 1.3. We notice that this fan is a refinement of the hypergeometric fan defined in [15, Section
3.3] when I4 is homogeneous and S is generic. By [18, Proposition 8.15] and [2, Corollary 4.4] the A-
hypergeometric fan is a refinement of the secondary fan of A.

1.4. T'—series

Let us denote kerz(A) := {u € Z"| Au = 0}. Following [8], for any vector v € C™ such that Av = 3, we
consider the I'-series

xv-&-u

v = D ToraTD
u€kery (A) F(U Tut 1)

where (v +u+ 1) = ]_[;L:1 I'(vj + u; + 1) and I' is the Euler Gamma function. These series are formally
annihilated by H4(3). Moreover, when I, is homogeneous and 8 € C¢ is generic, a basis of convergent
I'—series solutions of M4(8) can be constructed by using any regular triangulation of A, see [8]. These
I'—series are handled in [15, Section 3.4] in the following way:

by = Z [M“—zwu (1.6)

u€EN, U+’U,}u+
where N, = {u € kerz(A)|Vi=1,...,n, vj +u; € Zo iff v; € Zo} and

[v]u = H%‘(Uj = 1) (vj —uy; +1).

Set nsupp(v) :={j € {1,...,n}| v; € Z.o} for any v € C™.
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The series ¢, is annihilated by H4(8) if and only if v has minimal negative support, i.e. there is no
u € kerz(A) such that nsupp(v + u) C nsupp(v), see [15, Proposition 3.4.13] whose proof works as well
when 4 is not homogeneous.

Remark 1.4. Tt is easy to check that T'(v + 1), = ¢, when v € (C \ Z<o)™. Notice that ¢, = @4, for any
u € kerz (A). Thus, for u € N, there is a nonzero scalar ¢ € C such that ¢, = ¢ - ¢y 4q-

1.5. Gevrey series solutions of A-hypergeometric D-modules

In this section we introduce the notion of Gevrey series and we recall some notations and results from
[4]. Let us denote, for a subset 7 C {1,...,n}, Y; :={z; =0| j € T} and =, for the set of variables z,; with
j € 7. We denote by Ox the sheaf of holomorphic functions on X = C™ and by OX/|17 the sheaf of formal

series along Y. A germ of (’)X/‘)? at p € Y, can be written as

f=Y faler)af € Ogy=, C Clar —pr}{lar]]

a€eNT

where fq(2;) € Oy (U) for certain nonempty relatively open subset U C Y, p € U. A formal series

= = falzr)xt € O—== is said to be Gevrey of order s € R along Y, at p € Y, if the series
aeN T X|Y,,p

fa(z7) 22
2 Mooy

aeNT JET

is convergent at p.
Since M 4(3) is a holonomic D—module, any of its formal solutions along Y; is Gevrey of some order. We
denote by Homp (M4 (), Oﬁ p)

Given a maximal simplex o and a vector k = (k;);¢s € N? we denote by v¥ € C™ the vector with

the space of all Gevrey solutions of M4(3) along Y, at p € Y.

o—coordinates equal to A-1(8— Azk) and —coordinates equal to k. Let £, C N7 be a set of representatives
for the different classes with respect to the following equivalence relation in N?: we say that k ~ k’ if and
only if Azk — Azk’ € ZA,. Thus, Q, is a set of cardinality vol(c) = [Z? : ZA,].

When 3 is generic, the space of Gevrey solutions of M4 () along Y, is explicitly described in [4].

Theorem 1.5. [4, Theorem 6.7 and Remark 6.8] If T(7) is a regular triangulation of A, that refines T'4_
and € C? is generic enough, the set {¢y1; 0 €T(r), k € Q,} is a basis of the space of Geuvrey series
solutions of Ma(B) along Y; at any point p of a certain nonempty relatively open set Wp(;y C Y. In
particular, dime (Homp(Ma(5), Oflz,p)) = vol(7).

For more precise statements, including the Gevrey order of these series and its relation with the so called
slopes of M4 () along Y;, see [4]. The slopes of M4(8) along Y, were described in [19].

Notice that if 7 = A then Y, = C", OX/DZ = Ox, and Theorem 1.5 gives a basis of holomorphic functions
of M4(B) at any point of Wp(,y when g € C 4 is generic. Such a basis was first described in [14] (see also
[8] when I4 is homogeneous).

The following result is the first part of [4, Theorem 6.2].
Theorem 1.6. If p is a generic point of Y, then, for all 3 € C?,

dim¢ (Homp(Ma(5), O > vol(7).

)
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1.6. Formal Nilsson solutions of A-hypergeometric D-modules

We recall here some definitions and results from [3], see also [15] when I4 is homogeneous. In the
former paper the authors write the following results in terms of a regular triangulation of the matrix
p(A) := (ap ay---ay,), that is constructed from A by adding a first column of zeroes and then a first
row of ones. It follows from the definition of regular subdivision (see (1.2) and (1.3)) that for a subset
o C{1,...,n}, we have that o € T}, if and only if {0} Uo € T{g -

Given a cone C C R"™, the dual cone of C, denoted by C*, is a closed cone consisting of vectors u € R™
such that (w,u) > 0 for all w € C and all u € C*. If C is full dimensional, then the cone C* is strongly convez
(i.e. it doesn’t contain non trivial linear subspaces) and (w, u) > 0 for all w € € and all nonzero u € C*

We say that w € RZ is a weight vector (for H4(f)) if it belongs to the interior of a full dimensional
cone of the A-hypergeometric fan.

For a weight vector w € R™ we denote by C, the interior of the (full dimensional) cone in the A-
hypergeometric fan such that w € C,,. Notice that C,, C C(T},).

Definition 1.7. [3, Definition 2.6] Let w be a weight vector for H4(8). Write log(z) = (log x1,...,logx,). A
basic Nilsson solution of Ha(fB) in the direction of w is a series of the form

p=za" Z z*py, (log(x)), (1.7)

ueC

where v € C", that satisfies

i) ¢ is annihilated by the partial differential operators of H4(f);

ii) C'is contained in kerz(A) N C* for some strongly convex open cone C C C,, such that w € C;

iii) the p,, are nonzero polynomials and there exists K € Z such that deg(p,) < K for all u € C;
)

1v

0eC.

The set supp(¢) = {v + u| u € C} is called the support of ¢.
The C-linear span of all basic Nilsson solutions of H4(8) in the direction of w is called the space of
formal Nilsson solutions of Ha(B) in the direction of w and it is denoted by N, (Ha(B)).

We define the w—weight of a term zYp(log(z)), where v € C™ and p is a polynomial, as the real value
Re({w, v)). For a series ¢ consisting in a (possibly infinite) sum of terms, we say that it has an initial form
if there exists the minimum for the set of w—weights of all its nonzero terms. In this case, its initial form in
the direction of w, denoted by in,,(¢), consists in the sum of all the terms of ¢ with minimum w—weight.

Remark 1.8. Notice that if a series ¢ as in (1.7) satisfies all conditions in Definition 1.7 we have in,(¢) =
x¥po(log(z)).

Proposition 1.9. /3, Proposition 2.11] Let w € R™ be a weight vector for H (), then dimc (N, (Ha(B))) <
rank(in(_,.)(Ha(8)))-

We recall that a vector v € C™ is called an exponent of H4 () with respect to w if 2V is a solution of
N ,w) (HA(B))-

Theorem 1.10. [3, Theorem 4.8] If 5 is generic and w is a weight vector for H(B) then the set

{ds] v is an exponent of Ha(B) with respect to w}
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is a basis of Now(Ha(B)), where ¢y, is defined in (1.6).

Theorem 1.11. /3, Corollaries 4.9 and 4.11] If B is generic and w is a weight vector for Ha(B) then

dime (N (HA(8)) = xank(ing ) (Ha(8))) = deg(ing(1) = 3 vol(o). (18)

o€Ty

Let w € RZ be a weight vector for Ha(3). We say that w is a perturbation of a vector wy € R™ if there
exists a full dimensional cone C of the A—hypergeometric fan such that wg € C and w € C.

We notice that a weight vector w is a perturbation of (1,...,1) if and only if the regular triangulation
T, is a refinement of I" 4.

Theorem 1.12. [3, Theorem 6.4] Assume that A is pointed. If w is a perturbation of (1,...,1) then, for all
BecC,

dime (N (Ha(B))) = rank(in(_, ) (Ha(B)) = rank(Ma(83)). (1.9)

More precisely, Now(Ha(B)) is the space of convergent series solutions of Ma(8) at any point in a certain
nonempty open set U, C C™.

2. Some remarks on formal Nilsson solutions of H 4 (3)

In this section we provide some additional results about Ny, (H (3)).

Lemma 2.1. For any 8 € C% and any weight vector w,

dime (Now(Ha(B)) > > vol(o). (2.1)

o€Ty,

Proof. By Theorem 1.11 equality holds in (2.1) when § is generic and, by Theorem 1.10, there is a basis of
Nw(Ha(B)) that consists of the set of series ¢, see (1.6), for v varying in the set of exponents of H4([3)
with respect to w. In this situation, when § is not generic, we can apply the same procedure as in the proof
of [15, Theorem 3.5.1] and obtain a set of linearly independent formal Nilsson solutions of H4(f) in the
direction of w. The cardinality of this set is the rightmost quantity in (2.1). O

Corollary 2.2. If w is a weight vector, then (1.8) holds for any 3 € C4\ g(A).
Proof. By [19, Theorem 4.28] and [2, Lemma 3.1], rank(in(_,, ,,)(Ha(8))) is constant for 8 € C¢\ e(A)
and hence the second equality in (1.8) holds in this case too. The first equality in (1.8) now follows from

Lemma 2.1 and Proposition 1.9. O

The following result states that the basis given in Theorem 1.10 only depends, up to multiplication of
their elements by nonzero scalars, on the regular triangulation T, and not on the cone C,, C C(Ty,).

Proposition 2.3. If 5 € C? is generic and w is a weight vector, then the set
By (B) :={dyx : 0 € Ty, k€ Qo}

is a basis of Now(Ha(B)).
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Proof. By the assumption on 3, the difference between two vectors in the set {vX| o € Ty, k € Q,}
is not an integer vector. Thus, the series in B, () have pairwise disjoint supports, hence they are linearly
independent. Moreover, nsupp(vX) = @, which implies that ¢y is annihilated by Ha(B), see [15, Proposition
3.4.13).

On the other hand, the support of ¢,x is the set

supp(¢,x) = {vx + (Bom)'|m € Z%, B,m € Z" and k + m € N7},

Notice that v& + (B,m)! = 12 + (B, (k +m))! where k + m € N”. Thus, since wB, > 0 for any o € T,
we have that Re((w,v")) > Re((w,v2)) for all v' € supp(¢,x). It follows that there exists the initial form
inw(qbvg) and that it consists in a finite sum of terms. By the proof of [15, Theorem 2.5.5] we also have that
iny, (¢.x) is a solution of in(_,, .,)(Ha(B3)), but a basis of its solutions is given by the set of monomials z*
for v varying in the set of exponents of H(/3) (see Theorems 1.10 and 1.11). It follows that there exists
an exponent ¥ of H4(3) with respect to w such that 7% € supp(dyx ), hence ¢, = c,x - Pyx for some
nonzero scalar ¢, x € C, see Remark 1.4. This implies that B, () is a basis of N,,(Ha(8)) in this case, by
Theorem 1.10. O

Corollary 2.4. If w,w’ are weight vectors for HA(53), then we have the following:

i) If B is generic, Now(Ha(B)) = N (Ha(B)) if and only if Tyy = Ty .
ii) For all 3 € C%\ e(A), Now(Ha(B)) = Nuw (Ha(B)) if Coy = Cur.
iii) For all 8 € C9\e(A), the cone C in Definition 1.7 can be chosen to be C,, for any basic Nilsson solution
of Ha(B) in the direction of w.

Proof. Proposition 2.3 directly implies i). Let us prove ii). We can take a basis B = {¢1,...,¢,} of
N (Ha(B)) so that each ¢; = 20" > uec, P (log(x)) is a basic Nilsson solution of H4(/) in the direction
of w. Thus, for ¢ = 1,...,r, there exists a strongly convex open cone C; as in condition ii) of Definition 1.7,
ie.w e C; CCy and C; C Cf Nkerz(A). Then the strongly convex open cone C := Nj_,C; C C,, satisfies
that condition for all ¢ = 1,...,r, since C C C; implies C; C C*. It follows that for all w’ € C, the series ¢;
are also basic Nilsson solutions in the direction of w’ and, by Remark 1.8, in,(¢;) = xv(i)péi) (log(x)). This
implies that NV, (Ha(8)) € Ny (Ha(B)), for all w’ € C. But this last inclusion must be an equality since
both spaces have the same dimension, see Corollary 2.2. It follows that the space N, (Ha(B)), its subset
of basic Nilsson solutions ¢; and their initial forms in, (¢;) are locally constant with respect to the weight
vector w, hence they are constant in the whole open cone C,, of the A-hypergeometric fan at 5. This proves
ii). For iii), notice that, the fact that in,,(¢;) = x”(i)péi)(log(z)) for all w’ € C,, implies that (w’,u) > 0 for
all w € C; and all w’ € Cy,. Thus, C; C C for all i = 1,...,r, which proves the result. O

Remark 2.5. If 3 is generic and w, w’ are weight vectors such that Ty, = T, it may happen that in,,(¢) #
in,/(¢) for some series ¢ € By (8) = Buw(B) (in which case in(_q ) (Ha(B)) # in(_w w)(Ha(B))). For
example, let us consider the matrix
e 11 11
01 2 3

and a generic 8 € C3. The maximal simplex o = {1,4} defines a regular triangulation of A induced by any
of the weight vectors w® = (1,2,5,1) and w® = (1,5,2,1). We can choose 2, so that the series ¢, with
v=(f1—(B2+2)/3,1,0,(B2 — 1)/3), see (1.6), belongs to B,u) (8) = B,,= (8). Notice that

N, = {u = (—(2ma + ms) /3, ma, ms, —(ma + 2m3)/3) € Z*| my > —1, m3 >0 }.
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Thus, in, ) (¢,) = ¥ # inye (¢y) since v + (0,—1,2,—1) € supp(¢,) = v + N, has smaller w(?-weight
than v.

The following result improves [3, Corollary 6.9].
Corollary 2.6. If w is a weight vector, we have, for all f € C?, that

dime ({¢ € Nw(Ha(B))| ¢ is convergent}) > Z vol(o) (2.2)

c€eTY
where TY = {0 € T,| 0 Cn for some n € Ta}. Moreover, equality holds in (2.2) if 3 is generic.

Proof. Assume first that 3 € C? is generic. Thus, B, (3) is a basis of N, (Ha(8)) by Proposition 2.3. On
the other hand, it follows from [4, Theorem 3.11] and the definition of B,, that ¢y is convergent if and
only if (1,...,1)B, > 0, that holds if and only if o is contained in a facet of T'4. Thus, B, (8) := {¢x : 0 €
TY, k € Q,} is a linearly independent set of convergent formal Nilsson solutions of H4(/3) in the direction of
w. The equality in (2.2) for generic 3 follows from the fact that the series in B,,(3) \ B (3) are all divergent
and have pairwise disjoint supports, so no linear combination of them can be convergent. If 5 € C? is not
assumed to be generic, we can consider a generic parameter 3’ and apply to the set B (3 +¢f3’), with e € C
such that |e| is small enough, the same method as in [15, Theorem 3.5.1] to get the desired lower bound in
(2.2). O

Lemma 2.7. [16, Lemma 5.3] Let p(y) € Cly], v € C™ and v € N™, then

0" [z"p(log(x))] = 2" > A0" " [p](log(x))

o<v’'<v

where the sum is over V' € N™ such that 1/;» <wj forall j, and A,y € C. In particular,

Au=[U]u=ij(vj—l)'“(vj—l/ﬁrl)

The following lemma guarantees that in the third condition of Definition 1.7 we can assume that the
constant K is independent of 3.

Lemma 2.8. Let w be a weight vector. Then for any basic Nilsson solution ¢ of Ha(B) in the direction of w
as in (1.7) we have that

deg(py) < (n+ 1)(22@H Dvol(4) — 1)
forallu e C.

Proof. Assume first that T4 is homogeneous. In this case M4 (S — Az«) is regular holonomic [10] and
deg(p,) < n(224vol(A) — 1) by [15, Theorem 2.5.14 and Corollary 4.1.2].

If 14 is not homogeneous, we can consider the (d+1) x (n+1) matrix p(A) as defined at the beginning of
Subsection 1.6. Notice that ¢ is also a basic Nilsson solution of H4(8) in the direction of w’ for all w’ € C,
where C is an open cone as in condition ii) in Definition 1.7. In particular, we can assume without loss of
genericity that w is generic. This implies that (0,w)+ A(1,...,1) € R"! is generic if A > 0 is generic. Since
(1,...,1) belongs to the rowspan of p(A), we have that (0,w) is a weight vector for H,4)(5o,3), where
Bo € C (see also [3, Remark 2.5]).
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Assume that §y € C is sufficiently generic and consider the following series, see [3, Definition 3.16],

() =Y oy gt (log(wo), ... og(xn))]
ueC

where |u| := Z;;l uj, 80_’“ is defined in [3, Definition 3.13] when k& > 0, and p,, € C[yo, ..., yn] is defined
from p,, as in [3, (3.2)]. We remark here that deg(p,) < deg(p,) because p,(0,y1, .-, Yn) = Pu(Y1,-- - Yn)-
By Lemma 2.7 and [3, Lemma 3.12 and Definition 3.13], we can write

plg) = Z xgo_m_‘ulx”+”hu(log(x0), . log(xy))
uelC

where h,(y) € Clyo, ..., yn]. By Lemma 2.7, if [u| > 0, then h,, equals [By — [v|]|| - Pu Plus other polynomial
of degree smaller than deg(p,,). This implies that deg(h,) = deg(p,) when |u| > 0 because fy is generic.
For |u| < 0 it is also true that deg(h,,) = deg(p,) by [3, Lemma 3.12 and Definition 3.13].

On the other hand, by [3, Proposition 3.17] the series p(¢) is a basic Nilsson solution in the direction of
(0,w) of the hypergeometric system H,(4(fo, 3) and since I,(4) is homogeneous, we have that deg(h,) <
(n +1)(22@vol(p(A)) — 1), where vol(p(A)) = vol(A). Thus,

deg(p,) < deg(pu) = deg(hy) < (n+1)(2214+vol(A) —1). O
3. Gevrey versus formal Nilsson solutions of H 4(3)

Let 7 C {1,...,n} be a subset such that A, is pointed and rank(A;) = d. In this section we prove, for
all 3 € C?, that the space of Gevrey solutions of M4(3) along a coordinate subspace Y; is contained in the
space of formal Nilsson solutions of H 4(/3) in a certain direction, see Theorem 3.3. If we further assume that
pos(A) = pos(A,), we also prove that both spaces are the same and, for § € C?%\ £(A), its corresponding
dimension is vol(7), see Theorem 3.4.

The following result follows from [3, Lemma 3.6] (see also [15, Lemma 4.1.3]), [17, (3.2)] (see also [15,
(3.13)]) and [18, Corollary 8.4].

Lemma 3.1. If w is a weight vector and v is an exponent of Ha(B) with respect to w, there exists o € Ty,
such that v; € N for all j ¢ o.

Lemma 3.2. For any regular triangulation T(7) of A, there exists a regular triangulation T of A such that
T(r) CT. In particular, if pos(A) = pos(A;) then T(1) =T.

Proof. By definition of regular triangulation, there is a weight vector w(7) € R™ such that T(7) = Ty ().
Then choose another generic vector w(7) € RZ, and consider w € R™ to be a vector with 7—coordinates
ew(T), with € > 0 small enough, and 7—coordinates w(7). Since ew(7), w(7) and € > 0 can be chosen to be
generic, it follows that w induces a regular triangulation T := T,, of A. By using the definition of regular
triangulation, see conditions (1.2) and (1.3) (but substitute 7 there by a maximal simplex o), it is easy to
check that T'(7) C T if € > 0 is small enough. O

Let T'(7) be a regular triangulation of A, refining I'4_ and w a weight vector for H 4(/3) chosen as in the
proof of Lemma 3.2. Thus, by the assumption on 7'(7) we have that w(7) is a perturbation of (1,...,1) € R".
Recall that w, w(7) and w(7) are all chosen to be generic.

Theorem 3.3. If A; is pointed and rank(A,) = d, any Gevrey solution of M () along Y (at p € Uy (r))
can be written as a formal Nilsson solution of H4(B) in the direction of w.
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Proof. Let f = > n= fa(zr)2d € OXA\Y,p be any Gevrey series solution of M (/). By [4, Lemma 6.11]
we have that f,(z;) is a holomorphic solution of M4_(8 — A7a) at p. Thus, by Theorem 1.12, each f,(z,)
can be written as an element of Ny (Ha, (8 — Ara)), i.e. a finite linear combination of series of the form
(1.7) in the variables z, convergent at p. In particular, f can be rewritten as a sum of terms x7¢,(log )
where v € C™ and ¢, € C[z,] are polynomials with degree deg(q,) < (n+1)22(@+1yol(A,), see Lemma 2.8.
Moreover, notice that the result of applying a monomial 229" in the Weyl Algebra D to z7log(z)? is
of the form z7~#*+Ag(log(x)) for some polynomial g. This implies that any subseries of f of the form
Z,YE(UJFZ,L) x7q,(logz,), for some v € C™, is still annihilated by H(3) and hence defines a Gevrey solution
of M4(B). Since the dimension of the space of Gevrey series solutions is finite, f is a finite sum of such
subseries, say F1, ..., F,.. Since F}, is annihilated by the Euler operators of A we have that Ay = 3 for all
v € C™ such that ¢, # 0. Thus, we can write each Fj, in the form

Fp=2a" Z z"py(log(z))
u€kery (A)

where v € C™ and p, = Quiu. It is enough to prove that a Gevrey solution Fj of M4 () is a formal

Nilsson solution of H4(/3) in the direction of w and we can assume for simplicity that the original f =

> aen~ falzr)rs € O)?Ty,p can also be written in this form. Notice that we have shown that f can be

written as in (1.7) satisfying conditions i) and iii) in Definition 1.7. We need to prove that the support of

f is of the form v’ + C for some v’ € v + kerz(A) and C satisfying conditions ii) and iv) in Definition 1.7.
Notice that for all @ € N7, we have

falzr) = Z x(v+U)Tpu(log(xT))

where the sum is over the vectors u € kerz(A) such that (v+ u)7 = « (in particular, u, varies in a translate
of kerz (A,)).

Let us see that f has an initial form with respect to w. It is enough to find a lower bound for the w-weights
of all terms z"+“p, (log(z,)) of f with p, # 0.

By [15, Theorem 2.5.5], the initial form of f, € Ny (Ha, (8 — A=a)) with respect to w(r) is a solution
of in(_u(r),w(r)) (Ha, (B — Aza)). Since w(7) is generic, iny, () (fo) = 297 py (log(x,)) for some v, € CT and
u’ € kerz(A). By [15, Theorems 2.3.3(2), 2.3.9, 2.3.11], v, is an exponent of H4 (5 — A7) with respect to
w(7). Thus, by Lemma 3.1 there is a maximal simplex o € T, such that 7; € N for all j € 7\ 0.

Let us denote by v € C™ the vector with 7-coordinates v = a and T-coordinates equal to v,. Notice
that 75 € N7 and since AV = 8 we have that 0, = A1 (3 — Az05). We can write

/i}' = BU + BG'EE
where B, was defined in Subsection 1.1 and 5% € C" denotes the vector whose o-coordinates agree with

A;1B and whose other coordinates are zero.
Moreover, by Lemma 3.2, o € T,,. Thus, by (1.4) and the fact that 7 € N7, we have that

Re(<w75>) = Re(<wvﬁa>) + <w7 BJ%F> = Re(<w7ﬁo>) + <wBU’EF> 2 Re(<w7 Ba>)

where Re((w,v)) is the w-weight of iny (fa(2:)22) = iy r) (fa(zr))22.
Then the minimum of the finite set

{Re(<w7 6J>)| S Tw(T)}
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is a lower bound for the w-weights of all the terms of f. Thus, f has an initial form with respect to w and
in, (f) must be a term 2% p,(log(z,)) for some u’ € kerz(A) because w is generic. We may assume for
simplicity that in,, (f) = 2¥po(log(z,)) since v+kerz(A) = v+u'+kerz(A). This implies that z¥pg(log(z,))
is a solution of in(_,,.)(H4(3)) by the same argument as in the proof of [15, Theorem 2.5.5], hence v is
an exponent of H4(3) with respect to w. The set C' := {u € kerz(A4)| p, # 0} satisfies condition iv) in
Definition 1.7.

Let w’ € Cy, be generic and such that w! is a perturbation of w(7). Then the previous argument works
as well for w’ instead of w and we have that f has also an initial form with respect to w’ of the form
ing (f) = z°t% p,(log(z,)) and that v + v’ is an exponent of H4 () with respect to w’. Since the set of
exponents of H4(f) with respect to w’ is finite and constant for all w’ € C,,, we can find an open cone
C' C Cy such that w € €’ and iny, (¢) = 2"po(log(x,) for all w’ € C’'. Hence, we have (w',u) > 0 for all
w’' € C" and all u € C'\ {0}. Thus, f satisfies condition ii) in Definition 1.7. O

The following result provides a partial converse to Theorem 3.3.
Theorem 3.4. If A is pointed, pos(A;) = pos(A) and p € Uyy(ry C Y-, we have
dimc (Homp(Ma(8), OX/IZ,p)) = dimg (J\/w(HA(ﬁ)))

for all 3 € C. More precisely, Nw(Ha(B)) is the space of Gevrey series solutions of M () along Y, at
any point p € Uy, (7). Moreover, for B € C4\ e(A), the dimension of this space is vol(r).

Proof. By Theorem 3.3, it is enough to show that any basic Nilsson series ¢ in the direction of w as in (1.7)
is a Gevrey series along Y7 at any point p € Uy(r) C Y.

Since pos(A,) = pos(A) we have that T(7) = T, by the construction of w, see the proof of Lemma 3.2
and the subsequent paragraph.

By [3, Lemma 2.10] we have that v is an exponent of H(8) with respect to w. Thus, there exists
o €T, = T(r) such that v; € N for all j ¢ o, see Lemma 3.1. In particular, we have v= € N7. Moreover,
by [16, Proposition 5.4] (whose proof is also valid when I,4 is not necessarily homogeneous) we have that
pu(y) € Cly; = j € vert(T,)] for all u € C, where vert(T,,) is the set of vertices of Ti,. In particular,
pu € Cly; : j € 7]. Thus, we can define p,(y-) := pu(y) and write

¢=> a"py(log(z:)) = Y falz:)al

ueC aEe™

where

falwr)= > 2rp,(log(z,))

ueC, (vtu)r=a

is annihilated by Hy4, (8 — A7a), see the proof of [4, Lemma 6.11].

We need to prove that f, = 0 if o ¢ N™. That is, we need to show that v; + u; > 0 for all j ¢ 7 and
u € C, where v + C' = supp(¢). Since in,(¢) = z"po(log(z,)), we know that (w,u) > 0 for all u € C'\ {0}.
Assume to the contrary that there exist u € C' and j € T such that v; + u; < 0 and choose such a vector u
so that (w,u) is minimal. Since j € 7 and pos(A) = pos(A,) = User(r) Pos(0), there exist m, € N7 and
mj; € N with m; > 1 such that mja; = >, msa;. Then u(m) := —mje; + 3, . mie; € kerz(A), where e,
denotes the /-th vector of the standard basis of R™. Notice that P = 9%(™)+ —gu(m)- = gme 73;% € Hu(B),
hence P(¢) = 0.
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Fig. 1. Regular triangulation of A.

By Lemma 2.7 and using that 0;[p,] = 0 for all j ¢ 7, we have that

8;'% (27T py (log(,))] = a?FH7mie /\mjpu(log(xT)) #0

where A\, = [vj 4 Ujlim,; # 0 because v; + u; < 0 by assumption. Since P(¢) = 0 and v + u — mje; =
v +u+u(m)_ belongs to the support of the series 9™~ (¢) = 9“(™)+ (), we have that v +u +u(m) must
be in the support of ¢, but then u+wu(m) € C and v; +u; +u(m); < 0. On the other hand, in,, (P) = —8;7”
because 97 ¢ in,,(14) for o € T(1) = T, see [18, Corollary 8.4]. Thus, (w,u(m)) < 0 and we obtain that
(w, v+ u(m)) < (w,u) which is in contradiction with our assumption.

Finally, let us see that each f, is convergent at p € U,,(-). Since ¢ is basic, there is an open and strongly
convex cone C C C, such that w € C and (w',u) > 0 for all w’ € C and all w € C'\ {0}. In particular,
ing, (¢) = iny(¢) for all w’ € C. This implies that for fixed @ and all w’ € C with wZ = w5 there exists the
initial form in, (fa). Notice that the set of all w] for w’ as above is a neighborhood of w, € R™ and we can
find a smaller neighborhood U of w, such that in.: (fo) = iny ) (fa) for all w, € U. Then, by [3, Remark
2.7), fa € Nuw(r)(Ha, (8 — A=) and by Theorem 1.12, f, is convergent at any point p € Uy ().

Thus, ¢ is a formal solution of M4(8) along Y;, which implies it is Gevrey of some order because M4 ()
is holonomic.

For B € C?\ g(A), dim(N,,(H4(B))) = vol(r) by Corollary 2.2, where U,er, Ay = A, in our case, and
Theorem 1.6. O

Remark 3.5. The additional condition pos(A4) = pos(A,) in Theorem 3.4 is necessary, even if 3 € C? is
generic, as shown by the following example.

Example 3.6. Let us consider the system H4(3) for

A:103,
01 -1

and a generic parameter 3 € C2. For 7 = {1, 2}, we have Y, = {z3 = 0}. Let w = (0,0, 1) +¢(w(7),0) where
€ > 0 is small enough and w(7) € R? is a perturbation of (1,1). We have that T,, = {r,0} for o = {1,3},
see Fig. 1. Moreover, T(1) = {7} C T,

Notice that both simplices 7,0 have normalized volume one. According to Proposition 2.3, {¢; =
b0, P2 == ¢y} is a basis of Nuw(H4(B)), where v9 = (B1,82,0) and v2 = (31 + 3832,0,—32). More-
over kerz(A) = Z(-3,1,1). Thus, supp(¢1) = {(81 — 3m,B2 + m,m)| m € N} and supp(¢s) =
{(B1 + 382 — 3m,m,—B2 + m)| m € N}. It follows from Theorem 1.5 that ¢; generates the space of
Gevrey solutions of H4 () along Y, = {z3 = 0} at any point p € {3 = 0;x122 # 0}.

In particular, the space Ny, (Ha(83)) is not contained in the space of Gevrey solutions of M4(8) along
Y., although all the assumptions in Theorem 3.4 except the condition pos(A) = pos(A,) are satisfied.
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