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1. Introduction

The sediment transport phenomena is a problem of interest in the environmental field. Besides the typical application
in the morphology of a river, the sphere of action of the sedimentation process is wide and it has a deep impact on its
environment. Due to the flow of the river some particles are swept along the current. This material is taken mainly from
the riversides and also from the bottom, being deposited downstream when the flow becomes weaker, either again on
the riversides or in its mouth. This effect change the morphology of the river environment sometimes affecting to crops
or to natural protected areas but also to fluvial navigation and coastal zones with the consequent impact in the economy
and environmental aspects. It is also important the effect of the sediment transport process in the building of hydraulic
structures like dams or bridges. Either the long-term erosion process or for example in torrential rain events or during the
thaw, some of the sediment of the bottom can be dragged and may affect to the stability of these structures. Normally
most of these important phenomena are long-term processes so there is a special interest on the development of efficient
predictive techniques in order to prevent hazards or to better manage the surroundings.

Sediment transport occurs mainly through two phenomena: bedload and suspended load. Bedload entails the transport
of sediment particles rolling or sliding on the bed and jumping into the flow and then resting on the bed again. Particles
transported by suspension are supported by the surrounding fluid during a significant part of the current and may also be
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deposited. In this paper we focus on bedload sediment transport including gravitational effects that is an essential but not
trivial task to take into account in the mathematical modeling.

When the bedload phenomena is under study, we must consider both, the hydrodynamical component and the mor-
phodynamical one that are coupled. The Saint Venant Exner system is commonly used to describe the bedload sediment
transport and it is a system composed on the well known Saint Venant (or Shallow Water) system for the hydrodynamics
and a continuity equation to update the morphodynamical part. This continuity equation is called Exner equation [16], and
it is defined in terms of the solid transport discharge that has to be prescribed. In the literature several models have been
defined empirically to give this closure [1,17,25,33,35,40]. Even if these models are largely used they provide some incon-
venient properties for the system as the lack of a dissipative energy or the loss of the mass conservation, other important
limitation being the validation range for just nearly horizontal sediment beds. An alternative to these empirical models has
been presented in [18] where a complete Saint Venant Exner type model is derived from the Navier-Stokes equations, this
model encompassing the former disadvantages.

In classical models, the solid transport discharge is defined in terms of the shear stress and the critical shear stress, or its
normalized form called Shields parameter. Bedload models predict that there is no transport of sediment particles whenever
the shear stress is smaller than the critical shear stress, see for instance [1,16,17,25,33,35,40].

The Shields parameter is defined as the ratio between the agitating and stabilizing forces on a deposited sediment par-
ticle. Lysne [32] showed experimentally for inclined sediment beds that the gravity is an important contributing action as
agitating force, see also [20]. Nevertheless classical formulas consider that the shear stress is the unique agitating force.
Therefore, gravitational forces play an essential role into the sediment transport, so they must be considered for the defini-
tion of an appropriate solid discharge for applications in general sloping beds.

Several forms to include gravitational effects in the solid transport discharge are found in the literature. The simplest one
is to include a second order derivative in the Exner equation, which is neglected when the slope of the bed is smaller than
the tangent of the repose angle of the material (see Tassi et al. [39]). Nevertheless, the form in which gravitational effects
are usually included is by modifying either the definition of the shear stress or the critical shear stress. Although these two
kind of modifications might coincide in some particular cases for 1D horizontal domains, they are not equal in general.

Here we consider the inclusion of the gravitational effect in the solid transport discharge, which is defined in terms of
the effective shear stress (see e.g. Fowler et al. [19]). This is discussed in detail by Fernandez-Nieto et al. [18] showing that
the solid discharge naturally incorporates gravitational effects, which are included in the effective shear stress. Let us also
mention that the inclusion of gravitational effects in the effective shear stress is analogous for scalar or vector systems, that
is, 1D or 2D horizontal domains. Nevertheless, when the modification of the critical shear stress is considered, the inclusion
of gravitational effects for 2D domains is not an easy extension of the 1D case. See Kovacs and Parker [31], Seminara et al.
[38] and Parker et al. [36] among others.

From the numerical point of view, bedload transport models have been usually discretized by means of explicit schemes
in collocated and staggered meshes (see [3,6,7,18,26,34] among many others). These problems are characterized by two
different time scales: a small characteristic time for the hydrodynamical counterpart and a large characteristic time for the
morphodynamical contribution. It makes the computational cost to be very high when explicit discretizations are used,
even for simple models (e.g. Grass formula) without gravitational effects. In Bilanceri et al. [4] a comparison of explicit and
implicit methods for bedload transport (without gravitational forces) is made, as function of the low/medium/high sediment-
fluid interaction. They claim that the fully implicit scheme is too much expensive, and a linearization of the method based
on the automatic differentiation software Tapenade [27] is made to solve the Grass model, showing that the computational
cost is decreased, specially in the low interaction case.

Just a few works are devoted to numerical approximation of bedload models with gravitational effects. In these models,
the difficulty from a numerical point of view is the presence of a non-linear elliptic counterpart in the Exner equation.
As a consequence, its explicit discretization is computationally expensive. Tassi et al. [39] used a Discontinuous Galerkin
method to approximate a Grass model with a diffusion term depending on the free surface gradient. Later, Morales de Luna
et al. [34] used a duality method based on the Bermimez-Moreno algorithm to solve the morphodynamical component of
a Meyer-Peter & Miiller model with gravitational effects, which is computationally more expensive.

Therefore, semi-implicit schemes are an interesting and promising alternative in the framework of bedload transport
models. The method considered here is the one introduced by Casulli and co-worker for hydrostatic [8,10,11,13] and non-
hydrostatic [9,12,14] free surface flows in z-coordinates and isopycnal cooordinates. In Bonaventura et al. [5] and Garres-Diaz
and Bonaventura [23] this method was adapted to vertical multilayer discretization, showing its efficiency when it is applied
to bedload transport with the simple Grass formula, and also for variable density flows.

Such a semi-implicit approach was used in Garegnani et al. [21,22], where an analysis of the coupled and decoupled
approach of the Exner equation is made, introducing also a semi-implicit method [37] for the system with movable bed,
although they did not consider gravitational effects.

The main contribution of this work is a low-computational cost semi-implicit scheme for sediment transport problems
solved through the Saint Venant Exner system introduced in [18] taking into consideration also gravitational effects, in
long-time scale, i.e., slow processes. In particular, we propose a first order method (®-method) and a more accurate method
(IMEX-ARK2). It is based on a reformulation of the solid transport discharge by rewriting the sign function. Furthermore, the
proposed method could be easily adapted to a wide range of families of bedload models with gravitational effects, which is
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Fig. 1. Computational domain and notation.

also described in this work. Thus, to our knowledge, this is the first efficient numerical scheme for general bedload models
with gravitational effects.

Section 2 is devoted to present the model we use, as well as the reformulation of the solid transport discharge that we
propose to apply the semi-implicit scheme to a wide family of models with gravitational effects. In Section 3 the semi-
implicit method based on the ®&-method is detailed, and the numerical experiments are in Section 4. Finally, we present
some conclusions in Section 5. In Appendix A the IMEX discretization of the system is presented.

2. Saint Venant Exner system with gravitational effects

In this section we present the initial system for the hydrodynamical and morphodynamical counterparts. The solid trans-
port discharge including gravitational effects is defined in Section 2.2. Once the chosen model is exposed, the reformulation
of the solid transport discharge is proposed in Section 2.3, where we also analyze the steady solutions of the proposed
model. Finally, we show in Section 2.4 how this reformulation could be easily adapted to a wide range of families of bed-
load models, depending on both the definition of the solid transport discharge and the effective shear stress.

2.1. Initial system

The base system is the well-known Saint Venant Exner system, which is obtained from the coupling of the Saint Venant
system (hydrodynamical component) and the Exner equation (morphodynamical component). This model is deduced from
the non-dimensional Navier-Stokes equations for the hydrodynamical part together with the Reynolds equation for the evo-
lution of the granular layer, a detailed derivation and analysis of this model can be seen in Fernindez-Nieto et al. [18].
Considering a 1D incompressible fluid with constant density p € R, the system reads

8th + axq =0,
39 + 0x(q%/h) + ghdy(h + b) = —F, (1)
8tb + 8be =0,

where (x,t) are the space and time variables, h(x,t) and u(x,t) the height and averaged horizontal velocity of the fluid,
and g = hu is the discharge. The gravity acceleration is denoted by g and F is a friction term between the fluid and the
sediment layer b(x) which will be defined later. This sediment is transported according to the solid transport discharge Qj
that is defined by the chosen model for the bedload transport.

In the deduction presented in [18] the thickness of the sediment layer (denoted by b here and h, in [18]) is subdivided
in a lower static layer and a small upper movable layer whose height is hy (see Fig. 1). Simplified models are also pre-
sented there, which is the framework considered in this work. Assuming a quasi-uniform regime, the erosion rate equals
the deposition rate and hp, ca be estimated in terms of the rest of unknowns of the problem.

Let us denote the shear stress by 7, which can be written, in the framework of depth-averaged models, as T = pghS with
S a friction term, whose more common definitions are through the Manning (S = nulu|lh~%/3, n the Manning coefficient)
or Darcy-Weisbach (S = &u|u|/8gh, £ the Darcy-Weisbach coefficient) laws, depending on the averaged velocity u. Then, we
can write

C=gn’*h~'3 (Manning law),

T .
e Clufu, with . _ £/8 (Darcy-Weisbach law). (2)

An empirical formula is used to define the solid transport discharge as a closure to the system, for instance Grass
[25], Meyer-Peter and Miiller [33], Ashida and Michiue [1], among many others. For instance, when the classical Ashida
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& Michiue’s model is chosen, it is written in nondimensional form as
17
% 1_¢(9_9C)+<\/§—\/9>c), (3)

— =sgn(t
Q =8 (v)
where ¢ is the porosity of the sediment bed, sgn(-) is the sign function, (-), the positive part, and Q = ds,/g(1/r — 1)d; the
characteristic discharge that is defined in terms of the gravity, the density ratio r = p/ps, with ps and ds the density and
the diameter of the sediment particles. Finally, € is the so-called Shields parameter, defined by
T|d?
g Tl N (4)
g(ps — p)d;
with 6. the critical Shield stress.
A general formulation that includes a great number of classical models for the bedload solid transport discharge without
gravitational effects may be written under the following compact form (see [18])

% = sgn(r)la—](p% (6 - 6 (V6 - aa\/ei)ﬁ3, (5)
with «;, B; i=1,2,3 positive constants.

Some important drawbacks of these classical models for the bedload transport are: (i) they do not take into account
gravitational effects, since they are derived using as hypothesis that the sediment free surface is almost constant dxb ~ 0;
(ii) they do not satisfy a dissipative energy balance; (iii) the mass of sediment may be not conserved. In this work we study
gravitational effects in models satisfying a dissipative energy balance. We consider the case of quasi-uniform regimes, where
the movable thickness of sediment is set in terms of the velocity of the fluid. In these cases the mass conservation will not
be guaranteed but it can be easily solved as detailed in the following subsection. Models including gravitational effects are
presented in following subsections.

2.2. Solid transport discharge with gravitational effects

In this subsection, following [18], we present the generalization of the Ashida-Michiue and Meyer-Peter & Miiller models
under the assumption of a quasi-uniform regime. The general definition of the solid transport discharge is

Qy = hmvpy/ (1/7 = 1)gds, (6)

where hp, is the thickness of the movable bed and v}, the averaged sediment velocity. This velocity is defined in terms of
the effective shear stress (7q) as follows

Uy = 521 (Tetr) (v Oeit — v/00) 7)

with
O — | Testl/ 0
T A= Tgds”
where 7. must be properly defined. Here, following [18], we consider (see discussion in Section 2.4)
Teff _ E 29gds . _ GC
= 5 ; ox(rh+b), with o = ans’ (8)

being § the angle of repose of the material. Frequent values for these constants are 6. = 0.047 and ¢ = 0.1, that is 6./0 ~
tan25° (see Fredsce in [20]). Other possibilities are used in [15] and references therein.
We can establish the relation between 6 and 6.4 by computing T from the previous equation, obtaining

4
Outr = [sgn(u)6 — ﬁE)x(rh +b)|,

where sgn(u) is identified as the sgn(t) and we used the definition of = in (2).

In order to set the definition of h; we will consider the case of a quasi-uniform regime, where hy, is defined by a closed
formula as a function of the erosion and deposition rates (see [18] and references therein for further details). A possibility
is to define

_ Keds
" Ki(1-9)
with Ke, K; constant parameters related to the erosion and deposition effects respectively. Let us remark that Fernandez-
Luque and Van Beek [17] observed in the experiments this linear relation between the thickness of the movable bed and the
shear stress. Most of classical formulas consider this relation to obtain the solid transport discharge. This linear relation was
also observed in Bagnold [2] by investigating the momentum transference because of the sediment particles and fixed bed
interaction (see also [15]). Notice that the fact of using a closure formula for h;; as above may be the mass conservation fail,

(Oer — Oc) ., 9)

4
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see [34]. Nevertheless, this problem is solved by defining h;; as the minimum between the definition (9) and the thickness
of the erodible sediment layer. In this work we consider that this layer is large enough, since a fixed bedrock has not been
taking into account.

By using the definition of hy (9) we obtain the following formula of the solid transport discharge

& = SENTa) 1y Cer = 00). (Vor /0. where @ = diy/(1jr— g (10)
Note that this is a generalized Ashida & Michiue’s model (3), where the ratio between erosion and deposition effects is set
to Ke/Ky = 17.

Another possibility is to define hy, as follows (see [38])

Kd
n =15V O =00 (oo + /00 (11)
In this case we obtain that the solid transport discharge is

Q )32

o = SN (Ter) =5 (e - V. (12)

Q

Note that in this case we obtain a generalized Meyer-Peter & Miiller model, where the constant parameter is set to K = 8.
Finally, in [18] it is also deduced the following definition of the friction term between the fluid and the sediment layer,

which is proportional to the difference of velocities

hmC .
F &lm (8 (rh+b) + (1 —r) sgn(Tef) tan (S) if Gegr > 6O, (13)
r/,o otherwise.

Remark 1. Notice that this definition of F coincides with the following definition of the friction between the fluid and the
sediment layer:

F=Clu—v|(u-v) where  v= U= V8hm/r [PI"2sgn(P) if Oer > b,
’ 0 otherwise,

being v the velocity of the sediment layer and P = dx(rh +b) + (1 —r) sgn(zes) tand, for more details see [18].

In the next subsection the final model is reformulated in order to properly introduce a semi-implicit numerical scheme.

2.3. Reformulation of the bedload model with gravitational effects

Hereinafter we consider the model defined by (1), (10) and (13), corresponding to the generalization of the Ashida-
Michiue Saint Venant Exner model including gravitational effects and a friction term proportional to the difference of ve-
locities between the fluid and the sediment layer. Our goal in this work is to develop a semi-implicit scheme based on
splitting the system as a stiff part (gravitational terms) with a high impact over the stability CFL condition and a non-stiff
contribution. Looking for a more convenient writing of the system in that sense using (2), (8) and setting sgn(W) = W/|W|,
the solid transport discharge (10) is reformulated as

Q= iffq = Gy (Clulu — kydy(b + h) — kaxb) (14a)
with

ki = Ogds, ky =9gds(1/r—1) (14b)
positive constants, and

- _ pQ
G = o ey O = 00, (Vo - V). (140)

?)

For convenience to apply the numerical scheme, the final system is written in terms of the free surface level. Then,
defining n = b+ h and combining the first and third equations in (1), the final system reads

3n + x(q + GyCulu| — Goks B — Gokadyb) = 0,
39 + 0x(q*/h) + g(h + Chy)dn = —gChpn (1/r — 1) (kb + sgn(vy) tan8) — x 7/p, (15)
3eb + Oy (GpCulu] — Goky0xm — Gokadxb) = 0,

1 Oc = Octr

where we identified sgn(vy,) as the sgn(teg) and x = {O otherwise

5
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Regarding the stationary solutions of system (15), it is difficult to obtain an explicit expression in general. However, it is
interesting to firstly analyze the simple case concerning lake at rest solution that is a steady solution for the Saint Venant
system. That is, those ones verifying

b+h=rny constant, q=0. (16)

It is easy to check that they are also steady solutions of previous system if gravitational effects are not considered (k; =
k, = 0), since we recover T = 0 and therefore 6 = 0 and Q, = 0. That means that solutions given by (16) are steady solutions
independently of the sediment layer profile b(x). Obviously, this is a limitation of classical models and non-physical solution
will be kept.

On the contrary, this is not the case for the proposed model with gravitational effects. Actually, we have the following
result.

Proposition 1. Let 1 constant be the free surface level of a fluid at rest (u = 0), with b(x) the sediment layer and & the angle of
repose of the sediment. Then (19, 0, b(x)) is a steady solution if and only if |0xb| < tané. That is, a lake at rest solution is steady
if and only if the sediment layer has a slope lower than the slope given by the angle of repose of the sediment.

Proof. Let us start proving that the condition |0xb| < tan§ is equivalent to O.¢ < 0. under the hypothesis dxn =0,u = 0. In
this case
Qe = k2|8xb| _ ﬁgds(l/r_l)
T g(r=1)ds ~ g(/r—T)ds
and this inequality holds if and only if |dxb| < tané.
Using the condition O.¢ < 6, it is easy to check that Q, = h;; =0 (see (9) and (10)), and therefore d;n = d:q = 9:b =0,
i.e, (ng, 0, b(x)) is a steady solution.
Assuming now that (19, 0, b(x)) is a steady solution, we obtain

Ox(ka@p0xb) =0 and  hp (9xb + sgn(v,) tan ) = 0.

Oc
|0xb| = = 19xb| < O

From the first condition, either dxb =0 and therefore . =0 =65 <06. and also hp =0, or §,=0 and therefore
(Befr — Oc), = 0, which ends the proof. O

Let us now study steady solutions in the general case, neglecting the friction term xt/p in the momentum equation in
(15).

Theorem 1. Let (1(x), qo, b(x)) be the values of the free surface, discharge and sediment layer satisfying that Q, = 0, with qq
constant. Then, it is a steady solution of system (15) if and only if it satisfies

sgn(Terr)Clqolqo 1 _
—sgn(Terr) B Oxb < tan8<l = edf(ir—1) o—n?) OxN) = adxb, (17)
with
=——=2  and =14+ ——.
g(n—b)’ - g /-1

Proof. Let us start by noticing that the steady solutions of system (15) with no sediment transport are given by

2
3q =0, ax(”z+gn>=o, Q=0. (18)

The first condition implies that q(x) = qo constant. From the second condition in (18), and writing u as qo/(n —b), we
deduce that

. —45
0xn =adyh, withat = —F————.
gn-b)’ - a3
Furthermore, since Qp = 0, the only possibility is that .5 < 6. holds, which leads to the inequality
tan éCluju — Boyb| <tand, where 8 =1+ > (19)

gd0:.(1/r— 1) (Iyr-1)

Now, we can solve the inequality for the unknown dxb, taking into account that the sign of the left hand side coincides with
sgn(Tefr), obtaining inequality (17), which ends the proof. O

Notice that the Proposition 1 is a particular case of the Theorem 1 where gg = 0, obtaining « =0 and 8 =1 in (19) and
n(x) = no constant.

When the limit case is considered in (17), i.e. when the equality holds, the explicit expressions of 1 and b are the so-
lutions of the resulting nonlinear ODE system. Note that n,b in (17) can be also found by solving just the initial value

6
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problem for the sediment, and updating the free surface value at each step using conservation of the energy (middle con-
dition in (18)), that is n = b+ h where h is the greater root (for subcritical solutions) of the third-order degree polynomial
2gh3 +2(gb — Ko)h? + g3 = 0, where Ko = u2/2 + gno.

In the results presented in this subsection we have focused on the generalized Ashida-Michiue model for the sake of
simplicity. However, many other Saint Venant Exner models including gravitational effects could be written in the same
form as (14)-(15), for instance the generalized Meyer-Peter & Miiller model defined by (12) for K = 8. In the next subsection
other possible generalizations to include gravitational effects are discussed, which can be easily written under the form (14)-
(15). Consequently, the same numerical technique that is proposed in Section 3 can be applied for this family of models.

2.4. A general formulation of bedload sediment transport models with gravitational effects

In this section we briefly present several approaches to include gravitational effects in classical models, and the rela-
tions between them. As we commented before, it is suitable for the development of the semi-implicit method presented in
Section 3 if the model is written under the form (14). Thus, all the discussed models below will be expressed in the same
way.

In classical models, with the purpose of including gravitational effects, we shall replace T with T and 6 with g in the
solid transport discharge Q. For example, when considering the family of classical models defined by the solid transport
discharge (5), the corresponding models with gravitational effects are defined by

B

% = Sgﬂ(feff)%ﬂﬂf} (Beit — 200" (\/@ —a3 9c) . (20)
being o, a5, a3, B1, B2 and B3 non-negative constants depending on each model.

In addition, note that the effective shear stress must be defined to write previous models under the form (14). Actually,
a different family of bedload models is obtained for each definition of 7. proposed in the literature.

In the next lines we present some relevant definitions of 7.5 in order to show the differences and the similarities, but
also to give a justification of our choice given in (8).

Let us begin with the effective shear stress introduced in Fowler et al. [19] that we denote by T f and which is given by

T _ T gd(1/r—1)db 1)
p - p S XYy

where 7 is a quadratic law defined as in (2) and A = 1. Later, Morales de Luna et al. [34] proposed to define A = 1%, where
¥ is defined in (8), with the aim of recovering lake at rest steady solutions associated to the repose angle of the sediment.
Whatever the value of A, we find a family of models that can be reformulated defining Q, as in (14a), and @y, ki, ky as
follows

Bs
1 = e o (Geff)ﬁl(eff 0‘296)?(\/9:“—053 9c> ; (22)

| eff|1

Kal

with

P Tkl
T (Ar—1gds’

Note that the definition of k, is the same that in previous cases (14b) but k; is neglected. This means that the free
surface gradient has no influence on the solid transport discharge when %, off is considered. Equivalently, T in (8) matches
with ‘L'eFff if the free surface of the fluid is constant, dx(b+ h) =0

Let us now go deeper in the definition of 7. to understand the expression (8) that we use in this work. In Fendndez-
Nieto et al. [18] the Navier-Stokes system is asymptotically analized to deduce a Saint Venant Exner system, leading to
propose several models including gravitational effects and satisfying a dissipative energy balance. These gravitational effects
are included through the considered effective shear stress. The law considered for the drag force between the fluid and
granular layers determines both the model and the effective shear stress. In particular, two expressions for the effective
shear stress are deduced corresponding to a linear or quadratic friction law, denoted by ‘L'eLff or rlef respectively, that we
present next.

In the linear friction case, it is defined by

ki=0 and ky,=Agd;(1/r—-1).

Tar DdsT l9gds tt Chpuy/g(1/r — 1)ds
? . ; — —=—0x(rh+b), with ; = 4, , (23)
or equivalently,
L
% =Cu g(l/r—l)ds— ﬁ‘fdsax(rh-i-b) (24)
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Now the family of models is given by

Q= %fqb G (Cuy/g(1/r = 1)ds — k1 dx(b + h) — kadyb). (25)

where
pQ « B ] &
~ 1 2
dp |t ’ 1 (geff)ﬂ (eeff a296)+ ( Qel‘ff—a3 9c> s (26)
f
and with k; and k; as in (14b) for 6 = oatl/?
In the quadratic friction case, the effective shear stress is (see [18])
Q

g, (1/r = )|@[, (27)

where
Q
@ =sgn(u) [z8l/p - ‘ v dx(rh + b)|sgn(0dx(rh + b)),
Var=tgds | [1-1

with 7¢ defined in terms of T (2) as

h
Q _ m
TS = . T. (28)
The effective shear stress 'L’Q (27) gives other family of bedload models, where

sgn(t$) =sgn(®) and 6% = [P)?,

which can be reformulated under a similar expression to (14a), concretely we obtain

Q, =G, (u / ir‘fc — kydx(b+h) — I<28xb>, (29a)

with
P B3
= (Geff) (A 0‘295)+2 <\/ Ogt; — o3 96) (29Db)
‘u G kyd(b+ h) — kadeb
ko VOB VOB ), (290)

|0x(rh + b)| [0x(rh + b)|

Note that this model is much more complicate that any of the models defined by (22) or (25). F1rstly, because the
values kq, ky are no more constant. Secondly, note that hy,; can be defined by (9) or (11), in terms of (0 GC) ,and as a

consequence Glef is implicitly defined.

Let us now make a comparison of the three definitions (21), (23) and (27) given for the effective shear stress. When the
effective shear stress of the linear model (24) is compared with the definition (21) given by Fowler [19], two differences
are observed. Firstly, the first term in the definition changes, it is quadratic in the velocity for the Fowler's model and
linear in (24), which is consistent with the hypothesis of a linear drag force between fluid and sediment layer. Secondly, the
gravitational terms are different, although they are equal when the free surface is constant and A = . It can be easily seen
by writing
¥ gds

r

de(rh + b) = Dgds(1/r — 1)3eb + D gdsdy(b + h).

Therefore, the definition of the gravitational effects introduced in [18] is more general, since it takes into account the weight
of the upper fluid and the coupled effect of the variations of the free surface and sediment.

Furthermore, when looking at the effective shear stress deduced for the quadratic model (27) we do not find the same
definition than in the Fowler's model, even if they both correspond to a quadratic friction law. Moreover the gravitational
terms are also different, being much more complex in the quadratic model.

The effective shear stress (8) used in this work may be interpreted as a linearized version of the quadratic effective shear
stress, corresponding to the definition réff (23) when the friction term 1! is replaced by 72 defined in (28), thus obtaining
our definition

Teff T 0gds
—_ = - - O0x(rh + b).
0 0 T x( )




J. Garres-Diaz, E.D. Ferndndez-Nieto and G. Narbona-Reina Applied Mathematics and Computation 421 (2022) 126938

As commented above, this model can be also seen as an enhanced Fowler's model where the gravitational effects take into
account the free surface gradient.

Finally, the corresponding family of models for the proposed t.g defined in (8) can be reformulated easily keeping Q, as
in (14a), that is,

Q= "5 = i (Clulu — kide(b-+ ) — kadih)

but where g, in (14c) is replaced with

-~ o B3
qp = ﬁ?f' 1 _1(/)99% (Oert — 02007 (\/ Oetr — 013 9c) ; (30)
€

ki and k, taken the same values introduced in (14b).

3. Semi-implicit approach

We are interested in this work on the large-time scale, i.e., very slow processes where the characteristic time associated
to the sediment is very large, and usually the fluid-sediment interaction is weak. This is the case for example of the move-
ment of a dune in a river or a lake. In these situations it is common to have subcritical regimes. Furthermore, note that
second order space derivatives of the free surface and the sediment layer appear in system (15). Then, when discretizing it
using an explicit scheme it leads to a very restrictive stability condition (CFL) and therefore to a huge computational cost
because of the small time-steps.

In this section, we develop an efficient semi-implicit numerical scheme to relax the CFL condition by removing the
gravitational contributions, which can be applied to any model with gravitational effect written under formulation (14) - or
(29) - and (15). The spatial and time discretizations are described through the finite volume method.

Let us start with the spatial discretization, where we consider a uniform mesh step Ax without loss of general-
ity. Then, we subdivide the computational domain into control volumes denoted by V; = (x,;l /2> Xit1 /2) with center x; =
(x,-,]/z +x,~+1/2)/2, for i € Z, with #(Z) = M. We consider a staggered mesh, that is, the discrete free surface and sediment
variables (7;, b;) are defined at the center of the control volumes (x;), whereas the discrete discharge values (g;.1,;) are at
the interfaces (x;1,,). This C-grid staggering has the advantage that the linear system resulting from the semi-implicit time
discretization is more compact.

We propose to discretize system (14), (15) using the semi-implicit scheme introduced in [8,10,11] based on the -
method. This strategy allows us to remove the celerity contribution to the CFL condition. Thus, defining h; = n; — b;,
Uu; = (qi_1,2 + Gi+1,2)/hi and the Courant numbers

At At
Coet = 15 max [uil,  Cea = Ay Max <|Ui| + \/gh,-),

with At the time step, the explicit method has a stability restriction that can be approximated by C.; < 1, whereas the
semi-implicit method relaxes this condition to C,,; < 1. Therefore, in subcritical regime (|u| /\/Eh « 1) this approach allows
us to give larger time steps since the restrictive contribution is the gravitational one.

The ®-method (hereinafter &-method) reads

W = w4 A O f(E wT) + A1 - @) f(E" W),

for an arbitrary ODE system w’ = f(t, w), being @ ¢ [0, 1] the implicitness parameter. Note that in the limit cases & = 0 and
® =1, the explicit and implicit Euler methods are recovered. Although ®-method is unconditionally stable for & € [1/2, 1]
it is usually choosen @ slightly larger than 1/2, in order to allow for some damping of the fastest linear modes and nonlinear
effects.

Since the goal of this work is not to propose high order semi-implicit schemes, and for the sake of clarity, we perform a
discretization based on the ®-method for ® > 1,2, which is first order accurate. However, this procedure can be adapted to
more accurate time discretizations if needed via an IMEX-ARK (IMplicit EXplicit Additive Runge Kutta) methods (see [30]),
following the description made in [5,23]. We show in the numerical tests that the &-method produces good enough results,
in fact we obtain order of accuracy 1.6. Here we describe the scheme corresponding to the ®-method for the sake of brevity
and simplicity in the reading of the paper. We add in Appendix A a discretization based on a formally second order IMEX
method. In the numerical tests we show that in a test with regular initial conditions we achieve second order via this
IMEX-ARK2 method (see Section 4.5).

In the following we describe how the system (15) is discretized. The key point is considering all the convective terms
in a explicit way, while terms involving the derivative of the free surface (dxn) and the sediment layer (0dxb) are discretized
using the semi-implicit method. Firstly, the discrete momentum equation is written as

At At
A2 = Gl = 180 (h+ Chi)i (i = ") = 2 g®(1/r = 1) (Chm)it o (B — b)), (31)

9
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defining as h;,q/, the upwind value depending on g, 1/, (see [5,26] for instance). In previous equation G; 4, collects the
explicit terms:
Giy12 = Qiv12 — Ax (Ax&x(q /h) 4172 +8(1 = O)(h+Chm)iz12(Mig1 — M)
+8(1— O)(1/r = 1) (Chm) ;1 (bis1 b.-)) — Atg(1/r = 1)(Chim);s1,5580 (V,i11,2) tan 8
—Atxf G ‘ Uit1/2 ’Ui+1/2~
For the sake of simplicity, we employ an upstream first order finite difference approximation for the advection term

(qu)H% — (qu),-f% if Uy > 0,
Ax 8’<(q /h):+1/2 {(qu)H; —(qu)i; s if w1 <0,

i+3

(32)

where U1, = Giy12/hiy1,2. Any other high order approximation could be used to increase the order of the method if
required (see Appendix A).
Next, the continuity and the sediment evolution equations are discretized as

Ax 77,-n+1 =Ax i - At@( ?Ll/z qﬁ]/z) At(] B @)(quz ai- 1/2)
—At(‘ﬂv?+1/2 +1/2|”z+1/2 Uiy 2 = Qbi-12G 1/2|u1 12| Ui 1/2)
+@ At (sz+1/2 (kl (771":11 - nlnﬂ) +ka (b?ﬂ b?“))
“atn (k™ = ) + ke (b~ BIY)))
+(1- O) Qb1+1/2 kl 77,+1 ‘n) + k2(b?+1 b?))
— b1y kl - iy +k2(b - b 1)))

(33)

and
Ax b?ﬂ AxAb” At(%;'1+1/2c'n+1/2\"‘?+1/2|”zn+1/2 - %?—1/2C{1—1/2|u?—1/2|”?—1/2)
+0 gy @ik (15 = ™) + o (B3 — 7))
Qb, 12 (k1 (771 77,n+1]) +k (b?H - b’?*l))) (34)
+(1- O) At (Qbm/z (kl (771+1 771”) + k2 (b7+1 b?))
—sz_1/2 (kl (77, ’7171) +ka (b? - b?q)))-

Now, the values of q?:f/z (31) are embedded into (33), and we obtain from (33) and (34) a linear system with 2M
equations and unknowns (7;, b;), i € Z. To solve it, we slip it into two linear system M x M, one for the free surface values
n?“ where the terms in b™! are moved to the right hand side term of the system, and vice versa for the system whose
unknowns are b’,?“, and then an iterative method is applied. Note that this strategy is no more that the block Gauss-Seidel

algorithm. Let us describe in detail the method.

We consider the sequence {n" k b k} with '7,"1’0 =7 and b?*o = b} for i € 7. For the free surface values, we have the

system

—Ai12m ’;ﬂ (AX +AL ), +A?+1/2)’7?’ Az+1/2’7?+’;+1 =H + f?zk* (35)

ieT

with

O2A @At ~
Aivip =87y (h +Chm)iay2 + k1= = Qbis1 2

Hi = Axn; — Af@( i+172 — Gi_ 1/2) - Af(1 - @)(Qi+1/2 - qi_ 1/2)
- At(‘ﬂ:wl/z +1/2|u1+1/2‘u1+1/2_qb1 12G 1/2‘”: 1/2’”1 1/2)
+(1 - @) (Qb1+1/2(k1 (Mig1 — i) + ka2 (biy1 — by))

—Gbi_12 (k1 (1 = Ni-1) + k2 (bi = bi_1))),
and
@A ~n n,K !
1nv',k = kZ Ax t(qb1+1/2 (b?+1 b:lk) qbl 1/2 (biv’ - bz_kl))

O2A
+8(1/r—1)= t((Chm)l+1/2(b?+k1 Bi) = (Chm)i 1 (B = b))
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Analogously, for the sediment values, we obtain

_Bi—l/2b?ik1+l + (AX +Bly,+ b?+1/2)b?’k+1 - B?ﬂ/zb?frl =Li + fzn,‘ik (36)
with
OAt -
Biy12 = k2 qubi-ﬂ/z’
Li = Axb; — At(Gpis12Ghy 2 |ui+1/2‘ui+1/2 - (Tbi—1/2q1,1/2}ui—1/2|ui—1/2)
At~
+(1 - @)B(Qbiﬂ/z(kl(niﬂ — i) + ka(biy1 — bi))

—Gpi—1/2 (k1 (1 = mic1) + ka (bi — bi_y))),
and
OAt - ~
W(qb%ﬂ(’??fi = 1) = @i a o (0 = ).

Note that the linear systems (35), (36) are tridiagonal systems, whose associated matrix is a symetric strictly diagonally
dominant matrix, which can be solved using the Thomas’ algorithm.
The Gauss-Seidel algorithm is then applied as follows:

nk __
20~ ka

o System (35) is solved to find the new free surface values n?"‘“.

« The values of the sediment b’,?’k” are found solving system (36), using f***! with the updated values 5™**! instead of

2. i
2"," in the right hand side.
o This procedure continues until convergence, that occurs when

error = max({||n™ktt — pnk||T | |prk+l — prk| T Y < tolerance
or k equals the number maximum of iterations.

Finally, the new values of q{:’]l/z are updated using (31). Let us remark that in practice we do not need more than 2-3
iterations since the values g, are usually small. If these contributions grows up, we would need some more iterations of the
Gauss-Seidel algorithm to reach the convergence. Note also that for models defined by the family (22), for which k; = 0, the
system (36) for b?* T is exactly solved and by replacing it in (33) the new states n;” 1 are found. Therefore, a single iteration

is necessary.

Remark 2. Regarding the boundary conditions, we consider either wall or subcritical boundary conditions, and they are
imposed as usually in these semi-implicit schemes.

For the wall condition, we fix q1,2 = qu41/2 = 0 and for 1, b a ghost cell technique is used, defining 79 = 11, bg = by and
the same for the right boundary.

In the case of subcritical conditions, the discharge is fixed upstream q;, = gext, downstream we use a ghost cell and fix
the free surface value 7, = nex and the bottom is duplicated by; = by;_1. Let us remark that in case of subcritical boundary
conditions, the matrix of the linear system and the right hand side should be accordingly modified (see e.g. [37]).

4. Numerical results

Some results are presented in this section to show that the proposed semi-implicit method is indeed efficient. In princi-
ple, we could consider any of the models presented in Section 2.4. For the sake of simplicity, in the numerical tests we only
focus on the generalization of the Ashida-Michiue model given by (10) with K./K; = 17.

The implicitness parameter has been set to & = 0.55 in all the tests. When errors are measured, the reference solution is
computed with a explicit code corresponding with a third-order Runge-Kutta method (RK3), where the time step is adaptive
according to a low fixed Courant number C, = 0.1. However, with the semi-implicit approach the time step At is fixed
and compute the maximum Courant numbers achieved. We remark that the spatial discretization of the reference and the
semi-implicit solutions is exactly the same, and the only difference between these schemes is the time discretization. Thus,
the errors showed in this section just correspond with errors associated to the time discretization. In addition, the fact of
discretize the pressure term by a centered formula makes mandatory to use a third order Runge-Kutta method by stability
reasons.

We also measure the speed-up reached for all the tests. The computational times showed here have been measured on
a PC with Intel®Core™j7-7700HQ and 16 GB of RAM. Let us remark that obviously the third-order Runge-Kutta method
needs more computational effort than semi-implicit methods. Actually, the Runge-Kutta method needs three stages at each
time step, whereas only one stage is needed for the ®-method and two stages for the IMEX-ARK2. Moreover, the main gain
on the computational time of semi-implicit methods comes from the fact that greater Courant numbers can be used. We
stress that the goal of this work is showing a very efficient scheme in terms of the computational time and preserving the
accuracy in the results.

1
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Table 1
Material properties for test 4.1.
n Oc plps @ ds (mm)  tand
0.01 0.047 0.34 0.9 1.0 tandy
0.5 - 1
—— Computed steady state for dy — Initial free surface
é Initial sediment profile
0.4 1 - - _Reference solution with slope tan(d) < 05
=03 0
= . 0 . 5 10
= 02 | :I",:z - - \\\\“ll X (m)
’ (Y >
| RN ! ! I na s S \
3 3.5 4 4.5 5 5.5 6 6.5 7
z (m)

Fig. 2. Test 4.1. Sediment layer at steady state for values of 8y = 3°, 15°, 25°,45°, 75°. Solid blue lines are the computed solutions and dashed lines are
reference straight lines with the theoretical solutions. Inset figure: Initial profiles of the free surface (cyan solid line) and the sediment (dash-dotted brown
line). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article).

Table 2
Test 4.1. Speed-ups and Courant numbers reached at time t; = 10000 s with the ®-method for the different
values of 8.

80(°) At (s) Ceel Ceel Comp. time (min)  Comp. time (min)  Speed-up

®-method ®-method RK3 ®-method RK3

3 0.05 11.9 0.4 0.81 (48.3 s) 29.6 36.8

15 0.1 23.8 0.8 0.40 (24.1 s) 15.3 38.1

25 0.3 71.3 0.8 0.13 (7.8 s) 15.1 116.4

45 0.5 118.9 0.9 0.08 (4.7 s) 14.2 180.9

75 1.5 356.5 0.9 0.03 (1.6 s) 14.3 539.1

4.1. Steady lake-at-rest solutions

As commented in Section 2.3, one of the drawback of models without gravitational effects is the fact that they keep
non-physical steady solutions in the lake at rest configuration (16). In Theorem 1 we establish the condition to be steady
solution in this configuration for the proposed model. In this subsection we check numerically that this property is satisfied.

To this end, we consider a fluid and sediment with the properties given in Table 1 where we have fixed &y =
3°,15°,25°,45°, 75°.

We consider a computational domain [0 m, 10 m] discretized using 800 points and wall boundary conditions. A lake
at rest configuration with initial conditions 17g(x) =1 m, qo(x) = 0 m2/s is taken. The sediment layer profile is given by a
discontinuous step profile as follows

b (x) = 02m ifdm<x<6m
=101 m otherwise.

This is a steady solution for the models without gravitational effects, whereas it is not for the model including these effects,
as we check in Fig. 2. Moreover, we see that the solution becomes steady when |0xb| equals tandy, as stated in Theorem 1.

In Table 2 the Courant numbers and speed-ups are shown for the simulations for the different values of 5. We observe
that for lower values of the angle of repose, the C.; must be also smaller in order to not seeing spurious oscillations in the
results. We see that high values of C.; and speed-ups are achieved, thus the proposed method is much more computation-
ally cheaper than the explicit method without loss of accuracy in the steady solutions. This is an expected result for this
test since the velocity is very small.

4.2. Steady states for subcritical flows

In previous section we have dealt with lake-at-rest solutions analyzing the influence of the repose angle of the sediment.
We focus here on some steady solutions given by Proposition 1, in particular in the limit case, where the equality holds.

12
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Table 3
Material properties for test 4.2.
n Oc p/ps [ ds (mm)  tand
0.02 0.047 1000/1540 0.9 3.2 tan 25°
Table 4

Test 4.2. Approximated time to reach the steady states (tsr), Courant
numbers and computational times at final time t; = 285000 s (~ 79 h)
with the ®-method for the different values of qq.

qo (M2[s)  tsy x 105 (s) At (s) Ce Comp. time (min)
0.0 2.85 0.041 40.6 10.92
0.8 2.75 0.11 109.8 411
1.8 2.50 0.032 323 13.84
3.8 1.50 0.029 29.8 14.43
4.8 1.15 0.028 291 14.63
5.8 0.85 0.028 294 14.47
1
10.004 0
Initial free surface
----- Initial sediment profile
10.003 +
g [T m——
o
£ 10,002 | 1@ (m)?2 3
= q =0,...,5.8 m*/s
10.001 *
0—0—0—0.
10 OOOVG'O"O'(Y(TV&O,?YOWOB‘VA;&“ )
0 3 0 1 2 3

z (m) x (m)

Fig. 3. Test 4.2. Sediment layer (left) and free surface (right) at steady state for different values of qq. Lines are computed solutions and symbols analytic
solutions given by (17). Inset figure: Initial profiles of the free surface (blue solid line) and sediment layer (dash-dotted brown line). (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article).

We will see that convective terms allow us to obtain steady solutions where the sediment is at rest but its slope is greater
than the angle of repose of the material. This happens because convective terms in the effective Shields parameter are in
equilibrium with the gravitational effects. In this case, we consider as material properties given in Table 3.

We take x € [0 m, 3 m] and 300 points for its descretization, and the initial conditions given by

1Tm ifx>15m

No(x) =10 m, bo(x) = {0 m  otherwise

and qo(x) = go m%/s with qo € R a constant. Subcritical boundary conditions (see Remark 2) are considered here, with gexr =
qo m?/s at the inlet and 7¢x = 10 m at the outlet boundaries. We allow the flow evolve until the steady solution is reached.
To this end, we consider that the steady state is reached when v, < 10~4 m/s everywhere. We take several values for the
initial and boundary discharge, qo = 0,0.8,1.8,3.8,4.8 and 5.8 m2/s, including the lake at rest case (g = 0 m2/s). We fix
the discharge such that 6. < 6 where the bottom is flat in order to not having erosion processes.Otherwise, a steady state
is reached, although it is different from the computed in (18) when the equality holds. Note that we have a inequality, so
any solution verifying it will be a steady solution, whereas we are computing the limit case.

We observe that larger values of gy need more time of simulation (ts7) to reach the steady state, as showed in Table 4. We
see that very large times (ts; ~ 10° s) are needed to reach the steady state. Let us remark that we compute an approximation
of tgr since our interest is to show an estimation and its evolution in terms of gg. We see in this table that high Courant
number are achieved (C.; ~ 30), allowing us to notably reduce the computational time.

Figure 3 shows the steady states for different values of the initial discharge qg, together with the computed analytical
solutions, for both the sediment and the free surface. We see a good agreement between the computed and the analytical
solutions in all the cases. We also observe in this figure how the balance between convective and gravitational contributions
is acting. Concretely, increasing the velocity we obtain steady states where the slope of the sediment is far away from the
angle of repose of the sediment (solution for qo = 0 m2/s). In addition, the free surface is no more constant, although the
deviation from a constant value is small (larger for larger values of qg).

13
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15.002
15 e
—~14.998 -
514996 - t=0,2,4,...,14 days
14.994 - ——TInitial profile
T Profile at t = 14 days
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r (m)
——Initial profile
1 PRl TIerttippee. Profile at t = 14 days
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Fig. 4. Test 4.3. Evolution of the free surface (top figure) and the sediment layer (bottom figure) for 8y = 45° at times t = 0, 2,4, ..., 14 days, with th ®-
method and At =2 s (Ce ~ 13.1). Solid lines are the initial conditions and dashed lines are solutions at several times. Red dots are the solution obtained
using the semi-analytic approach for 7, q constant values.

4.3. Dune test

In this test we take a rectangular dune, which is swept along by the current. As material properties, we take the same
as previous subsection, but letting the angle of repose vary, tan§ = tan§g, with 89 = 3°, 15°, 25°, 45°, 75°. As computational
domain we take [0 m, 1000 m] discretized with 500 nodes. The initial conditions are given by

1.1m if200m<x<400m

_ _ 2 _
No(x) =15m, qo(x) = 15m*/s and by(x) = {0.1 m otherwise.

As in the previous test, we use subcritical boundary conditions, with qexs = 15 m2/s at x=0 m and nNexr = 15 m at x =
1000 m. As final time we take t = 1209600 s (14 days).

The evolution of the free surface and the sediment until final time for a fixed repose angle g = 45° and At =2 s (Cyy ~
13.1) is shown in Fig. 4. We also show here the solution obtained if a semi-analytic approach is considered for system (15).
It consists of considering that both the free surface and the discharge are constant values along the time, n(x,t) = ng(x)
and q(x,t) = qo(x), and using these values in the Exner equation d;b+ 9xQ, =0 to find b(x,t). This will be a reasonable
approximation of b as long as the free surface and the discharge are close to a constant value. Note that neither the height
h(x,t) nor the velocity u(x,t) are constant with this approach. In the case showed in Fig. 4, there are small perturbations
of the free surface, and therefore this semi-analytic approach gives a good approximation of the sediment evolution.

Figure 5 shows the solution at the final time t = 14 days for different values of §y. The solution of the classic model
(removing gravitational effect and the friction term related to h; in the momentum equation in (15)) is also showed. We
see that when the angle of repose get lower, and therefore the gravitational effects get larger, the advancing front of the
dune does not exhibit a straight shape but a smooth profile.

The relative errors achieved by the semi-implicit method for different Courant numbers at final time t, for a fixed angle
of repose 8y = 45°, are in Table 5. We see that very high Courant number C_,; can be used without losing the accuracy signif-
icantly. In Table 6 the speed-ups are shown. We see a speed-up 20 with the proposed method, leading to a large decreasing
on the computational efforts. Let us remark that in practice we can get larger Courant number since the conditions of this
test are quite smooth. For instance, we can run a simulation with C.; = 18000 and it remains stable despite of violating the
condition based on Cy by far.

We have also measured the errors with the IMEX method proposed in Appendix A, obtaining the same values for the
errors in Section 4.3 for At =0.5 s. We achieve for this test C. ~ 4, which is in coherence with the values obtained in
[5] for similar tests (with and without bedload transport). Notice that with the ®@-method we can go further in the C.
than with the IMEX method. So the ®-method is a good choice because the results are very similar to the IMEX method
and it is a computationally cheaper method. In order to take the maximum advantage of the IMEX method, one should
consider a (much) more subcritical test (see [5,23]).



J. Garres-Diaz, E.D. Ferndndez-Nieto and G. Narbona-Reina Applied Mathematics and Computation 421 (2022) 126938

o Classic - no friction
——0 = 89° - no friction
6 = 89°
---------- §=175°
————— § = 45°
Ce 5 =25
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Fig. 5. Test 4.3. Sediment layer at steady state for several values of the angle of repose of the sediment. Classic model means model without gravitational
effects and lines denoted by “no friction” are the solutions of the resulting system by neglecting the friction term, taking C = 0 just in the momentum
equation in (15).

Table 5
Test 4.3. Relative errors with respect to the explicit RK3 with C, = 0.1, and Courant numbers
reached at t; = 14 days by the semi-implicit method, for the case §p = 45°.

At (s)  Ce Crel Err, [] Err; [l] Erry, (1] Erry [ls] Erry (1] Erry [ls]
(x1079) (x1079) (x10-6) (x1076) (x1077) (x1077)

0.5 33 027 05 1.7 2.1 3.0 0.7 2.2

1.0 6.5 054 1.0 3.5 43 6.1 1.4 4.6

1.5 9.8 0.81 1.5 2.0 6.5 9.3 2.1 6.9

2.0 13.1 1.1 2.0 7.1 8.7 12.4 2.8 9.3

2.5 164 1.3 2.5 8.9 10.9 15.6 34 11.6

3.0 197 16 3.0 10.6 13.1 18.7 4.1 13.9

Table 6

Test 4.3. Speed-ups reached at final time t; = 14 days with the pro-
posed semi-implicit method, for the case &y = 45°.

Method At (s)  Ce Comp. time (s) Speed-up
RK3 - 1.0 1425.7 (23.8 min) 1
®-method 0.5 3.3 368.14 (6.1 min) 39
®-method 1 6.5 187.73 (3.1 min) 7.6
®-method 1.5 9.8 134.55 (2.2 min) 10.6
®-method 2 13.1  106.82 (1.8 min) 133
®-method 2.5 16.4  85.20 (1.4 min) 16.7
®-method 3 19.7  71.29 (1.2 min) 20.0

4.4. Erosion coast process by a tidal force

In this last test we simulate the erosion in the mouth of a river, as an application of sediment transport problems to
very slow processes, with a small characteristic time and a huge computational effort because of the long-time simulation.

As computational domain we take [0 m, 25000 m] with Ax =25 m. The material properties are taken as in Section 4.2,
except for the manning coefficient, which is set as n = 0.018.

The initial condition are given by ny(x) = 15 m, by(x) = 0.1 m and qo(x) = 8.1 m2/s. Here we impose subcritical boundary
conditions: gexr = 8.1 m2/s at x =0 m and the tidal downstream condition Next (t) = 15 + 3 sin (wt) m at x = 25000 m, with
® =27 /(12 -3600), that is, a 12-hours tide. As final time we take t; = 3974400 s (46 days).

Here we start from a flat erodible bottom, which will be affected by the movement of the free surface forced by the
tide force. In Fig. 6 we see the evolution of the bottom, where we observe see the erosion process and how the upstream
condition forces an erosion of the sediment downstream. We see that at final time the thickness of the sediment layer has
decreased 10 cm.

It is remarkable that the value of the discharge is set in order to not having sediment transport in the whole domain,
and just at some times each period of tide, as we can see in Fig. 7, where the velocity of the fluid (u) and the sediment (v,
given by (7)) are shown during a period of tide. Bedload takes place just in those nodes verifying O.¢ > 6, where we obtain
v, # 0. Depending of the tide, the velocity is growing and decreasing, and just for some times the threshold 6 is exceeded.
Actually, we see that a small initial part of the sediment layer (until x = 5000 m approximately) is steady for all times, as it
is also observed in Fig. 6.
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0.1
0.08
—~ 0.06 -
= 0.04 -
- - =Initial condition
0.02 = |o t=1,...,6 weeks
——t = 46 days
ol y
1 - :
0 0.5 1 1.5 2 %0

z (m) %104

Fig. 6. Test 4.4. Evolution of the sediment till t; =46 days (1.5 months), with the &-method and At =14 s (C. ~ 8.1). Dashed red line is the initial
condition, dotted green lines correspond to intermediate times and solid blue line is the solution at final time. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article).

-0.5 L I 1

05 L . . . s | ‘
0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 25

z (m) %104 z (m) %104

Fig. 7. Test 4.4. Evolution of the sediment velocity v, (7) (top figure) and the fluid velocity u (bottom figures) for a period of tide t € [120, 132] h. Green
lines correspond to no bedload transport.

This test involves a long-time simulation and consequently a big computational effort. It must be pointed out that we
are using here a coarse mesh to reduce the computational cost, and that our goal is to show the speed-ups reached for the
semi-implicit method with respect to the explicit one. The errors made by the ®-method with respect to the explicit RK3
method are not significative for the current configurations, as we see in Table 7. The Courant numbers and the speed-ups
reached are shown in Table 8. We see that the semi-implicit method is 15 times faster than the RK3 method without a
significant loss of accuracy, which is an important result. As in previous test, we want to comment that we can go further
in C, this violating the stability condition based on C.

4.5. Accuracy test

We perform an order test to evaluate the accuracy of the proposed methods, both the first and the second order (see
Appendix A) semi-implicit approaches. To this end, we consider a test similar to Section 4.3, but considering very regular
initial conditions and without friction between layers, that is, setting C = 0 just in the momentum equation in system (15).
As material properties, we take the ones in Table 3 except for the Manning coefficient and the angle of repose. We choose for
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Table 7
Test 4.4. Erosion process test: Relative errors with respect to the explicit RK3 with C.,; = 0.1, and
Courant numbers reached at final time t; = 46 days by the semi-implicit method.

At (s) G Cret Erry [L]  Erry [Is]  Erry []  Errp [l]  Erry [R] Erry [I]
(x1075)  (x107%)  (x107%)  (x107%)  (x107%)  (x10~%)

5 29 035 03 0.5 0.4 0.5 1.8 1.2

10 5.8 070 0.7 0.9 0.9 0.9 3.6 2.5

15 8.7 1.0 1.0 1.4 1.4 1.5 5.4 3.7

20 116 1.4 13 1.9 1.8 1.8 7.2 49

25 144 1.7 1.6 2.3 22 2.4 8.9 6.1

Table 8

Test 4.4. Erosion process test: Speed-ups and Courant numbers

reached at t; = 46 days by the semi-implicit method.

Method At (s)  Ce Comp. time (s) Speed-up
RK3 - 0.9 829.3 (13.8 min) 1
©-method 5 29 2663 (44 min) 3.1
©®-method 10 5.8 134.4 (2.2 min) 6.2
©@-method 15 8.7 89.8 (1.5 min) 9.2
®-method 20 11.6 66.7 (1.1 min) 12.4
®-method 25 144  53.7 (0.89 min) 154
10
10
9.99 |
8
9.98 -
9.97
= 67 -200 -100 0 100 200
i 4l ——Initial free surface
----- Initial sediment profile
2+ gmmmmm———— N
/ kY
! \
! \
0 . : .
-200 -100 0 100 200
z (m)

Fig. 8. Test 4.5. Initial condition for the height (solid blue line) and the sediment layer (dot-dashed brown line). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article).

this test n = 0.03 and § = 15° in order to increase the sediment motion and properly evaluate the accuracy of the sediment
approximation.

We take x € [-200 m, 200 m], and the initial discharge and sediment layers given by

qo(x) = 10 m?/s, bo(x) = 2e**/1°" m.
In order to have regular initial condition, the initial height is computed as the analytical steady state of the subcritical flow
resulting when considering a fixed bottom (no bedload transport), as shown in Fig. 8. Finally, subcritical boundary conditions
are considered, taking ey = 10 m2/s upstream and 7ex = 10 m downstream.

We perform a time-space test order, starting from a mesh step X =4 m (100 nodes) and time step 6T = 0.192 s, and
taking as reference solution the one computed with 3200 nodes (Ax = §X/32) and time step 0.006 s (At = §T/32), that
is, we keep the Courant number C; = 0.52. Tables 9 and 10 show the errors and order of accuracy for the semi-implicit
methods at t =50 and t = 3600 s. We see that second order accuracy is achieved for the IMEX-ARK2 at short and long
times, while the ®-method (with ® = 0.55) exposed in Section 3 has order 1.6 approximately.

Remark 3. We remark that in order to achieve second order accuracy of the IMEX scheme, a key point is the approximation
of hi,1/,. In Section 3 we have defined this value as the upwind value since it is a more stable choice in general situations.
However, if this approximation is used in the IMEX-ARK2 with the second order upwind formula for the convective term
(34), just order 1.6 is recovered for all the variables. Then, we need to use a second order reconstruction to obtain second
order accuracy (in this case it is enough to use hyq, = (h; + h;1)/2 since we have a regular solution). This effect of the
interpolation of h;, 1, over the accuracy of the scheme in staggered meshes has been recently studied in [28].
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Table 9
Test 4.5. Errors and orders (I;-norm) for the free surface, discharge and sediment for the IMEX-
ARK2 and the ®-method at t = 50 s, with X =4 m and 6T = 0.192 s.

(Ax, At) Erry Order,  Errg Orderq  Erry Order,
IMEX-ARK2
. x10™ . B x10™ A . x10™ .
38X, 8T) 4.64x10"2  0.00 1.98x107! 0.00 2.80x1072  0.00
/ /! .19%x10~ . .47 %10~ . .22x10~ .
(8X/2, 8T/2) 1.19x102  1.97 6.47x1072 1.62 7.22x1073  1.96
(6X/4, 6T/4) 3.20x10-3  1.89 1.80x102 1.85 1.80x10-3  2.00
X/8, 8T/ .35x10~ 1. 9010~ 1. .32x10~ .
8X/8, 6T/8 8.35x10~4 94 4.90x10-3 88 4.32x10™*  2.06
/ / 91x10~ . .22x10~ . .66x10~ .
(8X/16, 8T/16)  1.91x10™*  2.13 1.22x1073 2.01 8.66x1075 232
©-method
X, 8T) 5.21x10- - . - 1.36x10~ -
8X, 8 21x107! 2.33 36x107!
(6X/2, 6T/2) 2.58x1071  1.01 1.26 0.89 6.73x1072  1.01
(6X/4, 6T/4) 1.23x10-"  1.07 6.30x10°! 1.00 3.16x10-2  1.09
(86X/8, 6T/8) 5.38x1072  1.19 2.81x107! 1.17 1.36x1072  1.22
1 1.82x10~ 1. .57x107 E .53x10~ 1.
8X/16, 8T/16) 82x1072 57 9.57x1072 1.55 4.53x1073 58
Table 10

Test 4.5. Errors and orders (l;-norm) for the free surface, discharge and sediment for the IMEX-
ARK2 and the @-method at t = 3600 s, with X =4 m and 8T = 0.192 s.

(Ax, At) Err), Order,  Errg Orderq  Erry Ordery,
IMEX-ARK2
(8X, 8T) 3.11x1072 - 5.56x 1073 - 1.27 -
(8X/2, 8T/2) 7.73x10-3 201 1.44x1073  1.95 3.17x10-1  2.00
, 1.91x10~ E 70x10~ B .83x10~ E
(6X/4, 6T/4) 91x10~%  2.02 3.70x10~4 1.96 7.83x1072  2.02
(8X/8, 8T/8) 457x107%  2.07 9.93x107° 1.90 1.87x1072  2.07
(8X/16, 8T/16)  9.20x10->  2.31 2.58x107° 1.94 3.74x1072 232
©-method
(8X, 8T) 3.59x10°1 - 3.55x1072 - 6.72 -
(8X/2, 8T/2) 1.84x107!  0.97 1.78x10-2 1.00 3.44 0.96
(6X/4, 6T/4) 8.88x1072  1.05 8.49x1073 1.07 1.66 1.05
(6X/8, 61/8) 3.89x1072  1.19 3.70x1073 1.20 7.27x107" 120
(8X/16, 8T/16)  1.31x1072  1.57 1.25x10-3 1.57 244x107! 157

5. Conclusions

An efficient semi-implicit scheme for sediment transport models with gravitational effects under subcritical regimes has
been proposed. For the sake of simplicity, here we have chosen the generalization of the Ashida & Michiue’s model, which
includes gravitational effects through the definition of 7.4 However, this method can be immediately adapted to other
models, for both the solid transport discharge and the friction model, by redefining Q, in terms of g in (14). Thus, the
proposed approach can be adapted to a wide range of families of bedload transport models, as presented in Section 2.4. We
have also shown that the definition of the effective shear stress, 7., considered in this paper can be seen as an improved
formulation of the one proposed by Fowler et al. [19].

An efficient scheme based on the ®-method has been proposed following [10], where an iterative Gauss-Seidel algorithm
is needed to solve the resulting linear system on (1, b). This method is easily adapted to a second order method based on
an IMEX approach.

For the considered model an explicit expression for steady states verifying Q, = 0. Gravitational terms play a key role on
these steady states, since non-physical solutions are obtained if these gravitational terms are neglected. This behavior has
been shown in the numerical tests, for both lake at rest and u # 0 steady states. In particular, for solutions with u # 0 the
slope of the steady states is larger than the angle of repose of the sediment.

These gravitational terms also determine the shape of a dune that is swept along by a flow, leading to more realistic
(rounded) shapes of the advancing front, where the non-physical shock is corrected. Here we also have shown that a semi-
analytic approach, where 7 and q are assumed as constant values, gives reasonable results in this case. An application to
erosion processes have been also performed, where the time of simulation is very large. Finally, a test order is done, showing
the expected orders for the proposed semi-implicit methods.

In all the cases, we reduce the computational time of simulations with the proposed semi-implicit method while the
accuracy is not notably degraded.
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Table A1
Butcher tableaux of the explicit ARK2 method.
0 0
2FV2  2FV2 0
1 1-(3+2v2)/6 (3+2v2)/6 0
1 1 1
b 575 155
q Aim
by
Table A2
Butcher tableaux of the implicit ARK2
method.
0 0
1
2FV2 1% ﬁ 1 * % 1
1 52tz 1F5
1 1
tva  tim ¥
q Aim
b,

Appendix A. A more accurate IMEX-ARK2 discretization

In this appendix we describe a formally second order semi-implicit discretization based on the IMEX-ARK2 method. We
would like to remark that it is difficult to reach second order in practical applications due to the freezing of some coefficient
(ht,qp) in order to not solving a nonlinear system. Other reasons as the complexity of the solid transport discharge used
(Ashida-Michiue’s model), where we have sign and positive part functions, could also affect the accuracy of the method.
Nevertheless, in the case of regular solutions, avoiding the previous difficulties, the second order accuracy is achived, as has
been shown in Section 4.5.

In order to apply the IMEX discretization, the ODE system must be written in additive form as the sum of a stiff (dealt
implicitly) and non-stiff (explicitly discretized) contributions as

dw
ar = fs@t.w) + fas(t, w).

Using the spatial semi-discretization of system (15), these contributions are
I
fle.w) = (Ft.w), fl & w). fit.w)), k=s.ns,

whose stiff components are basically the free surface and sediment gradients

AxEIEw) = =(i2 = P52 (k1 (s = 1) + o biga = b))

q
—Qi_12 + (kl (Mi = Mi—1) + ka(b; - bi—l)))’

1
AXfI(Ew) = (&0 + Chn)iyr o (it = 1) +8Ch)isr (5 — 1) it = b)),

Axfo e, w) = T A (ke iy = 1) + ko (biy = b)) — . ol Uk = mia) + ka (b1 = bi_)),
and the non-stiff terms are convective contributions
Axfrs(t.w) = _<Qb‘i+1/2ci+1/2|ui+l/2|ui+l/2 - Clb‘i_uzczzuz|U171/2|Uz‘71/2),
fas(t,w) = —<3x(q2/h)i+]/2 +8(1/r = 1)(Chm);1,2580(Vp,1412) tan
+ Xi+1/2Ci+1/2|Ui+1/2 |Ui+1/2),
AxfO(t,w) = _<Qb,i+1/2Ci+1/2|ui+l/2|ui+l/2 - Qb,m/zcm/z|Ui71/2|ui71/2)-
The IMEX method consists of using a consistent combination of an explicit and an implicit method satisfying some
coupling conditions. We consider the second order method proposed in [24], which is defined by the coefficients a;,,, ¢, b,

(explicit counterpart) and a;,, (implicit counterpart) given by the Butcher tableaux (see Tables A.11 and A.12). The implicit
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part corresponds with the TR-BDF2 scheme [29], which is L-stable, and the explicit part is stable under the CFL stability
condition based on the velocity (instead of the celerity thanks to the semi-implicit approach).
In general, a s-order IMEX-ARK method is written as follows. For [ =1, ..., s, the intermediate state w() is computed as

1-1
wh =wn+ Aty (a,mfns(t” + e AL W) + @ fo (1" + cn A, W(m)))

m=1 (37)
+ At dy fi(t" + ¢ At w),

where note that all the terms in the right hand side are explicit contributions, except for the last term, which is multiplied
by a; and is implicitly discretized. Then, the state w™t! is

S
Wn+] =w"+ At Zbl (fns(tn + ClAt, W(I)) + fs(tn + C]At, W(I))).
I=1

Let us detail the stages for the particular case of the IMEX-ARK2 that we use. For the first stage we trivially have w(» = w",
For the second stage,

At
2 _ M (1 2) (2)
qiv12 = Givipp — AxSd22 (h+Chm);;1 5 (77i+1 =N )

t ~ 1 2 2
— A8 (I/r=1) (Chm)i(+;/2(b1§+)l -b®).

(38)

Gl o =1 + A ALL(E" + 1 AL WD)+ dn ALf (1" + e AL, wD),

In addition, it is important to remark that to obtain a second order time-space discretization, the first order discretization
of the convective term (32) in the non-stiff contribution for the discharge is replaced by the second order upwind formula

(@i g 4@,y +3@uy )2 if =0,

Ax 0y(q?/h). . =
( )'”/2 7((qu)i+% —4(qu);, 3 +3(qu),~+%)/2, if uy; <0

(39)

Now, the discrete continuity and sediment equations are

Ax 0 = Ax 0 + AtAX(ax fy (6" + c AL WD) + @y f(€7 + ¢ At wD))
~ (1)

~ Ap;
2) i+1/2 ) ) ) )
—Atan| 4y, — Ax (k1 (ny =) + ka (biy — b ))

(40)
& (1)

Abi_
02+ P (12 1) + ka6 )

and
Ax b = Ax D} + AtAX(ax f(t" + cr AL wD) + a5y f2 (" + ¢ At wD))
At _ (-
+ 2502 (qbfﬂ 2k (2 = 0f?) + ke (b2} — b)) (41)
B0l (0 - n2) + k(6P ~b2))).

As in the case of the ®@-method, the values of qfﬂ/z (33) are injected in (35) and then the new values of the free surface
77,-(2) and sediment b,.(z) are found solving a linear system with the Gauss-Seidel algorithm described in Section 3. Next,
these values are used to compute qfﬂ P by (33). Note that in this case the coefficients of the linear system depend on the
coefficient @y, instead of the parameter ©.

In the third step we write
qi(ﬂ/Z = Gn‘(ﬂ/z — fxgass (h "‘Chm)i(i;/z(”i(i% - ’71'(3)) — Ax8a3 (1/r=1) (Chm),.(ﬂ/z(bﬁ)] - sz))’ (42)
with

= 1+ Br{an 0+ 1) 4 G (0 60 w)
+At(a32 ,?S(tn + o At, W(Z)) + a’;zfsq(tn + o At, W(Z)))
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collecting the explicit terms. For the free surface and the sediment we have
Ax 0P = Ax P+ AtAx(az S5 (0" + e At wD) + a5 £ (6" + ¢ At wD))
+ AtAx(a32fns(t" + AL WD) + a5 f] (7 + At w@))
-~ (2)

ap
~Atds| g, - ’A*;(/z (ki(n) = n) + ko (b2, — b))

g @)

q
—qffi/ﬁ bi— 1/2 (k ( [©) 771(3))+I<2(b1‘(3) _bl(i)1))

and

Ax b = Ax b" + AtAx(a31 (67 + e At wD) + a5 fo(17 + ¢ AL wD)
+ AtAx(a32 (67 + AL W) + 5 fO (1" + At w?))

At
R0 (B3 012 - 1) + (b - 5)
@k (12 - 1) + (b - 52))),

Again the values ’71'(3 and b(3) are found solving a linear system and then q(ﬁ j are updated. Then, the new states are
computed as

3
=gl A b(F1(" + q AL w®) + fLe" + g At w?)),
=1 5
Qi = @+ ALY bR E +adew?) + fl @ + At w)),
3 =1
b = b2+ ALY b(f(" + g AL w®) + (" + AL wD)).
1=1

Remark 4. Notice that, as in the case of the ®-method, the height h, the coefficients Chy, and ¢, are linearized in the stiff
term fs(t" + ¢;At,w®D) in order to not solving global nonlinear systems, using in each stage the last available state w(-1
to compute these stiff contributions. In subcritical regimes, which is when semi-implicit approaches are useful and relevant,
this assumption is justified, and it has been widely used in environmental fluid dynamics (see e.g. [37]).
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