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Abstract

In this paper an order on the set of embedded coalitions is studied in detail. This allows
us to define new notions of superaddivity and convexity of games in partition function
form which are compared to other proposals in the literature. The main results are
two characterizations of convexity. The first one uses non-decreasing contributions to
coalitions of increasing size and can thus be considered parallel to the classic result
for cooperative games without externalities. The second one is based on the standard
convexity of associated games without externalities that we define using a partition of
the player set. Using the later result, we can conclude that some of the generalizations
of the Shapley value to games in partition function form lie within the cores of specific
classic games when the original game is convex.
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1 Introduction

Lately, the study of cooperative games with coalitional externalities has attracted the
attention of some important researchers (see Maskin 2016). The basic ingredients of
such games are coalitions of players embedded in a partition of the set of all players.
Then, a game with coalitional externalities, or game in partition function form (Thrall
and Lucas 1963), is a real valued function on the set of all such embedded coalitions
with the convention that the value attached to the empty embedded coalition is zero.
To date, most of the efforts have been devoted to the extensions of solution concepts
like the core or the Shapley value from classic games, or games in characteristic
function form, to games with externalities. In this paper we consider an order on the
set of embedded coalitions implicitly used by Bolger (1990), Hu and Yang (2010), and
Skibski et al. (2018) for different purposes. The study of the structure of this partially
ordered set allows us to derive some interesting game theoretical results.

When dealing with embedded coalitions one has to consider two types of objects,
namely subsets and partitions. Even if both objects have well known ordering rela-
tions that give rise to the Boolean algebra and the lattice of partitions, respectively, it
is not clear how embedded coalitions should be ordered. Indeed, several approaches
appeared in the literature. Myerson (1977) defined a value on partition function form
games based on an order over the set of embedded coalitions. This order was studied in
Grabisch (2010). Alonso-Meijide et al. (2019) proposed a value for partition function
form games based on an order on the set of embedded coalitions that has been intro-
duced and studied in Alonso-Meijide et al. (2017). In the present paper, we consider
another partial order that was first used by Bolger (1990) and, more recently, by Hu
and Yang (2010) and Skibski et al. (2018), but that has not been formally defined
and analyzed yet. The three partial orders agree in considering that if one embedded
coalition precedes another, then the coalition of the first should be contained in the
coalition of the second. The difference lies in how they deal with the partition side.
According to Grabisch (2010), the first partition should be finer than the second one
while Alonso-Meijide et al. (2017) consider that it should be coarser.! In this paper, we
consider that the second partition equals the first one after removing the agents in the
second coalition. Then, this partial order can be considered a compromise between the
other two. However, it turns out that these posets are quite different because the new
one does not have a lattice structure. This order also provides an interpretation of how
the grand coalition is formed. Initially, there is a partition of agents. Then, an agent
leaves its group to form an active coalition?. Afterwards, another agent leaves its block
to join the active coalition, and so on till all agents have joined in the active coalition.
Our results are grounded in some properties of the structure of the poset of embedded
coalitions. We characterize the maximal lower bounds and minimal upper bounds of
two embedded coalitions, whenever they exist. We show that it is a graded poset and
count the number of elements at a given level. Finally, we provide an isomorphism
between the chains in our structure and the chains in the Boolean lattice. Based on this
isomorphism, we count the total number of chains and describe its Mobius function.

' The precise definitions will soon follow.

2 We call active coalition to the coalition whose worth is being evaluated.
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Marginality and convexity in partition function... 101

The previous study leads us to introduce new notions of superadditivity and con-
vexity. We first relate them to alternative definitions that can be found in the literature.
Our superadditivity implies the one proposed by Maskin (2003) but, in contrast to the
later, it is a sufficient condition for the efficiency of the grand coalition. Our notion
of convexity is stronger than the ones introduced by Hafalir (2007) and Abe (2016),
and thus implies them. Our main results are two characterizations of convex games in
partition function form. The first is parallel to a well-known result for classic games.
A game is convex if and only if the contributions of players to embedded coalitions
of increasing size, with respect to our partial order, are non-decreasing. The second
characterization uses the standard convexity of certain games in characteristic func-
tion form associated with the game in partition function form. For each partition of
the set of agents we build a classic game assuming that an arbitrary coalition expects
the complement to be organized according to this partition. This association is very
similar to the one Bloch and van den Nouweland (2014) do using their exogenous
expectation formation rules.

The second characterization result allows us to obtain additional results about some
average Shapley values as defined in Macho-Stadler et al. (2007). More precisely,
when the game with externalities is convex, the value defined in Pham Do and Norde
(2007)3 belongs to the core of the associated game without externalities obtained from
the partition of singletons. Similar results are obtained for the values introduced by
McQuillin (2009) and Hu and Yang (2010).

The rest of the paper is organized as follows. Section 2 is devoted to preliminaries
and presents other partial orders on embedded coalitions introduced in the literature.
In Sect. 3 we present and study the structural properties of the new poset. Section 4
presents the results on superadditivity and convexity. Section 5 features some impli-
cations of our results for some average Shapley values.

2 Preliminaries

Let (A, <) be a partially ordered finite set (in short, a poset). Let A € A and x € A.
We say that x is a lower bound of A if and only if x < y, for every y € A.* We say
that x is an upper bound of A if and only if y < x, for every y € A. We say that
x is a minimal (maximal) element of A if there is no y € A\{x} such that y < x
(x < y). We say that x is the supremum of A, sup(A), if x is an upper bound of A
and x < y for every upper bound y of A. We say that x is the infimum of A, inf (A),
if x is a lower bound of A and Yy =x for every lower bound Y of A. If there is an
element 1 € A such that y < 1 for every y € A, we say that 1is the top element
of A. Similarly, the bottom element 0 is an element of A such that 0 < y for every
y € A. We say that x is covered by y € A\{x} or y covers x if x < y and there is no
z € A\{x, y} such that x < z < y. A (irreducible) chain C is a totally ordered subset
of A,C = {x¢, X1, ..., xg} such that x;4| covers x;, foreveryl =0, ..., k—1.(A4, <)
satisfies the Jordan-Dedekind condition if all chains between two elements have the

3 Named as externality-free value in de Clippel and Serrano (2008).
4 We denote: x =yifx <yandy <x;x <yifx <y, butx # y.
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102 J. M. Alonso-Meijide et al.

same length. A rank function is a function p : A — N such that p(y) = p(x) + 1
for every x, y € A where y covers x. If x, y € A and x < y, we denote by [x, y] 4
the set of elements z € A such that x < z < y. If no confusion arises, we may simply
write [x, y].

Let (A1, <1), (A2, <2) be two posets. An isomorphism ¢ is a bijective map ¢ :
A1 —> Ap such that ¢ (x) <, ¢(y) if and only if x <; y, forevery x, y € A;.

A finite lattice is a poset (A, <) such that sup(A) € Aandinf(A) € A, for every
A C A. Apart from the Boolean lattice of a finite set, denoted by (B(N), C), we
need to recall some notions related to the partition lattice. Let N be a finite set with
cardinality |N| = n, and I1(N) be the family of partitions of the set N. Let S C N
and P € II(N). We denote by | P| the number of elements in P, and by P_g the
partition of N\S given by P_s = {T\S : T € P}. Sometimes we will refer to
each element in P as a block. We denote by [S] the partition of S given by {S} and
by |S] the partition given by {{i} : i € S}. Let 1 < k < n. The total number of
partitions of N with k elements is the Stirling number of second kind, that we denote
by S, k. The Bell number of n is the total number of partitions of a finite set N with
IN| = n,ie., By =Y ;_, Suk. A well-known partial order on TT(N) is the following.
Let P, Q € TI(N).

P < Q if and only if for every S € P there is some 7' € Q suchthat § C T.

We denote this poset by (IT(N), <). It is well-known that (IT(N), <) is a lattice. If
P, Q € II(N), we denote by P A\ Q the infimum of P and Q and by P\/ Q the
supremum of P and Q, according to the partial order <.

An embedded coalition of N is a pair (S; P) with@# £ S C N and P a partition of
N\S,i.e., P € TI(N\S). If we have the embedded coalition (T; Q) with T = N then,
Q = {#} and we take |Q| = 0. For simplicity we denote by (S; N\S) the embedded
coalition (S; {N\S}), for every S € N. The set of embedded coalitions is denoted by
ECN . Several partial orders can be considered on the family of embedded coalitions
of a finite set N, ECV. One of them has been studied in Grabisch (2010) and it is
defined as follows: for every (S; P), (T; Q) € ECN,

(S; P)Co (T; Q)ifandonlyif SC Tand PU[S] < QU [T].
Alonso-Meijide et al. (2017) study a different partial order on ECY defined as
(S; Py (T; Q)ifandonlyif SC T and Q < P_7 (D)

for every (S; P), (T; Q) € ECY. Both partial orders consider a fictitious bottom
element 0. Instead of that, here we consider empty embedded coalitions given by the
family Fo(N) = {(#; P) : P € TI(N)}. We denote by Fy = ECY U Fy(N). Given
(S; P) € Fy, we will sometimes name the coalition S as the active coalition.

Let N be a finite set. A partition function form game (in short, a game) with player
set N is a function v : Fy —> R such that v(@#; P) = 0, for every (¥; P) € Fo(N).
The family of all partition function form games with player set N will be denoted
by Gn. A cooperative game in characteristic function form (in short, a classic game)
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(11,2, 3} 0)

({12} {3}> ({13} {2}> ({2,3}5{1})

LTSN

{1k 02,31 ({2h11,31) ({85 112)  ({1}3:12,3) ({2} 11,3)) ({3} 11,2))

\ [

(0;11,2,37) @;{{3}, 11,21 (0 {{2}, [1,31}}) (B {{1},[2,31}) (¥;[1,2,3])
Fig.1 The partial order C on Fy with |[N| =3

is a partition function form game v € Gy such that v(S; P) = v(S; Q) for every
(S; P), (S; Q) € ECN. That is the worth of a coalition does not depend on how the
remaining players are organized and we can simply write v(S).

3 A new poset on Fy

In this section we formulate and study the partial order that has been implicitly used
by Bolger (1990), Hu and Yang (2010), and Skibski et al. (2018), among others, to
describe intuitive properties of a value for games in partition function form. Let N be
a finite set. First, we formalize this partial order defined on Fy.

Definition 3.1 The inclusion in Fy, denoted by C, is defined as follows:
(S; P)C(T; Q)ifandonlyif SC T and Q = P_7r )

for every (S; P), (T; Q) € Fy.?

Equation (2) implies a twofold relationship between the embedded coalitions (S; P)
and (T'; Q): on one hand all agents in S belong also to 7' and, on the other hand, the
partitions P € IT(N\S) and Q € II(N\T) must satisfy that agents outside 7 are
organized in the same way in both P and Q.

This binary relation defines a partial order on Fy. The next example illustrates the
differences among the three partial orders defined above, Cg, =1, and C.

Example 3.1 Letustake N = {1, 2, 3}. Figure 1 depicts the Hasse diagram correspond-
ingto (Fu, E).Noticethat ({1}; [2, 37) and ({1}; |2, 3]) are not comparable according
to E. Nevertheless, ({1}; [2,31) &1 ({1}; 12, 3]) and ({1}; 2, 3]) So ({1} [2, 3]).

Figure 1 also illustrates the fact that there is no bottom element in (Fy, E), but
there is a top element (N; ¥).

5 The strict inclusion in F. N is given by
(S; P)C (T; Q)ifandonlyif S C T and Q = P_r, forevery (S; P), (T; Q) € Fy.
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104 J. M. Alonso-Meijide et al.

In therest of the section we study some properties of this poset that can be considered
technical results that will be used in the definitions and results of the rest of the paper.
We postpone their proofs to the “Appendix”.

We start studying (maximal) lower bounds of two embedded coalitions. Note that
this will allow us to identify what the intersection of two embedded coalitions means.
The role of these maximal lower bounds is parallel to the intersection in the Boolean
lattice. They represent the closest embedded coalitions from which we can reach the
initial ones. Example 3.2 shows that two elements in (Fx, £) may not have a lower
bound or that the lower bound may not be unique.

Example 3.2 Let N = {l1,2,3}. Take (S; P),(T; Q) € Fy defined as (S; P) =
(1}; 12,37, (T; Q) = ({1}; |2, 3]). It is easy to check using Fig. 1 that there is no
(L; M) € Fn such that (L; M) T (S; P) and (L; M) T (T; Q). Then, the set of
lower bounds for {(S; P), (T; Q)} is empty.

Take (R; H),(L;Z) € Fy given by (R; H) = ({1}12,31), (L;2) =
({2, 3}; {1}). Then, from Fig. 1 it is easy to see that the set of maximal lower bounds
of (R; H) and (L; Z) is

{@:11,2,3D), @ {{1}, [2, 31D}

Next, we characterize the set of maximal lower bounds of two elements of Fy . This
result will be critical to define what a convex game in partition function form means.

Proposition 3.1 Ler (S; P), (T; Q) € Fn with (S; P) # (T; Q).

1. If Q_s # P_r, alower bound of (S; P) and (T; Q) does not exist.
2. If P_t = Q_g, then the maximal lower bounds of (S; P) and (T; Q) are embedded
coalitions of the type (S NT; H) where H is such that R € H if and only if

ReM or R=[SUT"
where M = (P U[S\T])\/(QUI|T\S|)and S', T' € M suchthat S’ C S\T and
T' C T\S.

This result shows that only those embedded coalitions that have the agents outside
the active coalition organized in the same way can be reached from a common embed-
ded coalition through the poset. Even when this holds, this embedded coalition might
not be unique. The next example illustrates this fact.

Example 3.3 Let N = {l,2,3,4}. Take (S; P) = ({1,2};3,4]) and (T; Q) =
({3,4}; [1,2]). Itisclear that SN T = ¥ and P_7 = Q_g. According to Propo-
sition 3.1, M = |1, 2, 3, 4] and the set of lower bounds consists of

@; [1,2,3,4]), @3; 11,31, 12,4]), @:11,41,12,3))
(?; 12,31, [1,4]), 4: 2,47, [1,3]), (4; 11,31, [2,4D, & [2,3],[1,47).

Notice that all of them are maximal lower bounds.
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Marginality and convexity in partition function... 105

In what follows, given a pair of embedded coalitions {(S; P), (T; Q)} € Fy, we
denote by (S; P) A (T; Q) its set of maximal lower bounds.

Next, we study (minimal) upper bounds of a set of two elements in Fy. That is,
the closest embedded coalitions that can be reached from these two elements through
the poset. The example below illustrates the fact that the minimal upper bound might
not be unique.

Example 3.4 Take N = {1,2,3}, (S; P) = ({1}; 12,3]) and (T; Q) = ({1}; [2, 37).
From Fig. 1, it is derived that both ({1, 3}; {2}) and ({1, 2}; {3}) are minimal upper
bounds of (S; P) and (T'; Q).

The result below specifies the (minimal) upper bounds of a set of two embedded
coalitions. It is of paramount importance for the definitions of superadditivity and
convexity in Sect. 4 since it generalizes the union of coalitions in the Boolean lattice
to embedded coalitions. These minimal upper bounds are the closest ones that can be
reached from those embedded coalitions.

Proposition 3.2 Ler (S; P), (T; Q) € Fn with (S; P) £« (T; Q).

1. (R; M) is an upper bound of {(S; P), (T; Q)} ifand only if R = SUT U L with
LS N\(SUT)and M’ = P_rur) = Q—(suL)-

2. (R; M) is a minimal upper bound of {(S; P), (T; Q)} ifand only if R = SUT UL
with L € N\(SUT), M’ = P_rury = O—suLy =M_p withM = P_7 N O-—s,
and forevery L' € N\(SUT) with P_rury = O—(sury = M_p/itholds L C L'
orLNL =@

Proposition 3.2 characterizes the embedded coalitions that can be reached from
two arbitrary embedded coalitions. The active part of such embedded coalitions must
guarantee that the structure of the remaining agents is the same according to P and
Q. There are cases where this cannot be achieved by just taking the union of S and 7',
as Example 3.5 illustrates.

Example3.5 Let N = {1,2,3,4,5}. Take (S; P) = ({1};{[2,3,47,{5}}) and
(T; Q) = ({3}: {1, 21, [4,51}). Then, SUT = {1,3},M = P71 \ Qs = (2.4, 5]
and
{LSN\SUT): P_qur) = Q—sury = M} = {{4}, {4, 5}, (2,4}, {2, 5}, {2, 4, 5}}.
As a consequence of that, the upper bounds of {(S; P), (T; Q)} are

({1,3,4} 12,5, ({1, 3,4, 5} (2D, ({1, 2, 3,4}; {5}, ({1, 2, 3, 5}; {4}), (N; 9).
Thus, the set of minimal upper bounds is given by

{({1,3,4}:12,5]), ({1, 2,3, 5% {4D}.

Nevertheless, we can identify pairs of embedded coalitions that have a unique minimal
upper bound.
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106 J. M. Alonso-Meijide et al.

Corollary 3.1 Let (S; P), (T; Q) € Fn suchthat P_p = Q_g.Then, {(S; P), (T; Q)}
has a unique minimal upper bound, the supremum of {(S; P), (T; Q)}, given by
sup{(S; P), (T; Q)} = (SUT; P_r).

In what follows, given a pair of embedded coalitions {(S; P), (T; Q)} € Fn, we
denote by (S; P) Vv (T'; Q) its set of minimal upper bounds.

The next result describes how many embedded coalitions are covered by a particular
elementin F . Note that this may be important to define Shapley like values identifying
the links in the poset as contributions.

Proposition 3.3 Ler (S; P) € Fn.

1. If (S; P) # (N; 0), then the number of elements in Fy that cover (S; P) is |[N\S]|.
2. If S # 0, then the number of elements in Fy covered by (S; P) is |S|(|P| + 1).

The result below identifies an isomorphism between the chains in our poset and
in the Boolean lattice that will allow us to determine the coefficients of an arbitrary
game with externalities in the basis of unanimity games with respect to the inclusion
relationship presented in Definition 3.1.

Proposition 3.4 Consider the partially ordered set (Fn, E).

1. Forevery(S; P), (T; Q) € Fn suchthat (S; P) C (T; Q), then[(S; P), (T; Q)]
is isomorphic to [S, T15(n)-

2. (Fn,E) is graded.

3. Let 0 < k < n. Then, there are (Z) By —i elements of Fn of rank k with B, the
Bell number of n — k.

From the above result, (Fu, C) has the Jordan-Dedekind property and the length of
any maximal chain is n. Next we obtain some results related to the number of chains
that again could play a role to introduce new Shapley like solutions.

Proposition3.5 Let P € TI(N), (J; P), (T; Q) € Fn with (¥; P) T (T; Q).
1. The number of chains in [({i}; P_y), (T; Q)1is (IT| — 1), foreveryi € T.

2. The number of chains in [(0; P), (T; Q)] is |T|.
3. The total number of chains in (Fy, C) is |N|! By, being B, the Bell number of n.

To conclude the Section we will use the isomorphism presented in Proposition 3.4
to characterize the Mobius function of (Fu, C). Next, we recall the definition of the
Mobius function of a finite poset. Let (A, <) be a finite poset. The Mdbius function
of (A, <), u, is given by

. y) 1 ifx=y
mix, y) = .
_Zx§z<y M(X, z) = _Zx<z§y M(Zv )’) ifx < y

for every x,y € A with x < y. The Moébius function of (B(N), €) is given by
as, Ty = (_1)\T|—|S|, for every S € T C N. Using Proposition 3.4 we obtain

_DITI=ISI . .
H((S: P). (T Q))={( e e e e) @

0 otherwise.
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Additionally, we can express any partition function form game v as a linear com-
bination of certain unanimity games as follows. Let (S; P) € ECN. The unanimity
game of the embedded coalition (§; P) associated with the ordering C is defined by

L if (S, P)E(T; Q)
ues-py (T =
s:p) (T3 Q) 0 otherwise
forevery (T'; Q) € Fy.The family of unanimity games/ = {M(S;P) (S, P) e ECN}
is a basis of the vector space GN . Then,

v=" Y Sspusp
(S;P)eECN

for every partition function form game v. Using the M&bius function characterized in
Eq. (3), we can obtain an explicit expression of the coefficients of a game in the basis

U.

Proposition 3.6 Let v be a partition function form game and (S; P) € ECN. Then,

Ssomy= . (=DBITIy(T: ).

(T;Q)E(S: P)

4 Convex games with externalities

Superadditivity and convexity are two well-known and interesting properties for games
in characteristic function. Nevertheless, their generalization to games in partition func-
tion form is not straightforward and one can find different proposals in the literature.
Thanks to the poset structure of (Fy, E) studied in the previous section it is quite
natural to introduce what it means for a game in partition function form to be superad-
ditive or convex. For instance, to define superadditivity we can just replace the union
of bare coalitions by the supremum of embedded coalitions whenever it exists.

Definition 4.1 Let v € Gy. We say that v is superadditive if and only if
v(SUT; Por) = v(S; P) +u(T; Q) “)

for every (S; P), (T; Q) € Fy suchthat SNT =@ and P_7 = Q_g.

Recall that for every (S; P), (T; Q) € Fy such that P_y = Q_g there are maximal
lower bound. Moreover, if S N T = @, then all of them are of the type (¢J; H) for
some H € TI(N) (see Proposition 3.1). Besides, there is sup{(S; P), (T; Q)} =
(SUT; P_r) (see Corollary 3.1). Even though we compare the worths of embedded
coalitions with different partitions, we require the organization of agents outside SUT
to be the same. Next example shows a partition function form game that is superadditive
but not a classic game.
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108 J. M. Alonso-Meijide et al.

Example 4.1 Let us take N = {1, 2, 3}. We consider v € Gy as follows:

v(N; W) =7, v({1}12,3D) =1, v({1}; [2,3]) =0,
v({i}; P_yy) =2, foreveryi € N\{1}, P € II(N), and
v({j, k}; {i}) =4, forevery j,k € N\{i}, j #k,i € N.

Maskin (2003) (see also Hafalir 2007) consider the following definition of superaddi-
tivity, that we call M-superadditivity. A game v € Gy is M-superadditive® if and only
if

v(SUT; P) = v(S; PUITT) +u(T; PUTST) ()

forevery S, T € N suchthat SNT =@ and P € II(N\(SUT)).

Notice that (S; PU[T]) and (T; PU[ST) in Eq. (5) satisfy the conditions of Defi-
nition 4.1. In case of an M-superadditive game, only comparisons between embedded
coalitions with the same partition are taken into account. Then, if a partition function
form is superadditive in our sense, it is also M-superadditive. But both notions are not
equivalent. We see this by revisiting Example 1 in Hafalir (2007).

Example 4.2 ( Hafalir 2007) Let N = {1, 2, 3} and v € Gy defined by
v(N; ¥) =11,
v({i}; Lj, k]) =4, forevery j, k € N\{i}, j #k,i € N,

v({j, k}; {i}) =9, forevery j,k € N\{i}, j #k,i € N, and
v({i}; [/, k1) =1, forevery j,k € N\{i}, j #k,i € N.

This game is M-superadditive, but it is not superadditive according to Definition 4.1.
Take, for instance, the embedded coalitions (S; P) = ({1}; |2,3]) and (T; Q) =
({2, 3}; {1}). Clearly, {1} N {2,3} =@ and P_7 = Q_gs. Besides,

v SUT;0) =v(N; @) =11 <4+9=v(S; P)+v(T; Q)

An interesting property for games in partition function form is efficiency. A game
v € Gy is efficient if for every P € I1(N),

D v(S; Ps) < v(N; 0).
SeP

In general, an M-superadditive game is not efficient (see Example 4.2). Our notion of
superadditivity guarantees efficiency.

Proposition 4.1 Let v € Gy be a superadditive game. Then, v is efficient.

Proof Let v € Gy be a superadditive game. Let P = {Sy,..., S,} € IT(N). Notice
that Uy_ Sy = N and Sy NS, = ¥ forevery k, [ € {1,..., p},k #1.1f p = 1, the

6 Or superadditive in Maskin’s sense.
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result immediately follows. Let us assume that p > 1. Using that v is superadditive,
we have

P P
Zv(Sk; P_g) = v(S1U 82 P_(susy) + ZU(Sk§ Pog)=...
k=1 k=3

< v(UP_ Sk 0) = v(N; ).
O

The convexity or supermodularity property of a function on a poset is related to the
value of the function on the infimum and supremum of two elements in the poset. In
the literature there are several extensions of the classic convexity property to games in
partition function form. For instance, Hafalir (2007) provides the following definition
of convexity, that we named H-convexity. A game v € Gy is H-convex if and only if

W(SUT; P)+v(SNT; PU[T\S]U[S\TT)
> v(S; PUTT\SD +u(T; PUTS\TT)

forevery S,7 € N and P € II(N\(S U T)). Notice that for every S,7 € N and
P e TI(N\(SUT)),wehave (PU [T\S])—t = P = (P U [S\T1)—s. Moreover,

(PUJT\STULS\T)) \/(P UTS\TTU [T\S]) =PUJ[S\TTU[T\S].

Then, the set of maximal lower bounds of (S; P U[T\S]) and (T; PU[S\T1), using
Proposition 3.1, is given by

{((SNT; PUTS\TTU[T\ST),(SNT; PUTSUDTINSNT)D}.

In the definition of an H-convex game, only one of the maximal lower bounds is used.
Convexity can be interpreted as a relation between the sum of values of two elements
with the sum of values of the closest common starting point (maximal lower bound)
and the closest common end point (minimal upper bound). With this idea in mind,
we extend the notion of convexity to the framework of partition function form games
using the poset (Fy, ).

Definition 4.2 Let v € Gy. We say that v is convex if and only if
V(SUT; P-r) +v(SNT; M) = v(S; P) +u(T; Q) (6)

for every (S; P), (T; Q) € Fy with P_7 = Q_g and (S N T; M’) a maximal lower
bound of {(S; P), (T: Q)}.
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If v is convex according to Definition 4.2, then, for every (S; P), (T'; Q) € Fn with
P.r=0_5

1
SUT; P_
. DHS P AT 0
> v(SNT; M) > v(S; P) +v(T; Q)

(SNT:M")e(S; PYNT; Q)

where [(S; P) A (T; Q)| denotes the number of maximal lower bounds of (S; P) and
(T; Q). Finally, it is enough to check Inequality (6) for an embedded coalition in

arg min v(SNT;M').
(SNT;M")e(S; P)A(T; Q)

It is clear that if v € Gy is convex, then it is also superadditive. Besides, if a game is
convex according to Definition 4.2, it is also H-convex, while the reverse implication
does not hold in general as Example 4.3 shows.

Example 4.3 Let N = {1, 2, 3} and v € Gy defined as follows:
v({i}; [/, kD =1, v({i}; Lj, kD =2, v({i, j}; {k}) =4, v(N;¥) =6.

Clearly, this game is superadditive according to Definition 4.1 and H-convex. Nev-
ertheless, it is not convex according to Definition 4.2. For instance, take (S; P) =
(1,35 {2} and (T; Q) = ({I1,2};{3}). The set of maximal lower bounds is
{({1}; 12, 31), ({1}; [2, 3])}. The notion of H-convexity only checks Eq. (6) for the
embedded coalition ({1}; |2, 3]), while in our definition we use both lower bounds.
Taking ({1}; [2, 31) we have

v(N; W) +v({1}12,3]) =6+ 1 <4 +4=v({1, 3} {2}) + v({l, 2}; {3}).

Thus, this game is not convex according to Definition 4.2.
If we consider w € Gy defined as w(S; P) = v(S; P) if (S; P) # (N;¥) and
w(N; ) = 10, we obtain a convex game according to Definition 4.2.

Next, we present a characterization of convexity that is parallel to a well known result
for classic games. Roughly speaking, the agent’s contribution to an active coalition
grows as we move from it along a chain to the top element of the poset.

Theorem 4.1 Let v € Gy. The game v is convex if and only if for every i € N and
(S; P) E (T Q) E (N\{i}; {i}) we have

v (T U{i}; Q—giy) — o(T; Q) = v (SU{i}; P_yiy) — v(S: P). (7
Proof Letv € Gy beaconvex game. Takei € N and (S; P) C (T; Q) T (N\{i}; {i}).

The elements (SU {i}; P_y;y) and (T; Q) satisfy the conditions in Definition 4.2
because P_(7yuy)) = Q). This holds because (S; P) E (T; Q) implies S C T

@ Springer



Marginality and convexity in partition function... 1M

and P_7 = Q. Using Corollary 3.1, the supremum of (S uli}; P_{,-}) and (T; Q)
exists and it is given by (7 U {i}; Q—gy) = (T U {i}; P—ruyip). Notice that (S; P)
is a maximal lower bound of {(S U {i}; P_g;j). (T; Q)}. Applying Inequality (6) to
(S Uli}; P_{,-}) ,(T; Q),and (S; P), we get

v(T Uik O—giy) +v(S; P) = v (SU i} P_giy) + u(T; Q).

and Inequality (7) holds.

Now let us assume that v satisfies Inequality (7) for every i € N and (S; P) C
(T; Q) & (N\{i}; {i}). Let us take (S; P), (T; Q) € Fn such that P_y = Q_g,
M= (PU[S\T])V (QU[T\S]),and (SN T; M) be a maximal lower bound of
{(S; P), (T; Q)}. We proceed by induction on [S\T|.If |S\T'| = O then, S C T'. Since
P_1r = Q,wehave (S; P) C (T; Q). Then, (S nT; M’) =(S;P),(SUT; P_7) =
(T; Q), and Inequality (6) holds. Let us assume that |[S\7| = 1 and S\T = {i}. Then,
SNT = S\{i}. A maximal lower bound of (S; P) and (T'; Q) is (S\{i}; M') satisfying
R € M’ if and only if

ReM or R=[SUTN 8)

with §', 7" € M, S’ € S\T,and T’ € T\S. Let (S\{i}; M’) be a maximal lower
bound of (S; P) and (T; Q). Then, (S\{i}; M') T (S; P)and P = M’ = M.
Besides, (S\{i}; M’) © (T; Q) T (N\{i}; {i}) which implies M' ;, = Q. Since
P_7r = Q_g and the choice of i, we get P_(ruiy) = Pt = O_s = O_(;). Applying
Inequality (7) to (S\{i}; M/) and (T'; Q), we obtain

v(T Ui P_rupy) — v(T; Q) = v(S; P) — v(S\{i}; M'), or
v(SUT; P_r)+v(SNT; M') > v(S; P)+v(T; Q),

and Inequality (6) holds.

Let us assume that the result holds for every (S; P), (T; Q) € Fy with |[S\T'| <k,
Pt = Q_g,and (S N T; M) a maximal lower bound of (S; P) and (T; Q).
Now, take (S; P),(T; Q) € Fn such that |S\T| = k+ 1, P.7 = Q_g,
and (S N T; M) a maximal lower bound of (S; P) and (T; Q). Let us take
i € S\T and (T U (S\{i}); Q_(S\{i})). We can assume that (Sﬂ T; M’) is not
covered by (S; P). Otherwise, |S\T| = 1 and we have just proved the result
for this situation. Take (S\{i}; M) such that (S\{i}; M) covers (SN T; M) and
SNT; M) (S\{i}; M) C (S; P).Sincei € S\T and (SN T; M’) is a maximal
lower bound of {(S; P), (T; Q)}, (S\{i}; M) does not precede (T'; Q). Nevertheless,
(S NT; M/) C (T U (S\{i}); Q_(S\{i})) because SNT C T U (S\{i}), M, = Q,

and M’ 5\ = Q—s\(iy- Besides, (S\{i};M) C (T UGS\(iD: O s\ip)
because S\{i} C T U (:S‘\{i}) and M_7 = M’_(TU(S\“})) = Q_(s\(i}) as a conse-
quence of M’_(S\{i}) = M and M’_(TU(S\{Z.})) = Q_(s\{i})- Applying Inequality (7) to
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i, (S\{i}; M) and (T U (S\{i}); Q_(s\(i}))» we obtain
U(T US: Qs) = v (T UGS\ Q- cs\ip) = v(S: P) — v (S\i): 4T) . (9)

Notice that |S\(T U {i})| = k. We apply the induction hypothesis to (S\{i}; M),

(T; Q) and (SNT; M) because M_1 = Q_(s\iy and (SNT; M') is also a maximal
lower bound of {(S\{i}; M), (T; Q)}. Thus,

v (T US\(D; @syin) +0(S N T3 M) = u(T5 Q) + v (S\(i): ). (10)

Finally, adding up Inequalities (9)-(10), we obtain Inequality (6), concluding the proof.
(]

As our notion of convexity is different from H-convexity, so is Inequality (7) with
respect to the concept of weak convexity defined in Abe (2016). A game v € Gy is
weakly convex ifforevery S, T € N with |S\T| = |T\S| < land P € I[T(N\(SUT)),
it holds

v SUT; P)+v(SNT; PU[S\TTU[T\S)
> v(S; PUTT\ST) +v(T; PUTS\TD.

Notice that this inequality is meaningful if |S\7| = |T\ S| = 1, otherwise the inequal-
ity always holds. Then, if |S\T'| = |T\S| = 1, there are i, j € N such thati # j,
S§=T\{jHU{itand T = (S\{i}) U{j}. Taking (S\{i}; [i, j]UP) and (T; {{}U P),
we have (S\{i}; [i, j1 U P) & (T; {i} U P). Thus, if the game is convex we have

v SUT; P) —o(T; {i}U P) = v(S: {j}U P) —v(S\{i}: i, j]U P),

which means that the game is weakly convex. In the next example we revisit Example 5
introduced in Hafalir (2007) and used also in Abe (2016) (as Example 2.6) to show
that the reverse implication does not hold.

Example 4.4 Let N = {1, 2, 3,4, 5} and the symmetric game v given by

v(N; ¥) =25, v(S; [N\S]) =18, forevery S with |S| = 4,

v({i}; [N\{i}]) =3, foreveryi € N, v(S; [N\S]) =17, forevery S with |S| = 3,
v(S; [N\S]) = 6, forevery S with |S| =2, v(S; |[N\S]) =12,

for every S with |S| = 3,

o({i}; [N\{i, j)1U{j}) =3, forevery i, j € N,i # j,

v(S; [IN\SU{iHIU{i}) =9, forevery S with |S| =2,i € N\S,

v({i}; [TTUTN\(T U{i})]) =8, forevery T with |T| =2,T C N\{i}, i € N,

v(S; LN\S]) =7, forevery S with |S| = 2,

v({i}; [TTU LN\(T U {i})]) =3, forevery T with |T| =2, T C N\{i}, i € N,
v({i}; LN\{i}]) =3, foreveryi € N.
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Abe (2016) shows that this game is weakly convex. Notice that it is not convex because

1=18—-17=v({1,2,3,4}; {5)h —v({l, 2,3}; [4,57)
<v({1,2,4}; [3,5)) —v({l1,2}; 31U [4,5]) =12 -9 =3.

In the remainder of this section, we present our second main result that relates our
notion of convexity for games in partition function form with the standard convexity
of certain classic games. Recall that a classic game w is convex if and only if for every
ieNand S C T C N\{i},

w(T U{i}) —w(T) > w(SU{i}) —w(S).

Given a game with externalities, v € Gy, and a partition of the set of agents,
P € TI(N), the associated classic game, vP, is defined for every S € N by

P ($) = v (S; Pg).

That is, externalities are removed since every coalition expects the agents in the com-
plementary coalition to be organized according to the projection of P. This is very
similar to the characteristic function that Bloch and van den Nouweland (2014) asso-
ciate using a so-called P-exogenous rule. The difference is that they consider the
superadditive cover of v’

The convexity of a game with externalities is characterized by the convexity of the
classic games associated with it for any possible partition of the set of agents.

Theorem 4.2 Let v € Gy. The game v is convex if and only if, for every P € TI(N),
the classic game vF is convex.

Proof Let v € Gy. First, let us assume that v is convex. Let P € I1(/N) and consider
the classic game vP defined as follows: vF(S) = v(S; P_g), for every S C N.
Leti € Nand S € T C N\{i}. Take (S; P—s), (T; P_t) € Fy. It is clear that
(S; P_s) © (T; P_7) & (N\{i}; {i}). Since v is convex, using Inequality (7), we
have

(T U{i}; P_rugiy) — v(T5 P—r) = v(S U {i}; P_supip) — v(S; P-g). (11)
Rewriting both sides of Inequality (11), we have

VP (T U i) — 0" =P (S Ui - 0P (),

concluding that the classic game v’ is convex.
Second, let us assume that for every P € I1(N), the classic game v* is convex.
We check Inequality (7). Let i € N and (S; P), (T; Q) € Fn such that (S; P) C
(T; Q) T (N\{i}; {i}).LetH € TI(N)suchthat H_g = P’.Then,H_7 = P_7 = Q

P

7 Notice that we can take H = P U [$7.
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because (S; P) C (T'; Q) and the choice of H. Take the classic game v*!. Since v/’
is a convex game, we get

V(T U i) —o(T) = vH (S U i) — v ().

Taking into account the definition of vH | and the fact that H_.p = P_p = Q and
H_g = P, we have

v (T U{i}; Q—giy) — v(T; Q) = v (SU{ik; P_iiy) — v(S; P),

concluding that v is convex. O

5 Convexity and average values

The order analyzed in Sect. 3 induces a notion of marginality for games with exter-
nalities. Leti € N and (S; P) € Fy withi ¢ S, the marginal contribution of agent i
to (S; P) is given by

v (S U{i}; P,{,'}) —v(S; P),

that is, the change of v on two endpoints of a link in (Fy, E) that represents the
incorporation of agent i to the active coalition. This notion has already been introduced
in Bolger (1989) in order to characterize the value proposed therein. The marginal
contribution measures the surplus generated by an agent who moves from a non-
active block to the active block. When the non-active block is a singleton, the marginal
contribution is called intrinsic marginal contribution by de Clippel and Serrano (2008).
Bolger (1990) proposed a family of power indices for multicandidate voting games
using marginal contributions. Sdnchez-Pérez (2016) also presented a family of values
for games in partition function form based on marginal contributions. This family
includes, among others, the values proposed in Pham Do and Norde (2007), which
coincides with the externality free value (de Clippel and Serrano 2008), and the average
value proposed in Macho-Stadler et al. (2007), but it does not include either the value
proposed in Myerson (1977) or the value given in Albizuri et al. (2005). Moreover,
marginal contributions are also used in the definition of what a null player is in a game
with externalities (see, for instance Sanchez-Pérez 2016).

In Theorem 4.1 we characterize convex games in terms of non-decreasing marginal
contributions with respect to the order defined in Sect. 3. Moreover, in Theorem 4.2 we
also characterize convex games through the convexity of some classic games. Many
extensions of the Shapley value to games with externalities in the literature are built
using an associated classic game. This is the case of the average values defined in
Macho-Stadler et al. (2007). Let « be a real-valued function defined on the family Fy
such that

Z a(S; P)=1, forevery S C N.
PEII(N\S)
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When the real number of @ (S; P) is non-negative it can be interpreted as the probability
that coalition S assigns to the rest of agents being organized accordingto P.Letv € Gy
be a game. The classic game associated with v with respect to « is defined by:

V¥ (S) = Z a(S; P)u(S; P).

PeII(N\S)

An average value ®“ is given as ®*(v) = Sh(v¥), with Sh the Shapley value of a
classic game. Each function « provides an average value. Some examples of values in
this class are the ones proposed in de Clippel and Serrano (2008), McQuillin (2009),
and Hu and Yang (2010). In the context of classic games, the convexity property of
the game implies that the Shapley value belongs to the core. In this section we study
if the implication carries on to these average games using our definition of convexity
for partition function form games.

First, we analyze the externality free value (Pham Do and Norde 2007, de Clippel
and Serrano (2008)). It is defined as

oSS (v) = Sh(M),

for every v € Gy. Using Theorem 4.2, if v is convex, then the classic game vV s
also convex and ®€5(v) belongs to the core of vV,

A counterpart of the externality free value is the McQuillin value ( McQuillin
(2009)), ®M2, defined as follows:

MO (v) = Sh(vN),

for every v € Gy. Using Theorem 4.2, if v is convex, then the classic game v V! is
also convex and ®M € (v) belongs to the core of v N1,

Finally, we consider the value defined and characterized in Hu and Yang (2010). It
is an extension of the Shapley value to games in partition function form. Let v € Gy
and i € N. The Hu-Yang value is given by

SII(N| =S| — D!
o' Ny = Y > %(kum; P_(sutip) = v (S: P-s)).
PeIl(N) SCN\{i} :

This value has several interpretations using the ordering studied in this paper. First, this
value weights agent i’s marginal contribution from (S; P_g) to (S Uf{i}; P—(Su{i}))
by the proportion of chains that join (J; P) and (N; ¥) having the link from (S; P_g)
to (S U {i}; P_(suyip)- Second, ®MY can be seen as the average of the Shapley value
for classic games v’’, for every P € TI(N) or, equivalently, ®Y is also the Shapley
value of the classic game defined by

HY 1 P
S) = E S).
B TV Pel'I(N)v v
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If v is convex, then v

'UHY.

¥ is also convex and ®'Y provides an element in the core of

An open question is under which conditions the classic game v* is convex. This fact
will imply that the corresponding average value belongs to its core. It would also be
interesting to study what values in the family of Sanchez-Pérez (2016) can be obtained
applying the Shapley value to a classic game and studying its convex nature. There
are other values for partition function form games that do not belong to this class such
as Myerson (1977), Albizuri et al. (2005), Ju (2007), and Borm et al. (2015). It would
be worth studying the implications of convexity on them.
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Appendix

Proof of Proposition 3.1. Let (S; P), (T; Q) € Fy with (S; P) # (T; Q) and define
M = (PUL[S\T])\V/(QU [T\S)).

1. O_s # P_7. Suppose that (L; H) € Fy is a lower bound of {(S; P), (T; O)}.
Then, (L; H) T (S; P) and (L; H) T (T; Q). This implies that L € SN T,
H_g = P,and H_7 = Q. Notice that

H.g\py=H-s=P=P_pandH ny=H-r=0=0_.
Thus,
P_p = P_\ry = H-(surnr) = O—s\r) = O-s.
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which is a contradiction.
2. P_y = Q_g.Take (L; H) with L = SN T and H defined by R € H if and only
if

ReM or R=T[SUT (12)

for some §’, T’ € M such that S’ C S\T and T’ C T\S.
O

We shall prove that (L; H) C (S; P),and (L; H) E (T; Q). Clearly L € S and
L C T. It remains to prove that H_g = P and H_7r = Q. The following Claim will
be useful.

Claim A. Let N be a finite set, P, Q € TI(N), S € N such that | S] € Q. Then,

(P\ Q)—s=P_s\/ O_s.

Proof If S = N, the result immediately follows. Let us assume that S C N and take
LeP\/Q.IfLNS=4¢,thenL € P_g\/ Q_s. Let us assume that L N S # @. By
the choice of L, thereare Ly, ..., Ly € P suchthat L = U’;ZILJ- with L; NS # @ for

some j € {1,...,k}. Besides, there are L, ... L. € Q with L’I. NS = @, for every
j=1....r.suchthat L = (U_,L')U(|L N 5]). Then,
L\S =U;_ L = U,_ | (L;\S)

and L\S € P_s\/ O_s.
Now, take L € P_g\/ O_s. Thereare Ly, ..., Ly € P_sand L,... L. € Q_g5
such that L = UIJ?:]LJ = U_,L. Take Ry, ..., Ry € P suchthat Lj € Rj, for

every j = 1,..., k and define R = Ulj?lej. Thus,
R = u’;lej =LU(RNS) = ;L) U(RNS),

R\S=L,andR e P\/ Q. o
We distinguish two cases. First, let us assume that H = M = (P U [S\T]) \/(Q U
[T\S]). Using Claim A and the fact that P_; = Q_g,
M_s =M s\ =[(PULS\T]) \/(QUIT\SD]-(s\1)
=P \/(QULT\SD-s\r) = P \/(Q—s\r) U [T\S])
=P\/(Q-sUIT\S)) =P \/(P_r U|T\S]) = P.

In a similar way, we can prove that M_r = Q. Thus, we find out that (L; M) is a
lower bound of (S; P) and (T'; Q).

Second, let us assume that H # M. Then, there is R € H such that R ¢ M given
by R = [§' UT'] for some S’, T’ € M such that S’ € S\T and T’ C T\S. Take any
R € H.If R € M, then as before R\S € P and\T € Q. Otherwise R = [S'UT’] for
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some §’, T’ € M such that S’ € S\T and T’ C T\S. Then, R\S =T e M_g =P
and R\T = S’ € M_7 = Q. Thus, we have proved that (L; H) is a lower bound of
(§8; P) and (T'; Q).

Next, we prove that these lower bounds are maximal. Take (S N T'; H) satisfying
the conditions of Eq. (12). If there is (U; W) € Fy suchthat (SNT; H) _ (U; W) C
(S; P)and (SNT; H)C (U; W) (T; Q),thenSNT CcU Cc SandSNT CcU C T
which is a contradiction. Then, (S N T; H) is a maximal lower bound.

It remains to check that these embedded coalitions are the unique maximal lower
bounds. Let us assume that (L; K) is a maximal lower bound of (S; P) and (T'; Q).
Itisclear that L = SN T and K_g = P and K_7 = Q. Take R € K. We have
R\S € K_.g =P =M_sand R\T € K_7 = Q = M_7. We distinguish several
cases.

e RNS=RNT =@.Then, R=R\S=R\T € K_sNK_7.Since K_g = P,
K_7 = Q and the definition of M, we have R € M.

e RNS=0butRNT #0¥. Then,Re K_s=P=M_s5,R\T € Q=M_r,
and R € M. We can reason in a similar way if RN S # Jand RN T = ¢.

e RNS#Wand RNT # B. Then, R = (R\(SUT)U(RN(S\T))U(RN(T\S))
and we have R\S = (R\(SUT))U(RN(T\S)) e P=M_g, R\T = (R\(SU
T)Y)URN(S\T)) € Q =M_7.If R\(SUT) = 0, using the definition of M,
we have R\S, R\T € M and R = (R\S) U (R\T).If R\(SUT) # @, by the
definition of M, we have R € M.

Thus, any R € K is of the type described in Eq. (12), concluding the proof. O

Proof of Proposition 3.2. Let (S; P),(T; Q) € Fxy and M = P_7 )\ O_s.

1. Let (R; M’) € Fy be an upper bound of {(S; P), (T; Q)}. Then, SUT C R and
P_gr = M’ = Q_g. In other words, there is some L € N\(S U T) such that
R=SUTULand P_g = P_(rur) = M =Q = 0_(suL)-

On the other hand, if R = SUT UL with L € N\(SUT)and M' = P_ryr) =
Q_(sur), clearly (S; P), (T; Q) E (R; M), and (R; M’) is an upper bound.

O

The following Claim will be useful to prove that these upper bounds are minimal.
Claim B. Let P, Q € TI(N),and S C N. Then, P_s \ O_s = (P \ Q)—_s.

Proof Let P, Q € TI(N)and S € N.Let R € P and R € Q. Then, (R\S)N (R\S) €
P_s \ Q_sand (R\S)N(R\S) = (RNR)\S € (P \Q)_s.Let R € (P \ Q)_s.
Then, there are R" € P and R € Q such that R = (R’ N R)\S = (R'\S) N (R\S) €
P_s\Q-s. |

2. Let (SUTUL; M_;)with L € N\(SUT) suchthat P_ryry = Q_(suL)y = M_.
andforevery L’ € N\(SUT) with P_yryry = Q_(sur’y = M_psitholds L € L’
or LN L' = @. From Item 1 and Claim B, we have that (SUT U L; M_;) is an
upper bound of {(S; P), (T; Q)}. Itremains to check that there isno (R; H) € Fy
such that (S; P) C (R;H) C (SUTUL;M_;)and (T; Q) C (R; H) C
(SUTUL;M_;). If L = @, it is clear that (S U T; M) is a minimal upper
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bound. Let us assume that L # ¢ and that (SU T U L; M_y) is not a minimal
upper bound of {(S, P), (T; Q)}. Then, R=SUTUL' C SUT U L, for some
] ;é L’ - N\(S U T) with Pf(TUL’) = Q*(SUL/) = M,L/. Thus, L' CcL, which
contradicts the choice of L.
Itremains to check that there are no other minimal upper bounds. Take L € N\ (SU
T) suchthat (SUT U L; P_(rur)) is a minimal upper bound of {(S, P), (T'; Q)}.
Then, (S; P), (T; Q) & (SUTUL; P_(ryur)y) and wehave P_(ryr) = Q—(suL) =
MfL by Claim B. Let ¢ 75 L’ - N\(SU T) with Pf(TUL/) = Q*(SUL/) = M,L/.
We consider two cases. If (S UTUL; P,(TUL)) C (S UT UL, P_(TUL/)),
then L C L’. It remains to study the case in which (S UTUL; P,(TUL)) and
(S UT UL P_(TUL/)) are not comparable. Since both are upper bounds of
{(S; P), (T; Q)}, we have P—(TUL’) = Q—(SUL’)’ SUT € SUT UL, and
SUT € SUT UL’ Then, L and L’ are not comparable. If L N L' = @, we
are done. Let us assume that R = L N L" # @ and L\L" # @. By Claim B,
P_(rur) A O_(sur) = M_pg, then (SUT U R; M_g) is also an upper bound
of {(S; P),(T; Q)}. Bt (SUTUR; M_g) C (S UTUL; P_(TUL)) and then
(SUTUL; P_(ryr)) would not be minimal. Summarizing, L € L' or LNL' = .
O

Proof of Corollary 3.1. Let (S; P),(T; Q) € Fn such that P.y = Q_g. Then,
P_r NO_s = P_r = Q_gs. It is clear that (S U T; P_7) is an upper bound of
{(S; P), (T; Q)}. Using Proposition 3.2, any upper bound is given by (S U T U
L; P_(rury) with L € N\(SUT), and P_rur) = Q—(sur)- If L # @, we have
(SUT; P_7) C (SUTUL; P_(rur)) and (SUT UL; P_(ryy,)) is not a minimal upper
bound. Thus, (SUT; P_r) is the unique minimal upper bound of {(S; P), (T; Q)}. O

Proof of Proposition 3.3. Let (S; P) € Fn.

1.

2.

If (S; P) # (N; ). Then, forevery i € N\S, (S; P) C (S Ul{i}; P_{i}) and there
isno (L; H) € Fy suchthat (S; P) C (L; H) C (S U {i}; P_{,-}).

Suppose that S # (. Foreveryi € Sand R € P,wehave (S\{i}; P_rU{RU{i}}) T
(S; P)andthereisno (T; Q) € Fy suchthat (S\{i}; P_.rU[RU{i}]) = (T; Q) C
(S; P). Additionally, for every i € S, (S\{i}; P U {i}) C (S; P) and there is no
(T; Q) € Fn such that (S\{i}; P U {i}) = (T; Q) = (S; P). Notice that if
(S; P) = (N; ¥), then |P| = 0 and (N; @) covers |[N| = n embedded coalitions.

m}

Proof of Proposition 3.4. 1. Let (S; P), (T; Q) € Fy such that (S; P) C (T; Q).

Notice that S € T and Q = P_7. We define the mapping ¢ from [(S; P), (T; Q)]
to [S, T1p(v) as follows: ¢ (L; P_p) = L forevery (L; P_p) € [(S; P), (T; Q)].
It is clear that if (L; P_;),(L’; P_;/) € [(S; P),(T; Q)] with (L; P_;) CE
(L’; P_1/) we have, in particular, L C L’ and then, ¢(L; P_r) € ¢(L'; P_p).
Take the mapping ¢! from [S, T1g(w) to [(S; P), (T; Q)] defined by ¢! (L) =
(L; P_p) forevery L € [S, T]5(n)- ¢ and ¢_1 are inverse maps and if L € L' we
have ¢~' (L) C© ¢~ (L).

. This follows immediately from the isomorphism above. Besides, the unique rank

function is given by p(S; P) = |S]|, for every (S; P) € Fn.
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3. Ttfollows directly from Item 1, Item 2, and the structure of each embedded coalition.
m}

Proof of Proposition 3.5. Items 1 and 2 follow directly from the isomorphism presented
in Proposition 3.4.

Let us prove Item 3. Taking into account the first item, the total number of chains
in (Fy, ) from ({i}; H)to (N;¥)is (|N|—1)!,foreveryi € N and H € TT(N\{i}).
Additionally, there are |H| + 1 elements of rank 1 linked to ({i}; H). Thus, the total
number of chains is

> ) (NI=DWHI+D=INI' > (H+1D

ieN Hell(N\{i}) HeIl(N\{i})
n—1
= INI'Y (r + DSa1,r = INI!By,

r=1

using the generalized recurrence expression provided in Spivey (2008) applied ton — 1
and 1. O

Proof of Proposition 3.6. Let (S; P) € EC". We obtain the coefficient 8(s; py through
the Mobius inversion formula as follows

Sspy= Y. w(T;0,SPYT: = Y (DT ).

(T;Q)E(S; P) (T;Q)E(S: P)
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