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Maximin location" Discretization not always works 
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Abstract  

In this note we show by means of a simple example that, if the maximin problem 
with (nonlinear) concave increasing utility functions is solved by inspecting the 
extreme points of the (generalized) Voronoi diagram (as usually proposed), one 
may have to inspect an infinite number of candidate points. 
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1 I n t r o d u c t i o n  

In this paper  we present an example for which the discretization s t ra tegy 
frequently used for maximin location problems does not work judiciously. 

The problem consists of finding a location on S for a new obnox- 
ious facility maximizing the minimum utility from the existing facilities, 
Dasara thy-Whi te  (1980), Erkut-Neuman (1989), Melachrinoudis-Cullinane 
(1985), Melachrinoudis-MacGregor (1995), Plastr ia  (1996). In other words, 
we wish to solve the problem: 

m a x ~ s  mini=l ..... n{qi(~/i(X))} (P )  

where: 

�9 The feasible set S is a polygonal region in R 2. 

�9 Functions 7i, i -- 1 , . . . ,  n represent gauges, Rockafellar (1970), mea- 
suring the effects of the new facility on the demand points vi, i = 

1 , . . .  ,n ,  i.e., 

1 
"yi(x) = inf{A > O: -~(x - vi) E Bi}  Vx E R 2 Vi = 1 , . . . ,  n 
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where Bi is a compact convex set with the origin of coordinates in its 
interior. The typical instance is the euclidean norm (each Bi equals 
the unit circle, Dasarathy-White (1980), Melachrinoudis-Cullinane 
(1985), although nonsymmetric balls have also been suggested by 
Plastria (1996). 

�9 Every demand point vi is associated with a non-decreasing concave util- 
ity function qi measuring the utility of the new service. The most 
studied case is the one with each qi being the identity, Dasarathy- 
White (1980), Okabe-Boots-Sugihara (1992), Okabe-Suzuki (1997), 
O'Rourke (1994), Preparata-Shamos (1985), although more realistic 
models can be obtained if utilities which are only concave are allowed, 
Erkut-Neuman (1989), Plastria (1996). 

Since the objective function of (P) does not enjoy good properties of con- 
vexity, a technique of global optimization is needed. 

The most frequently used procedure, Dasarathy-White (1980), Mela- 
chrinoudis-Cullinane (1985), Melachrinoudis-MacGregor (1995), Hakimi- 
Labb&Schmeichel (1992), consists of a discretization strategy which works 
by building explicit or implicitly the Voronoi diagram and evaluating its 
extreme points among which the candidate solutions to global optimum 
can be found. 

The Voronoi region Y(vi) associated with vi is defined as follows: 

Y(vi) = {x E S~ qi(Ti(x)) <_ qj(Tj(x)), Vj = 1 , . . . ,  n, }, 

see e.g. Okabe-Boots-Sugihara (1992). 

Based on this characterization, the following relation is satisfied at the 
Voronoi region V(vj): 

min {qi(~/i(x))}-- qj(~,j(x)) Vx e ~2(vj) 
i - - l , . . . ,n  

Hence, problem (P) can also be expressed as: 

max max qd(Tj(x)) 
l<_j<_n xEl~(vj) 
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which, due to the increasing character  of the utility functions qj, reduces 
to :  

max qj[ max 7/(x)] 
l<j<n xEV(vi ) 

Hence, one must  solve the n optimization problems: 

max 7j(x) 

Since each gauge considered 7i(x) is convex and the maximum of a convex 

function on V(vi) is a t ta ined at its extreme points, such points have to be 
examined to find an optimal solution. 

This s t rategy has been successfully used for particular instances of prob- 
lem (P).  Melachrinoudis and MacGregor (1995) address the problem for 
Euclidean distances, a planar polyhedral region consisting of m faces and 
linear functions qi, leading to an O(mn  z) algorithm. 

W e  present an example in which such method would lead to evaluate 
an infinite number of candidate points. We conclude, at this time, this 
method would be useless for some instances of problem (P) .  

2 A n  e x a m p l e  

We consider as feasible region the segment S = {(z, 0) : z E [0, 1]}. 

Let 71 = 72 = I1"]1 be the Euclidean norm. Let vl = (0,1) and v2 = 
(0,-1). 

The following constant  c = ~ E [1, V~] and the concave increasing 
utility functions ql and q2 are considered to satisfy the relation: 

ql ( l l x  - v i i i )  - q2(l lx - v211) = 

(t - c )Ss in ( t_ -~ ) ,  i f  t ~ [ 1 , , / 7 ]  \ { c }  ( R )  
= ql(t) - q2(t) = f(t) = 0,  if t = c 

P r o p o s i t i o n  2.1. The previously defined function f is twice continuously 
differentiable. 
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It is needed the construction of the utility functions ql and q2 tha t  lead 
us to satisfy the concavity and increasing conditions as well as the relation 
(R). The preceding assertion is needed in order to verify the conditions 
required for utilities functions. 

P r o p o s i t i o n  2.2. Let ~ and fl satisfy a > V~fl  ~_ O. We consider: 

[q2(t) = - � 8 9  2 +c~t] 

The utility function q2 is concave and increasing in t E [1, x/2]. 

On the other hand, we study the conditions to be satisfied by the utility 
function ql. 

Proposition 2.3. Let ~ and fl be scalars such that: 

o~ > x/2fl + maxtetl,v~ 1 [ i f ( t )  [ and fl > maxte[1,v~l [ f " ( t )  [ 

i f  we consider: 

Iql(t ) -- f ( t )  +q2(t) -= f ( t ) -  l i l t  2 -t-od I 

then ql is concave and increasing, and also the relation (R) is satisfied. 

Indeed, since we have considered c~ satisfying 

c ~ > v / 2 f l +  max I f ( t ) ] ,  

then f '  - ~ t  + a > f '  - fit + v ~  + maxte[1,v~ 1 ] f ' ( t )  ]_> 0. 

Hence q~ (t) > 0, for all t E [1, v~], and the utility function ql is increas- 
ing. 

Moreover fl _> maxte[1,~q] ] f " ( t )  ], thus fl _> f" ( t )  for all t ~ [1, v~]. 

Hence, q~'(t) <_ 0 for all t E [1, vf2], and so we have shown its concavity. 
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For instance, it is easily checked that 

0.04 > max ]f'(t)l 
tE[l ,V'~] 

3 
> max [f"(t){, 

te[l,4~] 

thus taking 

a = 3.1 

/~ = 2, 

problem (P) has a single optimal solution due to the increasing character of 
utility functions ql and q2 in [1, vf2]. This solution is attained at x = (1, 0) 
while the discretization strategy of Voronoi diagrams leads us to an infinite 
number of function evaluations, as it is shown below. 

In Figure 1 we have represented the Voronoi diagrams V(vl) and V(v2) 
for this instance. 

v(,2) 
I I v2~.  I I 

-1.5 -I -0.5 0 0.5 1 1.5 

1.5 

1 

0.5 

0 

-0.5 

-1 

F i g u r e  1: Voronoi diagram in the plane 

The boundary of such Voronoi regions have a shape almost linear around 
the Y axis. However, the true behaviour close to the Y axis is sinusoidal, 
as clearly depicted in the detail of Figure 1 shown in Figure 2: In fact, 
the boundary of such Voronoi diagrams intersects the Y axis (within the 
feasible region of our problem) in an infinity of points, thus the Voronoi 
diagram restricted to the feasible region [0, 1] x {0} will have an infinite 
number of connected components�9 
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0.72 

{(z~,O) : k = 1 . . . }  

le-08 

5e-09 

0 

- -5e-09 

-le-08 

0.735 

I I 

0.725 0.73 

F i g u r e  2: Voronoi diagrams. A detail 

In fact, after some algebra, one obtains, 

P r o p o s i t i o n  2.4. For each k E Z with I k I> 2 then, defining zk as 

zk = + e ) 2 -  1 ~ [0, 1], 

it follows: 

, , ( ( z k ,  O)) = ,2( (zk,  O)) = 5 + c 

so, from ( R ) : 
q, (71 (zk, 0)) = q2(72(zk, 0)) 

then 12(Vl) and k'(v2) have infinitely many connected components, with the 
sequence {(Zk, O)}lkl>2 as boundary points. 

This yields the following: the equation qx(71(x)) = q 2 ( 7 2 ( x ) )  has an 
infinite number of solutions, so an infinite number of function evaluations 
should be performed to obtain a global optimum among the candidate 
solutions. 

In short, we have 
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P r o p o s i t i o n  2.5. Let a and/3 be two scalars as follows: 

a > v~/3 + maxte[1,dT] [ f ' ( t )  [ , /3 > maxtetl,v~] I / " ( t )  I 

hence, the utility functions ql and q2 considered as above provide an exam- 
ple in which the frequently used discretization strategies to solve maximin 
problems are not effective, since in this case they lead us to an infinite 
number of function evaluations. 
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