Vector measures: where are their integrals?
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Abstract. Let v be a vector measure with values in a Banach space Z. The
integration map I,: L'(v) — Z, given by f — [ fdv for f € L'(v), always
has a formal extension to its bidual operator I;*: L' (v)** — Z**. So, we may
consider the “integral” of any element f** of L'(v)** as I;*(f**). Our aim
is to identify when these integrals lie in more tractable subspaces Y of Z**.
For Z a Banach function space X, we consider this question when Y is any
one of the subspaces of X** given by the corresponding identifications of X,
X" (the Kéthe bidual of X) and X'* (the topological dual of the Kéthe dual
of X). Also, we consider certain kernel operators 7' and study the extended
operator I,;* for the particular vector measure v defined by v(A) := T'(xa4).
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Introduction

The general theory of vector measures and integration with respect to them is well
established; see [1,19,20,29], for example. In recent years it has become evident
that many classical operators from various branches of analysis can be viewed as
integration operators with respect to suitable vector measures; see [7-10,14,15,24,
27] and the references therein, for example. Accordingly, such integration operators
are becoming objects of ever finer investigations.

Recall, for a vector measure v defined on a measurable space (€2, X) and with
values in a Banach space Z, that a measurable function f: Q — R is scalarly
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v—integrable whenever
/ |fld]z"v] < o0, 2" e€Z%
Q

here Z* is the dual Banach space of Z and |z*v| denotes the variation of the
scalar-valued measure z*v: A — (z*,v(A)) for A € 3. This is the case if and only
if

191 i= sup [ [fldz] < oc. 1)

l=xlI<1/9

Moreover, the space L. (v) of all such scalarly v—integrable functions (modulo v—
null functions) is a Banach space for the norm (1), [30]. Actually, for the pointwise
v-a.e. order on , the space L} (v) is a Banach lattice. Let f € L} (v). If, for each
A € %, there exists a vector in Z (denoted by [, fdv) satisfying

<z*,/Afdu>:/Afdz*1/, 2feZ", (2)

then f is called v—integrable. The space of all such v—integrable functions f is
denoted by L!(v) and forms a closed ideal in L! (v) which, depending on v and
Z, may be proper. In this case, given f € L. (v)\ L*(v), the condition (2) is
meaningless because the integral “fA fdv” is not available in Z. Of course, via a
typical approximation and uniform boundedness argument it follows from (1) that
there does exist a vector “fA fdv” € Z** satisfying

<z*,“/fdy”>=/fdz*u, 2t e z”.
A A

If I,: L'(v) — Z denotes the integration operator f ~— fQ fdv, then its bidual
operator I'*: L1 (v)** — Z** satisfies

<I:*<f>,z*>:/ﬂfdz*u, ez,

whenever f € L'(v). However, for f € L} (v)\ L*(v), what is the connection
(if any) between the vector “fQ fdv’ € Z** and the operator I}*, that is, does
there exist vy € L' (v)** satisfying “[, f dv” = I}*(vs) and if so, is it unique and
what properties does it have? For a finer analysis of the operator I,, such types of
questions become crucial.

In general, the approach via duality alone throws no light on this question. To
make some headway, we first note that both L. (v) and L!(v) are Banach function
spaces (briefly, B.f.s.), relative to any control measure for v; this approach was
systematically used and exposed in [3-5] and has been very useful ever since. It
makes available the results, methods and techniques of a rich theory developed
by W. Luxemburg, A. Zaanen and others in the 1960’s and beyond. A second
relevant point occurs more recently and makes the connection between L!(v) and
L} (v) explicit: the Kéthe bidual of the B.f.s. L'(v), denoted by L' (v)", is precisely

LL (v), [9]. This merges various aspects of the theory of B.f.s.” with those from the



theory of vector measures and integration, thereby providing a combined approach

for attacking the above problem. This requires some further explanation.
Suppose that the range space Z of v is a Banach lattice E. Then the dual

Banach lattice E* has a decomposition E* = E* @ E¥, where E’ (resp. E¥) is

the band of all order continuous (resp. singular) functionals on E. Passing to the
bidual we have the band decomposition

E™ = (Ep), © (Bp)s @ (EQ);, @ (E)S. 3)

More specifically, if F is a B.f.s. X, then X corresponds to the Kéthe dual X’ of X
via a suitable isometric order isomorphism. Moreover, the Banach lattice dual X'*
of the B.f.s. X’ can be naturally identified with the band [ X" | ~ (X})* @ (X)*
in X**. Similarly, the Kothe bidual X" can be identified in a natural way with the
band [ X" ] ~ (X))} in X**. Finally, there is the standard isometric imbedding jx
of X into X**; its image jx (X) is denoted by [ X ]. If X, denotes the closed ideal
of all order continuous (briefly, o.c.) elements of X and [ X, ] := jx(X,), then we
have the containments

[Xa] C [X//] C [X/*} QX**

As noted above, for a vector measure v: ¥ — X both of the spaces L'(v) and
L} (v) are B.f.s.”. Moreover, L!(v) is always o.c., that is, L' (v), = L'(v). Recalling
that L} (v) = L'(v)"” we see that the previous containments specialize to

[L'(v)] € [Ly(v)] S [L' ()" ] = L' ()™,

where the equality is due to the fact that for any B.f.s. X which is o.c., we have
X¥ = {0} and so (from (3)) it follows that X** ~ (X)X ®(X )% ~ [ X"*]. The aim
of this paper then becomes clear: where and when, amongst the spaces [ X, ], [ X ],
[X"] and [ X'*], is the image of the spaces [ L!(v)] and [ L! (v)] under the bidual
map I;*? Can the restriction of I:* to [ L. (v)] be considered as an extension of
the integration map I,: L*(v) — X? And, so on.

Special cases already give some clues for v taking values in a general Banach
space Z. For instance, if L'(v) is reflexive then, of course, I}*(L'(v)**) C [Z].
But, I}* can then be considered as being equal to I, and so, is not an “extension”
of I,,. On the other hand, if I, is weakly compact, then Gantmacher’s theorem,
[17, Theorem VI.4.2], tells us that again I*(L'(v)**) C [Z]. However, if L!(v)
is not reflexive, then I}* is a genuine extension of I, still taking all of its values
in [Z]. Moreover, if I, is a compact operator, then the variation measure |v| of v
is a finite positive measure and L'(v) = L(|v|), [28]. In this case, L!(v) has the
Fatou property. We extend this observation to a general characterization, namely,
L'(v) has the Fatou property if and only if I**([LL (v)]) € [Z]. And, so on.

A particular (but, important) class of vector measures v is that generated
by certain X—valued kernel operators T via v(A) := T(xa). Such operators have
associated with them an optimal domain space [T, X | := {f : T|f] € X} with
the property that 7" has a continuous X —valued extension to [T, X ] and [T, X | is
the maximal B.f.s. with this property. It is known that L'(v) C [T, X ] C Ll (v),



typically with strict inclusions, and that T(f) = I,(f) for f € L*(v), [7,9]. So,
for such v there is the additional B.f.s. [T, X | available which has no analogue
for general vector measures. In Section 3 we analyze the relationships between I)}*
and the operator T: [T, X ] — X and, in particular, the problem of when I}* is
an extension of T: [T, X ] — X.

1. Preliminaries

For a vector measure v, the natural setting for L'(v) is the class of B.f.s.”. In
this section we introduce B.f.s.” and the spaces L'(v). The latter part is devoted
to presenting results (some known) on decompositions of the bidual of a Banach
lattice and of a B.f.s. Due to their importance in the paper, their subtle nature,
and the difficulty of finding clear references, we have decided to present them in
detail. For ease of reading, longer proofs have been transferred to an Appendix.

Recall that a Banach lattice E is order continuous if all order bounded,
increasing sequences are norm convergent. It has the Fatou property if for every
upwards directed system 0 < e,, T in E with sup,, ||e||r < oo, there exists e € BT
(the positive cone of E) such that e, T e and |e.||z T |lell&-

Let (2, %, p) be a o—finite measure space. Denote by M the space of (classes
of) measurable finite real functions. A Banach function space relative to p is a
Banach space X contained in M such that if f € M with |f| < |g| p—a.e. for some
g € X, then f € X and || f||x < |lgllx- Note that a B.f.s. is a Banach lattice for
the p—a.e. pointwise order. A B.f.s. X has the Fatou property if, for every sequence
(fn) € X+ with sup,, ||fn]lx < oo that increases p—a.e. to f, we have that f € X
and [[fullx 1 fllx-

Let (2,X) be a measurable space and Z be a Banach space; its unit ball is
denoted by Byz. A set function v: ¥ — Z is a vector measure if Y v(A,,) converges
to v(UA,,) in X for every sequence (A,,) of disjoint sets in X.. A set A € ¥ is v—null
ifv(B)=0forall Be X, B C A. A property holds v—almost everywhere (v—a.e.) if
it holds except on a v—null set. As noted in the Introduction, the spaces L} (v) and
L' (v) are Banach spaces when equipped with the norm (1). For simplicity, Jo [ dv
will be denoted by [ fdv. The X-simple functions are always dense in L*(v). If
Z does not contain a copy of the sequence space cg, then L'(v) = L. (v), [20]. By
choosing a Rybakov control measure p = |z5v| for v, for a suitable z§ € Z*, [16,
Ch. IX, §2], both L} (v) and L'(v) can be considered as B.f.s.” relative to . The
space L (v) always has the Fatou property and L!(v) is always o.c. The integration
operator I,,: L'(v) — Z, defined by I, (f) := [ fdv, is linear and continuous with
| [ fdvllz < ||f|l, for f € L*(v). For more detailed information on the spaces
L'(v) and L. (v) and the integration map I, we refer to [3-5,9,12,13,25,28,29],
for example.

For the general theory and basic facts about Banach lattices, see the
monographs [21-23,32], for example. The dual space E* of a Banach lattice F
is also a Banach lattice for the order defined via e* > 0 iff (e*,e) > 0 for all



e € ET. As already noted E* = E & E*, where E} is the space of all order con-
tinuous functionals on E (i.e. those e* € E* such that inf, |(e*, e4)| = 0 whenever
eq | 0in E) and EY is the space of all singular functionals on E (i.e. those e* € E*
such that |e*| A |y*| = 0 for all y* € EY).

Given F C E*, we write L F = {e € E: (e*,e) =0 for all e* € F} and F+ =
{e** € E** : (e**,e*) = 0 for all e* € F}. Let E, denote the ideal consisting of
the elements in E which have o.c. norm (i.e. those e € E such that if |e|] > e, | 0
then |leq|lz | 0). Then

B, = “(E).
The following conditions are equivalent to E being o.c.:
E,=E & E!=F" & E:={0} & (E)*=FE".
The following standard fact is recorded for later use.

Lemma 1.1. Let Z be a Banach space which is the direct sum of two closed
subspaces, i.e. Z = Z ® Zs. Then
7" =mz; (Z7) ®mz5(Z3),
where Tzx: Z7 — Z* is defined by wz:(2*) = 2* o Py, for z* € Z}, and Py, is the
projection of Z onto Z; fori=1,2.
By applying Lemma 1.1 to E* = E* @& E¥ we get the following result.
Proposition 1.2. Let E be a Banach lattice. Then
E™ = mpy- (Bp)n) @ m(ey)- (ER)S) ® mies) (EQ)n) © T« (EF)5) -
Moreover, we also have
(E");, = m(es)- (Bp)yn) @ mes)- (E9)5),
(E*)s = mmy)- (Bp)2) @ (e« (ED)3),
(e (Bn)n) = (B N (E;)™.
Less formally, the above decomposition of E** can be written as (3).

A Banach space Z can be considered as a closed subspace of Z**, namely,

via the isometric imbedding jz: Z — Z** where, for every z € Z, we have
<JZ(Z)aZ*> = <Z*7Z>a zr ez
If Z = FE is a Banach lattice, then jg is also an order homomorphism and so the
order of F is transferred to the order of E**. Typically jg(F) need not be an ideal
in E**; this is the case if and only if E is o.c., [21, Theorem 1.b.16]. We note, for
any Banach lattice F/, that
je(E) < (E7),

always holds. Indeed, it suffices to show that jg(ET) C (E*):. But, if e € ET and
ef | 0in E*, then (jg(e),el) = (eX,e) | 0.

The following useful result shows the relationship amongst various subspaces
of E**; for the proof we refer to the Appendix.



Proposition 1.3. For a Banach lattice E we have
35(Ba) © msye (E3)3) € mny- (D)) = (BD* € B, (4)
Moreover, the following assertions hold.
(i) Let “(E;) = {0}. Then the equality jp(E,) = m(gx)« (E;);) holds if and
only if E is o.c. and has the Fatou property.
(i) Ty (Bp)p) = (ED)* if and only if E}; is o.c.
(ii}) ju(E) N (BT = ju(E).
Standard references for B.f.s.” are the monographs [21,22], [31, Ch.15]. Let
X be aB.fs. over (2, %, 1) in which case X* is a Banach lattice but, it may fail to

be a B.f.s. (e.g. X = L™ ([0,1])). Recall that the Kéthe dual (or associate space)
of X is defined by

X’:{m’e./\/l:/|x-x’|du<oo foralleX}.

We assume that X is saturated, i.e. given A € ¥ with u(A) > 0 there exists B € 3
with B C A such that u(B) > 0 and xp € X, [31, Ch. 15]. In this case, X’ is also
a B.f.s. relative to p (with the Fatou property) when it is endowed with the norm

o'l o= sup | [ s du
x€EBx

The Kothe bidual of X, denoted by X", is the Kothe dual of the B.f.s. X’ and is
equipped with the norm
/ a -z dp’.

Moreover, we have the following Holder type inequality

la||x» = sup
'€Bx/

‘/x"mdu’ <|lzlx - [l2'|x, z€X, 2’ €X'

In addition, ||z||x» < ||z||x, i.e. X is continuously contained in X" (via the identity
map) and X is an ideal in X”. The equality X = X" holds if and only if X has the
Fatou property, in which case the norms coincide. If X’ C X* is norming, then the
norms of X and X" coincide on X, i.e. X is isometrically isomorphic to a closed
ideal of X".

The associate space X’ can be identified with the band X in X* via the
linear isometry 1, : X’ — X* where, for 2’ € X',

()i oo (g @) = [aoodu, aex.
That is, ., (X') = X and
1 (@)lx= = lla'llx, 2" € X',

In particular, 7, is injective and hence, is an isomorphism of X’ onto X;. Even
more, 7, is an order isomorphism of X’ onto X (i.e. preserves the order), since



it is a positive operator. So, X" and X coincide as Banach lattices. Note that 7,
is surjective, that is, n,, (X') = X*, if and only if X} = X* or, equivalently, if and
only if X is o.c.

Analogously, X" can be identified with the band (X’)’ in X" via the linear
isometry 1, : X" — X' where, for 2 € X",

Nen (@) 2’ = (n,, ("),a") = /x’ s dp, o e X'
Then, we have
1 (@) xe = [l |0, 2" € X
Let us see how X’* (the Banach lattice dual of the B.f.s. X’) can be identified
with a band in X**. Recall that X* = X @ X. In this setting, since B.f.s.” are
always super Dedekind complete, [22, pp. 126-127], o.c. functionals on X can be

defined via sequences (i.e. z* € X* belongs to X if inf,, [x*(z,)| = 0 whenever
2y | 0in X), [32, Theorem 84.4(i)]. Let

Px:: X* — X
denote the band projection of X* onto X; it is also an order homomorphism.
Note that
1Px; (") x+ < llz*]|x-, 2" € X"
Then, the linear map IIx/: X™* — X** defined by
HX/*(Z):zor];,loPX;, ze X", (5)
gives the required identification.
The proof of the following result is given in the Appendix.
Proposition 1.4. Let X be a B.f.s. The following assertions hold for the map
HX/* : X/* — X**,
(i) TIx/ is an isometry, i.e.
Ty (2)x+e = llzllxs, 2 € X™,
and hence, I x~(X'"*) is a closed subspace of X**.
(ii)  The equality
Iy (X™) = (X)),

holds. In particular, Ux~(X'*) is a band (hence, ideal) in X**.

Observe that X" can also be identified with a closed subspace (actually, a
band) in X** because the composition (of isometries)

Hxmon,,

. X
/HX'*
/%

X!
ﬁx\

/
"
X



is an isometry, that is,
[Txr 0y, (2)llxe = ll2llx, 2 € X7
For reasons of clarity, the relevant identifications of each of the above sub-
spaces within X** is indicated by the following notation:
(D) [X"™] = Tow (X)) = (X3)*,
(I1)  [X"]:=1Ix~on,, (X"),
(I  [X]:=jx(X),
(IV)  [Xa]:=jx(Xa).
Remark 1.5. Care should be taken on how subspaces of X** are identified. It can
happen that jx(X) does not coincide with Ix/ o7, (X). Indeed, the contain-
ments X, € X C X” imply that
Hx- O M yn (Xa) C Hx- o N (X) C Iy o Nxr (XN) = [XH]'
Consider any element x € X. Then, for z* = z;, + z; € X* with z;, € X and
x; € X7, we have
(xm ony, (x),2%) = (n,, (x) oo Pxs,a*) = (n,, ()0, (x}))
= oo dn = g (@) o) = (i)
= (Px:(2%),r) = (jx(x), Px:(2")) = (jx(x) o Px:,2"),
that is, Iy~ o, () = jx(z) o Px: as elements of X**. However, if 2 € X, =
H(X7), then Iy on,, (x) = jix (x) since (jx (v),2*) = (jx (2), 2;) +(jx (2), 2%) =
(jx(x) o Pxx,a*) for every 2* € X* (as (jx(z), %) = (z},2) = 0). Thus,
HX'* o nX// (Xa) = [Xa ]7 (6)
and
My 0y, (X) = {jx(2) 0 Py : o € X}. (7)
So, jx(X) may not equal I x. on, (X), that is, the image of X in X** via jx
may not coincide with the image of X in X** via IIx o7, . Indeed, from (6)
and (7) we have
[X] n (HX/* O?]X,, (X)) = [Xa].

Hence, jx (X) = Hx-on,,, (X)ifand only if X = X, that is, if and only if X is o.c.
Actually, these two spaces can even be “disjoint”, as in the case of X = L>°([0,1])
for which X, = {0}.

The spaces [ X"*] and [X"] can also be described in terms of the spaces
forming the band decomposition of X** given in Proposition 1.2. The notation of
the following result is that of Lemma 1.1; for the proof we refer to the Appendix.

Proposition 1.6. For a B.f.s. X the following formulae hold.

(1) [X"] =mxz- (X0)50)-
(i) [X™]=[X"]@®mxz- (X7)3)-



(i) X = [ X" ] @® 7xe)- (X3)7)-
(iv) X = [X"] @m0 (X3)3) @ mixs)- ((X5)7).

Some special cases of Proposition 1.6 are not without interest. For instance,
if the Banach lattice X is o.c., but X} # {0} (e.g. X = ¢ or X = L*°([0,1])),
then (X)* = {0} and so Proposition 1.6 yields

(X7 = [X"] =mxz)- (X3)75) and X™ = [X"]@mix,)- (XD)7).

n’n
The following result follows from Propositions 1.3 and 1.6 together with the

fact that, for a B.f.s. X, we always have +(X) = {0} (which follows from X’ ~ X*
and [31, Ch. 15, §69, Theorem 1]).

Proposition 1.7. For a B.f.s. X the following containments hold.
[X.] € [X"] C[X"] € X™ (®)
Moreover, we have:
(i) [Xa]=[X"] if and only if X is o.c. and has the Fatou property.
i) [X"]=[X"]if and only if X' is o.c.
) [ X™*] = X** if and only if X is o.c.
) [ XIn[X™]=[X,].

Even though always X C X” C X™ and [X,] C [X"*], the space [ X | may
not be contained in [ X”*|. From Proposition 1.7(iv), this is the case if and only if
[X.]=[X], that is, if and only if X, = X, i.e. X is o.c.

We now show that various inclusions in (8) can be strict.

(i
(iii

(iv

Example 1.8. (i) The spaces X = LP([0,1]) for 1 < p < oo are o.c., have the
Fatou property, and X’ is o.c. Hence,
[Xa] = [X]=[X"]=[X"]=X"".
Of course, for any B.f.s. X the above properties are equivalent to its reflex-
ivity, [31, Ch. 15, §73, Theorem 2].
(ii)  Thespace X = L([0,1]) is o.c., has the Fatou property, and X’ = L>°(]0, 1]).
So, we have
[Xa]=[X]=[X"] ¢ [X"]=X"".
(ili)  For X = L*([0,1]), we have X’ = L*([0,1]) is o.c. and so
[X//] — [Xl*] g X**.
Moreover, [X,] = {0} and hence, [X] is “disjoint” with [X"*]; see
Proposition 1.7(iv).
(iv) Let X = LP°°([0,1]) with 1 < p < oo. Then X is not o.c. but, X' =
L0, 1] (with & + -5 = 1) is o.c. (see [2, §IV.4]), and so
[Xa] & [X"]=[X"]C X

Note that [ X, ] # {0}, since X, coincides with the closure of the simple
functions in X, and that [ X,] & [ X ], since X is not o.c.



(v) Forl<p<oo,let X ={fec LP>([0,1]) : lim;_ ot"?f*(t) = 0}. Then
X is o.c. (because it is the o.c.—part of the B.f.s. in part (iv), [18, §I1.5.3]).
Moreover, X fails the Fatou property and X’ = L*"1([0, 1]) (% + z% =1)is
o.c. Hence,

[Xa] = [X] & [X"]=[X"]=X"".

Of course, ¢y exhibits the same features.

2. Where are the integrals?

Let Z be a Banach space and v: ¥ — Z be a vector measure. The integration
operator I,: L*(v) — Z is extended by its bidual operator I**: L*(v)** — Z** in
the sense of the following factorization diagram:

I
Ll(l/)** Z**
JLi(w) T T Jz
L,
L'(v) Z

So, we may define the generalized integral of z € L*(v)** as I*(z). Note, for every
f € L*(v), that we have

L (jriw) () = jz (1(f)) - (9)
Our aim in this section is to locate where the image of various subspaces of
LY (v)**, under I3*, lie within Z**. For example, [ L. (v)] lies between [ L!(v)] and
LY (v)**. Where does I}*([ L. (v)]) lie within Z**? When Z is a B.f.s. X, one may
ask: when do the generalized integrals lie in the subspaces [ X, |, [ X ], [ X" ], [ X"*]
of X**?7
The first relevant observation is that L} (v) = L1(v)”, [9], and

[L'(W)a] = [L'()] S [L'(0)"] = [Ly, ()| S [L' (@) ] = L'(»)™,  (10)
after recalling that L' (v) is o.c. and using Proposition 1.7.
It is time to consider the dual operator I: Z* — L'(v)*. For every z* € Z*
the element I7(z*) € L'(v)* is given by
* [ % * * d Z*l/
@) = @y = [rew = [15 0 ay

for all f € L'(v), where d(Z;V) is the Radon-Nikodym derivative of the measure z*v

d
with respect to p (the Rybakov control measure for v). Note that A=) ¢ L(v)

dp
as
S = [ 11 <0 fe L)




According to (11) we have

G0 = (e (52) 1) 720

that is, the dual operator of I, is precisely given by
koK) d(Z*V) * *
B =0, (U50). wez (12)

The following technical result shows how the generalized integral of an ele-
ment from [LL (v)] € L'(v)** acts on Z*.

Lemma 2.1. Let Z be a Banach space and v: X — Z be a vector measure. If
g€ LL(v), then

@ (Mo 0100000 27) = [gdsn, =€ 2"

Proof. Fix g € Ly,(v) = L'(v)". Recall from (II) that Iz~ o IR (9) €
LY(v)* with I3* (g1 y- 0, (g)) € Z**. For 2* € Z*,

Ll(u)”

(£ (HmuwonLl(y),,(g)),zw = (Hpagy- 01, (9), 13 ().

Since HLl(V)/* O’I]Ll<y)// (g) = ’r]Ll(y)// (g) 077_1 OPL](V):’ and PLI(V)* is the identity

L) n

map on L'(v)* (recall L!(v) is o.c.), it follows from (12) that

ok N d(z*v
(1 (T 01,100 9) ) = (a0 ). D5 )

:/gd(; V) d,u:/gdz*y.
1

Let us see what Proposition 1.6 says for the particular B.fs. X = L!(v).
Since L'(v) is o.c., we have L'(v)* = {0} and so L'(v); = L'(v)*. Accord-
ingly, 7(11(1)x)+ is the identity map on L'(v)**. Recalling that L'(v)" = L, (v),
Proposition 1.6 and (10) give the decomposition

)™ = 20" ] = (L) © (B 0)); = [0 @ (n,1,,, (20))

S

O

Looking at the generalized integral, with Id denoting the identity map in
L (v)**, the situation is as follows:

(L' (v)] 4 (L))

L) =[Ly,(v)] @ (L' (v)");
I:*l l Vi l Vi
[Z] ? z7%



So, the generalized integral of an element f +w in L'(v)**, with f € [L} (v)] and
u € (LY (v)*)%, is the sum I}*(f) + I:*(u). Where does each member of this sum

ER

lie within Z**? Particularly, we are interested in the first member I;*(f).

Proposition 2.2. Let Z be a Banach space and v: ¥ — Z be a vector measure.

Then I;* ([LL,(v)]) C [Z] if and only if L*(v) has the Fatou property.

Proof. 1f L'(v) has the Fatou property, then Proposition 1.7(i) (with X := L(v))
implies that [LL, (v)] = [L'(v)"] = [L*(v)]. Hence, I;* ([LL(v)]) C [Z].

Suppose that I* ([LL(v)]) € [Z]. Given g € L} (v) = L'(v)", we have
that gxa € L'(v)”, for every A € ¥, and so there exists z4 € Z such that
I (HLI(V)/* O My (i (gXA)) = jz(z4). Then by Lemma 2.1, for all z* € Z* it
follows that

(2", 24) = (jz(za),2") = (¥ (Hv(u)'* OnLl(,,),,(QXA)) ,2") =/Agd2*1/,

that is, g € L' (v). Hence, L*(v) = L'(v)"” and so L'(v) has the Fatou property. [

Corollary 2.3. Let Z be a Banach space and v: ¥ — Z be a vector measure such
that I,: L*(v) — Z is weakly compact. Then L'(v) has the Fatou property. In
particular, L'(v) = L% (v).

Proof. Since I}*(L*(v)**) C [Z] (by Gantmacher’s theorem) and [LL(v)] C
LY(v)**, we have I**([LL(v)]) € [Z]. The conclusion follows from Proposition
2.2. (]

Remark 2.4. The converse to Corollary 2.3 is not true in general. Let Z = L1(]0, 1])
and, for each Borel set A C [0, 1], define v(A4) € Z by

V(A):tr—>/0 xa(s)ds, telo,1].

Then v is a vector measure and L'(v) is the weighted L'-space L'((1 — s)ds),
which clearly has the Fatou property. However, I, is not weakly compact, [26,
Example 2].

The diagram prior to Proposition 2.2 poses the question of where I'*([ L1 (v)])
lies within Z**? It is to be expected that extra properties on v or Z will
assist. One such result is Proposition 2.2. Furthermore, if Z = E is a Banach
lattice such that E* has o.c. norm and v is F-valued, then E** = (E*)} and so
IX*(LY(v)*™*) C (E*):. In particular, I3*([LL (v)]) C (E*);. Conditions on v can
also lead to the same conclusion. Recall that if FE is an order separable Banach
lattice (i.e. for any subset D of E there exists an at most countable subset of
D with the same upper bounds as D), then order continuous functionals can be
characterized purely via sequences, i.e. e* € £ if and only if for every decreasing
sequence e, | 0 in E we have inf,, [(e*,e,)| = 0. Recall that a set A in a Banach
lattice F is L-weakly compact (also known as almost order bounded) if for every
g > 0 there exists 0 < . € F such that A C [—z.,z.] + - Bg. A linear operator



T: Z — E, with Z a Banach space, is L-weakly compact if T(By) is an L-weakly
compact set in F; see [23, Definition 3.6.1 and Proposition 3.6.2].

Theorem 2.5. Let E be a Banach lattice and v: ¥ — E be a vector measure. The
following assertions hold.
(i) If v is positive, then I:*([LL (v)]) C (E*)%.

(i) If I,(Bpa(y)) is order bounded, then I}*(L'(v)*™) C (E*);.
(iii) If E* is order separable and I, is L-weakly compact, then I}*(L'(v)**) C

(E")7-
Proof. (i) Suppose that v is positive. Fix v € [ L. (v)] and let e | 0 in E*. Let
us show that

inf |(1;" (u), e5)] = 0, (13)

which implies (by definition) that I}*(u) € (E*)f. Note that [(I*(u),ek)| =
[{u, I3 (eg,))| with
L)) = (1 0),

(see Proposition 1.6(i) and recall that L!(v) is o.c.) and that
(€5

56 = (5 ’) L)

see (12). If we prove that M 1 0in L'(v) then, as M,1, 1S an order isomor-

phism, we have n , (d o ) 1 0in L'(v)* and so (13) holds.

u € [Ly,(v)] =71

Since e}, is decreasing in E* and v is positive, it follows that ‘1(27‘};) is

decreasing in L'(v). Let h € L'(v)’ satisfy h < d(zi(:’:”) for all . Then,

Aear) 1 ) — (o s
[ o< [ ey = i) = (e,

for all A € ¥ and all o, and so [, hdu < inf, (e}, v(A)) = 0 for all A € X. So,
h <0 p—a.e. Hence, A, d(e V) = 0 and therefore (13) holds.
(i) Fix u € L' (v)** and let ey | 0in E*. Then
(L (), ea)| = [u, (e < Nlullpr o=« 117 (e ) )=

Since I,,(Bp1(y)) is order bounded, there exists € E™ such that |I,(f)| < « for
all f € Bri(,y. Using (12), we have

d(ezv)
77““’”( dp )‘

= sup ’/f du‘ sup ‘/fd(%V)
FE€BL1g, FEBL1(,

= sup [{eg, I ()>|<< , ),
FE€BL1G,

_ H d(elv) ‘
Ll(u)* b dp

15 ez = |

Ll(y)’



where the last inequality is due to the fact that |(e’, I (f))| < (leil, |L.(f)]) =
(et o (f)]) < (e, ). Hence,

inf (23" (w), €3)] < llull 2 () inf (e 7) = 0.
(iii) Let u € L'(v)** and e}, | 0 in E*. Then
(L2 (w), )| = [(u, I (e))] < llull Ly )=

Since I,(Br1(,)) is almost order bounded, given any ¢ > 0 there exists z. € Bt
such that I,(Bpi(,)) C [~2, 2| + ¢ - Bg. Then, as in the proof of (i), we have

ey

M2 (ellrwy- = sup [en, L(f)] < (ep, ze) +ellen |z < (e, 2e) +ellef| e~
F€BL1w
The conclusion then follows as in (ii). O

If the B.f.s. X is o.c., then 7(x:)- is the identity map and so, by Proposition
1.6(i), we have (X*)r = [X"]. Moreover, X* = n_,(X’) is then order separable
(since X' is a B.f.s.). Hence, from Theorem 2.5 we have the following result.

Corollary 2.6. Let X be a B.f.s. which is o.c. and v: ¥ — X be a vector measure.
(i) If v is positive, then I'*([LL (v)]) C [X"].

(ii) If I, (Bpa(y)) is order bounded, then I;*(L'(v)**) C [ X"].

(iii) If I, is L-weakly compact, then I}*(L'(v)**) C [ X"].

Concerning Corollary 2.6, note that condition (iii) always implies (ii), since
order bounded sets are necessarily L-weakly compact.

The following result presents criteria for I** to map [ L. (v)] into subspaces
of the bidual other than (E*)*, such as (E¥)*, for example.

Theorem 2.7. Let E be a Banach lattice and v: ¥ — E be a vector measure. The
following assertions are equivalent.
(i) e*r =0 foralle* € EY.
) v(Z) C B
i) L ([L'(v)]) Cip(Ea).
; L ([Ly,(v)]) € (ED*

L (L'()™) € (E)*.

Proof. (i) < (ii) is clear from E, = +(E¥).

(ii) = (iii) Since E, is closed in E, we have I,(f) € E, for f € L'(v). From
(9) it then follows that IS*(jp1()(f)) = je(L.(f)) € je(El).

(iii) = (v) Let z € L'(v)** and e* € EZ. Fix f € L*(v). Since jr(I,(f)) €
jr(E,) and jg is injective, it follows that I, (f) € E, = +(E?). Hence, (I (e*), f) =
(e*,I,(f)) =0. Thus, I;(e*) = 0. Accordingly, (I}*(z),e*) = (z, I;;(e*)) = 0.

(v) = (iv) is obvious.



(iv) = (i) Let A € % and ¢* € EZ. Then I** (HUW* Oy (XA)) e
(E*)*, since ya € LL (v). Lemma 2.1 (with g = x4) yields

e'v(A) = /XA de*v = (I}* (HLI(I/)'* O 1y (XA)) ,e7) = 0.
O

Remark 2.8. Let E be a Banach lattice satisfying F, = {0} (e.g. L>(]0,1])). It is
clear that no non-zero EF—valued vector measure v can satisfy (ii) of Theorem 2.7.
In particular, neither of the containments (iv), (v) is then valid.

In the case when F is a B.f.s. X, recall that (X?)1 = [ X"*]; see (I).

Corollary 2.9. Let X be a B.f.s. and v: ¥ — X be a vector measure. The following
assertions are equivalent.

(i) xl/ZOforallac € X;.

(i) »(%) C X,

(i) 13*(L1 ) [Xa].
(iv) I ([Ly,(v)]) < [X™].
(v) L*(L'(v)*) < [X™].

For a Banach lattice F, the following result is a consequence of Proposition
2.2, Theorems 2.5, 2.7, Gantmacher’s theorem and the facts that [E,] = [E] N
(E)* and 7(gy)- ((B3)5) = (E7);, 0 (ED)*.

Corollary 2.10. Let E be a Banach lattice and v: ¥ — E be a vector measure.
(i) I;* ([LL(v)]) S [Ea] if and only if L*(v) has the Fatou property and v(X) C

(i) I3 (L*(v)*™) C [E.] if and only if I, is weakly compact and v(X) C E,.

(iii) If v is positive and v(X) C Eq, then I}*([ L}, (v)]) C mgay- (Er)5)-

(iv) If I(Bpiw)) is order bounded and v(X) C E,, then I}*(L'(v)**) C m(gx)
((E3)7)-

(v) If E* is order separable, I, is L—weakly compact and v(¥) C E,, then
(LY w)™) C m(es)- (BR)h)-

We end this section with a relevant example.
Example 2.11. Let K: N x N — [0, c0) satisfy:

sup Z K(n,m) < cc. (14)

n>1 m—1

Then, for every A C N, the sequence v(A) := (¥(A)(n))$2, given by

= Z K(n,m), néeN,
meEA



is finite-valued and the set function v: A — v(A) € £>°, for A C N, is well defined
and finitely additive. In order that v is c—additive, it is necessary and sufficient
that K satisfies

lim ¢ sup Z K(n,m) p =0. (15)

lim
! n2ly>;

Of course, v is then a positive vector measure in £°. For z* € (¢°°)* and m € N,
we have |z*v|({m}) = |z*v({m})| = |{=*, K(,m))|. Consequently, for A C N, we

have
" V|(A) = > [ K(-,m))].
meA

Given any function f: N — R, we have

/Ifldlx*l/l =D Ifm)l- [(&* K (- ;m))l
m=1

and

IIfHu— sup Z\f )™ K (- m))] (16)

lz*1<1 =y

Recall that f € Ll (v) precisely when || f||, < co. For a simple function p: N — R,
we have [@dv =73 "°_  ¢(m)-K(-,m). It follows, via the dominated convergence
theorem for vector measures that, if f € L!(v), then

/fdy_Zf m) € (>,

From (10), the general situation regarding the space L!(v) is that

[L'(¥)] € [Lo()] C[L'(v)"] = L(v)™.

The measure v takes values in X = ¢ with X, = ¢o, X’ = ¢' and so
"=, X"* = ¢, Then, the following containments hold

[Xa] G [X"]=[X"] ¢ X

As explained in Section 2, the way of viewing these spaces as closed subspaces of
(£>°)** is precise and given via exact imbeddings. Let, for example, a = (a,) be
a bounded sequence. Considering a € X, we have jx(a) € (¢*°)**. To see how
Jx(a) acts on X* = (£>°)*, let z* € ()" = X ® X. Then, 2* =1, (b) + & with
b= (b,) € X' =/ and £ € X?. Of course, ¢ can be identified with a bounded,
finitely additive measure on N (denoted also by &) vanishing on the standard unit
coordinate vectors of £*°. Then

lix(@).%) =, (B).0) + (€.0) = - anb + [ ad



However, if we consider that a € X", then a is interpreted as an element of (£>°)**
via [Ty~ oy, (a). That is, with the same notation for z* € X* as before, we have

<HX’* OTIX,, (a) > nxu Zan n-

Different choices of K (always assumed to satisfy (14) and (15)) give different
properties of the measure v, of the space L'(v), and of the integration map I,,.
(i) Suppose that K also satisfies
lim K(n,m)=0, meN.
This is the case, for example, for K (n,m) = 1/(n+m?). Then the measure v takes
its values in X, = ¢g. Thus, via Corollary 2.9(iv), we have that

LHLMw)™) S [X™] = [X"] = Tx- o, (€%),

with IIx on,, (£>°) a subspace of (£°°)** (different from jec (£°°)) which is iso-
metric to £°°.

(ii) Suppose now that K (-,m) is decreasing on N, for every m € N. In order
to identify L!(v), we consider the variation measure |v| of v. Now, ||K(-,m)|/cc =
sup,,~, K(n,m) = K(1,m), for m € N, and so |v| is a finite measure; see (14).
Moreover, for A C N, we have [v|(A) = 3, ., K(1,m). Accordingly, a function
f: N — R belongs to L(|v]) if and only if

J 1= 3 a1, <

Lete; = (1,0,0,...) € ¢* = X’. Since K(l,m) = (n,,(e1),v(m)) and |(z*,v(m))| <
I (-,m) |00, for z* € Bx+, it follows from (16) that

17 = / fldlyl.

This implies (since always L'(|v|) € L'(v), [20]) that L*(|v|) = L*(v) = L. (v)
with equal norms and, because L!'(v)" = L°(|v|) is not o.c., that [L}(v)] &
[L'(v)"*]; see Proposition 1.7(ii). Hence, in this case, (10) reduces to

[L')] = [Ly,()] & [L1 ()" ] = L' (»)".

This situation can even occur for measures v (i.e. with K still satisfying (14)
and (15)) such that v(A) € ¢y, for every A C N. Indeed, example (i) above with
K(n,m) = 1/(n +m?) has the desired properties. Of course, the same features
can occur for measures such that v(A) € £>°\ ¢p, for some A C N; e.g. K(n,m) =
n/(n +m?). In this latter case, Corollary 2.9(v) implies that

L (LN w)™) € [X™] = Tlxrm 01, (€.



3. Kernel operators and optimal domains

Let K: [0,1] x [0,1] — [0,00) be a measurable function. The following standing
assumptions on K are assumed throughout this section:

(i) K, € LY[0,1]) for all z € [0,1], where K, is the function defined by
Ko (y) = K(z,y) for y € [0,1],
(i) sup,epoqy [ K(2,9) dy = sup,epoq) 1Kl 21 (o,17) < 00,
(iif) Hmy(a)—0SUPLep,1) J4 K(z,y) dy = 0, where X is Lebesgue measure on [0, 1].
These conditions guarantee for every set A € B (the Borel o-algebra of
0 = [0,1]), that the function v/( = [ K(-,y)dy is well defined with v(A) €
L*>(]0,1]) and that the so deﬁned set functlon v: B — L*>([0,1]) is a vector
measure, i.e. is o—additive. Let T be the operator associated to K via the formula

/ fWK(z,y)dy, x€][0,1], (17)

for any measurable function f for which it is meaningful to do so for A\-a.e. x €
[0,1]. Clearly, T'(f) > 0 whenever f > 0 and T'(f) is defined. Examples include the
kernels of the Volterra operator and the fractional integral operator, [7], and of
the Sobolev imbedding operator for certain domains in R™, [8]. Further examples,
arising in classical analysis can be found in [6,7,10,11,15,29].

Throughout this section X will be a B.f.s. over the measure space ([0, 1], B, \)
for which L>°([0,1]) € X C L!([0,1]). Under the above conditions on K, we have
T: L*>([0,1]) — X continuously with 7" > 0. We denote by [T, X] the maximal
B.f.s. to which T can be extended as a continuous linear operator, still with values
in X. This maximality is to be understood as follows: there exists a continuous
linear extension of 7' (denoted by T" again) T': [T', X] — X and if T has a contin-
uous linear extension 7: X — X, where X is a B.f:s. over ([0,1], B, \) containing

L>°([0,1]), then X is continuously imbedded in [T, X]. Then [T, X] is the optimal
(lattice) domain for T. In order to ensure that the definition of [T, X] is meaning-
ful there should not exist any set A € B with A(A) > 0 for which T'(fxa) =0
A-a.e. for every function f. This condition corresponds to the requirement that
fo x)dz > 0 for A-a.e. y € [0,1], where K, := K(-,y) for each y € [0, 1]. Under
these condltlons it turns out that

[T, X]={f: T(f]) € X},
[7, Proposition 5.2], and that it is a B.f.s. when endowed with the norm

[l == T fDIx, f e [T X].

Of course, with this notation,

V(A4) = T(xa), A€B. (18)
It is known, with continuous inclusions of norm at most 1, that
L'(v) C[T, X C [T, X])" = L'(v)" = LL(v). (19)

Moreover, if X’ is a norming subspace of X*, then



1fllze ) = I flle,x), f € [T, X].
All these facts can be found in [9]. It is important to note that

T(f) = L(f) = / fdv, fel'(v), (20)

that is, if f € L'(v), then T(f) exists in the sense of (17) and coincides with
the function [ fdv € X. It is instructive to see why this is the case, for which it
suffices to consider f € L'(v)™. It is clear from (18) that (20) holds for all simple
functions. Now, choose simple functions 0 < ¢,, T f. By the monotone convergence
theorem we see that T'(v,) T g pointwise A-a.e. where g(x) := fol fW)K(z,y)dy
for a.e. z € [0,1]. By the dominated convergence theorem for vector measures, [19],
we have T'(p,) = [¢ndv — [ fdv in X and hence, T(¢,) — [ fdv pointwise
A-a.e. Accordingly, [ fdv € X coincides with the function g := T(f). In par-
ticular, since L>°([0,1]) € L'(v), it follows from (20) that I,: L'(v) — X is a
continuous extension of T': L*°([0,1]) — X. By the optimality property it follows
that L'(v) C [T, X].

The question arises of how I}* acts in relation to the extended operator
T:[T,X] — X, that is, is the diagram

T, X] r X
HLl(u)’*onLl(V)// l l ]X
1 I;* Kok
[Ly(v)] X

commutative? Equivalently, is it the case that

jx o T(g) = 15" (Mugy- 01,1,,,,(9)) 9 € [TX]? (21)

The following result characterizes precisely when I)* is an “extension” of T’
(in the sense of the above diagram commuting).

Proposition 3.1. The operator I* is an extension of T (i.e. (21) holds) if and
only if [T,X] = L'(v).

Proof. Suppose that (21) holds for every function in [T, X]. Let f € [T, X] C
L (v). Since [T, X] is an ideal, it follows that fxa € [T, X] for all A € %. In
particular, T'(fxa) € X and, for every z* € X*, (21) yields

(x*,T(fxa)) = (ix o T(fxa), z%)
=(I;" (HLI(V)'* O N1y (fXA)) , ) = /Afdf*l/

(see Lemma 2.1). Accordingly, f € L (). Combining this with (19) gives [T, X] =
L'(v).



Conversely, if [T, X] = L'(v), then every g € [T, X] is v-integrable with
Jgdv =T(g) € X; see (20). So, for z* € X*, we have (using Lemma 2.1 and the
fact in (19) that [T, X] C L! (v) = L'(v)") that

(JxoT(g9),2") = (2", T(g)) = <x*,/gd1/>

= /gdx*v = <IL‘* (Huw* O M1y (9)) x>
and so (21) holds. O

Remark 3.2. (i) If X has o.c. norm, then necessarily L'(v) = [T, X], [9, The-
orem 3.6(i)]. However, order continuity of X is not necessary for L!(v) =
[T, X], [9, Example 3.8].

(i) Of course, (19) shows that L'(v) = [T, X] also holds whenever L'(v) =
L} (v). As already noted in Section 1, this is the case whenever X does not
contain a copy of ¢ or L(v) is weakly sequentially complete, [9], (i.e. L(v)
does not contain a copy of ¢g, [23, Theorem 2.5.6]). The same is true when-
ever I,: L'(v) — X is weakly compact; see Corollary 2.3.

Both parts (i) and (ii) give sufficient conditions for L!(v) = [T, X| whereas
Proposition 3.1 characterizes precisely when this equality holds.

The sufficient conditions listed in Remark 3.2 do not always hold; there exist
classical examples for which L' (v) # [T, X], [7, Remark 5.3]. Therefore, in general,
I'* is not an extension of T. However, for g € [T, X], the functionals jx o T'(g)

and I* (HLl(U),* O M1y (g)) do always coincide over the order continuous part
of X*.
Proposition 3.3. For each g € [T, X], we have

(1" (s 0,00 (9)) 2) = (ix 0 Tlg),a"), a* € X,

Proof. Let g € [T, X]. Given z* € X there exists a function h € X’ such that
x* =1, (h). Then, for A € B, we have

w'v(A) = (z%v(4)) = (1, (h),v(A)) = /h'l/(A)dA

:/h(m)/AK(x,y)dydm = /A/h(x)K(x,y) dx dy.

It follows from Lemma 2.1 that

(1 (M- 01,0, @) 5} = [ade'v = [ o) [ ) K(w.y) dody

= /h(x) /g(y)K(z,y) dy dx= /h(r)T(g)(x) dx

= (., (h),T(g)) = (z",T(g)) = (jx o T(g),z").
0



Let f € Ly (v)". Fix 0 < h € X'. Then n, (h) € X;; C X*. Since ., > 0 we
have 7, (h) > 0 in X,;. Moreover,

(ny, () / / K(z,y)dzdy, A€B. (22)

Consider the non-negative function ®: = — [ f(y)K(z,y)dy on [0,1]. An appli-
cation of Fubini’s theorem yields (via (22))

/h(x) dm—/f /h K(xz,y)dx dy
~ [ 1) (0 0 22) < I fllz 0 ()]x-

Hence, ® € X”. In particular, ® is finite a.e. and, according to (17), we write
® = T(f). So, whenever f € L. (v) we have that T'(f) exists in the sense of (17)
and T'(f) € X"; see also [9, Proposition 3.2(iii)].

Given f € Ly, (v) = L*(v)" (identified with the element ITp1(,)-on,, , , (f) of
[L*(v)"]), in which case T(f) € X" is identified with the element IIx:«on_,, (T(f))
of [ X"], one may ask whether

1 (Mg 0,00, (1) = T 0, (T())? (23)

That is, does the following diagram commute

Ly, (v) X7
HL1(1,)/*077L1(V),, l l Hxrmomy,
I**
[Lu(®)] - X

Less formally, is I'*: [LL (v)] — X** an extension of T: L. (v) — X"'?

In general, the answer is again no! For, if (23) is valid for all f € L. (v),
then it follows that I:*([LL (v)]) € [ X" ]. This implies, via (8) and Corollary 2.9,
that v(B) C X,. So, whenever v(B) € X, the formula (23) cannot hold for all
f € LL(v). That is, there exist f € L. (v) and 2* € X* (see Lemma 2.1) such that

(M 0, (T()), %) £ / ey

4. Appendix

Proof of Proposition 1.3. We begin by establishing (4). The first containment in
(4) follows from

Je(Ea) € {je(e)le; o Pa; : e € B} C mg)- (Ep)p) - (24)



Here, jg(e)|g: denotes the restriction of jg(e) to E}; and Pg: the projection from
E* onto EZ. In order to prove the first containment in (24), fix e € E,. For each
e* € I* we have that e* = e}, + e}, with e}, € E} and e} € E}. Then, since
E, = +(E}), it follows that

(je(e)

By © Pry,e”) = (ju(e)|e;, Poy (7)) = (jr(e), e)
= (en,e) = (%, e) = (jr(e), €).

This implies that jr(e) = jg(e)|p: o Pex. Concerning the second containment in
(24), fix e € E. Then jg(e)|p: € (E;;)*. However, more is true; in fact jp(e)
(E})r. In order to verify this, let e, | 0 in E. Then

Ex €

inf |(ju(€)|g;, e5)| = inf [(ju(e), e5)| = inf [{eg,, €)| = 0.
« @ «

The containment is then established by noting that 7z« (jr(e)
Pp-. Hence, (24) is proved.

The second containment in (4) follows from (E}): C (Ef)*.

Next we establish the equality m(g)- ((Ej;)*) = (EZ)* in (4). Fix z € (E};)*.
For each e} € E} we have

(T(m2)-(2), €5) = (2, Pz (e5)) = 0,

that is, 7(gs- (2) € (E7)*. Conversely, fix e** € (E)*. Note that e**|g. € (E;)*
and hence, 7(g«)-(€*"|gx) € E**. Let ¢* € E*. Then e* = e}, + ¢} with e; € E},
and ef € E¥. Since (e**,e¥) = 0, we have

By ), €") = (7 ]my, Pry (7)) = (€7, e5) = (€™, €").

Hence, €** = m(gs)«(e"*|mx) and so e** € m(gs)- ((E)).

The last containment in (4) is clear.

In order to establish (i), we require the map ¢: e € E +— ¢(e) := jp(e)|p: €
(E)%. This map has the following properties: it is injective iff +(E?) = {0} (since
L(E?) = Ker(¢)) and it is surjective iff E has the weak Fatou property (i.e. if e, T
in BT and sup,, |leq|| < oo, then there exists e € ET such that e, 1 ¢). Note that
the Fatou property implies the weak Fatou property and, if E is o.c. and has the
weak Fatou property, then it has the Fatou property.

Under the hypothesis that +(E?) = {0}, it is clear that (i) will follow if we
establish the following two facts: (a) the first containment in (24) is an equality
iff E is o.c.; (b) the second containment in (24) is an equality iff E has the weak
Fatou property.

Concerning (a), let £/ be o.c. Then E, = E and E;, = E* with Pg- reducing
to the identity map. Direct inspection then shows that the first containment in
(24) is indeed an equality. Conversely, if this equality holds, then ¢(E,) = ¢(FE)
and hence, by injectivity of ¢, we have E, = F, that is, E is o.c.

For statement (b), note that an equality for the second containment in (24)
is precisely equivalent to ¢(E) = (E}), that is, to ¢ being surjective or, as noted
above, to F having the weak Fatou property.

r;) = je(e)

o
B3

k%

<7T(E;rl)* (e**




To establish (ii), note that 7(g:)-: (E;;)* — E** is injective. We have already
proved the equality in (4), that is, 7(p:) ((Ej;)*) = (E)* holds. So, if we assume
that m(g-y- ((E;);) = (EX)*, then it follows that 7=y« ((Ej)5) = m(gx)- (E})*).
So, the injectivity of m(g.)- implies that (E}); = (E)*, that is, E}, is o.c. The
reverse implication follows from the equality in (4) together with the fact that
(EX)X = (EX)* whenever E* is o.c.

For proving (iii), note first that always jg(E,) C jr(E) and second that
je(E.) C (EX)*; see (4). Hence, we have jg(E,) C jr(E) N (EX)L. Conversely,
let 2** € jp(E)N(EX)*. Then, there exists e € E such that z** = jg(e) € (EX)*.
Let ef € E*. Then (ef,e) = (jr(e),e) = 0 and hence, e € +(E}). Since always
L(EY) = E,, it follows that e € E,. So, 2** = jg(e) € jr(E,). O

Proof of Proposition 1.4. The map IIx/« is well defined since, for every z € X'*,
we have

PX* 777/1
M- (2): X* u X; X X/ z R.
So, ITx~(z) is a linear functional on X*. Moreover,
M ()l = sup |(Txn (), )| = sup [zonto Pxy, o))
z*EBx* z*EBx*

= sup [(z, 0 o Px;(a")| < sup |(z,2)] = ||z]lx~,

r*€EBx x'eB
since n;} o Px:(x*) € X' for every * € X* and, since 7, is an isometry,
I} o Pxy (2)llxr = |, (77;,1 OPX;(x*)) l[x+ = [1Px; (%)l x+ < 2% ]|x-
Conversely, the fact that n_, is an isometry implies that
UX,(J}/) EX:;OBX’«, x! € Bx. (25)
Then, since Px- is the identity map on X, we can conclude that
[(z,2")| = [(zom ) o Px;, ny, (a')] =[x (2), n, (27)]-

Accordingly, (25) yields

Izllx- = sup [(za)[ = sup |[(TLx(2), ny, ("))

' €By/ ' €By/
< sup  [(xm(2),2%)| = [[Txoe (2) ] xoe-
T*EBx*

Therefore, Il x/+ is an isometry, from which it is immediate that ITx/ is injective
and TTx/«(X"*) is a closed subspace of X**.
Concerning (ii), given z € X", for every z* € X} we have

<HX/*(Z),$:> = <ZO’I7;/1OPXZ,$:> = 07



since Px:(x}) = 0. That is, Ilx~(z) € (X)*. Conversely, given any z € (X)*,
we have

X’ Y X J X* z R

)

that is, z 0 Jon,, € X", where J: X;; — X* is the natural inclusion (with
[[7]] = 1). Then

Hxi(zoJon,)=z0Jon,, on_oPx: =z0Jo0Px: =z,
where the last equality is due to z vanishing on elements of X}. Then, z €

Hx~(X"). So, we can conclude that x~(X"*) = (X})*, from which it is also
immediate that ITx~(X"*) is a band in X**. O

Proof of Proposition 1.6. (ii) Recall that [ X"*] = IIx/«(X’*) and, for each u €
(X,)*, that m(x«)(u) = uo Px:x, as elements of X**. Fix z € X"*. Since

—1
X e oy -~ R,

that is, z o 77;,1 € (X;;)*, we have by (5) and the definition of m(y:)« (c.f. Lemma
1.1) that
My (2) = 2 0m5) o Px; = ey (0m70).
Since z € X'* is arbitrary, it follows that
[X™] S 7y (X))

Conversely, fix z € (X)*. Since

X' Y X; z R

3

ie. zon, € X", we have by the definitions of m(xz)~ and lx/ that
T(xz)+(2) =20 Pxx =z0m,, 0 n;,l o Px: = Ixn(z0mn,,).
Since z € (X)* is arbitrary, this implies that
mixp (XR)7) € [X7].
Accordingly, since (X})* = (X))} & (X,;)%, we conclude that
[X™] = mix) (X3)7) = mixen) (X3)5) @ mox)- (X7)0) -

(i) Recall that [ X" ] =IIx on,,, (X"). For every z € X", we have n, (2) €
(X")x € X’ and so



X! Cox B e

that is, ., (2) o n;,l € (X})*. Accordingly,

Mxm o Nxn (Z) = MNxn (Z) o 77;/1 o PXZ, = 7r()(:j)*‘(nx// (Z) o 77;,1)-
This shows already that [ X" ] C 7(xx)-((X,;)*). To improve this, let us verify that

actually 1., (2) o 77;,1 € (X;):. Let 27, | 0 in the order of X. Since n,, (and so

1) is an order isomorphism, n_'(z7) | 0 in the order of X'. Then,

inf |0, (2) o), 2i)l = inf [(n,, (2), ng) (@) =0,

since 7, (2) € (X');,. So, we really do have that 7, (z) o 77;,1 e (X
than just an element of (X*)*) and hence,

[X7] € mixg)- (X037 -

n’/n

(rather

For every z € (X);,, we have seen in the proof of part (ii) that zon , € X"
and 7(xx)+(2) = llx (2 0n,, ). Let us now verify that actually zon , € (X');,

n-*
Let x, | 0 in the order of X'. Since 7, is an order isomorphism, 1, (z,) | 0 in
the order of X . Then,

inf |(z 0y, . )| = inf |z, 1, (@ ))] = .
since z € (X¥)*. It follows that
Tixsy(2) = Txm(z0m,) = Tlxm on,, (n;}, (20 nX,))
with 7} (z01,,) € X". So, by definition of [ X"'] in (II), we have
meegs (X)) € [X7].

Accordingly, (i) holds.
Parts (iii) and (iv) then follow from Proposition 1.2. O
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