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CAPITULO 1

INTRODUCCION

De acuerdo con los requisitos del doctorado europeo se presenta una introduccion,
resumen y conclusiones en espafiol, estado el cuerpo de la tesis presentado en inglés. Se
incluye primeramente una brevisima introduccion en inglés.

Summary of the introduction

In this work I address what can be called conceptual-mathematical anomalies in
quantum electrodynamics. By this I mean conceptual and mathematical problems of the
theory that do not affect ‘saving the phenomena’. A well-known example is the
divergent expressions that appear in the applications of the theory, which can be
renormalized without implying any kind of problem in what regards the predictions of
the theory.

This work can be seen as following the line of philosophy of physics studies of
quantum field theory that started to emerge in a systematic way in the early eighties of
last century. One example is Teller’s (1995) work on standard quantum
electrodynamics." More recently the field has become dominated by scholars that tend
to prefer more formal approaches, relying not on the set of theories of the so-called
standard model but on tentative formal approaches that promise to give to quantum field
theory the solid mathematical foundations that it does not have (see e.g. Fraser 2009).
The particular characteristic of these approaches is that they do not deliver testable
predictions.

In this work, by following a historical approach, I will return to the standard version
of quantum electrodynamics (which is the only one available when we want to get
numbers out to compare with experimental results). In this way I will be considering the
contributions and discussions by physicists like Einstein, Bohr, Jordan, Pauli,
Heisenberg, Fermi, Dirac, Feynman, and others. This does not mean that I will not take
into account ‘formal’ results. That is not the case. Simply, I consider more interesting
understanding the physical theories we really have and trying to see how they work so
well in the middle of a sea of anomalies. A historical approach enables us to return to
the original moments when the concepts were being developed and the problems faced
for the first time; it also enables to take advantage of the insights of the physicists that
created the theory. However I must call attention to the fact that I am not doing history.

! What makes Teeler’s work to be not simply a work on foundations of physics but a philosophical
account of quantum field theory is, in particular, his exploration of an interpretation of quantum fields in
terms of propensity (instead of substance). This has implicit worries of an ontological nature; in simple
terms it relates to the philosophical question of what is the ontological implication of a physical
description in terms of quantum fields.



What I am doing is using history as a guide to a tentative clarification of some unclear
aspects of the theory.

Since I am not taking into account more recent contributions, a work that goes back
to the early fifties of last century and before might seem dated. Here I must distinguish
between the above mentioned ‘formal” approaches and technical developments made in
quantum electrodynamics. Two good examples of these are the use of renormalization
group technics and lattice regularization. To the best of my knowledge these more
recent developments do not affect the views being presented here. They might
complement them, but it was never my intention to present a full study of all the facets
of quantum electrodynamics. My objective is less ambitious; it is to show that a
historical approach can deliver interesting and ‘new’ insights regarding current
philosophical issues related to quantum field theory in general and quantum
electrodynamics in particular.

This work spins around two main vectors. One is the divergence of the S-matrix
series expansion; the other is the spatio-temporal description of physical processes in
the theory. Regarding the first vector, I will be presenting an interpretation that for some
will seem a bit strange (my interpretation resembles views by Bohr from the early
thirties of last century); also (independently of my particular interpretation) I will
explore the consequences of having just an asymptotic series to describe the interaction
of radiation and matter. In a nutshell I defend that having an asymptotic series implies
that the theory is intrinsically approximate, i.e. it can only describe the interaction of
radiation and matter in an approximate way with just a few terms of a series expansion
and not give an exact solution corresponding to treating radiation and matter as one
closed system.” Here I am not simply accepting pragmatically a fact. The use of only a
few terms of an infinite series expansion must be philosophically made acceptable by
clarifying the concepts of radiation and matter and their interaction as implemented in
the mathematical structure of the theory; that is, I want to provide a ‘philosophical’
justification for disregarding the large-order terms of the series expansion (by
addressing ‘gently’ the question of the relation of the mathematical structure to the
physical concepts this structure gives ‘flesh’ to).

Philosophically the typical justification of saying that the computational time would
make impossible, in practice, to calculate large-order terms is not enough; neither
saying that the possible contribution of these terms is irrelevant since at a high-energy
new physics is coming in. This is the usual position of the believers in string theory or
whatever theory of everything that might be ‘underneath’ the standard model. For these,
quantum electrodynamics is just an effective field theory that works well in a particular
energy range, being only a ‘valid’ approximation (even if just delivering asymptotic
results) to an underlining level of description of reality. On this view the divergence of
the S-matrix series expansion is considered unproblematic. I have no reason to believe
in this traditional Nagel type of intertheoretical reduction. In fact the second vector of
my work leads me to consider that quantum electrodynamics cannot be seen as more
fundamental than classical electrodynamics, i.e. the relation of classical and quantum
electrodynamics is not one of theory reduction but more complex.

% The readers even if not agreeing with my view that quantum electrodynamics consists in an intrinsically
perturbative approach should at least not too easily rely on so-called non-perturbative ‘results’ and take
the time for a critical analysis of these. For example it is usually considered that the lattice regularization
is non-perturbative because from the start the space-time lattice implies an energy-momentum cutoff to
all orders of the perturbative calculation. However in lattice quantum electrodynamics we still have a
divergent S-matrix, and it is this that makes the theory intrinsically approximate.



The study of the spatio-temporal description of physical processes in quantum
electrodynamics is the other main vector of my work. Again I present a controversial
view. Quantum electrodynamics is not able to describe physical processes in time in a
way similar to classical theory. In fact it relies on the classical temporality (as time goes
by...) to construct an asymptotic temporal description, in the sense of going from —oo to
+oo, of physical processes (we will see for example that it is this characteristic that
enables the charge renormalization procedure). This, in Feynman’s words, global space-
time approach has severe limitations in what regards the possibility of describing such a
simple thing as a delayed interaction between charged particles, and I do not see how
we can from the quantum electrodynamical level of description arrive at the temporal
description of classical electrodynamics.

Here is how I delelop my views. To warm up for the discussion of the Dirac
equation and its interpretation being given in chapter 3, I will consider in chapter 2 the
simpler case of the Schrédinger equation and (part of) its interpretations. In chapter 3,
by trying to fit together the different interpretations of the Dirac equation, analyzing in
particular the two-body problem, I will arrive at the well-known description of
interactions in terms of quanta exchange. In chapter 4 I will consider the other
cornerstone of quantum electrodynamics, the quantized electromagnetic field, and try a
clarification of the concept (or better, notion) of quantum vacuum. The description of
interactions in quantum electrodynamics is addressed in chapter 5. Here I will consider
the problem of the divergence of the series expansion of the S-matrix and the relevance
or not of the Haag theorem to the consistency of the theory. Chapter 6 is dedicated to an
excursion into the history of renormalization and to recover views by Bohr and Dirac
that I consider to present renormalization in a ‘new’ light. In chapter 7 I analyze the
spatio-temporal description of physical processes in quantum electrodynamics and the
status of the so-called virtual quanta (that are a crucial element in the description of
interactions in terms of quanta exchange). Finally the results of chapter 7 are used in
chapter 8 to defend the idea that quantum electrodynamics is an upgrade of classical
electrodynamics and the theory of relativity (i.e. that classical electrodynamics does not
reduces to quantum electrodynamics). In the appendix I make a digression and present
an analysis of Bohr’s views on space and time in quantum mechanics in relation to his
quantum postulate (this will enable to address the Bohrian interpretation of the wave
function followed in this work).



Comentarios iniciales

Un interés sistematico desde una perspectiva mas filosofica respecto a la teoria cuantica
de campos es algo reciente, de la década de los 80. Esto no significa que temas que se
han tornado topicos del debate filos6fico no se hayan mencionado antes. Un ejemplo es
el tratamiento por M. Bunge del estatus de las llamadas particulas virtuales en la
electrodindmica cuantica (Bunge, 1970). Pero un tratamiento sistematico - una especie
de programa de investigacion filosofica de la teoria cudntica de campos — gand
‘momentum’ en los 80 en particular con los trabajos de M. Redhead y P. Telller.

Centrandome en la aportacion de Teller y en particular en su libro “An interpretive
introduction to quantum field theory” del 95, Teller, enfocando la electrodindmica
cuantica, analiza una serie de aspectos de la teoria: trata de interpretar la teoria. ;Qué es
segun Teller, en la practica, interpretar la teoria? Por lo menos en parte es claramente un
andlisis conceptual de la teoria. Teller propone interpretar el concepto de particula,
especificamente de cuanto, que se tiene en la teoria tratando de distinguirlo de la
concepcion cldsica; también el concepto de campo cudntico; la descripcion de
interacciones, y la cuestion de la renormalizacion. ;Qué hace que este analisis
conceptual sea algo filosofico y no simplemente algo hecho por un fisico? Simplemente
que el enfoque parta de una actitud filosofica. Asi en este caso particular, asistimos, por
ejemplo, a la propuesta por Teller de sustitucion de la idea de sustancia por la de
propensidn (propensity) para hablar de los campos cudnticos (pues un campo cuantico
se tiene que ver como ‘estando’ en un determinado estado cudntico al cual se pueden
asociar distintas probabilidades para observar un nimero distinto de cuantos). En
términos sencillos lo que hace el andlisis conceptual-filoséfico y no simplemente fisico
es la presencia implicita o explicita de preocupaciones filosoficas en particular de
caracter ontoldgico (o ‘anti-ontoldgico’) y algunas veces de caracter epistemoldgico.

La linea de trabajo desarrollada por Teller (y otros) se basa como antes he
mencionado en el estudio de una teoria fisica: la electrodinamica cuantica. Este no es el
unico enfoque que encontramos en la filosofia de la fisica respecto a las teorias
cuanticas de campo. A finales de los 90 empezd a ganar ‘momentum’ otro enfoque
basado en versiones axiomaticas de teorias cuanticas de campo, en particular la teoria
cudntica de campos algebraica (algebraic quantum field theory). En afios recientes
incluso empezo6 un debate respecto a que formulacion de la teoria cuantica de campos es
mas meritoria para servir de base para la discusion filoséfica. Un ejemplo reciente es un
articulo de D. Fraser (2009), defendiendo que el trabajo filoséfico de interpretacion de
las teorias de campos se debe basar en exclusiva en la version algebraica. Me resulta
extrafia esta vision; el que se tenga que optar por un determinado enfoque, mas aun
cuando la opcidn es por las versiones axiomaticas que no tienen en palabras de Fraser
ningun modelo fisico realista (i.e. son versiones matematicas sin aplicacion empirica).
Me resulta paraddjico que en la filosofia de una ciencia empirica como la fisica se
quiera utilizar como punto de partida del estudio filoséfico no las teorias fisicas que de
hecho tenemos (como la electrodinamica cudntica) y si formulaciones matematicas que
aun no han dado prueba de que puedan ser realmente teorias fisicas (aunque
eventualmente fallidas), pues estas versiones axiomaticas no estan al nivel de presentar
previsiones que se puedan contrastar con resultados experimentales.

Aqui voy a tratar de la electrodindmica cuéantica centrandome por lo tanto en una
teoria fisica, pero tendré también en cuenta resultados formales que pueden ayudar a la



interpretacion de la teoria. No se trata entonces de escoger una entre dos opciones
excluyentes.

Este trabajo se debe ver entonces dentro de la linea ‘iniciada’ por Redhead y Teller.
Pero hay un aspecto en que se diferencia claramente de la filosofia de la fisica
especializada en la teoria cuantica de campos que se ha desarrollado hasta la actualidad.
Es en la opcion, que se puede ver como metodoldgica, de usar la historia de la fisica
como elemento esencial en el desarrollo del trabajo. Es por lo tanto un trabajo historico-
filosofico. Aqui también existe un debate, en este caso respecto al papel de la historia en
la filosofia de la ciencia (ver por ejemplo Schickore, 2009). No voy entrar en ello.
Considero que se puede hacer un buen (o mal) trabajo en filosofia de la fisica con o sin
aportacion explicita de la historia de la fisica. Como referi, mi opcion por la historia es
metodoldgica, o sea, no tiene por qué conllevar una particular vision filoséfica del papel
de la historia en la filosofia de la ciencia. La opcién por desarrollar un andlisis
conceptual de la electrodindmica cuantica desde una perspectiva historica resulta del
hecho personal e ‘intransmisible’ de que solo a través del estudio historico me es
posible intentar comprender las teorias fisicas. Es mas bien una necesidad que una
eleccion. Lo que resulta importante es que por lo menos parte de las ideas que voy a
defender surgen precisamente de haber seguido un enfoque historico. Asi en este caso
particular el enfoque historico resultd ‘productivo’. No trato de sacar conclusiones mas
generales respecto al papel de la historia en la filosofia de la fisica.

El papel de la historia en el trabajo

Es importante referir que este no es un trabajo de historia y si un trabajo que parte de la
historia interna de la electrodinimica cuéntica® para hacer un analisis conceptual de la
teoria, enfocando en particular lo que se pueden llamar anomalias conceptuales-
matematicas (i.e. anomalias que no conllevan problemas en lo que respecta a ‘salvar los
fenomenos’).

Debido al tema elegido, es posible reducir el ambito del enfoque histérico a una
historia conceptual. En particular considero solamente la evolucion tedrica sin tratar con
detalle aspectos de la historia de la experimentacion y su relevancia en el desarrollo
conceptual de la teoria cuantica. Asi no considero aspectos de historia cultural o
material entre otras.*

El objetivo aqui es hacer una presentacion sintética y coherente del desarrollo
conceptual de la electrodinamica cudantica centrdndome en aspectos esenciales de la
teoria y enfocando en particular aquellos relacionados con los problemas tratados en
este trabajo. De este modo evito repeticiones y el tratamiento de lineas ‘secundarias’
que incluso han influido en el desarrollo conceptual. Por ejemplo en lo que respecta al
cambio conceptual que llevo a la dualidad onda-particula me centro solamente en la
contribucion tedrico-conceptual de Einstein y no trato la importante contribucion de los
fisicos experimentales (que influirdn directamente en las ideas de de Broglie).” Eso
porqué para tratar los desarrollos técnicos y conceptuales de la electrodinamica cuantica
resulta mas directa la conexion teorica entre el trabajo de Einstein y Jordan que el

3 Algunas de las principales referencias usadas en este trabajo son las siguientes: Jammer (1966), Mehra
& Rechenberg (1982, 1987, 2000, 2001), Kuhn (1978), Kragh (1984, 1990, 1992), Darrigol (1984, 1986,
1992), Schweber (1994), Sanchez Ron (2001), Roqué (1992).

4 Algunos ejemplos en que se enfocan algunos aspectos que se pueden considerar de historia cultural o
material de la teoria cuantica son, e.g., Kragh (1999), McCormmach y Jungnickel (1986), Galison (1987).
> Una historia detallada de este tema se puede encontrar en Wheaton (1983).



origen de las ideas de de Broglie (ver capitulo 4). Tampoco considero la relevancia de
este tema respecto a la interpretacion de la teoria cuantica por ejemplo en la idea de
complementariedad de Bohr. Hago siempre una presentacion de los temas siguiendo
solamente la ‘linea’ historica que conecta el trabajo de los principales fisicos tedricos
que han hecho trabajos de primera importancia para el desarrollo de la teoria y en la
medida que resulta necesario para la comprension de aspectos conceptuales de la teoria
tratados en este trabajo. Con este fin sigo una linea similar a la de Darrigol (2009).

En su trabajo Darrigol busca presentar una historia coherente y simplificada de la
teoria cuantica que por ejemplo sea ttil a los filésofos:

The present paper is an attempt at simplifying this history so as to make it more helpful to physicists and
philosophers. (Darrigol, 2009, p. 151)

Este objetivo lleva a la adopcion de una metodologia especifica:

The simplification I have in mind implies the selection of significant events and processes, as well as the
occasional substitution of more direct reasoning for unnecessarily complicated reasoning. It does not
imply any arbitrary invention, and it avoids common misconceptions

I have selected a few important steps, in such a manner that any given step can be seen as a consequence
of the anterior steps in a given situation. (Darrigol, 2009, p. 151)

En este trabajo también busco una simplificacion de la historia conceptual de la
electrodindmica cuéntica, en particular en la eleccion de etapas secuenciadas de forma
lineal y presentadas de forma simplificada. Teniendo en cuenta el desarrollo simultaneo
de dos de los elementos basicos de la teoria — la cuantizacion de la materia y del campo
electromagnético — que comparten en gran parte la misma historia conceptual, busqué
evitar, en los distintos capitulos, presentaciones historicas que fueran redundantes. Asi
hay elementos histéricos que se mencionan de manera general en distintos capitulos por
una cuestion de claridad y ‘secuencia historica’ pero que solo se tratan en detalle cada
uno una vez en distintas capitulos del trabajo.’

Este enfoque histérico limitado cumple el objetivo especifico de este trabajo, y es
relativo a este que se debe analizar. Esto no significa que si el objetivo fuera por
ejemplo el estudio de la interaccidn entre aspectos teoricos y experimentales en el
cambio conceptual este enfoque sea suficiente. En este caso seria necesaria otro tipo de
historia en que aspectos de instrumentacion y experimentacion (y mas en general de
historia material) sean considerados. Otro ejemplo seria un tratamiento simultaneo de
los cambios conceptuales y la ‘retérica’ de la comunidad cientifica que les acompafia.
En este caso seria esencial un enfoque teniendo en cuenta la historia cultural.

El trabajo

El trabajo se encuentra por supuesto dividido en capitulos perfectamente acotados que
podrian dar la sensacion de una progresion lineal en que exista una problematica central
y algunos desarrollos derivados. No es asi aunque lo presente asi. De este modo, se
podria ver el segundo capitulo (la ecuacion de Schrodinger y su interpretacion) y el
tercero (la ecuacion de Dirac y su interpretacion) como la presentacion de uno de los
pilares de la electrodindmica cuantica, siendo el otro pilar la cuantizacion del campo

5 Por ejemplos en los capitulos 2 y 3 se hace referencia a trabajos de Einstein y Dirac publicados
respectivamente en 1909 y 1927 que se analizan con mas detalle en el capitulo 4.



electromagnético presentada en el capitulo 4 (donde también se trata la cuestion del
concepto de vacio). Ya el capitulo 5 se podria ver como el central donde se trata la
interaccion del campo cuantico de Dirac (definido por la ecuacion de Dirac) y del
campo cudntico electromagnético. Aqui se tratan cuestiones claves para entender la
teoria: la divergencia de la serie de expansion de la matriz-S y las posibles
consecuencias del teorema de Haag en lo que respecta a la consistencia de todas las
aplicaciones de la teoria. Partiendo de este punto central se explorarian algunas
implicaciones y temas relacionados. En el capitulo 6 se trata la cuestion de la
interpretacion de la renormalizacion (en que se sigue una linea Bohriana también
presente en el capitulo anterior) y, como preparaciéon para el 7, aspectos de la
renormalizacion de la carga eléctrica relacionadas con la descripcion en el ambito
temporal de procesos fisicos, tema tratado de forma mas amplia en el capitulo 7. Aqui
los resultados del capitulo central, el 5, serdn utiles para el analisis de la descripcion que
la teoria nos da a nivel espacio-temporal de procesos fisicos (resultados estos que
también estan presentes en parte en el tratamiento del vacio en el capitulo 4). En
particular propongo una lectura del concepto de particula virtual contra-corriente
respecto a lo que es la comunmente aceptada. Finalmente en el capitulo 8 desarrollo las
consecuencias del anterior para la cuestion filosoficamente importante de la relacion de
la electrodindmica clasica y la cuantica.

Al contrario de lo que esta presentacion lineal y progresiva de la teoria (en la que la
descripcion de interacciones tiene un papel central) pueda dar que pensar, lo que me
llevo a este trabajo es la comprension de los conceptos de espacio y tiempo al nivel de
la teoria cuantica de campos (asi en realidad lo central seria el capitulo 7 y una serie de
cosas que no elaboro aqui). Escogi la electrodinamica cudntica por ser la mas sencilla de
las teorias pertenecientes al llamado modelo standard, y por ser la versidon cuéantica de la
mejor teoria clasica de que disponemos: la electrodinamica clasica. Con esto no quiero
quitarle importancia a otras teorias cléasicas, pero la electrodindmica es probablemente la
teoria que tenemos mejor testada y mejor testable (tanto a nivel clasico como cudntico),
o por lo menos asi lo veo. Este estudio (‘in progress’) de los conceptos de espacio y
tiempo va mas alla de lo que presento aqui. En este trabajo analizaré solamente algunos
aspectos de la descripcion de procesos fisicos en la electrodindmica cuantica.

Esta parte mas especifica del programa mas general me llevo al estudio del concepto
de intercambio de cuantos (quanta exchange) que aparece en la descripcion perturbativa
de la interaccion de la radiacion con la materia. Esto me obligd a considerar una serie de
cuestiones: la cuestion del estatus de los llamados cuantos virtuales; la divergencia de la
matriz-S (que me resultd ‘Util’ para las ideas que defiendo); un modelo, que resulta ser
semi-clasico de interaccion entre electrones de atomos (bounded electrons); el teorema
de Haag que aparentemente hacia peligrar todo el edificio de la electrodindmica
cudntica; la reinterpretacion de la descripcion hecha por la ecuacion de Dirac del atomo
de hidrégeno en términos de intercambio de cuantos entre el nucleo y el electron; e
incluso aspectos ‘no-temporales’ en el procedimiento de renormalizacion.

Todo esto ha sido reelaborado y ‘linealizado’ en la presentacion que sigue segun el
esquema presentado antes. En este proceso incorporé algunos temas relacionados como
un estudio mas detallado del vacio en la teoria y la relacion entre la teoria cuantica y la
clasica. Otro tema incluido es el de la interpretacion de las funciones de onda en la
teoria cudntica, que es un aspecto basico de cualquier andlisis conceptual que se quiera
hacer en la electrodinamica cuéntica. Siguiendo a B. Falkenburg (2007) creo que la
interpretacion como colectividades (ensemble interpretation) es la que de modo mas
inmediato ‘conecta’ con el tipo de experimentos que se hacen en la fisica de altas
energias. Esto me llevo a N. Bohr (al cual ya habia llegado por el enfoque histérico



encontrando su critica a la electrodinamica cuéntica) y debido al programa mas general
que me interesa pronto llegué a la conclusioén que los conceptos (clasicos) de espacio y
tiempo que Bohr maneja en su interpretacion de la cuantica son un marco fundamental
para comprender esa interpretacion. No exploro aqui las posibles conexiones que esa
concepcion del espacio y tiempo pueda tener con el caso de la electrodindmica cudntica
ya que eso implicaria un tratamiento del espacio y tiempo en la teoria de la relatividad
(especial). Eso pertenece al programa mas ‘general’ de estudio de los conceptos de
espacio y tiempo. Aqui me limito a algunos aspectos conceptuales de la electrodindmica
cuantica.

Paso ahora a un resumen ‘alargado’ en espafiol de la version linealizada y ordenada
del trabajo en los aspectos que conciernen a la electrodindmica cuantica (habiendo
dejado el tema de la interpretacion Bohriana de la cudntica para un apéndice, que me
permite especificar de forma madas precisa la interpretacion de la funciéon de onda
adoptada en este trabajo).

El capitulo 2

Este capitulo es una preparacion del siguiente. En el capitulo 3 enfocaré la cuestion de
la interpretacion de la ecuacion de Dirac. Hay aspectos de esa historia que se pueden ver
también en el caso ‘mas sencillo’ de la mecanica cudntica no-relativista en la ecuacion
de Schrodinger. Asi el capitulo 2 estd dedicado a una presentacion historica del
surgimiento de la ecuacion de Schrodinger y de las tentativas iniciales para su
interpretacion.

En 1926 apareci6 un articulo en Annalen der Physik en el cual su autor E.
Schrodinger presentaba una nueva teoria atomica siguiendo las ideas de L. de Broglie en
que este asociaba un fenémeno ondulatorio al electron (la onda de de Broglie).
Schrodinger obtuvo una ecuacion de onda (no relativista) que permitia obtener los
niveles de energia para el &tomo de hidrégeno tal como Bohr habia hecho en la llamada
vieja teoria atdmica (old quantum theory), pero desde un enfoque mas fundamental.

Se puede obtener una solucidon analitica de la ecuacidon en el caso del atomo de
hidrogeno tratado como un electron en un potencial central tipo coulombiano.
Aprovechando la simetria del problema y usando coordenadas esféricas la funcion de
onda (solucion de la ecuacion) tiene la forma W= Yey,\;. La parte radial de la ecuacion
tiene la forma

2 2 _
d q£r+gal|fr+ 2m2E+2mze _n(n2 1) v =0
or r or K K-r r ’

donde n tiene que ser un entero. La imposicidon de que n sea un entero resulta de que la
parte de la funcion de onda , cuando ¢ aumenta de un multiplo 27 permanece igual.
Esto implica que y, es dado por 217%™, donde m es un entero positivo, negativo, o
cero. Para que la ecuacion de la funcién Wy tenga soluciones es necesario que n sea un
entero positivo de modo que |m| <n.

Un aspecto importante de la ecuacion radial es que tiene puntos singulares enr =0y
r = oo. Teniendo en cuenta estos dos puntos singulares y las condiciones de frontera



(boundary conditions) que imponen a la ecuacion de onda, esta s6lo tiene solucion
cuando tenemos:

2me?

Kv-2mE

De aqui sigue que la energia de un electron ‘dentro’ del atomo de hidrogeno sélo puede
tener valores discontinuos:

=l=n+n+1.

2n°me* , L
y = TR donde 1 es el llamado niimero cuéntico principal
Esta solucion corresponde al tipico problema de valor propio en el cual tenemos una
ecuacion dependiente de un parametro, en este caso la energia E, y las soluciones tienen
que satisfacer condiciones de frontera particulares (en este caso la funcion de onda
tiene que ser finita en r = 0 y aproximarse a cero para r — o). Encontramos un
problema similar en el caso clasico de una cuerda en vibracion. Las extremidades estan
fijas y esto implica que la cuerda solo puede tener una determinada frecuencia y sus
harmonicos.

Schrodinger considerd que de este modo la ecuacion tenia en si misma implicitas las
condiciones cuanticas, que no resultarian de ninguna discontinuidad cuéntica en la fisica
y si de tratarse de un fendémeno ondulatorio. Sea como sea, en sus primeros articulos
Schrodinger no desarrollé demasiado la interpretacion de la funcion de onda; se limit6 a
unos pocos comentarios, asociando la funcién de onda a algin tipo de proceso
ondulatorio en el interior del atomo.

Una limitacion importante con la que Schrodinger se debatido en esta fase del
desarrollo de su mecénica ondulatoria fue la imposibilidad de describir la intensidad y
polarizacion de la radiacion emitida por un atomo. En particular Schrodinger s6lo pudo
obtener la expresion hv = E* — E”” (donde v es la frecuencia de la radiacién emitida
cuando un electron pasa de un estado estacionario con energia E” a otro con energia
E"") del modelo atémico de Bohr de forma aproximada.

En un articulo posterior Schrodinger relaciond la funcién de onda que llamo de
campo mecanico escalar (mechanical field scalar) con una distribucion de electricidad
en el espacio, que se podria ver como el término de ‘fuente’ (source) en las ecuaciones
de Maxwell-Lorentz. Con este fin Schrodinger consider6 que la densidad de electricidad
el seria dada por la parte real de

v
ot

en que VY es el conjugado complejo de la funcion de onda y. Usando esta hipdtesis en el
tratamiento del efecto Stark, Schrodinger pudo obtener la ‘regla de frecuencias’ de
Bohr de forma exacta, ademas de poder calcular la intensidad y polarizacién de la
radiacioén emitida. Desarrollando mas esta interpretacion electromagnética de la funcion
de onda Schrédinger extendidé su formalismo para el caso de sistemas con un estado
variable en el tiempo (time-dependent systems). Esto llevo a Schrodinger a adoptar una
funcion de onda compleja y por lo tanto a redefinir su anterior expresion para la
densidad de carga ahora dada por ey , donde ¢ es la carga eléctrica del electron.



Schrdédinger pronto reconocio las limitaciones de esta interpretacion de la funcion de
onda (describiendo una distribucion de electricidad en el espacio) ya que incluso en el
caso mas sencillo de un Unico electron es también necesario tener en cuenta la evolucion
espacio-temporal de la funcion de onda. Por wuna parte, la interpretacion
electromagnética permitia calcular intensidades y polarizaciones, pero por otra parte la
interpretacion como una onda propagandose en el espacio era necesaria para determinar
sucesivas densidades de carga (y por lo tanto mediciones de intensidades), o sea, para
conectar sucesivas observaciones. Asi, en realidad la interpretacion de la funcion de
onda por Schrodinger tenia un aspecto doble.

Pronto las tentativas iniciales de Schrodinger dieron paso a la interpretacion
probabilistica (statistical interpretation), pero esto no lo voy a considerar. Aqui lo que
me interesa es la ambigliedad que encontramos en la interpretaciéon de Schrodinger que
por lo menos en parte usa su ecuacion de onda como una ecuacion clasica describiendo
la propagacion de un campo mecanico escalar en el espacio. Es un punto interesante ya
que en el caso de la ecuacion de Dirac se va encontrar también una ambigiiedad en lo
que respecta a la interpretacion de la ecuacion, siendo incluso posible ‘escoger’ (como
ha hecho P. Jordan) ver la ecuacion como una ecuacion de un campo clésico
posteriormente cuantizado.

Podemos imaginar una situacion hipotética en la que no teniendo aun el concepto de
electron como particula, un experimento como el de C. J. Davisson y L. H. Germen nos
lleva a aceptar la idea de que existen unas ondas de materia que resultan tener las
caracteristicas propuestas por de Broglie (esto es doblemente imaginario ya que de
Broglie claramente manejaba expresiones que implicaban al mismo tiempo una
caracteristica ondulatoria y corpuscular). ;Podemos ver la ecuacion de Schrodinger
como la ecuacion de una onda de materia ‘clasica’? Y en caso afirmativo ;como se
obtienen los aspectos corpusculares?

Mirando el caso mas sencillo de un 4&tomo de hidrogeno queda claro hasta qué punto
se puede usar la ecuacion de Schrédinger como una ecuacion describiendo un campo
material ‘clasico’. Volviendo al enfoque inicial de Schrodinger, considerando una onda
de de Broglie en un potencial central tenemos

e2

AP +8m’m vl ¢=0.
hr

De aqui resulta, en un tratamiento totalmente clasico, que las frecuencias posibles de la
onda de de Broglie son dadas por

2.4
V= 2n r3ne ! ~,donden, 1=0,1,2,....
h>  (n, +1+1])

Por analogia con el caso del cuanto de luz, consideramos que la energia de una onda de
de Broglie (en el interior de 4&tomo) con una frecuencia v es dada por E = hv. De esta
‘regla cuantica’ resulta que los niveles de energia en el &tomo son dados por

2n°me’ 1

E= ,
h*  (n, +1+1)°
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un resultado de acuerdo con la derivacion de la teoria atomica de Bohr. La diferencia
con la derivacion original de Schrédinger es que en ésta Schrodinger usé desde el inicio
la relacion entre energia y frecuencia adoptada en este caso al final. Asi Schrodinger
presentd realmente una ecuacion ‘cuantica’ que se asemeja (en el caso de sistemas con
un solo electron) a una ecuacion de onda clasica.

Aqui tenemos un resultado que vamos a volver a encontrar en el capitulo 3. Cuando
adoptamos como punto de partida una ecuacidon que interpretamos como clasica
necesitamos una regla de cuantizacion de las variables fisicas de la onda de manera que
se pueda también describir el aspecto corpuscular asociado a los electrones.

El capitulo 3

La primera tentativa de Schrodinger de obtener una ecuacion de onda fue una ecuacion
relativista y no su conocida ecuacion no-relativista. No resultd. La ecuacion obtenida
dio una descripcion equivocada de los niveles de energia. Eso llevd Schrodinger a optar
por un proyecto menos ambicioso pero que resultd mas exitoso.

La derivacion de una ecuacion de onda relativista para el electron siguié desafiando
a los fisicos. Después del descubrimiento de que se podia asociar un momento angular
interno al electrén — al cual se asocid un namero cuédntico especifico, el spin — W. Pauli
intentd incorporar el spin a la mecanica ondulatoria. Para eso consider6 una funcion de
onda de Schrodinger dependiente también del spin que resulta tener solo los valores *
h/2. Asi Pauli defini6 una funcion de onda con dos componentes, una correspondiendo a
un electron con el spin hacia arriba (spin up) y(x, +1/2) y otra a un electrén con el spin
hacia abajo (spin down) y( x, —1/2). Esta funciéon de onda de dos componentes sera
solucion de dos ecuaciones acopladas (coupled equations) con la forma

H ﬁ—i,s v =Ey
i dq

La cuestion es ahora como definir en la ecuacion de onda los operadores de spin s. Pauli
los defini6é como s, = 1/2 64, sy = 1/2 oy, s, = 1/2 6,, donde o, Oy, G, son las 1lamadas
matrices de Pauli:

0 1 0 —i I 0
Gx ’ (&) . 9 GZ_
1 0 lio0 0 -1

Pauli tuvo que incorporar elementos en su ecuacion de forma ad hoc para obtener un
acuerdo con los resultados disponibles, pero s6lo ha podido hacer correcciones
relativistas de primer orden, o sea, no pudo llegar a una ecuacion realmente relativista.

A finales de 1927 P. A. M. Dirac llegd a una ecuacion de onda relativista del
electron. Su primera tentativa de formular una ecuacion relativista fue lo que se conoce
como la ecuacion de Klein-Gordon (obtenida por distintos fisicos y que coincide con la
ecuacion relativista que Schrodinger explord). En términos de un hamiltoniano
relativista podemos ver la ecuacién como una sustitucion directa del momento y energia
por los operadores cuanticos correspondientes:

{p’ +p’ +p’—E/c’ +m’c’}y =0
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9’ N 9° N 2> 1 9*° m*? 0
ox> 9y’ dz° c*ot® h’ o

P. Ehrenfest hizo a Dirac interrogarse por la opcion adoptada para el hamiltoniano,
preguntandole si habia diferencia entre el que Dirac habia escogido y el siguiente:

mcz\/l —(p; +p; +p3)m’c® =E

Dirac consideraba que ninguna de las dos opciones servia como base para el desarrollo
de una ecuacion relativista. Necesitaba una ecuacion lineal en la derivada temporal y
que, para estar de acuerdo con la relatividad, las derivadas respecto a las variables
espaciales fueran también lineales.

Parece que lo que permitié a Dirac salir del bloqueo provocado por la expresion
matematica del hamiltoniano fue constatar la siguiente identidad:

[p|=+/p; +p+p; =0,p, +0,p, +0p;,

donde G, G5, 63 son las matrices de Pauli. Eso llevd a Dirac a buscar una expresion
relativista andloga en que apareciera el término correspondiente a la masa de electron:

= 2 2 2 2.2
[B| =/ +p2 +p2 +m’c? = ap, +0Lyp, +0p, +0,me.

Dirac consideré que de la ecuacion obtenida usando la expresion anterior {po — (m”c* +
p12 + pzz + p32)1/2}\|! =0 deberia ser posible obtener la expresion relativista {po2 — m?’c?
- plz —pzz —pgz}\p =0. Esto implica un conjunto de relaciones matematicas entre los
coeficientes aun por determinar:

0Oy + 00 =0 (L V); 0, v=1,2,3,4,
o’ = 1.
No hay ningtin conjunto de matrices 2 x 2 que satisfagan las condiciones anteriores.

Esto llevo a Dirac a considerar la siguiente posibilidad mas simple, la de matrices 4 x 4.
De este modo los coeficientes propuestos por Dirac son:

01 00 0 -100 1 0 0 O
6=1000 GziO 0 G:OIOO
"lo 0o 0 1 10 0 0 —i 10010

0010 00 i 0 00 0 1

12



0010 00— 0 100 0
00 0 I 000 —i 01 0 0
Pl 000 PTioo o P=0 0 21 of
0100 0i 0 0 00 0 -1

con Oy = P01, 0y = P10y, 03 = P103, 04 =C3. Asi tenemos de inmediato la ecuacion de
Dirac:

[Py —p,(0,p) —psme]y =0,

donde pyp = ih d/(cot) y p=(p1, p2 p3),conp, = —ih d(cdx,) y r = 1, 2, 3;
0 = (01, 02, 63) es un vector formado por las anteriormente indicadas matrices 4 x 4.
Dirac generaliz6 su resultado para el caso de un electrén en un campo externo.
Siguiendo una prescripcion de la electrodinamica clasica Dirac hizo la sustitucion pp —
po te/c.Agyp — p +e/c.A, donde Ay y A son el potencial escalar y vector. Esto resulta
en la ecuacion

c c
[P, +EA0 —pl(G,p+ZA)—p3mC]\|l=0.

Dirac desarrolld su ecuacion partiendo del hamiltoniano para una particula puntual
sin tener en cuenta el spin. Pero resulta que el spin del electron aparecia naturalmente en
la descripcion hecha usando esta ecuacion. Dirac traté de explorar la relacion entre su
ecuacion y la ecuacion de Klein-Gordon que es la ‘esperada’ de acuerdo con el
hamiltoniano clésico relativista. Tomando el cuadrado de su ecuacion Dirac obtuvo una
que incluye los términos de la ecuacion de Klein-Gordon y dos adicionales

2 2
(p0+§Aoj —(p+§Aj —mzcz—%(G,H)+ipl%(G,E) y=0.

Dirac concluyo que el electron en un campo externo se comportaba como teniendo un
momento magnético eh/4mmc - 6 que es lo esperado para un electron con un momento
angular interno (spin). Asi su ecuacién implicaba que el electron tenia un momento
angular interno dado por h/2 - ©.

Como Dirac usdé matrices 4 x 4 en su ecuacion, la funcion de onda tenia 4
componentes. Inicialmente Dirac pensé que podia retener s6lo dos de los componentes
que corresponderian a un electron con carga negativa, energia positiva y dos posibles
estados para el spin, siendo posible descartar los componentes correspondientes a
energias negativas.  Pronto Dirac reconoci6 que en el caso de un campo
electromagnético externo intenso no era posible hacer una separacion clara de
soluciones correspondientes a energias positivas y negativas. En particular, O. Klein
demostrd que para el caso sencillo de una onda con energia positiva incidente en una
barrera de potencial, podia ademés de una onda reflectada (correspondiente a una
energia positiva) haber también una onda transmitida a través de la barrera (con energia
negativa). Este resultado conocido como la paradoja de Klein serda importante como
analogia en la comprension de dificultades matematicas con las que se enfrenta la
electrodindmica cudntica.
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A finales de 1929 partiendo de una idea de H. Weyl, Dirac propuso una solucion
para la dificultad de las energias negativas. La idea era tomar los dos componentes
extras de la funcion de onda como describiendo el protdon y no el electron. Con ese fin
Dirac propuso una nueva interpretacion de su ecuacion. Supuso que casi todos los
estados con energia negativa estaban ocupados y que los agujeros (holes) en ese mar
(sea) de electrones de energia negativa eran los protones. Dirac expuso estas ideas en
una carta a Bohr. En la respuesta Bohr comenté que no comprendia como se podria
evitar en ese caso una energia eléctrica infinita (debido al nimero infinito de electrones
con energia negativa). Bohr se mostro inclinado a ver en la dificultad con las soluciones
de energia negativa una limitacién en la aplicacion de los conceptos fundamentales
sobre los cuales se basa la teoria atdmica (“In the difficulties of your old theory I still
feel inclined to see a limit of the fundamental concepts on which atomic theory hitherto
rests”). Asi Bohr se propuso reinterpretar el significado de la paradoja de Klein
considerando que uno se enfrentaba por una parte con dificultades que resultan de un
uso (en el ambito matematico) ilimitado del concepto de potencial (“difficulties
involved in an unlimited use of the concept of potentials”) y por otra parte con un
ejemplo de un limite en la aplicacion del concepto de potencial cuando se tienen en
cuenta posibles situaciones experimentales concretas (“an example of the actual limit of
applying the idea of potentials in connection with possible experimental
arrangements”). Bohr llamé la atencion al hecho de que en la teoria se estd
considerando electrones con una carga elemental. Esto impide la construccion de una
barrera de potencial ‘real’ comparable a lo que matematicamente se puede considerar.
La paradoja de Klein surge para barreras de potencial definidas matematicamente que
no se consiguen realizar en la practica experimental debido a la existencia de una carga
eléctrica elemental. Dicha carga es un parametro basico de la teoria (“due to the
existence of an elementary unit of electrical charge we cannot build up a potential
barrier of any height and steepness desired without facing a definite atomic problem”).
Asi Bohr consideraba que dentro del limite real de aplicacion de la teoria esta era
consistente. En este caso la paradoja resultaba de ir més alld de lo permitido realmente
por la teoria. Bohr esperaba que los problemas de una posible transicion desde estados
con energia positiva a estados con energia negativa no ocurririan en aplicaciones
consistentes, y asi no seria necesaria la ‘hole theory’ (teoria de los agujeros) de Dirac.

Dirac no aceptd la vision de Bohr y dio un ejemplo donde era necesario tener en
cuenta estados con energia negativa sin que ello conllevara ningun tipo de dificultadas.
En el caso de un proceso de dispersion (scattering) de radiacion por un electron, este
puede pasar por un estado intermedio con energia negativa. Dirac mostrd que teniendo
en cuenta su ‘hole theory’ se podia, sin permitir esa transicion, tener otra en que un
electron (en un estado negativo) ‘salta’ primero para el estado positivo final (y el
electron inicial ocupa ese estado negativo) de modo que el resultado final es el mismo
que el anterior y permite obtener las formulas de dispersion correctas. Dirac también
consider6 que no habia ningun problema de energia eléctrica infinita debido al ‘mar’ de
electrones negativos. Eso es asi porque lo que se observa no es el valor absoluto de la
energia y si variaciones en relacion al estado ‘normal’ de un mar ‘lleno’ de electrones
con energia negativa. Es evidente por la descripcion que Dirac hace de los procesos de
dispersion en su teoria que ésta ya no consiste en la descripcion de un solo electrén y si
de un sistema con muchos electrones (en realidad con un niamero infinito de ellos).

Las ideas de Dirac no fueron bien recibidas. Mas importante que todas las demas
criticas fue tal vez el célculo de J. R. Oppenheimer en 1930 que demostré que la
probabilidad de un electron de aniquilarse con un protén (correspondiendo esto a que el
electron ocupe un ‘agujero’ del ‘mar’) era absurdamente elevada y totalmente
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incompatible con la estabilidad de la materia. Esto echd por tierra la ’hole theory’ de
Dirac en este formato. Oppenheimer propuso volver a considerar el electréon y el proton
como dos particulas independientes cada una con su propio mar de particulas con
energia negativa. De este modo no habria ningiin problema de una posible aniquilacion
entre electrones y protones. Dirac pronto adoptd esta idea y propuso que el ‘agujero’
fuera una nueva particula, un anti-electréon atin no ‘descubierto’.

En 1932 se observd un fenomeno que se ha podido encuadrar en la teoria de Dirac
como el anti-electrén que €l propuso. Pero esto no significd que los fisicos aceptaran su
‘hole theory’. En realidad un enfoque distinto del de Dirac era posible sin que fuera
necesario un ‘mar’ con un numero infinito de particulas con energia negativa. Se puede
ver el origen de este nuevo enfoque, basado en el concepto de campo, en un trabajo de
Dirac de 1927 presentando un tratamiento no relativista de la interaccion de radiacion
electromagnética con un atomo. Dirac presentd en este articulo dos maneras de
considerar un campo electromagnético cuantico. En uno, Dirac consideré un conjunto
de cuantos de luz descrito por una ecuacién de Schrodinger. En este caso se tienen que
retener solamente las soluciones simétricas de la funcion de onda describiendo los
cuantos de luz para que ésta esté de acuerdo con la llamada estadistica de Bose-Einstein.
Dirac opt6 por un método enrevesado que fisicamente correspondia a imponer la
simetria de la funciéon de onda, que posteriormente se denomind de segunda
cuantizacion. La otra manera adoptada por Dirac para llegar a una descripcion cuantica
del campo electromagnético consistid en hacer la expansion en serie de Fourier del
campo y tratar los coeficientes de expansion no como numeros y si como operadores
satisfaciendo relaciones de conmutacion. Dirac encontré que los dos procedimientos
permitian llegar a la misma descripcion al nivel cuantico del campo electromagnético.

Contrariamente a la lectura de Dirac que veia la ‘segunda cuantizaciéon’ como un
procedimiento para imponer la estadistica de Bose-Einstein a la funcion de onda del
campo electromagnético, Jordan interpretd el esquema de la ‘segunda cuantizacion’ de
una manera bien distinta. Para €l consistia en la cuantizaciéon de una onda clasica
descrita por una ecuacion clésica, que podian ser las ecuaciones de Maxwell-Lorentz en
el caso del campo electromagnético o la ecuacion de Schrodinger (como si fuera una
ecuacion de un campo clasico) en el caso de electrones tratados no como particulas y si
como ondas de de Broglie ‘clasicas’. Este enfoque de Jordan tenia la ventaja de permitir
tratar las ondas cuantizadas en el espacio fisico y no en un espacio de configuracién
abstracto (que es lo que ocurre cuando se considera un sistema con varias particulas
usando la ecuacion Schrédinger como una ‘ecuacion cuantica’). Aplicando este enfoque
en el caso de electrones, Jordan debido a que a estos se aplica el principio de exclusion
de Pauli tuvo que usar unas relaciones de conmutacion distintas de las adoptadas para el
caso del campo electromagnético. Después de algunas dificultades de orden técnico en
la implementacion de las llamadas relaciones de anti-conmutacién, Jordan pudo
demostrar que partiendo de una descripcion de los electrones como un campo clasico
(descrito por una ‘ecuacion clasica’ de Schrédinger) se podia por un procedimiento de
cuantizacion llegar a una descripcion cuantica de los electrones equivalente a la que se
tiene considerando de partida los electrones como particulas cudnticas (descriptas por
una ‘ecuacion cuantica’ de Schrodinger). Aqui encontramos de nuevo la posibilidad de
jugar con la ambigiiedad de interpretar la ecuacion de Schrodinger a la que hago
referencia en el capitulo anterior. Con este resultado Jordan concluyd que seria posible
una formulacion de la teoria cudntica en que la materia y la radiacion se puedan
concebir como ondas (cuantizadas) en interaccion en el espacio-tiempo.

Esta vision fue adoptada por W. Heisenberg y Pauli en el desarrollo de una teoria
cuantica de campos describiendo la interaccion entre radiacion y materia. En su caso
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usaron como punto de partida la ecuacion de Dirac como una ecuacion de onda clasica.
La solucion de de Broglie de la ecuacion es cuantizada de acuerdo con el procedimiento
de Jordan. En el desarrollo de este enfoque se llegd a una formulacién en que se trataba
de forma totalmente simétrica los electrones y los positrones (anti-electrones). Asi,
partiendo de la ecuacién de Dirac y su ecuacion adjunta (adjoint equation) como
ecuaciones clasicas derivadas de un lagrangiano clasico, un campo arbitrario se puede
escribir en términos de soluciones correspondientes a particulas libres:

V=] @n )(mJ {;br(p)wf(p)e“’"+§br(—p)wf(p)e‘“"x}.

La cuantizacidén consiste en sustituir los coeficientes de expansion por operadores que
satisfacen las relaciones de anti-conmutacion [by, by]+ = [bn*, bn*]+ = 0y [by, bn™]+ =
dum. Con este procedimiento Y(x) y el campo adjunto (adjoint spinor field) y*(x) se
convierten en operadores que actuan en vectores de estado (state vectors) de un espacio
de Fock; y b(p) y b:*(p) se interpretan como operadores de aniquilacion (annihilation
operators) y creacion (creation operators) de un electron en el estado (p, r). Haciendo la
redefinicion de los operadores para estados con energia negativa como by2(-p) = d.*(p)
y ba®*(-p) = di(p) con r = 1, 2, estos operadores se pueden interpretar como los
operadores de creacion y aniquilacién de un positron con energia positiva. Después de
este cambio, la expansion del operador y(x) es ahora

y(x) = j(z )3,{ J Z{b P)W ()™ +d_* (P (p)e .

Con esta formulacidon no hay estados con energia negativa que son ahora interpretados
como positrones con energia positiva. Asi ya no es necesario suponer un ‘mar’ con un
nimero infinito de electrones con energia negativa. También en los operadores de
campo WY(x) y y*(x) tenemos en simultaneo componentes relacionados con los
electrones y con los positrones.

Consideremos ahora el operador de energia y momento (energy-momentum
operator)

P' =3 [d'pp'[a, *(pa,(p)+b, *(P)b,(p)] = [ d'pp*[n~(p)+ 0" (p)],
y el operador de carga (total charge operator)

Q=Y [d’p[-a, *(p)a,(p)+b, *(p)b,(p)]= [d’p[n" (p)—n"(p)],

donde n'(p) es el nimero de electrones y n'(p) es el niimero de positrones. Como Jordan
habia propuesto, se puede ver que el hecho de que la carga eléctrica tenga valores
discretos resulta de la cuantizacidon de un campo clasico.
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El capitulo 4

Como es bien sabido en 1905 A. Einstein propuso que determinados aspectos de la
radiacién electromagnética se podian explicar mejor haciendo referencia a una
concepcion corpuscular de la luz. Esto no significaba volver a una especie de teoria
Newtoniana de la luz. Einstein s6lo propuso que en el limite de frecuencias elevadas en
que la ley de Wien es valida, la luz debe, desde un punto de vista termodinamico,
comportarse como si fuera constituida por particulas independientes de energia (light
quanta). En 1909 Einstein presentd mas resultados en esta linea, estudiando las
fluctuaciones energéticas de radiacion en equilibrio termodinamico en el interior de una
cavidad. Einstein obtuvo una expresion con dos términos, uno que se explica haciendo
referencia a propiedades ondulatorias de la radiaciéon y el otro a propiedades
corpusculares. Einstein considerd que el desarrollo futuro de la fisica pasaria por una
teoria en la que existiera una especie de fusion de estos dos aspectos: una teoria que
explicara el aspecto dual de la luz.

Después del desarrollo de la mecanica de matrices por Heisenberg y de su
reformulacion matematica por M. Born (con Jordan y Heisenberg) en lo que ahora
llamamos de mecanica cuantica, ha sido posible tratar la cuestion de la cuantizacion de
la radiacion. Esto empez6 ya en los momentos iniciales del desarrollo del formalismo
matematico de la mecanica cuantica. Un momento importante fue el estudio por Jordan
de un campo electromagnético libre dentro de una cavidad. De una manera no muy
rigurosa Jordan pudo deducir los resultados de Einstein de 1909 respecto a la dualidad
onda-particula en la radiacion. Jordan trato la radiacion electromagnética libre como un
conjunto infinito de osciladores harmonicos, cuantizando de forma independiente cada
oscilador. El aspecto més importante de este procedimiento directo es la interpretacion
que Jordan le dio. Jordan vio que podia relacionar los cuantos de luz con las
oscilaciones cuantizadas del campo. Asi la discontinuidad de energia surge como una
propiedad del campo cuantico. Considerando que a cada oscilador k con energia vy esta
asociado un nimero cuantico ny, la energia del campo es dada por E, :thknk.

K
Segun Jordan se tiene que ver también ny como el nimero de cuantos de luz con
frecuencia vy existentes en el interior de la cavidad.

Nuevos e importantes desarrollos ocurrieron con Dirac. Como ya referi, en un
articulo de 1927, Dirac presentdé un tratamiento de la interaccion del campo
electromagnético con un atomo desde dos perspectivas iniciales distintas. En uno de los
enfoques basado en la cuantizacion del campo electromagnético clasico Dirac siguiendo
a Jordan hizo una expansion de Fourier del campo en términos de sus modos normales
(matematicamente equivalentes a osciladores harmoénicos) tratando los coeficientes
como operadores. Otra aportacion importante fue, en 1928, el desarrollo conjunto por
Jordan y Pauli de un procedimiento de cuantizacién relativista del campo
electromagnético libre. Por esas fechas, como mencioné en el capitulo 2, Pauli y
Heisenberg empezaron a intentar desarrollar una electrodinamica cuantica relativista
partiendo de la idea de Jordan de tratar la radiacion y la materia como campos
cuanticos. Después de diversos problemas de orden técnico, Pauli y Heisenberg
pudieron desarrollar un método de cuantizacion del campo electromagnético partiendo
del lagrangiano clasico del campo (que resultaba equivalente al método anterior de
Jordan y Pauli en el caso de un campo libre). Su (primer) trabajo publicado en 1929
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presentaba una falta clara de aplicaciones y no trataba la cuestion de la energia (self-
energy) infinita de las particulas cargadas.

De forma independiente de Pauli y Heisenberg, E. Fermi desarrollé un método mas
directo en el cual, al contrario del trabajo de Dirac de 1927, no so6lo el campo de
radiacion era cuantizado sino todo el campo electromagnético descrito por el potencial
vector y el potencial escalar. Con ese fin Fermi us6 la ecuacion de d’Alembert para el

potencial vector y el potencial escalar: L1A, = j,. Para hacer esta ecuacion equivalente a

las de Maxwell, Fermi tenia que tener en cuenta la llamada condicién de Lorentz d,A"
=0, que ¢l vio como una condicion que tienen que satisfacer los operadores de campo
(definidos haciendo la expansion de Fourier del potencial vector y potencial escalar).

En los meses siguientes a la publicacion de su primer articulo sobre Ia
electrodindmica cuantica, Pauli y Heisenberg mejoraron su método evitando trucos
formales que habian usado. La clave para esto fue la invariancia de gauge. En este
trabajo implementaron el esquema de Fermi desde el suyo basado en el formalismo
lagrangiano. Al hacerlo notaron que la manera en que Fermi aplicaba la condicion de
Lorentz no era correcta y que sélo se podia aplicar como una condicidén suplementaria
sobre los vectores de estado: (d,A")¥ = 0.

Fermi clarifico en parte el significado fisico de la condicion subsidiaria en una nota
posterior. Al contrario del trabajo de Dirac de 1927, en su primer articulo Pauli y
Heisenberg no consideraron solamente el campo de radiacién (descrito por un potencial
vector transversal con dos grados de libertad, correspondiendo a dos polarizaciones
perpendiculares a la direccion de propagacion de la onda), y si tal como Fermi
consideraron los cuatro grados de libertad asociados al potencial vector y potencial
escalar mas generales. Pero no llegaron a discutir la relacidon existente entre los
potenciales mas generales y el potencial vector transversal del campo de radiacion.

Alguna clarificacion de este punto lo dio L. Rosenfeld también en 1929 mostrando
(en un sistema de referencia particular) que las cuatro polarizaciones de un modo
normal del campo se relacionan de una forma sencilla con el vector de campo (wave
vector): dos componentes correspondiendo a la luz transversalmente polarizada, uno a
una polarizacion longitudinal, y otro a una polarizacion de tipo escalar o temporal (time-
like polarization).

Adoptando la idea de Pauli y Heisenberg respecto a la condicion subsidiaria, Fermi
mostrd que los componentes longitudinales y escalares del campo — que por la
condicién subsidiaria no se pueden ver como grados de libertad independientes del
campo — correspondian a la interaccion de Coulomb entre particulas cargadas.

En este momento el desarrollo de la cuantizacion del campo electromagnético en
interaccion con cargas quedd basicamente concluido. En términos mas generales la
electrodindmica cuantica era aun muy imperfecta; por ejemplo, el problema de la
energia propia infinita (self-energy) de las particulas cargadas atin estaba por resolver.
En la practica s6lo se podian hacer unos cuantos calculos de segundo orden en teoria de
perturbaciones sin que los resultados fueran divergentes.

La cuantizacion del campo electromagnético de forma totalmente relativista
implementada por Fermi, Pauli y Heisenberg, usando la condicién de Lorentz, resultd
no llevar a ninguna incongruencia en la practica. Pero al estudiar con detenimiento las
consecuencias de la condicion subsidiaria este método no es consistente. Una solucion
para este problema surgio a inicios de los 50 con el desarrollo de un formalismo basado
en una métrica indefinida del espacio de Hilbert (el método de Gupta-Bleuler). Pero en
la manera en que normalmente se hacen los célculos el operador de métrica no aparece.
Esto da una justificacion a posteriori para la manera en que se venian haciendo los
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calculos. Ahora, hasta el final de este capitulo me concentraré en lo que deberia ser el
mas sencillo de los estados del campo electromagnético cuantico: el vacio.

El estado fundamental (el vacio) del campo electromagnético es el estado en que
este tiene la menor energia posible. Esto corresponde a no haber ningun foton (cuanto
de luz) transversal presente. Lo que corresponde en el ambito clasico a esta situacion es
que haya una regién del espacio sin campo electromagnético. Contrariamente a la
situacioén clasica, al estado fundamental del campo electromagnético cuantizado se
asocian efecto fisicos, los llamados efectos del vacio (vacuum effects), siendo el efecto
Casimir tomado como un ejemplo claro de esto.

En el efecto Casimir se supone que al colocarse dos placas metalicas frente a frente
en el espacio vacio, el estado fundamental del campo electromagnético cuantizado
provoca una fuerza entre las placas (eso se explica teniendo en cuenta que las placas van
a influir en las condiciones de frontera que definen el nimero de modos del campo
incluso en su estado fundamental).

En realidad, como H. Zinkernagel sefialo, una interpretacion fisica es posible sin que
sea necesario considerar el campo electromagnético cuantico en su estado fundamental.
Por ejemplo en el caso del efecto Casimir eso se consigue teniendo en cuenta que las
placas metalicas no son condiciones matematicas de frontera y si son constituidas por
materia cargada.

Que los llamados efectos del vacio se expliquen de otro modo no significa que el
estado fundamental sea equivalente a la situacidon clasica de un vacio espacial. En
realidad considerando el caso sencillo de un oscilador dipolar en el espacio vacio, se
verifica que es necesario tenerse en cuenta el estado fundamental del campo
electromagnético para que las relaciones de conmutacion de los operadores de posicion
y momento del oscilador estén de acuerdo con lo esperado en el formalismo cudntico.
Pero aqui se trata solamente de un aspecto formal sin conllevar aspectos que se puedan
observar. Donde podemos encontrar resultados experimentales relacionados con el
vacio del campo electromagnético es en las llamadas fluctuaciones del campo.

Asi en el estado fundamental del campo electromagnético cuantizado el valor medio
(expectation value) de los campos eléctricos y magnéticos es nulo:

<O|E|O>=<O|B|0>=O. Pero lo mismo no ocurre con la variancia (variance). Esto es

porque (O[E*|0)y (0|B*|0) son distintos de cero incluso para el estado fundamental. De

acuerdo con la interpretacion del formalismo cuantico adoptada aqui, tenemos que
considerar un contexto experimental particular en el que se hacen mediciones del campo
electromagnético, y hacer mediciones repetidas en las mismas condiciones. Asi se
obtiene una distribucion de resultados de estas mediciones independientes de acuerdo

con una desviacion estdndar (standard deviation) 1/<0|E2|0> de una medicion

correspondiendo a un campo nulo. Asi se espera que midamos algunas veces un campo
eléctrico distinto de cero incluso para un campo en su estado fundamental.

En experimentos hechos usando una técnica llamada de ‘balanced homodyne
detection’ es posible obtener lo que se pueden interpretar como fluctuaciones de
cuadratura (quadrature fluctuations) del vacio que corresponden a la desviacion estandar
que predice la teoria. Asi parece que siempre se pueden obtener ‘efectos del vacio’ en
experimentos pero solamente al nivel de las llamadas fluctuaciones cudnticas presentes
también en cualquier estado con un numero definido de fotones.
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El capitulo 5

Los elementos mas basicos de la electrodinamica cudntica ya estdn presentes en el
articulo de Dirac de 1927. En este trabajo el campo electromagnético y la materia son
descritos por hamiltonianos clasicos. Un tercer término describe la interaccion entre el
campo y la materia: H = Hy,at + Hejeer = Hine. A través del procedimiento de cuantizacion
el hamiltoniano total se convierte en un operador. Pero es importante notar que la
radiacion y la materia son cuantizados por separado. Por razones (aparentemente)
practicas Dirac usa un método perturbativo para desarrollar las aplicaciones de la teoria.

Como ya comenté el enfoque de Dirac fue desarrollado, en particular, por Jordan,
Pauli, Heisenberg, y Fermi. Mirando ahora a la electrodindmica cuantica desde el
método lagrangiano establecido, tenemos dos campos clasicos descritos, uno por las
ecuaciones de Maxwell-Lorentz y otro por la ecuacion de Dirac. Como ya mencioné la
ecuacion de Dirac se puede ver como una ecuacion describiendo un campo clasico.
Usando el esquema habitual de la expansion en serie de Fourier de la funcidén de onda,
el campo se puede ver como un conjunto infinito de modos propios en que después de la
cuantizacion los coeficientes se convierten en operadores. En el caso del campo
electromagnético se usa un procedimiento equivalente. Hasta este momento se esta
considerando dos campos cuantizados independientes. La electrodindmica cuéntica es
una teoria que nos describe la interaccion entre la radiacion y materia representados por
estos campos cuanticos.

El lagrangiano de la electrodindmica cuantica se puede definir partiendo de los
lagrangianos para el campo de Dirac libre, el campo electromagnético libre, y un
término describiendo la interaccion entre ellos:

L=L,+L,, +eyy"-yA,.

De partida la cuantizacion se hace para los campos libres, no para el caso (que resulta
imposible de tratar) de un sistema cerrado de campos en interaccion. Se tiene en cuenta

el término de interaccion eyy" - yA  por un procedimiento perturbativo que parte de los

campos libres para describir procesos fisicos.

En las aplicaciones de la teoria se considera (siempre) un estado inicial (en t = —o0)
correspondiendo a campos libres y un estado final (en t = +o0) que también corresponde
a campos libres. La amplitud de transicion desde el estado inicial ¢4 al estado final ¢p es
dada por Spg = (({)*BS(PA), donde S es la llamada matriz-S. La matriz-S es dada por

=(e) 1 oo _ .
S= zo(%j Ej_w...j_wdxl .dx P{YAY(X,),.... TAY(X,)} .

Vemos que la matriz-S que depende solamente del término de interaccion se escribe
como una serie de potencias de e, donde e es la carga eléctrica: S = 1 + eS! + ’S@ +
... . Un elemento esencial de este método es el llamado ‘switching on’ y ‘switching oft’
(conexidn y desconexion) adiabdtica de la interaccion entre los campos para poder
calcular integrales que van de —oo a +oo.

Consideremos por ejemplo la aplicacion de la electrodinamica cuantica a la
descripcion de la aniquilaciéon en dos fotones de un par electron-positron: ¢ + ¢ — 2y.
El estado inicial corresponde a un campo de Dirac con dos cuantos, uno correspondiente
al electrén y otro al positrén (el campo electromagnético se supone en el estado
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fundamental). Después de la aniquilaciéon entre el electron y el positron, el campo de
Dirac se encuentra en su estado fundamental (i.e., sin que haya ningun cuanto) y el
campo electromagnético se queda ahora en un estado con dos fotones. En segundo
orden la amplitud de transicion es dada por

Sy = (=)’ [d*x, [d*x, (27]A, (x DA, (x,)]0)(¥, ) (V2 )5

x[(0[ " (x YF (x,) T (x VB (x,)| e o(E, — 1)
— (0] () B (x )P (x )T (x,)]ee )0, — ).

No entraré en los detalles de esta expresion, s6lo comentaré algunos aspectos mas
relevantes. En estd expresion encontramos términos que corresponden a la
‘propagacion’ de un cuanto (virtual) entre los puntos del espacio-tiempo x; y Xz, ¥y
componentes relacionadas con los estados libres de cada campo (estados de Fock): ‘e*e+>,

27), y los estados de vacio de cada campo |0> Asi, solo entran en el célculo de

interacciones estados pertenecientes al espacio de Fock de cada campo. Parece entonces
que se tiene un procedimiento sencillo, basado en la matriz-S, para describir cualquier
proceso fisico que corresponda a una interaccidon entre el campo de Dirac y el campo
electromagnético.

El problema es que la conexion adiabatica de la interaccion (adiabatic switching) se
supone que permite pasar de la situacién descrita por los hamiltonianos (o lagrangianos)
de los campos libres H a la situacion de interaccion descrita por el hamiltoniano (o
lagrangiano) de los campos en interaccion Hj. Ahora, de acuerdo con el llamado
teorema de Haag, en términos informales, los vectores de estado para los campos libres
y los vectores de estado de los campos en interaccidon estan en espacios distintos y no se
pueden ‘conectar’. Por el teorema de Haag se puede concluir que si partimos de un
campo libre en t = —© tendremos siempre un campo libre para todo t. Asi resulta
necesario desde el inicio considerar vectores de estado de campos en interaccion. Ahora
bien, como hemos visto, esto no es lo que se hace en la electrodinamica cuantica. Dicho
en pocas palabras, el teorema de Haag implica que el método perturbativo usado en la
teoria para describir la interaccion entre la radiacion y la materia es desde un punto de
vista matematico inconsistente. Asi tenemos el problema de comprender cémo es
posible que un método matematicamente inconsistente permita la obtencion de
resultados excelentes cuando los comparamos con datos experimentales. Trataré de
mostrar que los buenos resultados de la teoria pese al teorema de Haag se pueden
explicar si se tiene en cuenta la base fisica de la teoria y no solamente su estructura
matematica.

Como ya referi antes, la teoria se desarrolla partiendo de la cuantizacion
independiente de dos campos clasicos. Describimos siempre su interaccion como una
pequefia perturbacion a sus estados libres. En realidad no tratamos los campos como un
sistema Unico cerrado. Pero desde un punto de vista matematico si consideramos todos
los términos de la serie de expansion de la matriz-S, eso corresponde a describir un
sistema cerrado. La cuestion es que la serie de expansion de la matriz-S es divergente.
(,Qué implicaciones tiene esto? Parece entonces que la situacion es aun peor que la
amenaza de inconsistencia matematica debido al teorema de Haag. Si la serie es
divergente eso significa que si no calculamos s6lo unos cuantos términos y tratamos de
hacer un calculo lo mas exacto posible, a partir de un determinado orden, en vez de
tenerse resultados cada vez mas ajustados a los datos experimentales tendremos
resultados cada vez peores. Asi parece que la teoria s6lo ‘funciona bien’ porque
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hacemos unos calculos limitados. Tal no es el caso. Si es cierto que desde un punto de
vista matematico el que se tenga en cuenta s6lo unos cuantos términos de la serie no
tiene aparente justificacion, cuando tenemos en cuenta la base fisica de la teoria si se
puede justificar el no considerar los términos de orden elevado que ‘estropean’ los
calculos.

Como referi la teoria ha sido estructurada alrededor de la idea de que la interaccion
entre radiaciéon y materia es débil (weak). Esto estd relacionado con lo siguiente: (1) el
término de interaccion en el Lagrangiano es pequeio; (2) debido a esto cuantizamos los
campos en separado como campos libres; (3) tomamos el término de interaccion como
un término perturbativo. Ahora, como ya mencioné, si intentamos calcular toda la
matriz-S, correspondiendo a tratar la radiacion y materia como un sistema cerrado, se
obtiene un resultado divergente. Se puede concluir asi que, en la practica, la nocion de
que la interaccion es débil implica que es imposible pasar de la descripcion de campos
libres (y su interaccion) a la situacion de campos (totalmente) en interaccion.

Desde una perspectiva formal se puede mostrar que un posible sistema de campos
en interaccion no se puede describir usando la representacion de Fock para campos
libres. Esto significa que desde un punto de vista formal para un sistema cerrado de
campos en interaccion no se puede usar la base fisica constitutiva de la electrodinamica
cudntica que es la idea de interaccion débil y su implementacion en la teoria. Asi,
podemos ver que no se consideran los términos de orden elevado de la serie de
expansion de la matriz-S debido a que su inclusidon corresponderia a un uso impropio
de la estructura matematica mas alla de la base fisica que se supone que ésta representa.
Por tanto en la electrodindmica cudntica tenemos los conceptos de radiacion y materia, y
de una interaccion débil entre ellos, pero no de campos en interaccion (que corresponde
a un sistema cerrado de radiacion y materia). Asi, hago una correspondencia entre la
obtencion de resultados matematicos con significado (no divergentes) y la manera como
se implementa la base fisica de la teoria. En este caso tenemos calculos intrinsecamente
aproximados de la interaccion débil entre dos sistemas fisicos distintos (radiacion y
materia).

Creo que esta situacion tiene semejanzas con las ideas de Bohr respecto a la
paradoja de Klein. Como ya referi antes, para Bohr la paradoja de Klein resultaba de
considerarse potenciales ‘matematicos’ sin tenerse en cuenta la estructura atdmica de la
materia (parte constituyente de la base fisica de la teoria). La paradoja resultaba de
usarse la matematica mas alld de lo que los conceptos fisicos de la teoria realmente
permitian. Como en el caso de la paradoja de Klein la divergencia de la serie de
expansion de la matriz-S resulta de aplicarse la estructura matematica de la teoria mas
alla de su contenido fisico provocando un colapso de los célculos

Volviendo a la cuestion del teorema de Haag, resulta que en la electrodinamica
cudntica evitamos las consecuencias del teorema porque ni siquiera intentamos describir
un sistema cerrado de campos en interaccion, solamente la interaccidon entre radiacion y
materia como sistemas distintos. Asi no hay ningiin conflicto de la teoria con el teorema
de Haag.

El capitulo 6

Cuando en 1929-30, Heisenberg y Pauli presentaron en dos articulos una teoria de
campos relativista de la interaccion entre un campo electromagnético cuantizado y un
campo de Dirac cuantizado, cambiaron de una primera opinion en que la energia propia
infinita del electron no constituia un problema mayor a una postura mas circunspecta en
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que reconocian que este problema podia incluso hacer inaplicable la teoria. La situacion
de la electrodinamica cudntica en los afios treinta no mejoro.

Como hemos visto, para tratar de resolver inconsistencias en su teoria del electrén
relacionadas con la existencia de soluciones con energia negativa, Dirac propuso su
teoria de los agujeros (hole theory). De aqui surgi6é un nuevo problema con infinitos. En
esta teoria/interpretacion de la ecuacion de Dirac se considera que todos los estados
correspondientes a energias negativas estdn en su mayoria ocupados por electrones. Esto
llevo a Dirac a considerar que el campo electromagnético es generado por la diferencia
entre la densidad eléctrica actual y la que corresponde a tener todos los estados de
energia negativa ocupados (el estado normal). Asi la ecuacion para el campo eléctrico es
dada por Div E = — 41 (p — <p>yacio).- Explorando las consecuencias de esta definicion
Dirac estudid como un campo externo podria influir en la definicion del estado normal,
esto es, tratdo de calcular cual era la distribucion de electrones con energias negativas
que se puede considerar como la normal en el caso en que estén sujetos a un campo
externo. Considerando el caso sencillo de un campo eléctrico externo estatico, Dirac
concluyd que este cambiaba la distribucion de electrones con energia negativa de una
manera que correspondia a una neutralizacion parcial de la carga que producia el campo
estatico. Si se asumia que su ecuacion era exacta eso llevaba a una cancelacion total de
la carga externa — un resultado sin sentido. Eso llevé a Dirac a suponer que la ecuacion
no se puede aplicar para energias ultra-relativistas del orden de 137mc?. Asi no teniendo
en cuenta el efecto del campo en electrones con energia més negativa que —137mc?,
tenemos que la neutralizacion de la carga (que origina el campo externo) debido a los
restantes electrones es pequefia, del orden de 1/137. Asi Dirac concluye que todas las
particulas cargadas tienen una carga efectiva menor que su carga real (del orden
136/137).

Esta definicion de un valor maximo de energia resulta fundamental para obtener un
resultado finito. Asi en un calculo posterior usando la llamada aproximacién de Hartree-
Fock Dirac obtiene un resultado infinito que s6lo puede reducir a uno finito imponiendo
una energia de corte (cut-off energy). Esto no es simplemente un truco matematico.
Dirac presenta una justificacion fisica para usarse este procedimiento. De acuerdo con
Dirac (siguiendo ideas de Bohr) la teoria cudntica so6lo se aplica a fendmenos en que las
distancias son mayores que el diametro clasico del electron, esto es del orden de e*/mc”.
Esto corresponde a energias del orden (hc/e”)(mc?) = 137mc?, que es el valor adoptado
por Dirac como limite para la energia. Esta aplicacion esta de acuerdo con la idea de
Bohr de que no se pueden hacer integraciones tomando la energia con cualquier valor
debido a que la teoria trata el electron como una particula puntual (point-charge). Asi
seria inconsistente en las aplicaciones de la teoria considerar energias que
corresponderian a distancias menores que el ‘didmetro’ del electron. Esta importante
idea se va a quedar soterrada en el posterior desarrollo de técnicas para enfrentar los
problemas de infinitos en la teoria. No voy a entrar aqui en los detalles de esta técnica
provisoria aplicada por Dirac a la que se le dio el nombre un poco despectivo de fisica
de substraccion (subtraction physics); s6lo refiero que durante los afios treinta no ha
sido posible resolver los distintos problemas de energia-propia que tenia la teoria. El
unico ‘desarrollo’ importante ha sido la comprobacion por V. F. Weisskopf de que la
energia-propia del electron divergia ‘s6lo’ de forma logaritmica. En la practica solo se
podian hacer unas cuantas aplicaciones de la teoria en el orden mas bajo de
perturbaciones y nada mas.

En 1947 los resultados experimentales de W. Lamb respecto a un desvio del nivel de
energia del estado 2°S1 respecto al 2°Py), en el 4tomo de hidrogeno llevé a una serie de
fisicos (incluyendo los mas brillantes de una nueva generacion) a enfrentar de nuevo la
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cuestion de los infinitos en la teoria (la guerra habia dejado estas cuestiones teodricas en
segundo plano). El primer momento de esta nueva fase en la historia de la
electrodindmica cuéntica lo encontramos en un calculo no-relativista realizado por H. A.
Bethe que le permitid6 obtener de forma aproximada el desvio observado
experimentalmente. Para eso Bethe hizo uso del método de ‘substraccion’ de Dirac en el
sentido en que impuso un limite de energia en las integrales (un ‘cut-off” de energia). El
otro aspecto fue tomar la parte que seria infinita como una correccién de la masa del
electron y considerar que la masa observable esta constituida por una masa ‘mecénica’ y
el efecto de la interaccion del electron con su propio campo (la parte que resulta
infinita). Adoptd basicamente un procedimiento ya necesario en la electrodindmica
clasica debido al mismo tipo de problema (una energia-propia infinita) que se denomina
renormalizacion. Es importante notar que, al contrario de Dirac, Bethe no dio ninguna
motivacion fisica para el ‘cut-off’.

Unos pocos meses después del calculo de Bethe, un fisico de la nueva generacion J.
Schwinger desarrollé un método relativista pero no-covariante para calcular el desvio de
Lamb (Lamb shift), usando para ello la renormalizacion de la masa y de la carga. La
vision de Schwinger respecto a la renormalizacidon es que ésta indicaba que la teoria
necesitaba cambios para energias ultra-relativistas. Schwinger esperaba que una futura
teoria mejorada deberia imponer limites a la energia que permitiera la existencia de un
‘cut-off” natural. Pero, al contrario de Dirac, Schwinger pensaba en términos de una
mejora mas bien matemadtica y no vio el problema como una incompatibilidad entre los
conceptos fisicos de la teoria (e.g. el concepto de electron puntual) y la inexistencia de
un limite natural asociado en las aplicaciones matematicas de la teoria. Otro aspecto del
trabajo de Schwinger es que, como los célculos fueron realizados de forma no-
covariante, habia muchas ambigiiedades en el procedimiento adoptado para identificar
los términos divergentes.

Otro fisico de la nueva generacion que dio una contribucion fundamental a la teoria
fue R. P. Feynman. Partiendo de la propuesta de Bethe de buscar una modificacion para
frecuencias elevadas de forma claramente relativista (que permitiera evitar los infinitos
por un procedimiento sin ambigiiedades), Feynman buscé una modificacion consistente
de la electrodindmica. Feynman empez6 con el caso de la electrodindmica clasica
desarrollando un método Ilamado regularizacion, en que el uso de un término extra en
las expresiones matematicas permitia que todos los resultados fueran finitos. Feynman
aplico después este procedimiento para el caso en que los electrones (y positrones) se
describen con la ecuacion de Dirac.

El método de regularizacion de Feynman resulta ser inconsistente desde el punto de
vista de la interpretacion fisica de la teoria. Eso significaba que en la practica después
de hacer la regularizacion de los términos que en otro caso serian infinitos, estos se
tenian que ‘absorber’ en la masa y carga del electrén correspondiendo a hacerse una
renormalizacion. Para que los resultados no dependieran del término de regularizacion,
se tenia que considerar el limite en que este dejaba de aparecer en las expresiones.
Como ya se habia hecho la renormalizacion de los términos infinitos esto ya no causaba
problemas. El método de Feynman era entonces un procedimiento equivalente al de
Schwinger, su ventaja era ser un método covariante y por lo tanto sin ambigiiedades en
la manera como se manejaban los términos infinitos. Asi el procedimiento de Feynman
no fue una nueva teoria mejorada y fue solamente un procedimiento para manejar de
forma clara integrales que resultan ser divergentes.

Resulta claro que la nueva generacion de fisicos tenia una actitud mucho mas
pragmatica que la anterior, tratando de poner la teoria en funcionamiento sin detenerse
demasiado en los posibles problemas conceptuales asociados a la regularizacion y
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renormalizacion. Una excepcion es la vison de F. Dyson respecto a este tema. La
concepcion de Dyson resulta tener alguna semejanza con la de Dirac y Bohr, entonces
ya olvidada. Dyson imagina dos tipos de observadores, el ‘ideal’ y el ‘real’. En el caso
del observador ‘ideal’ este tendria instrumentos de medicion sin estructura atomica
pudiendo ‘medir’ la interaccion puntual de los campos cuanticos (y asi obtendria
resultados infinitos); el observador ‘real’ tiene instrumentos de medida constituidos por
atomos y por lo tanto se tiene que tener en cuenta la estructura atomica de la materia.
Asi las mediciones del observador ‘real’ estdn limitadas y eso le impide hacer
observaciones submicroscopicas. De este modo solo obtiene resultados finitos.

El capitulo 7

La descripcion en orden mas bajo de teoria de perturbaciones de los procesos fisicos en
la electrodindmica cuéntica esta libre del problema de infinitos. Esto puede permitir un
analisis mas claro de la descripcion espacio-temporal de los procesos fisicos que se
tiene en la teoria. Me concentraré en la descripcion de la dispersion entre electrones
(electron-electron scattering).

En 1948 Dyson demostré la equivalencia entre los métodos de Schwinger (y
Tomonaga) y Feynman. Lo hizo usando la llamada matriz-S. Como ya mencioné la
matriz-S se aplica por un procedimiento perturbativo y es divergente. Los términos de
orden superior de la matriz-S no cambian la descripcion espacio-temporal (cualquiera
que sea) que se puede tener con este método, por eso consideraré solo la expansion de la
matriz-S hasta segundo orden. En este caso la interaccion entre los electrones resulta de
un intercambio (exchange) de fotones virtuales (ver figura 1).

En la descripcion espacio-temporal global (overall space-time approach)’ de
Feynman consideramos la propagacion de un foton virtual entre todos los puntos del
espacio-tiempo de Minkowski. El propagador de Feynman es dado por

<O|T{A“ (X)A"(x")}0) =ificDy’ (x — ')

Esta expresion significa que estamos considerando un foton ‘creado’ en un punto del
espacio-tiempo y ‘aniquilado’ en otro punto. El uso de T{ } significa que en esta
expresion covariante incluimos, dependiendo del orden temporal, la propagacion de un
electron a otro y viceversa, pues T{A*X)A'(x)}= AYX)A'X’) si t > ), y
T{A*X)A'(x)}= A'(x)A*(x) si t” > t. La amplitud de transiciéon en segundo orden
resulta de la contribucidon de todas las posibles interacciones entre los campos de Dirac
y Maxwell ‘conectados’ por un propagador de fotones:

2
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Los fotones se denomina virtuales por dos motivos. Uno es que la relacion de
energia y momento (energy-momentum relation) para el foton virtual no es k* = (k%)% —

7 En este trabajo se va usar esta terminologia pese a que teniendo en cuenta sus implicaciones respecto a
la descripcion temporal de los fenomenos fisicos no parece la mas adecuada.
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k* = 0. Esto se debe a que en la expresion del propagador k y k" son independientes el
uno del otro; también resulta que el propagador no es nulo para separaciones del tipo
espacial (space-like separations) lo que corresponde a una ‘propagacion’ con una
velocidad superior a la de la luz. El segundo punto es que este foton virtual no se puede
en principio observar.

(x1) V (x2)

cuanto
virtual

o

Y

v'(x1)

Figura 1: La interaccion entre electrones en segundo orden, que resulta del intercambio de un foton virtual
(Este es un ejemplo de un diagrama de Feynman).

Una cuestion bastante debatida en la filosofia de la fisica es el estatus de las
particulas virtuales. Por lo general la idea es que las particulas virtuales se tienen que
ver como un artefacto de la expansion perturbativa sin aportar ninguna ‘imagen’ fisica
de las interacciones. El argumento principal usado en la defensa de esta vision es el
llamado argumento de la superposicion. De acuerdo con este argumento la descripcion
por la matriz-S de las interacciones resulta en una serie infinita de términos de orden
cada vez mayor, lo que corresponde a tener un numero infinito de combinaciones de
cuantos virtuales. Asi los cuantos virtuales se tendran que ver como descripciones
pictdricas de términos matematicos (pues se pueden asociar a distintos diagramas de
Feynman).

El problema es que este argumento no es valido en la electrodindmica cuantica.
Como ya mencioné la serie de expansion de la matriz-S es divergente y tenemos
argumentos fisicos para solo considerar los primeros términos. Asi no tenemos un
nimero infinito de cuantos virtuales en la descripcion de las interacciones. En este caso
el intercambio de fotones virtuales es mas que algo meramente matematico, es la
manera en que la teoria nos describe (a nivel fisico) las interacciones. Pero hay que
tratar de comprender lo que es realmente la descripcion global de las interacciones. El
aspecto crucial es que la teoria no nos da una descripcion en el tiempo de las
interacciones. En el método de la matriz-S consideramos siempre limites de integracion
entre t = —0 y t = +o0; no hay manera de evitarlo. Esto es consistente con las
posibilidades experimentales. El caso es que no hay acceso experimental al
‘mecanismo’ de la interaccién. Lo que si se puede hacer es determinar (en el &mbito
tedrico y experimental) la llamada seccidon transversal (cross-section) que permite
calcular/verificar la probabilidad de observar un determinado resultado final de la
interaccion.

Se presenta la cuestion inmediata de saber si esta es una limitacion de un método en
particular o una caracteristica de la teoria. En cuanto al método, la matriz-S es bastante
general y otros métodos también perturbativos tienen el mismo tipo de problema. Lo
que tal vez fuera posible es considerar otro tipo de situaciones que aun se puedan ver
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como descritas por la teoria en las cuales se tenga una descripcion temporal mas en
acuerdo con lo que se espera desde la fisica clasica: una interaccion retardada debido a
la velocidad finita de la luz. Dejaré esta cuestion para el siguiente capitulo.

El capitulo 8

Aqui trataré la cuestion de la relacion entre la electrodinamica clasica y la cuantica. Del
capitulo anterior quedd por analizar una cuestion que trae implicita la que acabo de
mencionar. En la electrodindmica clasica tenemos la posibilidad de considerar que la
interaccion electromagnética (dependiente del tiempo) resulta de la emision y absorcion
de ondas electromagnéticas que se propagan a la velocidad de la luz. En el caso de la
electrodinamica cuéntica hasta el momento sdlo se ha podido describir las interacciones
a nivel temporal de forma global (entre t = —o0 y t = +o0). La cuestion estd en saber si
hay un término medio entre estos dos extremos y qué implicaciones tiene para nuestra
vision de la relacion entre las dos teorias.

En un primer momento podria parecer que un modelo sencillo de la interaccion
entre dos electrones atémicos podria darnos este término medio que se busca.
Aparentemente este modelo se desarrolla dentro de la electrodindmica cudntica. Asi
cuando un atomo inicialmente en un estado excitado emite un fotdon, éste solo sera
absorbido por otro atomo después aproximadamente de un intervalo de tiempo t/c,
donde r es la distancia entre los atomos y c¢ la velocidad de la luz. Un aspecto
fundamental de este modelo es la forma especifica dada a la densidad bilineal (bilinear

density) yy"y que aparece en el término de segundo orden de la matriz-S usado en
este modelo:

const [ dx [ d*y(WEOYWEOID, (x = T HF W)

y

con yy'y~ alaz*pu(x) exp [iopt — t*/T?] , donde @y > 0. Sin entrar en detalles se puede

verificar que la expresion adoptada es la misma que se obtiene por consideraciones
clasicas. Esto es importante pues significa que el modelo se esta aplicando no en un
‘régimen cuantico’ sino en el limite de correspondencia entre las dos teorias donde por
construccion la teoria cudntica tiene que dar resultados equivalentes a la teoria clasica.
Asi se trata mas bien de un modelo semi-clésico.

Vemos que no se consigue dentro de la electrodindmica cuantica tener una
descripcion en el tiempo de las interacciones. Si suponemos la electrodinamica cuéantica
como una teoria mas fundamental a la cual se reduce la teoria cldsica tenemos un
problema. La teoria clasica nos permite asociar intervalos de tiempo (duraciones) a los
procesos fisicos. Se supone que ‘por debajo’ existe un mundo cuantico descrito por una
teoria cuantica. Estos procesos cuanticos deberian estar en el ‘interior’ de los procesos
macroscopicos a los cuales se asocian duraciones claras. El problema es que seglin la
electrodindmica cuantica no podemos asociar ningin intervalo de tiempo, por mas
cualitativo que sea, a los procesos cuanticos. Tenemos asi el problema de justificar la
emergencia de los intervalos de tiempo asociados a procesos descritos por la fisica
clasica desde una descripcion cuantica. Asi un elemento clave de la emergencia de lo
clésico (classicality) se nos escapa.

Por este motivo me resulta dificil aceptar la vision tradicional de la teoria cuédntica
como mas fundamental y a la cual se reduce la teoria clasica. Teniendo en cuenta que la
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electrodinamica cudantica se construye, en parte, por un proceso de cuantizacion de la
electrodindmica clésica, resulta mas aceptable la idea de que la electrodinamica cuantica
depende de la clésica y no se puede considerar por separado de la version clasica. Son
las dos en conjunto lo que nos permite describir los fenémenos que ‘catalogamos’ como
de interaccion electromagnética entre radiacién y materia.

Esta vision esta de acuerdo con la idea de O. Darrigol de una estructura modular de
las teorias fisicas. De acuerdo con Darrigol la préctica y la historia de la fisica revelan
que las teorias no son un todo homogéneo y separado; por el contrario las teorias se
aplican en conjunciéon unas con otras. Asi una teoria se debe ver mas bien como
constituida por componentes o moddulos que pueden ser ellos mismos teorias con
distintos dominios de aplicacion.
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CHAPTER 2

THE SCHRODINGER EQUATION AND ITS INTERPRETATION

1 Introduction

To set the ‘stage’ for the study of quantum electrodynamics, in particular of Dirac’s
relativistic quantum-mechanical equation and its different interpretations, I will consider
in this chapter the non-relativistic and quantum-mechanical Schrodinger equation. In
section 2 I will consider some of the historical developments of the quantum theory
previous to Schrodinger’s contribution. I will focus in particular on Albert Einstein’s
work on light quanta (which as we will see in chapter 4 is a fundamental aspect of the
quantized electromagnetic field) and Louis de Broglie’s work on wave aspects of
electrons (which is an immediate precursor of Schrodinger’s approach). In section 3 I
consider the early ‘stages’ of the development of the Schrddinger equation not
addressing the interpretation problem, i.e. the physical meaning of the equation. Section
4 will be dedicated to this problem. I will focus on Schrodinger’s ‘electrodynamic’
interpretation. We will see that this interpretation has a two-fold aspect. On one side
Schrodinger uses his electrodynamic interpretation of the wave function as giving rise
to a charge density distribution in space. But on the other side Schrodinger also takes
the wave function as a ‘real” wave propagating in space. In fact, that there can be an
ambiguity in the interpretation of the Schrddinger equation can be made clear by
considering the simple case of the hydrogen atom. We will see that it is possible to
consider the Schrodinger equation as the equation of a ‘classical’ de Broglie wave that
is afterwards quantized. We will encounter similar ambiguities in the next chapter when
looking into the details of the Dirac equation.

2 The ‘pre-history’ of the Schrédinger equation

In 1900 Max Planck presented a derivation of the energy distribution law of the normal
spectrum, which he had previously proposed with no rigorous theoretical justification
but with a good agreement with observational data. In his derivation Planck considered
a system of resonators (Hertzian oscillating dipoles) in thermodynamic equilibrium with
electromagnetic radiation at a constant temperature (Klein, 1975, pp. 461-462). There
are two main separate parts in Planck’s derivation. One consists in deriving the relation
between the average energy of a resonator (having frequency v) and the density of the
(blackbody) electromagnetic energy at the same frequency. This Planck achieved by
thermodynamics and classical electrodynamics. The other part of Planck’s derivation
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consisted in using Ludwig Boltzmann’s combinatorics in the determination of how the
total energy of resonators with a particular frequency is distributed at a particular instant
over the resonators, taken to be independent of one another (Jammer, 1966, pp. 10-22;
Kuhn, 1978, pp. 97-110).

Boltzmann had developed his combinatorics as a procedure (without physical
meaning in itself) to determine the most probable distribution of molecular velocities in
a perfect gas. For that he considered a fiction wherein molecules can take only discrete
energy values. Each particular microstate of the gas corresponds to a particular
distribution of discrete elements of energy by the molecules (what Boltzmann called a
complexion). Then, by determining the maximum number of complexions (under
particular constraints) the equilibrium distribution was obtained. That is, the equilibrium
macrostate of the gas (with N molecules and a total energy E) is the one for which there
are more microstates available. In the end of the calculation the continuous limit was
taken. Boltzmann then obtained the Maxwell distribution law of molecular velocities in
a perfect gas (Darrigol, 1992, pp. 62-63).

Planck had already obtained, in part by ad hoc means, an energy distribution law
that was in excellent agreement with experimental data. In the search for theoretical
foundations to his law Planck found it necessary to make use of Boltzmann’s ideas.
Planck, when applying Boltzmann’s combinatorics to the case of resonators in
thermodynamic equilibrium with electromagnetic radiation at a constant temperature,
considered that the total energy of N resonators consisted in an integer number P of
energy elements distributed over the resonators. However, to arrive at his law Planck
had to keep the energy elements to the end of the calculation. He could not take the
continuous limit (Darrigol, 1992, pp. 67-73). In this way, the essential point that enables
the derivation of Planck’s distribution law is to consider that the total energy E of N
resonators with frequency v is composed of an integer number of energy elements €.
This has been seen as “Planck’s introduction of the quantum of action” (Jammer, 1966,
p- 19), or the moment “at which discontinuity entered physics” (Klein & Shimony &
Pinch, 1979, p. 431).

This view was challenged in 1978 when Thomas S. Kuhn put forward the idea that
Planck did not consider the quantization of the energy of each individual resonator in
his derivation (Kuhn, 1978). This apparently heterodox view has been corroborated
(Darrigol, 1992), and without going into the complexities of Planck’s approach to
statistical mechanics, we find evidence of this in Planck’s own writing in his 1900
article:

We consider, however — this is the most essential point of the whole calculation — E to be composed of a
very definite number of equal parts and use thereto the constant of nature h= 6.55 x 10’ erg sec. This
constant multiplied by the common frequency v of the resonators gives us the energy element € in erg,
and dividing E by € we get the number P of energy elements which must be divided over the N

resonators. If the ratio is not an integer, we take for P an integer in the neighborhood. (Planck, 1900, p.
84)

The last sentence clearly indicates by itself that “the energy of N independent
resonators, and a fortiori the energy of a single resonator, was not thought to be
restricted to multiples of [g]” (Darrigol, 1992, p. 74), as would be the case if each
individual resonator had its energy quantized.

According to Kuhn the discontinuity in the energy of the resonators entered physics
in Albert Einstein’s 1906 article about Planck’s theory. Einstein considered that:
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We must, therefore, recognize the following position as fundamental to the Planck theory of radiation:
The energy of an elementary resonator can take only values which are integral multiples of (R/N)Bv
[where R is the gas constant, N Avogadro’s number, and B a constant]. During absorption and emission
the energy of a resonator changes discontinuously by an integral multiple of (R/N) Bv. (Quoted in Kuhn,
1978, p. 170)

Already in his previous article of 1905, about creation and conversion of light, Einstein
mentioned the ‘elementary quanta’ (associating it with Planck’s theory), but in this
work what Einstein was considering was an atomistic view of light in analogy with the
atomic theory of matter. Like in the case of matter, where we have to consider a
quantity of energy associated with the atoms or electrons that “can not be split into
arbitrarily many, arbitrarily small parts” (Einstein, 1905, p. 91) — in contrast to the
continuous distribution of energy of the electromagnetic field —, in the case of light (in
the limit of short wavelengths) we can consider, at least from a thermodynamical point
of view, that its energy is discontinuously (atomistically) distributed in space.

In the 1905 work Einstein considered the thermodynamical properties of light. In
particular it was found that the volume dependence of the entropy of monochromatic
radiation with energy E and frequency v, in the limit where Wien’s law is valid, is the
same as the volume dependence of the entropy of a gas of mutually independent
particles with energy hv. Einstein considered that “when a light ray starting from a point
is propagated, the energy is not continuously distributed over an increasing volume, but
it consists of a finite number of energy quanta localized in space, which move without
being divided and which can be absorbed or emitted as a whole” (Einstein, 1905, p. 92).
Einstein proposed his heuristic argument on the nature of light considering not Planck’s
distribution law, but what can be seen as the limit of Planck’s law for short
wavelengths: Wien’s law. In this way, Einstein’s argument about the atomicity of light
was not applicable to radiation of all wavelengths, as he remarked: “Monochromatic
radiation of low density behaves — as long as Wien’s radiation formula is valid — in a
thermodynamic sense, as if it consisted of mutually independent energy quanta”
(Einstein 1905, p. 102; for details on Einstein’s derivation of his result see e.g. Sanchez
Ron, 2001, pp. 170-172).

What might have led Einstein to this work is certainly a combination of factors. One
factor seams to be the “profound formal difference between the theoretical ideas that
physicists have formed concerning gases, and other ponderable bodies, and Maxwell’s
theory of electromagnetic processes in so-called empty space” (quoted in Klein, 1963,
p. 62). At a conference in September 1909, Einstein gave a further argument along these
lines, based on general characteristics of the theories, for the light-quanta hypothesis
(Klein, 1964, p. 7). Concerning the emission and absorption of light, Einstein
considered more appealing a corpuscular theory due to the symmetrical treatment of the
two processes. In the case of the classical theory there is not an elementary process that
is the opposite to the process of emission of an outwardly propagated spherical wave
(Einstein, 1909b, p. 387). But possibly the most important motivation for the work (at
least according to Einstein’s autobiographical notes; see Einstein, 1979) was Einstein’s
intention of applying his own statistical methods in deriving Planck’s distribution. It
turns out that Einstein found a problem in the theoretical foundations he was using. He
did not arrive at Planck’s distribution law but to what would become known as the
Rayleigh-Jeans distribution law, noticing for the first time what would be called the
ultraviolet divergence: the infinite energy of the radiation field due to the high
frequencies of the field. In trying to understand the origin of the problem Einstein took
Planck’s distribution law as an empirically confirmed law and set to study its low and
high frequency behavior. In this way Einstein explored the frequency range in which his
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classical derivation was problematic. Einstein studied the thermodynamical behavior of
radiation of high frequency (low wavelength), in which Wien’s law can be seen as a
limiting case of Planck’s law, arriving at his breakthrough idea of light quanta.

At this stage it was clear to Einstein that classical electrodynamics was at stake
(remember also the other probable motivations for this work concerning the structure of
radiation). In the introduction of the article Einstein stated his view on the theory:

The wave theory of light, which operates with continuous spatial functions, has proved itself splendidly in
describing purely optical phenomena and will probably never be replaced by another theory. One should
keep in mind, however, that optical observations apply to time averages and not to momentary values, and
it is conceivable that despite the complete confirmation of the theories of diffraction, reflection,
refraction, dispersion, etc., by experiment, the theory of light, which operates with continuous spatial
functions, may lead to contradictions with experiment when it is applied to the phenomena of production
and transformation of light. (Einstein 1905, p. 86)

Einstein did not developed in this work an analysis of the detailed theoretical motives
that made his classical derivation different from Planck’s, i.e. the failure of classical
electrodynamics, and neither did he conduct a critical study of Planck’s own derivation.
He was content to indicate where the problem might be and to explore more of the
experimental evidence for his light quanta hypothesis. Besides the ‘blackbody’ radiation
described by Planck’s distribution law and whose study in the limit of high frequencies
led Einstein to the light quanta hypothesis, Einstein focused on situations where
radiation was created or transformed and where he expected the corpuscular structure of
light to show up: the phenomenon of fluorescence, the photoelectric effect, and the
ionization of gases by ultraviolet radiation. All these three cases were easily explained
by taking into account the light quanta hypothesis.

Einstein took a closer look on Planck’s distribution law in the article from 1906
mentioned previously, where he presented his view on Planck’s theory taking into
account his idea of the light quanta (ter Haar, 1967, pp. 17-18). Einstein concluded that
“Planck’s theory makes implicit use of the ... light-quantum hypothesis” (quoted in
Pais, 1979, p. 875). This is due, according to Einstein, to the fact that to deduce
Planck’s distribution law the resonators can not have any arbitrary value of energy but
only integer multiples of hv (Einstein, 1906, p 195). Einstein gave a general deduction
in which depending on the assumption made on the energy range of a resonator the
Rayleigh-Jeans law or Planck’s law was obtained. In the second case Einstein took the
energy of a resonator to have a discrete energy spectrum.

A pause is needed at this point. It is important to remember (as mentioned above)
that Planck did not consider in his derivation that the energy of each resonator could
take only discrete values. This is where Kuhn’s interpretation is coming in. Also
Einstein did not stop here. He made a connection between the discontinuous energy
spectrum of the resonators and the light quanta hypothesis. The (implicit) connection in
Einstein’s argumentation to the light quanta idea can be made recalling that in his 1905
article Einstein considered that “a light quantum transfers all of its energy to a single
electron” (Einstein, 1905, p 104). With this ‘simplest picture’ of the absorption (or
emission) of light by matter, Einstein considered that “by emission and absorption, the
energy of a resonator changes by jumps of integral multiples of [hv]” (Einstein, 1906, p.
195). This makes a connection between the existence of discontinuous energy levels in
the resonators (that for Einstein is necessary to make a proper derivation of Planck’s
distribution law) and the existence of light quanta. But there is still the problem that in
the derivation of Planck’s distribution law by Einstein (as it was the case also with
Planck), use is being made of results from classical electrodynamics whose foundation
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is at stake due to the light quanta hypothesis. We must recall Einstein’s doubts about
classical electrodynamics. In particular, as we have seen, he explicitly mentions the
possibility of the theory to have meaning only when considering time averages. In this
way it turned out that the necessary adoption (at this point) of results from classical
electrodynamics was paradoxical as Einstein recognizes:

Although Maxwell’s theory is not applicable to elementary resonators, nevertheless the mean energy of
an elementary resonator in a radiation space is equal to the energy calculated by means of Maxwell’s
theory of electricity. This proposition would be immediately plausible if, in all those parts of the spectrum

that are relevant for observation, € = (R/N)Bv were small compared with the mean energy ED of a

resonator; however, this is not at all the case, for within the range of validity of Wein’s radiation formula,

e™Tis large compared with 1. It is easy to prove that according to Planck’s theory of radiation, within

the range of validity of Wien’s radiation formula, EU / € has the value e'ﬁ D/T, thus, EU i1s much smaller

than €. Therefore only a few resonators have energies different from zero. (Einstein, 1906, p. 196)

Einstein’s view relating the discontinuous change in the number of energy elements
of a resonator to the emission or absorption of light quanta was later critically analyzed
by Paul Ehrenfest and others. The reason was that Einstein was identifying the quanta of
energy (energy elements) that an oscillator may take, which, being indistinguishable, are
not particles (in the classical sense), with light-quanta taken (implicitly) to be classical
distinguishable particles (Jammer, 1966, pp. 51-52). To be rigorous Planck’s law cannot
be ‘deduced’ from the light quanta hypothesis within Einstein’s procedure without a
further hypothesis (regarding the statistics of light quanta), as is implicit in Einstein’s
deduction of Planck’s distribution law in a 1907 paper (ter Harr, 1967, p. 18). But this
was only clarified after the work of Satyendra Nath Bose (see below).

Toward the end of 1908 there was a further development in the light-quanta
hypothesis. Einstein made a calculation of the energy fluctuations in blackbody
radiation and obtained an expression with two terms. One term results from the
interference of waves as expected from Maxwell-Lorentz electrodynamics, and,
according to Einstein, the other term is expected by taking the radiation to be
“independent moving point quanta of energy hv”’ (quoted in Hermann, 1971, p. 58).

Einstein extended his approach and considered also the fluctuations of the radiation
pressure. For that he took the radiation to be in a cavity in which one of the walls is a
mirror that can move freely in the direction perpendicular to its normal. Again an
expression with two terms was obtained with the same physical explanation as in the
energy fluctuation case. According to Einstein “if the first term alone were present, the
fluctuation of the radiation pressure could be completely explained by the assumption
that the radiation consists of independently moving, not too extended complexes of
energy hv” (Einstein, 1909a, p. 369).

This result, published in 1909, at the same time that it confirmed the significance of
the light quanta hypothesis, gave to Einstein further evidence on the limitations of
considering radiation as composed by independent particles (already in his 1905 work,
Einstein knew that this hypothesis was only applicable to electromagnetic waves of high
frequency):

I am not at all of the opinion that one should think of light as being composed of mutually independent
quanta. This would be the most convenient explanation of the Wien end of the radiation formula. But
already the division of a light ray at the surface of refractive media absolutely prohibits this view. A light
ray divides, but a light quantum indeed cannot divide without change of frequency. (Letter from Einstein
to Lorentz, 23 May 1909, quoted in Howard, 2005, p. 6)
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Until 1916 after the completion of his gravitation theory Einstein did little further
work on the quantum theory. But in that year a breakthrough occurred regarding the
light quanta hypothesis (Klein, 1964, p. 16). In September of that year Einstein wrote in
a letter to Michele Besso that “in each energy transfer from radiation to matter the
momentum hv/c is also transferred to the molecule. Hence we conclude that every such
elementary process is a completely directed event. With that the light-quanta must be
considered as good as being substantiated” (quoted in Mehra & Rechenberg, 1982, p.
515). This view came about due to Einstein’s development of a simple statistical
approach to the emission and absorption of radiation by matter. Einstein developed his
approach by taking into consideration very simple assumptions. He took into account
the general result from quantum theory that the molecules in interaction with radiation
can only have a discrete set of energy states (an idea first proposed by him in 1906). As
in the classical case where there is emission of radiation by a dipole oscillator
independently of any external field, Einstein proposed that a molecule would emit
radiation when by spontaneous emission, that is, without any external influence, a
transition between a state Z,, and a state Z, occurred. By analogy with the probabilistic
description of the radiative decay, Einstein assigned a constant coefficient to this
transition: A", = dW / dt, where dW is the probability of the spontaneous process taking
place in the time interval dt. Also, there would be, as in the classical case, an induced
emission or absorption of energy due to the presence of electromagnetic radiation
(Einstein, 1917, pp. 170-171).

According to classical theory a radiation beam will transfer energy and momentum
to a molecule in accordance with the law of conservation of energy and momentum. But
in what regards the emission of radiation, “according to classical theory the emission is
in the form of a spherical wave” (Einstein, 1917, p. 172). In this case there would be no
transfer of momentum to the molecule. To make compatible his derivation of Planck’s
law with general results regarding the thermal equilibrium between molecules and
radiation, Einstein found it necessary to consider that the emission or absorption of
radiation results from an elementary process in which there is a transfer of energy hv
and momentum hv/c, in such a way that “the momentum is directed along the direction
of propagation of the ray [of light] if the energy is absorbed, and directed in the opposite
direction, if the energy is emitted” (Einstein, 1917, p. 182). In the case where the
transition in the molecule is induced by an external field the change in the momentum
of the molecule will be in the direction of the radiation beam. In the case where there is
no external field present and the emission of radiation is spontaneous, Einstein
considered that

If a molecule undergoes a loss of energy of magnitude hv without external influence, by emitting this
energy in the form of radiation (spontaneous emission), this process is also a directed one. There is no
emission of spherical waves. The molecule suffers in the spontaneous elementary process a recoil of
magnitude hv/c in a direction which is in the present state of the theory determined by ‘chance’. (Einstein,
1917, p. 182)

In this way Einstein found it necessary, for the consistency of his approach regarding
the elementary interaction of radiation and matter, to associate with the light-quanta
with energy hv also a momentum hv/c, which according to relativity theory corresponds
to a particle with zero rest mass (Pais, 1979, pp. 886-887).

In the derivation of his results concerning the momentum of the light-quanta,
Einstein considered the motion of molecules under the influence of the radiation. As we
have seen, already in 1909 Einstein had made a similar calculation, in this case to
determine the (perpendicular) motion of a movable flat plate that closes a vessel
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containing an ideal gas and radiation in thermodynamical equilibrium. The expression
obtained for the radiation pressure contained two terms, exactly like the corresponding
expression for the energy fluctuations, which could be given the same interpretation.
The first term of the formula is related to a corpuscular feature and the other to a wave
feature. Einstein did not make any strong claims relating the radiation pressure and a
possible momentum of the light-quanta even if he remarked that “if the radiation were
to consist of very few extended complexes with energy hv which move independently
... then as a consequence of fluctuations in the radiation pressure such momenta would
act on our plate as are represented by the first term only of our formula” (quoted in Pais,
1979, p. 887). Contrary to his 1916 work, in this work Einstein was not considering the
elementary interaction of radiation and matter and making a derivation of Planck’s
formula by taking into account this interaction, only making more general statistical
calculations that did not provide any insight into the ‘mechanism’ of an elementary
interaction.

This development of the light-quanta hypothesis still did not deal with the limitation
of considering the light-quanta as independent, which according to Einstein was “a
picture which represents the roughest visualization of the light-quantum hypothesis”
(quoted in Pais, 1979, p. 887). Also, in his derivation Einstein had to take into account
results from Maxwell-Lorentz electrodynamics. A derivation of Planck’s law taking into
account the light-quanta hypothesis and without any reference to classical
electrodynamics arrived in Einstein’s hands in 1924 in a letter from a physicist from
India. Bose found a way to derive Planck’s law without using classical electrodynamics
and by making an explicit use of the concept of light-quanta with an energy hv and a
momentum hv/c (Bose, 1924). In his derivation, Bose used for the particles the same
counting method applied (in his book) by Planck to the distribution of energy elements
over the oscillators (Darrigol, 1986, p. 212).

Einstein applied Bose’s methods to the development of a quantum theory of a
monoatomic ideal gas. In his third paper on the theory of an ideal gas Einstein
mentioned what seems to be his initial motivation for this work: “this theory appears to
be justified in case one starts from the conviction that a light-quantum is distinguished
(apart from its polarization property) from a monoatomic molecule basically by the fact
that its rest mass is arbitrary small” (quoted in Mehra & Rechenberg, 1982, p. 573). The
basic difference in Einstein’s approach is that he uses the energy-momentum relation for
nonrelativistic particles with mass m, and that he imposes the constraint of a fixed
number of molecules in the gas.

Following criticism by Ehrenfest, in his second paper on gas theory Einstein
recognized that Bose’s counting method implied that “the quanta or molecules are not
treated as being independent of one another” (quoted in Howard, 2005, p. 9). This is the
crucial point that had prevented Einstein to approach a full derivation of Planck’s law
using his light-quanta hypothesis. In his 1905 work Einstein took the light-quanta to be
independent classical-like particles, thus being able only to justify Wien’s law. In this
paper Einstein stressed that the difference between the Boltzmann counting procedure
(applied to classical particles) and the Bose counting was that the gas molecules (or the
light quanta) could not be taken to be statistically independent. According to Einstein
the entropy formula for an ideal monoatomic gas derived using Bose statistics
“expresses indirectly a certain hypothesis of a mutual influence between molecules”
(quoted in Darrigol, 1986, p. 211). Besides his important conclusions regarding the
behavior of the gas at a low temperature (the condensation effect), Einstein derived an
expression for the energy fluctuation of an ideal monoatomic gas that was analogous to
the formula for the radiation fluctuation he had obtained in 1909. Again he had an
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expression with two terms. According to Einstein “only the first of these would be
present if the molecules were independent of each other” (quoted Mehra & Rechenberg,
1982, p. 618). Regarding the second term Einstein wrote that “one can interpret it, also
in the case of gases, by associating with the gas a radiation phenomenon in a suitable
manner and computing its interference fluctuations” (quoted in Mehra & Rechenberg,
1982, p. 618). That is, like in the case of blackbody radiation Einstein interpreted the
second term as resulting from an undulatory behavior, now associated with the
monoatomic gas molecules. Following Louis de Broglie’s ideas (as presented in his
1924 thesis) Einstein associated a scalar wave field with the monoatomic gas and took
the second term of the fluctuation formula as resulting from the “square fluctuation of
this wave field” (quoted in Mehra & Rechenberg, 1987, p. 413).

From his Brother, the experimental physicist Maurice de Broglie, it was clear to de
Broglie, around 1920, that there is a need “of always connecting together the points of
view of waves and corpuscles” (quoted in Mehra & Rechenberg, 1982, p. 584) in the
interpretation of experimental results regarding different forms of radiation.® In a series
of notes published between 1922 and 1923, de Broglie developed his undulatory
mechanics, where he tried to explain the dual character of radiation, extending also this
duality to the description of matter. It seems that the first step in de Broglie’s theoretical
work came when he took the mass of the light-quanta to be very small but different
from zero. This move made it possible to relate Einstein’s formulas E = moc2 and E =
hv, where my is the light quanta rest mass. The expression moc> = hvy, suggested to de
Broglie the existence of an internal periodic phenomenon with a frequency v, associated
with any massive particle not only the light quanta. An apparent paradox occurred when
considering a particle moving with a uniform velocity v with regard to a stationary
observer. The observer would take the energy of the moving particle to be E = moc® (1—
B) "2, and the internal frequency to be v; = vo(1— )" In this way for a moving particle
the internal frequency would not be related with the frequency given by E = hv. This
‘second’ wave appeared to be unrelated to the particle because it had a wave velocity
superior to c. However, de Broglie noticed that this fictitious wave would remain in
phase with the internal periodic phenomenon and took this ‘phase wave’ as guiding the
motion of the particles. He considered that “any moving body may be accompanied by
a wave and that it is impossible to disjoin motion of body and propagation of wave”
(quoted in Jammer, 1966, p. 244). In the case of ‘matter waves’ (the phase waves
associated with matter) de Broglie found an important result in the case of orbiting
electrons. de Broglie considered that “the rays of the phase waves coincide with the
trajectories [of the particles]” (quoted in Mehra & Rechenberg, 1982, p. 593). In simple
terms we can say that a particle and its associated wave follow the same trajectory. In
the case of an electron in a close circular trajectory, by taking the electron and the
(fastest) wave to start motion at a particular point of the trajectory at an initial time t =
0, they will meet on the orbit again at a later time t = TP* / (1— B®), where T is the
period of revolution of the electron. At this moment the internal phase of the electron is
2mvit = moc® TB? / h(1— B?) “. By requiring the phases of the phase wave and the
internal periodic motion to be equal at this point, de Broglie obtained the expression
mev*(1— B) *T = nh, where n is an integer. This expression corresponds to the Bohr-
Sommerfeld quantum condition. In this way the quantization could be seen as a
resonance condition on the phase wave associated with the electron when considering
closed trajectories.

¥ See Wheaton (1991) for an account of the importance of experimental work in conceptual developments
in the quantum theory and in particular on de Broglie’s ideas.
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3 The coming to be of the Schrodinger equation

After reading Einstein’s remarks on de Broglie’s ideas, Erwin Schrédinger got hold of a
copy of de Broglie’s thesis (where his ideas were developed in detail) and set to work
on what would become known as wave mechanics. In a first moment Schrodinger tried
to “visualize the phase wave of an electron on Kepler orbits. The ‘rays’ certainly
correspond to neighbouring Kepler ellipses having the same energy. This, however,
leads to horrible ‘caustics’ or the like, for the wave front” (quoted in Mehra &
Rechenberg, 1987, p. 416). Having difficulties in exploring a ‘direct’ geometrical
picture of the phase wave, Schrodinger turned to finding a wave equation that described
the phase wave associated with the electron. The first attempt was the derivation of a
relativistic wave equation that later would become known as the Klein-Gordon
equation. Schrodinger used the equation to determine the eigenvibrations of the
hydrogen atom, but got the wrong results (when compared with Arnold Sommerfeld’s
1924 results on the hydrogen atom obtained within the so-called old quantum theory).
Only in the non-relativistic limit was Bohr’s original result recovered. This put in
danger the whole program of a wave-theoretical approach since de Broglie’s phase
wave was developed taking into account relativistic considerations. Schrodinger finally
settled for the development of a non-relativistic wave equation as we can see from a
letter to Wilhelm Wien in late December 1925:

At the moment I am plagued by a new atomic theory ... I believe that I can write down a vibrating system
— constructed in a comparatively natural manner and not by ad hoc assumptions — which has as its
eigenfrequencies the term frequencies of the hydrogen atom ... at the moment I still have to learn the
mathematics to handle the vibration problem fully — a linear differential equation, similar to Bessel’s,
however less known and exhibiting strange boundary conditions; these are connected with it and not
imposed from outside. (Quoted in Mehra & Rechenberg, 1987, 460 & 461)

Within a few weeks the results of his ongoing research started to appear in Annalen
der Physik. In his notebooks, besides the derivation of his relativistic equation,
Schrodinger made a derivation of a non-relativistic wave equation by considering de
Broglie’s results. Schrodinger considered a generalized de Broglie’s phase wave
frequency relation, for an electron with mass m, charge e, and velocity v, in a Coulomb
potential (i.e. the electron of the hydrogen atom):

mv® ¢’

hv =mc¢? + .
r

Using this result, Schrodinger took the non-relativistic momentum of the electron (mv?)
into de Broglie’s relation for the phase velocity (in the non-relativistic limit)

_bv

u .
mv

Inserting the non-relativistic result for u into the relativistic equation for the phase wave
he had previously put forward, Schrodinger obtained a non-relativistic wave equation
for the hydrogen atom:
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as it appears in the first Annalen paper, where Schrodinger presented the wave equation
as resulting from a variational approach without giving much insight into the physical
considerations that led him to the wave equation (Schrodinger, 1926a). Schrodinger
presented some considerations regarding the adoption of a second-order differential
equation as the basis for the development of his wave mechanics in his second paper on
the subject (Schrodinger, 1926b). This type of equation had traditionally been used to
describe wave phenomena. By ‘striving for simplicity’ Schrodinger settled for a second-
order differential equation:

82+82+82 10 0o
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Then by assuming the wave to have a simple time dependency (i.e. a periodic behavior
in time with frequency v): y~ exp (2mivTt), Schrodinger obtained a time-independent
relativistic wave equation:
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This was the equation that by taking into account de Broglie’s results led him to his
wave equation for the hydrogen atom, as we have seen above.

In the ‘derivation’ of the wave equation, Schrodinger considered, as we have just
seen, the time-independent case corresponding to a situation where the parameter E
(which in the case of a bound electron is the energy of the hydrogen atom) has a time-
independent value, i.e. E does not change in time.

In the application of this wave equation to the hydrogen atom, an analytic solution
can be found, by taking into account the spherical symmetry of the Coulomb potential,
and making a separation of the wave equation in spherical coordinates: Y= WeWy\;. It is
in the radial equation that interesting things happen:

b
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where n takes up only integer values. The limitation of n to integers comes about
because in the solution of the angular equations the part of the wave function W,
dependent on the azimuthal angle ¢ must be single-valued (i.e. when ¢ is increased by
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21 or a multiple of 27, Y, must be unchanged). This implies that y, is given by
2 2e™ where m is a positive or negative integer or zero. Also to have finite solutions
in the equation for Wy it is necessary that n be a positive integer or zero so that |m| <n.

An important aspect of the radial equation is that it has singular points at r = 0 and r =
Q0.

We will consider here the case of bound states for which E takes negative values.
Taking into account that the Coulomb potential goes to zero more strongly than 1/r as r
— oo the asymptotic solution of the radial equation can be obtained by disregarding the
Coulomb potential in the radial equation, and by taking into account that the wave
function must approach zero as r — o. This boundary condition implies that, in the
asymptotic limit, ¢, ~ €. The other singular point r = 0 is taken care of by considering
v, ~ U, where U; can be expressed as a power series. By considering the two
boundary conditions it turns out that the power series must terminate, and, being n’ the
highest power of U; in the finite order power series, there is a solution to the radial
equation only when we have:

2me?

K+ -2mE

From this it follows that the energy for the bound states of the hydrogen atom can take
only discrete values:

=l=n+n+1.

2.4
y = 27;% , where 1 is the so-called principal quantum number.
This type of solution to a wave equation can be seen as a proper value problem, i.e.
there is a differential equation with a numerical parameter (in this case the energy E),
and the solutions must satisfy particular boundary conditions (in this case the wave
function has to be finite at r = 0 and approach zero as r — ). The values of the
parameter (E) for which there are non-trivial solutions are called proper values
(eigenvalues), and the corresponding solutions of the equation are called proper
functions (eigenfunctions). In the case of Schrodinger’s wave equation further
‘physical’ conditions are imposed on the wave function to obtain the non-trivial or
physical solutions (one example of such a condition is the assumption of the single-
valuedness of the wave function). We have a similar situation in the classical case of a
vibrating string. The end points of the string are held fixed, and this entails that the
string can only take a discrete set of wavelengths (Mandl, 1957, pp. 5-8).

In a work previous to the publications on wave mechanics, Schrodinger addressed
Einstein’s work on a quantum gas theory by applying an idea inspired on, but different
from, de Broglie’s phase wave. Contrary to de Broglie who considered phase waves
propagating in the field-free space, Schrodinger considered standing waves enclosed in
a cavity (which provides natural boundary conditions exactly like in the classical case of
a vibrating spring). In his first paper on wave mechanics Schrodinger called attention to
this difference:

I was led to these deliberations in the first place by the suggestive papers of M. Louis de Broglie, and by
reflecting over the space distribution of those ‘phase waves’, of which he has shown that there is always a
whole number, measured along the path, present on each period or quasi-period of the electron. The main
difference is that de Broglie thinks of progressive waves, while we are led to stationary proper vibrations
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if we interpret our formulae as representing vibrations. I have lately shown that the Einstein gas theory
can be based on the consideration of such stationary proper vibrations, to which the dispersion law of de
Broglie’s phase waves has been applied. (Schrodinger, 1926a, p. 9)

Another essential difference with de Broglie is that, while de Broglie had a dualistic
perspective associating a phase wave with a material particle, Schrodinger simply
replaced the molecules by phase waves. According to Schrodinger “a molecule of rest-
mass m, moving with velocity v = Bc, constitutes nothing but a ‘signal’ — one might say,
‘the wave crest’ — of a wave system” (quoted in Mehra & Rechenberg, 1987, p. 439).
Schrodinger’s interpretation based solely on wave characteristics is something that was
new in Schrodinger’s work on wave mechanics (as can be seen in another earlier work
on Einstein’s gas theory, where Schrodinger only makes some considerations related to
the statistics of the molecules), it emerged with the developments of the work. We have
then already at the early stages of the development of wave mechanics a turn towards an
(apparently) more classical approach to the description of quantum systems using some
sort of a yet very provisional wave interpretation. This is clear from the fact that also in
the case of the energy levels of the hydrogen atom, Schrodinger sees it as a proper value
problem. That is, in this case we consider also standing waves where the natural
boundary conditions (due to the singular points) can be seen as resulting from the fact
that the equation ‘“carries within itself the quantum conditions” (quoted Mehra &
Rechenberg, 1987, p. 575). We would be in a situation no different from that of a
vibrating spring. This is for Schrodinger the most important aspect of his work.
Schrodinger was able to “show that the customary quantum conditions can be replaced
by another postulate, in which the notion of ‘whole numbers’, merely as such, is not
introduced. Rather when integralness does appear, it arises in the same natural way as it
does in the case of the node-numbers of a vibrating string” (Schrodinger, 1926a, p. 1).
In this way the discrete energy levels of the hydrogen atom has its origin “in the
finiteness and single-valuedness of a certain space function” (Schrodinger, 1926a, p. 9).

4 The interpretation and later developments of the Schrodinger equation

In his first articles on wave mechanics Schrodinger did not develop much a physical
interpretation of the wave function. Schrodinger had the idea that “the waves in the
phase space are something real in a sense” (quoted in Mehra & Rechenberg, 1987, p.
536), but to make this ‘sense’ precise turned out to be a difficult task. Schrédinger’s
initial idea was to “connect the [wave] function y with some vibration process in the
atom” (Schrodinger, 1926a, p. 9), but he recognized that “it is only in the one electron
problem that the interpretation [of the wave function] as a vibration in the real three-
dimensional space is immediately suggested” (Schrodinger, 1926b, p. 28). This
situation had come out in Schrédinger’s correspondence with several physicists. In a
letter to Sommerfeld, Schrédinger recognized this point: “since W in general depends on
many more than three variables, the immediate interpretation as vibrations in the three-
dimensional space is made difficult in any desirable manner” (quoted in Mehra &
Rechenberg, 1987, p. 542). Also his simple view of particles as ‘wave crests’ brought
the sharp criticism of Hendrik Lorentz who called Schrédinger’s attention to the fact
that a wave packet, which might according to Schrédinger represent a particle, “can
never stay together and remain confined to a small volume in the long run ... because of
this unavoidable blurring a wave packet does not seem ... to be very suitable for
representing things to which we want to ascribe a rather permanent individual
existence” (quoted in Jammer, 1966, p. 31; see also Bohm, 1951, pp. 60-66).
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An even greater problem was that at this point Schrodinger was unable to account
for the intensities and polarizations of the emitted radiation in an atomic transition. To
be exact not even a clear relation between the emission frequency and the energies of
the atomic levels involved in the emission process was available. Bohr had developed in
1912-1913 a model of the atom based on the idea of stationary states — not submitted to
the consequences of the classical theory of radiation —, where the electron can jump
from one stationary state to another by emission or absorption of radiation with a
frequency v given by the relation hv = E" — E”’, where E” and E’" are the energies of
each stationary state (Bohr, 1913). A first attempt to address this line of problems was
presented in the first paper on wave mechanics. In here Schrodinger tried to obtain
Bohr’s frequency relation within his wave mechanics approach. For this Schrodinger
considered a constant parameter C that would appear in an expression relating the
proper frequency with the proper energy of a stationary proper vibration (representing in
Schrodinger’s approach Bohr’s stationary states). By considering C “very great
compared with all the admissible negative E-values” (Schrodinger, 1926a, p. 10), an
expansion in terms of E of the expression was possible:

v=C+JC+E :C'\/E+LE+...
2\/C

According to Schrodinger this expression “permits an understanding of the Bohr
frequency condition. According to the latter the emission frequencies are proportional to
the E-differences, and therefore from [the previous expression] also to the differences of
the proper frequencies v of those hypothetical vibration processes” (Schrodinger, 1926a,
p- 10). In this way Schrodinger considered that “the emission frequencies appear
therefore as deep ‘difference tones’ of the proper vibrations themselves. It is quite
conceivable that on the transition of energy from one to another of the normal
vibrations, something — I mean the light wave — with a frequency allied to each
frequency difference, should make its appearance” (Schrodinger, 1926a, p. 10).

Schrodinger recognized that in this way he could only obtain Boht’s relation in an
approximate form, but expected that the development of a relativistic wave theory
would solve this problem. An improvement over this situation was published in a
subsequent paper where Schrodinger again addressed the problem of the coupling
between the dynamic processes in the atom and the electromagnetic field. According to
a letter to Sommerfeld, Schrodinger expected that a relation might be obtained between
the matter wave functions and the Maxwell-Lorentz electromagnetic current: “The -
vibrations must then correspond to the four-current, i.e., the [Maxwell-Lorentz] four-
current must be replaced by something derived from the function y, say the four-
dimensional gradient of y. But this is all pure fantasy; in reality I have still not thought
about it at all” (quoted in Mehra & Rechenberg, 1987, p. 779). In the paper, a first
approach to this idea was presented. According to Schrodinger “the mechanical field
scalar (which I denote by ) is perfectly capable of entering into the unchanged
Maxwell-Lorentz equations between the electromagnetic field vectors as the ‘source’ of
the latter; just as, conversely, the electromagnetic potentials enter into the coefficients of
the wave function, which defines the scalar field” (Schrodinger, 1926¢, p. 60). In this
work Schrodinger considered the case of an electron in a central field (the hydrogen
atom) and made the fundamental assumption that the space density of electricity p is
given by the real part of
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where W is the complex conjugate of the wave function . This implies that “the charge

of the electron is not concentrated in a point, but is spread out through the whole space”
(Schrodinger, 1926e, p. 1066). The fluctuation of the charge is given by the previous
expression. From this it was simple to determine “the radiation, that by ordinary
electrodynamics will originate from these fluctuating charges” (Schrodinger, 1926a, p.
1066). This was done by calculating the electrical dipole moment, using the above

expression for pe. For example the dipole moment in the Cartesian z direction is given
by

J.”quaa—dedydz.

Despite Schrodinger’s recognition that this approach “is far from completely
satisfactory and is in no way final” (Schrodinger, 1926¢c, p. 61), it was clear that a
progress had been made as can be seen by his treatment of an atom in a constant electric
field (the Stark effect). By applying the above mentioned hypothesis to the physical
meaning of W, Schrodinger was able not only to obtain, exactly and not as an
approximation, Bohr’s ‘frequency-rule’ that gives the frequency of the electromagnetic
radiation as the difference between the (term) frequencies of two stationary wave
functions, but also to calculate the intensities and polarizations of the emitted radiation,
which were in agreement with experiments.

A further development of this electrodynamic interpretation occurred due to
Schrodinger’s extension of his wave mechanics to the case of time-dependent systems,
which was necessary for example to treat the case of dispersion of radiation by atoms.
The development of a general time-dependent wave equation (which Schrodinger
referred to as the real wave equation) made it necessary to consider the wave function
complex. This led Schrodinger to re-work his expression for the space density of
electricity pe;, which now was written as €Y , where e is the total electric charge of the
electron andyWYcan be seen as a weight function. With this new expression
Schrodinger was able to give a more clear ‘electromagnetic meaning’ to the ‘mechanical
field scalar’: when integrating the space density of electrical charge p. over the whole
of space Schrodinger obtained a time-independent finite value (while the previous
expression yields zero). This implied the conservation of charge.

Schrodinger extended this interpretation to the case of a system with several
electrons:

YV is a kind of weight-function in the system’s configuration space. The wave-mechanics configuration

of the system is a superposition of many, strictly speaking of all, point-mechanical configurations
kinematically possible. Thus, each point-mechanical configuration contributes to the true wave-
mechanics configuration with a certain weight, which is given precisely by Wy . (Schrodinger, 1926d, p.

120)

Schrédinger recognized the loose character of this provisory interpretation, as we can
read in the final part of a set of lectures delivered in March 1928:

We have hitherto avoided putting forward any definite assumption as to the physical interpretation of the
function y(qy, qp, ... , qn, t) relating to a system whose configuration in terms of ordinary mechanics is
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described by the generalized co-ordinates qy, q, ... , q,. This interpretation is a very delicate question. As
an obvious generalization of the procedure of spreading out the electronic charge according to a relative
density function Y\ (which furnished satisfactory results in the one-electron problem; see section 5),

the following view would present itself in the case of a general mechanical system: the real natural system
does not behave like the picture which ordinary mechanics forms of it (e.g. a system of point-charges in a
definite configuration), but rather behaves like what would be the result of spreading out the system,
described by qi, qo, ... , Qn, throughout its configuration-space in accordance with a relative density
function Y. This would mean that, if the ordinary mechanical picture is to be made use of at all, the
actual system behaves like the ordinary mechanical picture, present in all its possible configurations at the
same time, though “stronger” in some of them than in others.

I maintained this view for some time. The fact that it proves very useful can be seen from the one-
electron problem (see section 5). No other interpretation of the y-function is capable of making us
understand the large amount of information which the constants ay [(related to the electric moment)]
furnish about the intensity and polarization of the radiation. Yet this way of putting the matter is surely
not quite satisfactory. For what does the expression “to behave like” mean in the preceding sentences?
The “behaviour ” of the y-function, i.e. its development in time, is governed by nothing like the laws of
classical mechanics; it is governed by the wave-equation. (Schrodinger, 1928, p. 205-206)

We see that Schrodinger recognizes his view as not quite satisfactory.” This came about
from his recognition that even in the case of one electron it is not enough to see the
wave function as meaning a continuous distribution of electricity in actual space. As
Schrodinger mentions, it is necessary also to take into account the space-time behavior
of the wave function as described by the wave equation. Michel Bitbol has stressed this
point:

Schrodinger became fully aware that [the electrodynamic interpretation] could not work alone, that
somehow it had to be combined with the original wave interpretation. Whereas the electrodynamic
interpretation enables one to make sense of the line intensities and polarizations, the wave representation
was still needed to calculate the relevant charge distributions as well as the evolution between two
measurements of line intensities. The problem Schrddinger had to face was the following: we need not
one but two representations of the atomic phenomena. One of them, namely the electrodynamic
representation, is directly related with the ‘observed facts’, but it does not provide the link between
subsequent observed facts; in a word, it is ‘factual’ but not ‘effective’. The second one, namely, the wave
representation, is perfectly able to provide a link between the observed facts, but not to account for all the
aspects of the facts themselves; it is ‘effective’ but not ‘factual’. As long as Schrodinger wanted to merge
the ‘effective’ and the ‘factual’ into a single representation, according to the classical ideal, the persistent
duality of the models had to be considered as a symptom of failure. (Bitbol in Schrédinger, 1995, p. 3)

The two-fold aspect of Schrodinger’s tentative interpretation is clearly present in
Schrédinger’s article on the Compton effect'® published in 1927. In this work
Schrodinger explained the Compton effect as resulting from the scattering of a light
wave and a matter wave (a de Broglie wave). Even if Schrodinger uses his interpretation
of the wave function as giving rise to a charge density distribution in space, the crucial
aspect of his calculations is to consider a wave function as a ‘real’ wave propagating in
space (Schrodinger even makes the analogy to a sound wave). A very interesting aspect

? Following these statements showing the difficulty Schrodinger was having in giving a solid and clear
meaning to his interpretation, Schrodinger mentioned that “an obvious statistical interpretation of the y-
function has been put forward, viz. that it does not relate to a single system at all but to an assemblage of
systems, Y determining the fraction of the systems which happen to be in a definite configuration”

(Schrodinger, 1926¢, p. 206). I will not look into Born’s well-known statistical interpretation or
Schrodinger’s criticism of this interpretation (which like his own reformulation of his interpretation
extended for several decades. For details on early interpretation issues see e.g. Jammer (1974). For an
account of the adoption of Born’s statistical interpretation see e.g. Mehra & Rechenberg (2000), Mara
Beller (1990), Pais (1982). For details on Schrodinger‘s views see Bitbol (1996).

10 Regarding the Compton effect see e.g. Sdnchez Ron (2001, pp. 382-392).

43



of this two-fold use of the wave function is that, the de Broglie or matter wave
(associated with an electron with rest mass mg) is described by Schrédinger’s
(relativisitc) wave equation, which in the context of its use, is, in practice, taken to be an
equation for a ‘classical’ wave function of a matter wave (Schrodinger, 1927).

Later workers on quantum mechanics have explored and clarified this possibility of
giving very different meanings to the wave equation, i.e. as an equation describing a
probability wave in a configurational space or an equation describing a matter wave in
actual space. In the next chapter we will look in particular into Pascual Jordan’s
approach, fundamental in the development of a quantum theory of fields. In this chapter
I shall follow Schrodinger’s tentative interpretation and see how much can we stretch
out a reading of the equation as the equation for a classical matter wave. It will be
enough to consider the simple case of a one-electron system. We will see that
Schrodinger’s difficulties with the two-fold aspect of his tentative interpretation can be
traced back to an ‘ambiguity’ in the physical interpretation (in terms of a particle
equation or a matter wave equation) of the one-electron Schrodinger equation (Becker,
1964, Vol 2., pp. 92-107;Tomonaga, 1962, Vol 2., pp. 14-115).

In 1927 Clinton J. Davisson and Lester H. Germen presented clear experimental
evidence for matter waves propagating in space. The experiment consisted in the
bombardment of a metal plate by an electron beam. Davisson expected that by
analyzing the angular distribution of the electrons scattered by a metal plate it would be
possible to obtain information regarding the shell structure of the electrons inside the
atoms of the metal plate. In the early stages of the sequence of experiments (from 1921
to around 1925) there was no evidence of any wave properties of the electron beams.
The first view on the results was that

all the main features of the distribution curves so far observed for the scattering from nickel seem
reasonably accounted for on the supposition that a small fraction of the bombarding electrons actually do
penetrate one or more of the shells of electrons which are supposed to constitute the outer structure of the
nickel atom and, after executing simple orbits in a discontinuous field, emerge without appreciable loss of
energy. (Quoted in Jammer, 1966, pp. 249-250)

The experimental finding of the diffraction of the electron beams by a metal plate
resulted from an accident in Davisson’s laboratory in 1925. In their paper Davisson and
Germen tell the story of the discovery of the diffraction of electrons:

The investigation reported in this paper was begun as the result of an accident, which occurred in this
laboratory in April 1925. At that time we were continuing an investigation, first reported in 1921, on the
distribution-in-angle of electrons scattered by a target of ordinary (polycrystalline) nickel. During the
course of this work a liquid-air bottle exploded at a time when the target was at a high temperature; the
experimental tube was broken, and the target heavily oxidized by inrushing air. The oxide was eventually
reduced and a layer of the target removed by vaporization, but only after prolonged heating at various
high temperatures in hydrogen and in vacuum.

When the experiments were continued it was found that the distribution-in-angle of the scattered
electrons had been completely changed ... This marked alteration in the scattering pattern was traced to a
re-crystallization of the target that occurred during the prolonged heating. Before the accident and in
previous experiments we had been bombarding many small crystals, but in the tests subsequent to the
accident we were bombarding only a few large ones ... It seemed probable from these results that the
intensity of scattering from a single crystal would exhibit a marked dependence on crystal direction, and
we set about at once preparing experiments for an investigation of this dependence. (Davisson &
Germen, 1927, p. 706)

The ‘marked alteration in the scattering pattern’” made Davisson and Germen change

their research towards an investigation of a possible dependency of the scattered beams
on the crystal direction. It was clear that, in this case of a single nickel crystal, the
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intensity variation of the angular distribution was not simply related with the internal
structure of the atoms of the plates, since in the older experiments they also used plates
of nickel, which in that case consisted in ordinary (polycrystalline) nickel. An
explanation for these results must be found elsewhere. Here is how Davisson and
Germen addressed the new experimental findings:

We must admit that the results obtained in these experiments have proved to be quite at variance with our
expectations. It seemed to us likely that strong beams would be found issuing from the crystal along what
may be termed its transparent directions — the directions in which the atoms in the lattice are arranged
along the smallest number of lines per unit area. Strong beams are indeed found issuing from the crystal,
but only when the speed of bombardment lies near one or another of a series of critical values, and then in
directions quite unrelated to crystal transparency.

The most striking characteristic of these beams is a one to one correspondence, presently to be
described, which the strongest of them bear to the Laue beams that would be found issuing from the same
crystal if the incident beam were a beam of x-rays. Certain others appear to be analogues, not to Laue
beams, but of optical diffraction beams from plane reflection gratings — the lines of these gratings being
lines or rows of atoms in the surface of the crystal. Because of these similarities between the scattering of
electrons by a crystal and the scattering of waves by three- and two- dimensional gratings a description of
the occurrence and behavior of the electron diffraction beams in terms of the scattering of an equivalent
wave radiation by the atoms of the crystal, and its subsequent interference, is not only possible, but most
simple and natural. This involves the association of a wave-length with the incident electron beam, and
this wave-length turns out to be in acceptable agreement with the value h/mv of the undulatory
mechanics, Planck’s action constant divided by the momentum of the electron. (Davisson & Germen,
1927, pp. 706-707)

In this way Davisson and Germen found that they could make sense of the experimental
results by resorting to the idea of de Broglie waves, finding that the de Broglie
expression A = h/p relating the wavelength A and the momentum p of the electron was
verified.

We can choose to see Schrodinger’s equation as the equation for this matter wave,
as we in part have in Schrodinger’s two-fold interpretation. In this way Schrédinger’s
equation can describe the wave properties of the electrons as revealed for example in
Davisson and Germen experiments or in Schrodinger’s account from a wave perspective
of the Compton effect. But as we have seen this approach does not gives us a
description of the electron’s corpuscular aspects as revealed in several other
experiments, since Schrodinger was unable to provide an account of the electron’s
particle-like characteristics as simplyj a wave-crest (more exactly a wave packet), and
Schrodinger was forced to associate a charge (or mass) density to the wave function,
which in the case of several electrons results in a highly abstract entity: a weight
function.

Looking at the simple case of the hydrogen atom it is clear to what point we can
take this use of Schrodinger’s equation as an equation for a matter wave (Becker, 1964,
Vol 2., pp. 92-107;Tomonaga, 1962, Vol 2., pp. 14-115). Returning to Schrodinger’s
initial treatment of the hydrogen atom, considering the Schrodinger wave equation for
the proper oscillation of a de Broglie wave in a central potential, now writing it in terms
of the de Broglie wave frequency:

s e’ 1
APp+8ntm|v+——|p=0,
hr

we obtain, in a totally classical treatment, for the proper frequencies of the de Broglie
wave
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2.4
V= 2nr3ne ! -, wheren,, 1=0,1,2, ...
h>  (n, +1+1)

By analogy to the case of light quanta we can consider that the proper frequencies of the
de Broglie wave inside the atom have an energy given by E = hv. From this ‘quantum
rule’ it follows that the energy levels of the hydrogen atom are given by

2n°me’ 1

E= ,
h*  (n,+1+1)°

a result that agrees with that derived previously in Bohr’s theory. The difference with
Schrodinger’s original derivation is that Schrodinger took from the start the energy-
frequency relation for granted, providing in reality a quantum wave mechanics equation
that resembles (in the case of one-electron systems) a classical wave equation. Here we
see that if we start from a classical wave perspective we need to take into account a
quantization rule applied to the wave so that we can reach agreement with some
experimental results for which a wave description is not enough. We will see briefly in
the next chapter that an appropriate quantum formalism can be obtained by considering
Schrodinger’s equation as a classical wave equation, but only when submitted to a
quantization procedure which is valid also in the case of many-electron systems. I will
look at this in detail for the case of the Dirac equation.
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CHAPTER 3

THE DIRAC EQUATION AND ITS INTERPRETATION

1 Introduction

Once upon a time, Richard P. Feynman wrote that “we know so very much and then
subsume it into so very few equations that we can say we know very little (except these
equations — Eg. Dirac, Maxwell, Schrod.). Then we think we have the physical picture
with which to interpret the equations. But these are so very few equations that I have
found that many physical pictures can give the same equations” (quoted in Schweber,
1994, p. 407). He wrote this having in mind, in particular, the Dirac equation:
iVy =my (Feynman, 1961, p. 57).

In this chapter, the Dirac equation will be used as a guideline to reveal the
importance of the concept of quanta in the description of interactions in quantum
electrodynamics. To this end the historical evolution and interpretation of the Dirac
equation is considered. In sections 2, 3, 4, and 5, I present the evolution of the Dirac
equation from its first formulation as a relativistic wave equation for an electron, to a
classical field equation from which an electron-positron quantum field is obtained. In
this transition, the Dirac equation went from being a relativistic ‘update’ of the
Schrodinger equation in the calculation of energy levels in atoms (basically of
hydrogen) to becoming one of the cornerstones of the most successful quantum field
theory: quantum electrodynamics. In section 6, I will try to clarify the relation between
the different interpretations of the Dirac equation. In this way the results provided by
Dirac’s equation as a relativistic one-electron equation are reinterpreted from the
perspective of the quantized Dirac field. Doing this, the importance of the concept of
quanta in the description of bound states becomes clear. By contrast, bound states are
usually only described at the level of the one-electron interpretation of the Dirac
equation, which gives a distorted idea of the physical description of bound states that
should be described from the perspective of quantum fields. In particular, an analysis of
a two-body description of the hydrogen atom reveals a distinctive feature of quantum
electrodynamics: the interaction between fermions described as an exchange of photons.

2 Before the Dirac equation: some historical remarks

Schrodinger’s first attempt at a wave equation was the development of a relativistic
wave equation for the hydrogen atom. As in the case of the non-relativistic wave
equation, Schrodinger considered the problem of determining the eigenvibrations of the
hydrogen atom. As we have seen in the previous chapter, Schrodinger took the de
Broglie relations generalizing them to the case of an electron in a central Coulomb

47



potential and by inserting them in a second-order differential equation obtained the
relativistic wave equation

41°m?c? hv e?
Ay = — + —1|lw=0
v h? chz me’r v

Using this wave equation Schrodinger determined the energy levels for the hydrogen
atom, and arrived at a result that was not in agreement with Sommerfeld’s result for the
hydrogen spectrum obtained, within the so-called old quantum theory, through the
quantization of the relativistic Bohr atom. Sommerfeld’s result was

2
mc )
E.«= —-mc”,

J(ﬁ)z

where o is the fine structure constant, n the principal quantum number, and k the
azimuthal quantum number. Schrodinger obtained an expression that did not depend on
n—kand k but onn—k + 1/2 and k — 1/2 (Kragh, 1981, p. 33). This meant the failure of
Schrodinger’s relativistic wave mechanics. Schrodinger set aside his attempt at a
relativistic wavefunction and developed a non-relativistic wave equation (Schrodinger
1926a). The relativistic wave equation, later known by the name of Klein-Gordon
equation, was presented by several physicists during 1926, but since it did not give the
fine structure of the hydrogen spectrum it was not accepted as the correct relativistic
equation for an electron (Kragh, 1984).

Another factor that would complicate matters in what regards the wave mechanics
description of the electrons was the discovery of spin. In Bohr’s theory each spectral
term of the hydrogen atom is labeled by three quantum numbers n, k, and m. Due to an
external magnetic field a spectral term labeled by n and k splits into 2k + 1 levels, the
new sub-levels being distinguished by the quantum number m. This is called the
Zeeman effect (Tomonaga, 1997, pp. 1-2; Sanchez Ron, 2001, pp. 336-341). Before
1900 it was already known that the spectral lines, latter described by n and k, where not
unique and in reality, when an external magnetic field was applied, consisted in closely
spaced lines: they showed a multiplet structure. This was called the anomalous Zeeman
effect (Jammer, 1966, p. 122). In 1920 Sommerfeld introduced a new quantum number j
that enabled the classification of the different energy levels within one multiplet term
(characterized by n and k). Under this new classification m is still related to the
specification of sublevels but now of a level specified by n, k and j. Also m must satisfy
the inequality — j < m < j. To explain the spectroscopic evidence available Alfred
Landé (and also Sommerfeld) set forward a tentative model in which it was assumed
that the core of the atom had an angular momentum. There would then be a magnetic
moment Lk related to the orbital angular momentum K of the electron in the outermost
orbit (the valence electron), given by ux = —K (in units of the Bohr magneton). Also
there would be a magnetic moment pg associated to the core angular momentum R
(corresponding to a quantum number related not to the electron but to the core). The
relation between Ur and R is given by ur = —goR, where gy has to be determined by
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fitting the model to experimental results. F. Pachen and E. Back’s study of the Zeeman
effect in the case of a strong magnetic field, enabled to set the value of gy as 2. The
interaction between the two magnetic moments [k and Ur of the atom leads to a slight
energy change in the atomic energy levels, which results in the multiplet structure of the
spectral lines (Tomonaga, 1997, pp. 11-20).

In 1924 Wolfgang Pauli showed that the association of g with the atom’s core was
inconsistent, and considered it to be associated with the valence electron. In this way the
four quantum numbers are all related to the electrons. Upon reading Pauli’s ideas G. E.
Uhlenbeck and S. Goudsmit proposed in 1925 to reinterpret the core angular momentum
R as an intrinsic angular momentum of the electron. Uhlenbeck and Goudsmit had the
idea that to each quantum number should correspond a degree of freedom of the
electron. This led them to the idea of an intrinsic rotation of the electron, the spin, as a
fourth degree of freedom to which a quantum number would be associated. As in the
case of Landé’s model, Uhlenbeck and Goudsmit got a discrepancy, by a factor of 2,
between the theoretical and the experimental results in the case of doublet levels of
alkali atoms. In 1926 L. H. Thomas presented a relativistic calculation where the
missing 1/2 factor, later called the Thomas factor, was obtained (Jammer, 1966, pp.
149-152). So by 1926 there was no relativistic wave equation for the electron and there
was the further complication of having to account also for the electron’s spin.

In 1927 Pauli attempted to incorporate spin into wave mechanics by considering a
Schrodinger wave function depending also on a degree of freedom related to spin
(Kragh, 1981, pp. 45-46). The intrinsic (spin) angular momentum in any direction takes
only the two values + h/2. This made Pauli consider a two-component wave function,
with one component corresponding to an electron’s spin up (X, +1/2) and another to an
electron’s spin down Y( x, —1/2). This two-component wave function must be solution
of two coupled equations with the form

H(ﬁ—i,s}v = Ey
i dq

The question was how to define in the wave equation the spin operators s. Pauli defined
the spin operators as s, = 1/2 oy, sy = 1/2 oy, s, = 1/2 ©,, where o, 0y, G, are the so-

called Pauli matrices:
0 1 0 -1 1 0
c, = , 0. =| . ,0,= )
1 0 Y 1 0 0 -1

In the Hamiltonian for his equation Pauli considered two new terms, besides the term
corresponding to an electron (without spin) in a central potential, which was already
present in Schrodinger’s equation. One of these terms resulted from the interaction of an
external magnetic field and the valence electron, which, as we have seen, possesses
besides an orbital angular momentum an intrinsic spin momentum. The other resulted
from the interaction between the spin magnetic moment and the central potential due to
the orbital motion of the electron: the spin-orbit coupling. In this approach Pauli
considered only first-order relativistic corrections, and the way the spin operators (and
go and the Thomas factor) where put in the Hamiltonian was arbitrary. Most importantly
Pauli was unable to extend this approach into a fully relativistic form.
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3 The Dirac equation as a one-electron equation
Things changed by the end of 1927, when Paul Dirac was able to formulate a relativistic

wave equation. In his first attempts towards a relativistic theory, Dirac consider a Klein-
Gordon type equation written in terms of a relativistic Hamiltonian (Dirac, 1926):

{pi +pf +pf ~E/c?+m’c*ly =0

o0 O 0 19 me|
ox> 9y’ 09z° c*ot? h? v=s

Upon reading Dirac’s articles using this equation, Ehrenfest asked Dirac in a letter on
the motive for using a particular form for the Hamiltonian:

Why do you write the Hamilton equation in the form:
2 2

E’fc’ —p/-p;—p;=m’c

and not:

mcz\/l —(p; +p3 +p3)m’c’ =E
Does it make a difference? (quoted in Kragh, 1990, p. 53)

By that time also Pauli was proposing to adopt instead of a second order equation a first
order equation involving a square-root (Mehra & Rechenberg, 2000, p. 293).

Dirac felt that neither form of the relativistic Hamiltonian was appropriate for the
development of a relativistic wave equation. Dirac considered that this equation should
maintain the formal structure of the Schrodinger equation (Kragh, 1990, p. 54). On one
side Dirac knew he needed an equation that was linear in the time derivative so that he
could maintain in the relativistic case the statistical interpretation of the wave function
adopted in the non-relativistic case (Mehra & Rechenberg, 2000, p 294, Kragh, 1990, p.
64). On the other side, this meant, due to relativistic considerations, that the equation
should be linear also in the spatial derivatives. According to Dirac “an appropriate
formulation of quantum mechanics will only be possible when we succeed in treating
space and time as equal to one another” (quoted in Kragh, 1990, p. 54). This means that
space and time must appear in the equation as the coordinates of a Minkowski space-
time.

It seems that what resulted fundamental to Dirac’s development of his relativistic
equation was Dirac’s realization of the identity:

[p|=1/P; + P> +p; =0,p, +6,p, +0p;,

where G, 0,, 63 are the Pauli matrices. According to Dirac:
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I was playing around with the three components G;, G,, 63, which I had used to describe the spin of an
electron, and I noticed that if you formed the expression 6;p; + 6,p, + O3p3 and squared it, p;, p, and p;
being the three components of momentum, you got pi> + po” + ps’, the square of the momentum. This was
a pretty mathematical result. I was quite excited over it. It seemed that it must be of some importance.
(Quoted in Mehra & Rechenberg , 2000, p. 295)

This mathematical identity was the insight that made Dirac search for a relativistic
counterpart involving a term corresponding to the electron’s rest mass. The problem
facing Dirac was that with the Pauli matrices it was not possible to write down an
expression with four squares:

- 2 2 2 2.2
[B| = /P +p2 +p2 +m’c? = op, +Lp, +0,p, + 0t me.

Dirac considered that from the wave equation developed using the previous expression
{po — (m*c* + pi® + p2> + ps°)*1w =0 one should be able to recover the equation {po* —
m’c” — pi> — po — pa7} v = 0, “which is of a relativistically invariant form” (Dirac, 1958,
p. 255). That is, Dirac expected his relativistic equation to contain the Klein-Gordon
equation as its square, since this equation involves the relativistic Hamiltonian in its
normal invariant form. This implied a set of relations for the unknown coefficients:

ooty + 0,0 =0 (W#V); L, v=1,2,3,4,
o’ = 1.

There is no set of four 2 x 2 matrices that satisfies the previous conditions. According to
his recollections, at some point Dirac “realized that there was no need to stick to
quantities, which can be represented by matrices with just two rows and columns. Why
not go to four rows and columns? Mathematically there was no objection to this at all.
Replacing the G-matrices by four-row and column matrices, one could easily take the
square root of the sum of four squares, or even five squares if one wanted to” (quoted in
Mehra & Rechenberg, 2000, p. 295). With this insight Dirac arrived at his relativistic
wave equation. Dirac choose a representation where the coefficients are given by:

0100 0 -1 1 000
st 000 ot 0 R K
"o 0o 0 1 10 0 0 —i 1o 0 1 0

0010 00 i 0 00 01

0010 00— 0 100 0

000 1 000 — 01 0
P=l 000 PTioo o P=o 0 -1 of

0100 0i 00 00 0 -1

and o = p1G1, 0 = P02, 03 = P103, O4 =03.
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In this way, Dirac had immediately the relativistic wave equation for a free electron:
[Py —pi(0,p) —psmely =0,

where po = ih d/(cdt) and p = (p1, p2. p3), where p, = —ih d/(cdx,) with r = 1, 2, 3;
o = (01, Oy, 03) is a vector formed with the above 4 X 4 matrices.

Dirac generalized his equation to the case of an electron in an external
electromagnetic field. Dirac followed the rule of replacing po by po +e/c.Ag and p by p +
e/c.A (where Aj and A are the scalar and vector potentials). This gives us the equation

c c
[P, +ZA0 —pl(c,p+ZA)—p3mC]\v=0,

which is the “fundamental wave equation of the relativistic theory of the electron”
(Dirac, 1958, p. 257).

Dirac had developed his equation by considering the relativistic Hamiltonian of a
free point particle, that is, Dirac did not take into account in his Hamiltonian (as for
example Pauli did in the derivation of his equation) any term related to the spin of the
electron. It was a surprise to Dirac that “the simplest possible case did involve the spin”
(quoted in Kragh, 1981, p. 55).

Dirac set out to explore the relation between his wave equation with external
potentials and the Klein-Gordon equation (based on a classical relativistic Hamiltonian),
which was according to Dirac “the wave equation to be expected from analogy with the
classical theory” (Dirac, 1958, p. 264):

2 2
(p0+EAoj —(p+EAj —m’c’ gy =0.
c c

By squaring his equation, Dirac obtained a differential equation that included the
operator of the Klein-Gordon equation and two additional terms:

2 2
(p0+§Aoj —(p+§Aj —mzcz—%(c,H)+ipl%(c,E) v=0.

Dirac concluded that

the electron will therefore behave as though it has a magnetic moment eh/4mmc - ¢ and an electric
moment ieh/4mme - p;6. This magnetic moment is just that assumed by the spinning electron model. The
electric moment, being a pure imaginary, we should not expect to appear in the model. It is doubtful
whether the electric moment has any physical meaning, since the Hamiltonian ... that we started from is
real, and the imaginary part only appeared when we multiplied it up in an artificial way to make it
resemble the Hamiltonian of previous theories. (Dirac, 1928, p. 619)

Dirac showed how this internal magnetic moment resulted from the electron having a
spin angular momentum. According to Dirac

the spin angular momentum does not give rise to any potential energy and therefore does not appear in
the result of the preceding calculation. The simplest way of showing the existence of the spin angular
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momentum is to take the case of the motion of a free electron or an electron in a central field of force and
determine the angular momentum integrals [of the motion]. (Dirac, 1958, p. 266)

By setting A = 0 and A, a function of the radius r, the Hamiltonian in Dirac’s equation
takes the form H = — eAo(r) + c¢pi(o, p) + psmc®. Considering, for example, the
equation of motion of the x;-component of the orbital angular momentum m; = X;p; —
X3p2, we have ihm, = thep; {o,p3 — O3p2}. We see that m; is not a constant of the motion.
By considering also the equation ith&, = 2icp; {G3p, — O2p3}, Dirac found that m, + h/2
-6, = 0. This means that the vector m + 1/2 - & is a constant of the motion. According to
Dirac “we can interpret this result by saying that the electron has a spin angular
momentum of h/2 - ¢, which, added to the orbital angular momentum m, gives the total
angular momentum M, which is a constant of the motion” (Dirac, 1928, p. 620). In this
way Dirac found that his relativistic wave equation described an electron with a spin
angular momentum (and corresponding magnetic moment).

Dirac did not provide an exact solution of his equation for an electron in a central
potential. He only made a first order calculation. In this treatment of the hydrogen atom,
Dirac was able to obtain Pauli’s results on the energy levels, but without using any
arbitrary assumptions: the spin angular momentum, gyromagnetic ratio (go) and Thomas
factor all came out right. Just a few weeks after the publication of Dirac’s paper on the
relativistic wave equation, it was shown independently by C. G. Darwin and W. Gordon
that an exact solution of Dirac’s equation gave an expression for the discrete energy
levels of the hydrogen spectrum which was identical to Sommerfeld’s original formula
derived in 1915, which was in good agreement with experimental results.

4 The problem with the negative energy solutions

Since Dirac was using 4 X 4 matrices in his equation, the wave function had four
components (recall that Schrédinger’s original equation had one component, and Pauli’s
equation had two components due to the spin degree of freedom). Initially Dirac
thought that he could simply drop two of the components, since “half of the solutions
must be rejected as referring to the charge +e on the electron™ (Dirac, 1928, p. 618).
This was possible in a first-order approximation. Looking at the exact solution we can
see that the situation is far from that simple. Dirac’s equation can be written as a set of
two coupled differential equations for a pair of two-component wave functions Yy, and
yg, where Dirac’s wave function is given by

_ (\VAJ
Y= .
Vs
These two wave functions are essential in the solution of Dirac’s equation and cannot be
disregarded in the calculation of the energy levels. What happens is that the lower two-
components (Yg) are smaller that the upper two-components (y,), roughly by a ratio of
v/2c, where v is the ‘velocity’ of the orbiting electron in Bohr’s theory. Now, when
considering the solution of Dirac’s equation for a free electron with momentum p, we
see that there are two solutions corresponding to electron states with momentum p and
energy E,, and two solutions corresponding to states with momentum —p and energy —

E,, or as Dirac mentioned to an electron with charge +e (and positive energy E,). In the
case of the exact solution for an electron in an external electromagnetic field, as we
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have seen, we have a four-component wave function, which we can say, by resort to the
free electron case, to ‘have’ positive and negative energy components, or as Dirac
mentions, solutions referring to a charge —e and +e.'' In this way we must take, as Dirac
did, the reference to positive and negative energy components as a “rough one, applying
to the case when such a separation is approximately possible” (Dirac, 1958, p. 274).
When taking the non-relativistic limit of Dirac’s equation, the equation for the upper
two-components, takes the form of the Schrodinger-Pauli two-component wave
equation (corresponding to a negative energy state), and as mentioned, the lower
components are smaller than the upper components and can be disregarded. This is the
procedure taken by Darwin to ‘derive’ Schrodinger’s equation from Dirac’s equation
(Mehra & Rechenberg, 2000, p. 302). That is we can only disregard two of the
components of the four-component wave function in the non-relativistic limit. Now,
Dirac’s results are not non-relativistic. The whole point of Dirac’s approach was to
develop and apply a relativistic wave equation.

Dirac soon recognized that there was a fundamental difficulty with his equation.
Already in his early work with the Klein-Gordon equation Dirac had noticed the
possibility of solutions corresponding to a charge +e (this is a general characteristic of
any relativistic equation due to the relativistic formula for the Hamiltonian involving
E?). The problem is that when considering any small external electromagnetic field, “in
general a perturbation will cause transitions from states with E positive to states with E
negative” (quoted in Mehra & Rechenberg, 2000, 306). Accordingly Dirac considered
that

such a transition would appear experimentally as the electron suddenly changing its charge from —e to
+e, a phenomenon which has not been observed. The true relativity wave equation should thus be such
that its solutions split up into two non-combining sets, referring respectively to the charge —e and the
charge +e. (Dirac, 1928, p. 612)

As we have seen, also in the case of an electron in a central potential as described by
Dirac’s equation, that is not the case. Dirac knew that; he recognized in the beginning of
his paper on the relativistic wave equation that he was unable to remove this difficulty
and considered that his theory “is therefore still only an approximation” (Dirac, 1928, p.
612). However Dirac expected “the probability of these transitions [to be] extremely
small” (quoted in Mehra & Rechenberg, 2000, p. 306). That was not the case. Soon
afterwards Werner Heisenberg showed that the probability for transitions in which an
electron in a state corresponding to a charge —e goes into a state corresponding to a
charge +e (a negative energy state) was much larger than Dirac’s estimation. Also,
Heisenberg showed that the negative-energy states where necessary to obtain the correct
dispersion formulae (Mehra & Rechenberg 2000, pp. 306-307). The problem with the
negative-energy solutions was highlighted by O. Klein, when, in the end of 1928, he
showed that the simple case of a positive-energy wave incident on a potential barrier
could give rise to a transmitted negative-energy wave (Mehra & Rechenberg, 2000, pp.
309-311).

By the end of 1929 Dirac had found a way to solve the ‘* difficulty’ of his electron
theory. In late March 1929 Heisenberg wrote to Dirac mentioning that H. Weyl thought
he had a solution to the * difficulty and asked Dirac if he knew and could give him any

' According to Dirac, “it is not possible, of course, with an arbitrary electromagnetic field, to separate the
solutions of [the relativistic wave equation] definitely into those referring to positive and those referring
to negative values [of energy], as such a separation would imply that transitions from one kind to the
other do not occur”. (Dirac, 1958, p. 274)
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details about it. Weyl’s idea consisted in suggesting that the two extra components
might be ascribed not to the electron but to the proton (Dirac’s equation would be in this
way describing simultaneously electrons and protons). Dirac worked on Weyl’s ideas
and set forward a new interpretation of his equation that might provide a solution to the
problem of the negative energy solutions.

Dirac’s first written accounts of his new views were made in an exchange of letters
with Bohr. In a letter to Dirac from November 24, Bohr had put forward the idea that
there might not be a strict conservation of momentum and energy in some nuclear
processes and that this might lead to a solution of the negative energy problem, resulting
from the fact that, according to Klein, the potential that confines the electron in the
nucleus induces transitions to negative energy states (by that time it was believed that
there were electrons in the nucleus of the atoms). Dirac answered, on November 26, that
“I should prefer to keep rigorous conservation of energy at all costs”, and that “there is a
simple way of avoiding the difficulty of electrons having negative kinetic energy”
(quoted in Kragh, 1990, p. 90). Dirac then elaborate on his views:

Let us suppose the wave equation [w/c + e/c-Ay(r) + pi(c-y + e/c-A) + pome)] W =0 does accurately
describe the motion of a single electron. This means that if the electron is started off with a +ve energy,
there will be a finite probability of its suddenly changing into a state of negative energy and emitting the
surplus energy in the form of high-frequency radiation. It cannot then very well change back into a state
of +ve energy, since to do so it would have to absorb high-frequency radiation and there is not very much
of this radiation actually existing in nature. It would still be possible, however, for the electron to increase
its velocity (provided it can get the momentum from somewhere) as by so doing its energy would be still
further reduced and it would emit more radiation. Thus the most stable states for the electron are those of
negative energy with very high velocity.

Let us now suppose there are so many electrons in the world that all these most stable states are
occupied. The Pauli principle will then compel some electrons to remain in less stable states. For example
if all the states of —ve energy are occupied and also few of +ve energy, those electrons with +ve energy
will be unable to make transitions to states of —ve energy and will therefore have to behave quite properly.
The distribution of —ve electrons, will, of course, be of infinite density, but it will be quite uniform so that
it will not produce any electromagnetic field and one would not expect to be able to observe it.

It seems reasonable to assume that not all the states of negative energy are occupied, but that there
are a few vacancies or “holes.” Such a hole which can be described by a wave function like an X-ray
orbit would appear experimentally as a thing with +ve energy, since to make the hole disappear (i.e. to fill
it up,) one would have to put —ve energy into it. Further, one can easily see that such a hole would move
in an electromagnetic field as though it had a +ve charge. These holes I believe to be the protons. When
an electron of +ve energy drops into a hole and fills it up, we have an electron and proton disappearing
simultaneously and emitting their energy in the form of radiation.

I think one can understand in this way why all the things one actually observes in nature have
positive energy. One might also hope to be able to account for the dissymmetry between electrons and
protons; one could regard the protons as the real particles and the electrons as the holes in the
distributions of protons of —ve energy. However, when the interaction between the electrons is taken into
account this symmetry is spoilt. I have not yet worked out mathematically the consequences of the
interaction. It is the “Austausch” effect that is important and I have not yet been able to get a relativistic
formulation of this. One can hope, however, that a proper theory of this will enable one to calculate the
ratio of the masses of proton and electron. (Quoted in Kragh, 1990, pp. 90-91)

Bohr answered a few days later (in December 5), after discussing Dirac’s letter with
Klein:

We do not understand, how it works out in detail. Before all we do not understand, how you avoid the
effect of the infinite electric density in space. According to the principles of electrostatics it would seem
that even a finite uniform electrification should give rise to a considerable, if not infinite, field of force. In
the difficulties of your old theory I still feel inclined to see a limit of the fundamental concepts on which
atomic theory hitherto rests rather than a problem of interpreting the experimental evidence in a proper
way by means of these concepts. Indeed according to my view the fatal transition from positive to
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negative energy should not be regarded as an indication of what may happen under certain conditions
but rather as a limitation in the applicability of the energy concept.

In the case of electrons impinging on a potential barrier examined by Klein we have, on the one
hand, a striking example of the difficulties involved in an unlimited use of the concept of potentials in
relativistic quantum mechanics. On the other hand, we have just in this case an example of the actual
limit of applying the idea of potentials in connection with possible experimental arrangements. In fact,
due to the existence of an elementary unit of electrical charge we cannot build up a potential barrier of
any height and steepness desired without facing a definite atomic problem. In Klein’s example the critical
height of the barrier is of order mc?, and the rise of potential shall take place within a distance of the order
h/me which is the order of magnitude of the wavelength of the electrons concerned. But if the dimensions
of the barrier perpendicular to the electric force shall be large compared with this wavelength Ay, it claims
the presence of a double layer of electricity of such a strength that a surface element of size Ao’ of the
negative layer contains al least hc/e® electrons. It is therefore clear that the problem in question cannot
legitimately be treated as that of one electron moving in a given potential field, but is essentially a many
electron problem which falls outside the range of present quantum mechanics.

On the whole it appears that the circumstance that he/e? is large compared with unity does not only
indicate the actual limit of the applicability of the quantum theory in its present form, but at the same time
ensures its consistency within these limits. In fact the radius ry of the electron estimated on classical
theory is e*/mc* = (h/me)(e¢*/hc), and we can therefore never determine the position of an electron within
an accuracy comparable with ry without allowing an uncertainty in its momentum larger than mc, thus
entailing an uncertainty of energy surpassing the critical value mc”. The idea that the reach of quantum
mechanics is bound up with the actual existence of the electron would also seem to be in harmony with
the fact that the symbols e and m appear in the fundamental equations of the present theory ... As regards
the transitions from positive to negative energy accompanied by radiation I am not sure that they present
as serious a difficulty for your wave equation as it might appear. The question is, how much those
features of the theory which claim the transitions in question are involved in the problems, where your
theory has been found in so wonderful agreement with experiments. In this connection I must correct the
statement in my former letter regarding the probability of these transitions which is not nearly so large as
I believed. In discussing the problem more closely with Klein we convinced ourselves that the estimation
of this probability did not take sufficient regard to the smallness of the wavelength of the radiation
concerned compared with atomic dimensions. We have not made an actual calculation of any such
probability, and if you have considered the problem in detail I should be very thankful for any
information regarding this point. My hope is that it should be possible to defend all the successful
applications of your wave equation, but I suspect that the natural limitation of these applications prevents
an extrapolation of the kind you describe in your letter. (Quoted in Moyer, 1981, pp. 1057-1058 [my
emphases])

It is important to notice that Bohr started seeing the Klein paradox as resulting from an
unlimited mathematical application of the concept of potential (or more generally of
field) in relativistic quantum mechanics. Bohr called attention to the necessity of taking
into account the elementary unit of electrical charge in the determination of the actual
potential barrier. Calculations made not taking into account this fact and the limits in the
determination of the electron’s position (and its associated uncertainty in momentum,
and according to Bohr also in energy) would be beyond the ‘actual limit of
applicability’ of the theory and any ‘possible experimental arrangement’. Accordingly,
Bohr considered that the elimination of Klein’s paradox passed through an essential
limitation of the mathematical use of the concept of field (see also Darrigol, 1991, pp.
154-155). However Bohr considered that within the domain of applicability of the
theory, the concepts (being used in a restricted context) and the results obtained were
consistent (in chapter 5 I will return to Bohr’s view on relativistic quantum theory). Due
to this, the problem of the transitions to negative-energy states would not occur in ‘all
the successful applications of the theory’. In this way there would be no need for the
hole theory.

Dirac did not agree with Bohr’s views and in a letter sent to Bohr in December 9,
stressed his differences with Bohr and gave a further elaboration of his views:
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I do not completely agree with your views. Although I believe that quantum mechanics has its limitations
and will ultimately be replaced by something better, (and this applies to all physical theories,) I cannot see
any reason for thinking that quantum mechanics has already reached the limit of its development. I think
it will undergo a number of small changes, mainly with regard to its method of application, and by these
means most of the difficulties now confronting the theory will be removed. If any of the concepts now
used (e.g. potentials at a point) are found to be incapable of having an exact meaning, one will have to
replace them by something a little more general, rather than make some drastic alteration in the whole
theory ... There is one case where transitions of electrons from positive to negative energy levels does
give rise to serious practical difficulties, as has been pointed out to me by Waller. This is the case of the
scattering of radiation by an electron, free or bound. A scattering process is really a double transition,
consisting of first an absorption of a photon with the electron jumping to any state and then an emission
with the electron jumping to its final state (as in Raman effect) (or also of first the emission and then the
absorption). The initial and final states of the whole system have the same energy, but not the
intermediate state, which lasts only a very short time. One now finds, for radiation whose frequency is
small compared with mc/h, that practically the whole of the scattering comes from double transitions in
which the intermediate state is of negative energy for the electron. Detailed calculations of this have been
made by Waller. If one says the states of negative energy have no physical meaning, then one cannot see
how the scattering can occur.

On my new theory the state of negative energy has a physical meaning, but the electron cannot jump
down into it because it is already occupied. There is, however, a new kind of double transition now taking
place, in which first one of the negative-energy electrons jumps up to the proper final state with emission
(or absorption) of a photon, and secondly the original positive-energy electron jumps down and fills the
hole, with absorption (or emission) of a photon. This new kind of process just makes up for those
excluded and restores the validity of the scattering formulas derived on the assumption of the possibility
of intermediate states of negative energy.

I do not think the infinite distribution of negative-energy electrons need cause any difficulty. One can
assume that in Maxwell’s equation div E = —4xp, the p means the difference in the electric density from
its value when the world is in its normal state (i.e when every state of negative energy and none of
positive energy is occupied.) Thus p consists of a contribution —e from each occupied state of positive
energy and a contribution +e from each unoccupied state of negative energy.

I have not made any actual calculation of the transition probabilities from +ve to —ve, but I think they
are fairly small. (Quoted in Kragh, 1990, pp. 92-93)

A paper containing Dirac’s hole interpretation of his equation was published in early
1930. In this work Dirac first made clear his departure from Weyl’s original idea of
associating the negative energy solutions directly to the protons. According to Dirac:

One cannot, however, simply assert that a negative-energy electron is a proton, as that would lead to the
following paradoxes:

(i) A transition of an electron from a state of positive to one of negative energy would be interpreted as a
transition of an electron into a proton, which would violate the law of conservation of electric charge.

(ii) Although a negative-energy electron moves in an external field as though it has a positive energy, yet,
as one can easily see from a consideration of conservation of momentum, the field it produces must
correspond to its having a negative charge, e.g. the negative-energy electron will repel an ordinary
positive-energy electron although it is itself attracted by the positive-energy electron.

(iii) A negative-energy electron will have less energy the faster it moves and will have to absorb energy in
order to be brought to rest. No particles of this nature have ever been observed. (Dirac, 1930, p. 362)

Dirac then presented in more details his hole theory as described in the letters to Bohr.
Dirac gave in particular an account of the scattering of radiation by an electron
according to his hole theory. Dirac mentions that in a scattering process two types of
intermediate states can occur. In one case we have a
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transition process, consisting of first an absorption of a photon with the electron simultaneously jumping
to any state, and then an emission with the electron jumping into its final state, or else of first the
emission and then the absorption. (Dirac, 1930, p. 364)

In the other case

first one of the distribution of negative-energy electrons jumps up into the required final state for the
electron with absorption (or emission) of a photon, and then the original positive-energy electron drops
into the hole formed by the first transition with emission (or absorption) of a photon. Such processes
result in a final state of the whole system indistinguishable from the final state with the more direct
processes, in which the same electron makes two successive jumps. (Dirac, 1930, p. 365)

In this second case we have an intermediate state with two electrons (or one electron
and the hole). It is clear that the description of the light scattering by an electron
involves more than just the original electron: we are faced with a many-body theory.
Dirac with his hole theory changed the character of his equation from a single-electron
equation into an equation describing a many-body (in reality infinite) electron system.

Even before the publication of his paper on the hole theory, several physicists,
knowing the general lines of Dirac’s ideas, had a sceptical reaction to it. In particular
Heisenberg made a rough calculation of the electron-proton interaction in the new
theory. Heisenberg concluded that the electron and the proton had to have the same
mass (Kragh 1990, p. 94). Dirac had already recognized this problem in one of his
letters to Bohr, but expected that a future detailed theory of the interaction between
electrons and protons (holes) might solve this difficulty. A further objection was given
a few months latter, in a note by J. R. Oppenheimer (1930a) in which the author
calculated the transition probability for the annihilation of an electron and a proton that
corresponds to the filling of a hole in the sea. The result was not very promising.
Oppenheimer obtained a mean lifetime of a free electron in matter that was too low, and
totally inconsistent with the observed stability of matter (Kragh, 1990, pp. 101-102).
Oppenheimer’s proposition was to “return to the assumption of two independent
elementary particles of opposite charge” (quoted in Kragh, 1990, p. 102). That is, to
consider the electron and the proton as dissociated particles, each one being related to
its ‘Dirac sea’ of negative-energy particles. In this way there would not be a problem of
a possible proton-electron annihilation. More importantly, in 1931 Weyl published a
paper in which he proved by symmetry properties of Dirac’s equation that the negative-
energy electrons must have the same mass as the positive-energy electrons. In this same
year Dirac rethought his hole theory in face of the objections being made and presented
a new view on the problem:

It thus appears that we must abandon the identification of the holes with protons and must find some
other interpretation for them. Following Oppenheimer, we can assume that in the world as we know it,
all, and not merely nearly all, of the negative-energy states for electrons are occupied. A hole, if there
were one, would be a new kind of particle, unknown to experimental physics, having the same mass and
opposite charge to an electron. We may call such a particle an anti-electron. We should not expect to find
any of them in nature, on account of their rapid rate of recombination with electrons, but if they could be
produced experimentally in high vacuum they would be quite stable and amenable to observation. (Dirac
1931, p. 61)

In 1932 a brief article by C. D. Anderson was published presenting experimental
evidence for a new kind of positively charged particle with a mass much smaller than
that of the proton. These experimental findings were presented without taking into
account Dirac’s theory. By that time P. Blackett and G. Occhialini had independent
evidence for the positrons and previous to publication they discussed their findings with
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Dirac. They published their results after Anderson’s publication, mentioning Dirac’s
theory and presenting some ideas regarding the origin of the positive particle.
According to Blackett and Occhialini “one can imagine that negative and positive
electrons may be born in pairs during the disintegration of light nuclei” (quoted in
Schweber, 1994, p. 69). However they were cautious regarding their proposed
mechanism:

when the behavior of the positive electrons has been investigated in more detail, it will be possible to test
these predictions of Dirac’s theory. There appears to be no evidence as yet against its validity, and in its
favour is the fact that it predicts a time of life for the positive electron that is long enough for it to be
observed in the cloud chamber but short enough to explain why it had not been discovered by other
methods. (quoted in Schweber, 1994, p. 69)

After a thorough revision of the experimental evidence for positrons Blackett and
Occhialini published another article where their support to Dirac’s theory was stronger:

these conclusions as to the existence and the properties of positive electrons have been derived from the
experimental data by the use of simple physical principles. That Dirac’s theory of the electron predicts
the existence of particles with just these properties, gives strong reason to believe in the essential
correctness of his theory. (quoted in Schweber, 1994, p. 69)

Even with the experimental evidence for the positron there was resistance to Dirac’s
hole theory. In relation to this discovery, Bohr considered that “even if all this turns out
to be true, of one thing I am certain: that it has nothing to do with Dirac’s theory of
holes!” (quoted in Kragh, 1990, p. 112). And Pauli wrote to Dirac saying: “I do not
believe on your perception of ‘holes’, even if the existence of the ‘antielectron’ is
proved” (quoted in Kragh, 1990, p. 112). It turns out they were right and a different —
field theoretical — approach was possible without any need for an infinite sea of
negative-energy particles with some holes in it.

5 The field theoretical interpretation of Dirac’s equation

To understand how this field theoretical interpretation of Dirac’s equation came to be,
we need (at least) to go back to a work by Dirac published in 1927. In this work, Dirac
presented a non-relativistic treatment of the interaction of electromagnetic radiation and
atoms, which enabled him to give a dynamical derivation of Einstein’s laws for the
emission and absorption of radiation, which Einstein had obtained by statistical
considerations (Darrigol, 1986, p. 226). Dirac followed initially an approach in which
he considered an assembly of classical particles (that would interact with an atom),
which were described by the Schrodinger equation. For the case of light quanta, Dirac
knew that he could not use all the available wave functions, but had to select only
symmetrical wave functions, corresponding to Bose-Einstein statistics: “The solution
with symmetrical eigenfunctions must be the correct one when applied to light quanta,
since it is known that the Einstein-Bose statistical mechanics leads to Planck’s law of
black-body radiation” (Dirac, 1926, p. 672).

In his 1927 work, Dirac did not follow the simpler procedure of imposing
symmetrical wave functions (Dirac, 1958, p. 225), but a procedure more complex and
physically unclear. This so-called ‘second quantization’ turns out to be simply a method
that guaranteed that the (quantized) particles, that is particles described by a
Schrodinger equation, satisfied Bose-Einstein statistics (Schweber, 1994, p. 28). Dirac
did not arrive at the method by some physical insight. According to his words:
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I remember the origin of that work was just playing about with equations. I was intending to get a theory
of radiation at the time. I was just playing about with the Schrodinger equation. I got the idea of applying
the quantization to it and worked out what it gave and found out it just gave the Bose statistics. (Quoted in
Darrigol, 1984, p. 461)

In this work Dirac provided a different approach to the interaction of radiation and
atoms, by considering the electromagnetic radiation as a classical wave (and not as
constituted by particles), which after quantization satisfies Bose-Einstein statistics.
Dirac made the bold move of quantizing not directly the electric and magnetic field but
the vector potential (Dirac, 1927a, p. 262; Miller, 1994, p. 22; Kragh, 1990, p. 126),
which is resolved into its Fourier components. Using a non-relativistic approximation
consistent with the one adopted for the light quanta case, Dirac found it possible — by
making a necessary reinterpretation of the state corresponding to zero light quanta as a
state with an infinite number of unobservable light quanta with zero energy and
momentum — to find a Hamiltonian for the system constituted by a (quantized)
electromagnetic field interacting with an atom, that “takes the same form as in the light-
quantum treatment” (Dirac, 1927, p. 265). This result led Dirac to consider that:

Instead of working with a picture of the photons [light quanta] as particles, one can use instead the
components of the electromagnetic field. One thus gets a complete harmonizing of the wave and
corpuscular theories of light. One can treat light as composed of electromagnetic waves, each wave to be
treated like an oscillator; alternatively, one can treat light as composed of photons, the photons being
bosons and each photon state corresponding to one of the oscillators of the electromagnetic field. One
then has the reconciliation of the wave and corpuscular theories of light. They are just two mathematical
descriptions of the same physical reality. (Quoted in Schweber, 1994, p. 31)

The fact that Dirac considers that there is “a complete harmony between the wave and
light-quantum description” (Dirac, 1927a, p. 245), does not mean that he takes over this
equivalence to the case of the electrons. In fact, as Dirac clearly states in this article, he
makes a sharp distinction between the case of electromagnetic radiation and matter. For
Dirac there simply is no real de Broglie wave that, after quantization, permits the
description of the electrons (Dirac, 1927a, p. 247).

Jordan’s reading of Dirac’s work was quite different. Going back to the
cumbersome method of second quantization that for Dirac was ‘“nothing but a
convenient way to take Bose statistics into account” (Darrigol, 1986, p. 229), Jordan
interpreted the scheme of second quantization as the quantization of a classical wave
described by a classical wave equation that could be the Maxwell-Lorentz equations for
the case of the electromagnetic field or a Schrodinger equation for the case of electrons
seen not as particles but as de Broglie waves (Darrigol, 1986, pp. 229-230). This view
of Jordan had the advantage to make it possible to treat the quantized waves in a three-
dimensional space (or four-dimensional Minkowski space-time) instead of using a 3n
(multidimensional) space in the case of an n-particle system (Schweber, 1994, p. 36). In
a paper sent to publication in July 1927, Jordan made a conceptual turnaround on
Dirac’s approach, and applied his method to the quantization of quanta obeying Pauli’s
exclusion principle, ' that is to electrons. Contrary to the case of photons (light quanta),
in which there is no limit to the number of particles that may occupy the same state, the
electrons (according to Pauli’s exclusion principle) cannot be in the same state, that is,
the occupation number for each possible state can only be 0 or 1 (another way of
making this statement is to say that the electrons are fermions, that is, they obey Fermi-

12 Regarding Pauli’s exclusion principle see e.g. Sdnchez Ron (2001, pp. 348-350).
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Dirac statistics). Jordan’s approach was to take the method used by Dirac with the light
quanta, and to apply it to the electron as a de Broglie wave — for which there was
experimental evidence (Darrigol, 1986, p. 219) — that was a solution of a (classical)
Schrodinger equation. In this way, Dirac’s ‘second quantization’ was from Jordan’s
perspective a ‘first quantization’ of a classical wave. This was simply implemented by
taking the coefficients of each normal mode to be matrices satisfying certain
commutation relations. In this work, Jordan did not take correctly into account the phase
factors in the matrices “necessary to guarantee that the creation operators for different
energy states anticommute with one another” (Schweber, 1994, p. 37). This point was
settled by the end of the year in a collaboration with E. Wigner, where the correct
anticommutation relations were given. In any case, already in his first incomplete work
Jordan was able, by his quantization of the wave, to obtain “an evolution identical to the
one given by anti-symmetrical wave functions in configuration space” (Darrigol, 1986,
p- 231). That is, Jordan showed the equivalence, for the electrons, of adopting as a
classical starting point, not the electrons as particles but electrons as classical de Broglie
waves. With this procedure there was no need for a multidimensional abstract
configuration space, since it was possible with the wave approach to maintain the
description solely in terms of a quantized wave described in a three-dimensional space.
In this way, already in this first incomplete work, Jordan was able to conclude that “a
quantum-mechanical wave theory of matter can be developed that represents electrons
by quantum waves in the usual three-dimensional space” (quoted in Darrigol, 1986, p.
232). This conclusion made possible for Jordan to make the ‘programmatic’ assertion:
“The natural formulation of the quantum theory of electrons will be attained by
conceiving light and matter as interacting waves in three-dimensional space” (quoted in
Darrigol, 1986, p. 232). In the abstract of the work done with Wigner similar
considerations were made:

The problem at hand is to describe an ideal or nonideal gas that satisfies the Pauli exclusion principle with
the idea of not using any relation in the abstract (3N-dimentional) configuration space of the atoms of the
gas, but using only three-dimensional space. This is made possible by representing the gas by a three-
dimensional quantized wave, for which the particular non-commutative properties for multiplying wave
amplitudes are simultaneously responsible for the existence of corpuscular atoms of the gas and for the
validity of Pauli’s exclusion principle. (Quoted in Schweber, 1994, p. 38)

Heisenberg and Pauli adopted Jordan’s approach in the development of a quantum
field approach to the description of the interaction of radiation and matter. In their case
they took Dirac’s equation as a classical wave equation. The ‘de Broglie’ solution of
Dirac’s equation is then quantized according to the procedure set forward by Jordan.
The elementary excitations (quanta) of the field resulting from the quantization are the
particles. In a sense this field theoretical approach as applied by Heisenberg and Pauli is
incomplete. The point is that the energy of the field can be negative. This is so due to
the presence of the negative energy quanta. This means it was still necessary to make
use of Dirac’s hole theory to make sense of the field quantization. The negative energy
states where taken to be full and a positron was identified with an empty negative-
energy state. That is, a positron in this field theoretical view was taken to be the lack of
an elementary excitation in an infinite sea of negative-energy elementary excitations.

In November 1933, V. Fock published a paper where he made a symmetrical
treatment of free electrons and positrons without using negative-energy particles,
following a procedure by Heisenberg from 1931 in which he explored “a far-reaching
analogy between the terms of an atomic system with n electrons and those of a system
in which n electrons in a closed-shell are lacking” (quoted in Pais, 1986, p. 379). In a
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letter to Pauli from July 1933 Heisenberg had presented that same approach, and used it
in a paper published in 1934, considering the case where an external field was present
(Darrigol, 1984, p. 479; Miller, 1994, p. 63). In this paper he required that “the
symmetry of nature in the positive and negative charges should from the very beginning
be expressed in the basic equations of [the] theory” (Heisenberg 1934, p. 169). Taking
the Dirac equation and its adjoint equation as classical field equations derived from a
classical Lagrangian, an arbitrary field can be expanded in terms of the complete set of
free-particle solutions (Schweber, 1961, pp. 222-223):

3 1/2 ) .
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The quantization scheme consists in replacing the expansion coefficients by operators
satisfying the anticommutation relations [by, by ]+ = [bn*, bn*]+ = 0 and [by, by*]+ = Oym.
With this procedure y(x) and the adjoint spinor field y*(x) become operators that act on
state vectors of a Fock space;13 and b,(p) and b,*(p) are interpreted as the annihilation
and creation operators of an electron in the state (p, r). Redefining the operators for the
negative-energy states as bya(-p) = di*(p) and b.o*(-p) = di(p) with r = 1, 2, these
operators can be interpreted as the creation and annihilation operators for a positive-
energy positron (Schweber, 1961, p. 223; Miller, 1994, p. 56), and the expansion of the
Y(x) operator is now given by

vo=] %{Eﬂpj ;{bf(p)wr(l))e”’" +d, * (P (p)e ™™},

With this formulation there are no negative-energy states (identified as the positive-
energy positrons), and so no need for the infinite sea of negative-energy electrons. Also
in the field operators y(x) and y*(x) we have simultaneously components related to
electrons and positrons. Let us consider the total charge operator

Q=Y [d’p[-a, *(p)a,(p)+b, *(p)b,(p)]= [ d’p[n" (p)—n"(p)],

where n(p) is the number of the quanta identified as electrons and n'(p) is the number
of quanta identified as positrons (Jauch & Rohrlich, 1976, p. 64). As we can see from
this expression, as Jordan proposed, the quantization of charge and subsequent
emergence of a particle-like concept of an electron can be seen as a result of the
quantization of the classical field.

13 Considering the vacuum state, which is the state with no quanta, an n-quanta Hilbert space can be
defined by n applications of creation operators. The Fock space is the (infinite) product of the n-quanta
Hilbert spaces: H” @ H" @ H? ... (Schweber, 1961, pp. 134-137; Gross, Runge & Heinonen, 1991, p.
21).

62



6 Combining results from the different views on Dirac’s equation

With this field theoretical reinterpretation of Dirac’s equation we are still facing a
problem. We know that the original one-electron interpretation is not consistent: how
then can we relate the solutions of Dirac’s equation as a relativistic wave equation for
an electron to the view imposed by the quantum field perspective?'*

I will look again into the case of the hydrogen atom. As Dirac mentioned “in the
general case of an arbitrary varying electromagnetic field we can make no hard-and-fast
separation of the solutions of the wave equation into those referring to positive and
those to negative kinetic energy” (Dirac, 1930, p. 361). L. L. Foldy and S. A.
Wouthuysen gave a more detailed account of the situation:

If we regard the electric field as a perturbation, then one can say that the electric field induces transitions
of the particle between the positive- and negative-energy states of a free particle. This is one way of
viewing the physical situation.

On the other hand, one knows that for sufficiently weak fields the Hamiltonian above possesses a
complete set of eigenfunctions with energy eigenvalues which may be classified according to whether
they are positive or negative. There exists for these weak fields a clear-cut distinction between these two
sets of stationary states since they are separated by a relatively large energy gap of order 2m.
Furthermore, the wave functions corresponding to positive energies show a behavior of the particle
appropriate to a particle of positive mass, in that the particle tends to be localized in regions of low
potential energy; while the negative-energy solutions show a behavior of the particle appropriate to a
particle of negative mass, in that the particle tends to be localized in regions of high potential energy.

Either of the two descriptions of the behavior of the particle in a weak field given above is of course
correct, although the distinction between what are called the positive- and negative-energy states is
different in the two descriptions. However, the question of terminology for positive- and negative-energy
states being left to our own choice, we are free to choose our definitions in such a way as to give the more
graphic (and perhaps more intuitively satisfying) description of the actual physical events which are being
described. In this spirit we feel that the second description is to be preferred since it has a perfectly
reasonable classical limit. It would be difficult indeed to picture classically the motion of a particle in a
weak field in terms of transitions between free-particle motions with positive and negative mass.

Consider now what happens when the particle interacts with strong rather than weak fields. Under
such circumstances, the division of states into those of positive and negative mass is no longer clear-cut,
since the energy separation of the two sets of states is reduced to a relatively small amount. Furthermore,
the wave functions describing these states no longer appropriately describe the motion of a particle of
fixed sign of mass according to our customary notions. In fact, if we try to interpret the wave function in
these terms, we encounter certain well-known paradoxes — the Klein paradox, for example. While the
energy of any stationary state will still have a definite sign, the statement that the particle is in a state of
positive energy will no longer carry with it the validity of any intuitive conceptions as to the behavior of a
classical particle with positive energy, and there will be little qualitative difference between certain states
of positive energy and certain states of negative energy. Hence, in the presence of strong fields, the
usefulness of a description in terms of positive and negative-energy states will be lost. (Foldy &
Wouthuysen, 1949, pp. 33-34)

'* A simple answer in what regards the equation itself is that we can see the Dirac one-electron equation
as a ‘semi-classical’ equation resulting from using the so-called external field approximation (Jauch &
Rohrlich, 1976, p. 303), where there appears to be a classical potential within the quantum formalism, but
that really is due to a quantum field theoretical description of the interaction with a very heavy charged
particle (described by a quantum field) when its recoil is neglected (Schweber, 1961, p. 535). It is within
the external field approximation that a Dirac field operator equation with an ‘external’ field appears, and
from which the relativistic one-electron equation with a ‘classical’ potential can be seen to emerge from
the full quantum electrodynamics (Jauch & Rohrlich, 1976, pp. 307 & 313).
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When considering the exact solution of the one-electron Dirac equation in a central
potential (the hydrogen atom) we have a four-component wave function. In simple
terms we can say that in the four-component wave function we have components that,
from a quantized field perspective, are related to both electrons and positrons. As we
have seen, the quantized field perspective relates the (free) positive-energy solutions to
the electrons and the (free) negative-energy solutions to the positrons. If we want,
taking into account this perspective, a simple model for the hydrogen atom with only
one electron, while using the Dirac equation as a relativistic one-electron equation, we
must develop a model that uses only two-component positive-energy wave functions to
describe the electron. This approach is also important if we want to make a clear
connection between the relativistic and non-relativistic equations, that is, between the
Dirac and the Schrodinger equations.

Considering the four-component solutions of the Dirac equation in the presence of
electromagnetic coupling Y = (Y W), in the non-relativistic limit the lower two
components Yp are smaller than the upper two Y. When calculating matrix elements
like (y, Yay) = WA*\VA — \VB*\VBa neglecting terms of order (v/c)’, we obtain an
expression only in terms of the large components Wy, W reducing the matrix element to
its non-relativistic form in terms of two-component wave functions (Mandl, 1957, pp.
214-215). In the non-relativistic limit the large components can be seen as the solution
of the Schrodinger-Pauli two-component wave equation. Concerning this approach to
the problem of the non-relativistic limit of the Dirac equation, Foldy and Wouthuysen
argued that “the above method of demonstrating the equivalence of the Dirac and Pauli
theories encounters difficulties [...] when one wishes to go beyond the lowest order
approximation” (Foldy & Wouthuysen, 1949, p. 29). Foldy and Wouthuysen proposed a
new method (using a different representation than Dirac’s original one) which would
not only provide better results for higher-order approximations but also the definition of
new operators for position and spin “which pass over into the position and spin
operators in the Pauli theory in the non-relativistic limit” (Foldy & Wouthuysen, 1949,
p- 29).

In the case of the Dirac equation for a free electron it is possible to perform a
canonical transformation on the Hamiltonian that enables the decoupling of the positive-
and negative-energy solutions of Dirac’s equation, each one becoming associated to a
two-component wave equation. This means we get two independent equations for two-
component wave functions, and that we can identify the equation with positive-energy
solution as the Schrodinger-Pauli equation. The case of an electron interacting with an
external electromagnetic field is more involved. The trick is to consider the
electromagnetic field as a perturbation and to make a sequence of transformations to
obtain the separation of negative- and positive-energy solutions. In the non-relativistic
limit, like in the previous method, the Schrodinger-Pauli equation is obtained.

It is then possible to rework the relativistic Dirac one-electron equation in a way in
which only positive-energy solutions are considered. Foldy and Wouthuysen applied
their method to the case where a Dirac electron interacts with an external
electromagnetic field. By making three canonical transformations and using only terms
of order (1/m)” they obtained a Hamiltonian (incorporating relativistic correction to this
order) that enabled a clear separation of positive- and negative-energy solutions. With
this method the non-relativistic limit of Dirac’s equation results in two uncoupled
equations one with positive-energy solutions and the other with negative-energy
solutions. With their three canonical transformations Foldy and Wouthuysen were able
to obtain the same wave equation as in the Pauli theory. However it is important to
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notice that in the previous method we are not taking into account directly the quantized
Dirac field, and we are basically maintaining the inconsistent one-electron interpretation
of Dirac’s equation. Also, Foldy and Wouthuysen’s definition of the positive-energy
solutions was made by taking into account the classical limit, and as they mentioned it
is not unique. As we have seen the quantization of the (free) Dirac field leads to an
association of the quanta to individual terms of a plane-wave expansion of the field
corresponding to either positive or negative energy eigenvalues, which implies choosing
another definition of positive-energy solutions.

This leads us to the necessity of taking a quantum field approach to the case of the
hydrogen atom. One possibility is to use the so-called Furry or bound interaction
representation within the external field approximation. This gives a method for
calculating corrections (due to a quantized electromagnetic field) to the energy levels of
a bound electron (due to a static external potential) determined by the Dirac equation as
a relativistic one-electron equation (Berestetskii, Lifshitz & Pitaevskii, 1982, p. 487).
But the starting point is the field operator defined by

y(x) = Z u (X)a,.e” +v (x)b, *e™

where u(x) and vi(x) are obtained by solving the Dirac equation for a positive-energy
particle representing the electron, and a negative-energy particle representing de
positron: Hu,(x) = Eaua(x) and Hvyp(x) = —Epvp(x), where H = iyoy.V - eyoyu(p“ +1y’m,
with @" a static external field (Jauch & Rohrlich, 1976, p. 313). The first equation is
exactly the one solved in the case of the one-electron interpretation of the Dirac
equation. This means that E, gives the positive energy levels obtained by this method,
and that in spite of identifying u,(X) as the electron’s positive-energy wave function, it
contains what in the limit of a free-particle solution are positive- and negative-energy
components (Schweber, 1961, p. 566). Now, what is needed is a method in which the
free particle positive-energy characteristic of the electron is maintained during the
interaction with no mixing of positive- and negative-energy components.

As we will see in the following chapters, the main working tool in quantum
electrodynamics, the S-matrix, was designed for scattering problems where we have
free particles in the beginning and free particles in the end of an interaction (scattering).
This means that the S-matrix is not very appropriate to deal with the case of a bound
particle, at least not in a direct way. Moreover, one of the most important characteristics
of quantum field methods is that the interaction between fermions is represented by the
exchange of photons: quanta of the electromagnetic field (e. g. Carson, 1996, pp. 127-
129). If we make a model of the atom in which a classical Coulomb field gives the
effect of the nucleus, this quanta view is lost (as in the external field method previously
discussed). A way to overcome these difficulties is to address directly the two-body
problem using the Bethe-Salpeter equation. In this method, the two-body problem is
addressed by considering directly the two-particle propagator for an electron and a
proton (which in the calculations is taken to be a ‘big’ positron with the same mass as
the proton)."> Considering a power series expansion of the two-particle propagator, the
binding energy between a proton and an electron is basically calculated using what is
known as the ladder approximation (Schweber, 1961, p. 713). Concerning this

!5 There is an indirect method to calculate the energy levels of bound states from the S-matrix, which
consists in determining the poles of the exact scattering amplitude. But in practice this approach leads to
a summation of an infinite series of diagrams that corresponds to solving the Bethe-Salpeter equation
(Berestetskii, Lifshitz & Pitaevskii, 1982, p. 553-556).
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approximation, H. A. Bethe and E. E. Salpeter remarked that “although the probability
for the exchange of a quantum during a small time interval is fairly small, during the
infinite time of existence of the bound state an indefinite number of quanta may be
exchanged successively. It is just such processes that the ladder-type graphs deal with”
(Salpeter & Bethe, 1951, p. 1234). Thus, in the quantum field theory approach, the
binding of the electron in the atom is achieved by an exchange of photons with the
proton. We see that from a quantum field theory perspective, the description of the
hydrogen atom (as a two-body problem) leads to a physical picture of the process going
on in the atom quite different from the one obtained when using inconsistently the Dirac
equation as a one-electron equation. That is, we see, when going from a central potential
approach to a quantum field two-body treatment of the hydrogen atom, the importance
of the quanta concept in the description of interactions in quantum electrodynamics. The
exchange of quanta is a basic characteristic of the description of physical processes in
quantum electrodynamics. We will look at this in detail in later chapters.
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CHAPTER 4

THE QUANTIZATION OF THE ELECTROMAGNETIC FIELD AND THE
VACUUM STATE

1 Introduction

There is a widespread idea that we can associate with the concept of quantum vacuum
important measurable consequences, and even, like in the case of the commonly
accepted interpretation of the Casimir effect, clear dynamical effects. To better address
the problem of what vacuum concept we really have in quantum electrodynamics, I start
in section 2 with an historical account of the coming to be of the quantized
electromagnetic field and in section 3 with a brief ‘technical’ presentation of the
quantized electromagnetic field. We will see in particular how Einstein’s light quanta
(photons) can be seen as resulting from the quantization of the electromagnetic field.
The quantized electromagnetic field’s vacuum or ground state is the state with the
lowest energy, corresponding to no (transverse) photons present.

Due to the quantization, in all the quantum electromagnetic field states
corresponding to a defined number of quanta, the variance of the electric and magnetic
fields is not zero. This situation also occurs in the ground state (or vacuum state), and it
has measurable consequences. This is in clear contrast to the classical counterpart where
the vacuum state corresponds to a null electromagnetic field in some region of space.

In section 4, I will focus on the properties of the ground state of the quantized
electromagnetic field. Following Peter Milonni I will make a case for an interpretation
of the Casimir effect that does not rely on zero-point energy fluctuations. This does not
mean that the vacuum of the quantized electromagnetic field can be disposed of.
Contrary to the classical case where it is possible to consider charged matter in an
empty region of space — where there is no external electromagnetic field but only the
field of the charged matter itself —, in the case of quantized fields this is no longer
possible. According to Milonni, for the formal consistency of the theory, when
considering a charged particle in an empty region of space, we must take into account
that the charged particle is always interacting with an external quantized
electromagnetic field even if just in its ground state. In this way, together with charged
matter, we must always consider at least an ‘empty-space’ or ‘space-vacuum’ field in its
vacuum or ground state with its associated non-zero variance; and this is not just a
formal aspect of the theory, it can be related to experimental results. To clarify things,
first, in section 5, I will explain the physical meaning of variance, making the case for
an interpretation in terms of a statistical spread (distribution) in the results of
independent measurements made on identically prepared systems. This interpretation is
made within the broader framework of the ‘ensemble’ interpretation of quantum
mechanics. Then, in section 6, we will see that using the balanced homodyne detection
method it is possible to obtain experimental results corresponding to the non-vanishing
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variance of the vacuum state. This implies that we can retain a notion of vacuum with
experimental meaning that is consistent with an interpretation of the variance in terms
of a statistical spread (distribution) in the results of independent measurements made on
identically prepared systems.

It seems then that we cannot recover the ‘nothingness’ of the classical notion, but,
nevertheless, the physical properties we can really associate with the vacuum concept
are much more subtle than usually thought, and do not present any experimental
particularities that are not found in all quantum states corresponding to a defined
number of quanta: the non-vanishing variance is a common characteristic of all these
states, not only the ground state. In this way, I will be making a case for an empirically
demonstrable notion of the vacuum in quantum electrodynamics independent of
dynamical fluctuations.

2 The historical emergence of the quantized electromagnetic field

Though the story of quantum theories began around 1900 with Planck’s theoretical
work on the so-called blackbody radiation, a working quantum theory of the
electromagnetic field (and its interaction with matter) was not available until the late
1940s. The quantum theory of radiation can be seen to have its first development not in
Planck’s early and subsequent work, but in an article published in 1905 that its author
referred to as “very revolutionary* (quoted in Kragh, 1999, p. 66). As we have seen, in
this article Einstein presented what he called a heuristic viewpoint on the nature of
radiation, considering in particular the emission, absorption, and propagation of light in
space. Einstein proposed that in the limit where Wien’s law is valid light shows
atomistic features behaving in “a thermodynamic sense, as if it consisted of mutually
independent energy quanta” (Einstein, 1905, p. 102).

An important step forward was made by the end of 1908, when Einstein came up
with a new argument in favor of the light quanta hypothesis. Einstein studied the energy
fluctuations of radiation enclosed in a cavity (Einstein, 1909a). Let us consider radiation
inside an isothermal enclosure at a constant temperature, and take the radiation system
to be composed of two parts one of them with a small volume v (and the other with a
volume V). The idea is to determine the (mean square) energy fluctuation in v of the
instantaneous energy M from the equilibrium value 1. Denoting the entropies of the two
parts as ¥ and © (for the volume v), and taking ¥, and &, to be the equilibrium values,
the total entropy can be written as

3 3 d(Z+0) 1d&E+0)| o
S—Z+cs—20+c50+{—dg }0€+2{—dez }Oe )

where 1 =1 + €. By taking V to be much larger than v, the deviation of the entropy
from its equilibrium value is given by

2
as-1[ECH]
2 de o

to second order in €. By combining this result with Einstein’s reinterpretation of the
Boltzmann principle it is possible to obtain the probability of an energy fluctuation
between € and € + de (Klein, 1964, pp. 10-11):
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From this it is immediate to determine
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the mean value € of the square of the energy fluctuation of the radiation occurring in v

) 1 . (Einstein, 1909a, p. 365)
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The essential point now is to consider the Planck’s law as empirically given and use it
to calculate . After a simple calculation, Einstein obtained the result
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for the mean value of the fluctuations of the radiation energy present in v.

According to Einstein, from the classical Maxwell-Lorentz electrodynamics we
would expect only to obtain the second term. The appearance of the first term was a
new piece of evidence for the light quanta hypothesis. According to Einstein “the first
term, if present alone, would yield a fluctuation of the radiation energy equal to that
produced if the radiation consisted of point quanta of energy hv moving independently
of each other” (Einstein, 1909a, p. 366). Einstein made a first remark on his results,
mentioning that it was as though there was two independent causes for the energy
fluctuations: “the formula says that in accordance with Planck’s formula the effects of
the two causes of fluctuation mentioned act like fluctuations (errors) arising from
mutually independent causes (additivity of the terms of which the square of the
fluctuation is composed)” (Einstein, 1909a, p. 369).

In a conference held at Salzburg in September 1909, Einstein made further remarks
related to his results. At this conference Einstein set forward the idea of a dual character
of light:

light possesses certain fundamental properties that can be understood far more readily from the standpoint
of Newton’s emission theory of light than from the standpoint of the wave theory. It is my opinion that
the next stage in the development of theoretical physics will bring us a theory of light that can be
understood as a kind of fusion of the wave and emission theories of light. (Einstein, 1909b, p. 379)

Einstein proposed a tentative model in which each light quantum could be regarded
as a singularity in space surrounded by a field. This was meant simply as a suggestion to
make plausible the idea that “the two structural properties (the undulatory structure and
the quantum structure) simultaneously displayed by radiation according to the Planck
formula should not be considered as mutually incompatible” (Einstein, 1909b, p. 394).
A theory taking into account the dual nature of light would have to wait for the
development of quantum mechanics.

In two articles published in 1925, Heisenberg’s formalism — based on a particular
law of multiplication of quantum-theoretical quantities derived by correspondence
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arguments — was developed with more formal mathematics by using matrices (van der
Waerden, 1967, pp. 36-57; Sanchez Ron, 2001, pp. 419-443). In these articles the
question of the quantization of the electromagnetic field was considered. In the first
article an unsuccessful attempt was made to treat a quantized electromagnetic field in
interaction with a Hertzian dipole oscillator (Mehra & Rechenberg, 2000, p. 200;
Darrigol, 1986, p. 220). The advance brought by this method was made clearer in the
second article, where in the last section Jordan treated solely the situation of a free
electromagnetic wave in a cavity. In a mathematically unrigorous way, Jordan was able
to obtain Einstein’s formula of 1909 for the average squared energy fluctuations in
radiation (Darrigol, 1984, p. 450; Darrigol, 1986, p. 221-222). To arrive at this result
Jordan took advantage of the possibility to treat a wave as an infinite set of linear
harmonic oscillators corresponding each to a normal mode of the wave. By using the
recently formulated formalism of matrix mechanics it was a simple task to quantize a
system of independent linear harmonic oscillators (Kramers, 1964, p. 422), which
corresponds to imposing the quantum commutation conditions to each normal mode
(Schweber, 1994, p. 11).

To avoid calculational complications Jordan considered the simplified case of a one-
dimensional string fixed at both ends of the cavity. The lateral displacement u (x, t) of a
string with length | is given, when expressed as a Fourier series, by

u(x,t) = qu(t) sin K% X.
k=1

The energy in a part (0, a) of the string is given by

2 o 2
E:%J‘ Z {qjqk sinj%x sin K%x+qjqkjk(%) cosj%x cos K%X}dx _

0 J-x=l
Using the previous expression, the fluctuation in the energy is given by

N E
2a

This is exactly the term in Einstein’s derivation resulting form the interference of
classical electromagnetic waves.

Up till now this is a totally classical derivation applied to any classically described
wave phenomena. Going over to quantum mechanics the previous expressions for u(x,
t) and E become matrix equations. The coefficients of the Fourier expansion qx become
matrix elements gx (n, m) which vanish except when

nj—m; =0 forj #Kk,
ng —my = +1.
Following a straightforward quantum mechanical calculation Jordan now obtained

the result Einstein had obtained for the fluctuation in the energy by purely statistical
methods:
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where z, is the number of characteristic frequencies in the interval dv and V is the
volume that contains the string.

The most important aspect of this, otherwise straightforward, procedure was the
conceptual implications brought with it. As said before, in the procedure followed by
Jordan “ each individual eigenvibration [normal mode] is to be treated as a simple linear
oscillator” (Born, Heisenberg & Jordan, 1925, p. 375). The fundamental conceptual
change was that “Jordan saw that he could relate light quanta to wave excitations, and
elucidate Bose’s counting as the natural counting for quantized waves ... Furthermore,
energy discontinuities in the field appeared as properties of radiation itself, and not of
the material emitters” (Darrigol, 1986, p. 221). That is, Jordan found a relation between
the light quanta concept of Einstein satisfying Bose-Einstein statistics — light quanta that
cannot be seen as classical independent particles, but that show statistical dependence —
with the quantized normal modes of the electromagnetic field. According to Jordan, “so
strong an association between the eigenvibrations of a cavity and the light quanta
postulated formerly can nonetheless be drawn that every statistics of cavity
eigenvibrations corresponds to a definite statistics of light quanta and conversely”
(Born, Heisenberg & Jordan, 1925, p. 376). Also we have that

the states of the system of oscillators [corresponding to the normal modes of the electromagnetic field]

can be characterized by ‘quantum numbers’ n;, n, ns,... of the individual oscillators, so that apart from a

additive constant the energies of the individual states are given by E, = hz v,n, - (Born, Heisenberg &
K

Jordan, 1925, p. 377)

Following Jordan we must also see nj, np, ns,... as the number of light-quanta (photons)
inside the cavity with a frequency vy, vz, vs,....

Further developments were made by Dirac. In his ‘The quantum theory of the
emission and absorption of radiation’, published in February 1927, Dirac developed a
quantum treatment of the electromagnetic field from two different approaches, which at
the quantum level gave the same mathematical result. In the final part of his paper he
extended Jordan’s initial work on the quantization of the electromagnetic field
(Schweber, 1994, pp. 9-11). However, the main aspect of Dirac’s work was not the
quantization of a wave; on the contrary his paper is mainly a treatment of an assembly
of identical quantized particles. As we have already seen, for Dirac this method, later
called ‘second quantization’, turns out to be simply a different procedure to impose the
Bose-Einstein statistics on the particles. He could instead have simply selected
symmetrical wave functions as the physically admissible wave functions for this type of
particle (Dirac, 1926, p. 672).

Dirac started with an assembly of N similar independent particles (subject to an
interaction with an atomic system), whose wave function, solution of the Schrodinger
equation, is Yy = X.a,\, (where \, is the eigenfunction of a particle in the state r). Dirac
took the expansion coefficients a; to be canonical conjugates. Working with the
canonical variables b, = a;, e'lw't/h and b.* = a * elw't/h (where w; is the energy of a particle
in the state r), Dirac assumed that these variables were “q-numbers satisfying the usual
quantum conditions instead of c-numbers” (Dirac, 1927a, p. 251). This gives the false
impression that an additional quantization scheme is being used, but what is being done
is changing from a configuration space representation to an occupation number
representation (Cao, 1997, pp. 166-167). The commutation relation [b;, bs*]= 8,5 holding
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between b, and b* serves to impose the symmetrization of the wave functions. This
implies that the particles obey Bose-Einstein statistics (Dirac, 1927a, pp. 252-255;
Schweber, 1994, p. 28).

As mentioned previously, in the final part of his work Dirac considered the
quantization of a classical electromagnetic wave. Starting with the classical Hamiltonian
describing an atom in interaction with radiation, the field was described by canonical
variables, which in the quantization procedure were taken to be gq-numbers satisfying
the usual quantum commutation relations. Dirac took the field to be described by “the
canonical variables N;, 6;, of which N; is the number of quanta of energy of the
component 1, 0,, is its canonically conjugate phase, equal to 2mhv, times ¢, [as

determined by ¢, = O0H/JE,; = 1, where H is the field’s Hamiltonian, and E, is the

energy of a component labelled r]” (Dirac, 1927a, p. 244). We see here Dirac following
Jordan’s interpretation of the normal modes of the field in terms of the number of light-
quanta associated to each eigenvibration.

With this procedure Dirac obtained a Hamiltonian for the quantized system, which
was, according to his view, consistent with the Hamiltonian obtained using the particle
view (Dirac, 1927a, p. 263). Dirac considered that this work demonstrated the
equivalence between a quantized electromagnetic wave and a system of bosons (light-
quanta). Implicit in this conclusion is the identification of the quanta of energy with the
particles (light-quanta). In order to get this result, a particle cannot cease to exist when it
is apparently absorbed, or be created when it is emitted. It is therefore necessary to have
an infinite sea of light-quanta (photons), in a state in which their momentum and energy
are zero, from which the particle can jump from or into (Cao, 1997, pp. 163-164; Dirac,
1927a, p. 261).

In his approach to the quantization of a classical electromagnetic wave, Dirac
“resolved the radiation into its Fourier components, and supposed that their number is
very large but finite. Let each component be labelled by a suffix r ... each component r
can be described by a vector potential k; chosen so as to make the scalar potential zero”
(Dirac, 1927a, p. 262). That is, in modern term, Dirac quantized the vector potential in
the Coulomb gauge. This meant to consider the vector potential (usually taken in
classical electrodynamics to be a subsidiary concept when compared with the electric
and magnetic fields) as an operator, and in this way more fundamental quantum-
mechanically than the electric and magnetic fields strengths. This had never been tried
before (Kragh, 1990, p. 126).

Another important contribution in the development of a quantum theory of the
electromagnetic field (and its interaction with matter) was made in 1928. In parallel
with a line of work based on the quantization of de Broglie waves (mentioned in the
previous chapter), Jordan worked out with Pauli a relativistic quantization of the free
electromagnetic field. Dirac’s quantization method was not relativistically invariant (as
was also the case with Jordan’s quantization of de Broglie waves).

The fields, taken to be in a cavity of volume V, were expanded in Fourier series,
each term corresponding (mathematically) to a harmonic oscillator

Ei = i(hod2V)” €o{arq exp (—iont + ik.r) —a o exp (it — ik.r) },
By = i(h/2Vo,) " k x €of{ak, o exp (ot +1k.r) — a*k, oexp (it —ik.r) }

(&« 1s a unit linear polarization vector), where the operators for the total electric and
magnetic fields are given by
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The amplitude (normal mode) coefficients were taken to be operators satisfying the
commutation relations:

*
[ak, 00 @ K, 0] = Sk Oocis
* *
[ax, oo A, o] = [a k00 @ 10, 02] = 0.

From this it follows immediately (as in the simplified case taken by Jordan in 1925)
that the energy of the quantized electromagnetic wave is given by

E=> N, o,
k

where Ny o is the number of light quanta in a state with momentum k and polarization
o.

From these commutation relations, Jordan and Pauli determined the commutation
relations for the electric and magnetic fields strengths themselves:

18,00 0 0
E.(r.0).E. (v, )| = 4mi] 299 9 9 | pi_pi_p),
[, 0. B, (7. 0)] = 4 [ 2o arjarj ey

|E,(1,),E, (', t)]|=B,(r,£), B, (', )],
[E.(r,),B (r',t)]=-[B. (r,),E (v, 1 )]:—4nihciiD(r—r',t—t'),
Y 4 Jz ot'

with cyclic permutations of x, y and z in this last expression.

Essential to achieve the goal of an expression that was manifestly relativistically
invariant, was the introduction by Pauli of a relativistic generalization D (r, t) = 1/47nr
{&(r + ct) — &(r — ct)} of the Dirac delta-function 8(r) appearing in the non-relativistic
commutation relations (Mehra & Rechenberg, 2000, p. 220).

By that time, Pauli and Heisenberg were considering the possibility of trying to
develop a relativistic quantum electrodynamical theory picking up Jordan’s idea on the
quantization of matter and radiation fields. By taking into account correspondence ideas
(Miller, 1994, p. 31; Mehra & Rechenberg, 2000, p. 318; Darrigol, 1984, p. 484), in
1928 Pauli and Heisenberg took as their theoretical starting point the classical
Lagrangian field theory of continuous systems (that can be applied for example to
classical sound waves). In general the Lagrangian density for a classical field can be
written as

L = L(ya, grad Y, ¥,,).
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By calculating the conjugate momentum of each field (described, as Dirac did, by
the scalar and vector potentials), the quantization of the field followed from imposing
commutation relations between field components and their canonically conjugate
momentum. The canonical momentum 7, conjugated to each field component is

_ oL
N,

o

The Hamiltonian density can be written as

H(n(x’\va) = znaqja -L.

The canonical cuantization results from treating m, and Yy as operators and
imposing the commutation relations:

[T, Wa] = BVi.

This approach revealed itself inapplicable (as it stood) to the electromagnetic field,
because the conjugate momentum of the scalar potential was identically zero. The
Lagrangian density for the electromagnetic field is in terms of potentials defined as

1 , (10A 2
L=—(urlAY -| - 22 _ve| |.
SR{(Cur ) (c ot (Pj:l

We do not have dA4/dt = id@/dt in the expression for L (where ¢ is the scalar
potential). This implies that its conjugate momentum 7 = 0. From this we have the
commutation relation [T, W4] = 0, instead of h/i. This made impossible the quantization
of the electromagnetic field by this method.

In January 1929, Heisenberg came up with a formal trick that made it possible to
circumvent this difficulty and quantize the electromagnetic field; it consisted in adding a
new term to the electromagnetic field Lagrangian depending on a parameter € that was
taken to zero (¢ — 0) in the end of the calculations (Darrigol, 1984, p. 484; Schweber,

1994, p. 41):
2
L= &[99 |
2\ ox,

In their work Pauli and Heisenberg demonstrated the equivalence of their
quantization method, when applied to the free electromagnetic field, with the previous
procedure adopted in the work of Pauli and Jordan (Mehra & Rechenberg, 2000, pp.
322-323). When Pauli and Heisenberg sent their work to publication in 19 march 1929,
it was still very incomplete, in particular it was lacking clear applications (Mehra &
Rechenberg, 2000, p. 326), and it did not deal with the problem of the infinite self-
energy of the charged particles, which was simply discarded (Miller, 1994, p. 34).
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Independently of the Pauli and Heisenberg approach, in 1929, Enrico Fermi
developed a more straightforward approach in which, contrary to Dirac’s 1927 work,
not only the radiation field was quantized, but the full electromagnetic field described
by the vector and scalar potentials, which can be seen as the components of a covariant
four-vector electromagnetic potential (in modern terms Dirac worked in the Coulomb
gauge, where only the two components of the transverse radiation field are quantized).
To achieve this goal Fermi considered “an electromagnetic field of the most general
type” (Fermi 1932, 125; see also Fermi, 1929), using the d’Alembert equation for the

vector and scalar potentials: LJA, = j,. To make this equation equivalent to Maxwell’s

equations, Fermi had to take into account the so-called Lorentz condition A" = 0,
which he regarded as a condition to be satisfied by the field operators. Making a Fourier
expansion of the vector and scalar potentials, Fermi easily obtained a Hamiltonian
depending on the charged particle variables and the coefficients of the Fourier series
expansions of the electromagnetic potentials. From this a quantization procedure was
immediately possible: “it is sufficient to consider the Hamiltonian expression as an
operator in which, according to the usual rules, the momenta are equivalent to the
operator of differentiation with respect to the corresponding coordinate and to
multiplication by — h/2mi” (quoted in Schweber, 1994, p. 74).

In the months following their first paper on quantum electrodynamics, Pauli and
Heisenberg improved their approach, in particular avoiding formal tricks like the use of
the € parameter and others (Carson, 1996, pp. 111 & 113). The key was gauge
invariance. According to Pauli:

In the new paper of Heisenberg and myself it will be shown that exactly with the help of gauge invariance
these e-terms can be avoided. As gauge invariance I consider a substitution [of the matter fieldsy and

Y and the electromagnetic potentials @, ]

oA

ox,

>

v=ely, y=ely, 0 =, -

where A may even be a g-number but one connecting with y and\ on every space-like section t =
const. (Quoted in Mehra & Rechenberg, 2000, p. 328)

By taking into account gauge invariance, Pauli and Heisenberg were able to adopt a
gauge that made the calculations simpler, the Coulomb gauge, already used (implicitly)
by Dirac in 1927, in this way avoiding the use of artificial parameters in the
quantization procedure. Since they dominated the aspect of proving the relativistic
invariance of the formalism, they were able to show that the Coulomb gauge, which is
not manifestly covariant, did not affect the relativistic invariance of the theory: “all
statements about gauge invariant quantities satisfy the condition of relativistic
invariance” (quoted in Mehra & Rechenberg, 2000, p. 329). They also showed that their
formalism reduced to Dirac’s theory in the non-relativistic limit (Mehra & Rechenberg,
2000, p. 330).

In this second work, Pauli and Heisenberg noticed Fermi’s note on quantum
electrodynamics, and re-worked it using their Lagrangian formalism instead of the
Hamilton formalism adopted by Fermi. They showed that by changing the
electromagnetic Lagrangian by the term — 1/2 (BAH/BX,LL)2 the d’Alembert equation used
by Fermi as his starting point could be derived. Also they noticed that the subsidiary
condition dyA" = 0 (which implied working in the Lorentz gauge) necessary to make the
d’Alembert equation equivalent to Maxwell’s equations, could not, as Fermi initially
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thought, be imposed as an operator identity but solely as a supplementary condition on
admissible state vectors: (d,A")¥ =0 (Schweber, 1994, p. 75).

Fermi in part elucidated the physical meaning of the subsidiary condition in a
subsequent note. Contrary to Dirac’s work of 1927, in Pauli and Heisenberg’s first
paper they did not consider solely the radiation field (described by a transverse vector
potential with two degrees of freedom, corresponding to two polarizations perpendicular
to the direction of propagation of the wave), but like Fermi they considered the four
degrees of freedom associated with the full vector and scalar potentials (Carson, 1996,
p. 110). But they did not discuss the relation between the scalar and vector potentials
adopted and the transverse vector potential of the radiation field (Carson, 1996, p. 112).
Neither did Fermi address this point in his first note, he solely mentioned that he wanted
to develop a more general theory than Dirac’s by taking into account the full
electromagnetic interaction. Some elucidation on the role of the non-transverse
components of the four-vector electromagnetic potential was given by L. Rosenfeld also
in 1929 by showing (choosing a particular reference frame) that the four polarizations of
each normal mode can be put in a simple relation to the wave vector: two components
corresponding to transversely polarized light, one to a longitudinal polarization and
another to a time-like polarization (Carson, 1996, p. 113; Killén, 1972, p. 19).'

Adopting Pauli and Heisenberg’s view on the condition to be imposed on the
available states, Fermi knew that this subsidiary condition “determine[s] the form of the
dependence” (Fermi, 1932, p. 130; see also Fermi, 1930) of the system’s wave function
on the scalar potential and the longitudinal component of the vector potential. Knowing
this, Fermi also developed an approach where “the coordinates Qs and ys representing
the scalar potential and one component of the vector potential are completely
eliminated” (Fermi, 1932, p. 131; see also Fermi, 1930). By this procedure Fermi
obtained a Hamiltonian whose electromagnetic part had a term corresponding to a
transverse (radiation) field and a term corresponding to the Coulomb interaction
between the charged particles (this procedure corresponds to going from the Lorentz
gauge to the Coulomb gauge).!” With this approach, Fermi showed that we can regard
the scalar and longitudinal components of the field — that are not independent degrees of
freedom of the field as implied in the subsidiary condition — as a representation of the
Coulomb interaction between charged particles.

At this point the problem of the quantization of the electromagnetic field in
interaction with charges was basically settled. In more general terms the theory of
quantum electrodynamics was still very imperfect; the problem of the infinite self-
energy of the charged particles was not solved. In fact, the theory faced even more
problems with divergences in the calculations (Schweber, 1994, chapter 2). In practice,
only a few second-order calculations using perturbation theory were available (Pais,
1986, pp. 374-376). The ‘serious’ divergences in the theory (Jauch & Rohrlich, 1976,
pp. 174-175) were only circumvented in the late forties with the renormalization
program, which made possible to obtain finite results in higher-order calculations. This
was done by attaching the higher-order contributions — that from a physical point of

' This situation already occurs (as should be expected) in classical electrodynamics. For each normal
mode we can always choose a particular reference frame in which the electromagnetic potential is
represented by two transverse, one longitudinal and one time-like components, and due to the Lorentz
condition, the contribution of the longitudinal and time-like components compensate each other
(Bogoliubov & Shirkov, 1959, pp. 55-57).

"7 This result is not particular to the quantum theory of the electromagnetic field; it is also derived in the
classical theory when considering the Fourier expansion of the field produced by charges, and not only
the free radiation field (Landau & Lifshitz, 1971, pp. 124-125).
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view should be smaller and smaller, but that in the mathematical calculations appear in
integrals that are divergent — to the mass and charge of the electrons (and positrons),
whose values are not determined by the theory but from experiments (Pais, 1986, pp.
374 & 462).

The quantization of the electromagnetic field in the (manifestly covariant) Lorentz
gauge as realized by Fermi, Pauli and Heisenberg, with the adopted Lorentz subsidiary
condition, showed not to lead to any incongruence in practical applications, as can be
seen in the work done in the forties by R. P. Feynman (Carson, 1996, pp. 128). In his
approach Feynman always considered that a “photon can be polarized in any one of the
four directions” (Feynman, 1961, p. 122). This was no fortuitous event. Feynman
wanted a scheme that was relativistically invariant: “Everything I was computing was
covariant. The way others had formulated everything, they had separated the Coulomb
potential and the transverse waves ... I knew which terms went together ... and how to
generalize to four dimensions from the two transverse dimensions” (quoted in Mehra,
1994, p. 229). Nevertheless when looking closely at the consequences of the subsidiary
condition adopted in the quantum electrodynamics developed by Fermi, Pauli and
Heisenberg, this approach is strictly speaking not consistent (Pais, 1986, p. 355). A
solution to the inconsistency was given around 1950 by the development of a formalism
based on the use of an indefinite metric for the Hilbert space (Schweber, 1961, pp. 245-
251). But in the usual way in which covariant calculations are done, where the four
polarizations of the field are simultaneously taken into account — a typical case being
the description of the electron-electron interaction —, the indefinite metric operator does
not appear explicitly (Heitler, 1954, pp. 129-130). This gives an a posteriori
justification for the procedure of Feynman and others.

3 The quantization of the electromagnetic field

In simple terms, the quantization of the electromagnetic field can be presented as
follows. In the case of an electromagnetic field in a region free of charges, the Maxwell
Lorentz equations are:

VXE=—§E~
cot

From the second pair of equations we see that the electric and magnetic fields (strenght)
can be defined in terms of a scalar and vector potentials ¢(x,t) and A(x, t):

B=VxA

A
E=-Vo——
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This enables us to write down Maxwell-Lorentz equations for free space in terms of the
scalar and vector potentials. In a four-vector notation we have that the Maxwell-
Lorentz equations become

9’ J [0A
VA —— v =Q-
(cat2 j Fooox, (axvj

The potentials are not uniquely determined, since it is possible to leave the fields
unaltered when doing the following transformation

| IA(X)
All _>AH=AH +?’

n

(where A(x) is an arbitrary function). This means the theory is invariant regarding what
is called a gauge transformation (of the second kind). The Maxwell-Lorentz equations
in free space can be simplified in a manifestly covariant way by taking the potential to
satisfy the so-called Lorentz condition dyA"(x) = 0. In this case the Maxwell-Lorentz
equations reduce to the wave equation [JA, = 0 (the d’Alembert equation in the free
charge case).

In the quantization of the electromagnetic field we take initially the components of
the four-vector-potential to be independent, that is, we disregard the Lorentz condition.
We then make a Fourier expansion (in terms of a complete set of solutions of the wave
equation) of the free electromagnetic field (as given by the four-vector potential) Ay(x):

Au(x) = A" (X) + Ay (x)

k r=0

Aﬂ+ x)=>> [ 23;@ j £"(k)a,(k)e ™

1/2
J e (k)a, (k)™ .

Ay (9= ;Zo(;c%

For each k there are four independent mutually orthogonal unit vectors or
‘polarizations’. It is wuseful to choose the vectors as given by €"(k)
=(1, 0,0, 0), and €"(k) = (0, &(k)), withr =1, 2, 3, where €;(Kk) and & (k) are mutually
orthogonal unit vectors also orthogonal to k, and €3(k) is a unit vector longitudinal to
k. With this choice, the vector-potential dependent on €"(k)and €"y(k) refers to
transversely polarized light; the vector-potential dependent on €";(k) refers to a
longitudinal polarization; and the vector-potential dependent on €"y(k) refers to a so-
called scalar or ‘time-like’ polarization.

Up till now we are still in the classical realm. By imposing equal time canonical
commutations on the vector potentials, the Fourier expansion coefficients become
operators satisfying the commutation relations

[ar(k)a a*s(k’)] = Crsrsskk’

[a(k), ay(k")] = [a'(K), a'y(k")] =0,
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where {, =1 for r =1, 2, 3 and {, = — 1 for r = 0. Following the Gupta-Bleuler approach,
a (k) are taken to be creation operators and a/(k) as absorption operators, even if in the
case r = 0 their role seems to be interchanged due to the minus sign. This would mean
that Ay(x) is an anti-Hermitian operator. In the Gupta-Bleuler method, this problem
does not arise due to the use of an indefinite metric. The number operators are defined
as Ny(k) = Qra*r(k)ar(k), implying that the total energy operator is given by

H=3 3 hofa (ke (K)-

k =0

With this choice of absorption and creation operators, and corresponding definition of
number and energy operators there is a consistent interpretation of these operators,
because we do not have any negative number of photons or energy appearing (due to the
scalar photons). However there would be a problem of having states of the quantized
field with negative norm. Still we must recall that we are taking the creation and
absorption operators to be independent, and that cannot be the case, since we must take
into account Lorentz condition. In the Gupta-Bleuler method, use is made of a Lorentz
condition (A" (x)y = 0) less stringent than its classical counterpart. This is necessary
to have no contradiction with the commutation relations. The subsidiary condition
selects the physically realizable states, all with a positive-defined norm, in which we
have [a3(k) — ap(k)]y = 0. This implies that the physical states have an admixture of

longitudinal and scalar photons. As a result of this constraint regarding longitudinal and
scalar photons, all observable quantities of the field in free space will depend only on
the transverse photons. For example the expectation value of the energy is given by

(W) =(y[2X 2 ro08a, K, ()] y)-

This does not mean that the longitudinal and scalar photons are irrelevant. In reality
they cannot be seen as independent dynamical degrees of freedom of the field as the
transverse part is. When considering for example the electron-electron scattering the
longitudinal and scalar photons represent (in a covariant way) the Coulomb interaction
between the electrons.

With this approach it is guaranteed that the Hamiltonian (energy) operator cannot
have negative values. This means that we have a lower bound to the energy of the
quantized electromagnetic field. As is easily seen from the previous expression the state
corresponding to the lowest value of energy is a state with no transverse photons. This
does not impose any restriction on the number of time-like and longitudinal photons in
this ground state (besides the one provided by the subsidiary condition that implies there
is an equal number of them in the allowed states). However states with different
admixtures of time-like and longitudinal photons correspond to a particular choice
within the Lorentz gauge, since the Lorentz condition does not specify the potential
uniquely (Mandl & Shaw, 1984, p. 89). This means that there really is no physical
difference between ‘different’ ground states with different admixtures of non-transverse
photons (Schweber, 1961, p. 251; Kéllén, 1972, p. 42). In this way, we may simply
characterize the ground state (without choosing a particular Lorentz gauge) by requiring
the occupation number for the transverse photons to be zero (Jauch & Rohrlich, 1976, p.
47). The classical counterpart of this ground-state is simply the space vacuum: a region
of space without any electromagnetic field.
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4 The Casimir effect and formal aspects related to the vacuum state

Contrary to the classical case, the ground state of the (free) quantized electromagnetic
field is presented as having quite a few very ‘visible’ physical effects, in particular the
so-called Casimir effect. In the usual interpretation of the Casimir effect the ground
state of the electromagnetic field could have a dynamical effect on macroscopic
conducing plates located face to face, in the form of an attractive force between the
plates. Another so-called (electromagnetic) vacuum effect would be the spontaneous
emission of radiation by atoms in an excited state without radiation present (Aitchison,
1985, pp. 342-345; Milonni, 1994, pp. 79-111). A different physical interpretation can
be given to these (and others) so-called vacuum effects without explicit resort to the
ground state of the field (e.g. Milonni, 1994, pp. 115-138; Zinkernagel, 1998, 48-60).
I will look only into the case of the Casimir effect.'®

When considering the quantization of the electromagnetic field (or even a simple
harmonic oscillator) the canonical quantization procedure does not enforce a specific
choice of the ordering of the creation and absorption operators appearing in the field
operators, energy operators, momentum operators, etc. Following Dirac (1958, pp. 84-
88) we may recall that in classical mechanics a dynamical system can be described in
terms of generalized coordinates q; and momenta p;. Let u and v be two dynamical
variable functions of q; and p;. The Poisson bracket of these two functions is

[u,v]:Z{auaV &ISV}.

199, dp, Ip, dq,
Some of the main properties of the Poisson bracket are
[u, v]=-[v, u],
[u, c] =0,

where ¢ is a number. In the canonical quantization procedure, a quantum equivalent of
the Poisson bracket is introduced:

uv — vu = ih[u, v],

where u and v are now taken to be operators. This method is the one used in the case of
the quantization of the electromagnetic field (in the case of the de Broglie field
anticommutation rules are used). Looking into the case of the quantization of one field
mode (mathematically equivalent to the quantization of the harmonic oscillator), in
terms of creation and absorption operators, we have

'8 The main difference between Zinkernagel’s views and mine is that I consider that we do not need to go
beyond standard quantum electrodynamics to show that the Casimir effect is not a vacuum effect. In this
way [ will not consider for example Schwinger’s source theory (see e.g. Rugh, Zinkernagel and Cao,
1999). T will frame my discussion within standard quantum electrodynamics by considering Milonni’s
approach like Zinkernagel did. This does not mean that there are no other standard quantum
electrodynamics calculations which enable to calculate the Casimir effect without reference to the
vacuum state (see e.g. Jaffe 2003, Jaffe 2005, Graham et al. 2004). Simply, choosing Milloni’s work
makes it easier to see the difference between my views and Zinkernagel’s.
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H= hjm (aa* + a*a).

Since [a, a ] = 1, we can write the previous expression as

H= ha{a*a +1j-
2

Here we see a term hw/2 corresponding to the so-called zero-point energy of the field
mode. This would imply that the electromagnetic field, when in its vacuum state, would
have an energy different from zero (formally infinite). This would correspond
physically to the infinite sea of photons in the vacuum state prescribed by
Dirac in 1927. Like in the case of electrons the sea can be dealt with by recalling (with
Dirac) that energy measurements are made in relation to the ground-state energy, which
enables us to set it to zero:

H-(0[H|0) = %h(o(aa* + a*a)—%h(x) = %h(o(Za*a + 1)—%%) =hwa'a .

A different way of addressing this question is to take away any physical meaning
and to see the term hw/2 as resulting simply from an imprecision in the quantization
procedure. In fact at a classical level there is no difference between ho/2(aa” + a'a) and
hwa a. This means that there is an ambiguity in the ordering of the operators, since
depending on our starting classical expression we obtain a different quantum
Hamiltonian. In this way we can consider the zero-point energy as an artifact of an
improper application of the quantization rule, and use the so-called normal ordering in
which we have the operator H = hwa"a, where there is no zero-point energy (this is what
I have been doing all the time). Contrary to this view, H. B. G. Casimir presented in
1948 a calculation sustaining that there are dynamical consequences of this zero-point
energy.

In the quantization of the electromagnetic field space is (for practical purposes)
considered to be divided in ‘boxes’ with a volume V = L*, and one imposes on the field
the periodic boundary conditions A (x + L,y + L, z+ L, t) = A (x, y, z, t). This implies
(since A ~ exp ik-r) that (ky, ky, k,) = 2/L (I, m, n), where 1, m, n are integers. It is
standardly held that “this artificial periodic boundary condition will be of no physical
consequences if L is very large compared with any physical dimensions of interest”
(Milonni, 1994 , p. 44). If we suppose that there are two (infinite) parallel conducting
plates located, say, at z = 0 and Z = d, Casimir made the heuristic move of considering
that this would change the set of modes describing the quantized electromagnetic field
which would not anymore be simply given by free-space plane-wave modes. This
would mean that matter would affect radiation by simply changing its quantization
boundary conditions.

According to Casimir since we are considering perfect conductors the tangential
component of the electric field must vanish on the walls of the conductors. This implies
that

p B _mn o _nm
LY L d
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In this way the allowed frequencies will be

The zero-point energy is given by

1 P m> n?]"”
LN ol % L
Z 2 ('Olmn Z |:L2 LZ d2:| ’

l,m,n l,m,n

(in the summation a factor of 2 must be considered due to the polarization, when 1, m, n
#0).

The difference of the zero-point energy of the field with and without plates U(d) = E(d)
— E(e0) is taken to be the potential energy of the system plates + vacuum field. That is,
U(d) is now taken to be the energy required to bring the plates from a large distance to
d. From the previous expression one derives the expression for the force per unit area
F(d) = — U’(d) between the plates:

3 e
2404*

F(d)=

This is, we might say, the conventional derivation of the Casimir effect as a vacuum
effect. However, as P. W. Milloni and M.-L. Shih(1992) have shown, it is possible to
arrive at the Casimir force between the plates without having to consider any vacuum
field in the calculation. This is done simply by adopting the normal ordering of the
operators and by taking explicitly into account that the conducting plates are not
mathematical boundary conditions but must be considered as constituted by matter (we
consider two semi-infinite dielectric slabs with dielectric constants €, and €, at a
distance d separated by a layer with dielectric constant €3; the Casimir result is derived
in the limiting case of a perfect conductor). There will be an induced dipole moment in
each atom of the slabs induced by source fields. In the Milonni and Shih calculation the
approximation that “each dipole interacts, in effect, only with its own field; this field is
modified from its free-space form by the presence of all the other dipoles” (Milonni &
Shih, 1992, p. 4245) was made. The energy of this system (of two dielectric slabs
separated by a medium) is given by

(E)= —% [dr(P(r,0)-E(r,0)),

where P(r, t) is the polarization due to the dipoles and E(r, t) is the electric field
present. The electric field can be written as E(r, t) = Eo(r, t) + Eq(r, t), where Eo(r, t) is
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the source-free (or vacuum) part of the electric field and Eq(r, t) is the part due to the
dipoles present. By using a normal ordering of the field operators we have

@):—%I&ﬂPﬁJ}EJnO%

in which we have only source fields. Milonni and Shih then calculated the change in the
energy due to an infinitesimal change &d in d, and from this the force between the
dielectric slabs. The general expression is

-1
o e o0 €8, + €D €8, T E,P 2epfesdic
F(d)=— dop? [~ e e3e’? 391 3P €35, 2 J2eyesde
@ 27:203"‘1 PP JO S5 €5, —€P €8, —E,p

-1
+|:S1 TpS,+tp o2 de _1}
$;=PS,—p

I will not go into the details of this expression, but simply cnote what force this
approach predicts in the same case as the one considered by Casimir. We have empty
space between the slabs, which means that €5 = 1; also we must consider the case of two
perfectly conducting plates, which implies taking €, , — oo. Under these conditions the
previous expression reduces to

mhe
2404*°

F(d)=—

which is the Casimir force. In this way, Milonni and Shih have shown that “the Casimir
effect can be understood in terms of source fields in conventional quantum
electrodynamics, with no explicit reference to the zero-point energy” (Milonni & Shih,
1992, p. 4241).

A different view was taken by Simon Saunders, who wrote: “I do not think we can
do without appeal to the zero-point energy in explaining the Casimir effect” (Saunders,
2002, p. 23). Saunders develops his argumentation without taking into account
Milonni’s work (or any other work where the Casimir effect is derived without any
reference to the vacuum state). He mentions for example Lifshitz’s macroscopic theory,
concluding that “Lifshitz’s methods are perfectly consistent with the interpretation of
the effect in terms of vacuum fluctuations” (Saunders, 2002, p. 19). This is highly
doubtful since as we have seen, according to Milonni & Shih, the Casimir force can “be
calculated in terms of source fields, with no explicit reference to zero-point-field
energy” (Milonni & Shih, 1992, p. 4241). Also they show that “the general Lifshitz
expression, and therefore the Casimir force in particular, may be derived in terms of
sources alone in conventional QED” (Milonni & Shih, 1992, p. 4243).

Even when agreeing with Milonni’s interpretation, this does not mean that the
ground state of the quantized electromagnetic field becomes a sort of ‘nothingness’
without any physical relevance, as when we consider the classical electromagnetic
vacuum. That is not the case. As Milonni has remarked, “the vacuum field is absolutely
necessary in the quantum theory of radiation, if only to preserve commutation relations
and the formal consistency of the theory” (Milonni, 1994, p. 138). In the classical case
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we can conceive a single dipole in empty space. In this case “the only field acting on the
dipole is its own radiation reaction field” (Milonni, 1994, p. 52). The difference from
the classical case is that when considering the quantized electromagnetic field “there is
an ‘external’ field, namely, the source-free or vacuum field” (Milonni, 1994, p. 52).
Milonni shows that, in contrast to the classical case, the ground state of the free
electromagnetic field cannot be disregarded as soon as a charged body (which can be
seen as a source of electromagnetic field) is considered, as it is necessary to take into
account the source-free field variables for the preservation of the commutation relations
(Milonni, 1994, p. 53).

Let us look at this in more detail. The Hamiltonian for the dipole oscillator in
interaction with the quantized electromagnetic field can be written as

where Hp is the field Hamiltonian, x is the operator corresponding to the classical
coordinate of the oscillator, p is the operator for the dipole momentum, and @y is the
frequency of oscillation of the dipole. In the Heisenberg representation we have (in the
electric dipole approximation):
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(where ay, and a'g, are respectively the photon annihilation and creation operators for
the field mode (K, A), ey, are the polarization vectors, and E is the electric field
operator). In this way the Heisenberg equation for the operator x can be written as:
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where we have
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According to Milonni,

E(t) is the free or zero-point field acting on the dipole. It is the homogeneous solution of the Maxwell
equation for the field acting on the dipole, i.e. the solution, at the position of the dipole, of the wave
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equation [V? — ¢ 0%/0t’]E = 0 satisfied by the field in the (source-free) vacuum. For this reason E(t) is
often referred to as the vacuum field ... Egg(t) is the source field, the field generated by the dipole and
acting on the dipole. (Milonni, 1994, p. 52)

Considering the previous operator equation for x that can be written as
. 2 v
X+, x—TX=—E(t)
m

(where, as mentioned, Eo(t) is the vacuum electric field operator, and T = 2¢*/3mce’), and
the corresponding equation for the momentum operator p, we have the following
commutation relation between the two operators
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as is expected according to general quantum mechanics rules. Now if we had not
considered the vacuum field E(t), then in the operator equation for x, “the operator x(t)
would be exponentially damped, and commutators like [z(t), p,(t)] would approach zero
for t >> (Tex?) " (Milonni, 1994, p. 53). Because of this Milonni concluded that “the
free field is in fact necessary for the formal consistency of the theory” (Milonni, 1994,
p. 53).

This result and Milonni’s derivation of the Casimir effect in the context of standard
quantum electrodynamics have been questioned. In Rugh, Zinkernagel & Cao (1999, p.
129) two critical remarks are made on Milonni’s (and collaborators) approach. One
point is that Milonni’s approach regarding the derivation of the Casimir effect as due
only to source fields is not conclusive, because in higher orders of perturbative
calculations we will have contributions to the vacuum energy from the so-called
vacuum blob diagrams. But this is the case only when considering the ‘interacting’
vacuum (e.g. Rugh & Zinkernagel, 2002, p. 675), it has nothing to do with the quantized
(source-free) electromagnetic field and its possible quantum states. The other point, also
made in Rugh & Zinkernagel (2002, p. 683, footnote 50), is that Milonni uses the so-
called fluctuation-dissipation theorem for linearly dissipative systems to arrive at his
result that the source-free field is necessary for consistency reasons (i.e. the preservation
of commutation relations), and this is not a sound approach. However, that is not the
case, even if Milonni presents his results as an example of the theorem (see e.g.
Milonni, 1988, p. 106). As we have seen the need for the source-free field for the
preservation of the commutation relations is derived by Milonni without any need for
the fluctuation-dissipation theorem (see e.g. Milonni, 1984, p. 342; Milonni, 1988, p.
106; Milonni 1994, pp. 50-54)." That is, according to Milonni, we must have
simultaneously with a system consisting of charged matter a different system
corresponding to the quantized free electromagnetic field, even if only in its ground
state (when considering charged matter in empty space). However for a different reason
than the one presented by Rugh & Zinkernagel I regard Milonni’s view regarding the

19 This, as mentioned, is the main difference between Zinkernagel’s views on the Casimir effect and my
own. Zinkernagel considers that Milloni’s work is not sound and we must go beyond standard quantum
electrodynamics to show that the Casimir effect is not a vacuum effect. My view is that Milloni’s work is
sound and shows that we do not have to see the Casimir effect as a vacuum effect (see also Jaffe 2003,
Jaffe 2005, Graham et al. 2004).
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need of the free field for the formal consistency of the theory as not conclusive. The
point is that Milonni arrives at his result by considering a quantum model of a dipole
oscillator; it is not an ab initio derivation from the formalism of the theory. In this way
we cannot conclude that Milonni’s consistency claim follows directly from the
formalism of the theory. Nevertheless, as we will see in the next sections, this
(proposed) formal aspect related to the vacuum adjusts well with experimental results.

5 The physical meaning of variance

As is well known, in the ground state of the quantized electromagnetic field the
expectation value of the electric and magnetic fields vanishes, that is
<O|E| O> = <O|B| 0> =0, but not its variance, because <0|E2|O> and <0|B2 | O> are non-zero in
the ground state. What to make of this result? There is a tendency in the literature to
refer to the non-vanishing variance as ‘fluctuations’ of the vacuum state (Sakurai, 1967,
pp. 32-33; Aitchison, 1985, pp. 246-247). For example, according to 1. J. R. Aitchison
“the vacuum can now be thought of as a state in which the fields are all in their ground
states, but executing random fluctuations (even at T = 0) about their zero average
values” (Aitchison, 1985, p. 347). We must take some care in adopting this type of
terminology. As has been noticed, we cannot associate the non-vanishing variance of
the ground state of the quantized electromagnetic field to some sort of fluctuation in
time: “there is no time evolution of this vacuum state” (Rugh & Zinkernagel, 2002, p.
673). I will defend here that the mathematical result of a non-vanishing variance of the
quantized electromagnetic field can be given an interpretation that has a clear
experimental meaning.

According to the interpretation of quantum mechanics adopted here, the non-zero
variance (or its square root, the standard deviation) is determined by considering a large
(ideally infinite) number of measurements performed in similarly prepared systems
(Isham, 1995, pp. 80-81; Peres, 1995, pp. 24-26; Ballentine, 1998, pp. 225-227,
Falkenburg, 2007, pp. 205-207). According to what C. J. Isham called the minimal
interpretation of quantum theory (which as other authors I refer to as the ensemble
interpretation):

Quantum theory is viewed as a scheme for predicting the probabilistic distribution of the outcomes of
measurements made on suitably prepared copies of a system.

The probabilities are interpreted in a statistical way as referring to the relative frequencies with which
various results are obtained if the measurements are repeated a sufficiently large number of times. (Isham,
1995, p. 80)

The view of A. Peres is that

A quantum system is a useful abstraction ... defined by an equivalent class of preparations. For example
there are many equivalent macroscopic procedures for producing what we call a photon, or a free
hydrogen atom, etc. The equivalence of different preparation procedures should be verifiable by suitable
tests.... While quantum systems are somewhat elusive, quantum sfates can be given a clear operational
definition, based on the notion of test. Consider a given preparation and a set of tests ... if these tests are
performed many times, after identical preparations, we find that the statistical distribution of outcomes of
each test tends to a limit. Each outcome has a definite probability. We can then define a state as follows:
A state is characterized by the probabilities of the various outcomes of every conceivable test.... Before
we examine concrete examples, the notion of probability should be clarified. It means the following. We
imagine that the test is performed an infinite number of times, on an infinite number of replicas of our
quantum system, all identically prepared. This infinite set of experiments is called a statistical ensemble.
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... In this statistical ensemble, the occurrence of event A has relative frequency P{A}; it is this relative
frequency which is called probability. (Peres, 1995, pp. 24-25)

Under this view we cannot associate for example the Schrodinger wave function to a
single system. We must consider a large number of identical ‘quantum systems’
prepared in the same way and then subjected to the same measurement procedure. From
the wave function we can calculate the relative frequencies (probabilities) of particular
outcomes regarding physical observables of the system.*’

Now we can address the meaning of having <0|E2|O> # 0. We must consider a

particular experimental setup that will enable us to make measurements on a quantum
electromagnetic field. We can consider successive measurements made on a field,
which can be taken to be in the same initial state at each successive measurement, or we
may think in terms of different identical experimental setups being used at the same
time to make measurements of identically prepared fields (in this case all in the vacuum
state). Then on each of a large number of similarly prepared systems a measurement is
made of the electric field. According to the adopted interpretation of the theory, there
will be a frequency distribution for the results of the independent measurements

according to a standard deviation of ,/ <0|E2|0> from a measurement corresponding to

no transverse photos. That is, sometimes an electric field will be measured different
from zero even if the electromagnetic field is in its ground-state. Is this again a formal
aspect of the theory, even if a formal aspect of its interpretation? Or is there any real
experiments where a measurement is made on the vacuum field and results are obtained
corresponding to a frequency distribution of results deviating from ‘nothingness’?

6 Experimental results on the vacuum state using the balanced homodyne detection
method

In experiments using the method known as balanced homodyne detection it is possible
to determine what can be interpreted as quadrature fluctuations of the vacuum or simply
vacuum noise which corresponds to the non-zero standard deviation predicted by the
theory (Leonhardt, 1997, pp. 23, 47 & 84-88).

In the balanced homodyne method, the signal under study is sent into one of the
ports of a beam splitter. In the present case since we are making a measurement of the
vacuum electromagnetic field, the port is left unused, that is, there is no external field
present. The other port receives a strong coherent laser field (called the local oscillator),
which will provide the phase reference for measuring the quadrature statistics of the
signal field, which in this case is the vacuum.

We can write the quantum field operator for a single-mode field as

1/2
E = (h_coj (ac™ +a"e )sin(kz),
gV

? In the appendix, I will give a presentation of part of Bohr’s interpretation of quantum mechanics,
providing a Bohrian reinterpretation, or better, an integrated view on Bohr’s ideas, enlightening the
internal consistency of Bohr’s ideas, and showing its compatibility with the so-called minimal or
ensemble or statistical interpretation addressed in the main text.
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where o is the frequency of the mode and k is the wave number related to the frequency
according to k = ® /c. Defining the quadrature operators

(a" +a),

=7

p=%<a*—a),

the field operator can be written as
h 1/2
E = ﬁ(—@} sin(kz)(qcos(at) + psin(ax)).
€

The balanced homodyne detection makes it possible to make a measurement of these
quadrature components of a quantum field.

The beam splitter will combine the incoming fields. Taking, for simplicity, each
incoming field to be described by the mode operators a and b, the output modes are

c=%(a+ib),

dzi(b+ia).
2

7

After the optical mixing of the signal and the local oscillator, each beam is directed
towards a photodetector, which enables a measurement of the field intensities. The
photodetectors respond to the intensity of the incident light, generating the

photocurrents I, =<c*c> and Iy =<d*d>. By assuming that the photocurrents are

proportional to the photon numbers of the beams striking each detector we have that the
difference I,; = I; — I, is proportional to the difference in the photon numbers of each
beam

_ _Hli2
n, =n,—n; =2 |(X|q9,

where |oc|2is the intensity of the coherent field (local oscillator), and qg is a quadrature

component of the vacuum field (signal). By changing the phase of the coherent field it
is possible to measure an arbitrary quadrature of the signal field. In particular if the
phase was initially chosen so as to measure X; by changing the phase by m/2 it is
possible to measure X, and in this way a balanced homodyne detector enables one to
measure the quadrature components defining the quantum state of the field (Gerry &
Knight, 2005, pp. 167-168).

Let us see in more detail what the experiment tell us about the vacuum state. First
we must recall the interpretation of the quantum formalism. If we use the balanced
homodyne detector to make one measurement of a quadrature component that by itself
does not give us any valuable result:
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It must be distinguished between an individual (single) and an ensemble measurement (i.e. in principle,
an infinitely large number of repeated measurements on identically prepared objects). Performing a single
measurement on the object, a totally unpredictable value is observed in general. (Vogel & Welsch &
Wallentowitz, 2001, p. 225)

In this way we need an experimental procedure that may give us the relative rate at
which a particular value for a quadrature component qg is observed, i.e. the probability
distribution pr(q, 0), where 0 is the relative phase between signal and local oscillator.
Thus, making a large number of measurements of the observable qg yields pr(q, 0), i.e.
the probability distribution of its eigenvalues. In general the experimental procedure
goes as follows:

The phase 0 can be easily varied using a piezo-electric translator. To measure quadrature distributions, we
may fix the phase angle 0 and perform a series of homodyne measurements at this particular phase to
build up a quadrature histogram pr(q, 0). Then the [local oscillator] phase should be changed in order to
repeat the procedure at a new phase, and so on [, in such a way that we obtain results for a set of different
phase angles between 0 and ). (Leonhardt, 1997, p. 99)

The probability distribution pr(q, 6) is equal to (q|U()pU"(8)|q), where p is the
density operator (which provides the most general description of a quantum state),[ | and
U(B) = exp(—iOn) is the phase-shifting operator (where n is the photon number operator).
From the experimentally obtained probability distribution pr(q, 0), it is possible to
reconstruct the so-called Wigner function W(q, p), which is closely related to the
density operator. In reality both can be seen as “one-to-one representations of the
quantum state” (Leonhardt, 1997, p. 40). The interesting part comes now. In the case of
the vacuum field (like in all others), we have a good agreement between the
experimentally reconstructed Wigner function and the theoretical Wigner function
(Leonhardt, 1997, pp. 46-47). In particular, if we consider the quadrature wave function
of the vacuum state

2
Wo(q) =" exp (—%}

the measured quadrature probability distribution |\|Io(q)|2 “is approximately Gaussian

and already follows the theoretical expectation” (Leonhardt, 1997, p. 23).

In general there is a good agreement between the theoretical predictions for several
quantum states of light (e.g. single-photon Fock states and squeezed states) and the
experimental results (e.g. Breitenbach & Schiller & Mlynek, 1997; Bertet et al, 2002).
This gives some assurance that the results obtained in the case of the vacuum state can
be taken to be a property of the vacuum state and not as resulting from some other
physical origin, for example, from the matter of the photodetectors. I mention this
because in these experiments we are considering a high intensity field that is treated, by
correspondence arguments, as a classical field that interferes with the vacuum field,
producing two different beams. As I said, each beam is directed to a photodetector.
Ideally each of the two photodetectors will produce a photocurrent that is proportional
to the number of photons of the beams striking each one. It would seem that we are
detecting individuated photons due to the vacuum field, which would imply that the
photodetectors are receiving momentum and energy from the vacuum. However we

&9



must recall that what is being detected are the beams resulting from the interference of
(what can be considered) a classical field and the vacuum field. The possible ‘photons’
from the vacuum are not ‘differentiated’ from the ‘photons’ from the classical field. We
must take into account the usual identification of a classical field with a quantum
coherent field with a large expectation value of the photon number operator. The
coherent state does not have a definite number of photons. In fact it can be defined by
an infinite expansion in terms of photon number states, that is, by taking into account
photon states corresponding to an infinite number of photons. Due care is needed in the
physical interpretation of this situation, in particular in what concerns the possibility of
detection of photons in the ground state, which I consider not to be possible (and
theoretically nonsense), and this makes problematic the usual quantum theory of the
photodetectors based on the idea of photon absorption (Vogel & Welsch &
Wallentowitz, 2001, pp. 169-190). More than questioning the experimental results
regarding the vacuum electromagnetic field, this points to a need of revision of the
theoretical treatment of the interaction of photodetectors with the quantized
electromagnetic free field. However, I believe that there is no final and conclusive
approach to address this problem. In quantum electrodynamics we face an ‘intrinsic’
limitation in the description of the interaction of radiation and matter (since we are only
able to make approximate calculations) that leads me to consider that we cannot go
beyond a ‘model’ level of description of the interaction between the quantized
electromagnetic field and the photodetectors. However, this problem is well beyond the
scope of the present work. As I said, what gives me some confidence in the
interpretation of the experimental results for the quantum electromagnetic vacuum is the

coherence between the interpretation of <0|E2|0> and the experimental results obtained

for different quantum states of light, including the vacuum state. We see then that we
can ascribe to the vacuum state of the quantized electromagnetic field a clear
operational meaning in terms of the measurement of a non-zero variance, which is
consistent with the adopted interpretation of the quantum formalism.

7 Conclusions

In this chapter I am more interested in a tentative clarification (or at least in a
contribution towards it) of the concept of vacuum in quantum electrodynamics than in
possible philosophical ramifications of the view presented. The lengthy, but necessary,
technical discussions presented show that there are intricate aspects that make it very
difficult to have any strong metaphysical commitment regarding the concept of vacuum;
more than exploring possible metaphysical consequences of the conceptual analysis
being presented, the intention here is to provide a ‘frame’ within which to make clear
what we should not attribute to the concept of vacuum and what we might attribute to it
even if with some reservations.

We have seen that there are subtle theoretical and experimental aspects related to the
ground state of the quantized electromagnetic field, which represent a clear departure
from the ‘nothingness’ of the classical concept of vacuum. However, we must be careful
not to ascribe too much to the ground state of the quantized field. One difference with
the classical theory is that (if accepting Milonni’s consistency claim to be generally
valid) when considering a charged particle we must consider it to be at least in
‘interaction” with the ground state of an external quantized electromagnetic field. In a
certain sense the quantized radiation and matter need a more integrated description,
while maintaining a clear distinction between radiation and matter. As Milonni stressed,
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“without [the source-free field] the whole quantum theory of a charged particle in
vacuum becomes inconsistent” (Milonni, 1994, p. 125).

As we have seen the other aspect in which the quantum concept of vacuum presents
a clear departure from the classical ‘nothingness’ is at the experimental level. We see
experimental results that for their interpretation make it necessary to take into account
the concept of quantum vacuum. The view defended here is that we can deflate the so-
called experimental vacuum effects to a simple aspect common to any n-photon state of
the quantum field: a non-vanishing variance of the electric and magnetic fields.?' That
is, there are no dynamical effects of the vacuum state. In this way the formal
considerations (pointing to the need of an external ‘independent’ quantized
electromagnetic field even if in its ground state) and the experimental results (giving
observational meaning to the mathematical expression of the variance even in the case
of the vacuum state) are consistent with each other and point to a concept of vacuum
that has theoretical and experimental relevance. However the only experimental results
that we can attribute with relative security to the vacuum state relate to a non-vanishing
variance and not to some spectacular dynamical effects. This implies that we cannot
attribute any feature to the vacuum state that makes it ‘special’ when compared with
other states of the quantized electromagnetic field. In this way, whatever metaphysical
ramifications might be related to the concept of vacuum they do not go beyond the ones
we might endorse in relation to any other state of the quantized electromagnetic field,
which is not an unexpected result since the quantized electromagnetic field is a more
fundamental concept than the particular state it might be in. Looking from this
perspective, if it was the case that the vacuum state had no experimental relevance (not
being possible to give an observational meaning to its variance) this would lead to an
awkward situation regarding the concept of quantum field. We would be in a situation
in which the physical-mathematical structure of the theory would be inconsistent with
the available experimental results. On one side, for example a one photon state of the
quantized electromagnetic field would have experimental meaning (and we could relate
the variance to observed outcomes of measurements made on the electromagnetic field
in this state) while on the other side, another state of the field, the ground state, would
be a sort of a formal artifact (and in this case the variance would be a physically
meaningless mathematical expression). That is not the case. Thus we see that even when
not accepting dynamical fluctuations as a property of the vacuum state we can retain an
experimentally meaningful notion of vacuum state that is consistent with the adopted
interpretation of the variance within the ensemble interpretation of quantum theories.

2l We must recall that this variance is related with measurements made on identically prepared systems
not one individual system. As mentioned, there is a tendency in the literature to refer to the non-vanishing
variance as ‘fluctuations’ of the vacuum state (Sakurai, 1967, pp. 32-33; Aitchison, 1985, pp. 346-247).
This view is misleading since the non-zero variance of the ground state of the quantized electromagnetic
field cannot be related to a fluctuation in time: “there is no time evolution of this vacuum state” (Rugh &
Zinkernagel, 2002, p. 673). Considering measurements made on equally prepared systems, they will show
fluctuations in the results of the successive observations — according to the interpretation of the theory
followed here (Isham, 1995, pp. 80-81; Peres, 1995, pp. 24-26; Ballentine, 1998, pp. 225-227,
Falkenburg, 2007, pp. 205-207). The non-vanishing variance is not a temporal property of one single
system. We observe a statistical fluctuation on the results of measurements made on equally prepared
systems, not a temporal fluctuation of the same system.
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CHAPTER 5

THE INTERACTION OF RADIATION AND MATTER

1 introducion

The more basic and fundamental elements of quantum electrodynamics are already
present in Dirac’s 1927 work. In it, the electromagnetic field and matter are described
by classical Hamiltonians; a further term gives the interaction between the field and
matter (Jordan’s reinterpretation of matter as waves or Pauli and Heisenberg’s
Lagrangian formalism does not change the mathematical core of the theory and
procedures used in its applications). All this can be developed within a correspondence
approach with classical mechanics and field theory, that is, this type of Hamiltonian can
be put to use in the Maxwell-Lorentz classical electrodynamics or a classical theory of
fields in interaction (Barut, 1964, p. 138; Bogoliubov & Shirkov, 1959, p. 84). Then a
second ‘layer’ is put on top of the classical description (in the fully developed theory,
matter is described by the Dirac equation) through which the quantization of the
individual fields is achieved (the so-called ‘second quantization’). That is, the
generalized coordinates (and conjugate momenta) of each field are submitted to
commutation or anticommutation relations, and the terms in the Hamiltonian for each
field become operators, as is also the case for the term describing the interaction
between the fields. But it is important to notice that the fields are quantized as free non-
interacting fields, each by itself. Then we are into the game. For practical purposes
Dirac makes use of perturbation theory to treat the interaction of radiation and matter.**
So it was then, and it still is now.

In section 2 we will look into the details of setting quantum electrodynamics (as the
theory that describes the interaction of matter and radiation) into ‘motion’. It turns out
that quantum electrodynamics is a perturbative approach. Also quantum
electrodynamics relies on the doubtful method of adiabatically switching on/off the
interaction between radiation and matter. However, not looking too closely into the
mathematical structure of the theory and considering only a few order terms
perturbative calculations, quantum electrodynamics presents an astonishing agreement
with experimental results.

2 The use of perturbative methods has a long history in celestial mechanics. One example is the
development of an analytical perturbation theory for the three-body problem: the Sun-Earth-Moon system
(Hoskin & Taton, 1995, pp. 89-107). From the planets, perturbative methods went to the planetary models
of atoms, being a calculational tool present in the so-called old quantum theory (Darrigol, 1992, pp. 129
& 171). Also it became fundamental in the creation of matrix mechanics, as it was from the perturbative
study of the anharmonic oscillator that Heisenberg developed his quantum-theoretical approach (Darrigol,
1992, pp. 266-267; Paul, 2007, pp. 4-5). Soon after, Heisenberg and Max Born put together a perturbation
theory within the formalism of quantum mechanics recently developed (van der Waerden, 1967, pp. 43-
50; see also Lacki, 1998).
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Unfortunately there appear to be severe problems with the previous view. These will
be addressed in section 3. According to John Earman and Doreen Fraser, the Haag
theorem seems to imply the mathematical inconsistency of the usual treatment of
interactions in quantum electrodynamics using perturbative methods (Earman & Fraser,
2006), in which the concept of quanta is central. Fraser presents the idea that “once
infinite renormalization counterterms are introduced ... it is no longer possible to prove
Haag’s theorem” (Fraser, 2006, p. 2). I shall argue that simply calling attention to the
fact that renormalization “renders the theory mathematically not well-defined” (Fraser,
2006, p. 171), does not provide any answer to the question: “why perturbation theory
works as well as it does” (Earman & Fraser, 2006, p. 307). This is not an unimportant
question, since we are facing the puzzling situation that the predictions of quantum
electrodynamics are so accurate, while the theory from which they are derived appears
to be mathematically inconsistent. In this section I will try to provide an answer to this
question. In the process I will try to show that Earman and Fraser’s conclusion that
“Fock representations are generally inappropriate for interacting fields” (Earman &
Fraser, 2006, p. 330) or Fraser’s related conclusion that “an interacting system cannot
be described in terms of quanta” (Fraser, 2008, p. 842), are not valid in quantum
electrodynamics: we do not have an interacting system but two weakly interacting fields
(systems), and their interaction is described in terms of quanta.

In a nutshell my argument will be as follows: it turns out that quantum
electrodynamics, because the series expansion of the S-matrix is divergent, is unable to
treat radiation and matter as one closed system. Rather the theory can only give an
approximate description (using a perturbative approach) of the interaction between
radiation and matter as distinct systems. If we try to close the gap and treat radiation and
matter as one closed system, corresponding to an exact solution of the coupled non-
linear Maxwell-Lorentz and Dirac equations, our perturbative approach fails. My view
is that there is a one-to-one correspondence between having meaningful mathematical
results and being clear about the physical assumptions used to set up the theory (in
quantum electrodynamics I take part of the input physical concepts to be radiation and
matter taken to be independent systems that are independently quantized due to the
weak interaction between then). This is so, because the physical concepts are defined in
connection with a specific mathematical ‘support’, not beyond or independently of
maths. In a situation where we have an infinity popping up we cannot have a well-
defined use of the physical concepts involved. In the case of quantum electrodynamics
this situation occurs when trying to give a full description of the (weak) interaction
between matter and radiation, which would correspond to treating them as one closed
system. I see the divergence of the S-matrix series expansion as a fingerprint of a
tentative application of the mathematics of the theory beyond its physical content.

By focusing on the basic physical concepts used to set up the theory, and not solely
on its (ill-defined) mathematical structure, we can make sense of the success of quantum
electrodynamics (independently of the Haag theorem). This provides a different
perspective than the one adopted by Earman & Fraser that not only contradicts several
of their conclusions, but also, in my view, makes quantum electrodynamics more
intelligible.

2. Quantum electrodynamics as a perturbative approach

In his 1927 paper Dirac dealt with a system consisting of an atom interacting with
electromagnetic radiation. Dirac used a non-relativistic Hamiltonian and made his
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calculations in what would be called the Coulomb gauge. As already mentioned, in this
article Dirac was able to obtain a dynamical derivation of Einstein’s coefficients for the
spontaneous and stimulated emission of radiation by an atomic system. In a subsequent
paper from April 1927 Dirac applied his techniques to the development of a quantum
theory of the dispersion of radiation by an atom. The starting point was the classical
Hamiltonian for an atom (an electron in a central potential ¢) interacting with an
electromagnetic field (a transverse radiation field with two polarization components)
described by a vector potential A:

Hzc\/méc2 +(f)+E.7X)2 —e0.
c

In the non-relativistic approximation we have

2
e —
A%,

H=H,+ v A+
C 2mc

Each Fourier component of the vector potential is written as

1/2
K = 2(1’“} N'2cos 8. /h,
cOo,

where in particular v; is the frequency of the radiation in the mode k;. Then Dirac takes
the field to be a quantum operator, by taking the canonically conjugated variables N;
and 6, to be quantum operators (q-numbers in Dirac’s approach). N; is now the number
of light-quanta of the component r, and 6, is its corresponding phase (operator). They
satisfy the commutation relation

[6,, N,] = ih.

As in his previous 1927 work Dirac is describing the radiation field by using the
vector potential A, and making a Fourier expansion of A. It is the vector potential that is
treated as a quantum operator by applying the quantum rules to each of its components.

To treat the dispersion of radiation Dirac found it necessary to use perturbation
theory. According to Dirac:

In applying the theory to the practical working out of radiation problems one must use a perturbation
method, as one cannot solve the Schrodinger equation directly. One can assume that the term (V say) in
the Hamiltonian due to the interaction of the radiation and the atom is small compared with that
representing their proper energy, and then use V as the perturbing energy ... In the present paper we shall
apply the theory to determine the radiation scattered by an atom ... If V,, are the matrix elements of the
perturbing energy V, where each suffix m and n refers to a stationary state of the whole system of atom
plus field (the stationary state of the atom being specified by its action variables, J say, and that of the
field by a given distribution of energy among its harmonic components, or by a given distribution of
light-quanta), then each V,,, gives rise to transitions from state n to state m; more accurately, it causes the
eigenfunction representing state m to grow if that representing state n is already excited, the general
formula for the rate of change of the amplitude a,, of an eigenfunction being
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where L, is the constant amplitude of the matrix element V,,,, and W, is the total proper energy of the
state m. To solve these equations one obtains a first approximation by substituting for the a’s on the right-
hand side their initial values, a second approximation by substituting for the a’s their values given by the
first approximation, and so on. (Dirac, 1927b; pp. 711-712)

Up to second order Dirac found that the Hamiltonian operator gave rise to two
processes of scattering of radiation by the electron in the atom. In one case, which Dirac
called direct or true scattering processes, we have a transition “in which a light-quantum
jumps directly from a state s to a state r”” (Dirac, 1927b, p. 717). The other case, which
shows up only when making an approximate second order calculation, Dirac named
‘double scattering processes’. When considering two states m and m’ without an
appreciably difference in energy, there can be a scattering of radiation which “appears
as the result of the two processes m’ — n and n — m, one of which must be an
absorption and the other an emission” (Dirac, 1927b, p. 712), where n is a third state
different from m and m’. According to Dirac in neither of the two processes “is the total
proper energy even approximately conserved” (Dirac, 1927b, p. 712).%

As we have already seen, Dirac’s approach was improved by Pauli, Heisenberg, and
Fermi, in the development of a relativistic theory of the interaction of quantized
radiation and matter. Looking now at quantum electrodynamics from the established
Lagrangian approach, we have two classical fields described by the Maxwell-Lorentz
equations and the Dirac equation. As we have already seen, the Dirac equation can be
taken to be a classical equation of a spinor field (and its adjoint field). Using the usual
procedure of Fourier expansion of a wave function this field can be resolved into its
Fourier components, whose amplitude coefficients become operators after the
quantization and satisfy anticommutation relations according to Fermi-Dirac statistics.
An equivalent procedure is taken for the quantization of the electromagnetic field
(following Bose-Einstein statistics). Up to this point we are dealing with two
independently quantized fields. Quantum electrodynamics is about the description of the
interaction between radiation and matter as described by these quantum fields. In
classical electrodynamics, the relativistic equation of motion of a charged particle in a
given external field is

K:e(ﬁ+%[?fxﬁ]j.

This equation can be derived from the Hamiltonian representing the total energy of the
particle expressed as a function of the canonical coordinates and momenta

H=e¢+\/m§c4 +(f)—eA)2 ,

where the total energy, which can be given by T + e0, is the fourth component of a four-
vector py given by

Pu=Uu+eAy

2 In chapter 7 I will look at what might be the physical meaning of these transitory states (the virtual
states) that appear in the perturbative treatment of the interaction of radiation a matter.
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(uy 1s the kinetic momentum given by the relativistic expression for the momentum-
energy four-vector for a free particle).

From the Hamiltonian it is a simple task to derive the equation of motion for the
charged particle in an external field:

1d 1
Ea(px —GAX) = C[EX +E[VH]E'J .

In this way the Hamiltonian for the particle contains also the term describing the
interaction of the particle with the field.

In the application of Dirac’s equation as a one-electron equation to the case of
electrons in an external field (e.g. the hydrogen atom) we use the prescription of going
from the ‘kinetic momentum’ to the ‘total momentum’ by making the replacement

e
P, =D, —ZAH.

In this way, Dirac’s equation in the presence of an external (classical) field is given by
v“[ihau A, (x)jw(x) =me y(x),

instead of simply

7179, w(x) = me y(x),
which is the case for a free field. As we have seen it is this last equation that is used
when making the quantization of the Dirac field. The case of the electromagnetic field is

similar. We quantize the free field, but the (operator) equation for the (quantized)
electromagnetic field in the presence of (quantized) charges is

9’ oL
{catz B VZJA“ N

This set of coupled equations, for the Dirac and electromagnetic field, can be derived
from a Lagrangian representing the Dirac field interacting with the electromagnetic field

= _eWYu\II *

0A Lol

20x, ox' 2i ox" |
1[(oy . . — —_—
+Z (%+16Au\|f}y“-\|/—1m\|/-w :

#* After quantization this equation becomes an operator equation for a quantized Dirac field in interaction
with a quantized electromagnetic field.
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This Lagrangian can be written in terms of the Lagrangians for the free Dirac field, the
free electromagnetic field and a term representing the interaction between the two fields

L=L,+L,, +eyy" -yA,.

Since the interaction term in the Lagrangian does not contain any time derivatives of the
field operators “the canonical momenta are therefore the same functions of the
dynamical variables as [in the free field case], and we can immediately write down the
equal time canonical commutation relations” (Killén, 1972, p.76). That is we could
apparently start from the Lagrangian for the Dirac and electromagnetic fields in
interaction to develop the quantization procedure. But contrary to the case of free field
quantization it is not possible now to obtain commutation relations valid for all times
since this implies solving first the coupled equations for the fields (Schweber, 1961, p.
276; Kéllén, 1972, p.76). The problem is that, as Freeman Dyson mentioned,

these equations are non-linear. And so there is no possibility of finding the general commutation rules of
the field operators in closed form. We cannot find any solution of the field equations, except for the
solutions which are obtained as formal power series expansions in the coefficient e which multiplies the
non-linear interaction terms. It is thus a basic limitation of the theory, that it is in its nature a perturbation
theory starting from the non-interacting fields as an unperturbed system. Even to write down the general
commutation laws of the fields, it is necessary to use perturbation theory of this kind. (Dyson, 1952a, p.
79)

This implies that to treat the interaction of radiation with matter we must start from the
quantized free fields and then by using perturbation theory treat the interaction between
the two fields. According to Dyson

Since the perturbation theory treatment is forced on us from the beginning, it is convenient not to set up
the theory in the Heisenberg representation but to use the interaction representation. The IR is just
designed for a perturbation theory in which the radiation interaction is treated as small. In the IR the
commutation rules can be obtained simply in closed form, and so the theory can be set up with a
minimum of trouble. (Dyson , 1952a, p. 79)

I will consider for the time being that we can (apparently) describe the interaction of
matter and radiation in terms of a wave function describing the fields as one closed
system. We take, as Dirac did in 1927, this joint system to be described by a
Hamiltonian H = Hy + V, where Hy describes the free non-interacting fields and V
describes the interaction between them. In the Schrodinger picture (representation) the
equation of motion of the system is the time-dependent Schrodinger equation

ihat|¢s (t)> = Hs|¢s (t)> = (Hys + V)| s (t)> .

In the interaction representation (or Dirac picture) the state vector describing the system
is defined in terms of the state vector in the Schrodinger representation as

[0, (® y=e"="]os(1) ).

This state vector satisfies the equation

97



lhat|¢D (t)> — eiHOSthVe—iHOSth

05 (8)) = Vo (0|05 (1)) ;

also, an operator in the interaction representation is related to the corresponding
Schrodinger representation operator by

QD (t) — eiHosthQSe—iHosth ,
whose time dependency is determined in terms of the unperturbed Hamiltonian
i9,Qp (1) =[Q, (0. H, .

In this way we see that in the interaction representation the time evolution of the state
vector (describing the two fields in interaction) is dependent only on the interaction
term, while the time evolution of the operators depends on the free-field Hamiltonian.

In quantum electrodynamics, the majority of its applications are made using the S-
matrix formalism. This formalism is particularly tailor-made for the description of
scattering processes but is also applicable to bound-state problems (Veltman, 1994, pp.
62-67). I follow Dyson’s presentation of a typical scattering process as described within
quantum electrodynamics:

The free particles which are specified by a state A in the remote past, converge and interact, and other
free particles emerge or are created in the interaction and finally constitute the state B in the remote
future. (Dyson, 1952a, p. 81)

Dyson calls attention to the fact that:

The unperturbed states A and B are supposed to be states of free particles without interaction and are
therefore represented by constant state-vector ¢, and ¢p in the interaction representation. The actual
initial and final states in a scattering problem will consist of particles each having a self-field with which
it continues to interact even in the remote future and past, hence 0 and ¢ do not accurately represent the
initial and final states.(Dyson, 1952a, p. 81)

Dyson presents what can be considered an operational justification for using the states
of free particles (usually referred to as bare states) in the calculations, by taking into
account how scattering experiments are really done (see Falkenburg, 2007, pp. 129-
131):

Let Wp(t) be the actual time-dependent state-vector of the state B in the IR. We are not interested in the
dependence of ¢p(t) on t. In an actual scattering experiment the particles in state B are observed in
counters of photographic plates or cloud-chambers and the time of their arrival is not measured precisely.
Therefore it is convenient to use for B not the state-function Wy(t) but a state function ¢ which is by
definition the state-function describing a set of bare particles without radiation interaction [that is without
self-interaction with its own field], the bare particles having the same momenta, and spins as the real
particles in state B. (Dyson, 1952a, p. 94)

The transition amplitude of the scattering process is given by Sap = (q)*Bsq)A), where S is
the so-called S-matrix. This scattering amplitude Sap can be written as (Y, \VA+),

where we have: lim U(0,t,)0, =1pA+ and tlim U(0,t)p; =y, , where U(t, to) is the

ty—>—o0

time displacement unitary operator defined by
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U(t,t, )| w(t, )> = | W(t)>

(where we are using the state vectors and operators in the Dirac picture), which satisfies
the equation

ind U(t,t,) = V(HU(L,t,) .
In this way the S matrix is simply related to the operator U(t, ty) by the formal

expression S = U(eo,—0). By using the boundary condition U(ty, ty) = 1 the previous
equation for U(t, ty) is equivalent to the integral equation

i t 1 1 1
U(t,t,) = 1—%£0V(t YU(t', t,)dt".
This equation is solved by an iteration procedure. We have
1\t
ULty =1+ = LodtIV(tl)
1 : t t
+ (— Ej J'to dtlj'to dt, V(t,)V(t,)

.N\3
1 t ty ty
’ (_ %j .[to dtlJ-to dtZ.[to dt3 Y (tl) v (tz)V(t3)

+....

By defining a chronological operator

P(V(t)...V(£,)) = Y 0ty —ty)---0(t, —t IV(t, ). V(t,,)

(where we must sum over all permutations of ty, ... t;), so that we have
P(V(t))...V(t,)) = V(t)... V(t))... V(t, ), with t; > ... t; ... > 1,

the expansion for U(t, ty) can be written as

Ut t,) = i%[— %j [ dt, | to dt, .. : dt P(V(t,)V(L,)... V(t.)) .

In applications to scattering problems we need to calculate the S-matrix, that is, U(co,—
o). This is the case because in the case of scattering processes we only have
experimental access to the cross-section. In quantum electrodynamics the scattering
cross-section is calculated from the transition probability per unit space-time volume,
which is related to the S-matrix in a simple way (Jauch & Rohrlich, 1976, pp. 163-167).
According to B. Falkenburg “the effective cross-section is the physical magnitude with
which the current field theories come down to earth. As a theoretical quantity, the
cross-section is calculated from the S-matrix of quantum mechanics ... as an empirical
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quantity, it is the measured relative frequency of scattering events of a given type”
(Falkenburg, 2007, p. 107)

When calculating the S-matrix we must extend the initial time ty to —oo and the final
time t to +oo. As we have seen in Dyson’s presentation the initial (and final) state of the
system is taken to be an eigenstate of Hy the Hamiltonian for the non-interacting fields.
This idea can be given a more formal presentation by considering that the interaction
between particles in a scattering process is adiabatically switched on in the remote past
and adiabatically switched off in the remote future (Lippmann & Schwinger, 1950, p.
473; Bogoliubov & Shirkov, 1959, p. 197). What this means is that at infinity the
interaction term is taken to zero, that is, there is no interaction between matter and
radiation. This has important implications. One is that since there is no interaction we
are really considering two uncoupled systems, the Dirac field, and the electromagnetic
field. Another point is that in this case the state vectors are taken to be a product of Fock
states of each field: bare states. Looking at this in terms of scattering of particles (quanta
of each field), the initial and final states of the scattered particles are states of the (free-
particle) Fock space.

As we have seen the S-matrix is given as a series expansion in powers of the
interaction term V(t). We can look at the description of an interaction process as
described by the S-matrix as a perturbative approach in which only Fock states are
considered. The use of the interaction representation in the S-matrix approach can be
seen then as part of a perturbative approach in which the interaction term is leading to a
perturbation of the free states of the fields.

To see the importance of the adiabatic ‘switching on’ and ‘switching off” of the
interaction to this overall perturbative approach let us look into Dyson’s take on this
subject. As we have seen Dyson gave an operational justification to the use of a Fock
state function ¢p to describe the initial and final state of the Dirac field, instead of Wp(t)
the state-vector representing for example a self-interacting electron. Dyson asks the
question: “what is the connection between Wg(t) and ¢g?”’(Dyson, 1952a, p. 94). Let us
look into his presentation of the adiabatic trick.

Suppose tg to be a time so long in the future after the scattering process is over, that from tg to +oo the
state B consists of separated outward-travelling particles. Then the relation between Wg(t) and ¢p is
simple. We imagine a fictitious world in which the charge e occurring in the radiation interaction
decreases infinitely slowly (adiabatically) from its actual value at time tg to zero at time (+oo). In the
fictitious world, the state yp(tg) at time tg will grow into the bare-particle state ¢p at time +o. Thus

O = Qy(tg) Va(ts) (489)

where

(e 1 = _ _

Q,(ty) = Z(%j ;L X A PAY), TAY (X, ) g (1) 85 (L) (490)
n=0 B B

and ggp(t) is a function decreasing adiabatically from the value 1 at t = tg to zero at t = co. Similarly, when

ta is a time so far in the past that the state A consists of separated converging particles fromt =—w to t =
ta we have

n!J-—

Q,(ty) :i(%j lJ‘tA"'.[_t:,dxl"'anP{WAW(Xl)a-~-’WAW(Xn)}gA(tl)-~-gA(tn) (492)

where ga(t) is a function increasing adiabatically from t = —co to t = t,.
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The scattering matrix element between states A and B is given exactly by

M = (W (t5)S* W, (t,)) (493)
o =Z(3j [ dx P TAY(,). . TAY(K,) g(t,).g(t,) (494)
= hic n! tB tg

Of course (493) is independent of the times t, and tg. When t, and tz are chosen so far in the past that
(489) and (491) are satisfied, then (493) may be written in the form (487), where now

S=Q, (tB)S:B Q,(t,)

—Z(hcj nJ j dx,...dx, P{WAY(X,),.... WAY(x, )g(t,). .. &(t,) (495)

and g(t) is a function increasing adiabatically from 0 to 1 for —oo <t < t,, equal to 1 for t, <t < tg, and
decreasing adiabatically from 1 to 0 for t4, <t < co. Thus we come to the important conclusion that [the]
formula [M = (¢5"Sd,) (487)] for the matrix element is correct, using the bare particle state-functions ¢,
and ¢p, provided that [the] formula

S= Z(hcj n,f_m [ dx, o dx PAY (). FAY ()} (488)

for S is interpreted by putting in the slowly varying cut-off function g(t;) to make the integrals converge at
t; = +oo. The cut-off functions are to be put in as they appear in (495), and then S is defined as the limit to
which (495) tends as the rate of variation of g(t) is made infinitely slow.

The main practical effect of this limiting process in the definition of S is to justify us in throwing
away all terms in the integrals which oscillate finitely at t; = o0. There are however certain cases in which
the integral (488) is in a more serious way ambiguous due to bad convergence at t; = +o0. In these cases
the cut-off functions have to be kept explicitly until a late stage of the calculations before going to the
limit g(t) = 1. In all cases, if the limiting process is done in this way, the matrix element M is obtained
correctly and unambiguously.

The use of bare-particle wave-functions 0, and ¢p in (487) is thus justified. (Dyson, 1952a, pp. 94-95)

In this way, in the S-matrix approach we will be calculating transition amplitudes
between free-particle states (M = (¢g"Sda)). Since the interaction term is given by
eyy' -yA,, we can also see the series expansion of the S-matrix as given in powers of e,

where e is the electric charge (or in powers of the so-called fine structure constant o =
e*/4m): S =1+ SV + ?S? + ... (Killén, 1972, p. 88).

Let us consider, for example, the quantum electrodynamical treatment of the two-
photon annihilation of an electron and a positron (Sakurai, 1967, pp. 204-208): ¢" + ¢
— 2v. The initial state corresponds to a Dirac field with two quanta, one corresponding
to the electron, and the other to the positron (the electromagnetic field is taken to be in
the vacuum state). In the final state after the ‘scattering’, the Dirac field is in the
ground-state, that is, with no quanta, and the electromagnetic field is in a state with two
photons. The second-order transition or scattering amplitude is given by

Sp = (=e)* [d*x, [d*x, (27]A, (x DA, (x| 0)(7, ) s (V)6
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x[(0[#" (x YFO (x,) T (x VB (x,)| e )o(E, — 1)
— (0] () B (x )P (x )T (x,)|ee )0, — ).

I will not go into the details of this expression but only address some relevant features.
The expression is an example of the perturbative quantum electrodynamical treatment
of the interaction between the Maxwell and Dirac fields. In it we have the description of
the propagation of quanta between two space-time points x; and x; (corresponding to
Dirac’s ‘third state’), and components related to the non-interacting states of each field

(Fock states): ‘e-e+>, 27), and the vacuum states of each field |O> That is, we use only

the Fock space for each field to calculate the interactions in quantum electrodynamics.
Also, each quantum field operates in different Fock spaces.

3 Possible problems for quantum electrodynamics: the Haag theorem and the
divergence of the S-matrix series expansion

It seems then that we have a simple procedure to calculate whatever situation of
interaction between radiation and matter we might have by simply addressing each case
as if it is a scattering problem and dealing with it using the S-matrix approach with the
adiabatic switching trick, where we can use as initial and final states Fock states of each
field. However the situation is not that simple. One crucial aspect of all this adiabatic
switching trickery is that the following supposition (called the adiabatic theorem) is
being made: “If a state is an eigenstate of the Hamiltonian and if a parameter in the
Hamiltonian is adiabatically changed ..., then the same state is also an eigenstate, after
the Hamiltonian is changed, but with a different eigenvalue” (Kéllén, 1972, pp. 52-53).
As we have seen in Dyson’s presentation this is being taken for granted: ‘the state
yp(tg) at time tg will grow into the bare-particle state ¢p at time +oo. Thus ¢ =
Qo (tg) Wa(ts)’. Is this really the case?

No! From Haag’s theorem (Haag, 1955) we know that we cannot have a unitary
transformation that relates the field operators corresponding to the free Hamiltonian H
and the interacting field Hamiltonian H;. Considering that at t, the Heisenberg picture
and the Dirac picture (interaction representation) coincide (Earman & Fraser, 2006, p.
320), it would seem that the state vector in the interaction representation, in the limit t —
00, corresponds to free particles due to the fact that the interaction part of the
Hamiltonian is negligible. But from Haag’s theorem it seems that “at times t = +00, all
the assumptions of the theorem hold for the Heisenberg representation, which represents
an interaction, and for the interaction representation, which is a Fock representation for
a free system” (Earman & Fraser, 2006, p. 322). In informal terms Haag’s theorem
implies that the state vectors in the interaction representation, that for t — +% are
supposed to represent the free field, and the state vector in the Heisenberg
representation for the interacting fields, are not in a common domain of both H and H;
(Schweber, 1961, p. 416).

From Haag’s theorem we can conclude that if we have a free field at t = —o0, the
interaction representation describes also a free field at any time to. This means that we
need to have a state of the full interacting Hamiltonian from the start so that we can
consistently give the interaction representation its usual interpretation as giving a
different time dependency to the state vector and the operators (Schweber, 1961, p.
317).
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Both the Heisenberg and Dirac pictures can hypothetically be used in either free or
interacting systems, if we can separate the Hamiltonian in two parts. The change of
representation does not change the physical situation whether it concerns free or
interacting fields. There really is no “interaction picture’s assumption that there is a time
at which the representation for the interaction is unitarily equivalent to the Fock
representation for a free system” (Fraser, 2006, p. 54).> This ‘assumption’ has nothing
to do with the representation being used. The ‘assumption’ is that with an adiabatic
switching on of the interaction, the state vector for the interacting systems can be
constructed from the state vector of free fields (Schweber, 1961, p. 320):

lim U(t,,0]0,) =|w,)-

This is what is supposed to be achieved in the adiabatic switching on of the potential
that ‘connects’ a free field Hamiltonian with the interacting field Hamiltonian (Jauch &

Rohrlich, 1976, p. 134; Schweber, 1961, p. 322): lim H,(t) = lim(H, +e"'V(t)) = H, ,
t—-00 t—>-o0

where € is a parameter that is taken to zero in the end of the computations. The point is,
as we have seen, that at infinite times before and after the adiabatic switching on/off of
the interaction potential, the state vector in either the Heisenberg or the Dirac picture is
assumed to be describing free fields.

The question here is not thus the representation being used but whether it is possible
to connect the interacting state to a free field state. It seems clear from the consequences
of Haag’s theorem that the usual adiabatic switching on/off of the interaction will not do
the trick. In this way we are in the situation of explaining how it is that with a
mathematically incorrect procedure it is possible to develop applications from the
theory that give so good results when compared with experiments.

It is well known that in the applications of quantum electrodynamics there are
problems with divergent integrals. These problems are circumvented in practice with
renormalization techniques in which (basically) all the divergent integrals appearing in
the series expansion of the S-matrix are related to corrections to the mass and charge of
the fermions. Since the value of the mass and the charge are not defined by the theory
but result from measurements, the terms in the series expansion that are divergent (but
formally should be smaller and smaller) are taken to be part of the observed mass and
charge.

It might seem that by using renormalization techniques the consequences of Haag’s
theorem might be evaded because “once infinite renormalization counter terms are
introduced, the interaction picture is not mathematically well-defined” (Fraser, 2006, p.
2). From this it might seem that “renormalization addresses this problem not by refining
the assumptions, but by rendering the canonical framework mathematically ill-defined”
(Fraser, 2006, p. 90). But it would be rather strange, to say the least, that by considering

** Earman and Fraser’s take it that in the infinite past and the infinite future “particles are assumed to be
infinitely far apart and therefore not interacting” (Earman & Fraser, 2006, p. 321). In this case they
consider that at t=+o “the representation is taken to be a Fock representation” (p. 321). And this is taken
to be a Dirac picture (interaction representation) assumption: “In the interaction picture ... at t = £ the
representation is the Fock representation for the free field” (p. 321). At this point I thus disagree with
Earman and Fraser’s presentation of the consequences of the Haag theorem. I simply do not think that the
assumption that at infinite past we can take the state of a particular field to be a free state as described by
a Fock space has to be seen as part of the assumptions of the Dirac picture. But this is a question of detail.
The main aspect of their presentation is irrefutable: according to the Haag theorem the perturbative
approach used in quantum electrodynamics to describe interactions is mathematically inconsistent.
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an impoverished mathematical structure, suddenly, something physically equivalent to a
unitary transformation connecting free and interacting field operators might emerge. In
reality this argument does not provide any explanation for why the theory is effective,
and this is a central question which has correctly been considered to be relevant: “There
is, however, unfinished business in explaining why perturbation theory works as well as
it does” (Earman & Fraser, 2006, p. 307).

If we followed Fraser’s account we would be back where we started since, without
taking into account the ill-defined mathematics of renormalization (and this is possible
by considering only the lowest-order calculations), one could say that the adiabatic
switching on/off of the interaction is also of doubtful mathematical rigor precisely due
to the Haag theorem. This means that when imposing the adiabatic switching on/off we
are developing an ill-defined approach. The primary question of the effectivity of the
theory would remain, independently of the probable impossibility of taking into account
the Haag theorem in this ill-defined mathematical context (now due to the adiabatic
switching on/off of the interaction).

Another aspect of not having a rigorous basis for a procedure to adiabatically
construct the interacting states from the free states is the following. In the Fock space
we have a direct connection of quanta to the normal modes of classical field
configurations. It is from the Fourier splitting of a classical wave into positive and
negative frequency normal modes, providing the basis for the configuration space, that
the concept of quanta emerges (via a quantization procedure which results in associating
quanta to each normal mode). In the case of interacting fields it is not possible to make
this Fourier expansion (Fraser 2006, p. 136). This implies that it is not possible to use
the Fock representation for a free field to represent the interacting Dirac and Maxwell
fields (Earman & Fraser, 2006, p. 322). Following this line of reasoning, this means that
the quanta concept is unavailable when we consider full interacting fields (Earman &
Fraser, 2006, p. 330; Fraser, 2008, pp. 2-3). It could seem that the perturbative S-matrix
approach could overcome this problem by providing a rigorous procedure to describe
the interacting Dirac and Maxwell fields in the scattering problem by using only the
Fock states representing free quanta from each field. According to the Haag theorem
this is not possible. It seems then, according to Earman and Fraser, that we cannot use
the concept of quanta when dealing with interacting fields.

It does not seem that the effectiveness of the perturbative approach, in spite of
Haag's theorem, is a consequence of the need for a mathematical ill-defined mass and
charge renormalization. At least there is no argument that shows how the efficiency of
this scheme might result from developing it from a mathematical structure that is ill-
defined due to renormalization. Moreover the renormalization technique is not the only
element that makes the theory mathematically ill-defined. It seems that we cannot arrive
at any solid conclusions by analysing from a mathematical perspective, what appears to
be an ill-defined mathematical structure.

My view is that the explanation for the good results of the perturbation theory
approach to scattering (and bound state) problems in spite of the Haag theorem, will not
be found in the mathematical structure of quantum electrodynamics. As will be seen
below, the point about Haag’s theorem is that the question of its applicability, is not
even addressed in the way the physical theory is really used: we have to consider the
physical input assumptions of the theory together with its mathematical formulation and
application, not the mathematical structure all by itself.

As mentioned above, the theory is developed from a canonical quantization of two
independent classical fields. The description of the interaction between the fields is
given, like in the classical counterpart, by an interaction term. Formally we can adopt
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whatever representation is mathematically possible. But since we are (apparently)
dealing with an ill-defined mathematical structure one should not consider formal
aspects of the theory, like the full formal S-matrix for a scattering process (which in the
applications turns out to be an asymptotic series). We must consider the applications of
the theory that provide results that we can check with experiments. In these
circumstances the use of the interaction representation only attains a physical meaning
at the level of applications in which we can consider different systems with an
interaction that can be considered as a perturbation of their independent states. In this
way the fields maintain their identity as separated physical systems even during the
interactions. In this sense the use of the interaction representation is part of the
applications. We simply use part of the Hamiltonian, which is possible since the theory
was developed considering distinct parts in the Lagrangian, one corresponding to the
free Dirac field, another to the free Maxwell field, and another to the interaction. This is
the one pulled apart from the others in the interaction representation.

The description of scattering is developed from the theory considering an initial
state corresponding to a limited number of free particles (quanta), and with an adiabatic
switching on of the interaction between the fields, a full interacting state wy is
apparently obtained. The interacting state \, that corresponds to a well-defined
number of quanta in the final state is defined in an equivalent way. The scattering
amplitude S,y is given by (W, W.') (Schweber, 1961, p. 323). The point is that we really
do not work with these doubtful interacting states. What is going on is quite different.
We are only considering a few terms of a perturbation expansion of the scattering
matrix. When considering the applications we are taking advantage of the way the
theory was developed. We always have clearly distinct fields. For the description of
their interaction it is not necessary to have a description of both fields as a closed
interacting system. On the contrary, as we will see next, if we try to make a full
description of the interaction considering all the terms of the power series expansion of
the S-matrix, it can “at best only be an asymptotic expansion” (Schweber, 1961, p. 644).

One of the major achievements of Dyson in the development of quantum
electrodynamics was showing that the perturbative expansion of the S-matrix is
renormalized to all orders. As mentioned previously, quantum electrodynamics (QED)
had tremendous problems of divergent integrals that made impossible but a few lower
order calculations. This problem was circumvented by the procedure of mass and charge
renormalization. Dyson showed, in a paper published in 1949, that the renormalization
procedure could be applied to all orders of the perturbative expansion of the S-matrix
(Schweber, 1994, pp. 527-544).

Soon afterwards, in the summer of 1951, Dyson came out with a physical argument
that strongly suggested that, after all, “all the power-series expansions currently in use
in quantum electrodynamics are divergent after the renormalization of mass and charge”
(Dyson, 1952b, p. 631).%® According to Dyson, the series expansion of the S-matrix is
divergent, and this has nothing to do with renormalization (Dyson 1952b). That is, even
if there were no divergent integrals appearing in the terms of the S-matrix, the series
would still be divergent. According to Dyson, if we try to make a full description of the
interaction considering all the (infinite) terms of the power series expansion of the S-
matrix, it can “only be an asymptotic series” (Schweber, 1994, p. 565). That is,
according to Dyson’s physical argument, we can expect at some point that the term of

% It is important to notice that Dyson’s is a heuristic physical argument not a rigorous mathematical
derivation. In my view, this is not a deficiency of Dyson’s argumentation since we are considering a
theory with an ill-defined mathematical structure.
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order n+1 will not be smaller than the term of order n and the series starts to diverge:
“the terms ... will decrease to a minimum and then increase again without limit, the
index of the minimum term being roughly of the order of magnitude 137" (Dyson,
1952b, p. 632). In Dyson’s view the “divergence will not prevent practical calculations
being made with the series” (Dyson, 1952b, p. 632). But Dyson’s view was that in a
certain way the theory only provided a basis for developing the S-matrix series
expansion (Cushing, 1986, p. 122). In Dyson’s own words: “I had this rather positivistic
view that all QED was the perturbative series. So if that failed you didn’t really have a
theory” (quoted in Schweber, 1994, p. 565). Even if strict mathematical proof of the
divergence of the S-matrix does not exist, further strong evidence in favor of Dyson’s
claim has been given in the last decades (Aramaki 1989, 91-92; West, 2000, 180-181;
Jentschura, 2004, pp. 86-112; Caliceti et al, 2007, pp. 5-6). I will now look in more
details into Dyson’s argument and mention some of the contemporary results that
reinforce his claims.

During the summer of 1951 while visiting the ETH In Zurich Dyson found a
heuristic argument that convinced him that the perturbation theory, used trough the S-
matrix series expansion, diverges. According to Dyson

All existing methods of handling problems in quantum electrodynamics give results in the form of power-
series in ¢”. The individual coefficients in these series are finite after mass and charge renormalization ...
The purpose of this note is to present a simple argument which indicates that the power-series expansions
obtained by integrating the equations of motion in quantum electrodynamics will be divergent after
renormalization ... The argument for divergence is as follows. According to Feynman, quantum
electrodynamics is equivalent to a theory of the motion of charges acting on each other by a direct action
at a distance, the interaction between two like charges being given by the formula

*8u(s12), (1

where e is the electron charge. The action-at-a-distance formulation is precisely equivalent to the usual
formulation of the theory, in circumstances where all emitted radiation is ultimately absorbed. We shall
suppose that conditions are such as to justify the use of the Feynman formulation of the theory. Then let

F(e?) =ay + ae” + ase’ + ... 2)

be a physical quantity which is calculated as a formal power series in ¢* by integrating the equations of
motion of the theory over a finite or an infinite time. Suppose, if possible, that the series (2) converges for
some positive value of e’; this implies that F(e”) is an analytic function of e at ¢ = 0. Then for sufficiently
small values of e, F(—e?) will also be a well-behaved analytic function with a convergent power-series
expansion.

But for F(—e?) we can also make a physical interpretation. Namely, F(—e”) is the value that would be
obtained for F in a fictitious world where the interaction between like charges is [—¢%8,(s1,%)] instead of
(1). In the fictitious world, like charges attract each other. The potential between static charges, in the
classical limit of large distances and large numbers of elementary charges, will be just the classical
Coulomb potential with the sign reversed. But it is clear that in the fictitious world the vacuum state as
ordinarily defined is not the state of lowest energy. By creating a large number N of electron-positron
pairs, bringing the electrons together in one region of space and the positrons in another separate region, it
is easy to construct a “pathological” state in which the negative potential energy of the Coulomb forces is
much greater than the total rest energy and kinetic energy of the particles. This can be done without using
particularly small regions or high charge densities, so that the validity of the classical Coulomb potential
is not in doubt. Suppose that in the fictitious world the state of a system is known at a certain time to be
an ordinary physical state with only a few particles present. There is a high potential barrier separating the
physical state from the pathological states of equal energy: to overcome the barrier it is necessary to
supply the rest-energy for the creation of many particles. Nevertheless, because of the quantum-
mechanical tunnel effect, there will always be a finite probability that in any finite time-interval the
system will find itself in a pathological state. Thus every physical state is unstable against the
spontaneous creation of large numbers of particles. Further, a system once in a pathological state will not
remain steady; there will be a rapid creation of more and more particles, an explosive disintegration of the
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vacuum by spontaneous polarization. In these circumstances it is impossible that the integration of the
equations of motion of the theory over any finite or infinite time interval, starting from a given state of the
fictitious world, should lead to well-defined analytic functions. Therefore F(—e®) cannot be analytic and
the series (2) cannot be convergent. (Dyson, 1952b, pp. 631-632)

Almost at the same time as Dyson set forward his argument, C. A. Hurst, working on
the so-called @ theory concluded that the perturbative approach was divergent. In
particular

He enumerated the number of graphs in field theories with the interaction Hamiltonian of general type
and showed that the number of graphs with n vertices increases like n”? as n increases so that the
perturbation expansion cannot converge unless the matrix elements decrease with correspondingly great
rapidity as n increases. He studied the case of a three-scalar field interaction Ag’ and obtained the
conclusion, by evaluating a lower bound for the matrix elements, that in this case the perturbation
expansion with respect to A cannot converge. Hurst remarked that the excellent agreement of QED with
experiment would indicate that the series is an asymptotic expansion about the singular point = 0, as
Dyson conjectured. (Aramaki, 1989, pp. 91-92)

Dyson’s and Hurst’s results stimulated W. Thirring to investigate the convergence in the
Lo> theory, and he got the same conclusion regarding the series divergence (Aramaki,
1989, p. 92). Also the calculation of A. Petterman and A. Jaffe with particular models
supported Dyson’s contention that the renormalized perturbation series diverges (Gill &
Zachary, 2002, p. 29). More evidence for the perturbation series divergence was found
in recent years. According to U. D. Jentschura

A priori, it may seem rather unattractive to assume that the quantum electrodynamics perturbation series
may be divergent even after the regularization and the renormalization. However, as shown by explicit
nontrivial 30-loop calculations of renormalization group y functions in a six-dimensional ¢’ theory, and in
a Yukawa theory ..., we believe that the ultimate divergence of the perturbative expansion can be
regarded as a matter-of-fact, clearly demonstrated by explicit high-order calculations. (Jentschura, 2004,
pp. 108-109)

For Dyson his 1951 conclusion on the divergence of the S-matrix approach meant the
end of his involvement with quantum electrodynamics. According to Dyson

All my efforts up to that point had been directed toward building a complete convergent theory. Finding
out that after all the series diverged convinced me that was as far as one could go ... That was of course a
terrible blow to all my hopes. It really meant that this whole program made no sense. (Quoted in
Schweber, 1994, p. 565)

This makes it even more imperative to justify the perturbative approach (which
provides excellent agreement with experimental results), and to explain how to get rid
of large-order terms of a divergent series that simply would make it impossible to use
the theory.

Just from a mathematical perspective the use of only a few terms of a divergent
series is difficult to defend, but by considering the input physical assumptions of the
theory the justification of throwing away large-order terms will become clear. In part it
is related to the weakness of the interaction between the Maxwell and Dirac fields
(Mandl & Shaw, 1984, p. 95). This by itself can explain why a few order terms in a
perturbative approach can give so good results. But it does not by itself justify
throwing away terms that should be smaller and smaller but which will ultimately result
in a divergent series.
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As mentioned, the scattering matrix amplitude Sag can be written as (Vg , WA+), where
we have lim U(0,t,)p, =y,  and lim U(0,t)p, =y, . Here U is the time
t—>+oo

tg —>—oo

displacement unitary operator determined by solving the Schrodinger equation, @ and
¢p are the initial and final free states, and the in and out states \|IA+ and yg are taken to
be eigenstates of the full interacting Hamiltonian (Schweber, 1961, pp. 317-323).
Formally these interacting states can be derived from the (complete) S-matrix. Since the
S-matrix series expansion is divergent we can conclude that we cannot obtain these
interacting states (Scharf, 1995, pp. 314-318), i.e. it is not possible to find solutions of
the coupled non-linear Maxwell-Lorentz and Dirac equations as (infinite) power series
expansions in the coefficient e (the electric charge). In other words, it is not possible to
find a solution for a closed interacting system of an electromagnetic field and charged
particles (Dirac field).

Let us recall that the theory was structured around the idea that the interaction
between radiation and matter is weak (due to the small coupling constant). We do not
quantize the interacting system, but each field separately; i.e. when we speak of weak
interaction this has two related aspects: one is that the interaction term in the Lagrangian
(or Hamiltonian) is small; the other is that from this we are justified to consider the
quantization of radiation and matter separately as the quantization of free fields, and to
take the interaction term as a perturbative one.”” As Dyson mentioned, quantum
electrodynamics “is in its nature a perturbation theory starting from the non-interacting
fields as ... unperturbed systems” (Dyson, 1952a, p. 79). Since we are starting from the
non-interacting fields, we need to use the adiabatic switching on/off trick to ‘connect’
the two quantized systems and so to be able to describe their interaction. Now, as we
have just seen, if we try to describe within the theory the full weak interaction between
radiation and matter (corresponding to determining the eigenstates of the full interacting
Hamiltonian) we get into trouble (i.e. we obtain divergent results).

We conclude then that, in practice (i.e. in the theory we really have and work with),
the notion of weak interaction implies an intrinsic approximate approach, i.e. there is, in
practice, an unbridgeable gap between the notion of weak interaction and the idea of a
full (complete) description of the (weak) interaction (since a full description of the
interaction would correspond to obtaining a complete expansion of the S-matrix, which
is not possible). Thus the divergence of the S-matrix series expansion implies that we
are unable to bridge the gap that exists between our starting physical assumption of two
independent unperturbed systems and the (ideal) closed system of fully interacting
radiation and matter; and there is a good reason for this.

As Earman & Fraser showed from a formal consideration of fully interacting fields
(corresponding to an exact solution that we cannot obtain in the case of quantum
electrodynamics), we cannot describe them in terms of the Fock representation for free
fields. This means that, formally, for a closed system of interacting fields we cannot use
all the physical input of quantum electrodynamics associated with the notion of weak
interaction of radiation and matter (in particular our starting physical assumption of two
non-interacting fields); 1i.e. the formal considerations imply an, in principle,

T It is important to remember that contrary to what formal presentations of the theory might lead us to
think (e.g. Dyson, 1952a, pp. 58-59; Kallén, 1972, pp. 75-80), we do not start with a Lagrangian for an
interacting system of radiation and matter and then due to practical problems in solving a set of coupled
non-linear equations we feel forced to resort to perturbative calculations. On the contrary the theory was
pretty much developed along two separate lines — one of them the quantization of the free electromagnetic
field (a subject not addressed here) the other the development of a relativistic equation for the electron —,
from the start taking into account, implicitly, that we were dealing with two clearly distinct weakly
interacting physical entities: (quantized) charged particles and (quantized) electromagnetic field.
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incompatibility between the notion of weak interaction as implemented in the theory and
the (formal) notion of a closed system of fully interacting fields. Also, as we have seen,
considering the complete series expansion of the S-matrix would correspond to the
description of a closed system of fully interacting fields. Here the formal results are
valid, i.e. we would have two contradictory mathematical results. This is not the case
since the series expansion of the S-matrix is divergent.

We see then that we disregard the large-order terms not simply for pragmatic
reasons but for physical reasons. Including these terms would correspond to an
improper use of the mathematical structure of the theory beyond its physical content (in
a tentative description of a closed system of radiation and matter): in quantum
electrodynamics we have the concepts of radiation and matter, and of a weak interaction
between them, not of fully interacting fields.”® At this point / would like to establish a
correspondence between getting meaningful mathematical results and the way we set up
the physical concepts in the theory. In this case, (meaningful) approximate calculations
of the weak interaction between different physical systems (radiation and matter).

I think that the situation we are facing here can be illuminated by recalling some of
Bohr’s views related to the Klein paradox and the problem with infinities in the theory
(later addressed by renormalization). As we have seen, in the exchange of letters with
Dirac in late 1929, Bohr addressed the negative energy problem of Dirac’s equation.
Bohr called attention to the fact that it arises from not taking into account the
elementary unit of electrical charge in the determination of the actual potential barrier,
1.e. from not considering the physical concepts inscribed in the theory. According to
Bohr, if calculations are made in which this fact and the limits in the determination of
the electron’s position are not taken into account, we would be facing the

actual limit of applying the idea of potentials in connection with possible experimental arrangements. In
fact, due to the existence of an elementary unit of electrical charge we cannot build up a potential barrier
of any height and steepness desired without facing a definite atomic problem. (Quoted in Moyer, 1981,
pp. 1057)

In a nutshell, to Bohr the paradox resulted from “an unlimited [mathematical] use of
the concept of potentials in relativistic quantum mechanics” (quoted in Moyer, 1981, p.
1058; see also Darrigol, 1991, pp. 154-155).

An analogous situation occurs with the (renormalizable) infinities in the theory.
According to Alexander Rueger’s presentation of Bohr’s ideas,

only for an [atomic] electron weakly interacting with the electromagnetic field could the radiation
reaction, which would render the electron’s orbit unstable, be ignored; as Bohr stressed repeatedly, strong
interactions would make the idea of approximately stationary states of the electron in the atom
impossible. (Rueger, 1992, pp. 317-318)

In these circumstances, Bohr recalls that “the whole attack on atomic problems ... is an
essentially approximate procedure, made possible only by the smallness of [the
coupling constant]” (Bohr, 1932a, p. 378). That is, to Bohr

the attempts to treat the radiation effects on rigorous lines by considering the atoms and the
electromagnetic field as a closed quantum-mechanical system led to paradoxes arising from the
appearance of an infinite energy of coupling between atoms and field. (Bohr, 1932b, p. 66)

* With this justification for disregarding the large-order terms of the S-matrix series expansion, the
excellent empirical results of the theory follow simply — in the perturbative approach — from the weakness
of the interaction between the two separately quantized fields.
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We have then, according to Bohr, that the physical conditions used to set up the theory
imply an essentially approximate approach of an electron weakly interacting with the
electromagnetic field. Like in the case of the Klein paradox if we extend the
mathematical structure of the theory beyond its physical content we face a breakdown in
the calculations. In my view, this is exactly the situation we are facing with the
divergence of the S-matrix series expansion.

When trying to close the gap between two weakly interacting systems (described by
an approximate approach) and fully interacting fields (corresponding to obtaining the
exact solution for a closed quantized system of interacting fields), we face ‘the actual
limit of applying the idea’ of non-interacting fields that are part of our physical input
assumptions.

What we have then is the impossibility of defining within the theory a fully
interacting state from the two fields that are defined and quantized as independent
entities. Thus, in my view, we have a theory that is able, on an approximate level, to
describe (using a few terms in perturbative calculations) the interaction between two
separate fields, and not a theory describing as a whole a system of fully interacting
fields. From a formal perspective the Haag theorem says that it is not possible to
connect the separate fields with (fully) interacting fields when starting from the physical
assumptions used to articulate the theory, i.e. from the notion of weak interaction as it is
implemented in quantum electrodynamics.

In the theory the consequences of the Haag theorem are circumvented not because
we are facing a “canonical framework mathematically ill-defined” (Fraser, 2006, p. 90)
but because we are not even trying to describe a system of (fully) interacting fields (this
eventual possibility is excluded in practice due to the divergence in the series expansion
of the S-matrix and in principle, on formal grounds, by the above mentioned
incompatibility between the notion of weak interaction as it is implemented in the
theory and the formal results related to interacting fields). We are just trying to describe,
by an ‘essentially approximate procedure’, the weak interaction between radiation and
matter as distinct systems.”” Thus, there is no conflict in quantum electrodynamics with
the Haag theorem.

As the divergence in the series expansion of the S-matrix shows, the Lagrangian of
quantum electrodynamics does not provide us with the possibility of describing a
system of interacting Dirac and Maxwell fields, but with the possibility to describe in an
intrinsically approximate way the interaction between the two fields. The descriptions
of interactions in the theory are based on the use of the Fock space for each field and the
idea of (virtual) quanta exchange. There are no alternatives in quantum
electrodynamics. From the start the theory was not developed to treat the question of
fully interacting fields, but to treat the question of the interaction between distinct fields
that are separately quantized. To consider that “Fock representations are generally

* However I agree with Fraser’s view that we cannot apply Haag’s theorem when working with a
“canonical framework mathematically ill-defined” (Fraser, 2006, p. 90). What I do not agree with is
Fraser’s view that renormalization is the factor that makes it possible to evade the consequences of
Haag’s theorem enabling the theory to be effective (also, as I mentioned, there are other factors which can
be taken to render the theory mathematically ill-defined). That is because, in my view, in quantum
electrodynamics, the problem of circumventing the Haag theorem is included in the broader problem of
explaining how the theory can give so good results. This involves addressing the divergence of the S-
matrix series expansion (necessary to justify the perturbative approach) and circumventing the Haag
theorem. But these are not unrelated matters. In reality, as we have seen, when addressing the divergence
of the S-matrix series expansion, the consequences of Haag’s theorem become irrelevant (independently
of the fact that we are considering a mathematically ill-defined approach).
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inappropriate for interacting fields” (Earman & Fraser, 2006, p. 330) is, in the context
of quantum electrodynamics, to turn upside down the theory as it was developed. The
theory is built on top of the physical idea of independent entities whose interaction
describes change in nature. When accepting this approach, and its intrinsic limitations, it
is difficult to consider inappropriate, at least from an empirical point of view, the results
of quantum electrodynamics; and so, contrary to Earman and Fraser’s views, we can
retain the concept of quanta in the description of interactions.

4 A note regarding the concept of vacuum in quantum electrodynamics

The revision of the role of the Lagrangian of quantum electrodynamics as simply giving
rise to an essentially approximate approach has immediate consequences on the
interpretation of the mathematical formalism of the theory. According to this view, even
if from an abstract point of view we can talk about the Hilbert space of the physical
states of the full Hamiltonian of the two fields and their interaction, from a physical
point of view we cannot build up these formal states from the individual states
corresponding to each field by itself. Since the theory gives rise only to approximate
procedures we can only build a physical description of the interaction between the fields
with low-order perturbative calculations using the individual states of each field.*® This

3% This does not mean that we do not need to take into account for example the renormalization of the
electron’s mass and charge to get agreement with experimental results. The point is the interpretation
given to this. From an experimental point of view it might seem that the so-called physical electron with
its ‘cloud’ of virtual photons (the renormalized quanta of the Dirac field) is the physical concept of
particle we have in the theory when considering bound electrons. But recalling again Bohr’s ideas we see
that that is not the case when making our considerations from the perspective of the physical-
mathematical structure of the theory. According to Bohr, “the classically estimated ratio between the
radiative reactions on the electron and the nuclear attraction is ... of the same order of magnitude as o’
[where o is the fine structure constant]. It is just this circumstance which affords a justification for the
neglect of the radiative reaction in a description of the stationary states including the fine structure”
(Bohr, 1932b, p. 66). In this way, according to Bohr, “in the account of the simplest features of the
radiation phenomena, we may neglect entirely the radiation reaction in the calculation of the transition
probabilities” (Bohr, 1932b, p. 67). But Bohr considers possible “the treatment of such problems as the
width of spectral lines and the retardation effects in the interaction of electrons bound in atoms. Still, the
condition for such applications is that the effects in question can be treated as small perturbation of the
phenomena to be expected if the finite propagation of forces would be neglected” (Bohr, 1932b, p. 67).
That is, we must consider the electron’s self-energy (due to the radiation reaction) as a small perturbation
to the ‘bare’ electron in a central Coulomb potential, in order to justify for example the Lamb shift
calculation regarding the energy shift of stationary states of the electron in the atom. As Rueger called
attention to, “Bohr stressed[ed] repeatedly, [that] strong interactions would make the idea of
approximately stationary states of the electron in the atom impossible” (Rueger, 1992, p. 317).

Considering the theory as giving rise only to essentially approximate procedures, we do not really
have a coherent quantum electrodynamical concept of a self-interacting electron, which would be
“always in interaction with the surrounding cloud of virtual particles” (Thirring, 1958, p. 140). Another
aspect, related to this is the following: in quantum electrodynamics we describe the physical processes as
resulting from the interaction of two clearly distinct fields (which are quantized as free independent
fields). Due to the mass renormalization there is a mismatch between the concept of electron as quanta of
the Dirac field and the applications where the electron is described by taking into account also the
electromagnetic field. When considering the electron’s mass, we can no longer make the simple
association of the electron to quanta of the Dirac field. In the applications of the theory we must consider
the electron’s mass as resulting from a contribution from the two fields. It is clear that when we go
beyond the lowest-order approximations, and the mass renormalization is needed to render the results
finite, we cannot maintain a simple identification of the electrons with quanta of the Dirac field. The
observed ‘particle’ — the electron — is built, in the applications of the theory, from contributions from the
two fields (I will came back to this in the next chapter).
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means in particular that there is no physical meaning within quantum electrodynamics
to the concept of vacuum (ground state) of the interacting fields. It is usually thought
that the coupled fields vacuum state can be “formally expanded as a superposition of ¢,”
(Redhead, 1982, p. 86; Schweber, 1961, p. 655), where ¢, are the vacuum states of the
free fields. But in the theory we really have, this is a vacuous mathematical statement
without any physical counterpart. This does not imply that the concept of vacuum is not
relevant in the theory, as we have just seen in the previous chapter.

5 Conclusions

As we have seen, Haag’s theorem implies that the perturbative approach used in
quantum electrodynamics to treat the interaction between the quantized Maxwell and
Dirac fields is not mathematically consistent. This brings up two big questions. How
can the way the theory is implemented (giving a prominent role to the concept of quanta
in the description of interactions) be justified? And even more importantly, “why
perturbation theory works as well as it does” (Earman & Fraser, 2006, p. 307). Earman
and Fraser do not provide any answer to this last question as regards quantum
electrodynamics. And with respect to the first question, Fraser merely proposes to take
shelter in the ill-defined mathematical structure of the theory to justify the
inapplicability of the Haag theorem (Fraser, 2006, p. 90). However this argument has no
explanatory power. It is an argument based solely on the mathematical structure of the
theory (not taking into account its physical content) and it is not providing an
explanation of the good results and soundness of the perturbative S-matrix approach.

According to Dyson the series expansion of the S-matrix, used in the description of
scattering (and bound state) processes, is divergent. This indicates that the theory only
provides a description of interactions using a few lower-order terms (which works well
due to the small coupling constant between the fields). This means that the theory can
only provide results if we are close to a free field situation. In other words, only when
considering the interaction between two different fields as a small perturbation to their
individual free states can the theory provide results in agreement with experiments.

We see that one has problems when trying to give a full description of the
interaction, which corresponds to treating matter and radiation as one closed system.
This would imply to go beyond the initial physical set up of the theory based on the
idealization of totally non-interacting fields. In this way I think that quantum
electrodynamics can be seen as providing only an approximate approach to the
description of the interaction between two fields taken to be different physical systems.
Only the lower-order terms of the series expansion can be kept. To take into account the
large-order terms would mean to disrupt the physical input assumptions provided by the
implementation of the notion of weak interaction (i.e. the possibility of quantization of
free fields and the description of their interaction perturbatively, using the adiabatic
switching on/off of the interaction). Due to the small coupling constant between the
fields, the lower-order terms already provide good results.

From this perspective, how can Earman and Fraser’s conundrum be solved while
saving the use of quanta in the description of interactions? It is true that we are in an ill-
defined mathematical context. However, we do not really need that to make the
consequences of the theorem irrelevant in the theory. If we forget about Haag’s theorem
and set the machinery into motion, we face the situation that we cannot go from a free
fields situation to a fully interacting fields situation (exactly as the Haag theorem says).
This occurs because we are stretching the physical concepts too much and the
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calculations break down, i.e. we have a theory describing the weak interaction between
different fields, not a theory describing fully interacting fields. In this way we are
outside the scope of Haag’s theorem.

Regarding the concept of quanta — which follows naturally from the quantization
procedure — this is, as we have seen, a central concept in the quantum electrodynamical
description of the weak interactions between the fields (as this description involves free-
particle Fock spaces). However we are left with a tension regarding the concept of
quanta. The point is that we start with the idealization of non-interacting fields, and, as
we have seen, we need the unphysical adiabatic switching on/off trick to set quantum
electrodynamics as a perturbation theory into motion. The problem is that when
addressing scattering problems, we take the particles (for example electrons) to be far
apart before (and after) the scattering, and because of this not interacting (i.e. electrons
as quanta of the Dirac field without self-interaction). In this way, we are describing the
particles observed after the scattering process is over with the idealization of charged
particles with a ‘disconnected’ charge, and this is rather unphysical — since implicit in
the possibility of observation of an electron is the possibility of electromagnetic
interaction with it.
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CHAPTER 6

ASPECTS OF RENORMALIZATION IN QUANTUM ELECTRODYNAMICS

1 Introduction

The appearance of divergent integrals in higher-order calculations in quantum
electrodynamics where the so-called radiative corrections are taken into account has
been seen as, at least, indicating that the theory fails for high energies. As J. Schwinger
stated, “electrodynamics unquestionably requires revision at ultra-relativistic energies”
(quoted in Aramaki, 1989, p. 93). Even considering the accuracy of the theory at lower
energies, Schwinger considered that the renormalization procedure, that permits
avoiding the infinites in the results of calculations, ultimately has to be excluded from
physics (Cao & Schweber, 1993, p. 50). Regarding this problem the position of P. Dirac
was even less sympathetic: “I am very dissatisfied with the situation, because this so-
called “good theory” does involve neglecting infinities which appear in its equations”
(quoted in Kragh, 1990, p. 184). In general the position of leading physicists was very
critical regarding quantum electrodynamics, and some pinpointed structural problems
that go beyond the high-energy behaviour of quantum electrodynamics. For example N.
Bohr considered that the whole program only made sense taking into account the
weakness of the coupling constant, which means applying the theory only in situations
where the electron interacts weakly with the electromagnetic field (Rueger, 1992, p.
317).

In this chapter I will offer a historical account of the renormalization program and
recover the views of several physicists that I think permits a more enlightening account
of the meaning of renormalization than more recent accounts. In sections 2 and 3 the
historical emergence of the problem of infinites in quantum electrodynamics is
considered, as well as the ‘provisional’ solution attained in the late forties with the
completion of a renormalization program. The historical approach will enable to recover
forgotten aspects of Dirac’s subtraction physics and relate them to some of Bohr’s
views. This will enable a different view regarding renormalization than the one that has
become ‘standard’. The conceptual motivation behind Dirac’s subtraction physics is to
be contrasted with the post-war attitude of the physicists that completed a working
renormalization approach. We will look in particular into the contributions of
Schwinger and Feynman. Feynman’s regularization approach is to be contrasted with
Dirac’s subtraction physics (which technically is similar) in its lack of any conceptual
justification for regularization. Looking in detail into Feynman’s work will also enable
us to follow his first-hand account of his overall space-time approach to the description
of interactions. This is an important subject whose conceptual implications will be
developed in the next chapters.

Some more technical details of the renormalization program are considered in
sections 3 and 4: the calculation of the self-energy of the electron and the photon, and
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the role of the cut-off procedure that provides a ‘regularization’ of the theory, previous
to the renormalization proper. We will see that mass renormalization brings with it a
mismatch with the presupposition in the theory of two different fields independently
quantized. The electrons (and positrons) are taken to be quanta of the Dirac field,
characterized in part by what are called the bare mass and bare charge. According to the
applications of the theory the bare mass of the electrons has no observational meaning;
the observed mass results from a simultaneous contribution from the Dirac and Maxwell
fields. In this way we cannot associate the electron exclusively to quanta of the Dirac
field. It will also be addressed not only the dubious mathematical procedure related with
the calculation of the photon’s self-energy, but also the even more dubious — from a
physical point of view — procedure of attaching the infinite constant that pops out in the
photon self-energy calculation to the charges of the electrons ‘connected’ by the photon
in an interaction process. In particular the charge renormalization procedure is
considered in a second-order radiative correction to the Mgller scattering amplitude. We
will in this case notice limitations regarding the temporal description of physical
processes, which are related with the charge renormalization procedure.

2 The emergence of infinites in quantum electrodynamics

When in 1929-30, Heisenberg and Pauli presented in two papers a relativistic quantum
theory of the interaction between the quantized Maxwell and Dirac fields, they moved
from Heisenberg’s first view that the self-energy of the electron did not constitute a
problem and the infinite Coulomb self-energy could be neglected, to a more
circumspect position recognizing that this problem might even render the theory
inapplicable (Darrigol, 1984, pp. 484-486). In the first paper, published in 1929,
Heisenberg and Pauli discarded the infinite Coulomb self-energy of the electrons as
they did with the zero-point energy of the vacuum, because they considered these
divergences to be irrelevant infinite constants that disappear as soon as one evaluates
quantities that are observable like the difference between two energy eigenvalues. Also
according to Pauli,

the theory can be called a correspondence theory, insofar as all expressions for the Lagrangian of the field
are indeed taken over directly or indirectly from the classical theory ... I believe that we have now arrived
at the natural limit of range of the correspondence idea on the basis of wave mechanics. Our theory
naturally fails at all places where the classical picture fails. (Quoted in Mehra & Rechenberg, 2000, p.
316)

It is well know that in the classical theory of a point-like electron we already have a
problem with the electron’s self-energy: it is infinite. Even so Pauli had aesthetic
reservations regarding the self-energy problem in quantum electrodynamics, and even
though he considered that the infinite constants might be removed in practical
calculations they represented a ‘defect of beauty in principle’ (quoted in Mehra &
Rechenberg, 2000, p. 316). According to J. Mehra and H. Rechenberg, in the section 8
of their paper, Pauli and Heisenberg

progressed to a perturbation scheme ... under the assumption that the interaction terms could be expanded
in a series of small perturbations ... The Heisenberg-Pauli solution, however, also contained divergent
terms of the form 1/rpp (the subscript P referring to the position of the particle), which corresponds to the
self-interaction of the charged particle, say, the electron. This additive infinite term occurring in the
energy of the total system may simply be neglected (subtracted), so long as the number of electrons does
not change. (Mehra & Rechenberg, 2000, p. 325)
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By the middle of 1929 Pauli (with whom J. R. Oppenheimer had began to
collaborate) was seeking to improve the theory he had developed with Heisenberg. A
three-man paper was being planned, where in particular Jordan’s criticism regarding
gauge invariance would be addressed (Mehra & Rechenberg, 2000, p. 327). By July
1929 Heisenberg still felt that “the catastrophic self-interaction of the electron does not
disturb me too much” (Mehra & Rechenberg, 2000, p. 328). Finally Heisenberg and
Pauli published a second part of their quantum -electrodynamics in 1930, and
Oppenheimer published a separate note regarding specifically the self-energy problem.
In their paper Heisenberg and Pauli obtained Oppenheimer ‘s result for the Coulomb
self-energy of the electron. Now however they recognized that the infinite self-energy,
“in many cases will make application of the theory impossible” (quoted Miller, 1994,
p-34). Also, the fact that the self-energy problem could not simply be traced back to a
similar situation occurring already in classical electrodynamics was soon revealed by
Oppenheimer (1930b) who found out a new (infinite) contribution to the self-energy
without any classical counterpart. Using Dirac’s second-order perturbation formula

H H,

H; =

and adopting

H' =—[jA"d%, j=icyyy

for the perturbation term in the Hamiltonian H', we can consider the particular case
where 1 = j. This situation represents the perturbation to the energy of the electron’s
state 1 arising from the self-interaction of the electron. Considering for simplicity a
single free electron (with momentum p and energy E(p) = c(p” + mzcz)” %), the sequence
of transitions i — j — 1 1is

e — ¢’ + photon — e.
According to A. Pais the “virtual states [e’ + photon] correspond to all momentum-

conserving partitions of p between e’ and the photon. There are infinitely many such
states” (Pais, 1986, p. 373). The self-energy of the electron is found to be
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in addition to smaller terms including the electrostatic (Coulomb) self-energy. What
Oppenheimer obtained with this result was that while the classical self-energy diverges
linearly (~ 1/r) as we take the electron radius to approach the point-like limit (r — 0),
the quantum electrodynamical calculation predicted also a quadratic divergence of the
term W(p). Also, W(p;) — W(p,) is not finite (as Heisenberg and Pauli initially
expected) but also infinite, which means, “as Oppenheimer stressed, [that] self-energy
effects causes infinite displacements of spectral lines” (Pais, 1986, p. 373). A disastrous
result for quantum electrodynamics.
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The situation of quantum electrodynamics during the thirties did not improve, on the
contrary. As we have seen, to solve inconsistencies of his electron theory related to the
existence of negative-energy solutions, Dirac proposed his hole theory. From this, a new
infinity problem popped out. In Dirac’s hole theory we have an infinite sea filled with
negative-energy electrons. This made Dirac consider that the electromagnetic field is
generated by “the difference in the electric density from its value when the world is in
its normal state (i.e. when every state of negative energy and none of positive energy is
occupied)” (quoted in Pais, 1986, p. 378). That is, the Maxwell-Lorentz equation for the
electric field is given, in Dirac’s hole theory, by Div E = — 47 (p — <p>vaccum)-

Going back to chapter 3, we can recall that in his 1930 paper on the hole theory
Dirac remarked that “in the general case of an arbitrary varying electromagnetic field
we can make no hard-and-fast separation of the solutions of the wave equation into
those referring to positive and those to negative kinetic energy” (Dirac, 1930, p. 361).
The knowledge of this situation led Dirac to consider in more detail the effect of an
‘external’ electromagnetic field (that could simply result from the presence of a sole
electron above the negative-energy sea) on the definition of the ‘normal’ state (vacuum
state) of the negative-energy sea. According to Dirac

when applied to space in which there is an electromagnetic field, ... one must specify just which
distribution of electrons is assumed to produce no field and one must also give some rule for subtracting
this distribution from the actually occurring distribution in any particular problem. (Quoted Schweber,
1994, p. 114)

In a letter to Bohr from September 10, 1933, Dirac summarized his findings:

Peierls and I have been looking into the question of the change in the distribution of negative-energy
electrons produced by a static electric field. We find that this changed distribution causes a partial
neutralization of the charge producing the field. If it is assumed that the relativistic wave equation is
exact, for all energies of the electron, then the neutralisation would be complete and electric charges
would never be observable. A more reasonable assumption to make is that the relativistic wave equation
fails for energies of the order 137mc”. If we neglect altogether the disturbance that the field produces in
negative-energy electrons with energies less than —137mc?, then the neutralization of charge produced by
the other negative-energy electrons is small and of order 1/137. We then have a picture in which all the
charged particles of physics electrons, atomic nuclei, etc. have effective charges slightly less than their
real charges, the ratio being about 136/137. The effective charges are what one measures in all low energy
experiments, and the experimentally determined value for e must be the effective charge on an electron,
the real value being slightly bigger. (Quoted in Schweber, 1994, p. 116)

Dirac presented his results at the seventh Solvay Congress held in October 1933.
Due to the fact that in relativistic mechanics the energy is given by W = m’c* + ¢’p?, it
can take positive and negative values. According to Dirac, “it has not been possible to
develop a relativistic quantum theory of the electron in which the transitions from a
positive to a negative value of the energy should be excluded” (Dirac, 1934a, p. 136).
In particular transitions between the positive and negative energy states are “predicted
in general for all processes putting into play exchanges of energy of the order me”” (p.
136). Dirac considered that

it seems there are no reasons of principle against the applicability of the quantum mechanics to similar
exchanges of energy. It is true that quantum mechanics does not seem applicable to phenomena which
involve distances of the order of the classical radius e*/mc? since the present theory can in no manner
discuss the structure of the electron. But such distances, considered as electron wavelengths, correspond
to energies of the order (hic/e’)(mc?), which are much greater than the changes in question. It seems that
the most reasonable solution is to search for a physical meaning for the negative energy states. (pp. 136-
137)
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Dirac went on to present again his hole theory which gave a physical interpretation for
the negative-energy states:

Let us admit that in the universe such as we know it, the states of negative energy are nearly all occupied
by electrons, and that the distribution thus obtained is not accessible to our observation on account of its
uniformity throughout space. Under these conditions every unoccupied negative energy state represents a
break in that uniformity, and must reveal itself as a kind of hole. It is possible to admit that these holes
constitute positrons.

This hypothesis resolves the principal difficulties of the interpretation of the states of negative energy
... the hole takes exactly the aspect of an ordinary particle, positively electrified. (p. 137)

Dirac then addresses the problem facing his interpretation when an external field is
present. As already mentioned when there is no external field it is simple to take into
account the infinite negative-energy sea in the Maxwell-Lorentz equation by
considering that “the distribution of electrons produces no field in which no state of
positive energy is occupied. And that it is the deviations from that distribution which
determine the fields” (p. 138). However as Dirac acknowledges, this hypothesis

is completely satisfactory when it is a question of a region of space where there exists no field, and where
the distinction between the positive energy states and those of negative energy is cleanly defined; but one
must specify when it is a question of a region of space where the electromagnetic field is not zero in order
to be able to lead to results free of all ambiguity. We must specify mathematically which distribution of
electrons is supposed to produce no field, and also give a rule for subtracting that distribution from the
one which exists effectively in each particular problem, in such a way as to obtain a finite difference that
can figure into equation [div E = —4mp], since, in general, the mathematical operation of subtraction
between two infinities is ambiguous. (p. 138)

Dirac set out to consider the case of a weak, time-independent electrostatic field
using the Hartree-Fock approximation. Dirac defined the density matrix R as

(qv|R|qn) — zWr(cr )Wr(q”) ,

where the y*s are four-component wave functions that are solutions of Dirac’s equation
for each individual electron, and the summation runs over all occupied negative energy
states. The wave functions are determined in the Hartree-Fock approximation, where
each electron is taken to move in an effective field that is the same for all electrons. The
equation of motion for R is

iR =HR-RH,
where H = ¢py(o, p) + psmc” — eV is the Hamiltonian for an electron moving in the

electric field E = —VV; also due to the exclusion principle we must have R? = R. Dirac
assumes that the distribution Ry that produces no field is given by

1, W
Ry=> 1—W :

where W = cpi(o, p) + p3mc2 is the kinetic energy of an electron. Dirac then looks for a
“permanent state for which the equation of motion i#R = HR —RH reduces to HR — RH
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=0” (p. 139). In particular Dirac looks for a solution of the form R = Ry + R; where R,
is a quantity of first order in V. Dirac considers that

the quantity that interests us is the electric density corresponding to the distribution R;. In order to obtain
it we must form the diagonal sum of R;, with respect to the spin variables, and then take the general
diagonal element, multiplied by —e, of the resultant matrix with respect to the position variables x. (p.
140)

Dirac denotes this quantity by D(R;). Dirac found that when doing the integration of the
expression for D(R;), “the result contains an infinite logarithm” (p. 141). Dirac’s
reaction was to use a cut off which rendered the result finite. But, according to Dirac
there is a physical justification in the use of a cut off:

We could believe, at first sight, that the presence of that infinity renders the theory unacceptable.
However, we cannot assume that the theory applies when it is a question of energies greater than the order
of 137mc* and the most reasonable way to proceed seems to be to limit arbitrarily the domain of
integration to a value of the momentum ... corresponding to electron energies of the order indicated. (p.
141)

This is an important point. As we have seen, Dirac had mentioned that

quantum mechanics does not seem applicable to phenomena which involve distances of the order of the
classical radius e*/mc’, since the present theory can in no manner discuss the structure of the electron ...
such distances, considered as electron wavelengths, correspond to energies of the order (hc/e®)(me?) [=
137mc?]. (pp. 136-137)

This goes along the lines of Bohr’s views on quantum electrodynamics. In Bohr’s terms
an unbound limit of integration would mean to apply the theory not taking into account
the physical assumptions used to set up the theory, since we would be disregarding that
the theory treats the electron as a point-charge; in it we are always considering distances
larger than the electron’s ‘diameter’ (Bohr, 1932b, pp. 63-64). In his Faraday lecture
Bohr mentioned that

The scope of the quantum mechanical symbolism is essentially confined, however, to problems where the
intrinsic stability of the elementary electrical particles can be left out of consideration in a similar way as
in the classical electron theory. In this connexion, it must not be forgotten that the existence of the
electron even in classical theory imposes an essential limitation on the applicability of the mechanical
and electromagnetic concepts. Indeed, the finite propagation of electromagnetic forces brings with it the
existence of a fundamental length, the so-called “electron diameter” defining a lower limit for the
extension of the region where the idealization according to which the electron is considered as a charged
material point is justifiable. Not only would a concentration of the charge of the electron within a smaller
space result in an essential modification of its mass, but we even meet here with a limitation of the
unambiguous use of the idea of inertial mass. In fact, we lose any simple basis for a sharp separation
between ponderomotoric forces and radiative reactions when we consider processes in which the electron
undergoes a velocity change of the same order as the velocity of light within a length of path equal to the
electron diameter. It is true that such considerations lose their significance to a large extent on account of
the existence of the quantum of action which imposes an essential limit to the analysis of motion. The
fertility of quantum mechanics as applied to the problem of atomic stability lies just in the fact that the
linear dimensions of the regions ascribed to even the firmest electron-bindings outside the nucleus are
still very large compared with the classical electron diameter. (Bohr, 1932a, pp. 377-378 [my emphases])

Returning to Dirac’s take on the logarithmically divergent integral, Dirac considered
that

if P is the value of the vector momentum ... to which we limit the integration domain, the final result,
obtained after a complicated integration, is:
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where p is the electric density producing the potential V, so that
V2V = —4np,

and where the terms containing the derivatives of p of order greater than second have been neglected.
(Dirac, 1934a, p. 141)

Now, Dirac’s view was that we could not apply the theory for energies greater than
137mc”. This means taking the cut off P to be of order 137mc. For this cut off value the

first term in the expression for —e(X|D(R1)|X) is equal to —(e*/ hc) p (Dirac took the

second term not to be an important correction in the present conditions). Dirac’s
interpretation of this result is as follows:

As a result of the foregoing calculation, it would seem that the electric charges which one ordinarily
observes on electrons and protons and the other particles of physics are not the actual charges which these
particles carry (appearing in the fundamental equations) but are all slightly smaller, in a ratio of about
136/137. (Quoted in Schweber, 1994, pp. 115-116)

Dirac tried to improve his approach by presenting a more systematic procedure,
which, contrary to the previous case (Dirac 1934a), was relativistic and might be
applied to the case of external time-dependent fields. In a letter to Bohr of November
10, 1933, Dirac mentioned his new approach:

I have been working at the problem of the polarization of the distribution of negative-energy electrons,
from a relativistic point of view. If I have not made a mistake, then there is just one relativistically
invariant, gauge invariant treatment, which gets over all the difficulties connected with the infinites, to the
accuracy with which the Hartree-Fock method applies ... T have not yet seen whether this relativistic
treatment leads to any kind of compensation of charge arising from the vacuum polarization. (Quoted in
Schweber, 1994, p. 117)

In his development of the density-matrix formalism Dirac again considers the
density matrix R; and again it is considered that

each electron moves in a definite electromagnetic field, which is the same for all electrons. This field will
consist of a part coming from external causes and a part coming from the electron distribution itself, the
precise way in which the latter part depends on the electron distribution being one of the problems we
have to consider. (Dirac, 1934b, p. 146)

Dirac’s objective was to find “some natural way of removing infinities from
zk (xt|R|xt)kk and zk (xt|ocsR|xt)kk [which is the current density] so as to leave finite
remainders” (p. 148).

In the case of no external field, Dirac found that the singularities of
(x‘t‘|R|x"t")k,k,, all occurred in the light cone (p. 151). In the case of an external field
present, Dirac supposed “that the singularities are of the same form as in the case of no
field, but have unknown coefficients” (p. 152). Dirac showed that the density matrix

could be divided into two parts R = R, + Ry, where R, contains all the singularities and
“the electric and current densities corresponding to Ry are those which are physically
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present, arising from the distribution of electrons and positrons. (p. 156). Dirac’s idea
was that with this division of R in two parts “we can remove the infinities” (p. 156).

Since the singularities were located in the light cone, this means that when x = x” —
x> # 0 R, 1s finite. According to Pais, “Dirac’s prescription for extracting finite results
was: first subtract these singular terms, then let x — 07 (Pais, 1986, p. 382). Also,
according to A. 1. Miller, “the intent, of course, is to propose a counter-term — R, so
that R — R, and, consequently, the measured charge densities are finite. This will be
accomplished by Heisenberg” (Miller, 1994, p. 60).

The uniqueness of Dirac’s subtraction method was immediately questioned (Miller,
1994, p. 60; Pais, 1986, p. 383). Heisenberg tried to improve Dirac’s method, and in the
process, due to his use of a second quantized version of Dirac’s formalism in which
electron and positrons were treated in a symmetrical way, came up with the existence of
an “infinite self-energy of the light-quanta” (Heisenberg, 1934, p. 186). According to
Heisenberg, when “compared to Dirac’s treatment, [his] paper emphasizes the
significance of the conservation laws ... and the necessity of formulating the basic
equations of the theory in a manner extending beyond the Hartree approximation” (p.
169). In the first part of his paper Heisenberg used the density matrix formalism.
Following Dirac’s approach Heisenberg considers that “one will have to subtract from
the density matrix [Rs] another density matrix [S] which is determined uniquely by the
external fields, in order to obtain the ‘real’ density matrix [r, i.e. a density matrix
without singularities]” (p. 171). The problem with Dirac’s method is according to
Heisenberg that it does not provide a unique specification for S and because of this for
the equation of motion of the system (p. 172). Heisenberg’s idea is that “by taking into
account the conservation laws of charge, energy, and momentum, the possibilities for S
can be restricted insofar that a particular value can be distinguished as the simplest
assumption” (p. 172). Heisenberg went on to calculate the vacuum polarization,
obtaining a corrected second term for the induced charge density (Miller, 1994, p. 64).
Like Dirac, Heisenberg took this term as having no physical significance. This is not the
case. As shown in 1935 by E. Uehling, this term yields measurable effects. Uehling
found for the hydrogen atom the level 2S to be displaced by Av = —27 megacycles per
second (Pais, 1986, p. 383).

In the second part of his paper Heisenberg extended the formalism, treating the
Dirac wave function as a quantized Dirac field and also treating the electromagnetic
field as a quantized field. In this part Heisenberg gave a symmetrical treatment to
electrons and positrons being both treated on equal footing as quanta of the quantized
Dirac field (Heisenberg, 1934, p. 183). Adopting Hamiltonian methods, Heisenberg
noted that the subtraction of infinites could be done order by order in perturbation
theory, noticing nevertheless the presence of self-energy-like terms that the subtraction
procedure could not remove (Schweber, 1994, p. 118). According to Heisenberg “the
perturbation method can be continued in principle, unless an infinite self-energy causes
the method to diverge” (Heisenberg, 1934, p. 184).

This formalism enabled Heisenberg to treat, in particular, the creation and
annihilation of electron-positron pairs. Heisenberg found that the process by which a
photon creates an electron-positron pair, which subsequently annihilates creating a
photon, gives rise to a logarithmically divergent term. Heisenberg interpreted this term
(in analogy to the electron’s self-energy) as the (infinite) self-energy of the light quanta:
“we shall treat the matter density associated with a light quantum and in particular the
self-energy of the light quantum derived on the basis of this matter density ... The
energy of this matter field becomes infinite, in precise analogy to the infinite self-energy
of the electrons” (p. 185).
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Regarding the self-energy problems there was not much improvement during the
thirties. The only solid result was V. F. Weisskopf’s demonstration that the electron
self-energy is ‘only’ logarithmically divergent (Pais, 1986, p. 385). Going back to
Oppenheimer’s calculation of the electron’s self-energy (Oppenheimer, 1930b),
Oppenheimer found using single-particle theory (i.e. Dirac’s equation as a one-electron
equation) a new quantum-mechanical term in the electron’s self-energy that diverges
quadratically. Weisskopf completed in early 1934 a second-order calculation of the
electron’s self-energy in hole theory (Weisskopf, 1934, p. 158). Weisskopf divided the
electron’s electromagnetic field in two parts: a rotation-free part and a divergence-free
part. According to Weisskopf the electrostatic self-energy is given by

1
s_ 1 Va7
B =2 [podr,
and the electrodynamic self-energy is given by
EP :_lj(i/& )dF
2 Tt Tt

where iy is the divergent-free part of the current density. Expanding the self-energy
operators by powers of the electric charge, in the second-order calculation only terms
proportional to e” are kept. The electrostatic self-energy calculated in the Dirac single-
electron theory diverges linearly. Weisskopf made his calculation in hole theory, i.e.
considering a multi-electron system where all the states with negative energy are
occupied. According to Weisskopf, “to calculate the self-energy of a multi-electron
system, it is advantageous to use the method of quantized waves, in which the charge
and current densities act as operators on the eigenfunctions, whose variables are the
occupation numbers N¥(p) of the stationary states p*, k=1, ..., 4 of the free electron” (p.
160). He then calculated the diagonal element of the self-energy operator E® for a
particular occupation of states. In this way, in the expression for the electrostatic self-
energy there is a summation over all the negative-energy states plus the occupied
positive-energy state: the electron whose self-energy we want to calculate. Weisskopf
found that “the electrostatic self-energy diverges logarithmically in the ‘hole’ theory”
(p. 163). In this work Weisskopf made a mistake in the calculation of the
electrodynamic part of the self-energy, obtaining initially a quadratic divergence (like in
Oppenheimer’s calculation). Soon after W. Furry called Weisskopf’s attention to his
error. In a correction to his first paper, also published in 1934, Weisskopf presented the
corrected result. He found like in the case of the electrostatic part of the self-energy that
in Dirac’s hole theory E® also had a logarithmic divergence (Miller, 1994, p. 61).*!
Writing to Weisskopf in February 1935, Heisenberg called attention to a shortcoming in
Weisskopf’s calculation. Heisenberg repeated Weisskopf’s calculation and found that

2 dk
B=——  om’?+p)[&
h'm2c2+p2( p).[k

3! In 1939 Weisskopf showed that the self-energy of the electron was logarithmically divergent to every
approximation in an expansion of the self-energy in powers of the fine structure constant
o (Weisskopf, 1939).
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Heisenberg found these results suspicious because

(m*c? —4/3)p2 d?k

one must expect on relativistic grounds that
2
E*+E° = constant%Jch2 +p’ J‘% (Quoted in Schweber, 1994, p. 125)

According to Schweber, “the lack of proper relativistic covariance was to plague all
self-energy calculations in the prewar period” (Schweber, 1994, p. 125).

3 The submergence of infinites in quantum electrodynamics

Things changed drastically in 1947, with W. Lamb’s experimental results on the shift of
the 2281/2 state relative to the 22P1/2 states in the hydrogen atom. H. A. Bethe coming
from a conference in Shelter Island, held on 2-4 June 1947, did some calculations on a
train going from New York to Schenectady. In the conference W. Lamb presented his
recent results on the level shift. Bethe made a nonrelativistic calculation of the Lamb
shift, taking into account the suggestion by J. Schwinger, Weisskopf, and Oppenheimer
that the self-energy of the electron was responsible for the shift in the energy levels, and
Kramers’s idea of mass renormalization (Pais, 1986, pp. 455-456; Schweber, 1994, p.
228-231). According to Bethe: “Kramers suggested that what one really ought to do was
to renormalize the mass of the electron, taking into account its interaction with its own
electromagnetic field. Then only those parts of the self-energy which are not contained
in the mass of the particle would be observable” (quoted in Mehra & Rechenberg, 2001,
p. 1039). Bethe calculated the self-energy W of a bound electron and subtracted to it the
self-energy W, of a free electron (with the same average kinetic energy). This
corresponds to Kramers’s idea of mass renormalization. The difference W—W, was
according to Bethe “the true shift of the levels due to interactions” (quoted in Schweber,
1994, p. 231). This expression is logarithmically divergent. Bethe considered that there
should be (in the relativistic theory) a natural cut-off at energies around mc” (which is
not the case). By taking into account this ad hoc cut-off, Bethe was able to obtain a
result in good agreement with the observed value.

As seen above, the idea of renormalization, in the case of the electron’s charge, was
basically present in Dirac’s report to the Solvay conference of 1933 (Dirac, 1934a). His
ideas are stated more clearly in the letter to N. Bohr written after the preparation of the
report:

We then have a picture in which all the charged particles of physics, electrons, atomic nuclei, etc. have
effective charges slightly less than their real charges, the ratio being about 136/137. The effective charges
are what one measures in a// low energy experiments, and the experimentally determined value of e must
be thz% effective charge of an electron, the real value being slightly bigger. (Quoted in Schweber, 1994, p.
116)

32 Another statement of the idea of charge renormalization due to the effect of the vacuum polarization
can be seen in Weisskopf’s paper on vacuum polarization from 1936. According to Weisskopf “the
polarizability could in no way be observed, but would only multiply all charges and field strengths by a
constant factor” (Weisskopf, 1936, p. 208).
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A similar approach regarding the electron self-energy started to emerge in the end of the
thirties, in Dirac’s own work, and in H. A. Kramers’s investigation of the
renormalization of the electromagnetic mass at the classical level (as a first step for
dealing with the problem at the quantum level). Kramers’s intention was to sidestep the
problem by obtaining a consistent model for a finite size electron — that avoided the
classical self-energy divergence —, considering from the start the experimental mass of
the electron (that contained the mechanical mass and the electromagnetic mass). In this
way Kramers “tried to present the theory in such a fashion that the questions of the
structure and the finite extension of the particles are not explicitly involved and that the
quantity that is introduced as the ‘particle mass’ is from the very beginning the
experimental mass” (Kramers, 1938, p. 254). But mass renormalization was only put to
use in quantum electrodynamics in 1947, in the quantum-mechanical (non-relativistic)
train-ride calculation of Bethe.

A few months after the conference, Schwinger worked on a non-covariant
relativistic calculation of the Lamb shift using the mass and charge renormalization
recipe, and obtained finite results to order e*/hc. Knowing of G. Breit’s suggestion that
the electron might have an intrinsic magnetic moment different from the one predicted
by the Dirac equation — that explained the discrepancy with the experimental results
regarding the hyperfine structure of the hydrogen atom —, Schwinger calculated the so-
called anomalous magnetic moment for an electron in an externally applied
homogeneous magnetic field, which accounted for the previous hyperfine discrepancies
between theory and experiment (Mehra & Rechenberg, 2001, p. 1045). Schwinger
published his results in a short note from late December 1947. This note did not include
the precise results of his Lamb shift calculations due to discrepancies between the
Coulomb (Lamb shift) and the magnetic field (anomalous magnetic moment)
calculations, because there existed a difference in the result for the magnetic moment in
the case of the electron in an atom and a free electron (Schweber, 1994, p. 319; Mehra,
1994, pp. 238-239). In this brief note Schwinger presented his view on the need for
renormalization in quantum electrodynamics. According to Schwinger

Attempts to evaluate radiative corrections to electron phenomena have heretofore been beset by divergent
difficulties, attributable to self-energy and vacuum polarization effects. Electrodynamics unquestionably
requires revision at ultra-relativistic energies, but is presumably accurate at moderate relativistic energies.
It would be desirable, therefore, to isolate those aspects of the current theory that essentially involve high
energies, and are subject to modification by a more satisfactory theory, from aspects that involve only
moderate energies and are thus relatively trustworthy. This goal has been achieved by transforming the
Hamiltonian of current hole theory electrodynamics to exhibit explicitly the logarithmically divergent
self-energy of a free electron, which arises from the virtual emission and absorption of light quanta. The
electromagnetic self-energy of a free electron can be ascribed to an electromagnetic mass, which must be
added to the mechanical mass of the electron. Indeed, the only meaningful statements of the theory
involve this combination of masses, which is the experimental mass of a free electron. It might appear,
from this point of view, that the divergence of the electromagnetic mass is unobjectionable, since the
individual contributions to the experimental mass are unobservable. However, the transformation of the
Hamiltonian is based on the assumption of a weak interaction between matter and radiation, which
requires that the electromagnetic mass be a small correction (~(e*/hc)my) to the mechanical mass my ...It
is important to notice that the inclusion of the electromagnetic mass with the mechanical mass does not
avoid all divergences; the polarization of the vacuum produces a logarithmically divergent term
proportional to the interaction energy of the electron in an external field. However, it has long been
recognized that such a term is equivalent to altering the value of the electron charge by a constant factor,
only the final value being properly identified with the experimental charge. Thus the interaction between
matter and radiation produces a renormalization of the electron charge and mass, all divergences being
contained in the renormalization factors. (Schwinger, 1948a, p. 416)
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The calculations mentioned in the note were done using non-covariant hole-theoretic
methods. This is the motive for the discrepancy in the calculations. Afterwards,
Schwinger developed a covariant formulation of the Heisenberg and Pauli quantum
electrodynamics. Nevertheless, “there were a great many ambiguities in the procedure”
(Schweber, 1994, p. 333) of identifying the divergent contributions. Also the calculation
method was terribly complicated and threatened to become insurmountable in higher-
order calculations.

A key aspect of Schwinger’s covariant formulation was the deduction of an equation
(later known as Tomonaga-Schwinger equation) that was a manifestly Lorentz covariant
generalization of the Schrédinger equation. This was a functional derivative equation
that describes the state function y as a functional Y[ ¢ ] of a general three-dimensional
surface © in space-time:

ihc&"—["] = H(x, t) y[o].
d6(x)

According to J. A. Wheeler’s notes on Schwinger’s presentation of his covariant
formulation at the Pocono conference (held from March 30 to April 2, 1948), “these
equations contain nothing more than Heisenberg-Pauli formalism and would not be
required if one knew how to carry out Heisenberg-Pauli calculations consistently”
(quoted in Schweber, 1994, p. 324). Schwinger applied his formalism in the
determination of the radiative corrections to the motion of an electron in an external
electromagnetic field, i.e. the calculation of the anomalous magnetic moment and the
Lamb shift.

At the Ann Arbor summer school (from July 19 to August 7, 1948), Schwinger gave
a more detailed presentation of his formalism including an improved treatment of
vacuum polarization. The value for the Lamb shift given by Schwinger was

—In2+=——+—[=1040Mc,
8 5 2

which includes the 1/5 Uehling term, and where the 1/2-term is the magnetic moment
effect (which were not included in the expression Schwinger presented at the Pocono
conference).
Schwinger’s lectures were based on his paper ‘quantum electrodynamics I’ (Schwinger
1948b) and a first draft of a sequel where Schwinger applied the formalism to determine
the vacuum polarization and the self-energy (Schwinger 1948c).

In the introduction to the first paper Schwinger gave further insights on his views
regarding quantum electrodynamics. According to Schwinger

The unqualified success of quantum electrodynamics in applications involving the lowest order of
perturbation theory indicates its essential validity for moderately relativistic particle energies. The
objectionable aspects of quantum electrodynamics are encountered in virtual processes involving particles
with ultra-relativistic energies. The two basic phenomena of this type are the polarization of the vacuum
and the self-energy of the electron.

The phrase “polarization of the vacuum” describes the modification of the properties of an
electromagnetic field produced by its interaction with the charge fluctuations of the vacuum. In the
language of perturbation theory, the phenomenon considered is the generation of charge and current in the
vacuum through the virtual creation and annihilation of electron-positron pairs by the electromagnetic
field. If the electromagnetic field is that of a light quantum, the vacuum polarization effects are equivalent
to ascribing a proper mass to the photon. Previous calculations have yielded non-vanishing, divergent
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expressions for the light quantum proper mass. However, the latter quantity must be zero in a proper
gauge invariant theory. The failure to obtain this result from a gauge invariant formulation can be
ascribed only to a faulty application of the theory, rather than to an essential deficiency thereof. When the
electromagnetic field is that of a given current distribution, one obtains a logarithmically divergent
contribution to the vacuum polarization current which is everywhere proportional to the given
distribution. This divergent result expresses the possibility, according to the present theory, of creating
electron-positron pairs with unlimited energy, a situation that presumably will be corrected in a more
satisfactory theory. Thus the physically significant divergence arising from the vacuum polarization
phenomenon occurs in a factor that alters the strength of all charges, a uniform renormalization that has
no observable consequences other than the conflict with empirical finiteness of charge.

The interaction between the electromagnetic field vacuum fluctuations and an electron, or more
exactly, the electron-positron matter field, modifies the properties of the matter field and produces the
self-energy of an electron. The mechanism here under discussion is commonly described as the virtual
emission and absorption of a light quantum by an otherwise free electron ... in a Lorentz invariant theory,
self-energy effects for a free electron can only result in the addition of an electromagnetic proper mass to
the electron’s mechanical proper mass. Calculations performed for a stationary electron have yielded a
logarithmically divergent electromagnetic proper mass, a divergence that results from the possibility of
emitting light quanta with unlimited energy ... the electromagnetic proper mass merely produces a
renormalization of the electron mass that has no observable consequences, other than the conflict with the
empirical finiteness of mass.

It is evident that these two phenomena are quite analogous and essentially describe the interaction of
each field with the vacuum fluctuations of the other field. The effect of these fluctuation interactions is
simply to alter the fundamental constants e and m, although by logarithmically divergent factors.
However, it may be argued that a future modification of the theory, inhibiting the virtual creation of
particles that possess energies many orders of magnitude in excess of mc’, will ascribe a value to these
logarithmic factors not vastly different from unity. The charge and mass renormalization factors will then
differ only slightly from unity, as befits a perturbation theory, in consequence of the small coupling
constant for the matter and electromagnetic fields, e*/4nhc = 1/137. (Schwinger, 1949b, pp. 1439-1440)

It is important to notice that Schwinger considers that the divergences result from
‘virtual processes involving particles with ultra-relativistic energies’. These virtual
processes came about in perturbative calculations. They are basically the transitory
states Dirac found in his second order perturbation theory (see chapter 5; see also
chapter 7 for a treatment of virtual quanta). As Schwinger writes, in the ‘language of
perturbation theory’ we have, in what regards the vacuum polarization, the creation and
annihilation of transitory (virtual) electron-positron pairs. The most interesting aspect of
Schwinger’s view is that he considers that a possible future modification of the theory
might exclude virtual states with energies ‘many orders of magnitude in excess of mc>’.
This is Dirac’s subtraction physics with a cut off. The difference is that Schwinger is
hoping for a future more elaborated theory with a ‘natural’ cut off, while Dirac presents
the cut off as a necessary ‘patch’ to maintain the calculation within a mathematical
domain where the physical concepts make sense (in this case the abstraction of the
electron as a point-like electron; see also chapter 5). To put it simply, Dirac (with Bohr)
is seeing a conceptual inconsistency when considering integrals without an energy cut
off, where Schwinger (as other renormalization physicists) sees basically a
mathematical problem to be solved in a future better theory.

Back in Cornell (from the conference in Shelter Island) in early July 1947, Bethe
gave a lecture on his non-relativistic calculation of the Lamb shift, which R. P.
Feynman attended. According to Feynman:

He explained that it gets very confusing to figure out exactly which infinite term corresponds to what in
trying to make the correction for the infinite change in mass. If there were ... any modification whatever
at high frequencies, which would make this correction finite, then there would be no problem at all to
figuring out how to keep track of everything ... if in addition this method were relativistically invariant,
then we would be absolutely sure how to do it without destroying [relativistic invariance]. (Feynman,
1965, p. 170)
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Feynman considered first the case of determining a relativistic cut-off for classical
electrodynamics. Using his path-integral method, Feynman, following Bethe’s idea,
replaced a delta function appearing in the interaction term of the action by an invariant
function dependent on a cut-off parameter that made all results finite; this procedure
corresponding to a ‘regularization’ of the theory. Feynman would then renormalize the
mass, putting the bare mass and the now finite electromagnetic mass under the umbrella
of the experimental mass.

Feynman did not manage to derive the Dirac equation using his path-integral
method. So, by ‘guessing’ he was able to use an invariant regularization method based
on a cut-off with the Dirac theory of the electron (Mehra, 1994, pp. 229-234). Feynman
developed his “little theory of electrodynamics in which the interaction is not exact on a
delta function” (quoted in Schweber, 1994, p. 427) as if it was different from the
conventional electrodynamical theory. In his 1948 paper on the relativistic cut-off,
Feynman presented his method as “a model, for which all quantities automatically do
come out finite” (Feynman, 1948, p. 1430). This does not mean that Feynman rejected
the renormalization method. In his calculations he performed the mass and charge
renormalization, but he saw his method as an “attempt to find a consistent modification
of quantum electrodynamics” (Feynman, 1949b, p. 778). Because it was inconsistent,
the correct physics had to be obtained by making the renormalization of mass and
charge, and obtaining expressions independent of the cut-off parameter by making the
cut-off parameter go to infinity after renormalization (Feynman, 1962, p. 145).

In between the Shelter Island and the Pocono conferences, Feynman, after
developing a relativistic cut off procedure for classical electrodynamics, extended this
approach to the case of a spinless relativistic particle, being able to obtain a relativistic
generalization of the expression Bethe had used in his calculations. By applying this
approach to the Dirac electron (following an intuitive procedure suggested by Bethe),
Feynman was able to obtain Weisskopf’s expression for the self-energy (now depending
logarithmically on Feynmam’s cut off parameter). In a letter (from late autumn) written
to Bert and Mulaika Corber, Feynman commented on his ongoing work:

There was so much talk around here about self-energy, that I thought it would be the easiest thing to
calculate directly in my form. The result is exactly the same as one gets for ordinary perturbation theory
... It therefore also gives infinity. I then altered the delta function in the interaction to be a sum of less
sharp function. This corresponds to a kind of finite electron. Then the self-energy of a non-relativistic
particle is finite. (Quoted in Schweber, 1994, p. 423)

At the Tenth Washington Conference on Theoretical Physics (held on 13-15
November 1947), Feynman attended a talk by Schwinger. Feynman was interested in a
remark made by Schwinger, referring to the fact that, according to Feynman’s
recollections on the conference, “the discrepancy in the hyperfine structure of the
hydrogen noted by Rabi, can be explained on the same basis as that of electromagnetic
self-energy, as can the line shift of Lamb” (quoted in Mehra, 1994, p. 236). After the
conference Feynman did the calculation of the anomalous magnetic moment using his
approach.

In a letter to the Corbers from middle January 1948 we already see an outline of
Feynman’s regularization approach to the problem of the infinites in quantum
electrodynamics:

I have been working with a theory of electricity in which the delta function interaction is replaced by a
less sharp function. Then (in quantum mechanics) the self-energy of an electron including the Dirac hole
theory comes out finite ... actually, the self-energy comes out finite and invariant and is therefore
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representable as a pure mass ... thus all mass cannot be represented as electrodynamic unless the cutoff is
ridiculously short. The experimental mass is of course the sum of inertial and this electromagnetic
correction ... I think all the problems of electrodynamics can be unambiguously solved by this process:
First compute the answer which is finite (but contains the cutoff logarithm). Then express the result in
terms of the experimental mass. The answer still contains the cutoff but this time not logarithmically.
Take the limit which now exists, as the cutoff goes to infinity. (Quoted in Schweber, 1994, p. 426)

In the meeting of the American Physical Society that took place at the end of
January 1948, Schwinger reported on his results regarding the anomalous magnetic
moment of a free electron and his results for the Lamb shift (published on his note from
December 1947). In this talk Schwinger mentioned that his results for the anomalous
magnetic moment for an electron in a magnetic field did not agree with the value
obtained for an electron in a Coulomb field. Feynman mentioned then that he had got
things right, i.e. the same result for the magnetic moment of an electron, in both cases of
a free or bound electron (Mehra, 1994, pp. 238-239). In his approach Feynman was not
working with Dirac’s hole theory, but thinking in terms of paths (in space-time) and
representing the positrons as electrons going backwards in time (Schweber, 1994, p.
428).

By the time of the Pocono conference Feynman had a working approach that
enabled him to calculate the anomalous magnetic moment, Lamb shift and cross
sections for diverse processes. What Feynman did not have was a way to deal with the
vacuum polarization, which in Feynman’s approach was connected with so-called
closed loops (i.e. paths that give rise to an infinite polarizability of vacuum). In his
presentation Feynman was still hoping that it was possible to get a consistent theory
without using loops (Schweber, 1994, p. 443). That was not the case.

After the Pocono conference Feynman decided to write down his work in a set of
papers. The first addressed the relativistic cut off for classical electrodynamics. The next
an extension of this approach to the case of quantum electrodynamics. In this paper
Feynman got the results for the self-energy obtained previously by Weisskopf and
Bethe; and it included a discussion of the scattering of an electron by a (classical)
potential. In this paper Feynman considered only processes in which the photons
appeared only in the intermediate states of the perturbative calculations. Feynman found
that he could simply take on equal footing the four polarizations of the photon,
transverse, longitudinal, and scalar, in a relativistic and gauge invariant way. All this
before the Gupta-Bleuler method. This state of affair was possible because Feynman
was considering the case where all the light quanta are virtual. As W. Heitler stresses in
his classical book on quantum electrodynamics, “we can compute the transition
probability by choosing an initial state without longitudinal and scalar photons, ignoring
the Lorentz condition in the meantime, and by calculating only the probabilities of final
states which have no longitudinal and scalar photons” (Heitler, 1954, p. 130). In the
case of Feynman’s calculation we do not even have transverse photons in the initial and
final states. In this paper Feynman had still not found a way to deal with the infinites
related to the vacuum polarization. We can know about Feynman’s progress on the
vacuum polarization problem from a letter from late 1948:

In regards to “Q.E.D.” as you put it, I don’t have a cold dope. I can calculate anything, and everything is
finite, but the polarization of the vacuum is not gauge-invariant when calculated. This is because my
prescription for making the polarization integral converge is not gauge-invariant. If I threw away the
obvious large gauge-dependent term (a procedure which I can not justify legally, but which is practically
unambiguous) the result is a charge renormalization plus the usual Uehling term. The amount of charge
renormalization depends logarithmically on the cut-off. The Uehling terms are practically independent on
the cut-off and give the usual —1/5 in the Lamb shift. (Quoted in Mehra, 1994, p. 265)
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By the end of January 1949 Feynman learned about the Pauli-Villars regularization
procedure that enables a gauge-invariant regularization of the vacuum polarization. By
the spring of 1949 he had all the elements together and published his two most
important papers on quantum electrodynamics, where his approach was presented and
put to use.

In his ‘The theory of positrons’, submitted on 8 April 1949, Feynman begins by
presenting his idea of positrons as electrons moving backward in time. In the abstract
Feynman writes:

the problem of the behavior of positrons and electrons in given external potentials, neglecting their
mutual interaction, is analysed by replacing the theory of holes by a reinterpretation of the solutions of the
Dirac equation. It is possible to write down a complete solution of the problem in terms of the boundary
conditions on the wave function, and this solution contains automatically all the possibilities of virtual
(and real) pair formation and annihilation together with the ordinary scattering processes, including the
correct relative signs of the various terms.

In this solution, the “negative energy states” appear in a form which may be pictured (as [done] by
Stiickelberg) in spacetime as waves travelling away from the external potential backwards in time.
(Feynman, 1949a, p. 749)

In here we see Feynman talking about solutions with appropriate boundary conditions,
not the equations themselves. In the introduction we start seeing how Feynman thought
about physical processes as described in his scheme:

In the approximation of classical relativity theory the creation of an electron pair (electron A, positron B)
might be represented by the start of two world lines from the point of creation, 1. The world lines of the
positron will then continue until it annihilates another electron, C, at a world point 2. Between the times t;
and t, there are then three world lines, before and after only one. However, the world lines of C, B, and A
together form one continuous line albeit the “positron part” B of this continuous line is directed
backwards in time. Following the charge rather than the particles corresponds to considering this
continuous world line as a whole rather than breaking it up into its pieces. It is as though a bombardier
flying low over a road suddenly see three roads and it is only when two of them come together and
disappear again that he realizes that he has simply passed over a long switchback in a single road.

This over-all space-time point of view leads to considerable simplification in many problems. (p.
749)

Feynman then relates his ‘over-all space-time view’ to his path integral approach to
quantum mechanics. Feynman begins by “a brief discussion of the relation of the non-
relativistic wave equation to its solution” (p. 750). It goes as follows. Starting with the
Schrodinger equation i0y/ot = Hy, if y(x;, t;) is the solution at x; at time t;, then the
wave function for t, > t; is given by

Y(x,,t,)= J-K(Xzatz;xla tOw(x,, tl)d3X1 >
where the green function K is given by

K(2.1)=>0,(x,)d, (x,)exp(-iE, (t, - t,))

(E, and 0, are the eigenvalues and eigenfunctions of the operator H in the case of a free
particle). Feynman calls “K(2, 1) the total amplitude for arrival at x,, t, starting from x;,
t;. (It results from adding an amplitude, exp(iS), for each space time path between these
points, where S is the action along the path)” (p. 750).
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In the case of a particle in a weak external potential U (x, t), differing from zero for t
between t; and t,, we can expand K in increasing powers of U:

K2, 1)=Ko2, ) +KP2, 1) + K@, 1) + .

To zero order in U, K is that for a free particle: Ko(2, 1). In first order of perturbation
theory K(l)(2, 1) results from the action of the potential U at some time t; (between t;
and t;). From t; to t3, and from t; to t, the particle is free. In this way it can be shown
that K)(2, 1) is given by

KV2,1)=—i j K,(2,3)UB)K,(3,1)d,.

In Feynman’s explanation of the meaning of these formulas we see how his over-all
space-time approach goes:

We can imagine that a particle travels as a free particle from point to point, but is scattered by the
potential U. Thus the total amplitude for arrival at 2 from 1 can be considered as the sum of the
amplitudes for various alternative routes. It may go directly from 1 to 2 (amplitude ko(2, 1)) ... or it may
go from 1 to 3 (amplitude ky(3, 1)), get scattered there by the potential (scattering amplitude —iU(3) per
unit volume and time) and then go from 3 to 2 (amplitude ky(2, 3)). This may occur for any point 3 ...
Again it may be scattered twice by the potential ... It goes from 1 to 3 (ko(1, 3)), gets scattered there (—
iU(3)) then proceeds to some other point, 4, in space time (amplitude ko(4, 3)) is scattered again (—iU(4))
and then proceeds to 2 (ky(2, 4)). Summing over all possible places and times for 3, 4 find that the second
order contribution to the total amplitude k(2, 1) is

(—i)* j j K, (2,4 U)K, (4,3)U)K, (3,1)dt,dt,. (p. 751)

After presenting his approach in the case of non-relativistic quantum mechanics
Feynman addresses the relativistic case. Starting with Dirac’s equation (iV — m)y = Ay,
for a particle of mass m in an external potential A, the equation determining the
propagation of a free particle is (iV, — m) K«(2, 1) = id(2, 1). In analogy to the non-
relativistic case, the first order and second order corrections to K.(2, 1) are given by

K,"@,1)=—i j K., (2,3)A3)K, (3,1)dr,
K.?2,1)=- j j K, (2,HAAK, (4,3)AR)K, (3,1)dr,d1, .

The core part of this paper is the selection of the admissible solutions according to
Dirac’s hole theory (related to his ‘positrons as electrons moving backward in time’
view):

We would now expect to choose for the special solution of [the equation for K,(2, 1)], K. = K, where
Ko(2, 1) vanishes for t, < t; and for t, > t; is given by [the equation for K(2,1)] where ¢, and E, are the
eigenfunctions and energy values of a particle satisfying Dirac’s equation ... The formulas arising from
this choice, however, suffer from the drawback that they apply to the one electron theory of Dirac rather
than to the hole theory of the positron ... the choice K+ = K, is unsatisfactory. But there are other
solutions of [the equation for K.(2, 1)]. We shall choose the solution defining K.(2, 1) so that K.(2, 1) for
ty >ty is the sum of [the equation for K(2, 1)] over positive energy states only. ... With this choice of
[K.(2, 1)] our equations such as [the previous one for K.’(2, 1)] and [the previous one for K.®(2, 1)]
will now give results equivalent to those of the positron theory. (p. 752)
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In this paper Feynman only considered the case of several non-interacting particles,
leaving the problem of interacting particles to his next paper.

In “Space-Time Approach to Quantum Electrodynamics”, sent to publication on 9
May 1949, Feynman put forward the regularization procedure he had been developing
within his over-all space-time view. Feynman addressed first the case of particles
interacting instantaneously, which could then be easily generalized to the case of
delayed interactions. As in the case of the previous paper Feynman considers

the solutions of equations rather than the time differential equations from which they come. We shall
discover that the solutions, because of the over-all space-time view that they permit, are as easy to
understand when interactions are delayed as when they are instantaneous. (Feynman, 1949b, p. 771)

Using the methods of the previous paper, Feynman addresses the case of two interacting
particles, considering first the non-relativistic case described by the Schrodinger
equation. In the case of two free particles the amplitude is given by

K(Xa; Xb7 t; Xa,, Xb’y t,) = KOa(Xa; t; Xa,, t,)KOb(Xba t; Xb” t,)

where x,” and x;,” are the positions of the particles at time t’, and x, and x;, the positions
of the particles at a later time t. We can also define the amplitude

Ko(3, 4; 1, 2) = Koa(3, DKob(4, 2)

that the particle a goes from x; at t; to x5 at t; and that particle b goes from x; at t, to x4
at t4. According to Feynman

When the particles do interact, one can only define the quantity K(3, 4; 1, 2) precisely if the interaction
vanishes between t; and t, and also between t; and t,. In a real physical system such is not the case. There
is such an enormous advantage, however, to the concept that we shall continue to use it, imagining that
we can neglect the effect of interactions between t; and t, and between t; and t4. For practical problems
this means choosing such long time intervals t; — t; and t; — t, that the extra interactions near the end
points have small relative effects. As an example, in a scattering problem it may well be that the particles
are so well separated initially and finally that the interaction at these times is negligible. Again energy
values can be defined by the average rate of change of phase over such long time intervals that errors
initially and finally can be neglected. Inasmuch as any physical problem can be defined in terms of
scattering processes we do not lose much in a general theoretical sense by this approximation. (p. 771)

Feynman first gives an example of this approach in the case of an instantaneous
Coulomb interaction, and then shows how it can be extended to the case of a delayed
interaction. Considering a Coulomb potential ¢*/r (where r is the distance between the
particles), which is ‘active’ for only a short time interval Aty at time ty, the first order
correction to the amplitude is given by

K3, 4;1,2) =i’ [[K,, (3, 5)K g, (4, 6)1e XK, (5, 1)K, (6, 2)d’x 1 x AL,

where ts = tg = ty. Considering now the potential to be active all the time, according to
Feynman, “the first-order effect is obtained by integrating on ty, which we can write as
an integral over both ts and t¢ if we include a delta-function &(ts — tg) to insure
contribution only when ts = t¢” (p. 772). In this case the first order correction to the
amplitude is given by
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K" (3,4:1,2)=—ie’ [[K,, (3, 5K, (4, 6)r5s X8t )K g, (5, 1)K, (6, 2)drodr,

where dt = d’xdt. In the case of a delayed interaction the story goes as follows. Since
“the Coulomb potential does not act instantaneously, but is delayed by a time rs¢, taking
the speed of light as unity. This suggests simply replacing rss '3(ts) in [the expression
for K(3, 4:1, 2)] by something like rs¢ '8(tss — r's¢) to represent the delay in the effect
of b on a.”(p. 772). According to Feynman things are not that easy because “when this
interaction is represented by photons they must be of only positive energy, while the
Fourier transform of d(ts¢ — rs¢) contains frequencies of both signs” (p. 773). Because
of this, Feynman uses instead the expression

—imx

3, (x) = j:e do/ 7= §(x) + (mix) ™.

This is not the whole story. After taking into account the contribution due to the case
when ts < tg (which corresponds to a emitting the quantum that b receives), generalizing
to an interaction described also by the vector potential, and adapting the formalism to
the case of electrons described by the Dirac equation, Feynman arrives at the expression

(1 = 0ty - 0)8:(356”) = PaPrYauYouds( 556°).

In this way, in the case of electrons interacting through an electromagnetic field, the
amplitude is given by

K(3,4:1,2) ==’ [[K (3, 5K, (4, 6)7,, Yoy X855 K., (5, DK (6, 2)dT,d

Feynman calls it his fundamental equation for quantum electrodynamics. According to
Feynman it “describes the effect of exchange of one quantum (therefore first order in e”)
between two electrons. It will serve as a prototype enabling us to write down the
corresponding quantities involving the exchange of two or more quanta between two
electrons or the interaction of an electron with itself” (p. 772). Feynman then gives a
description of the meaning of the equation presenting a graphical support to his
interpretation: a Feynman diagram. It goes as follows:

It can be understood (see Fig. 1) as saying that the amplitude for “a” to go from 1 to 3 and “b” to go from
2 to 4 is altered to first order because they can exchange a quantum. Thus, “a” can go to 5 (amplitude
(K«(5, 1)) emit a quantum (longitudinal, transverse, or scalar y,,) and then proceed to 3 (K.(3, 5)).
Meantime “b” goes to 6 (K.(6, 2)), absorbs the quantum (Yy,,) and proceeds to 4 (K.(4, 6)). The quantum
meanwhile proceeds from 5 to 6, which it does with amplitude 8.(sss>). We must sum over all the possible
quantum polarizations it and positions and times of emission 5, and of absorption 6. Actually if ts > tg it
would be better to say that “a” absorbs and “b” emits but no attention need be paid to these matters, as all
such alternatives are automatically contained in [the fundamental equation]. (pp. 772-773)

Feynman first applied his technique to the case of the electron’s self-energy. Since
the calculations turn out to be easier in the momentum-energy space, Feynman
presented rules to calculate the amplitude working with momentum and energy
variables. Feynman then shows how his regularization scheme works. In this paper
Feynman also addresses the problem of vacuum polarization making use of the gauge
invariant regularization procedure developed by Pauli and Villars.
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QUANTUM

Figure 1: The fundamental interaction (described by Feynman’s fundamental equation). Exchange of one
quantum between two electrons.

To see regularization at work I will look into the problems of the electron’s self-
energy and photon’s self-energy. In the case of the electron’s self-energy, Feynman’s
‘fundamental formula’ reduces to

K21 ==ie’ [ [K,(2,4)7,K, (4,3)7,K, (3, )dr,dT,3, (5,,") .

According to Feynman, this first order correction to the amplitude K.(2, 1), “arises
because the electron instead of going from 1 directly to 2, may go (Fig. 2) first to 3,
(K+(3, 1)), emit a quantum (,), proceed to 4, (K+(4, 3)), absorb it (Y,), and finally arrive
at 2 (K+(2, 4)). The quantum must go from 3 to 4 8,(s43%))” (p. 773). Feynman shows
how this expression is related with the self-energy of an electron, which turn out to be

AE=¢” [(@y, K, (4,3)Y,u)exp(ip X 5)3, (5,:")dT,

K4i3,1}

Figure 2: Interaction of an electron with itself
As mentioned, for easiness in the calculations Feynman works in the momentum-
energy space. In this case the self-energy is the matrix element between u and u (taken
from the plane wave solution for a free Dirac electron: u exp(—px)) of the matrix
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(e® /i) j Y. (p—k-m) "y k?d% .

According to Feynman:

The equation can be understood by imagining (Fig. 3) that the electron of momentum p emits (y,) a
quantum of momentum k, and makes its way now with momentum p — k to the next event (factor (p — k—
m) ') which is to absorb the quantum (another Y.)- The amplitude of propagation of quanta is k°. (There
is a factor e’/ni for each virtual quantum). One integrates over all quanta. The reason an electron of
momentum p propagates as 1/(p — m) is that this operator is the reciprocal of the Dirac equation operator,
and we are simply solving this equation. Likewise light goes as 1/k*, for this is the reciprocal
D’ Alembertian operator of the wave equation of light. The first vy, represents the current which generates
the vector potential, while the second is the velocity operator by which this potential is multiplied in the
Dirac equation when an external field acts on an electron. (p. 775)

%
MOMENTUM k

MOMENTUM p-k,

FACTOR (p~k-m)_. FACTOR k™2
INTERACTION ,%
MOMENTUM p

Figure 3: Interaction of an electron with itself. Momentum-energy space.

Up to this point, things are moving smoothly. However if we calculate the integral
to obtain the self-energy it turns out, as already mentioned, to be infinite. Using
contemporary notation, the problems in the calculation of the electron self-energy are all
concentrated in this apparently harmless integral (Mandl & Shaw, 1984, p. 187):

2 — —
ie2 X(p) =2 jd“kk1 2p— 2k —4m,

(2m)* > tie (p—k)> —m] +is

As it stands this integral is divergent. From Lorentz invariance X(p) can be put in the
form

2(p)=A+(p-mB+(p-mX.(p),

where m is the electron’s (experimental) mass, and, in particular, A = X(p) when ¥'p, =
m (Mandl & Shaw, 1984, p. 189). This term provides a correction dm = —ey’A of
electromagnetic origin to the bare mass my of the electron, which can be seen as
resulting from the interaction of the electron with its own field. In this way, at the level
of quantum electrodynamical applications, the electron’s mass that is experimentally
measured corresponds to a renormalized mass where the electron’s self-energy is taken
into account.

For k — oo the previous integral is logarithmically divergent (this is the famous
ultra-violet divergence). A way out is to make a “change in the fundamental laws”
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(Feynman, 1961, p. 137): the photon propagator 1/k* is multiplied by a relativistically
invariant convergence factor, assumed by Feynman to be c(k?) = —-A*(k* — A?). This
change has to be seen as a formal calculational device, a mathematical trick to get rid of
the logarithmic divergence in the integral. If we try to see it as a new theory distinct
from the one derived from classical electrodynamics we obtain a non-hermitian
interaction Lagrangian that implies that probability is not conserved. Also from a
physical point of view the use of this convergence factor is equivalent to considering
“an additional interaction of the electron-positron field with a vector field whose quanta
have mass A and whose propagators are —(k* — A%) " (Schweber, 1961, p. 519). With
this prescription it is possible to calculate the integral. With this regularization
procedure we have

A=—3—n;1nﬁ,
8n m

where A is a cut-off parameter (Mandl & Shaw, 1984, 191). It turns out that the only
contribution from the self-energy which is not renormalized is the finite integral X(p).
From this term the radiative correction (due to the electron self-energy) to the lowest-
order calculations is obtained. If we stopped here, we would have an experimentally
measurable radiative correction dependent on an arbitrary cut-off parameter A To get
things right, after the renormalization we have to make the cut-off parameter go to
infinity, so that the radiative correction term “remains well-defined and finite in this
limit and independent of the details of the regularization procedure” (Mandl & Shaw,
1984, p. 191). This method to overturn the problem of infinites in quantum
electrodynamics was summarized by Feynman in one of his quantum electrodynamical
rules: (1) Put in an arbitrary cutoff factor c(k?) = — [A*/(k* — A?)] for each propagator
1/k%. (2) Express everything in My, = m — dm. (3) Take the limit as A — oo and keep
Meyp fixed.” (Feynman, 1962, p. 143).

4 Different views on renormalization

It is usually held that the divergence problem in quantum electrodynamics is due to a
failure of the theory at ultra-relativistic energies, that is, to the fact that there is no upper
bound to the energy of the virtual quanta that are exchanged during interactions. This
might lead to the idea that the cut-off parameter serves like a “boundary line separating
the knowable region from the unknowable” (Cao & Schweber, 1993, p. 52). But since
there is no indication on where to put this cut-off, it seems that “we cover our ignorance
by calculating only quantities which are independent of the exact value of the cut-oft”
(Teller, 1988, p. 87). This procedure results in a change from the approximative
regularized version of the theory to a recovered quantum electrodynamics with
renormalized mass and charge. This means changing “the status of the cutoff from a
tentative, and tantalizing, threshold energy to a purely formalistic device” (Cao &
Schweber, 1993, p. 53). Even if Feynman was trying to achieve a consistent regularized
theory, and published his method as a provisional one while searching for a “correct

3 This problem does not arise with dm because we consider it to be ‘absorbed’ in the experimental
measurable mass m., = my + Om, which is seen as an amalgamation of the bare mass and the
electromagnetic mass, and whose magnitude — as a phenomenological parameter — is determined not by
the theory but from experiments.
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form of f; [the function that substitutes the delta function appearing in the interaction
term] which will guarantee energy conservation” (Feynman, 1949b, p. 778), it seems
that it ended up being what Bethe had envisaged from the beginning: a mathematical
calculational device designed to overcome the divergence problems in some integrals.
Also, as previously mentioned, from a physical point of view the regularized theory is
completely different from quantum electrodynamics. It does not have a divergence
problem because of the presence of an auxiliary vector field. This field can be seen as a
formal mathematical device if, and only if, after the renormalization we recover a cut-
off independent theory. If we tried to maintain the regularized theory, so that we did not
have to deal with the problem of infinites in the calculations, we would be working not
with quantum electrodynamics but with another (inconsistent) field theory.

We see in the case of Feynman (like previously with Schwinger) a lack of
understanding of the possible implications at a conceptual level of the regularization
scheme and renormalization. As we have seen Feynman as looking for a consistent
modification of quantum electrodynamics. Contrary to Dirac (with Bohr), Feynman
does not relate the regularization to structural aspects of the theory (i.e. to the adoption
in Dirac’s equation of a point-like electron) that might imply (even if in an inconsistent
way) an upper bond to the possible energy exchanges.

Contrary to a common view I think that the divergence of the integrals and the use
of the cut-off trick do not reveal where the theory stops being good and a ‘true’ theory
should come into play. It reveals structural problems in the construction of the theory,
that are impossible to ignore when we have some integrals, that should (from a physical
point of view) provide small radiative corrections to lower-order calculations, and end
up blowing apart in a proliferation of infinites. In quantum electrodynamics the
description of the interaction between ‘particles’ (like photons and electrons) as quanta
of the Maxwell and the Dirac fields is given by the perturbative expansion of the
scattering matrix that describes the interaction (and it is in the terms of the S-matrix that
the divergent integrals appear). Considering the second-order term of the scattering
matrix Sx(Xj, X2) in configuration space, the mathematical expression of the terms
related with the divergent part of the electron’s self-energy are dependent on d(x; — X»).
This means that ““all the divergences in Sy(x;, X3) come from terms proportional to d(x; —
X,) and to its derivatives which differ from zero only in the infinitesimal neighbourhood
of the point x;= x,” (Bogoliubov & Shirkov, 1959, p. 299). The divergence problem
does not arise solely from the fact that there is in the theory no upper bound to the
energy of the virtual quanta. It results from the ‘coincidence’ in the theory of the
inexistence of a natural limit to the energy of virtual quanta and from the local character
of the interaction between the fields in quantum electrodynamics.

One other aspect of the mass renormalization procedure is that when we go beyond
the lowest-order approximations, and the mass renormalization is needed, there is a
mismatch between the conceptual basis of the theory and its description of matter:
conceptually quantum electrodynamics is developed from the idea of two independently
quantized fields — one of them describing matter — that interact. The electrons (and
positrons) are described in quantum electrodynamics as quanta of the quantized Dirac
field, having a (bare) mass associated with them. At the same time the higher-order
calculations require considering the mass of the electron as having a non detachable
contribution from the Maxwell field. The observed or experimental mass of the electron
results in the applications of the theory from a simultaneous contribution from the bare
mass of quanta of the Dirac field and the self-energy of these quanta due to the
interaction of the Dirac and Maxwell fields.
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That the divergence in the calculation of the electron’s self-energy reveals structural
problems related to distinct aspects of the theory does not mean that the theory does not
have other less noticed limitations, also related to the divergence of integrals. This can
be seen on a closer look at the second-order calculation of the photon self-energy. Again
we have a divergent integral and again a regularization scheme is used and a
renormalization is made.

The (second-order) photon self-energy leads to a modification of the photon
propagator: Dy’ (k)= guwD(k)*+ DK)IIw(k)D(k), where Il(k) is a quadratically
divergent integral and D(k) is the bare photon propagator. Considering the requirement
of Lorentz and gauge invariance, the second-order tensor I,y (k) must have the form
(Ouwk® — kyky)IT(k?) (Jauch & Rohrlich, 1976, p. 189). As it stands, for k> = 0 we have
I1,(0) # 0. This would mean that the propagator we obtain taking into account this
second-order correction is not the propagator for a zero mass photon but the propagator
for a massive neutral vector boson (Sakurai, 1967, p. 275). To recover our photon we
must recall that IT,,(k) must be gauge invariant. Imposing this condition, we must have
I1,v(k)k" = 0. From this we obtain the ambiguous result that the quadratically divergent
integral

’

H”(O)——ELI p’+2m’
n in* Y (p® +m?)’

must be identically zero (Jauch & Rohrlich, 1976, p. 190). The only way to circumvent
this situation is to consider that “the integral is, strictly speaking, meaningless, since it is
divergent” (Schweber, 1961, p. 552).

The pragmatic view is that we need a ‘functioning’ theory that is gauge invariant
and provides a zero mass for the photon in the lower terms of the perturbation
expansion of the S-matrix that are used in practice. This, when evaluating I, (k), can
be done by taking into account the divergent integral I1,*(0) and subtracting it from
TI(k%), which leads to a logarithmically divergent integral. Using a gauge invariant
regularization scheme we have I1(k%)= C + KIT'(k?), where IT'(k?) is a finite correction
term that as A— o« “tends to a well-defined finite limit which is independent of the
detailed form of the regularization procedure” (Mandl & Shaw, 1984, p. 187), and C is
logarithmically divergent as A— oo (Sakurai, 1967, p. 277). With this procedure we
obtain a regularized photon propagator that includes second-order photon self-energy
effects.

The next step is to incorporate the regularized constant C in a parameter of the
theory whose value is experimentally determined, so that we can take the cut-off limit to
infinity and recover quantum electrodynamics from the regularized ‘theory’.
Considering, for example, the second-order correction to the electron-electron or Meller
scattering™® due to the self-energy of the photon, the change in the Moller scattering
amplitude amounts to

¢ (ulYpu )(uzyp 2)
ik?

3* T will look into some general aspects of the Meller scattering in the next chapter.
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e’(1-0) +ie’TI" (k*)(U,y,u,)(W,y,u,) . (Sakurai, 1967, p. 278)

The trick is to consider the (infinite) constant 1 — C not as a correction factor related to
the photon propagator itself, but, as can be seen more clearly in the limit k* - 0, as a
correction to the charges of the electrons which interact via the photon. In this way we
relate this (infinite) correction to the coupling constant. In the limit k* — 0 the modified
photon propagator is given by D’g(k) = (1 — C) Dg(k). We renormalize the theory
considering that (1 — C) ” is a correction to the unobservable electron bare charge epare,
so that what is observed is eqs= (1 — C) & €pare- Lhe distinctive flavour of this
renormalization procedure when compared with the mass renormalization is that we are,
so to speak, transferring the problems of the photon to the electrons.

Looking closely at the second-order self-energy correction to the Meller scattering,
the infinity arising in the photon propagator is absorbed by the charges of the electrons
‘located’ at both “vertices’ of the interaction. This is possible because the description of
the scattering by an S-matrix perturbative approach is done in a way that what appears
in between the initial and final asymptotic states is not described as a process occurring
in time, but the situation is such that “the S-matrix describes the scattering in the
operational spirit of Heisenberg’s matrix mechanics. It gives transition probabilities
which correspond to measurable relative frequencies. But it treats the scattering itself as
a black box” (Falkenburg, 2007, p. 131). Implicit in the procedure is a notion of time
lapse between the initial and final asymptotic states (formally taken to be infinitely
apart). What we do not have is a classical-like description of the photon propagation as
something taking time to happen: in the renormalization procedure there is no
possibility for the photon propagation to be seen as related to a causal temporal order
connecting the electrons evolved in the scattering. In the applications of the theory, the
Minkowski space-time loses any possible operational meaning related to space and time
measurements, and becomes a sort of configurational space that is part of the machinery
that enables to calculate energy-momentum cross-sections. There is, as I said, an idea
implicit of temporal order in the scattering (also present in the ordering of operators in
the terms of the S-matrix) but no temporal description of the process as something
related to the exchange of a ‘signal’ propagating at light speed. All these are pretty
much well-known aspects of quantum electrodynamics. But I think that the full
implication of this situation has not been considered previously. The charge
renormalization is possible only by not requiring a temporal description of the processes
in the applications of quantum electrodynamics. But if a temporal description was
(somehow) intended, it is clear that it would be incompatible with the charge
renormalization procedure, because we can only have charge renormalization in an
overall temporal description of the interaction going on inside an unobservable ‘black
box’ (in the next chapters I will explore this situation a bit more).

Up to this point, I have been considering lowest order radiative corrections and the
necessary mass and charge renormalization. This is not the whole story. I have not
mentioned how Feynman’s approach relates to the S-matrix calculations, the
renormalization to all orders of the S-matrix, and what to make of Dyson’s 1952 result
about the divergence of the series expansion of the S-matrix; in the process of doing so I
will return to the views that several physicists have had regarding renormalization.

Dyson gave a more formal structure to Feynman’s approach. Considering the
perturbative solution of the Tomonaga-Schwinger equation in terms of a unitary
operator, Dyson realized that when taking the limits for an initial state in the infinite
past and a final state in the infinite future, Schwinger’s unitary operator was identical to
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the Heisenberg S-matrix. Following Feynman’s symmetrical approach between past and
future, Dyson used a chronological operator P( ) that enabled him to present the S-
matrix in the form

S(o0) = i(—i/hc)“[l/n!] [Tax, .. [Tdx PAE'(x,)..... H'(x,).

where H'(x) is the term in the Hamiltonian corresponding to the interaction between the
Maxwell and Dirac fields (Dyson, 1948, p. 492). In the case of electron-electron
scattering, the second-order term of this expansion is given by Feynman’s fundamental
equation (taking into account Pauli’s exclusion principle).”

This Dyson did after the summer of 1948, having already talked substantially with
Feynman and assisting in particular Schwinger’s lectures at Ann Arbor in that summer.
On arriving at the Institute for Advanced Study in Princeton in early September 1948,
Dyson wrote home that

on the third day of the journey a remarkable thing happened; going into a sort of semi-stupor as one does
after 48 hours of bus-riding, I began to think very hard about physics, and particularly about the rival
radiation theories of Schwinger and Feynman. Gradually my thoughts grew more coherent, and before 1
knew where I was, I had solved the problem that had been in the back of my mind all this year, which was
to prove the equivalence of the two theories. Moreover, since each of the two theories is superior in
certain features, the proof of the equivalence furnished incidentally a new form of the Schwinger theory
which combines the advantages of both. (Quoted in Schweber, 1994, p. 505)

Afterwards Dyson confronted the question of whether the perturbative approach could
be made finite to every order. Dyson was able to show inductively that if all
divergences had been removed in a particular order n then they could be removed in
order n + 1. Since this was the case in lowest order by using renormalization
procedures, this would also be the case to whatever order we actually achieved when
making a calculation. In this way the perturbative expansion of the S-matrix is
renormalizable to all orders (Dyson, 1949). However as we have already seen, the
perturbative expansion of the S-matrix is divergent. What to make of this with respect to
renormalization?

First I will look again into Schwinger’s view on the renormalization. Schwinger
considered that the infinites meant that the theory breaks down at ultra-relativistic
energies. Under this view, to Schwinger

[renormalization] is the clear separation of what we don’t know—but which affects our experiments in a
clear limited way—from what we do know and where we can calculate in detail. In fact, I insist that all

3% The S-matrix program was originally developed by W. Heisenberg as an alternative to quantum field
theory. His idea was to sidestep the problem of divergences in quantum field theory — in his view due to
the point-like interaction between fields — by considering only what he saw as measurable quantities
(Miller, 1994, p. 97). Heisenberg’s idea was to retain only the basic elements of quantum field theory,
like the conservation laws, relativistic invariance, unitarity, and others, and to make the S-matrix the
central element of a new theory (Pais, 1986, p. 498). This was not done because in practise it was not
possible to define an S-matrix without a specific use of the theory it was intended to avoid (Cushing,
1986, p. 118). The S-matrix later reappeared in mainstream physics with Dyson’s use of it as a
calculational tool. In Dyson’s view the “Feynman theory will provide a complete fulfilment of
Heisenberg’s S-matrix program. The Feynman theory is essentially nothing more than a method of
calculating the S-matrix for any physical system from the usual equations of electrodynamics” (quoted in
Cushing, 1986, p. 122).
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theories are like this. —People may not want to face up to it, there is always an area beyond where the
theory either breaks down or where other phenomena come into play that you don’t know about. They do
not upset everything in the area you can control, and you isolate that from it: That’s what renormalization
is really about. Not sweeping infinities away but isolating the unknown part and recognizing its limited
influence.

I am not sure that I was at all interested in the mathematical question of convergence to all order. I
don’t think that is a physical question. I have a feeling even then that I did not take renormalization too
seriously. If in fact the theory had been not renormalizable at the 27th stage or whatever have you, I
would have said ”O.K. That’s good” because here is a place where what we don’t know, namely what
happens at very large energies, enters the theory and will learn something. It wasn’t essential to me that
the theory be renormalizable to all orders. That was nice to get the theory going to lowest order. What
would be even more interesting is if it didn’t work. I wasn’t very caught up in all these all order
questions. (Quoted in Schweber, 1994, p. 366)

We see that for Schwinger it was not problematic that the series expansion of the S-
matrix is divergent (even if he does not mention it explicitly, I think this agrees with the
view he presents). However, we see that there is not in Schwinger a connection between
the mathematical problems facing the theory and a limitation on its applicability in a
way to be consistent with the underlying concepts (like the idea of a point-like electron),
as we can see in Dirac’s subtraction physics.

My view is that Dyson’s 1952 new divergence does not change much whatever view
we decide to have on renormalization. We can still think that there is a breakdown at
high energies or/and problems in the type of description of the interaction between the
fields adopted in quantum electrodynamics. Depending on what we make of Dyson’s
divergence we can see it related, or not, to the renormalized infinites. I tend to see a
relation, because, in my view, both are related with limitations in the description of the
interactions in quantum electrodynamics, and both are manifestations of an improper
use of the mathematics beyond the physical content of the theory.

In the previous chapter I defended that we can relate the divergence of the S-matrix
series expansion with a tentative application of the theory beyond the possibilities
provided by the input physical assumptions used to set up the theory as a perturbative
approach. Now I put together the elements for the equivalent point in the case of
renormalization. For this I will return to Dirac’s subtraction physics and to Bohr’s views
on the problem of infinities in quantum electrodynamics. In a nutshell Dirac concluded
that an external electromagnetic field had an effect of polarization of the distribution of
negative-energy electrons. The calculation of the density matrix of the sea electrons, in
the simple case of an external electrostatic field, gave a logarithmically divergent result.
Dirac considered that we cannot assume that the theory applies when it is a question of
energies greater than the order of 137mc”. So, he used a cut-off to render the results
finite. With the finite result in his hands, Dirac concluded that there is no induced
electric density except at the places where the electric density producing the field is
situated, and at these places the induced electric density cancels a fraction of 1/137 of
the electric density producing the field. This means that the electron’s charge that is
measured is smaller than the real charge.

For me the crucial aspect can be found in Dirac’s argument for the need of a cut off.
He says that

quantum mechanics does not seem applicable to phenomena which involve distances of the order of the
classical radius e*/mc?, since the present theory can in no manner discuss the structure of the electron ...
such distances, considered as electron wavelengths, correspond to energies of the order (he/e?)(me?) [z
137mc?]. (Dirac, 1934a, pp. 136-137)
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As already mentioned, this can be seen as a Bohrian sentence, in the sense of taking into
account the input physical assumptions in the theory of a point-like electron to justify
disregarding energies greater than the order of 137mc?. To appreciate properly this point
let us look again into Bohr’s views on quantum electrodynamics:

The foundations of the present treatment of atomic phenomena are the discoveries of the ultimate
electrical particles and the elementary quantum of action, which rely upon quite separate lines of
experimental evidence and at the present stage of atomic theory are introduced in essentially different
and independent ways.... The possibility of treating the elementary particles and the quantum of action
as independent foundations of the theory of the electronic constitution of atoms rests essentially upon
the fact that the atomic dimensions, as deduced from quantum-mechanics and symbolized by the
“radius” of the hydrogen atom a = h¥4n’e’m [(2)], are very large compared with the electron diameter
given by [ d = ¢’/me” (1)]. Obviously, this is a necessary condition for considering the electron as a
charged material point in the fundamental mechanical equations.... Notwithstanding its fertility, the
attack on atomic problems in which the particle idea and the quantum of action are considered as
independent foundations is of an essentially approximative character ... The possibility of treating
radiation phenomena and other effects of the finite propagation of forces to a considerable extent rests
entirely on the smallness of the two dimensionless constants of atomic theory, the fine structure
constant 0, = 2me’/hc and the ratio between the masses of the electron and the proton B =m /M. Thus
as will be seen from (1) and (2), it is the small value of a which is responsible for the smallness of the
ratio between d and a, which is just equal to . It is just this circumstance which affords a justification
for the neglect of the radiative reaction in a description of the stationary states including the fine
structure ... the attempts to treat the radiation effects on rigorous lines by considering the atoms and the
electromagnetic field as a closed quantum-mechanical system led to paradoxes arising from the
appearance of an infinite energy of coupling between atoms and field. The solution of these difficulties
will certainly claim a formalism in which the elementary particles and the quantum of action appear as
inseparable features.... It is important, however, to examine more closely to what extent the present
theory offers a reliable guidance for the analysis of the phenomena ... In this procedure, in which the
radiation field is not considered as part of the system under investigation ... By a proper application of
the quantum mechanical formalism it has been possible ... the treatment of such problems as the width
of spectral lines and the retardation effects in the interaction of electrons bound in atoms. Still, the
condition for such applications is that the effects in question can be treated as small perturbations of
the phenomena to be expected if the finite propagation of forces would be neglected. Due to the
smallness of the constant ¢, mentioned above, this condition is widely fulfilled in problems of atomic
constitution, since even for the electrons most firmly bound in atoms of high nuclear charge, “orbital”
dimensions and spectral wave-lengths are very large compared with the classical electron diameter.
(Bohr, 1932b, p. 62-67 [my emphases])

Contrary to others that look into the renormalizable infinites in quantum
electrodynamics from the perspective of a putative better theory, Bohr looks from
within quantum electrodynamics. As we have seen, for example in the case of the Klein
paradox, to Bohr it is not that the negative-energy solutions are non-physical or some
other thing. It is simply that we cannot disregard the atomicity of matter, and when we
do that, by considering mathematically possible potentials that are physically impossible
when taking into account part of the conceptual basis of the theory (i.e. the atomicity of
matter), we get into trouble. We obtain strange mathematical results without any clear
physical meaning. The same holds in the case of the renormalizable infinities. In the
structure of the theory we have a point-like description of the electron. This means we
can not consider distances were we might have in some way to talk about the internal
structure of the electron (whatever this might mean). When considering high-energy
interactions we would be so to speak poking into the electron, i.e. going beyond the
conceptual basis of the theory. The infinities show not where a better theory is needed
but where we are stretching the mathematics beyond the physical basis of the theory. In
quantum electrodynamics, according to Bohr, it only makes sense to consider distances
larger than the so-called “electron diameter”, which implies taking a limited range for
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the energy in interactions. This in practice corresponds to using a Dirac type cut off in
the necessary expressions (i.e. Feynman’s regularization), even if it turns out to be a
mathematically inconsistent procedure (as others in the theory).

5 Conclusions

The objective in this chapter was twofold. One of them was to address renormalization
from the perspective of the spacio-temporal description of physical processes in
quantum electrodynamics. As we have seen implicit in the charge renormalization
procedure is the fact that we are considering an overall space-time description. In
practice this means that we are not really describing the physical processes in time. The
charge renormalization is possible exactly because of this. We implement a view of the
physical processes as if from outside space-time and we move around infinities that
should be related to the electromagnetic mediation between charged particles, i.e.
related to delayed interactions, and ‘by hand’ put the infinities where it is more
convenient. In this case the infinity due to the photon self-energy is attributed to the
charge of the particles and ‘renormalized’.

The other objective of this chapter was to dig into the history of renormalization to
see if from an encounter with the original moments where the developments were being
made it was possible to find a ‘new’ perspective on renormalization that might not be
part of the contemporary philosophical views on renormalization; the objective was not
to present a detailed study of the different contemporary views.

The view regarding renormalization presented here is based on Bohr’s ideas. As we
have seen, according to Bohr

the existence of the electron even in classical theory imposes an essential limitation on the applicability of
the mechanical and electromagnetic concepts. Indeed, the finite propagation of electromagnetic forces
brings with it the existence of a fundamental length, the so-called “electron diameter” defining a lower
limit for the extension of the region where the idealization according to which the electron is considered
as a charged material point is justifiable. (Bohr, 1932a, p. 377)

We must recall that in the structure of quantum electrodynamics is inscribed, through
the Dirac equation, a point-like description of the electron (see chapter 3). This
idealization of the electron as a point-like particle implies according to Bohr limitations
to quantum electrodynamics:

the difficulties inherent in any symbolism resting on the idealization of the electron as a charged material
point appear also most instructively in the recent attempt of Heisenberg and Pauli to build up a theory of
electromagnetic fields on the lines of quantum mechanics. (Bohr, 1932a, p. 378)

I regard Dirac’s ‘subtraction physics’ as an example of a procedure that identifies and
overcomes in an imperfect way one of these difficulties.” As we have seen, according
to Dirac

3 1n particular I do not address the renormalization group approach (on this subject see e.g. Huggett and
Weingard, 1995).

To Bohr the difficulties of quantum electrodynamics were, in particular, “Dirac’s unobservable
negative energies, the ambiguity of force indicated by the Klein paradox, the unmeasurable magnetic
moment of the electron, the uninterpretable spin, and the unresolved infinities” (Moyer, 1981, p. 1061).
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quantum mechanics does not seem applicable to phenomena which involve distances of the order of the
classical radius e*/mc’, since the present theory can in no manner discuss the structure of the electron ...
such distances, considered as electron wavelengths, correspond to energies of the order (he/e?)(me?) [z
137mc?]. (Dirac, 1934a, pp. 136-137)

In this way Dirac made use of a cut-off in the applications of the theory, corresponding
to a maximum value of the energy of the order 137mc’:

we cannot assume that the theory applies when it is a question of energies greater than the order of
137mc?, and the most reasonable way to proceed seems to be to limit arbitrarily the domain of integration
to a value of the momentum ... corresponding to electron energies of the order indicated. (Dirac, 1934a,
p. 141)

With this procedure we would be avoiding a conflict between one of the input physical
assumptions of the theory (the point-like electron) and applications not taking into
account this physical assumption.

Does this means that the theory sets from the inside its experimental domain of
application? It seems that this was Bohr’s view. According to a letter of Dirac from
1931,

Bohr is at present trying to convince everyone that the places where relativistic quantum theory fails are
just those where one would expect it to fail from general philosophical consideration. (quoted in Moyer,
1981, p. 1060)

This is not the view being defended here. To clarify this point let us consider for
example Newton’s theory of gravitation. As it is well known, Newton’s theory predicts
a particular numerical value in relation to the drift of the perihelion of mercury, which,
contrary to Einstein’s gravitation theory, is not in good agreement with observation.
However from the internal perspective of Newton’s theory there is nothing strange
about this result: it is physically meaningful (i.e. it goes along the line of different
results provided by the theory). What is happening is that we are facing a limit of
application of the theory in what regards ‘saving the phenomena’. The situation with the
renormalizable infinities is different; it is not related to the experimental/observational
domain of applicability of quantum electrodynamics (i.e. it is not related with ‘saving
the phenomena’). In my view it represents a locus of ‘divergence’ between the physical
assumptions of the theory and its mathematical applications; contrary to the view that
Dirac attributes to Bohr (I think correctly), the limitations in the application of physical
concepts do not affect or enable to define clearly the experimental/observational domain
of applicability of the theory. When addressing appropriately the problem of infinities
by the renormalization procedure it does not affect the domain of application of the
theory.

How do we identify situations where a mismatch occurs between for example the
physical idealization of a point-like electron and applications that go beyond this
idealization? In my view when we obtain results that are not physically meaningful
(without taking into account any comparison with observations). This is particularly
clear when for example we expect on physical grounds to calculate a very small
correction to the electron mass due to its self-energy and it turns out that the result is
divergent. This does not imply that in all theories we must take a divergent result as a
sign of a mismatch between the physical input assumptions and the mathematical
applications of the theory. I have no general argument pointing to this, and I do not even
explore this possibility. As mentioned, in this work the objective is only to look into a
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few conceptual-mathematical problems of quantum electrodynamics not related to
‘saving the phenomena’.
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CHAPTER 7

THE FEYNMAN DIAGRAMS AND VIRTUAL QUANTA

1. Introduction

As we have seen, during the development of quantum electrodynamics in the 1930s and
most of the 1940s, the calculations beyond the lowest order of perturbation theory gave
infinite corrections to the results, before the renormalization program eventually
succeeded in “sweeping the dirt under the rug” (Feynman 1962, 137). It might seem that
the lowest order applications of the theory, where there are no infinites to struggle with,
are free from problems, and that in particular Feynman’s space-time approach to
quantum electrodynamics might provide consistent means of representation and
visualization of the lowest order processes in quantum electrodynamics. In this chapter,
however, I shall argue that things are not quite that simple. In particular, I will focus on
the role played by photons in the description of electron-electron interactions. I will
analyse the relevance of virtual and real photons in making possible a description of the
interaction as a delayed interaction, as it is possible in classical electrodynamics.

In section 2 the derivation of Meller’s semi-classical formula for electron-electron
scattering is considered, by a full quantum electrodynamical treatment using the so-
called Feynman fundamental formula (related to the second-order term of the S-matrix
expansion). The electron-electron interaction is described in this case as an exchange of
a virtual photon between the electrons. In section 3 the lowest order calculation of the
electron-electron scattering that permits the derivation of the Moller formula is used to
analyse the type of description of interaction provided by quantum electrodynamics and
its limitations. It turns out that it is not possible to give a description of the electron-
electron interaction as a process occurring in time, i.e. as a delayed interaction. To better
understand this limitation in relation to the classical description, in section 4 1 will
consider a quantum model for the interaction between two bound electrons. In this case,
contrary to the previous, the photon responsible for the interaction can be taken to be a
real photon. In this circumstance we regain a delayed interaction as in the classical case.
The problem is that we are not truly working with an application of quantum
electrodynamics, but with a heuristic construction of a quantum model of the interaction
between two bound electrons patching together different elements.

2 The Moller scattering and Feynman’s fundamental equation
In the early 1930s, the relativistic electron-electron scattering was treated using a semi-
classical approach in the lowest order of perturbation theory. C. Mgller used in the

Maxwell equations the charge and current densities associated with the state transition
of an electron from an initial to a final free state as described by the Dirac equation. The
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effect of the retarded potentials determined in this way on a second electron results in a
state transition of the electron. With this scheme Megller obtained a symmetrical
expression for the matrix elements for the scattering of two electrons interacting via
classical retarded potentials (Moller, 1931; see also Heitler, 1954, p. 233). Around the
years 1932-33, the use of correspondence methods by Mgller lost part of its appeal, due
to Bethe and Fermi’s demonstration that the formula could be derived within quantum
electrodynamics, and also due to Bohr’s confidence in the logical consistency of the
theory (Kragh, 1992, pp. 323-324), even if, as Bohr recognized, the divergence
problems in the theory were still not solved, and physics was “confronted with the
necessity of a still more radical departure from accustomed modes of description of
natural phenomena” (quoted in Schweber, 1994, p. 84). In any case, Moller’s scattering
formula did not attract much attention during the thirties and forties, until it revealed
itself as an almost immediate application of the new formulation of quantum
electrodynamics (Roqué, 1992, p. 256).

Briefly Moller’s method goes as follows. Magller considers that when a particle
makes a transition (during an interaction) from an initial state i1 to a final state f, it can
be associated with charge and current densities given by

p=—eyr yi
i=eyr ay;

Moller then makes use of Klein’s ‘correspondence approach’, where we consider at the
same time the one-electron Dirac equation and the classical Maxwell-Lorentz equations.
In Klein’s approach the expressions for the charge and current densities provided by
quantum theory are used in the classical Maxwell-Lorentz equations to determine the
field emitted in a transition (Kragh, 1992, p. 310). According to Klein

As we try here to connect wave mechanics directly with the electromagnetic field equations, we will
assume, that the electromagnetic phenomena corresponding to the magnitudes [of the charge density] and
[the current density] give, in the sense of Bohr’s correspondence principle, a quantitative expression of
the observable actions related to the presence of an atom in a certain stationary state. (Quoted in Roqué,
1992, p. 202)

Moller considers now that the charge and current densities resulting from a quantum
transition give rise to a classical potential given by the equations
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where p = (E/c, p) is the four-momentum of the electron. This potential is taken to be a
perturbation to a second particle described by Dirac’s equation:

(ih%—icha(z) V+ Bmzczj\p(z) =—e(@+a - Ay

Moller uses the (spatial part) of the classical perturbing potential, and by considering
the particles to be described by plane waves (i.e. the particles are described as free
particles), arrives at the interaction matrix element

kR
— a2 @ (D* (6] @, ° @)D
H; =e J-Wf Vo (I-o o )?Wi y; drdr,,

which is symmetric in the two particles, and can be taken to describe the interaction
between the particles (even if its derivation was made in an unsymmetrical way by
taking the potential arising from the first particle to perturb the second particle). By a
straightforward procedure it is possible to calculate the formula for the scattering cross
section, which is then used to compare with experimental results. This is, in a nutshell,
Moller’s semi-classical treatment — in first order of perturbation theory, and using the
‘correspondence approach’ of Klein — of the electron-electron scattering.

Should we consider this semi-classical approach when addressing the description of
interactions in quantum electrodynamics as giving some sort of valuable different
perspective? Taking into account the views of E. T. Jaynes, accepted here, the answer is
no. According to Jaynes

What I will call Semiclassical A (SCA) was the original method of incorporating the electromagnetic
field into quantum theory, antedating QED. SCA is what we were all taught in our first course in quantum
mechanics, defined for our present purposes (which are served adequately by the model of a single
nonrelativistic spinless hydrogen atom) by the Schrédinger equation

iy = {% + e¢}|f

in which the electromagnetic potentials A, ¢ are considered given. This equation determines the
effect of the field on the atom; from it we obtain the quantum theory of the Zeeman and Stark effects, the
Einstein B-coefficients of black-body radiation theory, the Rutherford scattering law, the photoelectric
cross-section, and with appropriate generalization, very much more.

SCA is incomplete in that it fails to give the effect of the atom on the field. To supply this, so that
one could describe emission and scattering of radiation, there arose the “Klein Vorschrift” ... Closely
related to this was the “transition current method” (TCM) which is still very much in the use today ... In
TCM, one specifies initial y; and final states vy for the electrons, and sandwiches an operator
representing current, dipole moment, etc. between them, making the “transition current”

i 0=~y (p—elc Ay,
mc

or the “transition dipole current”, etc. Then we switch to classical electromagnetic theory, and
calculate the fields that would be produced by such a current or dipole moment. In this way, surprisingly,

147



we obtain the correct Einstein A-coefficients for spontaneous emission. TCM also yields many other
useful results, such as the Moller e-e scattering formula.

TCM can hardly be considered as a well-motivated physical theory in its own right, because it mixes
up the initial and final states in a way that defies any rational physical interpretation. Note, however, that
if

Y= Z a\y;
is a linear combination of stationary states, the quantity
. (& [ * ]
I =—Re|y;(p-e/c AW,
mc

usually called the “probability current”, will be interpreted by neoclassical theory as actual current
(or, at least, its divergence will equal the divergence of the actual current). Using the expansion (3), we
see that the current (4) contains all the transition currents with amplitude a; a;:

j(X, t) = Z jij (X’ t)a:aj
j

Because of the above difficulty of interpretation, and because both the Klein vorschrift and TCM
received an a posteriori justification from QED, I would consider that they do not represent parts of any
semi-classical theory, but should be regarded as convenient short-cut algorithms contained in QED.
(Jaynes, 1973, pp. 38-40)

We will then turn our attention to the quantum electrodynamical treatment of electron-
electron scattering.

Following J. A. Wheeler’s view that all physical phenomena could be seen as
scattering processes (Schweber, 1994, p. 379), Feynman considered the mutual
interaction of two electrons as a fundamental interaction described by his fundamental
equation for quantum electrodynamics (Feynman, 1949b, p. 772; see chapter 6 for
details on Feynman’s ‘fundamental equation’). The Maeller scattering formula is
obtained directly from this equation when Pauli’s exclusion principle is taken into
account (Feynman, 1949b, p. 773).

As already mentioned, in 1948, Dyson proved the equivalence of the theories of
Feynman and Schwinger (and Tomonaga). The main contribution of Dyson was to show
that the two so seemingly different approaches could be put together by resort to the S-
matrix approach. In the abstract of his paper, sent to publication in October 6, 1948,
Dyson states his primary aim:

A unified development of the subject of quantum electrodynamics is outlined, embodying the main
features both of the Tomonaga-Schwinger and the Feynman radiation theory ... The chief results obtained
are (a) a demonstration of the equivalence of the Feynman and Schwinger theories, and (b) a considerable
simplification of the procedure involved in applying the Schwinger theory to particular problems. (Dyson,
1948, p. 486)

In his paper Dyson gives an outline of the derivation of the Tomonaga-Schwinger
equation:

T

so(x,) ~ ) vlol.
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where H; gives the interaction between the quantized fields. Taking for the general
solution of the equation a wave function Y(c) = U(G)yy, a perturbative solution can be
given in powers of H;:

1 (o : G G,
U(0,—) =1—%L H,(x,)dx, +( j [ dx, [ dxH (x )H, () + .

i

hc
According to Dyson, U(ee,—o0) “is identical with the Heisenberg S matrix” (p. 489).
After redefining the Hamiltonian term corresponding to the two independently
quantized fields in a way to incorporate the electromagnetic mass, Dyson considers the
perturbative solution of the equation for the unitary operator S(G,—o), which is the same
as that of U(0,—c0) in the absence of an external field.

In the presence of an external field, the state vector defined by y(c) = S(6)Q(0),

obeys the equation ihc[0Q/96(x0)] = (S(6)) 'He(X0)S(0)Q = Hr(xo) ©, where He(xo)
gives the external field. The substitution of the previous series into this equation gives

HT(xo)zi(%j [, [, [ e, [ Ge), L [H GlH ) H )] ] ] ]

According to Dyson, “the repeated commutators in this formula are characteristic of the
Schwinger theory, and their evaluation gives rise to long and rather difficult analysis”
(p. 491). Dyson turns then to Feynman’s approach:

In the Feynman theory the basic principle is to preserve symmetry between past and future. Therefore, the
matrix elements of the operator Hy are evaluated in a “mixed representation”; the matrix elements are
calculated between an initial state specified by its state vector Q; and a final state specified by its state
vector Q,’. The matrix element of Hy between two such states in the Schwinger representation is
Q,Hr Q; = Qz’*S(OO)HT Q,, and therefore the operator which replaces Ht in the mixed representation is
Hi(xo) = S(20)Hr(x0) = S(0)(S(0)) ' H'(x0) S(0). (p. 491)

Dyson then shows how to derive what he calls Feynman’s fundamental formula (which
can be simply related, in second-order, to Feynman’s ‘fundamental equation’). First,
Dyson defines a chronological operator: ““ If Fi(x;), ..., Fy(X,) are any operators defined,
respectively, at the points xi, ... , X, of space-time, then P() will denote the product of
these operators, taken in order, reading from right to left, in which the surfaces
o(x1), ..., 0(Xy) occur in time” (p. 492).

By substituting the series for Hr into the expression for Hg, and by taking advantage
that the integrand in the expression for Hr “is a symmetrical function of the points x;,
.., X" (p. 492), Dyson obtains

oo 1 n - - - .
H,(x,) = z(_%j [n[” dx, [~ dx, [ dx, XPEHE(xo), Hy (X)), Hy (%))
n=0
In the case where there is no external field present the previous expression simplifies to

S(e0) = 3" (-irhe)' [Unt][ "dx, .. [T POH! () HI(x, ).
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According to Dyson, “the further development of the Feynman theory is mainly
concerned with the calculation of matrix elements of [the previous expression] between
various initial and final states” (p. 492). Dyson then derives the Feynman rules, for
problems with an initial (and final) charged particle (electron or positron) and with no
photons in the initial and final states. Accordingly Dyson aims to

obtain a set of rules by which the matrix element of [Hg] between two given states may be written down
in a form suitable for numerical evaluation, immediately and automatically. The fact that such a set of
rules exists is the basis of the Feynman radiation theory; the derivation in this section of the same rules
from what is fundamentally the Tomonaga-Schwinger theory constitutes the proof of equivalence of the
two theories. (pp. 492-493)

Dyson considers the contribution of the nth order term of the transition matrix (S-
matrix) element, which is a sum of terms of the form

M =€ TS, (x, =TT oD, (x, =%, )W (XWX, )

where Dr and Sy are the Feynman propagators for an electron and a photon, and y(x) is
the electron-positron field operator and y'(x) its adjoint operator. Following Feynman,
Dyson calls attention to the fact that to each term in the matrix element can be
associated a graph (a Feynman diagram) and that there is “a one-to-one correspondence
between types of matrix elements and graphs” (p. 495). Also Dyson mentions too that
“in Feynman’s theory the graph corresponding to a particular matrix element is
regarded, not merely as an aid to calculation, but as a picture of the physical process
which gives rise to that matrix element” (p. 496). This is an important point to which I
will return soon.

As mentioned, the Moller formula for electron-electron scattering can be derived as
a direct application of quantum electrodynamics through the fundamental equation. This
is the simplest description of an electron-electron interaction, based on the exchange of
one virtual quantum between two electrons. We can of course consider improved
calculations using higher-order corrections (Feynman, 1949b, p. 787), but these terms
are corrections to the lower-order terms being used. They do not change the overall
space-time description of interaction processes as already present in the lower-order
calculations. For this reason I will only consider the overall space-time description of
scattering processes in quantum electrodynamics as given by its lower-order
applications.

3 The description of interactions as space-time processes resulting from the exchange of
virtual quanta

In the second-order expansion of the S-matrix the electron-electron interaction results
from a photon exchange (see Fig. 1). In the overall space-time approach of Feynman we

are considering virtual photon propagation (exchange) between all the Minkowski
space-time points. The Feynman photon propagator is given by

<O|T{A“ (x)A"(x")}0) =ificD' (x—x')  (Mandl & Shaw, 1984, p. 86).
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This expression means that we are considering a photon ‘created’ at one space-time
location and ‘annihilated’ at another. The use of the time-ordered product T{ } means
that in this covariant expression we are already considering, depending on the time
order, a propagation from one electron to the other or vice versa, since T{A*x)A"(x’)}=
A*X)A'(x) if t > t°, and T{A*X)A"(x")}= A'(x)A*(x) if t” > t. Loosely speaking, we
have contributions in which the ‘emitter’ and ‘receiver’ change roles.

The transition amplitude for Moller scattering in the second-order expansion of the
S-matrix (the simplest for this process) results from a contribution of all possible
localized interactions of Dirac and Maxwell fields ‘connected’ by a photon propagator
(Mandl & Shaw, 1984, p. 113):

2
— - —C -0+ - + .
$%2¢ »26) =[x d N7, G, D6 —x0).

This means that the overall process we call ‘interaction’ results from the contribution of
photon propagation from one electron to the other and vice versa: it is a two-way
process in all space-time.

The label ‘virtual® attached to the photon is related to two things. In the space-time
points where the photon is created or annihilated we have conservation of energy and
momentum between the photon and the electrons. But the energy-momentum relation
for the virtual photon is not K=K -K=0 corresponding to a zero mass photon, it is
different from zero due to the fact that in the expression for the propagator k and Kk are
independent of each other (Mandl & Shaw, 1984, p. 86). In a certain sense it is as if the
‘dynamics’ of the virtual photon are all messed up (the same occurs with the electron
when it is in the role of a virtual quanta), because it is as if it has a mass during the
virtual process. At the same time the ‘kinematics’ come out wrong also, because the
propagator is nonvanishing at space-like separations (Bjorken & Drell, 1965, pp. 388-
389). The second point is that this virtual quanta is supposed by definition not to be
observable — it is part of the internal machinery of the application. In the case of the
photon in the electron-electron scattering it seems impossible to avoid this situation, as
the idea that this is the most elemental process possible is implicit in the theory.

Figure 1: Electron-electron scattering in second order, resulting from a virtual photon exchange (direct
diagram).

The question arises: are the virtual particles simply the result of the perturbative
treatment of interaction, i.e. simply mathematical terms, or do they convey as Dyson
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remarks, “a picture of the physical process which gives rise to that matrix element”
(Dyson, 1948, p. 496). The contemporary view in philosophy of physics is that they do
not. According to Tobias Fox, the virtual particles serve “to symbolise the interaction”
(Fox, 2008, p. 35), and they “are merely pictorical descriptions of a mathematical
approximation method” (p. 35). Reviewing the arguments of several authors®® Fox
centers on what he considers the argument that proves the status of virtual particles, “as
only pictorical symbols for mathematical terms” (p. 36). This so-called argument of
superposition rests on the (wrong) idea that in the S-matrix description of interactions
we have to use an infinite expansion of the S-matrix that results in “the infinite
superposition of Feynman diagrams of higher and higher order” (p. 38), even if
according to Fox, “due to practical reasons—the perturbation progression is stopped
sooner or later” (p. 37).

One among several variants of this argument was set forward by Robert Weingard.
If, when calculating, say, the amplitude for electron-electron scattering, the complete S-
matrix was (somehow) considered, then there would be an infinite number of terms
corresponding to an infinite number of combinations of different quanta. One could say
that in this case the quanta “type and number are not sharp” (Weingard, 1988, p. 46).
The quanta description of interactions, as quanta exchange, would then appear to be a
mathematical fiction due to the use of perturbation theory in the calculation of the
scattering amplitude. However, when considering the scattering as described in the
theory, we can only use a few terms of the S-matrix expansion. There simply is no
possibility of considering the (unexisting) exact S-matrix, only the asymptotic S-
matrix.”

On similar lines, but with important differences in relevant details, Brigitte
Falkenburg considers the virtual particles as “formal calculational tools” (Falkenburg,
2007, p. 223). According to Falkenburg the virtual particles come into play within time-
dependent perturbation theory:

the propagators of the virtual field quanta are mathematically components of a quantum theoretical
superposition. Operationally, it is by no means possible to resolve them into single particle contributions.
They are nothing but the mathematical contributions to an approximation procedure: like the harmonics
of the oscillators of a mechanical string, the Fourier components of a classical electromagnetic field, or
the cycles and epicycles in Ptolemy’s planetary system. (p. 234)

However Falkenburg, after concluding that “virtual field quanta are nothing but formal
tools in the calculation of the interactions of quantum fields” (p. 237), calls attention to
the fact that “this does not mean, however, that the perturbation expansion of the S-
matrix in terms of virtual particles is completely fictitious” (p. 237). According to
Falkenburg,

3 For example, Mario Bunge takes the virtual quanta (and interaction processes described as exchange of
virtual quanta) to be “fictions and as such have no rightful place in a physical theory” (Bunge, 1970, p.
508); Paul Teller’s view is that “a Feynman diagram is only a component in a much larger superposition”
(Teller, 1995, p. 139); and Fritz Rohrlich considers that “virtual particles are an artifact of the
perturbation expansion into free particle states” (Cao, 1999, p. 363).

3% There might appear to be ways of sidestepping this type of approach by considering the Feynman path
integral approach (Weingard, 1988, p. 54). But again, when considering the specific applications of the
theory there is no infinite expansion of the transition amplitudes. In the mathematical expression for the
transition amplitudes there are quanta propagators, and the interpretation of the propagators relating them
to quanta cannot be overturned in a (finite expansion) application based on path integrals.
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The virtual processes described in terms of the emission and absorption of virtual particles contribute to a
scattering amplitude or transition probability. Hence, infinitely many virtual particles, fogether may be
considered to cause a real collective effect. In this sense, they obviously have operational meaning. What
is measured is an S-matrix element or the probability of a transition between certain real incoming and
outgoing particles. The transition probability stems from all virtual field quanta involved in the
superpositions of the relevant lowest and higher order Feynman diagrams.

In the low energy domain, it is sometimes even possible to single out the contribution of one single
Feynman diagram to the perturbation expansion. There are even several well-known high precision
measurements to which mainly one Feynman diagram or the propagator of a virtual particle corresponds.
This is demonstrated in particular by the best high precision tests of quantum electrodynamics, the
measurement of the hydrogen Lamb shift and the (g — 2)/2 measurement of the gyromagnetic factor g of
the electron or muon. Dirac theory alone incorrectly predicts the fine structure of the hydrogen spectrum
(no splitting of the levels S, and Py, for n = 2) and a gyromagnetic factor g = 2 for the electron or muon.
Measurements reveal the Lamb shift of the hydrogen fine structure and the anomalous magnetic moment
of the electron.

The anomalous difference (g — 2)/2 between the prediction of the Dirac theory and the actual
magnetic moment was measured with high precision from the spin precession of a charged particle in a
homogeneous magnetic field. The next order quantum electrodynamic correction stems from a single
Feynman diagram which describes electron self-interaction. Here, theory and experiment agree at the
level of 1 in 10%, with a tiny discrepancy between theory and experiment in the eighth digit. In such a
case, the experiments are for all practical purposes capable of singling out the real effect of a single
Feynman diagram (or virtual field quantum). The case of the Lamb shift is similar. Here the next order
perturbation theory gives a correction based on two Feynman diagrams, namely for vacuum polarization
and electron self-interaction. The correction shows that only 97% of the observed Lamb shift can be
explained without the vacuum polarization term. A textbook on experimental particle physics tells us
therefore that the missing 3% are “a clear demonstration of the actual existence of the vacuum
polarization term”. Any philosopher should counter that this is not really the case. The virtual field quanta
involved in this term cannot be exactly singled out.

Hence, the above conclusions remain. Virtual particles are formal tools of the perturbation expansion
of quantum field theory. They do not exist on their own. Nevertheless they are not fictitious but rather
produce collective effects which can be calculated and measured with high precision. (pp. 237-238)

In this way even if Falkenburg recognizes that the virtual quanta can have operational
meaning, due to the superposition argument she maintains the view that virtual quanta
are formal tools. My point regarding this view is that the superposition argument does
not hold in quantum electrodynamics; we do not have an infinite expansion of the S-
matrix, what we have are applications of the theory resting on an approximate scheme
of description of the interaction between two fields that cannot be taken beyond a few
order calculations (see chapter 5). We do not ‘stop the perturbation progression for
practical reasons’; we only really have a few lower order terms to count on.

Returning to the operational meaning of the virtual quanta it is important to notice
that “[i]n the low energy domain, it is sometimes even possible to single out the
contribution of one single Feynman diagram to the perturbation expansion” (Falkenburg
2007, 237). Knowing that we can only count on a finite number of Feynman diagrams
(and its corresponding virtual quanta), in some cases it is possible experimentally to
single out the contribution of a few or even just one Feynman diagram. That is, it is not
that “the experiments are for all practical purposes capable of singling out the real
effect of a single Feynman diagram” (Falkenburg 2007, 237-238), on the contrary, the
experiments are in some cases even capable of singling out the ‘real’ effect of a single
Feynman diagram, i.e. there are experiments in which we can give operational meaning
to a virtual quantum exchange (more generally we can give operational meaning to all
finite superpositions of Feynman diagrams and corresponding virtual quanta). The
operational relevance of virtual quanta does not by itself imply that they can be given a
realistic interpretation. In particular, as we will see, a simplistic view of virtual quanta
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as some sort of quantum entities — the bearers of the quantum interaction — existing in
space-time is not feasible.

According to David Kaiser, referring to the S-matrix theory developed in the 1950s
and 1960s in particular by Geoffrey Chew, there was an “association of ‘realism’ with
Feynman diagrams ... based on their simple similarity to ‘real’ photographs of ‘real’
particles” (Kaiser 2000, 75). This resulted from a misinterpretation of lowest-order
Feynman diagrams as depictions, as a sort of Minkowski diagrams, representing a
schematic reconstruction of bubble chamber photographs; according to Kaiser

the Feynman and Feynman-like diagrams that were taken over into S-matrix theory were not the high-
order loop corrections ... but rather lowest-order and, most frequently, single-particle exchange
diagrams. And what were the ‘visual ingredients’ of these particular classes of Feynman diagrams?
Nothing but vertices and propagation lines. (Kaiser 2000, 74; see also Kaiser 2005, 362-373)

This is not the view being proposed here. Letitia Meynell called attention to the fact that
in Feynman’s work a ‘bubble chamber view’ of the Feynman diagrams is not enforced.
Meynell asked the question if “Feynman diagrams prescribe imaginings of definite
trajectories through and positions in space-time?” (Meynell 2008, 53). Now, Feynman
presented his approach to quantum electrodynamics in two papers from 1949 that are
strongly interrelated. According to Meynell, “the quintessential Feynman diagram
pictured in the second paper drew on the physical interpretations and visual schemata of
the first” (Meynell 2008, 53). In this first paper, Feynman illustrates the scattering of an
electron with two equivalent pictures (that Meynell calls pre-Feynman diagrams). In one
case Feynman gives a wave description of the electron scattering and in the other a
particle description (Feynman 1949a). Thus, According to Meynell, Feynman was not
trying to enforce a reading of the diagram as representing a trajectory in space-time. In
fact Feynman called his approach an overall space-time approach (Feynman 1949b,
769). To see what we can make of Feynman’s overall space-time description of physical
processes and the role of Feynman’s diagrams and virtual quanta within this approach I
will now return to the analysis of the description of the electron-electron scattering in
quantum electrodynamics.

The crucial aspect of the description of scattering in quantum electrodynamics is
that there really is no description in time of the interaction. This is due to the fact that in
the application of the S-matrix method we are always considering a free particle initial
state (at t = —o0) and a free particle final state (at t = +o0) while disregarding the detailed
description of the intervening times. In this sense we have an overall temporal
description of the scattering processes. Feynman did not consider this as a limitation; on
the contrary, his view was that “the temporal order of events during the scattering ... is
irrelevant” (Feynman 1949a, 749).

To see how Feynman’s overall space-time approach works out let us consider a
counterfactual realistic picture of ‘virtual processes in space-time’, involved in the
calculation of the S-matrix. When considering the interaction between two electrons, the
S-matrix element is constructed with an underlying idea of an elapsing time. A (virtual)
photon is emitted by one electron, which means that due to the localized interaction of
the Dirac and Maxwell fields it is created at a specific space-time point. This photon
propagates and is luckily absorbed by an electron expecting it. We have a sort of effect
‘next’: the quantum ‘knows’ what is going to happen and behaves accordingly so that
we have a smooth adjustment between the electrons and the photon. In reality the
sequence of creation and absorption of the photon is adjusted ‘ab initio’ in a
mathematical expression — the S-matrix — that provides an overall temporal (and spatial)
description of what we consider to be an in time temporal phenomenon. In a certain
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sense the problem does not lie in the adjustment of the creation and annihilation of the
photon but in the use of temporal language in an overall description of the interaction in
quantum electrodynamics; like when Feynman considered a situation where it was
supposed that “one electron was created in a pair with a positron destined to annihilate
the other electron” (Feynman 1949b, 773).

Exploring a little more the counterfactual realistic picture of virtual ‘processes’
‘really’ occurring in space-time, if we try to maintain an in time temporal perspective
considering, in contradiction to the usual interpretation of quantum theories, a
submicroscopic ‘observer’— say Alice —, then the cat — our propagator — will reveal
peculiar behaviours. The fact is that the propagator does not vanish for a space-like
separation. This means that we would have an interaction between space-time points not
connectable with a classical electromagnetic wave. However in this quantum world the
photons and electrons (or positrons) being propagated between two points are not
restricted by the usual energy-momentum relations, so we are beyond any classical
dynamical description of the ‘propagation’, and, as mentioned previously, we refer to
these quanta as ‘virtual’ (while using the ontologically charged word ‘real’ for the
quanta whose energy-momentum relations are k* = 0 in the case of the photon and p* =
m” in the case of fermions). For a submicroscopic ‘observer’ located in the space-time
point where a quantum is emitted we can imagine that an objective notion of present
(emission) and future (absorption) exists. The problem is that for a space-like
separation, a moving ‘observer’ — Alice — might see the absorption before the emission.
In the case of electron propagation this would imply seeing a positron. The cat would be
changing its form. Considering Einstein’s kinematical interpretation of relativity
(Einstein 1905, 48; see also Smith 1995), from the perspective of a moving ‘observer’ —
Alice — (which we imagine to make her ‘observations’ using a ‘submicroscopic’
classical electromagnetic wave, i.e. ‘respecting’ Einstein’s relativity), in the situation
described above it would seem as if there is an interchange of the creation and
annihilation points. In the case of photon propagation, this only makes her think that the
direction of propagation is the opposite. In the case of electron propagation it will seem
as if the (unobserved) quantum is now a positron. But even Alice, taking into account
relativity theory, can only see the points of interaction between the fields, not the
propagation ‘process’ itself. In this way the ‘true’ virtual electron only appears to be a
virtual positron due to ‘kinematical’ relativity, but it is ‘really’ a virtual electron.

When considering the overall amplitude the problem fades away. The point is that
the S-matrix is covariant. So, different ‘observers’ will obtain the same result for the
scattering amplitude, with their identical submicroscopic experimental devices, when
considering the propagation between all space-time points (a ‘real’ observer cannot
make these space-time experiments to determine the scattering amplitude, she can only
obtain experimental cross-sections). We can express the covariant S-matrix in two
alternative forms (Sakurai 1967, 204):

Sy = (_i)z.[; dtl.[_; dt,H, (t,)H,(t,), and S} = (—i)zfl dtlJ-: dt,H, (t,))H,(t,).

To see the content of these formulas let us consider localized ‘observers’ of ‘processes
in space-time’ that can be described by S,. In this case we are considering ‘processes’
where t; < t;. Now, a passer-by might think, in relation to a spacelike propagation, that
she is seeing a ‘process’ where t; < t, as described in Sy. But she will also think that
another ‘process’, which for the localized ‘observer’ is from Sy, is described in S,. The
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overall result will be the same for both ‘observers’. The possible time inversion problem
does not occurs as it is swept under the covariance of the S-matrix:

S® = (—i/2)2 J: dt, J: dt, {HI (t)H; (t,)8(t, —t,)+H, (t,)H; (t)6(t, -t )} ’

where 6(t) =1 ift > 0, and O(t) = 0 if t < 0 (Sakurai 1967, 204).

Going back to real observers, the fact is that we do not have a submicroscopic
experimental access to the theoretical point-like interaction between the fields (this is
one of the reasons I call a description of the quanta exchange in terms of space-time
processes counterfactual; the other is that we are calculating probability amplitudes and
describing them in terms of classical-like processes in space-time not taking into
account the interpretation of the formalism). In the case of scattering processes we only
have experimental access to cross-sections calculated from the S-matrix (Jauch and
Rohrlich 1976, 163—-167). The point is that with the (experimentally accessible) cross-
section calculated from the S-matrix — the only possible theoretical approach to
scattering processes within quantum electrodynamics — we are not considering time as it
goes by, but an overall temporal (and spatial) calculation of the interaction processes: all
of the past and future is put into it. We see then that the Feynman diagrams must be
seen as a representation of an overall space-time description of scattering processes (as
an exchange of quanta) in which “the scattering process itself is a black box”
(Falkenburg 2007, 234). We do not have an in space and in (through) time description
of the interactions. In this way a realistic interpretation of virtual quanta as the bearers
of the quantum interactions in space-time seems to be inappropriate.

For some it might yet seem that mine is a straw-man position. The fact that I am
using Dyson’s result against the superposition argument might seem not enough
according to some views on this argument. It is correct that we cannot consider any
more that the virtual quanta “type and number are not sharp” (Weingard 1988, 46).
However it might be the case that there are versions of the superposition argument
where the fact that we may still consider several Feynman diagrams in the description of
the interactions is enough to relegate the diagrams and virtual quanta to the role of
accessory tools not giving in any sense a physical description of the interactions. I think
that Teller’s argumentation can be seen as an example of this ‘finite’ superposition
argument. The part of Teller’s argumentation not depending explicitly on classical
analogies is sustained on the following points:

1) As we have already seen, in the description of the electron-electron interaction,
when considering one Feynman diagram (in second order) we

have x; and x, as free variables, which must be integrated before we get the diagram’s final contribution
to the scattering amplitude. The processes allegedly described by the diagram [(which I referred to as
‘processes’)] must be superimposed for all values of x; and x, before we get a description of what is still
only a contribution of a quantum-mechanical amplitude for a real scattering process. (Teller 1995, 142)

Now, the point is that, as I mentioned, we have only one global process described by
this one Feynman diagram, corresponding to the black box calculation of localized
‘processes’, which are mathematical artifacts resulting from the point-like description of
the interaction between the quantum fields (which has no operational meaning). This
does not entail that the exchange of quanta cannot be regarded (in some way) as a
physical process, simply that it is not a physical process in the classical sense of space-
time processes that we have in classical theories. Teller recognizes this much, since he
mentions that, in his view, “in quantum theories the components represent potentially
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but not actually existing states” (Teller 1995, 141). I will not discuss Teller’s
interpretation of quantum field theories, but simply recall that we are not dealing with
‘classical pictures’ of physical processes occurring in space and in time. Reversing the
order of arguments, we can take the intricate description of one Feynman diagram
(representing, in the case being considered, the exchange of one virtual quantum) as the
physical description of interactions in quantum electrodynamics, giving at the same
time the only available physical-mathematical meaning to what we understand by the
term ‘exchange of quanta’. We cannot have implicit in our argumentation classical
analogies when interpreting the physical-mathematical description of interactions in
quantum electrodynamics (in this part Teller’s point is dependent on a supposed
superposition of different ‘processes’ occurring in different points of space-time).

2) Even if we cannot count on an infinite series expansion of the S-matrix we still
have a superposition of several terms (related to different Feynman diagrams).
According to Teller, “the full scattering amplitude, is, in principle, given only when the
results from second order are further superimposed with contributions from all even
higher orders” (Teller 1995, 142). Now, we do not have a full scattering amplitude that
is, in principle, given by further superimposing all higher order terms. However it is in
general necessary to consider higher order contributions to the S-matrix to get a good
agreement with experimental results (Falkenburg 2007, 237-238). Again, my view is
that we must not fall into the trap of classical analogies when addressing a quantum
electrodynamical description of the interaction of radiation and matter (described within
the theory as quantum fields). The fact that we can (and sometimes have to) describe the
scattering by considering simultaneously several Feynman diagrams (corresponding
each to a particular type of exchange, where the quanta type and number are sharp) does
not imply that we must see them as simply abstract mathematical tools. My view is that
we can see the virtual quanta as an explanatory nexus — through an extension of the
concept of quanta — of the quantized exchange of energy and momentum between real
particles; this is so even if it turns out to be an intricate one (i.e. resulting from the
contribution of different Feynman diagrams), in which there is no place for an account
relying on classical-like analogies, i.e. it is not like we have two tennis players playing
with several sets of balls at the same time, as Fox refers to (Fox 2008, 42). It is
important to have in mind that for example in the electron-electron scattering the
interaction between the particles is mediated by the quantized electromagnetic field, and
that the core interaction described in quantum electrodynamics is not (contrary to
Feynman’s views) a scattering process but the interaction between radiation and matter.
This interaction occurs according to conservation principles and as a quantized
exchange of energy and momentum between radiation and matter. When transposed to
the perturbative description of scattering processes (the only one available in quantum
electrodynamics) the mediation role (guaranteeing the conservation of energy and
momentum) is taken by virtual quanta of the quantized electromagnetic field, which, as
has been seen have operational meaning as a finite collective effect.

The point I am making about virtual quanta as mediators of the quantized exchange
of energy and momentum in the scattering of ‘real’ particles has some similarities with
Harré’s views. According to Harré the Feynman diagrams have ‘epistemic power’. This
is in part due to the fact that the concept of virtual quanta “is legitimated via its
explanatory power in the tidy accounting of energy budgets” (Harré 1988, 69) in the
interactions.

In resume: I have defended that the main argument for taking virtual quanta as
formal tools — the superposition argument cannot be sustained in quantum
electrodynamics. In this way by a reconsideration/reformulation of Falkenburg’s
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argument ‘against’ virtual quanta, I have defended that we can in some experiments
single out the lowest-order Feynman diagram and give operational meaning to the
virtual quantum exchange. It is true that we usually need to consider further terms of the
S-matrix series expansion as corrections to this (in Feynman’s words) ‘fundamental
interaction’, but since the series expansion of the S-matrix is at best asymptotic we
know that this is a finite correction of the main term describing the interaction. For
example in the electron-electron scattering simultaneously with the photon exchange we
can consider a finite number of higher order processes involving other virtual quanta,
and the finite collective effect of the superpositions of the virtual quanta exchanges has
operational meaning. Besides this operational dimension, the concept of virtual quanta
has an epistemic dimension. As mentioned, in the description of scattering processes it
is the virtual quanta that implement the quantized exchange of energy and momentum.
Harr¢ attributes epistemological relevance to this fact since the virtual quanta enable to
explain/characterize for example the electron-electron scattering through a conserved
exchange of energy and momentum between the two particles. In this way at an
‘epistemic level” we can consider the virtual quanta to be more than simply
mathematical tools since they convey a relevant physical description/explanation of the
quantum interaction in terms of providing the link for a quantized exchange of energy
and momentum between the real particles. The epistemic dimension by itself does not
entail an ontological reading of the virtual quanta concept, but taken toghether with the
operational dimension they are strong evidence for taking the virtual quanta to be more
than formal tools (implying that the Feynman diagrams are more than simply mnemonic
aids to calculations).

4 A quantum model of the delayed interaction between two bound electrons

To try to recover a temporal description of processes we have to build a model of
interaction that approaches somewhat the ones provided by classical electrodynamics.
Let us consider two well-separated hydrogen atoms (see e.g. Fierz, 1950). Considering
the interaction between the bound electrons, we do not have to consider all space-time.
The photon is emitted in a certain region, where we can consider one of the atoms to be
located, and is absorbed in another region by the other atom (i.e. the electron bound in a
static external field). For clearly separated atoms we can get a notion of temporality
from the sole propagation of a photon from one atom to the other. But with this kind of
model we disregard the two-way character of the interaction, and approach the more
classical description of radiation emission.

Suppose that the emission from one atom takes place at a certain region Vy of space-
time, meaning that the atom is in a certain location of space and that a photon with
energy oy is emitted during a period of time T. This photon is absorbed in the region V
by another atom. We are going to take for granted for the moment that if the emission
takes a time T then there will be an uncertainty A® in the energy @y of the photon, so
that we have TA® > 1. At the same time we will consider only a situation where A® is
much smaller that oy, which means that the sign of the energy is defined, and so it is
clear that the energy is flowing out of the atom in V,. We thus suppose we can adjust T
so that A®w < @y. From all this we have that T >1. With this condition, considering
“the part of S-matrix which is due to transitions in Vi and V,” (Pauli, 1973, p. 134) and
using explicitly the form of the wave functions of the bound electrons, every instant of
time in the space-time region V is greater than every instant of time in Vy. In this
particular model we can from the S-matrix obtain a description of emission and
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absorption of a photon consistent with a notion of temporal order associated with the
process, but this temporal order is imposed independently of the S-matrix calculation.
What the calculation provides are definitions of the time relations involved and the
spatial separation of the two regions that were from the start considered bound and
separated in space-time. The result is that the two bounded regions do not overlap, so
that we can say that “if the energy of the charged particles in Vy increases ... and if the
energy in Vy decreases, then Vy is later in time than V,” (Pauli, 1973, p. 133). Also, the
second region must be on the (diffuse) light cone of the first. For this reason, besides an
uncertainty +T resulting from “the uncertainty in the time of the emission process”
(Thirring, 1958, p. 146), we only have contributions in the S-matrix from space-time
points in regions that can be connect by photons propagating at light speed. This also
means that for the distance r between the two atoms we have roy > 1: the second atom
must be in the wave zone of the first (roughly speaking a region where r is much bigger
than the wavelength of the emitted photon: r > A).

Maybe the most interesting aspect of this model is that in the wave zone we see that
the contribution from the propagator comes from the poles, corresponding to a process
with a real photon (Thirring, 1958, p. 146). As Feynman remarked “in a sense every real
photon is actually virtual if one looks over sufficiently long times scales. It is always
absorbed somewhere in the universe. What characterizes a real photon is that k — 07
(Feynman, 1962, p. 95). We see that the distinction between virtual and real can depend
on the separation between the atoms: in the near zone (r << A) the photons are virtual
and on the wave zone they are real (Thirring, 1958, p. 146).

One point is clear from the previous case. To approach an idea of ‘temporality’ (i.e.
temporal order in the physical processes) in models of interaction, using as a
fundamental part quantum electrodynamics, we need structures in the models — like the
atoms in our case — that permit the appearance of real photons, which approach a more
classical electrodynamical type of interaction (emission and posterior absorption of
light). Also for a consistent outcome from this model it is necessary that wyT > 1 and
this is not provided by the theory directly, because there is no time-energy uncertainty
relation in quantum theories in the same sense as in non-relativistic quantum mechanics
where there is an uncertainty relation between the position and momentum operators
(Hilgevoord, 1996, p. 1451). We have somehow to impose it from the outside.

In the Maxwell-Lorentz classical theory we have a relation between Aw — the line
width — and the lifetime T of the radiation emission process. Considering “a linear
harmonic oscillator as a simple model for a light source” (Heitler, 1954, p. 32), and
taking into account the effect of the field produced by the charge on the charge itself
(the self-force), the (emission) intensity distribution is given by

Y 1 .
I(v)=1,— Heitler, 1954, p. 33),
b vy ey p-33)

where v is the frequency of the undamped oscillator, and 7y is the width at half of the
maximum intensity and is equal to the reciprocal of the lifetime of the oscillator (due to
the damping of the self-force the oscillator radiates during a period of time until it
comes to rest). Under the assumption that the reaction force is small we have that the
lifetime is long when compared with the period of the oscillator, so that we have y <«
Vo, that is, T > 1. Following the same approach when describing the decay of an
excited state of an atom in quantum theory, again it is assumed that “the lifetime is large
compared with the frequency of the atom” (Heitler, 1954, p. 183), that is T > 1, and

159



we obtain the same expression for the intensity distribution of the emission (now as a
probability function). In this way, we do not use any ‘uncertainty’ relation to obtain the
result wyT > 1 which is needed to obtain a model for the interaction between the atoms
that appears to give a consistent spatio-temporal description of the interaction. Thus, the
model is dependent on results that can be also derived in a classical treatment of the
emission of radiation by an atom.

There is a huge difference between the quantum treatment of a two-atom system and
the quantum electrodynamical description of scattering processes. In the model we
obtain the desired result by patching together different parts while the S-matrix
calculation of scattering amplitudes is a direct application developed from the
Lagrangian of interacting Dirac and Maxwell fields.

By a heuristic procedure, taking into account the relation @wyT > 1 and the
corresponding emission line, a specific form is given to the bilinear density yy"y in the

second order term of the S-matrix used in this model. In this way the — classically
derivable — spectral line curve is a fundamental aspect of this model (Fierz, 1950, pp.
734-735; Pauli, 1973, pp. 134-135). This means that this model could be seen as a semi-
classical one. Then an adjustment is made of the distance between the atoms so that the
second atom lies in the wave zone of the first. The point is that, as mentioned before, in
the near zone the photon behaves as a virtual one, while in the wave zone we have (as a
limit) the energy-momentum relation for a ‘real” photon. This means that in the last leg
of the model development, depending on how we choose the distance between the
atoms, we can have a situation where we can associate a causal temporal order to the
emission and absorption process of a ‘real’ photon, or a situation where it is not possible
to associate a causal temporal order to the emission and absorption of a ‘virtual” photon.
Another difference between this model and the S-matrix calculations of scattering
processes is that in the second case we obtain results that can be compared to
experiments (Falkenburg, 2007, pp. 105-107) while in the first case we can only
associate with the model a thought experiment (Buchholz & Yngvason, 1994, p. 613).
In this way the model patched from the theory gives the impression of a solid verifiable
consequence which it really is not. This does not seem to be a solid procedure we can
use to defend that we can retain within a quantum treatment the possibility of a temporal
description of processes that we have in classical electrodynamics.

5 Conclusions

It is clear that we only have access to a temporal description of interactions using the S-
matrix when developing models that approach more classical situations. The problem is
that in a full quantum electrodynamical S-matrix calculation we really do not have a
representation of scattering processes in space-time (we face this same situation for
bound-state problems, which can be treated by using basically the same S-matrix
approach). We have an overall space-time description, and from this, the incorrect idea
that we have a description of processes in time. What we really have is a mathematical
construction using as a basic structure the Minkowski space-time that enables us to
obtain the cross-section for a particular scattering. But this theoretical cross-section is
determined from the contribution of the Feynman diagrams in energy-momentum space,
and ultimately it is this energy-momentum cross-section that is compared with
experimental results (Falkenburg, 2007, p. 131).

We do have (in a limited sense) a description of the interaction in terms of virtual
quanta exchange between our observed ‘particles’. What we do not have is a description
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of this exchange in space and through time. We have a quantum electrodynamical
application based on a computational device — the propagator — and a calculation based
on a configurational space constituted by the Minkowski space-time points. In the case
of scattering experiments we have no ‘insider’ making observations, we have the initial
state corresponding to a determined preparation of the system and the final calculated
state that will enable us to make comparisons with the experimental results (Peres,
1984, p. 647). To have a path in space-time we cannot consider the elemental
interactions, because we cannot observe the configurational space where the interaction
‘occurs’ through the mathematical device of the propagator. Let us recall Heisenberg’s
description of an a-particle in a Wilson cloud chamber. Heisenberg considers that each
successive ionisation of molecules of the medium is “accompanied by an observation

of the position” (Heisenberg, 1930, p. 69). This sequence of observations reveals a
‘path’ in space. However, in between each ionisation, the particle is described by a
wave function. There is no quantum mechanically described microscopic trajectory.
Each observation corresponds to a state preparation for the next one. It is the sequence
of observations controlled by us that gives the impression of a trajectory in space-time.
In the case of Mgller scattering we do not have that. It is a unique and global process
associated with a single experiment. It is not possible to visualize this process as
something that is going on as we speak. Minkowski space-time has to be seen, when
used in the context of S-matrix calculations, as a configurational space, where
mathematical objects like the propagators are used as calculation tools. If we consider
the scattering process as a ‘black box’ (Falkenburg, 2007, p. 234), it is the space-time
itself that is this black box. When considering an overall space-time approach we take
the observer to be outside this space-time, and there is not much we can say about the
temporal order of the phenomena as described by the theory.
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CHAPTER 8

THE RELATION BETWEEN CLASSICAL AND QUANTUM
ELECTRODYNAMICS

1. Introduction

In the wonder world of physics it is often thought that the relation between the classical
and quantum theory is unproblematic and that by a more or less clear procedure we can
regard the classical theory as some sort of limit of the quantum theory. Usually these
considerations are done in the realm of non-relativistic quantum theory and not much is
said about the relation between quantum electrodynamics and classical electrodynamics.
Be it the relativistic or non-relativistic theory, we are in the paradoxical situation, which
is usually presented as non-paradoxical and natural, that the quantum theory is supposed
to contain the classical theory but at the same time needs it for its own foundation
(Landau, 1974, p. 13).

In the following I will try to present the idea that classical electrodynamics and
quantum electrodynamics form a not fully coherent theoretical framework in which the
quantum part has to be seen as an extension of the classical part but not as containing
the classical theory. In this way quantum electrodynamics cannot be regarded as an
independent and more fundamental theory of physics than its classical counterpart.*’

First, section 2 will present the current classical framework provided by classical
electrodynamics and the theory of relativity,"' and address the question of the possible
inconsistency of classical electrodynamics and the possible meaning of this. Then, in
section 3, after looking again briefly into the development of quantum electrodynamics
from the quantization of the classical Maxwell field and the classical Dirac field, I will
address the possibility of a classical limit. Taking into account the limitation of quantum
electrodynamics in the temporal description of scattering processes I will defend that
properly speaking we cannot reduce classical electrodynamics to quantum
electrodynamics.

* In this work, I am not taking into account different interpretations of quantum theory and different
approaches to the quantum theory of measurement (in particular decoherence). I am solely developing my
argument within an ensemble interpretation (e.g. Isham 1995, pp. 80-81) that gives a natural connection
between the calculations done using quantum electrodynamics and the results from the experimental
procedures followed (e.g. Falkenburg 2007, pp. 106 and 207).

*I'T am here taking the theory of relativity to be part of classical physics. This is the view usually adopted,
in which, for example, Einstein’s theory of gravitation is taken to be a classical field theory (e.g. Landau
and Lifshitz 1971).
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2 Classical electrodynamics

Classical electromagnetism as presented nowadays is not the theory as developed by J.
C. Maxwell. In his more mature work, published in 1873, Maxwell used the Lagrangian
formalism to avoid any specific mechanical model of the medium that causes the
electric and magnetic phenomena (Harman, 1982, p. 118). His approach was centered
on the description of this medium — the ether. The electric current was described as a
variation of the polarization — seen as a more fundamental concept — in a material
medium (dielectric or conductor); and in this line, the electric charge was considered
‘simply’ as a spatial discontinuity in the polarization (Darrigol, 2003, p. 164). In
practice Maxwell considered the ether and matter as a single medium existing in
absolute space (Harman, 1982, p. 120), more exactly, he treated matter “as if it were
merely a modification of the ether” (Whittaker, 1910, p. 288). This was a macroscopic
theory of the electromagnetic medium that did not make a clear-cut distinction between
matter and ether.

In 1892, what can be considered as a new microscopical classical version of
electrodynamics was developed by H. A. Lorentz. Adopting the view of microscopical
charged particles used in action-at-a-distance theories, Lorentz combined it with the
Maxwell theory of the ether in a way that enabled him to explain Fresnel’s results
regarding the propagation of light in moving bodies. The positive and negative charged
material particles would move in the ether without dragging it and only interacting with
each other through the mediation of the ether that filled all space: they had a delayed
interaction (Whittaker, 1910, p. 420).

Lorentz presented the fundamental equations of his theory as a generalization of the
results provided by electromagnetic experiments (Lorentz, 1909, p. 14). This means that
he made an extension of Maxwell’s macroscopic field equations to a microscopic level
taking into account his consideration of the charge as a density distribution attached to a
microscopic solid body. With this microscopic and atomistic turn, the field equations
are in Lorentz electrodynamics given by:

divd = p, divh =0,
roth = l/c(d + pv), androtd=-1/c h,

where d is the dielectric displacement, h is the magnetic force, p is the charge density,
and v is the absolute velocity of the microscopic body (Lorentz, 1909, p. 12).

Lorentz considered that the ether pervades all space including the ‘interior’ of the
solid bodies, but as being always at rest in relation to absolute space. The law that
dictates the influence of the electromagnetic fields, as a manifestation of the internal
state of the ether, on the charged bodies, can be seen, as in the previous cases, as an
extension of the experimental results represented in the force laws of Coulomb and
Biot-Savart, and is given by f = d + 1/c [v X h]. These five equations with their
underlying assumptions can be considered the core of Lorentz’s electrodynamics
(McCormmach, 1970).

With Lorentz’s electrodynamics the conceptual distinction between matter and ether
is clearer than in the Maxwell theory. We have a more precise physical characterization
of matter, ether, and their interaction, and the scope of application of the theory is
extended. In this way we can consider Lorentz’s electrodynamics as more fundamental
than Maxwell’s. But it appears to have a weak spot, which is maintained even after
considering A. Einstein’s contribution to classical electrodynamics bringing with it the
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downfall of the concepts of ether and absolute space and the rethinking of
electrodynamics within the more general theory of relativity.

When in his first works on the subject Lorentz considered the existence of charged
corpuscles, he associated them with the ions of electrolysis. P. Zeeman’s experimental
results that the charge to mass ratio of the particles was one thousand times smaller than
supposed indicated that these particles were not the ions of electrolysis. This conceptual
distinction led Lorentz to consider the existence of sub-atomic corpuscles (with positive
or negative charge), adopting as others the term ‘electrons’ (Arabatzis, 1996, pp. 421-
424). Lorentz considered the electron as a charged rigid body, giving to it a “certain
degree of substantiality” (Lorentz, 1909, p. 14), to which the laws of motion apply. He
modelled the electron as a sphere with a uniformly distributed surface charge. He
considered the electron when in motion in relation to the ether (at rest in absolute space)
to take the form of an elongated ellipsoid. Considering a very small departure from
uniform motion and applying expressions obtained in that case, Lorentz determined “the
force on the electron due to its own electromagnetic field” (Lorentz, 1909, p. 38). He
found that this effect corresponded to the existence of a mass of electromagnetic origin
and was led to the idea of an effective mass composed of the mechanical mass and the
electromagnetic mass. Due to Kaufmann’s experiments, and considering the mechanical
mass not from the point of view of the not yet developed theory of relativity but from
Newtonian mechanics, Lorentz even considered the possibility that the electron’s mass
was all of electromagnetic origin. Lorentz’s work was critically examined by H.
Poincaré¢ who concluded that a non-electromagnetic internal pression was needed, so
that the electron was stable under the electrostatic repulsion between its elements of
charge (Poincaré¢, 1905).

From the point of view of the theory of relativity it is clear that the mass of the
electron cannot be solely of electromagnetic origin. The electron’s momentum and
energy generated by its own field do not form a four-vector. In relativistic mechanics
we can consider a particle to be defined by having a determined energy-momentum
four-vector (Jammer, 1961, p.164). This definition can be justified without taking into
consideration any aspect of electrodynamics, as G. N. Lewis and R. C. Tolman have
done: we can determine the relativistic expression for the particle’s mass by considering
the collision between the particles and postulating a conservation law of momentum and
using the relativistic law of addition of velocities (Pauli, 1958, p. 118). From this it can
immediately be seen that the momentum and the energy of the particle behave under
Lorentz transformation as the components of a four-vector. This result can be checked
experimentally again without any explicit use of electrodynamics, as was done in the
early thirties by F. C. Champion, who studied the scattering of B-particles with electrons
at rest in a Wilson chamber (Zhang, 1997, p. 234). This means that the experimental and
conceptual framework of relativistic mechanics can be developed and verified on its
own, detached from any electrodynamical considerations. This point is crucial in the
analysis of the difficulties that relate to classical models of the electron.

When considering a point-like model of the electron, the self-energy is infinite. In
1938, P. Dirac proposed a clear covariant procedure to separate the finite and infinite
contributions to the self-energy (Dirac, 1938). The infinite contribution to the electron’s
mass is taken care of by a renormalization procedure in which the observed mass
encloses the mechanical mass and the (infinite) electromagnetic mass. The finite effect
is a reaction force depending on the derivative of the acceleration. So, when considering
the electron’s self-energy we have a departure from the Lorentz force equation and
obtain an equation — the Lorentz-Dirac equation — in which besides the external force
we have present the radiation reaction from the electron’s field. This equation has very
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unphysical solutions. In the absence of any external force the equation admits solutions
where the radiation reaction provides a self-acceleration to the charged particle.
Choosing appropriate asymptotic conditions this type of solution is avoidable.
Nevertheless a problem still remains. When considering the case of a particle subject to
an external force, the motion of the particle is affected by the force even “before the
action of the force” (Barut, 1964, p. 198): we have a pre-acceleration of the electron
before the action of the external force. It seems that the point-like electron is not a
classically acceptable model. The pre-acceleration solution, where we have a non-zero
acceleration before the external force is applied, appears to be avoidable with a classical
extended electron model.

Let us consider a classical extended electron model consisting in “a charge e
uniformly distributed on the surface of an insulator which remains spherical with
constant radius a in its proper inertial frame of reference” (Yaghjian, 1992, p. 31).
Taking into account the finite velocity of propagation of an electromagnetic disturbance
across the ‘electron’, in the derivation of the solution to the equation of motion of this
‘electron’, no pre-acceleration solutions occur.

This result has been challenged, and it might be the case that even this model does
not resolve the problem of pre-acceleration (Frisch, 2005, p. 62). In this way there
seems to be no conceptually unproblematic way to overcome the inconsistency we have
in the actual applications of classical electrodynamics where, when considering a
particle-field system, the Lorentz laws are applied taking into account energy-
momentum conservation while ignoring the self-field of the particle. According to M.
Frisch

the standard way of modeling phenomena involving the interaction between discrete charged particles and
electromagnetic fields relies on inconsistent assumptions ... the equation of motion for discrete charges
that is used in all applications of classical electrodynamics, which ignores the self-fields of the charge, is
inconsistent with the Maxwell equations and the standard principle of energy momentum conservation.
(Frisch, 2007, p. 2)

Also, in Frisch’s view

there are a host of conceptual problems that arise when one tries to develop a fully coherent and complete
classical theory of charged particles interacting with electromagnetic fields—a theory that does not simply
ignore self-interaction effects. (Frisch, 2007, pp. 3-4)

In this way the conceptual problems would be forcing upon us an inconsistent approach.

I think that rather than some sort of inconsistency we are here facing interesting and
revealing aspects of classical electrodynamics. I think one thing that we can conclude
from the analysis that led to the inconsistency claim by M. Frisch, is that we have a
limited description of matter within classical theory. As has been noted regarding
classical electrodynamics,

the main problem with taking this theory to be the fundamental theory of the interaction of classical
charges and fields is that it is in an important sense incomplete. Without substantive additional
assumptions concerning how charged particles are to be modelled, the theory cannot be understood as
describing the behaviour of the particle-field system. (Frisch, 2005, p. 47)

Basically we only have general rules from relativistic mechanics that give an overall
prescription about what general laws matter must ‘obey’; like the definition of the
concept of particle by considering that it must have a certain energy-momentum four-
vector, which is independent of any particular model of the particle and the possible

165



inconsistency of any derived force law (as I mentioned earlier, the experimental and
conceptual framework of relativistic mechanics can be developed and verified on its
own, detached from any electrodynamic considerations). We really do not have any
elaborated theory of matter. From this I would say that the classical theory is
incomplete, in the sense that part of its conceptual framework — the one related with the
description of matter — shows severe limitations. But, contrary to the view expressed by
Frisch (2007), I find it difficult to regard (in some sense) a theory that we have strong
reasons to consider incomplete as being inconsistent.

Another aspect, related to the previous, is that the theory was designed by
considering two clearly distinct entities: the field and the particles, and in the usual
applications of the theory “electric charges are treated either as being affected by fields
or as sources of fields, but not both” (Frisch, 2004, p. 529). In trying to overcome this
approximate approach, the development of the theory faces clear difficulties that within
the classical realm seem to have no easy solution (Frisch, 2007, p. 11). In this way,
recalling the case of quantum electrodynamics, it seems that we might be facing the
intrinsically approximate character of the description of the interaction of radiation and
matter also at the classical level, which seems inevitable in the present approach
developed by considering radiation and matter as two clearly distinct phenomena. If it
turns out to be so, we are really facing something else than ‘simply’ a problem of
incompleteness of the classical theory.**

3 The relation between classical and quantum electrodynamics

In this part I will defend the idea that quantum electrodynamics cannot be seen as a
more fundamental theory than its classical counterpart, in the sense that we could
recover the classical theory from some sort of limit of the quantum theory. Instead I will
propose to see the quantization procedure as a literal ‘upgrading’ procedure in which we
build the quantum part from the classical one in such a way that the quantum part is
dependent of the underlying classical structure.

I will start, in the first subsection, by considering the quantization procedure. I will
then consider briefly the literature addressing the so-called classical limit in quantum
electrodynamics. While in the case of quantum mechanics there is a vast literature about
this subject, it seems that physics and philosophy have not taken the question of the
relation between classical electrodynamics and quantum electrodynamics too much into
account. What we find is basically the usual idea of the Planck’s constant ‘limit’ (42 — 0)
transposed to the case of quantum electrodynamics.

In the second subsection I present part of the argument against the previous
simplified view of the relation between the two theories. As we know the application of
quantum electrodynamics to the description of bound-state or scattering problems is
made by resorting to perturbative approaches (in particular the S-matrix approach). The
point is that in the perturbative approach we are calculating integrals that go from t = —0
to t = +oo. This overall temporal description makes it impossible to associate a particular

2 As we have seen, according to Bohr’s views this is also the situation in quantum electrodynamics (Bohr
1932a, p. 378; Bohr 1932b, p. 66; see also Rueger 1992, pp. 317-318). That we might be facing similar
problems in the two theories can be expected according to the view being proposed here on the relation
between the two ‘theories’; another example is the renormalization of the electron’s mass in the two
‘theories’; see e.g. Barut (1964, pp.190-191) and Schweber (1961, pp. 524-530).
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time interval (duration) to the physical processes described by the theory.* The problem
is then to see how the duration of physical processes which are found at the
macroscopic level (as described by classical theories) could emerge from the quantum
realm since the theory is unable to provide any indication of a temporal duration of the
processes that are supposed to be occurring at the microscopic level and constituting the
macroscopic level where our perception of time is taking place.

Now if we take classicality as emerging from the ‘quantum world’, the physical
processes that at a macroscopic level we see taking place during finite time intervals
should emerge from some, even if ‘diffuse’, assignment at the quantum level of a
‘duration’ to the physical processes (‘constituting’ the macroscopic ones). As
mentioned, at the level of the usual applications of quantum electrodynamics this is not
possible: we just have an overall temporal description. In subsection 3.3 I will consider
whether it might be possible within quantum electrodynamics to recover a more
classical type of association of a time interval to physical processes. To this purpose |
will consider Fierz’s (1950) take on Fermi’s two-atom system (see e.g. Fermi, 1932). It
turns out that the description, using in part the formalism of quantum electrodynamics,
of the interaction between two bound electrons cannot be seen as a direct application (or
consequence) of the theory. It is more like a piecemeal model that can be seen to
include a classical input. It is exactly this classical input (or quantum input at the
correspondence level where by design the quantum theory provides results equivalent to
those of the classical theory) that makes it possible to associate a temporal time interval
— duration — to the process of emission and subsequent absorption of a photon between
two bound electrons. In this way it seems that the type of temporal description of
physical processes we have at the classical level cannot be regarded as emerging from
the quantum level of description.

3.1 The quantization procedure and the so-called classical limit

Within quantum electrodynamics the starting point are classical fields like the Maxwell
field and the Dirac spinor field defined on a Minkowski space-time. We can see the
quantization scheme as a set of physical rules that enable an extension of the
applicability of the classical concepts to phenomena that while categorized as related to
matter, radiation and their interaction are beyond the classical sphere of description.

As we have seen in chapter 4, considering the usual quantization procedure, in the
case of a free Maxwell field the vector potential can be expanded as

12
AH(X)ZZ(flCz ZV(DJ (gf(k)ar (k)e™ +s$(k)aj(k)ei“) (Mandl & Shaw, 1984, p. 84).
rk

In order for A¥(x) to be related to the Maxwell equations, a subsidiary condition is
imposed, the so-called Lorentz subsidiary condition, which, as mentioned, at a quantum
level has to be changed. In this case the connections between the classical equations and
concepts and their quantum upgrades are very direct. Under the quantization scheme
AY(x) is now a field operator, and the Fourier expansion coefficients are now, as

* In quantum electrodynamics, interaction processes are described as exchange of virtual quanta, and it is
impossible to associate to the exchange of virtual quanta finite time intervals in opposition to the case of
real quanta where this is possible (see main text; see also chapter 7).
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operators, conditioned by the commutation relations [AY(x), A'(x)] = 0, [AM(x),
A(x")] =0, and [A*(x), A"(x")] =—ihc’g" (x — x*) (Mandl & Shaw, 1984, p. 86).

In the case of the Dirac equation, as we have seen in chapter 3, we can consider the
equation as a classical equation of an electron-wave, that can have its properties
explored in experiments like the diffraction experiment of Davisson and Germer
(Tomonaga, 1962, p. 10, Vol. 2). Following Jordan, we can consider the quantization of
this classical spinor field, using in this case anticommutation relations, and obtaining,
by a procedure even more simple than the quantization of Maxwell field, the Dirac field
operators

y(x) =Y (me*/VE,) " (e, (pu, (P ™™ +d; (p)v, (p)e™"),

V0 =Y (me*/VE)"” (4, (v, (p)e ™" +c, (p)T, (p)e™"),

rp

where c.*, d;*, ¢, and d; obey the anticommutation relations [c(p), c.*(p)] = [d(p),
d*(p)] = O Opp», With all other anticommutation relations vanishing (Mandl & Shaw,
1984, p. 68).

As mentioned, we can see Dirac’s equation as a classical-level description of matter
from a wave perspective, but in agreement with the laws of relativistic mechanics. In
particular, the relativistic Hamiltonian H = c¢(m’c + p,* + p,° + ps°) 2 can be seen as
fundamental in the derivation of Dirac’s equation (e.g. Dirac, 1958, p. 255): in his 1928
paper on the relativistic one-electron wave equation, Dirac considered that the
relativistic wave equation of the electron should be linear in py = ih d/(cot) and p, = —ih
d/(cox,) with r =1, 2, 3. In this way it had the form (po + oyp; + 0p, + ozps + B)y =0.
The matrices o, 0, 03 and B, are determined by the relativistically invariant equation
(po> — m’c® — pi® — p> — ps*) ¥ = 0 defined using the relativistic Hamiltonian (Dirac,
1928).

The previous quantization scheme enables the construction of the quantum structure
from the underlying classical structure. According to C. J. Isham, “the need for such a
tentative approach is rather unsatisfactory, and suggests that the whole idea of
‘quantizing’ a given classical system is suspect even though, in practice, the procedure
does generate many quantum systems of considerable importance ... A more logical
process would be to start from a quantum system that is given in some intrinsic way,
and then to ask about its classical limit” (Isham 1995, p. 94). The problem is that “there
is no clear understanding of what it means to specify a quantum system in an ‘intrinsic
way’” (Isham 1995, p. 94). This situation does not prevent taking the quantum theories
to be broader than their classical counterparts that are supposed to be recovered from
them by some sort of limiting procedure, i.e. it is usually considered that classicality
emerges from the quantum realm (see e.g. Landsman 2006, p. 38).

A definition of a limiting procedure in which classical theory appears as some sort
of limit of quantum theory presents mathematical and conceptual problems, which have
not received an unequivocal answer (Ballentine 1998, p. 388; see also Landsman 2006).
In general the idea of a classical limit is that we might define a sort of mathematical
limit that corresponds to a succession of quantum mechanical theories that would take
us from quantum to classical physics (Rowe 1991, p. 1111). In this way “an explicit
algorithm may then be used to construct the classical phase space, define a consistent
Poisson bracket, and find a classical Hamiltonian, such that the resulting classical
dynamics agrees with the limiting form of the original quantum dynamics.” (Yaffe
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1982, p. 408) The key point is that the ‘original” quantum dynamics is constructed by a
quantization procedure from the classical description, as was done by Dirac using
classical Hamiltonians and the Poisson brackets (see e.g. Kragh 1990, p. 19). To
develop a sort of mathematical procedure to go the other way around can be seen as a
consistency check, independently of the interpretation of this procedure as an
emergency of classicality.** The point of all this is that there is an ambiguity in the
interpretation of this procedure. For some it can be seen simply as a consistency check
and for others as a limiting procedure. It is only after the argument being presented next
(about limitations in the temporal description of physical processes) that I have an
independent argument to claim that the so-called limiting procedure is just a consistency
check.

To present classical electrodynamics as a limit of quantum electrodynamics is a
tricky business, but with the usual long mathematical manipulations we might recover
expressions that look like some expressions of classical electrodynamics from quantum
electrodynamics, and with this have the impression of obtaining a classical limit of
quantum electrodynamics. However in the journey through this mathematical jungle we
are loosing sight of the physical interpretation of the formalism of quantum
electrodynamics — we only recover some uninterpreted mathematical expressions that
resemble expressions from classical electrodynamics but which have not been given a
physical interpretation according to the quantum theory they belong to. We can see
examples of this, for example, in the work by Stehle and DeBaryshe (1966) and Dente
(1975). In the case of Dente the classical limit is supposed to emerge, in the simple case
of a particle interacting with an oscillator, by considering the expression for the
transition amplitude where the photon coordinates are ‘eliminated’. According to Dente
the expression for the transition amplitude, “is just the expression which should arise in
a classical electrodynamical calculation” (Dente, 1975, p. 1737). The problem is that
this is a quantum-electrodynamical expression and should be interpreted accordingly;
also this result can be ‘read’ as a consistency check, i.e. (1) we start from classical
physics, (2) we implement a quantization procedure, and (3) we present a
‘mathematical’ procedure to ‘recover’ classical-like expressions.*

Regarding Stehle and DeBaryshe they call attention to the fact that even the
expected ‘correspondence’ under particular circumstances (according to the authors the
high-intensity limit) between quantum-electrodynamical and classical-electrodynamical
calculations faces difficulties. They consider in particular the case of the scattering of
light by light that has no classical counterpart. According to Stehle and DeBaryshe, “it
is not clear that even a low-frequency limit will lead to Maxwell theory” (Stehle &
DeBaryshe, 1966, p. 1136). However in the case of the scattering of light by free
electrons it is possible to obtain from the quantum-electrodynamical calculation a cross-
section equivalent to the classical one (see also Schweber, 1961, pp. 638-640). This
result does not have to be seen as a mathematical derivation of the classical limit. It can
be seen as a consequence of the correspondence principle, which entails, in particular
circumstances, ‘identical’ predictions from both theories (for details on the
correspondence principle see e.g. Bokulich, 2009; Darrigol, 1997).

That the so-called ‘limiting procedure’ does not deliver what it promises can be seen
by considering the temporal description of physical processes within quantum
electrodynamics as compared to the description we have at the level of classical

* 1 thank Henrik Zinkernagel for calling my attention to this possibility. This view is also presented by
Bohm (1951, p. 626).

* That we should be careful with this type of naive identification of a ‘classical limit’ can be seen already
in the case of quantum mechanics; see e.g. Ballentine, Yang, and Zibin (1994).
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electrodynamics. In fact, if classical electrodynamics could be seen as a sort of
‘mathematical limit’ of quantum electrodynamics, the description of processes in the
classical theory should also be in some way a limit of an ‘underlying’ quantum
description of the processes. As I will show next, that is not the case.

3.2 The overall temporal description of physical processes in quantum electrodynamics

The retardation due to the finite velocity of propagation of the electromagnetic
interaction should also be revealed in a quantum electrodynamical treatment by looking
at the quantum description of the electromagnetic interaction between charged particles.
This would guarantee that it is in principle possible to associate a finite time interval to
a particular physical process described at the quantum level. The problem is that
quantum electrodynamics does not provide an ‘in time’ description of scattering
processes (i.e. we cannot associate a finite time interval corresponding to the retardation
in the interaction to a physical process like an electron-electron scattering); on the
contrary the theory only provides transition probabilities which correspond to
measurable relative frequencies, and, as emphasized by B. Falkenburg, “it treats the
scattering itself as a black box” (Falkenburg, 2007, p. 131).%

The system constituted by the Dirac and Maxwell fields in interaction is described
by a set of coupled non-linear equations. It is not possible to find exact solutions of
these field equations and the use of perturbative calculations becomes mandatory to the
point that, according to Dyson, quantum electrodynamics “is in its nature a perturbation
theory starting from the non-interacting fields as an unperturbed system” (Dyson,
1952a, p. 79). To be able to use free fields in the description of scattering processes two
things are necessary: (1) to consider that the initial and final states of the system are
eigenstates of the Hamiltonian for the non-interacting fields (intuitively meaning that
since the particles are far apart their interaction is negligible), and (2) that the
interaction occurs in a short (undefined) period of time when compared to the time it
takes the particles to arrive at the ‘interaction region’ and their posterior observation
(which is taken to occur much later when the particles are not interacting anymore).

This rather vague picture of a scattering process is given a more formal structure
within the theory by considering that the interaction between particles in a scattering
process is adiabatically switched on from the remote past and adiabatically switched off
in the remote future (Lippmann & Schwinger, 1950, p. 473; see also Bogoliubov &
Shirkov, 1959, p. 197). This is achieved by considering an initial state at t = —o©
corresponding to free particles and a final state at t = +oo also corresponding to free
particles. This will imply that in this approach, when calculating the so-called S-matrix,
we are always considering integrations between —oo and +oo in the temporal variable (the
same occurs with the spatial variables), while disregarding the detailed description of
the intervening times. In this sense we have an overall temporal description of the
scattering processes, but there really is no description in time of the interaction (we are
unable to associate a finite time interval to a physical process). From an experimental
point of view, things make sense as they are because in scattering processes we only
have experimental access to cross-sections. In quantum electrodynamics the scattering
cross-section is calculated from the transition probability per unit space-time volume,
which is related to the S-matrix in a simple way (for details see e.g. Jauch & Rohrlich,
1976, pp. 163-167). According to Falkenburg,

* For more details regarding the content of this section see chapters 5 and 7
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the effective cross-section is the physical magnitude with which the current field theories come down to
earth. As a theoretical quantity, the cross-section is calculated from the S-matrix of quantum mechanics
.. as an empirical quantity, it is the measured relative frequency of scattering events of a given type.
(Falkenburg, 2007, p. 107)

We might think that this ‘black box’ description results from a particular method
and is not a general feature of the theory; but the case is that, even if this formalism is
particularly tailor-made for the description of scattering processes, it is also applicable
to bound-state problems (see e.g. Veltman, 1994, pp. 62-67). That is, all the calculations
made within quantum electrodynamics, giving an excellent agreement with
experimental results, can be seen as S-matrix type perturbative calculations (see e.g.
Berestetskii, Lifshitz & Pitaevskii, 1982, p. 554).

3.3 A tentative quantum electrodynamical model providing a temporal description of
physical processes

Even if the theory shows severe limitations in assigning a temporal duration to physical
processes, we might hope that there are still some other applications of quantum
electrodynamics approaching more classical situations where this ‘black box’ type of
description (characterized by an overall space-time approach) does not arise. At first
sight, it could seem that a simple treatment of the interaction between two atoms might
provide just that (Fierz, 1950): when an atom initially in an excited state decays
emitting a photon, it will only be absorbed by a second atom (initially in ground state)
after roughly the time r/c (where r is the distance between the atoms and c is the
velocity of light). In this way, it would be possible to associate a clear (finite) time
interval to the interaction process (i.e. we do not have an overall temporal description of
the physical process but an in time description like in the classical case).

There is a huge difference between this treatment of a two-atom system and the
description of scattering processes. As I have mentioned in the previous chapter, in the
model we obtain the desired result by patching together different elements. It is not a
purely quantum electrodynamical derivation. In the model, first we obtain a wave
function associated with the electron bound in an atom by solving the Dirac equation as
a relativistic one-electron equation and by using the equation in a way that is known not
to have a consistent interpretation (Schweber, 1961, p. 99), and then defining field
operators using the (one-electron) solutions to the equation. In this way in the field
operators that are associated with the electrons we have contributions that from a
quantum field theory point of view are related also to positrons (see chapter 3). These
operators are used within the S-matrix formalism which from a mathematical point of
view can be done and is the usual procedure followed (Jauch & Rohrlich, 1976, pp.
318-319), but which does not corresponds to a full quantum field theory calculation;
properly speaking it is a semi-classical calculation due to the use of an unquantized
external field.*” In any case in the model development we only need very general
characteristics of these field operators (Pauli, 1973, p. 133).

4 Usually the term semi-classical is used when considering some heuristic approach with both classical
and quantum components. One example is Meller’s original derivation of an electron-electron scattering
formula based on the correspondence principle (Kragh, 1992, pp. 310-312), but whose rigorous
justification is only possible when deriving it from quantum electrodynamics (Jaynes, 1973, p.40). Here 1
am also using the term semi-classical when we seem to have a classical potential in a quantum
electrodynamical equation (see footnote 14, chapter 3).
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As we have seen, to arrive at the intended result the relation wyT >>1 between the
time of the emission process T and the energy of the emitted photon ®y is fundamental.
This relation can be seen as resulting from the classical theory of the natural line
breadth. It can also be made plausible in a quantum theory calculation (Heitler, 1954,
pp. 181-184); and it can be seen simply as following from considering Bohr’s
correspondence principle. Taking into account this relation and the corresponding

emission line, a specific form is given to the bilinear density yy"y in the second order
term of the S-matrix used in this model:

const [ dx [ d*y(WEOPWEOID, (x = T HF W)

y

with yy*y ~ alaz*pu(x) exp [ioxt — t%/T?] , where oy > 0.*

We have then in the ‘core’ expression of the model a term derived in the
correspondence limit, i.e. a term that can be derived either by classical electrodynamics
or quantum mechanics.

In simple terms what I mean by ‘correspondence limit’ is the asymptotic agreement
between the predictions of quantum and classical mechanics. According to Bohr the
correspondence principle can be seen as a law of quantum theory (see e.g. Bokulich,
2009). His view is that “the correspondence principle expresses the tendency to utilise
in the systematic development of the quantum theory every feature of the classical
theories in a rational transcription appropriate to the fundamental contrast between the
[quantum] postulates and the classical theories” (quoted in Bokulich, 2009, p. 18). In
Heisenberg’s and Bohr’s view matrix mechanics embodies the correspondence ideas by
a ‘symbolic’ translation of the Fourier components of the motion to corresponding
quantum amplitudes. According to Darrigol in this last formulation of the
‘correspondence principle’ as part of quantum theory we have a ‘symbolic translation’
of classical concepts (i.e. we obtain the corresponding quantum concepts by the
quantization procedure) and maintain the (statistical) asymptotic agreement between the
quantum and the classical theories (Darrigol, 1997). It is important to notice that this
asymptotic agreement (correspondence limit) is built into the theory and it is not related
to any eventual ‘mathematical limiting procedure’ that recovers the classical theory
from the quantum theory.

The implication of all this is that the model must be seen as a semi-classical one.
Thus when using this model we are then at the ‘interface’ of contact between the
classical and quantum theories. We are not ‘diving’ into the quantum world, which is
supposed to be underlying the classical mode of description. What I am interested in is
the (in time) temporal description (if any) of physical processes in this ‘quantum world’,
i.e. the description given in a full quantum electrodynamical calculation. Before
returning to this point let us return to the model under consideration.

The final ingredient in the development of the model is an adjustment by hand of the
distance between the atoms so that the second atom lies in the wave zone of the first. In
this way we can take the photon to be real, and we find that it is possible to associate a
causal temporal order to the emission and absorption process of the ‘real’ photon. In

* We see that a Gaussian function is being used. The expected function according to classical theory (or
its quantum counterpart) is a Lorentzian function. The Gaussian can be obtained when considering the
broadening due to the Doppler effect occurring in a ‘gas’ of atoms at temperature T (Major, 1998, pp.
142-149). That is, the expression being used is not valid in the case of one single atomic system, which is
the case being considered in this model.
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summary, we are using a model that describes a thought-experiment; it makes reference
to general aspects of the electron’s wave function that result from using Dirac’s
equation not as a classical wave equation (from which a quantum field is derived by a
quantization procedure), but as a semi-classical one-electron equation (Schweber, 1961,
p. 100). Ultimately the main input that determines the form of the bilinear density is not
provided by the Dirac equation computation but by a heuristic use of what can be seen
as a classical result for the radiation emission of a bound electron and an adjustment by
hand of the distance between the atoms to make it possible to obtain the desired
temporal behaviour. This cannot be seen as an application of the quantum
electrodynamical formalism. More properly it is a heuristic semi-classical model,
which, as mentioned, works at the correspondence level of description (since part of its
elements are described by classical physics).

I think that to arrive at any conclusive results, we have always to stick to the
physical interpretation of quantum theory and consider clear applications of quantum
electrodynamics related with feasible experiments. Here we have seen that the theory
only provides ‘black box’ descriptions of physical processes, corresponding to an
overall space-time approach. In this way from what has been presented one cannot
consider that from the quantum level of description it is possible to recover the
temporal description of processes that we have at a classical level.

4 Conclusions

Considering the results presented here, there seems to be no smooth and physically
unproblematic way to connect quantum electrodynamics with classical electrodynamics.
Thus the status of quantum electrodynamics has to be reconsidered. Quantum
electrodynamics cannot be seen as an independent theory that “contains [classical]
electrodynamics as a special case” (Stehle & DeBaryshe, 1966, p. 1135). It seems more
adequate to regard quantum electrodynamics as a physical-mathematical upgrade of
classical theory (electrodynamics and the theory of relativity), which permits an
extension of the domain of application of the classical theory in the description of
natural phenomena, but which does not constitute a reduction of the classical theory.
This conception of quantum electrodynamics as something constructed on top of
classical physics fits well with Darrigol’s idea of a modular structure of physical
theories. According to Darrigol

The practice and the history of physics show that physical theories are not homogenous wholes, and that a
given physical theory is usually used in conjunction with other theories ... I introduce the notion that any
non-trivial theory has essential components, or modules, which are themselves theories with different
domains of application. (Darrigol, 2008, pp. 195-196)

Thus quantum electrodynamics can be seen as part of a broader theoretical modular
structure that is expected to describe —with both its classical and quantum parts— what
we consider to be the phenomena of matter, radiation and their interaction. Quantum
electrodynamics works as an extension (or upgrade module) of the classical theory into
‘regions’ where previously this failed completely. But since it has been developed from
classical concepts, and its probabilistic interpretation puts clear constraints on the
applicability of the theory, we cannot expect to recover the classical part of the
description of the phenomena from the quantum part by some limiting procedure. In
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particular, it is not possible to recover fully, from quantum electrodynamics, the kind of
temporal description of physical processes that we have with the classical theory. *°

¥ From a different perspective, not taking into account the relation between classical and quantum
electrodynamics, Teller (1999) argues against taking quantum electrodynamics to be a fundamental
theory.
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CAPITULO 9

COMENTARIOS FINALES

Como conclusion de este estudio histdrico-filosofico de anomalias en la electrodindmica
cuantica cabe precisar un poco lo que tiene o no de filoso6fico este trabajo. Haciendo una
analogia con la cuestion de la teoria de perturbaciones tratada en este trabajo se puede
decir que aqui se presenta un analisis filosofico de primer orden sin adentrarme en
cuestiones mas complejas. Esta es una opcion consciente que resulta de lo intrincado de
los problemas filosoficos implicitos en este trabajo.

Los debates filosoficos desde la filosofia de la fisica enfocando la teoria cudntica de
campos van desde perspectivas defendiendo que la teoria cuantica de campos no aporta
ningun elemento autdbnomo que no se encuentre ya en la mecédnica cudntica (Cushing,
1988) a la perspectiva de que existen temas filos6ficos propios a la teoria cuantica de
campos (Cao, 1999). Un ejemplo es el caso ‘clasico’ de la cuestion del estatus
ontoldgico de los cuantos en la teoria: la llamada cuestion de la ‘interpretacion’
(ontoldgica) en términos de cuantos o campos.

Por lo general los problemas tratados me parecen bastante mas vastos e intrincados
que los estudios filos6ficos especializados permiten suponer. En particular con la idea
propuesta aqui de que no se puede analizar la teoria cudntica sin tener también en cuenta
la teoria clasica surgen dudas respecto a la ‘validez’ y ‘generalidad’ de muchos analisis
‘filosoficos’ disponibles en el mercado académico. Esto es en parte el motivo de
presentar ‘estudios separados de primer orden’ sin buscar una integracion clara de los
distintos elementos.

(Como se podria hacer una filosofia de ‘orden’ superior? En primer lugar resulta
evidente la cuestion de usar la estructura mas general clasico-cuantica. Pero no es sélo
eso. Queda evidenciado en este trabajo que existe una cuestion de adecuacion entre la
matematica y la fisica. Esta se tiene que tratar en un 4mbito mas amplio que el de la
electrodindmica (clasico-cudntica). También la cuestion de la consistencia del
formalismo fisico-matematico con la experimentacion. Aqui creo posible un tratamiento
centrado en la electrodindmica pero un enfoque mas global puede resultar mas
interesante. A lo largo del trabajo queda clara la importancia que doy al aspecto de
comparar/relacionar el formalismo con la experimentacion (leccién aprendida con el
trabajo clasico de Bohr y Rosenfeld (1933) que no abordo de forma directa en este
trabajo), pero esto es, en si mismo, un trabajo que va bastante mas alla de lo que busqué
realizar aqui. La cuestion de la adecuacion entre la estructura matemadtica y los
conceptos fisicos implementados en la teoria, es a mi entender una cuestion que también
Bohr enfocé sin denominarla asi. Es uno de los elementos que exploro en este trabajo
para tratar de dar una interpretacion clara del formalismo que haga consistente la
practica de los fisicos y la estructura conceptual de la teoria (y asi evitar la aceptacion
meramente pragmatica de tener que recurrir a un método aparentemente ad hoc que era
lo que estaba pasando en la teoria). Lo que no hago es ir mas alld de esta cuestion mas
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especifica e intentar desarrollar una ‘vision’ filoséfica del papel de la matematica en la
fisica. Esto es una cuestion mucho mas amplia, que creo no poder tratar solamente
teniendo en cuenta una teoria en particular. Pese a no desarrollar filos6ficamente estos
temas, ellos estdn presentes en este trabajo, y junto con la cuestién del espacio-tiempo
(para la cual también es necesaria una perspectiva mds amplia) constituyen el hilo
conductor que ‘conecta’ los distintos capitulos. Asi, aunque no presento el desarrollo
filos6fico mas amplio en el que se podria encuadrar mi trabajo, presento ejemplos claros
e interconectados (por resultar de la misma teoria) de la importancia de las mencionadas
cuestiones filosoficas de orden superior.

Asi, por ejemplo, al tratar la cuestion del vacio del campo electromagnético enfoqué
la cuestion de la consistencia entre la interpretacion del formalismo fisico-matematico
de la teoria y los resultados experimentales que se pueden considerar como una
‘manifestacion’ del vacio electromagnético. Resulta que son consistentes, pero hay un
problema a nivel de la teorizacion fisica respecto a la descripcion de la interaccidon entre
la radiacidon y materia. Eso no parece posible de evitar en la electrodindmica cuantica
que resulta ser un método intrinsecamente aproximativo, que no permite tratar la
radiacion y la materia como un sistema cerrado en el cual se da una descripcidon exacta
de la interaccion. Incluso parece que €sta es la situacion en la electrodindmica clasica.
Resultaria extrafio si no fuera asi ya que la estructura de la electrodinamica cuéntica se
construye partiendo de la de la electrodinamica clasica. Resulta asi esencial tratar la
cuestion de la relacion entre la estructura matematica y conceptual en la teoria para
interpretar el formalismo y sus aplicaciones. Asi, al contrario de la vision mas usual en
la filosofia de la fisica, podemos ver la necesidad de la renormalizacién como una
indicacion del ajuste ‘fino’ que hay entre la estructura matematica y conceptual. Los
infinitos resultan en este caso de aplicarse la teoria sin tener en cuenta la estructura
atomica de la materia que es una componente esencial de la formalizacion matematica
del concepto fisico de electron en la ecuacion de Dirac. Del mismo modo la divergencia
de la expansion en serie de la matriz-S se puede ver como resultado de una aplicacion
ilimitada del formalismo matematico sin tener en cuenta la definicion limitada de
interaccion con que se parte en la teoria. Como Bohr y Rosenfeld precisaron, en la
electrodindmica cuéntica se describe la interaccion evanescente (vanishing) entre
radiacion y materia nada mas (Bohr & Rosenfeld, 1950, p. 794). Resulta entonces que
los resultados divergentes con que nos enfrentamos en la teoria tienen origen en un uso
ilimitado del formalismo matematico. Queda por saber si eso es una caracteristica
general en la fisica-matematica o si hay teorias ‘avanzadas’ en que tal situacién no
ocurre. También las cuestiones filosoficas relacionadas con la teoria de perturbaciones
van mas alld del caso particular aqui tratado, por lo que no se pueden obtener
conclusiones generales de este caso particular.

La cuestion de la adecuacion fisico-matematica tiene incidencia en la interpretacion
de los términos de la expansion en serie de la matriz S, en particular en lo que respecta
al estatus de los cuantos virtuales. Pero esto no afecta el aspecto de la descripcion
espacio-temporal global tal como la tenemos en la electrodindmica cuédntica. Como
comenté en la introduccion el estudio filosofico de los conceptos de espacio y tiempo
teniendo en cuenta alguna aportacion de la electrodindmica cuantica, es un estudio
bastante mas vasto de lo que aqui se hace por lo que no se puede presentar en este
trabajo ninguna vision filosofica particular respecto a esta materia. Los resultados
comentados llevan antes a buscar un enfoque conjunto cldsico-cuantico de las
cuestiones relacionadas con el espacio-tiempo como un ejemplo particular de la
necesidad de usar por lo general este enfoque siempre que tratamos algin aspecto
conceptual/filosofico relacionado con las teorias cuanticas.
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APPENDIX

BOHR’S QUANTUM POSTULATE AND TIME IN QUANTUM MECHANICS

1 Introduction

Niels Bohr considered that the “discovery of the elementary quantum of action, which
revealed a feature of wholeness inherent in atomic processes” (Bohr, 1958, p. 2) means
a departure from the classical physics description, where we assume that the interaction
of a physical system with a measuring instrument can ultimately be disregarded. In the
case of quantum phenomena we have to be aware that due to the “indivisibility of the
quantum of action” (Bohr, 1934, p. 5) we must associate to all “individual atomic
processes an element of discontinuity quite foreign to the fundamental principles of
classical physics, according to which all actions may vary in a continuous manner”
(Bohr, 1934, p. 4). This means that in the case of all atomic processes every energy
change results from an indivisible — and because of that discontinuous — transition
between different states that cannot be continuously connected. These ideas were
summed up by Bohr and presented in what he called the quantum postulate (and its
consequences).

In section 2 I will give a historical account of the coming to be of the postulate of
the quantum and some of its consequences according to Bohr’s views on quantum
theory. In section 3, I will consider the temporal description of quantum systems given
by the time-dependent Schrodinger equation, taking into account Bohr’s views on the
interpretation of the formalism of the theory. In particular, considering Bohr’s
interpretation of the wave function — related to the role he gives to the experimental
arrangement in the interpretation of the mathematical formalism of the theory —, it is
possible to accommodate the discontinuous changes in individual systems with a
temporal description of an ensemble of identical systems in a continuous ‘classical’
time (that is external to the quantum systems themselves). But as will be shown we
must address the question: are Bohr’s ideas coherent taking into account his quantum
postulate and the use in the description of a quantum system of an external classical
time? Following the ideas of Don Howard the answer seems to be no. But from a
different perspective (compatible with views put forward, for example, by Paul Teller,
Simon Saunders or Henrik Zinkernagel) the answer can be yes.

In a nutshell, according to Bohr it is not possible to define a quantum system
independently of the experimental context — (at least in part) classically described — that
defines the conditions in which the quantum phenomenon is manifested. In this way it is
not possible to take the wave function as describing an isolated quantum system — a
concept that has no meaning for Bohr — but a quantum system defined in a particular
experimental context, which, at least in part, is classically described. Also, Bohr did not
consider the need for the wave function collapse during the observation of a quantum
system (Howard, 2004, p. 669). This is possible if the wave function is not associated
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with an individual quantum system but to a probabilistic description of identically
prepared quantum systems submitted to the same experimental procedure (Teller, 1980,
pp.- 211-214).

One point of quantum theory that is usually not considered in connection with
Bohr’s ideas is the concept of time being used in the theory. In reality the use of a
classical concept of time is coherent with Bohr’s ideas. Even if Bohr did not develop in
detail his views regarding space and time in quantum theory, it is possible to give a
coherent reading of his ideas by taking into account the need for a classical description
of part of the experiment. This makes possible a classical treatment of time, and this
even if the quantum postulate implies the impossibility of conceiving the quantum
phenomena independently of the measuring apparatus. In particular it is possible to see
the temporal parameter of the Schrodinger equation as an external classical time related
to the measuring apparatus. This makes it possible to have simultaneously:

A) A quantum system defined in a way that is dependent on the experimental context
(due to the quantum postulate).

B) A space-time macroscopic reference frame associated with the measuring apparatus,
but defined without taking into account the indissociability of the quantum system to the
measuring apparatus.

C) The description of the quantum system using a classical clock with which it has no
direct interaction.’

Some further remarks are presented in the end of this appendix.

2 The quantum postulate

Around 1912-1913 Bohr developed a model of the atom® based on the idea of
stationary states — not submitted to the consequences of the classical theory of radiation
—, where the electron can jump from one stationary state to another by emission or
absorption of radiation with a frequency v given by the relation hv =E" — E"’, where E’
and E"" are the energies of each stationary state. This might seem to be an application of
Einstein’s ideas on the emission and absorption of light quanta. That is not the case
(Mehra & Rechenberg, 2000, pp. 94 & 109).

In his 1913 article Bohr presented a model of the atom in which he incorporated
‘quantum’ ideas in the classical ‘planetary system’ model of the atom developed by E.
Rutherford. Besides his idea of stationary states — where the classical laws of
electrodynamics are put to rest allowing us to consider that there was no emission of
radiation, while at the same time the electron was supposed to have a classical orbit
described by classical mechanics — the main point in Bohr’s approach was the non-
classical description of the emission of electromagnetic radiation that could ‘explain’
the line-spectra of hydrogen. In the beginning of his article, Bohr gave a first treatment
of the emission of radiation when an electron passed from one stationary state to

%0 In this way, I will be presenting a reconstruction (in Howard’s sense; see Howard, 1994, p. 203) of
Bohr’s interpretation of the quantum formalism, which in my view makes compatible Bohr’s quantum
postulate and Bohr’s views regarding space and time in quantum theory.

>! For an account of Bohr’s research that lead to his atomic model see e.g. Sanchez Ron (2001, pp. 255-
284).
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another, based on the so-called Planck’s second theory, which was formulated by
Planck between 1910 and 1912 (Kuhn 1978). Bohr considered that during the binding
of the electron, when the electron passed from a free state of zero energy to a stationary
state (or when the electron passed from one stationary state to another stationary state
with lower energy), we had an “emission of a different number of Planck’s energy-
quanta” (Bohr, 1913, p. 139). At the same time Bohr considered that this process
corresponded to an “emission of a homogeneous radiation” (Bohr, 1913, p. 139). It
seems Bohr was not thinking in terms of Einstein’s light quanta but in terms of an
electromagnetic wave whose energy was, according to one of Bohr’s assumptions,
given by hv = E” — E”". This of course is inconsistent with the use of a multi-quantum
radiation process in the description of the binding of the electron (Darrigol, 1992, p.
89). In any case Bohr clearly stated that these ‘special assumptions’ were not essential
in the development of his model and that other assumptions might be used. In this
article Bohr followed two other different approaches, progressively freeing his model
from Planck’s considerations on the way (Jammer, 1966, pp. 78-80).

In his second approach Bohr considered that the radiation emitted when the electron
passed from one stationary state to another corresponded to a single energy quantum
whose energy is equal to hv. In this case Bohr considered that the relation between the
(binding) energy of the electron W and its frequency of (orbital) revolution ® was given
by the expression W = f(t)wh, where 7 is an integer whole number corresponding to a
particular stationary state. By considering the transition between two stationary states
and taking into account the Balmer series formula, Bohr found that we must have f(t) =
cT, where ¢ is some undetermined number. To determine the value of ¢, Bohr, following
a method used previously by Planck (Jammer, 1966, p. 50; Kuhn, 1978, pp. 278-279;
Planck, 1914, pp. 164-166), considered the limit where there should be an agreement
with classical electrodynamics. In the case of two successive stationary states T = N and
T=N -1, when “N is great” (Bohr, 1913, 146), we must have f(7)=t/2 to agree with the
results from classical electrodynamics.

Finally, Bohr gave up any account of the emission of radiation based explicitly on
the concept of energy quanta, and solely by an analogy with classical electrodynamics
he tried to make plausible the previous relation between the (emitted) energy W and
frequency  of the electron in the stationary state. In the limit of large N, the frequency
of the emitted radiation is given by v = n, that corresponds to one of the harmonics of
®, which are expected to be emitted according to classical theory (Tomonaga, 1962, p.
93). In this limit of large N, the frequency of the emitted radiation does not depend on
the difference of energy of the different stationary states and can be calculated solely
from the frequency of one stationary state. Bohr considered that:

the interpretation of the equation [W = twh/2] is not that the different stationary states correspond to an
emission of different numbers of energy-quanta, but that the frequency of the energy emitted during the
passing of the system from a state in which no energy is yet radiated out to one of the different stationary

states, is equal to different multiples of @2, where ® is the frequency of revolution of the electron in the
state considered. (Bohr, 1913, p. 146)

With this approach Bohr develops his model of the atom without having to address

directly the problem of the nature of radiation and Einstein’s hypothesis of the light
52

quanta.

>2 Bohr associates the expression E = hv (that he uses to determine the energy of the electromagnetic
radiation) with Planck, and in his article we refers to some of Planck’s articles published between 1910
and 1912. In his different formulations of his second theory Planck associated the quanta of energy to the
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In 1923 Bohr addressed directly the hypothesis of light quanta (Klein, 1970, p. 21).
Bohr considered that the concept of light quanta “excluded in principle the possibility of
a rational definition of the conception of a frequency v’ (Bohr, 1924, p. 35), and that “in
spite of its heuristic value, however, the hypothesis of light-quanta, which is quite
irreconcilable with so-called interference phenomena, is not able to throw light on the
nature of radiation” (Bohr, 1923, p. 32). In this article Bohr made an explicit association
of the expression hv = E” — E”” with the emission or absorption of electromagnetic
waves by taking more fully into account the correspondence (analogy) with classical
electrodynamics that he used already in his 1913 article:

a process of transition between two stationary states can be accompanied by the emission of
electromagnetic radiation, which will have the same properties as that which would be sent out according
to the classical theory from an electrified particle executing an harmonic vibration with constant
frequency. This frequency v has, however, no simple relation to the motion of the particles of the atom,
but is given by the relation hv = E" — E”’, where h is Planck’s constant, and E’and E"" are the values of
the energy of the atom in the two stationary states that form the initial and final state of the radiation
process. Conversely, irradiation of the atom with electromagnetic waves of this frequency can lead to an
absorption process, whereby the atom is transformed back from the latter stationary state to the former.
(Bohr, 1923, p. 33)

Around July of 1925 it was already clear to Bohr that a more classical wave-like
picture of the electromagnetic radiation was untenable. This was due to experimental
results, related to the so-called Compton scattering, obtained by W. Bothe and H.
Geiger. In their experiment, Bothe and Geiger confirmed energy-momentum
conservation in individual atomic processes by observing a simultaneous detection
(coincidences) of scattered x-rays and recoil electrons in the scattering of x-rays by free
electrons (Fick & Kant, 2009, pp. 399-401). Also A. H. Compton and A. W. Simon
made an experiment in a cloud chamber that permitted the observation of the track of
the recoil electrons and the direction of scattering of the x-rays (due to the occasional
production of secondary tracks). They obtained the expected relation, according to the
light-quanta hypothesis, between the scattering angles of the x-rays and the electrons
(Jammer, 1966, p. 186).

According to Bohr we do not observe directly the scattered x-ray but
“photoelectrons released by the scattered radiation” (Bohr, 1925a, p. 204). It is
important to take this into account to understand Bohr’s reasoning. The experimental
result of Bothe and Geiger implies strict energy-momentum conservation in the
interaction of the electron and the radiation. This implies that depending on the change
of energy and momentum in the recoil electron we will have a change in the energy and
momentum of the photoelectron, which is causally dependent on the changes in the first
electron due to the strict conservation of energy and momentum in the interaction of the
electrons with the radiation. Bohr refers to this situation as a “coupling between the
emission of the recoil electrons ... and the photoelectrons” (Bohr 1925a, 204).
Considering this electromagnetic coupling between two individual transition processes

resonators (oscillating dipoles) not to the electromagnetic field (Kuhn, 1978, p. 231). Planck did not
accept Einstein’s idea of the light quanta (Kuhn, 1978, p. 233). Specifically, in is mature formulation of
his second theory, Planck proposed to “make the deviation from the laws of classical electrodynamics ...
as slight as possible” (Planck, 1914, p. 152). In this way, Planck considered that “the absorption of
radiation by an oscillator takes place in a perfectly continuous way” (Planck, 1914, p. 161). It is only in
the emission of radiation that the behaviour of the oscillators departures from classical theory. According
to Planck “the oscillator emits in irregular intervals, subjected to the laws of chance; it emits, however,
only at a moment when its energy of vibration is just equal to an integral multiple n of the elementary
quantum € = hv, and then it always emits its whole energy of vibration ne”. (Planck, 1914, p. 161)
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(one occurring with the recoil electron and the other with the photoelectron), Bohr
concludes that “no space-time mechanism seemed conceivable that permitted such a
coupling and at the same time achieved a sufficient connection with classical
electrodynamics” (Bohr, 1925a, 204). That is, it is not possible to maintain a wave-like
picture because of the conservation of energy and momentum in individual atomic
processes. This does not mean a renunciation of the wave-like perspective and adoption
of the light quanta concept. According to Bohr the problem is not simply
“distinguishing between two well-defined conceptions of the propagation of light in
empty space corresponding to either a corpuscular theory or a wave theory of light”
(Bohr, 1925a, p. 204). The real problem being faced is “to what extent the space-time
pictures [wave-like or particle-like], by means of which the description of natural
phenomena has hitherto been attempted, are applicable to atomic processes” (Bohr,
1925a, p. 204). The paradoxical situation facing Bohr is that there is no simple choice
between two incompatible pictures used in the description of natural phenomena. We
are in a situation where “the radiative activity of individual atoms is influenced by the
presence of other atoms in the sense to be expected in the picture of the wave
propagation of light” (Bohr, 1925a, p. 204), but on the other hand we have to recall “the
coupling between individual atomic processes [due to energy-momentum conservation],
which forces upon us the picture of a corpuscular propagation of light” (Bohr, 1925a,
pp. 204). In another article published in December of 1925, Bohr states that one is
facing “an essential failure of the [wave-like and particle-like] pictures in space and
time on which the description of natural phenomena has hitherto been based” (Bohr
1925b, 848). This situation did not prevent Bohr from grasping the profound conceptual
meaning of accepting the “individuality of single [atomic] processes” (quoted in Mehra
& Rechenberg, 2000, p. 191) due to the strict conservation of energy and momentum in
the interaction of matter and radiation, as had been verified in the experiments of Bothe
and Geiger, and Compton and Simon and proposed by Einstein in 1905 within his light-
quanta hypothesis.

In a letter to H. A. Lorentz from 24 June 1926, accepting an invitation to attend a
meeting, Bohr mentioned the eventual name of the report he would present: “Le
Postulat des Quanta et le Nouveau development de I’Atomistique” (Mehra &
Rechenberg, 2000, p. 175). What Bohr meant by ‘le postulat des quanta’ or as it appears
in English, the quantum postulate, would appear in print only in 1928. According to the
Bothe-Geiger and Compton-Simon experiments, it is necessary to use the idea of an
elementary quantum in the description of the interaction between matter and radiation.
Because of the indivisibility of the quantum we have to consider that in each single
atomic process of interaction between the electron and the electromagnetic radiation we
have a “discontinuous change of energy and momentum” (Bohr, 1927, p. 93). From this
we may speak of the ‘individuality of single processes’. Connected with this idea of
individuality is the possibility of a coupling between spatially separated atomic
processes, meaning with the term ‘coupling’ the causal relation between individual
processes due to energy-momentum conservation.” But the essential point in the
quantum theory is the indivisibility of the quantum, as Bohr mentioned:

>3 Scott Tanona gives an account of Bohr’s reaction to the Bothe-Geiger experiment that stresses the
‘coupling’ between different atoms, or more generally the coupling between an atomic system and a
measurement instrument (i.e., according to Tanona, a Bothe-Geiger-type coupling with a measurement
instrument). In this way Tanona gives to ‘individuality’ a slightly different meaning than the one adopted
here (which relates the term already to the interaction between radiation and matter). Also Tanona
stresses Bohr’s emphasis on the breakdown of the classical space-time pictures and not on the light-
quantum concept (Tanona, 2004, pp. 498-500; see also Murdock, 1987, pp. 29-30).
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Its essence may be expressed in the so-called quantum postulate, which attributes to any atomic process
an essential discontinuity, or rather individuality, completely foreign to the classical theories and
symbolised by Planck’s quantum of action. (Bohr, 1928, p. 580)

This has an immediate consequence that Bohr stressed clearly in the same article:

The quantum postulate implies that any observation of atomic phenomena will involve an interaction with
the agency of observation not to be neglected ... the definition of the state of a physical system, as
ordinarily understood, claims the elimination of all external disturbances. But in that case, according to
the quantum postulate, any observation will be impossible ... if in order to make observation possible we
permit certain interactions with suitable agencies of measurement, not belonging to the system, an
unambiguous definition of the state of the system is naturally no longer possible. (Bohr, 1928, p. 580)

That is, as a consequence of the ‘quantized’ interaction, there is no way, as in classical
physics, to consider a smaller and smaller interaction that in the limit of an
‘infinitesimal’ exchange of energy-momentum would enable us to define a quantum
system independently of the experimental context where it is being observed.

In his later writings the importance Bohr gave to this consequence of the quantum
postulate becomes even clearer. In successive drafts for an article published in 1956,
Bohr uses the word ‘wholeness’, ‘indivisibility’, and ‘unity’ (Honner, 1987, p. 69),
finally writing “The essential indivisibility of proper quantum phenomena” (Bohr, 1956,
p- 87). In several others of his later writings Bohr refers to a ‘feature of wholeness’ in
the atomic processes (Bohr, 1954, p. 71; 1958, p. 2; 1962a, p. 78; 1962b, p. 80). This
characterization of atomic processes by their ‘wholeness’ results from Bohr’s insight
into the consequences of the “atomistic feature in the energy transmission” (Bohr, 1933,
p. 421), that he addressed in published articles since 1928, according to which “all
effects of light may be traced down to individual processes, in each of which a so-called
quantum is exchanged” (Bohr, 1933, p. 421). We see then that it is Bohr’s recognition
of the quantized interaction between radiation and matter (embodied in the light-
quantum concept) that leads him to the generalization that a// atomic processes result
from indivisible (atomistic) momentum and energy exchanges (i.e. all atomic processes
are discontinuous).

One of the most relevant aspects of the “impossibility of separating a behavior of
atomic objects from the interaction of these objects with the measuring instruments”
(Bohr, 1948, p. 313) is the need of redefining the meaning of the term phenomena.
According to Bohr we have to limit the “use of the word phenomenon to refer
exclusively to observations obtained under specified circumstances, including an
account of the whole experiment” (Bohr, 1948, p. 317). In this way we are no “longer in
a position to speak of the autonomous behavior of a physical object, due to the
unavoidable interaction between the object and the measuring instruments” (Bohr,
1937, p. 293). This implies that for Bohr the wave-function of a ‘quantum’ system does
not have an independent meaning on its own, it can only be defined in the context of an
experimental arrangement: we can not speak of the wave-function of an electron by
itself, only of its wave function as defined in a particular experimental setup (Teller,
1980, p. 206; Camilleri, 2007, p. 522). This contextualization of the quantum
phenomena brings with it, according to Bohr, the need to use classical concepts. Thus,
according to Bohr we must consider that:

[An] unambiguous communication of physical evidence demands that the experimental arrangement as
well as the recording of the observations be expressed in common language, suitably refined by
vocabulary of classical physics. In all actual experimentation this demand is fulfilled by using as
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measuring instruments bodies like diaphragms, lenses and photographic plates so large and heavy that,
notwithstanding the decisive role of the quantum of action for the stability and properties of such bodies,
all quantum effects can be disregarded in the account of their position and motion. (Bohr, 1962b, p. 91)

There is one important aspect of Bohr’s interpretation of quantum mechanics not yet
mentioned (besides his complementarity, which I will not address). More exactly an
aspect that Bohr does not mention himself, i.e. something that is altogether inexistent in
Bohr’s account of quantum theory, namely the wave packet collapse.

As is well known the wave packet collapse is a central aspect of the so-called
Copenhagen interpretation of quantum mechanics. In his “Who invented the
‘Copenhagen interpretation’? A study in mythology”, Don Howard (2004) calls
attention to the fact that Bohr’s interpretation, “makes no mention of wave packet
collapse or any of the other silliness that follows therefrom, such as a privileged role for
the subjective consciousness of the observer” (Howard, 2004, p. 669). This view had
already been put forward by Paul Teller in his “The projection postulate and Bohr’s
interpretation of quantum mechanics”:

My position is very simply that Bohr gives the state function a statistical interpretation and a statistical
interpretation has no need of the projection postulate [i.e. the collapse of the wave function during
measurement]. (Teller, 1980, p. 211)

Teller’s view was that to Bohr

The state function must be taken as a purely symbolic device for calculating the statistics of classically or
commonly described experimental outcomes in collections of phenomena grouped by shared
specifications of experimental conditions. (p. 206)

Accordingly

On Bohr’s view the state function describes not one individual case, but a whole ensemble of cases with
a common preparation characterized in the language of classical physics or daily discourse. (p. 213)

I agree with Teller’s reading or ‘interpretation’ of Bohr. This means that what we
nowdays call the statistical or ensemble interpretation (Isham’s minimal interpretation)
was basically the interpretation of Bohr or at least we can see it as an interpretation
compatible to what we know about Bohr’s views on quantum theory, i.e. a Bohrian
interpretation. It is this Bohrian interpretation that is being followed in this work.

3 The concept of time in quantum theory and Bohr’s quantum postulate

To see the role of the concept of time in quantum theory we have to consider the
quantum-theoretic description of time-dependent phenomena by the time-dependent
Schrdédinger equation:

ih%:H\P(t),

where H is the Hamiltonian and y the wave function of a system. For the present
purpose, I will consider the quantum-theoretical description of the spontaneous
emission of radiation by an atom. In this case the Hamiltonian is H = Hyyy +Hraqg *Hin,
where H,., 1S the Hamiltonian for an atom, H,,q is the Hamiltonian for the
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electromagnetic field, and Hj, is the Hamiltonian describing the interaction between the
electromagnetic field and the atom. Considering the case where the electromagnetic
field wavelength is much larger than the dimension of the atom, the interaction between
the field and the atom can be described using the electric dipole approximation
(Loudon, 1973, pp. 42-43). Also, in the case of a weak coupling between the field and
the atom, the time-dependent Schrodinger equation can be solved in first-order
perturbation theory (Ballentine, 1998, pp. 349-350). To determine the spontaneous
emission rate (and from this the lifetime of the excited state), corresponding to the
transition of an atom initially in an excited state to the ground state (with the
electromagnetic field initially in the vacuum state), a further approximation will be
considered: we will consider a time t larger than the inverse of the frequency of the
spontaneously emitted photon, but since it is a first-order calculation we must also take t
to be smaller than the excited state lifetime (Craig & Thirunamachandran, 1984, pp. 84-
86). Solving the time-dependent Schrédinger equation for this case we see that the
probability of finding the atom in the excited state follows an exponential decay law,
that is, the time dependence is given by ¢"™, where 1 is the excited state lifetime (Allen
& Eberly, 1975, p. 167). This means that if we consider an ensemble of equally
prepared systems each one consisting of an atom in the same excited state (in a suitable
experimental setup), and we measure the time it takes for each atom to decay, for a large
ensemble the measured times will fall on an exponential line defined by the lifetime of
the atoms. However, as we have seen, according to the quantum theory “the process of
transition is indivisible” (Bohm, 1951, p. 426). In this way, when considering just one
atom there is only a sole perception of a change in the state of the atom due to the
instantaneous emission of radiation at a certain time. Without any external clock there
would be no way of timekeeping with just this one atom. There would be no
timekeeping before the emission of radiation and after the emission of radiation, only a
perception of the change itself due to the emission of a photon. But the time-dependence
of the wave function is not related to (what can be called) an internal time related with
some dynamical variable, but to a time parameter that is external to the quantum
systems. Quantum theory is formulated by considering a background space-time that
enters the equations of the theory as parameters not dependent on any physical systems
that are described by the theory. In this way the time parameter can be considered as
external to the physical systems whose equations of motion are dependent on these
space-time parameters. On the other hand, it is possible to define what can be called an
internal time by considering some dynamical variable of a quantum system whose
behaviour mimics the external time (Hilgevoord, 2005, p. 31). One example is the
quantized linear oscillator, described by a quantized angle variable whose eigenvalue
runs through the interval [0, 2m], and whose equation of motion describes ‘“the
behaviour we expect of the hand of a clock” (Hilgevoord, 2002, p.304): U(t)|¢)=|o+wt),

where U(t) is the time evolution operator, ¢ is an angle variable, and ® is the constant
frequency of the ‘quantum clock’ (Larmor clock). It is important to notice that the
dynamical variable ¢ is described quantum mechanically. For example, if we try to use
this ‘clock’ to measure the time of decay of an atom in an excited state and consider an
ensemble of clocks subjected to the same experimental arrangement (each clock being
coupled to an atom that is not directly observed), we obtain a time distribution from the
ensemble of clocks (for the time of decay) according to the exponential decay law (see
Peres, 1995, pp. 406-412).

We see then that in the case under consideration of an atom in an excited state, its
description, as just mentioned, presupposes an external time flowing independently of
the atom. This means that in the quantum theory we cannot really think in terms of one
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isolated system: the temporal behavior as described in the quantum theory is not
perceptible from the behavior of one isolated system but only by taking into account an
ensemble of equally prepared systems.

The exponential decay law considered in the case of the spontaneous emission of
electromagnetic radiation is common in the temporal behavior of different physical
systems. The first known example is the disintegration of radioactive substances that
follows an exponential law of decay (Rutherford & Chadwick & Ellis, 1930, pp. 4-8).
Considering this, we could imagine a situation where “all ‘regular’ clocks were
abolished from our laboratories, and we were forced to use radium clocks, in which the
defining events are the disintegration of individual atoms” (Campbell, 1927, p. 779). In
this situation, if we had only a few radium atoms (or equivalently in case of the
spontaneous emission, a few atoms in an excited state), from the sequence of more or
less simultaneous groups of decays, it would not be possible to construct an exponential
curve and with it have a rough timekeeping procedure. But for a very large ensemble,
we have, as time goes by, a clearer notion of the temporal behavior of the ensemble as a
whole, even without an explicit reference to an external clock. On similar lines, in the
case being considered of the temporal description of the spontaneous emission, each
individual atom, according to the quantum postulate, will have a discontinuous change
of state at a particular (external) time, and it is only possible to determine the
probability for this change. But considering a large ensemble of identical systems, by
measuring the time of decay of each one we obtain a distribution that fits an exponential
curve. In this way the regularity of the temporal behavior of a quantum system is only
made ‘visible’ by considering a large ensemble of equally prepared systems (Peres,
1995, p. 403). But we must recall that the time dependence of each equally prepared
quantum system is determined in terms of an external classical time measured by a
‘classical’ clock.

I will now address the problem of seeing how this use of a classical external time
fits into Bohr’s account of quantum theory. For Bohr, the space and time description of
a quantum phenomenon is dependent on the definition of a space-time reference frame
through “fixed scales and clocks” (Bohr, 1949, p. 40). This coordinate system is “fixed
in the ordinary way by means of solid bodies and unperturbable clocks” (Bohr, 1928, p.
584).>* That is, for Bohr the reference frame is defined by the macroscopic experimental
arrangement.

Not only is the existence of a coordinate system linked to an experimental
arrangement, but also for its definition we have to disregard the quantum postulate — in
what regards the stipulation of a reference frame ‘connected’ with the experimental
setup — and consider it defined entirely on classical terms. This is because, according to
Bohr, “if we want to use the idea of space-time we must have watches and rods which
are outside and independent of the object under consideration” (Bohr, 1985, p. 369).
This classical operationally defined space-time coordinate system (i.e. a coordinate
system presupposed by an inertial material frame of reference so large and heavy that all
quantum effects can be disregarded so that it has a well-defined position and momentum
in relation to the background space-time) not in directly interaction with the quantum

** In this work I will make the simplifying assumption that we can identify directly the space-time
reference frame with the background space-time, i.e. that the reference frame is inertial. This means that I
am taking the effective laboratory frame to be an inertial frame or at least to be, for all practical purpose,
nearly inertial. It is important to notice that by definition an inertial reference frame is one in which
Newton’s laws of motion are valid. This implies that the operationally defined inertial reference frame
(the material frame of reference) must itself be describable by classical dynamics (for details on this
subject see Dickson, 2004).
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system, can be seen as implemented in the formalism of the quantum theory as external
space and time parameters that appear in the Schrodinger equation and wave function.

That we must consider, according to Bohr’s view, the space and time parameters as
related to the experimental arrangement, can be expected by taking into account Bohr’s
interpretation of the quantum formalism. Due to the quantum postulate the wave
function (and the Schrodinger equation) cannot be seen as something intrinsic to a
quantum system and independent of the experimental arrangement that enables the
observation of the phenomena we associate with the quantum system. This means also
that part of the conceptual content and mathematical description of the wave function is
dependent on the existence of an experimental arrangement. In particular the time
parameter that appears in the Schrodinger equation and wave function depends on a
background space-time, that we can see as justified, according to Bohr’s interpretation
of the quantum formalism, by taking into account — due to the quantum postulate — the
unavoidable interaction of the quantum system with the experimental arrangement with
its entirely classically described “fixed measuring rods and synchronized clocks” (Bohr,
1955, p. 90).

To sum up: on one hand we must take the quantum system — due to the quantum
postulate — not to be definable without taking into account the experimental setup; and
on the other hand we must take the reference frame to be independent of the quantum
system so that it can be described entirely in classical terms. This situation is not
inconsistent. In reality it is possible to present a coherent view on the consequences of
the quantum postulate in what regards the classical description of space and time, by
noticing that, according to Bohr, not all of the experimental arrangement has to be
considered in direct interaction with the quantum system, only the “significant parts of
the experimental arrangement” (Bohr, 1962b, p. 92). This is what makes it possible to
consider that the watches and measuring rods “are outside and independent of the object
under consideration” (Bohr, 1985, p. 369). That is, at the same time the quantum system
and its mathematical description cannot be defined without taking into account, due to
the quantum postulate, the interaction with the measuring instruments, but in what
regards the rods and clocks belonging to the experimental arrangement (necessary for
the definition of the space-time reference frame), they are independent of the quantum
system (i.e. not in direct interaction), and so not submitted to the consequences of the
quantum postulate being treated as totally classical entities.

This reading of Bohr’s ideas implies considering the part of the experimental
arrangement not directly in interaction with the quantum system as describable by
classical physics. What about the parts that are in interaction? According to Paul
Teller’s account of Bohr’s interpretation of quantum mechanics:

Bohr acknowledges that one may include the immediate macroscopic measuring device as part of the
object described with the formalism of quantum mechanics, as long as there remains some further part of
the total experimental context which receives a classical description. (Teller, 1980, p. 215)

I agree with Teller’s reading of Bohr. Let us consider the two-slit electron diffraction
experiment. According to Bohr, depending on what we want to measure, the position or
momentum of the electron, we must use a first diaphragm rigidly fixed to the apparatus
(in the case of a position measurement) or not rigidly connected to the apparatus (in the
case of a momentum measurement). In the second case the position and momentum of
the diaphragm are treated quantum mechanically:

In the arrangement suited for the control of the momentum of the first diaphragm, this body can no longer
be used as a measuring instrument for the same purpose as in the previous case [(the position
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measurement)], but must, as regards its position relative to the rest of the apparatus, be treated, like the
particle traversing the slit, as an object of investigation, in the sense that the quantum-mechanical
uncertainty relations regarding its position and momentum must be taken explicitly into account. (Bohr,
1935, p. 698)

How is it possible to treat classically the diaphragm in one case and in the other to treat
it quantum mechanically? According to Bohr, this is made acceptable by taking into
account his correspondence principle. Bohr mentions the “necessity of discriminating in
each experimental arrangement between those parts of the physical system considered
which are to be treated as measuring instruments and those which constitute the objects
under investigation” (Bohr, 1935, p. 701). Bohr considers that “the place within each
measuring procedure where this discrimination is made is ... largely a matter of
convenience” (p. 701). Accordingly, there is no

inconsistency in the quantum-mechanical description, connected with a change of the place where the
discrimination is made between object and measuring agencies ... we only have a free choice of this place
within a region where the quantum-mechanical description of the process concerned is effectively
equivalent with the classical description. (p. 701)

To provide a more elaborated characterization of the reconstruction being proposed
in this paper I will make a contrast with Don Howard’s reconstruction of Bohr’s
interpretation of quantum mechanics, which in my view makes it very difficult to give a
coherent reading of Bohr’s ideas when taking into account his views on space and time
in quantum mechanics. According to Howard:

Bohr demanded a classical description only of those properties of the measuring instrument that
are correlated, in the measurement interaction, with the properties of the observed object that we
seek to measure ... this implies, as well, a classical description of the associated measured
properties of the observed object itself. A quantum description would be possible for the remaining
properties of instrument and object, the properties not crucially involved in the measurement.
(Howard, 1994, p. 203)

In the articulation of his argument, Howard first makes it plausible, by quoting Bohr,
the idea that not all of the measuring instrument has to be described in classical terms.
Howard focuses on the description of the diaphragm in the previously mentioned
experiment (which he refers to as diaphragm A), which as mentioned in a particular
experimental setup had to be rigidly connected with the rest of the measuring apparatus
while in another experimental setup had to be detached from the support that defines
the frame of reference. Howard considers that in both cases — of a movable or fixed
diaphragm — we can consider the diaphragm as part of the measuring instrument. I think
the quotation of Bohr cited by Howard (the passage in page 698 of Bohr’s 1935 article
quoted above) is ambiguous enough to accommodate also Howard’s reading. Also, in a
different article, regarding the particular experimental arrangement for measuring the
momentum, Bohr mentions that “certain parts of the whole device must naturally be
given the freedom to move independently of others” (Bohr, 1949, p. 48), and this goes
along the lines of Howard’s proposal. But I think that, according to the reconstruction
of Bohr’s ideas proposed here, this possibility of giving a classical or quantum-
mechanical description of the diaphragm is taken care of by taking into account Bohr’s
line of argumentation related to his correspondence principle: there is a freedom of
choosing to treat part of the experimental setup quantum mechanically (usually as part
of the object under investigation) or classically (usually as part of the measuring
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apparatus). That is, we can choose where to make the ‘Heisenberg cut’ according to our
convenience without entailing any inconsistency.>

More complicated in my view is another point of Howard’s argumentation. Howard
considers also that

In neither arrangement will the whole of diaphragm 4 be given a classical description. In the second
arrangement, the position is described quantum mechanically; in the first, we may infer, the momentum
will be so described. What will be described classically are, by implication, only those properties of
diaphragm A that are correlated with the observed system in the measurement. (Howard, 1994, p. 214)

According to Howard, further evidence for this interpretation can be found in two
passages from Bohr (1939a). The first one is:

We must recognize that a measurement can mean nothing else than the unambiguous comparison of
some property of the object under investigation with a corresponding property of another system, serving
as a measuring instrument, and for which this property is directly determinable according to its definition
in everyday language or in the terminology of classical physics. (p. 311)

While this passage cannot be said to contradict or give direct evidence to Howard’s
claim, the second passage seems to me to be a typical Bohrian reference to a
consequence of the correspondence principle:

In the system to which the quantum mechanical formalism is applied, it is of course possible to include
any intermediate auxiliary agency employed in the measuring process. Since, however, all those
properties of such agencies which, according to the aim of the measurements have to be compared with
the corresponding properties of the object, must be described on classical lines, their quantum mechanical
treatment will for this purpose be essentially equivalent with a classical description. (pp. 315-316)

But again (as in the case mentioned above), no clear conclusion can be given in relation
to Howard’s interpretation of these quotations without taking fully into account Bohr’s
views regarding quantum mechanics, or more exactly a ‘self-consistent’ reconstruction
of Bohr’s writings making compatible Bohr’s quantum postulate and Bohr’s doctrine of
a classical space and time.”

To set my case I will need to consider Howard’s full-blown development of his
views. In another passage Howard spells out his main point again:

This means that the only essential use of classical methods of description will be in connection with that
property of the instrument that is correlated with the property of the object that the instrument is designed
to measure. (Howard, 1994, p. 216)

From this several things will follow:

> In the view presented here, the ‘Heisenberg cut’ is an unavoidable aspect of considering a (classically
described) reference frame taken to be, according to Bohr’s views, outside and independent of the
quantum system under consideration. Accordingly the meaning I give to ‘wholeness’ or ‘unity’ is not like
in Howard’s case of an entanglement between the quantum system and the experimental arrangement in
its totality, but results from the indivisibility of the quantum interaction, which entails — according to the
quantum postulate — the impossibility of defining the quantum system independently of the experimental
arrangement (see also footnote 53).

% However, in this particular case we do not have to look far to notice that this quotation taken out of
context can have a broad array of (re)interpretations. Just a few lines below Bohr writes: “the only
significant point is that in each case some ultimate measuring instruments, like the scales and clocks
which determine the frame of space-time coordination — on which, in the last resort, even the definitions
of momentum and energy quantities rest — must always be described entirely on classical lines, and
consequently kept outside the system subject to quantum mechanical treatment”. (Bohr, 1938a, p. 316)
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A) We must interpret Bohr’s reference to classical concepts as not related to the
correspondence principle, since, according to Howard, only certain properties of both
the measurement apparatus and the object must be considered from a classical
perspective. In this way, we must look for some other type of ‘essential equivalence’
between the quantum and classical description.”” In Howard’s view the kind of
convergence between quantum and classical descriptions demanded by the
correspondence principle is a wholesale convergence, not an ‘essential equivalence’
between selected sets of properties (Howard, 1994, p. 217; see also Howard, 2005, pp.
28-29).

B) According to Howard we will find this ‘essential equivalence’ by looking at the case
of an ensemble of identically prepared composite systems (consisting on the
measurement setup and the ‘quantum object’) described by a density matrix built with
non-factorizable state functions (due to the entanglement between the measurement
setup and the ‘quantum object’) — the pure case. With a proper selection of sub-
ensembles describing factorizable state functions (according to Howard corresponding
to the classical idea of separability) the ensemble can be seen as a mixture of elements
of the sub-ensembles. According to Howard in each experimental context it is possible
to find the proper mixture that gives exactly the same predictions as the original density
matrix for the entangled pair (Howard, 1994, pp. 220-222; see also Shlosshauer &
Camilleri, 2008, pp. 17-18). Howard considers this approach as the key to a
reconstruction of Bohr’s views on the need of classical concepts:

It is upon this disarmingly simple mathematical fact—the equivalence, context by context, of pure cases
and mixtures—that I build my interpretation of Bohr's doctrine of classical concepts. I claim that we
make the clearest sense out of Bohr's stress on the importance of a classical account of experimental
arrangements and of the results of observation, if we understand a classical description to be one in terms
of appropriate mixtures. More specifically, I would reconstruct the doctrine of classical concepts as
follows. Given any measurement interaction, a description in terms of a pure case is correct, in the sense
that it yields all of the right predictions. This is the proper quantum mechanical account of the interaction,
and such an account can always be given for all aspects of the interaction, including all parts of both
instrument and object. Such a description reflects the essential nonseparability of the quantum mechanical
interaction formalism, the nonseparability that Bohr stresses as a fundamental lesson of the quantum
mechanical account of the instrument/object interaction; it reflects, too, the non-classical character of
quantum statistics. On the other hand, precisely because of its nonseparability, a description in terms of a
pure case does not permit us to distinguish instrument and object in the way that Planck and Einstein
thought necessary to ensure objectivity. But here is where the concept of an appropriate mixture finds its
place. Once we specify the kind of measurement being performed, an appropriate mixture can be
constructed that gives all of the right predictions for the parameters involved in such a measurement; and,
at least with respect to those parameters, we can separate the states of the instrument and the object and
give a purely classical, ignorance interpretation of their statistics. The proper “classical” description, then,
is a description in terms of an appropriate mixture. (Howard, 1994, pp. 222-223)

C) One of the implications of all this is clearly spelled out in the following sentence:

°7 In Howard’s reading of Bohr’s Como lecture (Bohr, 1928), Bohr takes the object and instrument to
form an entangled pair that is described quantum mechanically. In order to assign a measured value to the
quantum system we must consider the object and instrument not to be entangled (in what regards the
property of the measuring instrument that is correlated, in the measurement, with the property of
the observed object that we seek to measure). According to Howard, “doing that is what Bohr means
by a description in terms of ‘classical concepts’ (Howard, 2005, p. 28). In this way according to Howard
reading of Bohr, “the descriptions are ‘classical’ simply in the sense that entanglement is denied and
separability is affirmed” (p. 28). For more details on Howard’s use of the term ‘classical’ see point B and
the quotation within.

189



The fourth question asked why, in the description of a measuring instrument, the only essential use of
classical methods of description is in the account of that parameter of the instrument that is correlated
with the measured property of the object. The answer is that only in connection with these properties need
we assume the separability of instrument and object. And the appropriate mixture reconstruction reflects
this fact by its context dependence: A different mixture is appropriate to every different context, in the
sense that an appropriate mixture yields the correct predictions only for those parameters measurable in
that context. All other parameters—of both object and instrument—are correctly described only quantum
mechanically, in terms of the pure case density matrix. (Howard, 1994, p. 224)

In this way, we would not need a description of the apparatus in classical terms. The
classical description (in Howard’s sense) is only necessary for the part that we can
consider to be in direct interaction with the object and even in this case only for the
parameter involved in the measurement. In the case being considered, for a fixed
diaphragm we would have to give a classical description of the position of the
diaphragm and the object, and in the case of a moving diaphragm it would be necessary
to give a classical description of the momentum. All the rest would be described
quantum mechanically.

This interpretation faces problems when we consider Boht’s views on the concepts
of space and time in quantum mechanics. As Jan Hilgevoord mentions, there seems to
be a problem related to the use of the time concept in quantum mechanics that has posed
a challenge to several physicists but to which Bohr makes no reference (Hilgevoord,
2005): the inexistence of a time operator in quantum mechanics. Bohr does not mention
this because in his interpretation of quantum mechanics there is simply no motive not to
consider space and time from a classical perspective (Hilgevoord, 2005, pp. 47-48).
This should be clear from the presentation made above of Bohr’s reliance on classical
concepts of space and time in his interpretation of quantum mechanics. However, and I
must stress this point, it is important to notice that for Bohr the classically described
space-time reference frame (which is part of the experimental arrangement) is taken to
be outside and independent of the observed quantum system.

This is in direct contradiction with Howard’s reconstruction. As we have just seen
Howard considers that:

1) The only essential use of classical methods of description (in Howard’s sense) will be
in connection with that property of the instrument that is correlated with the property of
the object that the instrument is designed to measure.

2) A quantum description would be possible for the remaining properties of instrument
and object, the properties not crucially involved in the measurement.

As it stands I consider this view incompatible with Bohr’s account of reference frames
in the experimental arrangements. Bohr wrote explicitly that “if we want to use the idea
of space-time we must have watches and rods which are outside and independent of the
object under consideration” (Bohr, 1985, p. 369), and in similar lines that “some
ultimate measuring instruments, like the scales and clocks which determine the frame of
space-time coordination ... must always be described entirely on classical lines, and
consequently kept outside the system subject to quantum mechanical treatment” (Bohr,
1939a, p. 316). As I have shown this view is compatible with Bohr’s quantum postulate.
As it stands Howard’s reconstruction seems to be at odds with Bohr’s views on space
and time in quantum mechanics. In particular, according to Howard’s views, we would
have to consider that the entire quantum mechanically described apparatus is entangled
with the quantum object (since Howard considers that only for the relevant parameter of
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the measurement we need a ‘classical’ separability of apparatus and object). It is not
clear how, in these circumstances, an external classical time might fit into Howard’s
reconstruction.

Parts of the views being developed here have been noticed before. For example by
Simon Saunders who made the following remark:

The conditions of an experiment must ultimately involve rigid connections to bodies of arbitrarily large
mass. In that case the uncertainty relations, for the latter bodies, become irrelevant (so long as there is
non-zero latitude in both position and momentum). Bohr admitted as much when he remarked that the
freedom of choice in the divide between quantum and classical was restricted to “a region where the
quantum mechanical description of the process concerned is effectively equivalent with the classical
description” [5, p.701], and later, when he said that the requirements of unambiguous description of the
apparatus “is secured by the use, as measuring instruments, of rigid bodies sufficiently heavy to allow a
completely classical account of their relative positions and velocities” [9, p.3]. (Saunders, 2005, p. 24)

In similar lines Henrik Zinkernagel remarked that:

Bohr actually agreed that the measurement apparatus can also be described by quantum theory. However,
he writes (1939, p. 104):

...In each case some ultimate measuring instruments, like the scales and clocks which determine the frame
of space-time coordination — on which, in the last resort, even the definitions of momentum and energy
quantities rest — must always be described entirely on classical lines, and consequently kept outside the
system subject to quantum mechanical treatment.

The point is that we can treat a measuring apparatus (or part of this) as a quantum system, but only when
some other system is then treated classically. (Zinkernagel, 2006, p. 5)

Zinkernagel’s and Saunders’s reading of Bohr seems to go along similar lines as the one
being presented here, as is the case with the previous quotation from Teller (see page 8).
Teller mentions that, according to Bohr, even if we have the possibility of describing
quantum mechanically the immediate macroscopic measuring device (i.e. the part of the
instrument in interaction with the object under investigation), we have to describe
classically some further part of the experimental arrangement. Saunders stresses the
need of a material frame of reference (bodies of arbitrarily large mass) to describe any
experiment, and, quoting Bohr, that this material frame of reference must be described
by classical dynamics. Zinkernagel quotes Bohr saying that the material frame of
reference must be described entirely by classical dynamics and taken to be outside the
system subjected to a quantum mechanical description (in an hypothetical revision of
Howard’s approach this might imply taking from the start the material frame of
reference to be disentangled from the quantum system).

I think it is fair to say that we are all reading Bohr as implying the need for a
classical physics account of (at least) part of the experimental arrangement (the one not
directly in interaction with the quantum system), stressing in particular the need for a
classical account of the reference frame. This view is clearly at odds with Howard’s.
Howard’s reconstruction implies an all-quantum description of the entangled pair
instrument & object, giving just a classical description (in Howard’s sense), for both the
instrument and object, of the property being measured. On the reconstruction being
presented here (which I must stress is compatible with the interpretation being given to
the quantum postulate), according to Bohr, we must describe classically58 the material
frame of reference, taken to be independent™ from the object of observation. In this way

¥ In the sense of using classical theories, not in Howard’s sense.
> In my sense this means not in direct interaction; in Howard’s sense it might mean disentangled.
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I consider Howard’s, nevertheless very interesting, reconstruction of Bohrt’s
interpretation of quantum mechanics to be incompatible (at least as it stands at the
moment) with Bohr’s conception of space and time in quantum mechanics (related to an
operationally defined and classically described reference system). In exact opposition to
Howard’s views, Bohr’s doctrine of a classical space and time implies treating
classically (in the usual sense) the parts of the measuring apparatus that are not in
interaction with the quantum system.

4 Conclusions

In the quantum theory we can only recover a temporal description of the behavior of
physical systems when considering an ensemble of identically prepared systems that are
subjected to similar experimental arrangements. In fact, we cannot from one single
system have a well-defined sense of temporal flow. This might lead one to consider that
there is a tension between the idea of a continuous time and the discontinuous jumps
between the possible states of a quantum system. In part the tension is avoided by
constructing the theory considering a background space-time on which it is not the
temporal behavior of an individual system — due to the discontinuity — that is described
but the temporal behavior of an ensemble. Another related point is that the discontinuity
is implemented in the theory already with the previous ‘input’ of a background time,
that is, we talk about discontinuous changes as implied in the quantum postulate from
the perspective of a macroscopic continuous space-time related to the experimental
arrangement from which it looks as if the quantum system has discontinuous changes.
As Bohr stressed, the point is that, as a consequence of the quantum postulate we cannot
regard the physical properties of the quantum system as intrinsic and independent of the
experimental arrangement being used (with its related classical reference frame).
According to Bohr:

No result of an experiment concerning a phenomenon which, in principle, lies outside the range of
classical physics, can be interpreted as giving information about independent properties of the object; but
is inherently connected with a definite situation in the description of which the measuring instruments
interacting with the objects also enter essentially. (Bohr, 1939b, p. 269)

While within the scope of classical physics we are dealing with an idealization, according to which all
phenomena can be arbitrarily subdivided, and the interaction between the measuring instruments and the
object under consideration neglected, or at any rate compensated for, it was stressed that such interaction
represents in quantum physics an integral part of the phenomena, for which no separate account can be
given if the instruments shall serve the purpose of defining the conditions under which the observations
are obtained ... The characteristic new feature in quantum physics is merely the restricted divisibility of
the phenomena, which for unambiguous description demands a specification of all significant parts of the
experimental arrangement ... the whole purpose of the formalism of quantum theory is to derive
expectations for observations obtained under given experimental conditions. (Bohr, 1962b, pag. 91-92)

In this way the characterization of the discontinuous behavior of the quantum system,
that is, of the phenomena being observed, rests on the previous notion of a time
coordinate (associated with clocks that are part of the measurement apparatus). We have
no intrinsic notion of discontinuity by itself; this notion arises in the context of a theory
that, following Bohr’s view on the interpretation of the formalism, does not treat the
phenomena we observe and relate to a ‘quantum object’ (like for example an electron)
with something that has a meaning independent of the experimental arrangement that
permits its observation. We have a discontinuity in the context of an operational notion
of a continuous time that is simultaneously inscribed in the formalism of the theory as
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an external parameter in the Schrodinger equation. It is from the perspective of this
external time, which we use in the description of the functioning of any measurement
apparatus, that the discontinuity we associate with the phenomena appears,
simultaneously with a statistical description of the (continuous) temporal behavior of an
ensemble of equally prepared systems.

193



BIBLIOGRAPHY

Aitchison, I. J. R. (1985). Nothing’s plenty: the vacuum in modern quantum field theory. Contemporary
Physics, 26, 333-291.

Allen, L. & Eberly, J. H. (1975). Optical resonance and two-level atoms. New York: Dover Publications.
Arabatzis, T. (1996). Rethinking the ‘Discovery’ of the Electron. Studies in History and Philosophy of
Modern Physics, 21, 405-435.

Aramaki, S. (1989). Development of the renormalization theory in quantum electrodynamics (II).
Historia Scientiarum, 37, 91-113.

Ballentine, L. E (1998). Quantum mechanics: a modern development. Singapore: World Scientific.
Ballentine, L. E., Yang, Y., & Zibin, J. P. (1994). Inadecuacy of Ehrenfest’s theorem to characterize the
classical regime. Physical review A4, 50, 2854-2859.

Barut, A. O. (1964). Electrodynamics and classical theory of fields and particles. New York: Dover
Publications.

Becker, R. (1964). Electromagnetic fields and interactions. New York: Dover Publications.

Beller, M. (1990). Born’s probabilistic interpretation: a case study of ‘concepts in flux’. Studies in History
and Philosophy of Science, 21, 563-588.

Berestetskii, V. B., Lifshitz, E. M., & Pitaevskii, L. P. (1982). Quantum electrodynamics. Oxford:
Butterworth-Heinemann.

Bertet, P., Auffeves, A., Maioli, P., Osnaghi, S., Meunier, T., Brune, M., Raimond, J. M., & Haroche, S.
(2002). Direct measurement of the Wigner function of a one-photon Fock state in a cavity. Physical
Review Letters, 89, 200402(1-4).

Bitbol, M. (1995). Introduction. In M. Bitbol (Ed.), E. Schrédinger: The interpretation of quantum
mechanics. Woodbridge, Connecticut: Ox Bow Press.

Bitbol, M. (1996). Schrédinger's Philosophy of Quantum Mechanics. Berlin and New York: Springer-
Verlag.

Bjorken, J. D., & Drell, S. D. (1965). Relativistic quantum fields. New York: McGraw-Hill.

Bohm, D. (1951). Quantum theory. New York. Dover Publications.

Bohr, N. (1913). On the constitution of atoms and molecules. In, D. ter Haar (Ed.)(1967), The old
quantum theory (pp. 132-159). Oxford: Pergamon Press. (original work published in Philosophical
Magazine, 26)

Bohr, N. (1923). The structure of the atom. Nature, 112(Suppl.), 29 — 44.

Bohr, N. (1924). On the application of the quantum theory to atomic structure, part I, the fundamental
postulates of the quantum theory. Proceedings of the Cambridge Philosophical Society, supplement 22.
(original work published in 1923 in Zeitschrift fiir Physik, 13).

Bohr, N. (1925a). On the behavior of atoms in collisions. In, K. Stolzenberg (Ed.)(1984), Niels Bohr
collected works, Vol. 5 (pp. 194-206). Amsterdam: North-Holland.

Bohr, N. (1925b). Atomic theory and mechanics. Nature, 116(Suppl.), 845-852.

Bohr, N. (1927). The quantum postulate and the recent development of atomic theory [1]. In, J. Kalckar
(Ed.), Niels Bohr Collected works (Vol. 6, pp. 88-98). Amsterdam: North-Holland.

Bohr, N. (1928). The quantum postulate and the recent developments of atomic theory. Nature,
121(Suppl.), 580-590.

Bohr, N. (1932a). Chemistry and the quantum theory of atomic constitution. In, J. Kalckar (Ed.), Niels
Bohr Collected works (Vol. 6, pp. 371-408). Amsterdam: North-Holland.

Bohr, N. (1932b). Atomic stability and conservation laws. In Jan Faye & Henry J. Folse (Eds.), The
philosophical writings of Niels Bohr, Vol. 4 (1998, pp. 62-72). Woodbridge: Ox Bow Press.

Bohr, N. (1933). Light and life. Nature 131, 421 —423.

Bohr, N. (1934). Atomic theory and the description of nature. Cambridge: Cambridge University Press.
Bohr, N. (1935). Can quantum-mechanical description of physical reality be considered complete?.
Physical Review, 48, 696-702.

Bohr, N. (1937). Causality and complementarity. Philosophy of Science, 4, 289-298.

Bohr, N. (1939a). The causality problem in atomic physics. In, J. Kalckar (Ed.), Niels Bohr Collected
works (Vol. 7, pp. 299-322). Amsterdam: North-Holland.

194



Bohr, N. (1939b). Natural philosophy and human cultures. Nature, 143, pp. 268-271.

Bohr, N. (1948). On the notions of causality and complementarity. Dialectica, 2, 312-319.

Bohr, N. (1949). Discussion with Einstein on epistemological problems in atomic physics. In, Atomic
physics and human knowledge (1958, pp. 32-66). New York: Wiley.

Bohr, N. (1954). Unity of knowledge. In, Afomic physics and human knowledge (1958, pp. 67-82). New
York: Wiley.

Bohr, N. (1955). Atoms and human knowledge. In, Atomic physics and human knowledge (1958, pp. 83-
93). New York: Wiley.

Bohr, N. (1956). Mathematics and natural philosophy. The Scientific Monthly, 82, 85-88.

Bohr, N. (1958). Causality and Complementarity. In, Essays 1958-1962 on atomic physics and human
knowledge (pp. 1-7). New York: Interscience Publishers.

Bohr, N. (1962a). The genesis of quantum mechanics. In, Essays 1958-1962 on atomic physics and
human knowledge (pp. 74-78). New York: Interscience Publishers.

Bohr, N. (1962b). The Solvay meeting and the development of quantum physics. In, Essays 1958-1962 on
atomic physics and human knowledge (pp. 79-100). New York: Interscience Publishers.

Bohr, N. (1985). Space-time continuity and atomic physics. In, J. Kalckar (Ed.), Niels Bohr Collected
works (Vol. 6, pp. 361-370). Amsterdam: North-Holland.

Bohr, N. & Rosenfeld, L. (1933), ‘Zur Frage des Messbarkeit der Elektromagnetischen Fieldgrossen’,
Mat.-fys.Medd.Dan.Vid.Selsk. 12, 8. Trans. In J.A. Wheeler and W.H. Zurek (Eds.), (1983). Quantum
theory and measurement (pp 465-522). Princeton, NJ: Princeton University Press.

Bohr, N. & Rosenfeld, L. (1950). Field and charge measurement in quantum electrodynamics. Physical
Review, 78, 794-798.

Bogoliubov, N. N., & Shirkov, D. V. (1959). Introduction to the theory of quantized fields. New York:
Interscience Publishers.

Born, M., Heisenberg, W., & Jordon, P. (1926). On quantum mechanics II. In. B. L. van der Waerden
(Ed.), Sources of quantum mechanics (1967, pp. 321-385). New York: Dover Publications. (original work
published in Zeitschrift fiir Physik 35).

Breitenbach, G., Schiller, S., & Mlynek, J. (1997). Measurement of the quantum states of squeezed light.
Nature, 387, 471-475.

Buchholz, D., & Yngvason, J. (1994). There are no causality problems for Fermi’s two atom system.
Phys. Rev. Lett., 73, 613-616.

Bokulich, A. (2009). Three puzzles about Bohr’s correspondence principle. PhilSci Archive:
http://philsci-archive.pitt.edu/

Bunge, M. (1970). Virtual processes and virtual particles: real or fictitious? International Journal of
Theoretical Physics, 3, 507-508.

Caliceti, E., Meyer-Hermann, M., Ribeca, P., Surzhykov, A., & Jentschura, U.D. (2007). From useful
algorithms for slowly convergent series to physical predictions based on divergent perturbative
expansions. Physics Reports, 446, 1-96.

Camilleri, K. (2007). Bohr, Heisenberg and the divergent views of complementarity. Studies in History
and Philosophy of modern Physics, 38, 514-528.

Campbell, N. R. (1927). Philosophical foundations of quantum theory. Nature, 119, 779.

Cao, T. Y. (1997). Conceptual development of 20th century field theory. Cambridge: Cambridge
University Press.

Cao, T. Y. (1999). Conceptual foundations of quantum field theory. Cambridge: Cambridge University
Press.

Cao, T. Y., & Schweber, S. S. (1993). The conceptual foundations and philosophical aspects of
renormalization theory. Synthese, 97, 33-108.

Carson, C. (1996). The peculiar notion of exchange forces — II: from nuclear forces to QED, 1929-1950.
Studies in History and Philosophy of Modern Physics, 27, 99-131.

Craig, D. P., & Thirunamachandran, T. (1984). Molecular quantum electrodynamics. New York: Dover
Publications.

Cushing, J. T. (1986). The importance of Heisenberg’s matrix program for the theoretical high-energy
physics of the 1950’s. Centaurus, 29, 110-149.

Cushing, J. T. (1988). Foundational problems in and methodological lessons from quantum field theory.
In H. R. Brown, & R. Harré (Eds.), Philosophical foundations of quantum field theory (pp. 25-39).
Oxford: Clarendon Press.

Darrigol, O. (1984). La genése du concept de champ quantique. Annales de Physique, 9, 433-501.
Darrigol, O. (1986). The origin of quantized matter waves. Historical Studies in the Physical and
Biological Sciences, 16/2, 198-253.

195



Darrigol, O. (1991). Cohérence et complétude de la mécanique quantique: 1’exemple de « Bohr-
Rosenfeld ». Revue d'histoire des sciences, 44, 137-179.

Darrigol, O. (1992). From c-Numbers to q-Numbers: The Classical Analogy in the History of Quantum
Theory. Berkeley: University of California Press.

Darrigol, O. (1997). Classical concepts in Bohr’s atomic theory (1913-1935). Physis: Rivista
Internazionale di Storia della Scienza, 34, 545-567.

Darrigol, O. (2003). Electrodynamics from Ampere to Einstein. Oxford: Oxford University Press.
Darrigol, O. (2008). The modular structure of physical theories. Synthese, 162, 195-223.

Darrigol, O. (2009). A simplified genesis of quantum mechanics. Studies in History and Philosophy of
Modern Physics, 40, 151-166.

Davisson, C., & Germen, L. H. (1927). Diffraction of electrons by a crystal of nickel. Physical review,
30, 705-740.

Dente, G. C. (1975). Classical limit of quantum electrodynamics. Physical Review D, 12,

1733-1738.

Dickson, M. (2004). A view from nowhere: quantum reference frames and uncertainty. Studies in History
and Philosophy of Modern Physics, 35, 195-220.

Dirac, P. A. M. (1926). On the theory of quantum mechanics. Proceedings of the Royal Society of London
A, 112,661-677.

Dirac, P.A.M. (1927a). The quantum theory of the emission and absorption of radiation. Proceedings of
the Royal Society of London A, 114, 243-265.

Dirac, P.A.M. (1927b). The quantum theory of dispersion. Proceedings of the Royal Society of London A,
114, 710-728.

Dirac, P.A.M. (1928). The quantum theory of the electron. Proceedings of the Royal Society of London A,
117, 610-624.

Dirac, P.A.M. (1930). A theory of electrons and protons. Proceedings of the Royal Society of London A,
126, 360-365.

Dirac, P.AM. (1931). Quantized singularities in the electromagnetic field. Proceedings of the Royal
Society of London A, 133, 60-72.

Dirac, P.A.M. (1934a). Theory of the positron. In, A. I. Miller (Ed.), Early quantum electrodynamics (pp.
136-144). Cambridge: Cambridge University Press. (original work published in Théorie du positron.
Septieme Conseil de Physique Solvay: Structure et propriétés des noyaux atomique, Octobre 22-29, 1933
(pp- 203-212). Paris: Gauthier-Villars).

Dirac, P.A.M. (1934b). Discussion of the infinite distribution of electrons in the theory of the positron. In,
A. 1. Miller (Ed.), Early quantum electrodynamics (pp. 145-156). Cambridge: Cambridge University
Press. (original work published Proceedings of the Cambridge Philosophical Society, 30).

Dirac, P. A. M. (1938). Classical theory of radiating electrons. Proceedings of the Royal Society of
London A, 167, 148-168.

Dirac, P. A. M. (1958). The principles of quantum mechanics. Oxford: Oxford University Press.

Dyson, F. J. (1948). The radiation theories of Tomonaga, Schwinger, and Feynman. Physical Review, 75,
486-502.

Dyson, F. J. (1949). The S-matrix in quantum electrodynamics. Physical Review, 75, 1736-1755.

Dyson, F. J. (1952a). Lecture notes on advanced quantum mechanics. Cornell Laboratory of Nuclear
Studies, Cornell University, Ithaca, N.Y.

Dyson, F. J. (1952b). Divergence of perturbation theory in quantum electrodynamics. Physical Review,
85, 631-632.

Earman, J., & Fraser, D. (2006). Haag’s theorem and its implications for the foundations of quantum
field theory. Erkenntnis, 64, 305-344.

Einstein, A. (1905). On a heuristic point of view about the creation and conversion of light._In, D. ter
Haar (Ed.)(1967). The old quantum theory (pp. 91-107). (original work published in Annalen der Physik,
17).

Einstein, A. (1906). On the theory of light production and light absorption. In, John Stachel, et al. (eds.),
The collected papers of Albert Einstein (English translation supplement, Vol. 2, pp. 192-199). Princeton:
Princeton University Press. (original work published in Annalen der Physik, 20)

Einstein, A. (1909a). On the present status of the radiation problem. In, John Stachel, et al. (eds.), The
collected papers of Albert Einstein (English translation supplement, Vol 2, 1989, pp. 357-375). Princeton:
Princeton University Press. (original work published in Physikalische Zeitschrift, 10)

Einstein, A. (1909b). On the development of our views concerning the nature and constitution of
radiation. In, John Stachel, et al. (eds.), The collected papers of Albert Einstein (English translation
supplement, Vol 2, 1989, pp. 379-394). Princeton: Princeton University Press. (original work published in
Physikalische Zeitschrift, 10)

196



Einstein, A. (1917). On the quantum theory of radiation. In, D. ter Haar (Ed.), The old quantum theory
(1967, pp. 167-183). (original work published in Physikalische Zeitschrift, 18).

Einstein, A. (1979). Autobiographical Notes (Centennial ed.). Chicago: Open Court.

Falkenburg, B. (2007). Particle metaphysics. Berlin and New York: Springer-Verlag.

Fermi, E. (1929). Sopra I’elettrodinamica quantistica. I. Rendiconti Lincei, 9, 881-887.

Fermi, E. (1930). Sopra I’elettrodinamica quantistica. II. Rendiconti Lincei, 12, 431-435.

Fermi, E. (1932). Quantum theory of radiation. Reviews of Modern Physics, 4, 87-132.

Feynman, R. P. (1948). Relativistic cut-off for quantum electrodynamics. Physical Review, 74, 1430-
1438.

Feynman, R. P. (1949a). The theory of positrons. Physical Review, 76, 749-759.

Feynman, R. P. (1949b). Space-time approach to quantum electrodynamics. Physical Review, 76, 769-
789.

Feynman, R. P. (1961). Quantum electrodynamics. Reading: Addison-Wesley.

Feynman, R. P. (1962). The theory of fundamental processes. Reading, Massachusetts: W. A. Benjamin,
Inc.

Feynman, R. P. (1965). The development of the space-time view of quantum electrodynamics. Nobel
Lectures, Physics 1963-1970. Amsterdam: Elsevier Publishing Company.

Fick, D. & Kant, H. (2009). Walther Bothe’s contributions to the understanding of the wave-particle
duality of light. Studies in History and Philosophy of Modern Physics, 40, 395-405.

Fierz, M. (1950). Uber die bedeutung der funktion Dc in der quantentheorie der wellenfelder. Helv. Phys.
Acta, 23, 731-739.

Foldy, L. L., & Wouthuysen, S. A. (1949). On the Dirac theory of spin % particles and its non-relativistic
limit. Physical Review, 78, 29-36.

Fox, T. (2008). Haunted by the Spectre of Virtual Particles: A Philosophical Reconsideration. Journal for
General Philosophy of Science, 39, 35-51.

Fraser, D. (2000). Haag’s theorem and the interpretation of quantum field theories with interaction.
Dissertation, University of Pittsburgh. Available at (http:/etd.library.pitt.edu/ETD/available/etd-
07042006-134120/).

Fraser, D. (2008). The fate of ‘particles’ in quantum field theories with interactions. Studies in History
and Philosophy of modern Physics, 39, 841-859.

Fraser, D. (2009). Quantum field theory: underdetermination, inconsistency, and idealization. Philosophy
of Science, 76, 536-567.

Frisch, M. (2004). Inconsistency in classical electrodynamics. Philosophy of Science, 71, 525-549.

Frisch, M. (2005). Inconsistency, asymmetry and non-locality: a philosophical exploration of classical
electrodynamics. Oxford: Oxford University Press.

Frisch, M. (2007). Discussion note: conceptual problems in classical electrodynamics. PhilSci Archive:
http://philsci-archive.pitt.edu/

Galison, P (1987). How experiments end. Chicago : University of Chicago Press.

Gerry, C. C., & Knight, P. L. (2005). Introductory quantum optics. Cambridge: Cambridge University
Press.

Graham, N., Jaffe, R. L., Khemani, V., Quandt, M., Schroder, O., and Weigel, H. (2004). The Dirichlet
Casimir problem. Nuclear Physics B, 677, 379-404.

Gill, T. L., & Zachary, W.W. (2002). Foundations for relativistic quantum theory. I. Feynman's operator
calculus and the Dyson conjectures. Journal of Mathematical Physics, 43, 69-93.

Gross, E. K. U., Runge, E., & Heinonen, O. (1991). Many-particle theory. Bristol: Adam Hilger.

Haag, R. (1955). On quantum field theories. Det Kongelige Danske Videnskabernes Selskab, Matematisk-
fysiske Meddelelser, 29/12, 1-37.

Harré, R. (1988). Parsing the amplitudes. In H. R. Brown and R. Harré (Eds.), Philosophical foundations
of quantum field theory. Oxford: Clarendon Press.

Harman, P. M. (1982),. Energy, force and matter. The conceptual development of nineteenth-century
physics (Spanish edition). Madrid: Alianza.

Halvorson, H., & Clifton, R. (2002). No place for particles in relativistic quantum theories? Philosophy of
Science, 69, 1-28.

Heisenberg, W. (1930). The physical principles of quantum theory. New York: Dover.

Heisenberg. W. (1934). Remarks on the Dirac theory of the positron. In A. I. Miller (Ed.), Early quantum
electrodynamics (pp. 169-187). Cambridge: Cambridge University Press. (original work published in
Zeitchrift fiir Physik, 90).

Heitler, W. (1954). The quantum theory of radiation. New York: Dover Publications.

Hermann, A. (1971). The genesis of quantum theory (1899-1913). Cambridge, MA: M.L.T Press.

197



Hilgevoord, J. (1996). The uncertainty principle for energy and time. American Journal of Physics, 64,
1451-1456.

Hilgevoord, J. (2002). Time in quantum mechanics. American Journal of Physics, 70, 301-306.
Hilgevoord, J. (2005). Time in quantum mechanics: a story of confusion. Studies in History and
Philosophy of modern Physics, 36, 29-60.

Honner, J. (1987). The Description of Nature: Niels Bohr and the Philosophy of Quantum Physics.
Oxford: Clarendon Press.

Howard, D. (1994). What makes a classical concept classical? Toward a reconstruction of Niels Bohr’s
philosophy of physics. In J. Faye and H. Folse, (eds.), Niels Bohr and Contemporary Philosophy. Boston:
Kluwer.

Howard, D. (2004). Who invented the “Copenhagen interpretation?” A study in mythology. Philosophy of
Science, 71, 669-682.

Howard, D. (2005). Revisiting the Einstein-Bohr dialogue. (Cal Tech, October 2005; Jerusalem, Bar-
Hillel Lecture, December 2005; Special issue of Iyyun in honor of Mara Beller)

Hoskin, M., & Taton, R. (1995). General history of astronomy, vol. 2. Cambridge: Cambridge University
Press.

Huggett, N., & Weingard, R. (1995). The renormalisation group and effective field theories. Synthese,
102, 171-194.

Isham, C. J. (1995). Lectures on quantum theory. London: Imperial College Press.

Jaffe, R. L. (2003). Unnatural acts: unphysical consequences of imposing boundary conditions on
quantum fields. Arxiv preprint hep-th/0307014.

Jaffe, R. L. (2005). Casimir effect and the quantum vacuum. Physical Review D, 72, 021301(R).

Jammer, M. (1961). Concepts of Mass. New York: Dover Publications.

Jammer, M. (1966). The conceptual development of quantum mechanics. New York: McGraw-Hill.
Jammer, M. (1974). The philosophy of quantum mechanics: the interpretations of quantum mechanics in
historical perspective. New York: John Wiley and Sons.

Jaynes, E. T. (1973). Survey of the present status of neoclassical radiation theory. In L. Mandel & E.
Wolf (eds.), Coherence and quantum optics (pp. 35-81). New York: Plenum Publishing Corporation.
Jauch, J. M., & Rohrlich, F. (1976). The Theory of photons and electrons. Berlin and New York:
Springer-Verlag.

Jentschura, U. D. (2004). Quantum Electrodynamic Bound-State Calculations and Large-Order
Perturbation Theory. Arxiv preprint hep-ph/0306153.

Kaiser, D. (2000). Stick-figure realism: conventions, reification, and the persistence of Feynman
diagrams, 1948-1964. Representations, 70, 49-86.

Kaiser, D. (2005). Drawing theories apart: the dispersion of Feynman diagrams in postwar physics.
Chicago: University of Chicago Press.

Kaéllén, G. (1972). Quantum electrodynamics. Berlin and New York: Springer-Verlag.

Klein. M. J. (1963). Einstein’s first paper on quanta. The Natural Philosopher, 2, 59-86.

Klein, M. J. (1964). Einstein and the wave-particle duality. The Natural Philosopher, 3, 3-49.

Klein, M. J. (1970). The first phase of the Bohr-Finstein dialogue. Historical Studies in the Physical
Sciences 2: 1-39.

Klein, M. J. (1975). Max Planck and the beginnings of the quantum theory. Archive for History of Exact
Sciences, 1,459-479.

Klein, M. J., Shimony, A. & and Pinch, T. J. (1979). Paradigm Lost? A Review Symposium. Black-Body
Theory and the Quantum Discontinuity, 1894-1912, Thomas S. Kuhn. Isis 70, 429-440.

Kragh, H. (1981). The genesis of Dirac’s relativistic theory of electrons. Archive for History of Exact
Sciences, 24, 31-67.

Kragh, H. (1984). Equation with many fathers. The Klein-Gordon equation in 1926. American Journal of
Physics, 52, 1024-1033.

Kragh, H. (1990). Dirac: a scientific biography. Cambridge: Cambridge University Press.

Kragh, H. (1992). Relativistic collisions: The work of Christian Meller in the early 1930s. Archive for
History of Exact Sciences, 43,299-328.

Kragh, H. (1999). Quantum generations. A history of physics in the twentieth century. Princeton:
Princeton University Press.

Kramers, H. A. (1938). The interaction between charged particles and the radiation field. In A. I. Miller
(Ed.), Early quantum electrodynamics (pp. 254-258). Cambridge: Cambridge University Press. (original
work published in Nuovo Cimento, 15).

Kramers, H. A. (1964). Quantum mechanics. New York: Dover Publications.

Kuhn, T. S. (1978). Black-Body Theory and the Quantum Discontinuity 1894-1912. Chicago:
University of Chicago Press.

198



Lacki, J. (1998). Some philosophical aspects of perturbation theory. Sciences et techniques en
perspective, 2, 41-60.

Landau, L. D., & Lifshitz, E. M. (1971). The classical theory of fields. Oxford: Pergamon Press.

Landau, L. D. & Lifshitz, E. M. (1974). Quantum mechanics (non-relativistic theory): course of
theoretical Physics, Vol. 3 (Portuguese edition). Moscow: Mir.

Landsman, N. P. (2006). Between classical and quantum. J. Earman & J. Butterfield (eds.). Handbook of
the philosophy of science, vol. 2: philosophy of physics. Amsterdam: North-Holland.

Leonhardt, U. (1997). Measuring the quantum state of light. Cambridge: Cambridge University Press.
Lippmann, B. A., & Schwinger, J. (1950). Variational principles for scattering processes 1. Physical
Review, 79, 469-480.

Lorentz, H. A. (1909). The Theory of Electrons and its Applications to the Phenomena of Light and
Radiant Heat. New York: G. E: Stechert & Co.

Loudon, R. (1973). The quantum theory of light. Oxford: Clarendon Press.

Major, F. G. (1998). The quantum beat: the physical principles of atomic clocks. Berlin and New York:
Springer-Verlag.

Mandl, F. (1957). Quantum mechanics. London: Butterworths.

Mandl, F., & Shaw, G. (1984). Quantum field theory. New York: Wiley.

Meynell, L. (2008). Why Feynman diagrams represent. International Studies in the Philosophy of
Science, 22, 39-59.

McCormmach, R. (1970). H. A. Lorentz and the Electromagnetic View of Nature. Isis, 61, 459-497.
McCormmach, R. & Jungnickel, C. (1986). Intellectual mastery of nature: theoretical physics from Ohm
to Einstein, Vol. 2. Chicago: University of Chicago Press.

Mehra, J. (1994). The beat of a different drum: the life and science of Richard Feynman. Oxford:
Clarendon Press.

Mehra, J., & Rechenberg, H. (1982). The historical development of quantum theory, Vol. 1, Part 2. Berlin
and New York: Springer-Verlag.

Mehra, J., & Rechenberg, H. (1987). The historical development of quantum theory, Vol. 5, Part 2. Berlin
and New York: Springer-Verlag.

Mehra, J., & Rechenberg, H. (2000). The historical development of quantum theory, Vol. 6, Part 1. Berlin
and New York: Springer-Verlag.

Mehra, J. & Rechenberg, H. (2001). The historical development of quantum theory, Vol. 6, Part 2. Berlin
and New York: Springer-Verlag.

Miller, Arthur 1. (1994). Early quantum electrodynamics. Cambridge: Cambridge University Press.
Milonni, P. W. (1984). Why spontaneous emission? American Journal of Physics, 52, 340-343.

Milonni, P. W. (1988). Different ways of looking at the electromagnetic vacuum. Physica Scripta T21,
102-109.

Milonni, P. W. (1994). The Quantum vacuum: an introduction to quantum electrodynamics. New York:
Academic Press.

Milonni, P. W., & Shih, M. L. (1992). Source theory of the Casimir force. Physical Review A, 45, 4241—
4253.

Moller, C. (1931). Uber den sto zweier teilchen unter beriicksichtigung der retardation der kriifte.
Zeitschrift fiir Physik, 70, 786-795.

Moyer, D. F. (1981). Evaluations of Dirac’s electron, 1928-1932. American Journal of Physics, 49,
1055-1062.

Murdock, D. (1987). Niels Bohr’s philosophy of physics. New York: Cambridge University Press.
Oppenheimer, J. R. O. (1930a). Two notes on the probability of radiative transitions. Physical Review, 35,
939-947.

Oppenheimer, J. R. O. (1930b). Note on the interaction of field and matter. Physical Review, 47, 144-5.
Pais, A. (1979). Einstein and the quantum theory. Reviews of Modern Physics, 51, 863-914.

Pais, A. (1982). Max Born’s statistical interpretation of quantum mechanics. Science, 218, 1193-1198.
Pais, A. (1986). Inward bound. Oxford: Oxford University Press.

Paul, T. (2007). On the status of perturbation theory. Mathematical Structures in Computer Science, 17,
277-288.

Pauli, W. (1958). Theory of Relativity. New York: Dover Publications.

Pauli, W. (1973). Selected topics in field quantization. New York: Dover Publications.

Peres, A. (1984). What is a state vector?. American Journal of Physics, 52, 644-650.

Peres, A. (1995). Quantum theory: concepts and methods. Dordrecht: Kluwer.

Planck, M. (1900). On the theory of the energy distribution law of the normal spectrum. In, D. ter Haar
(Ed.)(1967), The old quantum theory (pp. 82-90). Oxford: Pergamon Press. (original work published in
Verh. Dtsch. Phys. Ges. Berlin, 2).

199



Planck, M. (1914). The theory of heat radiation. New York: Dover Publications

Poincaré, H. (1905). Sur la dynamique de 1’électron. Comptes Rendus de L’Académie des Sciences 140,
1504-1508.

Redhead, M. L. G. (1982). Quantum field theory for philosophers. PSA: Proceedings of the Biennial
Meeting of the Philosophy of Science Association 1982, pp. 57-99.

Rohrlich, F. (1999). On the ontology of QFT. In T. Y. Cao (Ed.), Conceptual foundations of quantum
field theory (pp. 357-367). Cambridge: Cambridge University Press.

Roqué, X. (1992). Maller scattering: a neglected application of early quantum electrodynamics. Archive
for History of Exact Sciences, 44, 197-264.

Rowe, E. G. P. (1991). Classical limit of quantum mechanics (electron in a magnetic field). American
Journal of Physics, 59, 1111-1117.

Rueger, A. (1992). Attitudes towards infinities: Responses to anomalies in quantum electrodynamics,
1927-1947. Historical Studies in the Physical and Biological Sciences, 22, 309-337.

Rugh, S. E., Zinkernagel, H., & Cao, T. Y. (1999). The Casimir effect and the interpretation of the
vacuum. Studies in History and Philosophy of Modern Physics, 30, 111-139.

Rugh, S. E. & Zinkernagel, H. (2002). The quantum vacuum and the cosmological constant problem.
Studies in History and Philosophy of Modern Physics, 33, 663-705.

Rutherford, E., Chadwick, J. & Ellis, C. D. (1930). Radiation from radioactive substances. Cambridge:
Cambridge University Press.

Salpeter, E. E., & Bethe, H. A. (1951). A relativistic equation for bound-state problems. Physical Review,
84, 1232-1242.

Sakurai, J. J. (1967). Advanced quantum mechanics. Reading: Addison-Wesley.

Sanchez Ron, J. M. (2001). Historia de la fisica cudntica: el periodo fundacional (1860-1926).
Barcelona: Editorial Critica.

Saunders, S. (2002). Is the zero-point energy real? In, Meinard Kuhlmann, Holger Lyre & Andrew
Wayne (Eds.), Ontological aspects of quantum field theory (pp. 313-343). Singapore: World Scientific.
Saunders, S. (2005). Complementarity and Scientific Rationality. Foundations of Physics, 35, 417-447.
Scharf, G. (1995). Finite quantum electrodynamics: the causal approach. Berlin: Springer-Verlag.
Schickore, J. (2009). Studying justificatory practice: an attempt to integrate the history and philosophy of
science. International Studies in the Philosophy of Science, 23, 85-107.

Schréodinger, E. (1926a). Quantisation as a problem of proper values—I. In Collected papers on wave
mechanics (pp. 1-12). Providence: Chelsea Publishing Company. (original work published in Annalen
der Physik, 79).

Schrédinger, E. (1926b). Quantisation as a problem of proper values—II. In Collected papers on wave
mechanics (pp. 13-40). Providence: Chelsea Publishing Company. (original work published in Annalen
der Physik, 79).

Schrédinger, E. (1926c¢). On the relation between the quantum mechanics of Heisenberg, Born, and
Jordan, and that of Schrodinger. In Collected papers on wave mechanics (pp. 45-61). Providence:
Chelsea Publishing Company. (original work published in Annalen der Physik, 79).

Schrodinger, E. (1926d). Quantisation and proper values—IV. In Collected papers on wave mechanics
(pp. 102-123). Providence: Chelsea Publishing Company. (original work published in Annalen der
Physik, 81).

Schrodinger, E. (1926e). An undulatory theory of the mechanics of atoms and molecules. Physical
Review, 28, 1049-1070.

Schrodinger, E. (1927). The Compton effect. In Collected papers on wave mechanics (pp. 124-129).
Providence: Chelsea Publishing Company. (original work published in Annalen der Physik, 82).
Schrodinger, E. (1928). Four lectures on wave mechanics. In Collected papers on wave mechanics (pp.
152-207). Providence: Chelsea Publishing Company.

Schrodinger, Erwin (1995), The Interpretation of Quantum Mechanics. Dublin Seminars (1949-1955) and
other Unpublished Essays. Edited and with Introduction by Michel Bitbol, Ox Bow Press, Woodbridge,
CT.

Schweber, Silvan S. (1961). An introduction to relativistic quantum field theory. New York: Dover
Publications.

Schweber, Silvan S. (1994). QED and the men who made It: Dyson, Feynman, Schwinger, and
Tomonaga. Princeton: Princeton University Press.

Schwinger, J. (1948a). On Quantum-Electrodynamics and the Magnetic Moment of the Electron. Physical
Review, 73, 416-417.

Schwinger, J. (1948b). Quantum Electrodynamics I. A covariant formulation. Physical Review, 74, 1439-
1461.

200



Schwinger, J. (1948c). Quantum Electrodynamics II. Vacuum polarization and self-energy. Physical
Review, 75, 651-679.

Shlosshauer, M., & Camilleri, K. (2008). The quantum-to-classical transition: Bohr’s doctrine of classical
concepts, emergent classicality, and decoherence . Arxiv preprint quant-ph/0804.1609.

Smith, J. H. (1995). Introduction to special relativity. New York: Dover Publications.

Stehle, P. & DeBaryshe, P. G. (1966). Quantum electrodynamics and the correspondence principle.
Physical Review, 152, 1135-1139.

Tanona, S. (2004). Uncertainty in Bohr's response to the Heisenberg microscope. Studies in History and
Philosophy of Modern Physics, 35, 483-507.

Teller, P. (1980). The projection postulate and Bohr’s interpretation of quantum mechanics. PSA:
Proceedings of the Biennial Meeting of the Philosophy of Science Association, Vol. 1980, Volume Two:
Symposia and Invited Papers, 201-223.

Teller, P. (1988). Three problems of renormalization. In. H. R. Brown, & R. Harré (Eds.), Philosophical
foundations of quantum field theory (pp. 73-89). Oxford: Clarendon Press.

Teller, P. (1995). An interpretive introduction to quantum field theory. Princeton: Princeton University
Press.

Teller, P. (1999). The ineliminable classical face of quantum field theory. In T. Y. Cao (Ed.), Conceptual
foundations of quantum field theory (pp. 314-323). Cambridge: Cambridge University Press.

ter Haar, D. (1967). The old quantum theory. Oxford: Pergamon Press.

Thirring, W. E. (1958). Principles of quantum electrodynamics. New York: Academic Press.

Tomonaga, Sin-Itiro. (1962). Quantum mechanics. Amsterdam: North-Holland.

Tomonaga, Sin-Itiro. (1997). The story of spin. Chicago: The University of Chicago Press.

Veltman, M. (1994). Diagrammatica: the path to Feynman rules. Cambridge: Cambridge: Cambridge
University Press.

Vogel, W., Welsch, D.-G., & Wallentowitz, S. (2001). Quantum optics: an introduction. Berlin: Wiley-
VCH.

van der Waerden, B. L. (1967). Sources of quantum mechanics. New York: Dover Publications.
Weingard, R. (1988). Virtual particles and the interpretation of quantum field theory. In H. R. Brown, &
R. Harré (Eds.), Philosophical foundations of quantum field theory (pp. 43-58). Oxford: Clarendon Press.
Weisskopf, V. F. (1934). The self-energy of the electron. In A. I. Miller (Ed.), Early quantum
electrodynamics (pp. 157-168). Cambridge: Cambridge University Press. (original work published in
Zeitschrift fiir Physik, 89).

Weisskopf, V. F. (1936). The electrodynamics of the vacuum based on the quantum theory of the
electron. In A. I. Miller (Ed.), Early quantum electrodynamics (pp. 206-226). Cambridge: Cambridge
University Press. (original work published in Mathematisk-Fysiske Meddelelser det Kgl. Danske
Videnskabernes Selskab, 14).

Weisskopf, V. F. (1939). On the self-energy and the electromagnetic field of the electron. Physical
Review, 56, 72-85.

West, G. B. (2000). Perturbation theory, asymptotic series and the renormalisation group. Physica A,
279, 180-187.

Wheaton, B. R. (1991). The Tiger and the Shark: Empirical Roots of Wave-Particle Dualism. Cambridge:
Cambridge University Press.

Whittaker, E. T. (1910). A history of the theories of aether and electricity: I. the classical theories.
Dublin: Hodges, Figgis, & Co.

Yaffe, Laurence G. (1982). Large N limits as classical mechanics. Review of Modern Physics, 54, 407-
435.

Yaghjian, A. D. (1992). Relativistic dynamics of a charged sphere: updating the Lorentz-Abraham model.
Lecture notes in physics series. Berlin and New York: Springer-Verlag.

Zhang, Y. Z. (1997). Special relativity and its experimental foundations. Singapore: World Scientific.
Zinkernagel, H. (1998). High-energy physics and reality: some philosophical aspects of a science. PhD
diss., Niels Bohr Institute, University of Copenhagen. Available at www.nbi.dk/~zink/publications.html.
Zinkernagel, H. (2006). The philosophy behind quantum gravity. Theoria, 21/3, 295-312.

201



