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Three-body model for the analysis of quasifree scattering reactions in inverse kinematics
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A new method to calculate cross sections for (p, pn) and (p,2 p) reactions measured under inverse kinematics
conditions is proposed. The method uses the prior form of the scattering transition amplitude and replaces the
exact three-body wave function appearing in this expression with an expansion in terms of p-n or p-p states,
covering the physically relevant excitation energies and partial waves. A procedure of discretization, similar to
that used in continuum-discretized coupled-channels calculations, is applied to make this expansion finite and
numerically tractable. The proposed formalism is nonrelativistic, but several relativistic kinematical corrections
are applied to extend its applicability to energies of current interest. The underlying optical potentials for the
entrance and exit channels are generated microscopically by folding an effective density-dependent G matrix
with the density of the composite nucleus. Numerical calculations for >C(p,2p), >C(p,pn), and Z0(p,pn) at
~400 MeV /nucleon are presented to illustrate the method. The role of final-state interactions and Pauli principle

between the outgoing nucleons is also discussed.
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I. INTRODUCTION

Quasifree scattering (QFS) experiments of the form (p, pn)
and (p,2p) [hereafter (p,pN)] have been used extensively
as a tool to extract spectroscopic information of proton-hole
and neutron-hole states in nuclei, such as separation energies,
spin-parity assignments, and occupation probabilities. In these
reactions, an energetic proton beam (E > 100 MeV) collides
with a stable target nucleus, removing one or more nucleons,
and leaving a residual nucleus, either in its ground state or in
an excited state.

Recently, the technique has been extended to the study
of unstable nuclei, using inverse kinematics, i.e., bombarding
a hydrogen target with an energetic radioactive beam. This
technique is analogous to the knockout experiments with
composite targets used extensively in the past years [1-5].
Although both kinds of experiments are meant to provide
similar information, there are important differences between
them. In knockout reactions, a nucleon is suddenly removed
from the fast-moving projectile after colliding with a light
target nucleus, like “Be. Owing to the strongly absorptive
nature of the core-target interaction at these energies, the
process is highly peripheral and hence mainly dependent on
the tail of the wave function of the removed nucleon or, more
correctly, on the overlap function between the projectile and
residual core wave functions. The norm of this overlap is
the spectroscopic factor, a quantity that is directly related to
the occupation probability of a given single-particle orbital.
Because this norm depends on the full overlap, and not just
on its tail, this raises the question of the reliability of the
spectroscopic information extracted from a process that is
only sensitive to a small piece of the wave function. However,
(p,pN) reactions are expected to be more sensitive to deeper
portions of the wave function and so they should help to reduce
these ambiguities. Consequently, the information obtained
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from these experiments will be complementary to that obtained
from heavy-ion knockout reactions at intermediate energies
and from transfer reactions at lower energies.

Some leading facilities, such as GSI (Germany), RIKEN
(Japan) and NSCL/MSU (USA), have plans to perform inverse
kinematics experiments with exotic beams. Consequently, it is
of timely importance to revisit theoretical methods to analyze
these kinds of processes.

Theoretical analyses of the (p, pN) reactions with stable
nuclei have been commonly done using the distorted-wave
impulse approximation (DWIA) [6]. Roughly speaking, the
impulse approximation (IA) means that the binding potential of
the removed particle can be neglected in comparison with the
projectile-target kinetic energy (see, e.g., Ref. [7], Chap. 11).
At the energies usually employed in QFS experiments (several
hundreds of MeV per nucleon) this approximation is expected
to be justified. The DWIA method is usually formulated in
terms of the nucleon-nucleon transition matrix (7" matrix
hereafter); the IA involves the replacement of this operator
with a free T matrix between the incident proton and
the struck nucleon. Practical implementations of the DWIA
formalism commonly involve further approximations, such as
the substitution of this 7 matrix by its on-shell value, or its
representation by a zero-range operator. If reliable structure
information is to be extracted from these experiments, these
approximations need to be revisited and tested. Consequently,
the validity of the DWIA formalism should be investigated
comparing with more elaborate reaction theories [8—10].

A three-body reaction framework which does not make
use of the IA is the continuum-discretized coupled-channels
(CDCC) method [11]. This method has been very successful in
the analysis of reactions induced by weakly bound projectiles
at low and medium energies. The method has been also
applied to one-neutron removal reactions on proton targets at
intermediate energies (~40-70 MeV /nucleon) [12,13]. For a
knockout reaction of the form A(p, pN)C, the standard CDCC
method aims at expanding the three-body wave function
of the system in terms of N—C eigenstates. To make the
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expansion finite, the N—C continuum must be truncated in
energy and angular momentum and discretized. However, the
large angular momentum and energy transfer found in these
reactions makes that convergence of the observables requires
a very large model space. For energies of current interest, of
several hundreds of MeV /u, the method becomes unpractical.

Benchmark calculations with the Faddeev/AGS
method [14] for the 'Be(p,pn) reaction at ~35 MeV/u
showed that, while the CDCC expansion of the breakup
states in terms of n-'"Be states converged very slowly
with the size of the model space, the alternative expansion
in terms of p-n states required a much smaller model
space to reproduce the dominant part of the '°Be inclusive
cross sections. This alternative expansion makes use of the
prior-form representation of the transition amplitude, in
which the three-body wave function is approximated by
an expansion in a basis of p + N states. A procedure of
continuum discretization, similar to that used in standard
CDCQC calculations, is used for the p-N states. The resultant
expression is formally similar to the coupled-channel
Born approximation (CCBA) expression commonly used
in transfer reactions and, therefore, in some previous
applications [15], the method has been referred to as transfer
to the continuum method. This allows its implementation
in standard coupled-channels codes after some suitable
modifications.

In this paper, I present some exploratory calculations to
illustrate the application of this method to the interpretation
of (p,2p) and (p,pn) experiments in inverse kinematics.
Although the general formulation of the method has been
presented before [14,15], it is described in more detail here
and some suitable prescriptions for its input ingredients
(internal wave functions, optical potentials, etc.), as well as
several relativistic kinematic corrections (to make the model
applicable to higher energies), are discussed. The role of
Pauli principle and final-state interactions of the outgoing
nucleons is also discussed. The calculations here presented
are for relatively high energies (~400 MeV /u), but, because
the method does not rely on the IA, it might be applicable also
to lower energies, for which the DWIA may not be adequate.

The paper is structured as follows. In Sec. II the theoretical
formulation of the method is presented. This section discusses
also the choice of the NN interaction, which is the most
responsible for the (p, pN) process, the construction of appro-
priate optical potentials including in-medium effects, and some
relativistic corrections applied to the model. In Sec. III the
method is applied to the ’C(p,pN) and >O(p, pn) reactions
at E ~ 400 MeV /nucleon. In Sec. IV the connection with the
DWIA method is discussed. Finally, Sec. V summarizes the
main results of this work.

II. THEORETICAL MODEL
A. The transition amplitude
Let us consider a reaction of the form
A+p—-Cl@+p+N, (1)

in which an incident composite nucleus A = C 4+ N collides
with a proton target, losing a nucleon (proton or neutron) and
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FIG. 1. (Color online) Diagram for a (p, pN) reaction in inverse
kinematics, modeled as a binary process.

giving rise to a residual core nucleus (C) in some definite state
o and two outgoing nucleons (p + n or p + p). The process
is schematically depicted in Fig. 1.

Using the prior form of the transition amplitude, the exact
transition amplitude for this reaction can be written as

Tiy(@) = (W) Von + VocldaEae Kk, @)

where ¢4(£4) represents the ground-state wave function of
the nucleus A, with §4 denoting its internal coordinates. The
plane wave ¢'X»® describes the relative motion of the p +
A system. At this stage, the potential V,c is a many-body
operator containing the interaction of the target proton with
all the core nucleons. The final function \I—'Sf} is the exact
scattering wave function subject to the boundary conditions
consisting of a plane wave (or Coulomb wave) in the channel
f (corresponding to some definite state for the relative motion
of the three outgoing fragments), with the core in state o and
ingoing spherical waves in all other open channels. This wave
function is a solution of the many-body Schrodinger equation,

[E” = Ky = Kp = Vpn — VpTc - szzc]‘l’é,_}(?’ﬁ/’&) =0,
3

where E~ = E — i€ and &¢ denotes the core internal coordi-
nates. Note that the final three-body state has been expressed
in terms of the Jacobi coordinates {7 ’,ﬁ’} (see Fig. 1).

Equation (2) gives the exact transition amplitude of the
many-body scattering problem. It can be formally reduced to
an effective three-body problem, using the approximation,

R'Ec) = WG RN E). “)

where ¢¢(§c) is the core wave function in the state o and

=/

W

\IJ;-" (7)(7 /,I_é/) is a three-body wave function obtained as a
solution of the effective Schrodinger equation,

[E=— Ky — Kg = Vo = Ul = Ul 107G R = 0,
(5)

where Upc and Unc are now effective nucleon-nucleus
interactions which, in practice, will be replaced with optical
model potentials at the appropriate energy per nucleon.
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In this three-body model, the transition amplitude is

T3 (@) = (WP OPLEN| Von + Upc|daEne Xmk). (6)

If the potential U ¢ is taken to be independent of the internal
coordinates of C (§¢), as itis usually assumed, one can perform
the integral over these internal coordinates to give

/d$c¢%($c)¢A(§A) = /Sae,j 0 AT, @)

where /Sy ¢ & 4(7) is an overlap wave function, with ¢g , (F)

a unit normalized wave function depending on the relative

coordinate of the removed particle with respect to the core and

Sa,¢,j the spectroscopic factor. Using Eq. (7) in Eq. (6) one
finds

3b N K

T3(@) = /Sa (7O |Vow + Upe |15 (8)

As done in transfer calculations, it is convenient to igtroduce

an auxiliary potential in the incoming channel, U, 4(R), so the

previous equation transforms to

v MJ( Wi )}VPN—l_UPC_ pA|¢CAX ) )

where X(+) is the distorted wave generated by the potential

,,A(R). Note that, when W3’ is the exact solution of Eq. (5),
the amplitude (9) is strictly independent of the choice of U, 4.
In practical calculations, in which W3’ must be approximated
somehow, the result will, however, depend on this potential.
The usual choice is to use for U, an optical potential
describing the elastic scattering of the p + A system. With
this choice, one expects that the difference U,c — Upa (the
so-called remnant term) will contribute little to the integral
and hence the matrix element will be mostly determined by
the V,y interaction.

To reduce Eq. (5) to a tractable form, 3”2 is expanded in
terms of p + N eigenstates, i.e.,

7;3!;(0[)

vPOG R = Z/dkw”(k,?/)xj,,,(k,ﬁ’), (10)
j]t

where k is the relative wave number of the p + N pair, K is
that for the relative motion between the residual nucleus C
and the p + N pair, and y;, ,,(K R ') is a function describing
the relative motion of the p + N system with respect to the
residual nucleus, when the former is in a given final state
{k,j™}. (Note that, in actual calculations, this expansion will
be done in terms of states of total angular momentum J. To
simplify the discussion, the notation used here is somewhat
schematic.) The states ¢/7(k,7’) are the eigenstates of the
p + N Hamiltonian using the potential V,,y(7’). In the (p, pn)
case, the expansion (10) will contain also a term for the
deuteron ground state. This term is omitted for simplicity of
the notation. In the (p,2p) case, the p + p wave function must
be antisymmetrized to account for the indistinguishability of
the outgoing protons. In practice, this restricts the allowed
values of j* and introduces a factor of 2 in the calculated
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cross sections with respect to the unsymmetrized calculation.'
Energy conservation in the final channel (nonrelativistic by
now) implies that

h?k? nK?

E=en+Ecm =
! T 2upn 2WpN.c

, (1)

where E is the total energy of the system, e,y the relative
energy of the p 4+ N pair (e,y = —2.22 MeV for the deuteron
ground state), and E. . the kinetic energy associated with the
relative motion of the core with respect to the center of mass
(c.m.) of the p + N pair. _

The functions x; »(K,R’) could, in principle, be obtained
by inserting the expansion (10) into Eq. (5). However, because
these functions depend upon the continuous parameter K, this
would give rise to an infinite number of equations. In practice,
one may use a discretization procedure similar to that used in
the CDCC method [11], in which the final p + N states are
grouped (binned) in energy or momentum intervals as

WO A WP = 3 @) k)t jn (K R (12)

n,j,m

where k, are some average values for the discretized p-N
energies and ¢n (k,,7") the bin wave functions. Note that the
subscript f in WP retains the information on the final state,
corresponding to some definite values of , j, and 7. Details on
the construction of these bins can be found elsewhere [11,16].
The angular differential cross section for a given final
discretized bin f = {n, j, 7} and a given core state « is

doy,j (o) B 1
dQ  Q2sp+ DRI+ 1)

miny Ky
*2n)? K, ;

with w; (1 ;) the reduced mass of the initial (final) mass parti-
tion and T%’? (o) the transition amplitude obtained by replacing
the CDCC expansion (12) in the transition amplitude (9). The
sum in ¢ includes the spin projections of the outgoing p N pair
and of the residual nucleus C. The angle specified by €2, is the
scattering angle of the core in the c.m. frame.

The double differential cross section, with respect to the
scattering angle of the core and the internal energy of the
p + N system, can be obtained at the discretized energies
epn = €y as

(13)

dza_,;n(a)

1 dO‘nyjqn(Ol)
de,ndQ ’

-~ 14
A, dQ. (14

c _n
eprepN

where A, is the width of the bin to which the energy
e,y belongs. This can be readily transformed to a double
differential cross section with respect to the energy of the
outgoing core in the overall c.m. frame (E.), using the usual

'Note that, treating the (p,2p) reaction as a binary process of
the form p + A — 2He+C, the 2 factor can be regarded as the
spectroscopic factor for the overlap (*He|p).
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nonrelativistic relation for binary collisions,

m*
Ec=—""E.n. (15)
myy +m,
where my, = mp, +my + e,y. Thus,
dzaj_,,(ot) _
dE.dS2.

*
myy  d*oj ()

T om.+ mhy de,nd2.

(16)

The inclusive cross section will be then obtained summing
the contributions from all final j™ configurations,

d?o(a) d? o],,(ot)
dE.dS2, Z dE.dS2. a7

Note that Eq. (15), along with Eq. (11), establishes a
one-to-one correspondence between the energy of the core,
in the c.m. frame, and the internal energy of the p + N pair.
Note also that Eq. (9) resembles the transition amplitude for
a transfer process, analogous to that appearing in the standard
CCBA method for binary collisions [17]. Taking advantage of
this formal analogy, one can evaluate this transition amplitude
using standard coupled-channels codes. For the calculations
presented in this work, the code FRESCO [18] has been used,
with some suitable modifications described below.

B. Relativistic kinematics

Ongoing and planned QFS experiments in inverse kinemat-
ics are performed at energies of several hundreds of MeV per
nucleon. At these energies, relativistic kinematics is clearly
important. Although the treatment presented in the previous
sections is nonrelativistic, some relativistic corrections can be
readily implemented to take into account, at least approxi-
mately, these effects.

The total energies of the incident nucleus and the proton
target in the center-of-momentum frame are given by (¢ = 1
in this section)

SA:s—l—(mA—mp); 8p:s—(mA—mp)’ (18)
25 25
where s is the usual Mandelstam invariant, corresponding to
the square of the total energy. Assuming that the proton target
is initially at rest,

s = (m, +ma)* +2m,Tiap, (19)

where 71 ap is the kinetic energy of the projectile.
Analogously, for the exit channel, the total relativistic
energy of the outgoing core can be written as

s+ (m. — mZN)
2/ ’

where one has exploited again the analogy of the process
under study with a binary process of the form A + p — C +
(pN). Because m*y =m, +my +epy and E. = &, — me,
Eq. (20) relates the relative energy of the outgoing p-N pair
to the kinetic energy of the core. Using this relation, the
generalization of the double differential cross section, Eq. (16),

(20)

Ec =

PHYSICAL REVIEW C 92, 044605 (2015)

results in
dzoj,ﬂ((x) _
dE.dQ.

N/E dzUj,ﬂ(a)
mby depndS2 ’

2y

which reduces to Eq. (16) in the nonrelativistic limit.
The modification of the distorted waves owing to relativistic
kinematics has been also studied. Unfortunately, there is
no unique prescription to incorporate relativistic kinematics
within the Schrodinger scheme. Two common prescriptions
used in the context of nucleon-nucleus scattering at intermedi-
ate energies have been considered here. The first one (see e.g.,
Ref. [19]) consists of replacing the reduced mass appearing in
the kinetic-energy term of the Schrodinger equation (5) with
the so-called reduced energy. For example, for the incident

channel,
Epéa

Ep T €a

Wi = pa —> Epa = (22)
Inserting this definition into the Schrodinger equation and
multiplying the full equation by &,4/1pa, one finds an
equivalent Schrodinger equation with the usual reduced mass
in the kinetic-energy operator, but with the potential scaled by
the factor

Y = ¢&pa/lpa- (23)

The second prescription considered here (see, e.g.,
Ref. [20]) assumes that the motion of the heavy nucleus
in the c.m. frame can be treated nonrelativistically, whereas
the light particle (the proton) is treated relativistically. A
relativistic Schrodinger-type equation is then generated by
reducing the Dirac equation for a massive energetic fermion
of mass m, and relativistic wave number k,, moving in a
central potential U(r), verifying U < m, and VU < k,,
both well satisfied for intermediate-energy proton scattering.
In the reduced two-body problem with relativistic projectile
but nonrelativistic target the larger component of the wave
function verifies a Schrodinger-like equation with a potential
renormalized by the factor

2NE —
y= 2L M) (24)
E'—-AlA'+lnp
Note that, in both prescriptions, the momentum to be used is
the relativistic one.

Finally, the expression for the differential cross section (13)

is replaced with its relativistic counterpart (see, e.g., Ref. [21]),

doy,,jx(a) B 1 1
Q. (s, + 1)(2]A + 1) 2n)2hv;

e 2(1/sc + 1/epn Z’ @)

where v; is the initial projectile-target relative velocity and
€pN = +/5 — €.. Experimental data usually consist of trans-
verse or longitudinal momentum distributions of the residual

core. These are readily obtained from the previous differential
cross sections by applying the transformation

&o 49 JE.dQ, Lo s (26)
dE.dS, T
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giving rise to

d*c 1 do

—— = — . 27

dp- P /(pc)? + (mc?)? dEALQ,
Decomposing the momentum in its transverse (p;) and
longitudinal ( p,) components, the differential volume becomes
d*p = p,dp;d¢dp. (with ¢ the azimuthal angle), and

do ® Po

o _ T ap., 28
dp, TP /OO AP Pz (28)
do ) /d3o J 29)
— =21 | — .

dpz dp3 pt pI

Writing p, = p,cos(¢) and p, = p,sin(¢) the transverse
momentum distribution can be also decomposed into its x
and y components, resulting in

do 1 foo dod (30)
dpx B 27 pr J_oo dpy 4
and likewise for do /dp,.

C. Nucleon-nucleon and nucleon-nucleus interactions

In the present approach, the nucleon-nucleon (N N) inter-
action appears in the transition operator [Eq. (2)], as well as in
the equation for the three-body (CDCC) wave function (5).
For this interaction, the Reid93 parametrization [22], an
updated regularized version of the pioneering Reid soft-core
potential [23] developed by the Nijmejen group, has been
adopted. This potential contains central, spin-orbit and tensor
components and reproduces accurately the proton-proton and
proton-neutron phase-shifts up to an energy of 350 MeV
(X*/Naaa = 1.03).

The nucleon-nucleus potentials are calculated microscopi-
cally, by folding an effective NN interaction with the nucleus
ground-state density. Systematic studies of nucleon-nucleus
scattering at intermediate energies show that this procedure
provides a good description of the elastic and inelastic data,
provided that the effective NN interaction contains some
energy and density dependence. Although g-space folding
is usually preferable in folding calculations, the presence of
this density dependence makes the use of r-space folding
necessary, which, for the central part, reads

U0) = [ dF 1900100 + i) 5,000 7.7 )

€1V}

where t” and tX correspond to the direct and exchange terms of
the effective N N interaction, k is the local wave number, 7 and
7' are the projectile (nucleon) and target (nucleus) positions,
s =|rF — 7’|, and pg is the ground-state density, evaluated at
the midpoint position |7 — 7'| /2.

The mixed transition density is represented by

p(F,7") = pgs(F)C(kps), (32)

where C is a correlation function describing the exchange
nonlocality and kr the Fermi momentum. These folding
calculations have been performed with the code LEA [24].
In the calculations presented in this work, the correlation
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function has been taken as unity, and the ground-state densities
are obtained from Hartree-Fock (HF) calculations. The latter
were computed with the code OXBASH [25], using the Skyrme
Sk20 interaction. It is worth noting that these Skyrme HF
densities reproduce well the nuclear radii extracted from
electron scattering [26] and are of common use in the analysis
of knockout experiments (see, e.g., Refs. [4,5]).

D. Bound-state wave functions

According to Eq. (7), the transition amplitude contains the
overlap function between the initial (A) and the final (C)
nuclei. As is usually done in the analysis of transfer and
knockout reactions, this overlap function has been approxi-
mated by the single-particle wave function obtained as the
solution of a Woods-Saxon potential, with the depth adjusted
to reproduce the effective separation energy for the final state
a of the core, namely, Sy =S, , + E,, where §, , is the
ground-state to ground-state nucleon separation energy and
E, the excitation energy of the core. Following Ref. [5],
the diffuseness parameter of the potential well was fixed at
ap = 0.7 fm and the radius parameter ry was adjusted so the
r.m.s. of the calculated orbital coincided with that obtained
from a HF calculation, i.e., v (rs,) = [A/(A — DI'*V ().
Because the separation energy predicted by the HF calculation
does not necessarily coincide with the experimental one, the
HF separation energy is used for this fit.

III. RESULTS

To illustrate the method, some calculations for the reactions
2¢(p,pN) and 20(p,pn) at ~400 MeV per nucleon are
presented and discussed in this section. These calculations are
performed with a modified version of the code FRESCO [18],
which incorporates the Reid93 NN interaction, and the
relativistic kinematics corrections discussed in Sec. II B.

Although Eq. (9), with the discrete expansion (12) for
the final three-body wave function, provides a numerically
tractable form, the calculations can be significantly simplified,
with a small loss of accuracy, making use of the additional
approximation of neglecting couplings among p-N continuum
states with different ;™. The omission of these couplings
will alter to some extent the distribution of flux between the
final states. However, for an inclusive situation, in which the
contribution from all the included ;™ must be added together,
this redistribution of flux is not expected to affect significantly
the core observables. As an additional simplification, the
spin-orbit part of the nucleon-nucleus potentials in Eq. (9)
has been neglected.

A. Application to >C(p,pN)

The 2C(p,2p)''B reaction at 400 MeV /nucleon, which
coincides with the actual energy used in a recent experiment
performed at GSI for this reaction [27], is considered first. Only
those processes leading to bound states of ''B are considered,
which correspond to the removal of protons from the 1 p3,, and
1 p1,> orbitals, because removal from the deeper 1s;, orbital
will lead to unbound states of !'B.
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FIG. 2. (Color online) p + '2C microscopic optical potential
generated with the PH density-dependent NN interaction [28,29],
folded with the ground-state density of '>C, at E » = 200 MeV (top)
and 400 MeV (bottom). Solid and dashed lines correspond, respec-
tively, to HF (Sk20 interaction) and empirical densities obtained from
electron scattering (the latter parametrized with a 2pF distribution).

The required nucleon-nucleus optical potentials are p +
12C in the incident channel and p + ''B in the exit channel.
These potentials were generated with the microscopic folding
approach described in Sec. IIC, using the Paris-Hamburg
(PH) G-matrix effective interaction [28,29]. This interaction is
energy and density dependent. The p + '2C potential was cal-
culated using the incident energy (£, = 400 MeV /nucleon).
For the exit channel, the choice is less clear, because the
outgoing protons will emerge with a broad range of energies.
For a pure QFS collision, one expects an average value of about
E\p/2 for each nucleon, and so the outgoing optical potentials
were evaluated at E, =200 MeV in the present case. The
ground-state densities of the '2C and ''B nuclei were obtained
from a HF calculation, using the Skyrme Sk20 interaction. To
test the sensitivity of the calculated potentials with respect to
this input, a two-parameter Fermi (2pF) parametrization of the
2c density, extracted from electron scattering [30], was also
considered.
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FIG. 3. (Color online) Differential elastic cross section for p +
12C at 200 MeV (top) and 398 MeV (bottom), using a microscopic
folding potential generated with the PH effective NN interaction
and the Skyrme HF density. The dashed and solid lines correspond
to the relativistic scaling prescriptions given by Egs. (23) and (24),
respectively. The data are from Ref. [31].

Figure 2 shows the real and imaginary parts of the p + '>C
central potential at 200 (top) and 400 MeV (bottom). The solid
and dashed lines are for the HF and 2pF densities, respectively.
It is interesting to note how, for the higher energy, the potential
becomes highly absorptive and the real part, which is mainly
attractive at low energies, develops a strong repulsive core.
The 2pF density gives a qualitatively similar behavior. The
calculated potentials show some differences at small distances
(<2 fm) but are very similar at larger distances. Although
(p,pN) reactions are expected to explore shorter distances as
compared to knockout reactions, they have still a peripheral
nature. Therefore, one expects that both potentials give similar
(p,pN) cross sections.

The quality of the calculated potentials has been assessed,
comparing the calculated differential elastic cross section
for p +'2C at 200 and 398 MeV with the experimental
data from Ref. [31]. For these calculations, the folding
potentials computed with the HF densities have been used.
The comparison is shown in Fig. 3, where the solid and
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dashed lines correspond to the relativistic scaling factors of
Eq. (23) (prescription I hereafter) and Eq. (24) (prescription
II), respectively. Both prescriptions reproduce fairly well the
data at both energies, with prescription II providing a slightly
better agreement. Therefore, the latter has been also adopted
for the (p, pN) calculations presented below.

For the (p,2p) calculations, the transition amplitude (9) is
evaluated with the CDCC expansion of the final three-body
wave function in terms of p-p bins [Eq. (12)]. For this
expansion, partial waves j < 5 and relative energies (e,,)
up to the maximum allowed by energy conservation were
used. Note that, in the (p,2p) case, T = 1 for the outgoing
pair and, hence, the generalized Pauli principle restricts the
allowed final configurations to ¢ 4+ S = even, where £ is the
orbital angular momentum for the p-p pair and S its total spin
(S = 5 + 5»). This excludes some ;™ configurations, such as
1" and 3%, which are purely T = 0. The bound-state wave
function of the struck nucleon in the projectile is generated
with a Woods-Saxon potential, with diffuseness a = 0.70 fm
and the radius adjusted to reproduce the r.m.s. predicted by a
HF calculation, as explained in Sec. I D. This procedure yields
the potential radius Ry = 2.953 fm. Finally, the potential depth
is adjusted to reproduce the ground-state to ground-state proton
separation energy (S, = 15.96 MeV).

Before presenting the (p,2p) cross sections, the correspon-
dence between the relative energy of the outgoing p-p pair
and the kinetic energy of the core in the c.m. frame, given
by Egs. (11) and (15), is discussed. This is illustrated in
Fig. 4. The top panel shows the contribution of the dominant
Jj* p-p configurations as a function of the relative energy
e,p. For simplicity, the spectroscopic factor has been set
equal to unity. It is seen that a wide range of energies, from
epp =0 to ey, 2 300 MeV, are populated, with a maximum
around ~180 MeV. It is also seen that most of the cross
section comes from the j < 3 configurations, with j =1~
giving the dominant contribution. It is therefore very important
that the underlying N N interaction used in the evaluation of
the scattering amplitude reproduces correctly at least these
partial waves. In the bottom panel, the same distributions are
plotted as a function of the core c.m. energy, according to the
relation (20). Although this expression is relativistic, it is clear
from this figure that the core energies, in the overall c.m. frame,
can be treated nonrelativistically, as assumed in the relativistic
prescription II discussed in the previous section.

Once the double differential cross sections have been
obtained, the transverse and longitudinal momentum dis-
tributions are computed by means of Egs. (30) and (29),
respectively. These quantities are shown in Figs. 5(a) and 5(b),
respectively. Note that the longitudinal (p,) momentum dis-
tribution has been calculated in the projectile rest frame. As
in the case of knockout reactions between composite systems,
the shape of these distributions is mostly determined by the
wave function of the struck nucleon. It is observed that the
longitudinal momentum distribution exhibits some asymmetry
and is somewhat shifted to negative values of p,. This is mainly
a consequence of the negative Q value of the reaction, which
reduces the available kinetic energy in the final channel. This
phenomenon has been analyzed in detail in a recent work in
terms of the DWIA formalism [32]. The calculations were
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FIG. 4. (Color online) (Top) Relative energy distribution of the
outgoing protons, following the process '2C(p.,2p), for several j”
configurations of the p-p pair. (Bottom) Corresponding energy
distribution of the core, in the c.m. frame, calculated from Eq. (21).
The calculations are done with microscopic distorting potentials
(PH + Sk20), the relativistic prescription II, and unit spectroscopic
factor for the '>C — !'B 4 p decomposition. See text for details.

repeated using the 2pF density of the '>C nucleus, but the
results are almost identical, so they are not shown here.

Similar calculations for the '>C(p,pn)''C reaction have
been performed. The ingredients are almost the same as in
the (p,2p) case, except for the fact that one needs also the
n+1C potential for the exit channel, which was also obtained
from the microscopic folding model, with the PH effective
nucleon-nucleon interaction and the HF (Sk20) density of the
"¢ nucleus. The bound-state wave function was obtained
with a Woods-Saxon well with diffuseness a = 0.7 fm, radius
Ry = 2.850 fm (extracted from the HF calculation), and
the depth adjusted to reproduce the experimental neutron
separation energy (S, = 18.72 MeV).

Figure 6 shows the calculated (p, pn) cross section, as a
function of the relative energy p-n energy, e,, (top), and the
core energy in the c.m. frame, E. (bottom). As in the (p,2p)
case, the cross section is dominated by the 1~ partial wave of
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FIG. 5. Transverse (top) and longitudinal (bottom) momentum
of the residual core nucleus for the 2C(p,2p) (left) and >C(p,pn)
(right) reactions at 400 MeV /nucleon. In all cases, the spectroscopic
factor has been set to unity.
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FIG. 6. (Color online) (Top) Relative energy distribution of the
outgoing nucleons, following the process '>C(p,pn), for some j”
configurations of the outgoing p-n pair. (Bottom) Corresponding
energy distribution of the core in the c.m. frame. See text for details.
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the p + n system, although the contributions of the 1, 2%, and
27 waves are also sizable. The e, distribution corresponding
to the 17 configuration exhibits a low-energy tail, with a sharp
increase near e, = 0. This peculiar behavior is a consequence
of the final-state interaction (FSI) between the outgoing p and
n nucleons. The contribution of the (p,d) channel, leading to
the deuteron ground state, is also included, although it was
found to be negligibly small at these relatively high energies.
This is better seen in the inset, where the low-energy region
has been enlarged. The FSI effect owing to the 11 wave is also
apparent in the core energy distribution (bottom panel), giving
rise to a high-energy tail.

The results for the transverse (p,) and longitudinal (p,)
momentum distributions are shown in Figs. 5(c) and 5(d),
respectively. As in the (p,2p) case, the struck neutron is
also removed from the p;,, orbital, and so the shapes of
the calculated momentum distributions turn out to be very
similar in both cases. However, the magnitude of the (p, pn)
case is found to be ~20% larger. Using unit spectroscopic
factors, one finds o(p,pn) = 6.6 mb and o(p,2p) = 5.4 mb
and, hence, o (p, pn)/o(p, pp) =~ 1.2, whichis close to the free
nucleon-nucleon cross sections at this energy, o, /o, = 1.27.
This is consistent with a QFS interpretation of this reaction.
The departure from these free nucleon-nucleon cross sections
can be attributed to the difference in separation energies, the
Coulomb interaction, and the slight differences in the matter
densities (and hence in the nucleon-nucleus potentials).

To finish this section, the role of the different partial waves
of the outgoing p-N pair is discussed. This is shown in Fig. 7,
where the histogram corresponds to the contribution of each
Jj™ to the (p,pN) cross section, and the inset shows the total
transverse (p,) momentum distribution (summed in j7). It is
seen that most of the contribution comes from the j = 1,2
waves. It is to be noted that the pure T = 0 configurations 1+
and 37 are absent in the (p,2p) case. It is also seen that the

12C(p,2p)11B VS. 1QC(p,pn)“C

4 ! T 0047 ——1—F——
° + — (p,pn) SF=1/4
% 0.03 -— (p,2p) SF=11] 1
s | |
B [ |
£ 0.027 ]
g ool -1
3 | |
© 0 L —
-400 -200 0 200 400

p, (MeV/c)

FIG. 7. (Color online) Contribution of each angular momen-
tum/parity (j7) to the C(p,2p)"'B and "C(p,pn)''C reac-
tions at E =400 MeV /nucleon for a p3;,, configuration and unit
spectroscopic factor. The inset shows the corresponding transverse
momentum distributions, summed over all the j™ contributions.
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contribution of j > 3 is small and hence convergence of these
observables requires only a small number partial waves. This
is in contrast to the usual DWIA formulation, in which the
final states are written in terms of the distorted waves for the
outgoing nucleus, and hence a large number of partial waves is
expected to be required in both waves to achieve convergence
of inclusive observables.

B. Application to 2Q(p,pn)

The *O(p,pn) reaction at 450 MeV /u, populating bound
states of the 220 nucleus, is considered now. In a simple mean-
field picture, the single-particle configuration of the outermost
neutrons of 220 is expected to be v(lp1/2)2(1d5/2)6(2s1/2)1.
Hartree-Fock calculations with the Skyrme Sk20 interac-
tion yield the single-particle energies e(p;,2) = —12.6 MeV,
e(1ds)) = —6.1 MeV, and £(2s1/2) = —4.3 MeV. Because the
neutron separation energy of *2Q is S, = 6.85 MeV, one
would expect that only the removal of neutrons from the
2512 and 1ds,, orbitals of 230 would lead to bound states of
220. Removal from deeper orbits will lead to a residual 220
system with an excitation energy above its neutron separation
threshold, which will therefore decay into 210, However,
shell-model calculations, as those presented below, indicate
that part of the 1p/, strength in the 20 nucleus corresponds
to bound states of 220. Consequently, this orbital has been
also considered in the calculations of this section.

As in the previous examples, the required nucleon-nucleus
potentials (p + 23O for the incident channel and p/n + 220 for
the exit channel) were obtained by folding the PH N N effective
interaction with HF (Sk20) ground-state densities. Relativistic
corrections were included according to the prescriptions
discussed in Sec. II B, with the scaling factor of Eq. (24)
for the potentials. The effective separation energy for each
single-particle configuration will depend on the considered
state of 22Q. In the present calculations, these states have
been obtained from a shell-model calculation, performed with
the code OXBASH [25] using the WBT effective interaction of
Warburton and Brown [33]. The results are summarized in
Table 1. Guided by these results, for the 2s;,, configuration
the effective one-neutron separation energy corresponding to
the transition to the >0 ground-state has been considered,
whereas for the ds;» and 1p;,, configurations the excitation

TABLE 1. Shell-model spectroscopic factors (SF) for 20 —
220 4 p, corresponding to >Q bound states. The excitation energies
and angular momentum-spin assignment are also those predicted by
the shell-model calculation. See text for details.

E, (MeV) 17 ntj SF
0(g.s.) (0 2512 0.80
3.4 2t 1ds, 2.08
4.8 37 1ds, 3.08
4.6 0;— 251/2 0.12
5.8 1; 1p1/2 0.76
6.1 0; 1[)1/2 0.32
6.5 2F 1ds), 0.24
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FIG. 8. (Color online) (Top) Differential cross section as a func-
tion of the outgoing proton-neutron relative energy for the reaction
Bo(p,pn) at 445 MeV /nucleon. Solid, dashed, and dotted lines
correspond to the removal from 25,5, 1ds,», and 1 p3,, configurations
in 20, assuming in all cases unit spectroscopic factor. (Bottom)
Differential cross section as a function of the kinetic energy of the
residual nucleus >0 in the c.m. frame.

energies of the 2 and 1] states were used, respectively.
This gives the values S, = 2.739 MeV, S = 5.939 MeV, and
S¥ = 8.539 MeV for the 25,2, ds/», and 1p, configurations,
respectively.

Figure 8 shows the calculated (p,pn) differential cross
sections as a function of the p-n relative energy (top panel) and
the core energy in the c.m. frame (bottom). The solid, dashed,
and dotted lines correspond to the removal from 255, 1ds)2,
and 1 p3, orbitals in 0. The marked ¢ dependence is clearly
seen, with the £ = 0 configuration giving a much narrower
energy distribution. In this case, the p-N pair will be detected
with a relatively narrow distribution of energies centered
at ~210 MeV, which corresponds to half of the incident
beam energy, in accordance with a quasifree NN scattering.
For other values of ¢, the distribution is also approximately
centered at this value, but with a larger dispersion.
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FIG. 9. (Color online) Transverse (top) and longitudinal (bot-
tom) momentum distributions for the 220 residual nucleus from the
one-neutron removal of 22Q at 445 MeV /nucleon. Solid, dashed, and
dotted lines correspond to the removal from 2sy,», 1ds;,, and 1p;
configurations in >0, assuming in all cases unit spectroscopic factor.

The calculated momentum distributions, using unit spec-
troscopic factors, are displayed in Fig. 9. The integrated
(p,pn) cross sections are oy, = 9.1, 6.1, and 5.7 mb, for
the 2515, 1ds;», and 1py, orbitals, respectively, which might
suggest a dominance of the si,, contribution in the total
(p,pn) yield. However, these values are to be multiplied
by the corresponding spectroscopic factors, which carry the
information on the occupation number of each single-particle
orbit. The calculated spectroscopic factors, using the shell-
model calculations performed here, are listed in Table 1. The
summed spectroscopic factors for each configuration are 0.92
(2s172), 1.09 (1p1/2), and 5.39 (1ds;»). Compared with the
mean-field expectations (i.e., 1, 2, and 6 for the 25,2, 1py,2,
and 1ds,, orbitals), one sees that removal from the 2s;,, and
1ds, orbitals will lead mostly to bound states of 220, whereas
about half of the 1p;, strength lies in the continuum.

In experimental conditions in which the state of the core is
not identified (for example, without y-ray coincidences), the
measured momentum distributions will correspond to a super-
position of all the bound states of 2>0. The calculated inclusive
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FIG. 10. (Color online) Transverse (top) and longitudinal (bot-
tom) momentum distributions for the >0 residual nucleus from the
one-neutron removal of 220 at 445 MeV /nucleon. Solid, dashed, and
dotted lines correspond to the removal from 2s,,, 1ds;;, and 1p;,
configurations, each of them multiplied by the summed spectroscopic
strengths for these configurations corresponding to bound states of
the 220 residual nucleus (see Table I).

spectrum is shown in Fig. 10, where the thin solid, dotted,
and dashed lines are the 2512, 1p1/2, and 1ds, contributions,
weighted by the summed shell-model spectroscopic factors
for each configuration. The thick solid line is the sum of the
three contributions, i.e., the total inclusive spectrum. Although
dominated by the relatively broad ds,, component (indicative
of the large occupation number of this orbital), a sharp peak
corresponding to the narrower 2s;,, orbital is also apparent.
This marked ¢ dependence should permit the extraction of the
£ = 0 contribution, even from inclusive measurements. More
exclusive measurements, in which the 220 fragments could be
detected in coincidence with deexciting y rays, are expected to
be feasible in the near future and will provide complementary
information to that obtained with knockout measurements with
heavier targets. A measurement of this kind has been made
for the 12C( 30,70 y) reaction at 938 MeV /nucleon [34].
An important difference between the two reactions is that, in
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the heavy-target knockout case, the inclusive cross section is
dominated by the 51/, component (~60%), whereas, according
to the present (p,pn) calculations, the dominant contribution
arises from the removal from the ds/, orbital (~69%). This
difference might be attributable to the larger penetrability of
the proton target. In this respect, the (p,pN) measurements,
being more sensitive to the deeper orbitals, can provide
complementary information to that obtained from knockout
experiments with heavier targets.

In the previous momentum distributions, the full range of
p-N relative energies allowed by energy conservation was
considered. In more exclusive measurements, in which the
residual core is detected in coincidence with the outgoing
nucleons, more detailed observables are possible. As an
example, the momentum distributions constrained to specific
intervals of the proton-neutron relative energy are considered
now. This is illustrated in Fig. 11, where the dotted, dashed,
and dot-dashed lines are the summed 51,2, pij2, and ds;

23 22
04 O(p,pn) O
' ! C[— tun

(a) se €< 150 MeV
-- e, =190-230 MeV |]
R epn>250MeV

do/dp, (mb/(MeV/c))

do/dp_ (mb/(MeV/c))

-9100

FIG. 11. (Color online) Transverse (top) and longitudinal (bot-
tom) momentum distributions for the 20 residual nucleus from
the one-neutron removal of 2*Q at 445 MeV /nucleon. The dotted,
dashed, and dot-dashed lines correspond to different cuts of the
proton-neutron relative energy (e,,). The solid lines correspond to
the full distribution, integrated for all relative energies.
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contributions, weighted by the shell-model spectroscopic fac-
tors, for the selected relative energy intervals e, < 150 MeV,
190 < e, < 230 MeV, and ep, > 250 MeV. From Fig. 8,
one expects that, for the 190 < e,, <230 MeV cut, the
contribution coming from the ¢ = 0 orbital will be enhanced
and this explains that this narrow contribution becomes more
evident in the p, distribution as compared to the full spectrum.
Conversely, for the e, < 150 MeV and e, > 250 MeV cuts,
one is selecting mostly the £ = 1 and £ = 2 contributions and
this explains that the corresponding p, distribution becomes
broader. The impact of the different cuts is more dramatically
evidenced in the longitudinal distribution [Fig. 11(b)]. The
smaller the final energy between the p-N pair, the larger the
kinetic energy of the residual core, and the larger the values of

Pz

IV. DISCUSSION

Analysis of (p,pN) reactions has been usually done using
the DWIA, so it seems appropriate to discuss here the
connection of this formalism with the model proposed in this
work. For that purpose, one may note that the solution of
Eq. (5) can be formally written as

v =0l 4 Vol (33)

E—ie— H
where V; = V,y + U,c — U,a, H is the full Hamiltonian, and
QDSC_) is a solution of

[E™ — Ky — Kg = Ul = Uy 197G R) = 0. (34)
Neglecting core recoil effects arising from the finite mass of
A, the solution of this equation is given by the factorized form

' = ¥ OFE)xy ). (35)

If the auxiliary potential U,4 entering Eq. (9) is chosen
adequately, for example, as the potential describing the elastic
scattering of in the incident channel (p + A), the remnant term
U,c — U, 4 will have a negligible contribution to the integral.
Neglecting altogether this difference and inserting Eq. (33)
into the transition amplitude (9), one gets (with S ¢ ;=1 for
brevity)

@) = (xS Foay Eltpn [0Eaxsn).  (36)
where
ton(E)
= +V ! Vv
= VpN pNE+—Kr—KR—Upc—UNc—VpN pN>

(37)

which is the T matrix describing the scattering of the
incident proton with the struck nucleon in the presence of
the interactions with the core. This is to be compared with the
free p-N transition amplitude, i.e.,

1

f
t N(EpN) = VpN + VpN
b Ely— K = Vyn

Von.  (38)
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They are formally related by
tpn(E) = t]\(E — Kg — Upc — Unc). (39)

At sufficiently high incident energies, one may neglect U ¢
and Uy in the propagator of Eq. (37), thus resulting in

T (@) = (xS Fxy Gl (E — K)o axsh).  (40)

This corresponds to the DWIA. Because the 7 matrix
appearing in this expression still contains the kinetic-energy
operator K g, a possible way of evaluating this expression is by
inserting a complete set of eigenstates of the full kinetic-energy
operator K, + Ky, which amounts to expanding the initial
and final states in plane waves (see, e.g., Ref. [35]). A
simpler approach would be to approximate Kz ~ %E , so that

tpn(E) ~ tg N(%E ), which has been used, for example, in the
context of proton inelastic scattering [36]. Another common
approximation in (p, p N) analyses is the assumption that the T
matrix entering (40) varies sufficiently slowly with momenta,
and so its arguments may be replaced by their asymptotic
values. In this case, the matrix elements of this 7 matrix
between these asymptotic momenta can be singled out from the
integral, giving rise to a factorized expression for the scattering
amplitude and to cross sections which are proportional to the
free NN cross section.

The main virtue of the DWIA method is that it treats the
p-N scattering to all orders, but at the cost of neglecting
altogether the effect of the core in the transition operator.
Note, however, that distortion and absorption effects arising
from the interaction of the core with the incoming proton
and with the outgoing nucleons are taken into account in
the distorted waves. In this sense, the full DWIA expression,
Eq. (40), goes beyond the single-scattering approximation
(SSA), representing the leading order of the Faddeev/AGS
expansion [37]. In fact, it has been recently shown in Ref. [10]
that, for the 12C( p.2p) 18 reaction at 400 MeV /nucleon, this
full DWIA expression reproduces very well the third-order
AGS/Faddeev calculation. However, as it was also pointed
out in Ref. [10], actual calculations based on the DWIA
method employ additional approximations [32,38], namely,
the NN ¢ matrix is evaluated using the asymptotic momenta,
and the off-shell NN ¢ matrix is replaced with an average
on-shell ¢ matrix in free space. With these approximations,
|t1'pf,\,|2 is just the free NN cross section multiplied by some
constant. Finally, an isotropic approximation is done to this
NN cross section [32,39]. Clearly, the validity of these
approximations needs to be assessed for a correct interpretation
of the experimental data.

To conclude this section, it is noted that the DWIA
amplitude (40) neglects FSIs between the incident and struck
nucleons and, in particular, the (p,d) channel. This is in
contrast to the formalism proposed here, in which these FSI
effects are incorporated in the three-body final wave function.
According to the calculations presented in the previous section,
these FSI have been found to distort the energy and momentum
distributions of the core. Moreover, although the contribution
from the (p,d) channel has been found to be negligible at the
energy considered in these calculations, they are expected to
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be more important at lower energies, and so the DWIA method
might be inappropriate to analyze these situations.

V. SUMMARY AND CONCLUSIONS

A new method to describe nucleon knock-out reactions
of the form A(p,pN)C at intermediate energies has been
presented and illustrated with specific examples. The starting
point of the method is the prior-form transition amplitude for
the effective three-body process p + A — p+ N + C. The
three-body final wave function is approximated by a CDCC
wave function, using an expansion of the three-body final
states in terms of eigenstates of the p-N Hamiltonian. To
reduce the calculation to a numerically tractable form, the p-N
continuum is discretized in energy bins and truncated in partial
waves.

The main features of the proposed method are the following:
(i) Final-state interactions between the outgoing nucleons are
treated to all orders; (ii) for the (p,2p) case, the Pauli principle
for the outgoing p 4+ N pair is also properly accounted for,
using antisymmetrized proton-proton wave functions; (iii)
relativistic kinematics corrections are taken into account in
an approximate way; and (iv) no IA is required in the
derivation.

To reduce the ambiguity inherent in the choice of the optical
potentials required to reproduce the absorption suffered by the
incoming proton and by the outgoing nucleons, microscopic
potentials generated with the energy- and density-dependent
nucleon-nucleon effective interaction developed by the PH
group have been employed. The accuracy of this prescription
at the energies of interest for current (p, p N) studies has been
assessed against existing p + '>C elastic data. The agreement
with these data, once the suitable relativistic kinematics
corrections are included in the Schrodinger equation, has been
found to be rather satisfactory.

The proposed method is largely motivated by the current
experiments being performed at intermediate energies (hun-
dreds of MeV per nucleon). However, because the method
does not make use of the IA, it may be applicable to
lower energies. Some knockout experiments on proton targets
have, in fact, been performed at energies of the order of
70-80 MeV /nucleon [12,13,40,41] and, thus, the comparison
with the present theory could provide an assessment of the
validity of this model at these energies. In particular, our
formalism can include on the same footing the contribution
from the pure three-body breakup and the (p,d) channel, which
might be important at these energies. Work in this direction is
under way and the results will be published elsewhere.

Because the description of the final states is done in terms
of the c.m. of the outgoing p + N pair, the method does not
provide in a straightforward way the exclusive cross section as
a function of the angles or energies of these nucleons. However,
it may provide a suitable framework for the analysis of
inclusive reactions in which only the residual core is detected,
as is the case in many experimental situations. Ongoing and
planned experiments of this kind will provide the community
with a large body of experimental data, which will serve also as
assessment of the validity of this and other theoretical models.
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