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Abstract

In this paper we investigate the well-posedness and dynamics of a fractional stochastic
integro-differential equation describing a reaction process depending on the temperature itself.
Existence and uniqueness of solutions of the integro-differential equation is proved by the
Lumer-Phillips theorem. Besides, under appropriate assumptions on the memory kernel and
on the magnitude of the nonlinearity, the existence of random attractor is achieved by obtaining
first some a priori estimates. Moreover, the random attractor is shown to have finite Hausdorff
dimension.
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1 Introduction

This paper focuses on the following fractional stochastic partial integro-differential equations,
which is derived in the framework of the well-established theory of heat flows with memory (see
[8]) on O C R?, which is a bounded domain with smooth boundary 9O,

% +B(1 —y)(—=A)"u + foo,u(s)(—A)“u(t —8)ds + f(u) = k(x) + h(x)c%v, x€0, t>0, (1.1)
0

with boundary condition
u(x,t) =0, x€do, t>0, (1.2)
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and initial condition
u(x,t) = up(x,1), x€0, t<0. (1.3)

Here, @ € (0,1), 8 € (0,4+c0) and y € (0, 1), u(x, t) is the unknown function, while u is a decreasing
and non-negative memory kernel; f is a nonlinear reaction term (for instance, f(u) = u® — u),
k(-) € L*(0) and h(-) € H**(O) are given functions. W is a two-sided real-valued Wiener process
on a probability space which will be specified later. In the present case, the dynamics of u relies
on the past history of the diffusion term, that is, fooo U(S)(=A)*u(t — s)ds.

Problem (1.1) with @ = 1 as well as A(x) = 0 is well known and has been extensively studied
(see [5, 6,9, 18, 19]), and can be interpreted as a model of heat diffusion with memory which also
accounts for a reaction process depending on the temperature itself (see [19] and related references
therein). Namely, if u() represents the temperature of a material occupying O for any time ¢, as in

[8], we can consider the following heat flux law

G0 = =Bl = y)Vu(x, 1) - foo p()Vu(x, 1 — s)ds,
0

where S(1 — ) is the instantaneous heat conductivity and u(s) is a memory or relaxation kernel.
Then, assuming the total energy is proportional to u (with proportionality constant 1 for simplicity),

the standard semilinear heat equation with memory, i.e.,

% B~ )Au - f " i(s)hu(e — s)ds + f(w) = (o), (1.4)
0

could be recovered from the energy balance
u + V-4 =k- fu,

(see [6] for a more detailed explanation and more references on the topic). This kind of equation
can also be proposed to describe many different phenomena, such as the evolution of the velocity
of certain viscoelastic fluids [14, 32], the thermomechanical behavior of polymers [15, 25, 36], the
diffusion of the chemical potential of a penetrant in polymers near the glass transition [26], and
some models in population dynamics [17]. Concerning equation (1.4) (which is a deterministic
heat equation with memory) existence, uniqueness, and asymptotic behavior results can be found
in [9, 20, 21, 23]. In particular, equation (1.4) is shown to have a uniform attractor, which has
finite Hausdorff dimension (see [21]), whereas in [20] the existence of absorbing sets in suitable
function spaces is achieved.

Observe that the aforementioned literature mainly dealt with versions of Eq. (1.4) in a deter-
ministic context. But, it is sensible to assume that the models of certain phenomena from the real
world are more realistic if some kind of uncertainty, for instance, some randomness or environ-
mental noise, is also considered in the formulation. In fact, the random perturbations are intrinsic
effects in a variety of settings and spatial scales. They may be most obviously influential at the mi-
croscopic and smaller scales but indirectly they play an important role in macroscopic phenomena.

We will take into account an additive noise in our model which we interpret as the environmental
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noisy effect produced on the system, and will exploit the theory of random dynamical systems (see
[1, 3]) to obtain information on the dynamics of our model, in particular we will be able to prove
the existence of random attractor. When @ = 1, problem (1.1) reduces to a standard stochastic heat
equation with memory. In this case, a similar stochastic equation with additive noise in materials
with memory is studied in [6], and the existence of pullback attractors is also established, while in
[4], the existence and stability of solutions for stochastic heat equations with multiplicative noise
in materials with memory is proved.

Nevertheless, the previously cited references are concerned with equations with standard
Laplace operator, namely, @ = 1 in equation (1.1). However, it is mentioned in [2] that some
research on classical diffusion equation may be inadequate to model many real situations, for in-
stance, a particle plume spreads faster than that predicted by the classical model, and may exhibit
significant self-organization phenomena or asymmetry, see details in [39]. In this case, these situa-
tions are called anomalous diffusion. One popular model for anomalous diffusion is the fractional
diffusion equation, where the usual second derivative operator in space, i.e., the Laplacian operator
—A, is replaced by a fractional derivative operator (—A)* with 0 < @ < 1. Indeed, equations with
fractional derivative are becoming a focus of interest since the fractional derivative and fractional
integral have a wide range of applications in physics, biology, chemistry, population dynamics,
geophysical fluid dynamics, finance and other fields of applied sciences. One meets them in the
theory of systems with chaotic dynamics (see [37, 41]); dynamics in a complex or porous medium
[16, 38]; random walks with a memory and flights [22, 29, 30, 42] and many other situations. When
u = 0, this is the case of no memory term, (1.1) reduces to a fractional stochastic parabolic equation
with noise. In this case, the ergodicity of a stochastic fractional reaction-diffusion equation with
additive noise is studied in [24], whereas the existence of random attractor for a fractional stochas-
tic reaction-diffusion equation is proved in [27] under the assumption of a € [%, 1). However, as
far as we know, there are no works dealing with fractional stochastic reaction-diffusion equations
with both white noise term and memory terms, and this is the reason of the current investigation in
this paper.

Inspired by [6, 24], we are devoted to investigating a stochastic fractional integro-differential
equation. More precisely, in this work, we analyze the well-posedness and dynamics of a fractional
stochastic reaction-diffusion equation with memory term, which is expressed by convolution in-
tegrals and represent the past history of one or more variables. The main features of the present
paper work are summarized as follows: Both the fractional diffusion term (instead of standard
diffusion term, i.e., —Au) and the memory term are considered. Besides, the well-posedness is ana-
lyzed by a semigroup method (see [35] for more information), which is different from the classical
Faedo-Galerkin method (see [40]). Then the existence of random attractor is established by a priori
estimates and solutions decomposition. Moreover, by using the method introduced by Debussche
in [13], we obtain that the random attractor has finite Hausdorff dimension.

The structure of the paper is as follows. In the next Section, we recall some notations and

introduce basic hypotheses. Our main results are also stated in this section. In Section 3, we



first transform the stochastic equation (1.1) into a deterministic one only with random parameters
and then study the well-posedness of the problem, and prove that it generates a random dynamical
system ®. Then, the existence and uniqueness of a random attractor is proved in Section 4. Finally,

we show that the random attractor has finite Hausdorff dimension in Section 5.

2 Preliminaries

In this section, we briefly recall some concepts and the basic theory of random dynamical
systems. For a detailed information and related applications the reader is referred to [1, 7, 10, 11,
40].

Let (X,|| - |lx) be a separable Hilbert space with the Borel o—algebra B(X), and {6; : Q —

Q, t € R} be a family of measure preserving transformations of a probability space (Q2, F, P).

Definition 2.1. (Q, 7, P, (6,).cr) is called a metric dynamical system if 0 : R X Q — Q is (B(R) X
¥, F)—measurable, 0, is the identity on Q, 0,,;, = 6,00, forallt,s € R. and 6,(P) = P for all
teR.

Definition 2.2. A random dynamical system (RDS) on X over a metric dynamical system (Q, F, P,

(01)ier) is a mapping
O:R*"'XQAXX > X, (t,w,x)— O(t, w)x,

which is (B(R*) X F X B(X), B(X))—measurable and satisfies for P — a.e. w € Q,
(i) ®0,w)=1I1dxon X;
(ii) Dt + 5,w) = O(t,0,w) o D(s,w), forall t, s € R*. (cocycle property)
An RDS @ is said to be continuous if ®(z, w) : X — X is continuous for all € R*, w € Q.

Definition 2.3. Let X be a metric space with a metric d. A set-valued map w — B(w) taking values
in the closed/compact subsets of X is said to be a random closed/compact set in X if the mapping
w > dist(x, B(w)) is measurable for all x € X, where d(x, D) := inf,ep d(x,y). A set-valued map
w — U(w) taking values in the open subsets of X is said to be a random open set if w — U(w) is

a random closed set, where U“(w) denotes the complement of U, i.e., U := X\U.

Definition 2.4. A random set B : Q — 2% is called a bounded random set if there is a random
variable r(w) € [0, ), w € Q, such that

d(B(w)) := sup {IIxIIX T X€ B(a))} < r(w) forall w e Q.

A bounded random set B(w) is said to be tempered with respect to (Q, F, P, (6,),cr) if for
P—ae weql

lim e sup |lx|lx =0 forall u > 0.
=+ xeB(0_,w)



Definition 2.5. Let D be a collection of random sets in X. A random set B € D is called a D-
random absorbing set for an RDS ® if for any random set D € D and P — a.e. w € Q, there exists
Tp(w) > 0 such that

O(t,0_,0w)D(0_,w) C B(w), forallt > Tp(w).

A collection D of random sets in X is called inclusion closed if whenever E is a random set,
and F is in O with E(w) C F(w) for all w € Q, then E must belong to D. A collection D of
random sets in X is said to be universe if it is inclusion-closed.

Definition 2.6. Let D be a collection of random subsets of X and ® be a continuous random

dynamical system. Then a random set {A(w)},cq of X is called a random attractor for @ if
(i) Ais compact, and w — d(x, A(w)) is measurable for every x € X.
(ii) {A(w)}peq is invariant, i.e.,

D (t, w) A(w) = A(,w), forall t > 0.

(iii) {A(w)}weq attracts every set in D, that is, for every B = {B(w)}u,ecq € D,

lim dist((l) (t,0_,0) B(6_,w), A (w) ) -0,

1—+00

where dist(-, -) denotes the Hausdorff semi-distance under the norm of X, i.e., for two nonempty
sets A,B C X,
distx(A, B) := supdistyx(a, B) = sup }Jng la—>5blx .
€

acA acA
Definition 2.7. Let A be a linear operator on a Hilbert space X. For any m € N, the m—dimensional
trace of A is defined as

Tru(A) = sup ) (Auj,u))x,
j=1

where the supremum ranges over all possible orthogonal projections Q in X on the m—dimensional

space QX belonging to the domain of A, and {u,u,, - - - , u,} is an orthonormal basis of QX.
The following proposition can be found in [6, 7, 10, 11, 13].

Proposition 2.8. Let @ be a continuous RDS on X over (Q, F, P, (0,)cr). If © possesses a compact

attracting set K in D, then ® has a unique random attractor {A(w)}ueq in D given by

Alw) = ﬂ U d(t,0_,w)K(0_,w), foreach w € Q.

™0 127
Proposition 2.9. (See [28]) Let A(w) be a compact measurable set which is invariant under a

random map Y (w)(+), w € Q, for some ergodic metric dynamical system (Q, F, P, (6,)cr). Assume

that the following conditions are satisfied.



(i) Y(w)(-)is almost surely uniformly differentiable on A(w), that is, for every u,u+h € A(w),
there exists DY(w, u) in L(X), the space of the bounded linear operators from X to X, such that

IW(w)(u + h) = P(w)(u) — DP(w, whl| < kw)|All',
where p > 0 and %(a)) is a random variable satisfying z(a)) > 1 and E(In E) < 00,

(ii) wa(D¥Y(w,u)) < wy(w) holds when u € A(w) and there is some random variable w,(w)
satisfying E(In(wy,)) < 0, where

wa(D¥(w, 1) = a\(DY(w,u)) - - - ag(D¥(w, u)),

ay(D¥(w,u)) =  sup inf || D¥(w, u)v|].
GcX.dimG<d VEG-IMIx=1

(iii) a(D¥(w,u)) < aj(w) holds when u € A(w) and there is a random variable a1(w) > 1

with E(Inaq) < oo.
Then the Hausdorff dimension dy(A(w)) of A(w) is less than d almost surely.

Throughout the work, we denote by A = (-A)* (0 < @ < 1) the fractional Laplace operator
with domain D(A) = H**(0). With usual notation, we introduce the space L”, H* and H} acting
on O. Let || - || and (-, ) denote the norm and the inner product on the real Hilbert space L*(0),
respectively, and let || - ||, denote the LP—norm. With abuse of notation, we use (-, ) to denote also
duality between L? and its dual space L. The inner products on H*(0), H**(O) can be defined in
the following manner:

(. V)inio) = (=A)%u, (=A)*v)
and
(u, Vo) = (=A)"u, (=A)*v).
Assuming p(oo0) = 0, set
8(s) = —'(s). 2.1

In what follows, we take 8 = 2,y = % for simplicity, and the following set of hypotheses are
required:

(H1) g(-) e C'RT)NLY(R"), g(s) >0, g(s) <0, g'(s)+0g(s) <0, VseR" and some § > 0;
(H2) f() € C'RY), fwu = ailul” — s, f'(u) > —as, |fW)] < aq(l +ulP™),

where ; (i = 1,2,3,4), p > 1 are positive numbers.

Note that (H1) implies the exponential decay of g(-). Nevertheless, it allows g(-) to have a
singularity at s = 0, whose order is less than 1, since g(-) is a non-negative L'—function.

Now, let L3(R*, L*(0)) be the Hilbert space of L*~valued functions on R*, endowed with the

inner product

(.1 2@+ 1200y = f g(s) f m(s, x) - m(s, x)dxds.
0 0]
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Similarly on M := Ly(R*,H*(0)) and M, := L;(R*, H**(0)), respectively, we have the inner

products
(1, 772)L§(R+,H0(0)) = f 8(s) f(—A)a/zﬂl(S, x) - (—A)“/znz(s, x)dxds
0 o)

and
(115 12) 12+ 122 0)) = f g(s) f(—A)"m(s, x) - (=A)*ma(s, x)dxds,
0 o)

where operators (—A)%/? and (—A)? are considered with respect the spatial variable x € O. In the

sequel, we will omit the variable x when no confusion is possible.

Finally, we introduce the Hilbert spaces
H = L*(0) x Ly(R*, H*(0))

and
V = H(O) x L,(R*, H**(O)).

To this end, along the lines of the procedure suggested by Dafermos in his pioneering work [12],

we introduce the new variable

N 73
n'(x,s) = f u'(x, r)dr = f u(x,r)dr, s>0,
0 t—s
and
u'(x,s)=u(x,t—s), s>0.
Using (2.1), a formal integration by parts transforms Eq. (1.1)-(1.3) into

T Carut [ oA s + ) = k) +H) L € 0,150,
0

on'=-0m' +u, x€0, t>0, s>0,

with boundary condition
u(x,t) =0, x€00, t>0,

and initial condition
u(x,t) = up(x, 1), n°(x,5) =no(x,s), x€0, <0, s>0.
And the term

s 0
°(x, s) = f u’(x, r)dr = f u(x,r)dr, x€ O, s>0,
0 _

N

2.2)

(2.3)

2.4)

(2.5)

is the prescribed initial integral past history of u(x, ), which does not depend on uy(x, ¢), and is

assumed to vanish on 00, as well as u(x, r). As a consequence it follows that

7'(x,5) =0, x€dO, t>0ands > 0.



Indeed, the above assertion is obvious if ¢ > s, and if t < s we can write

n'(x,s) = no(x, s — 1) + f u(x, rydr.
0

In order to present our results, let us write system (2.2)-(2.5) as a Cauchy problem. Denote
w(t) = (u(t),n'"), wo = (1o, o), and set

Lw = (=(=A)"u - j; g()(=A)''(s)ds,u — ;).

and AW
Fw,bw) = (k- f(u) + hE’O)'

Problem (2.2)-(2.5) can be written

d
O Lw+ Fw, w) 2.6)
dt
w(x, 1) =0, x€00, t >0, 2.7
w(x, 1) = wo(x, 1), x€ O, t <O0. (2.8)

Now we present our main results of this paper.
Theorem 3.4 Assume that hypotheses (HI)-(H2) are satisfied and initial data (uy,no) € H. Then,

problem (2.6)-(2.8) possesses a unique mild solution in the class
u € C([0, 00); L*(0)), and ' € C([0, 00); M). (2.9)

If initial data (ug,ny) € D(L), then the solution is more regular, i.e., u € C([0, 00); H*(0)), and
n' € C([0,00); My). In addition, if w(t) = (u,n") and w(t) = (&, 7') are two mild solutions of
(2.6)-(2.8), then for any T > 0,

w(®) — w5, < e Iw©0) — w5, 0<t<T, (2.10)

where ¢ > 0 is a constant independent of the initial data.

The proof of Theorem 3.4 is presented in Section 3 by means of semigroup arguments.

The next main result of our paper concerns the generation of a random dynamical system,
the existence of the corresponding random attractor and its finite Hausdorff dimension. These
are included in Theorems 4.11 and 5.2 which are the content included in the theorem below (see
Sections 4 and 5).

Theorem (See Theorem 4.11 and 5.2) Assume that k(-) € L*(O) and that hypotheses (HI)-(H2)
hold with a € [%, )andp € [2,1+ ﬁ). Then the random dynamical system ® generated by (2.6)-
(2.8) possesses a random attractor A in H. Moreover, if the second derivative of f is bounded,

then the random attractor has finite Hausdorf{f dimension.



3 Well-posedness

In this section, we show the existence, uniqueness and continuous dependence of mild solu-
tions of the problem (2.6)-(2.8).

In the sequel, we consider the probability space (2, ¥, P), where Q = {w € C(R,R) : w(0) =
0}, F is the Borel o-algebra induced by the compact-open topology of Q, and P the corresponding
Wiener measure on (€2, 7). Then we will identify W(z) with w(?), i.e., w(t) = W(t,w), t € R.

Define the time shift by

bw() =w(-+1)—w(®), weQ, reR.

Then (Q, F, P, (6,):cr) is an ergodic metric dynamical system (see [1]).
To our end, we need to transform our stochastic equation (2.6) into a deterministic one with
random parameters but without noise terms.
Writing
0
() = - f e’w(s)ds, (3.1

o0

it is easy to check that 7(¢, w) = z"(6,w) is an Ornstein-Uhlenbeck process which solves the Itd
equation
dz + zdt = dW.

Then, if we denote z(w)(x) = z*(w)h(x), it holds that the real-valued stochastic process z(6,w)(x) =
Z*(6,w)h(x) is solution to
dz + zdt = h(x)dW.

Now, we recall that (see Proposition 4.3.3 in [1]) that there exists r;(w) > O tempered s.t.
2" (@) + 177 (@) + (=D " (@) + I(~A)Z ()P < ro(w), where ro(6,w) < e2ry(w),

and A will be specified later.
Then, it is straightforward to check that

(@) + 2@ + (D)3 @) + [(-A) Z( W) < r(w), (3.2)

where r(w) satisfies the same as ry(w).

It is well known (see [1, 7]) that there is a §,—invariant set Q c Q of full P measure such that
for every w € Q- z(6,w) 1s continuous in ¢. For convenience, in the following we write QasQ
whenever no confusion is possible.

Then it follows from (3.2) that, for P-a.e. w € Q,

20, + 12O + (M) 220, + |(~A) zBw)f < e*'rBw), 1 € R. (3.3)

Formally, if u solves Eq. (2.2), then the variable v(¢) = u(t) — z(6,w) should satisfy

ov

5 FEAY+ f gAY ()ds + f(v+2) = k(x) + 2= (-4)"z.
0



with boundary condition and initial condition:
v(ix,1) =0, 7'(x,5) =0, x€d0, t >0, v(x,1) = vo(x,1), no(x, s) =no(x,5),x€0,s >0,t<0.

Similarly, we can write the above system as a Cauchy problem. To this end, denote ¢(¢, w, ¢y) =

v(t, w, vo), ' (w, o (+))) with vy = ug — z(w), 1° = no(-), we have the following compact form

dy

— =Lyp+ F(p, 6w

dr 2 (¢, b:w) (3.4)
(0, w, o) = (vo, M0(+)) := ¢o,

where

Ly = (—(—A)“v - fo g(s)(=A)"11'(s)ds, =11 + V) (3.5)

and
Flp,0,0) = (k= fu) = (~A)"2(0,0) + 2(0w), 2(6,w)). (3.6)

With respect to the variable 7', it can be shown as in Pata and Zucchi [34] that
o' = -0, + v+ z(6,w), n(0) =0,
can be considered ;7' = Ty’ + v + z(6,w), where
Tn' = -0, n' € D(T),
is the generator of a translation semigroup with domain
D(T) = (' € M0, € M, n(0) = 0}.
Since the domain of L is defined by
D(L) = {p € H|Ly € H},
one has
D(L) ={(v,1f) € H | v € LXO), ' € D(T), = (~A)"v - fo A (s € 1(O)).

We begin with the following lemma, which is an important step to prove the existence of mild

solution of problem (3.4).

Lemma 3.1. Operator L is the infinitesimal generator of a C°—semigroup of contractions e*' in

H.

Proof. We show that L is m-dissipative in /. By (H1) and the definition of Ly, we infer that

a 1 0 a
(L, @) = =ll(=A)2vI” + Ef g ®I=A)27 (s)lPds < 0,
0
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for all ¢ = (v, ") € D(L). This proves that L is dissipative in H.
Next we show that L is maximal, that is, for each F' € H, there exists a solution ¢ € D(L) of

(I-L)p=F.
Equivalently, for each F = (f, f2) € H, there exists ¢ = (v,n") € D(L) such that
v+ (=AY + f g(H(=A) 7 (s)ds = fi, (3.7
0

n-v+on = f (3.8)

To solve system (3.7)-(3.8), we first multiply (3.8) by e¢® and integrate over (0, s). Then,
n=v(l-e*)+ f e H(r)dr. (3.9)
0

Including (3.9) into (3.7) we obtain, by denoting k; = fooo g(s)(1 —e™*)ds,

v+ (=AY + ki (-A)Y = fi — foo g(s) fs e (=N fr(1)drds. (3.10)
0 0

In order to solve equation (3.10) we define the bilinear form

alwi,wy) = fwlwzdx + f(—A)gwl . (—A)%wzdx + ky f(—A)gwl . (—A)%wza’x, wi, wy € H*(O).
o o o
It is easy to check that a(wy, w,) is continuous and coercive in H*(O). And we have
H*(0) — L*(0) — H *(0).

We now aim at applying the Lax-Milgram theorem. It suffices to prove that the right hand side of
(3.10) is an element of H~*(0). Obviously,

fi € HO).

Let f* denote the last term in (3.10), and we only need to show that f* € H *(0). We apply
arguments similar to those used by Giorgi [19]. For w € H*(O) with I(=A) 2w < 1,

= ‘fw 8(s) fs e’ (f(—A)gfz(T)(—A)gwdx)des
0 0 o

Sj; e’||(—A)3f2(T)||f g(s)e"dsdr

|(f ", W)H-a e

Sf eTg(T)II(—A)gfz(T)Ilf e *dsdrt
0 T

= fo gDI(=A)2 fo(DlldT < oo,

11



which implies that f* € H™*(0O). Then, thanks to Lax-Milgram’s theorem, Eq. (3.10) has a weak
solution
v e HYO).

Now, in view of (3.8), it follows

H(s) = (1 — &) + f (e,
0

Let us show that 7' € M. From (3.9), taking into account that ¥ € H*(0), we obtain

I(=A) 277 (I < I(=A)29]1* + f e I(=A)? fr(D)Idr.

0
Then, as above in the proof of f*,

f g2 ()IPds < koll(=A) ¥ 71 +f 8(s) fo eI=A)2 H(@)IPdrds

0 0

< ko||(—A)5\7||2+f g@OI=0)2 f(@)IPdr

0
< koll(=A) TP + 112Dl < oo,

and hence 7' € M. It follows that
¢=@i)eH
is a weak solution of (3.7)-(3.8).
To complete the proof of maximality of L we prove that € D(L). Indeed, from (3.8) we see
that
o = f+v—1if € M.

Obviously 7(0) = 0, we conclude that 7 € D(T'). By inspection of (3.7) we find that
(=A)"V + foo g()(=A)T{ (s)ds = =V + f € L*(O).
Therefore (v, 7)) € D(L). 0 O
Lemma 3.2. The operator F : H — H defined in (3.6) is locally Lipschitz continuous.
Proof. Let B be a bounded set in H and ¢, p € B. Writing ¢ = (v,71"), @ = (¥,7") and using (H2),

one obtains
IF (¢, 6,0) — F(@, 0,05, = IIf(@ — fl5

=f|f(9+z)—f(V+z) > dx
o

:f|—f’-(v—v) ? dx
o

sf|a3(v—v)|2dx
o

2 2
< a5llv = V|

2 —112
< aslle — @l

12



To complete the existence of solution, we still need the following lemma.

Lemma 3.3. Assume that (HI)-(H2) hold. Then for any fixed T > 0, the solution ¢ of problem

(3.4) satisfies the following inequality:

T
lle(t, w, @o)ll3, < ligolly, + ¢ f e (@) + @)% + (-A) 2 2(0,w)I[*)ds
0

+ce'm = 1), Yre[0,T].
Proof. Taking the inner product of (3.4) with ¢ in H yields

1d
2dtlls@llw = (Lp, ©)u + (F(p, 0,w), )1,

where

(L, @)y = —|I(=A)2V|]* - f g(s) f (=A) 27 - (=A)2vdxds + (=0 + v, )u.

0 o

From (H1), we have

1 e ’ @ 0 a a
(=0 +v,)u = Ef g OIN=A)21|*ds +f g(S)f(—A)ZV - (=A)?n'dxds
0 0 0

S ™ o 0 a s
<=2 [ swneniniass [ o [atvcairas
0 0 (@]

On the other hand,
(Fig 6. 0m = [ (k= F0) = ()2 + o+ Gt
By Holder’s inequality and Young’s inequality, we obtain
@ m = fo (s fo (=A)%z- (=A)*n'dxds < gurﬂ@ +cll(=)%zP.
From (H2), and Young’s inequality,

a
- ff(u)vdx < ——lllullp +c(1 + |lzl” + l1z11D),
(0]
2|1k|I?
fkvdx || || ” ”
0 A
(=(=A)"z,v) < EII(—A)%VII2 + §||(—A)%Z||2,
A 2 2 2
,V) < — + — .
(z,v) 2 [Vl 7 Izl

It follows from (3.11)-(3.16) that

d o 0 A a
d—t||90||§{ +I(=2) 2Vl + Ellnlllﬁ +aylull; < 31||11||2 + (1 + 1zl + llzllf + I(=A) 2 2l).

13

(3.11)

(3.12)
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1

A1 .
-5 T 57 = 1, we obtain

By Young’s inequality with
a
VI < Sy + clO] < anllull + (1 + 1.
Take A = min{4., £}, then
d. o 2 g 2 2 » e o
EII(PIIW + Allellz + 12217 < e(L + [l2ll” + izl + [I(=A)22]1%). (3.17)

By the Gronwall lemma,

t
ll(2, @, po(@)llz, < e Vllpo(w)ll3, + ¢ f eﬁ(s_’)(l + 120 + NIz @)1}
0

(3.18)

+ I(=)% 2(0,0)])ds.
Notice that z(6,w) is continuous in ¢, for any fixed 7 > 0 and ¢ € [0, T']. Then, we obtain
T
(e, @, (@)l < llgo(@)li, + f (k@) + @)l
0
+ (=82 2(B,)IP)ds + c(e' = 1) < co.
The proof is completed. O

Theorem 3.4. (Well-posedness) Assume that hypotheses (HI)-(H2) are satisfied and initial data
(o, no) € H. Then, problem (2.6)-(2.8) possesses a unique mild solution in the class

u € C([0, 0); L*(0)), and 1’ € C([0, c0); M). (3.19)

If initial data (ug,ny) € D(L), then the solution is more regular, i.e., u € C([0, 0); H*(0)), and
n' € C([0,0); My). In addition, if w(t) = (u,n") and w(t) = (&, 7') are two mild solutions of
(2.6)-(2.8), then for any T > 0,

Iw(®) = W@l < e lw(©0) = w5, 0<t<T, (3.20)
where ¢ > 0 is a constant independent of the initial data.

Proof. From Lemma 3.1 and 3.2, and Lumer-Phillip’s theorem (see for instance Pazy [35], Theo-
rem 6.1.4 and 6.1.5), problem (3.4) has a unique local mild solution

!
(1, w, y) = e po(w) + f " F(@(r, w, o), 6,w)dr (3.2
0

defined in [0, T'].

Let us prove that T = oo. Indeed, Lemma 3.3 implies that the local solution (v, ") cannot
blow-up in finite time and thus 7 = co. Hence, problem (3.4) has a global solution ¢(-, w, ¢y) €
C([0, 00), H) with (0, w, ¢y) = @o(w) for all £ > 0. Then, (3.19) holds. Moreover, the continuity
with respect to initial data, i.e. Eq. (3.20), follows from the representation formula (3.21) and the
Lipschitz property of F. O
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Note that u(t, w, uy) = v(t, w, uy — z(w)) + z(6,w). Then the process ¢ = (u,n") is the solution
of problem (1.1)-(1.3). We now define a mapping @ : R* x Q x H — H by

O(1, w)py = P(t, W, ¢o)
= (u(t, w, uo), n'(w, m0)) (3.22)
= (W(t, w, ug — z(w)) + z2(6,w), ' (w, ng)), for all (, w, ¢y) € R* X Q X H.
Then ® satisfies conditions (i)-(iii) in Definition 2.2. Therefore, ® is a continuous random dy-
namical system associated with the fractional stochastic reaction-diffusion equation with memory

on O. In the next section, we establish uniform estimates for the solutions of problem (1.1)-(1.3)

and prove the existence of a random attractor for ©.

4 Existence of random attractor

In this section we prove the existence of random attractor for our problem. First we will recall

some technical lemmas that will be necessary for our analysis.

4.1 Auxiliary technical lemmas

To describe the asymptotic behavior of the solutions to our system we need to recall the

following Gagliardo-Nirenberg inequality.

Lemma 4.1. (Gagliado-Nirenberg)(see [31]) Suppose that O C R" is a bounded domain with
smooth boundary. Let u € L1(O) and its derivatives of order m, D"u belong to L' (O), where
1 < q,r < 0. Then for the derivatives D’u,0 < j < m, there holds

1D ully < cllullfmlludl 7 (4.1)
where | _ | |
=t D i -0,
p n ron q
for all o in the interval _
S <o<l.
m

Here the constant c depends only on n,m, j,q,r and o.

Also we need to introduce the space ‘7’1)” (R, X) of Lfo .—translation bounded functions with

values in a Banach space X, namely

+1 %
7y (R, X) = {f € Lj, R, X) : Ifllyr@.x) = sup ( f: ||f(Y)||§d)’) }

In a similar way, given 7 € R, we define the space 7’1)” ([t, +0), X).
The following lemmas will be useful in this paper, and readers are referred to [20, 33] for

more details.
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Lemma 4.2. Let ¢ be a non-negative, absolutely continuous function on R, T € R, which satisfies
for some € > 0 and 0 < o < 1 the differential inequality

ditgb +ep < A+m(O)p(t) +mo(t) teR,,

where A > 0, and m, and m, are non-negative locally summable functions on R.. Then

1

1-o

+ +

! 1 !
o(0) < f (e =gy g f ma(y)edy,

[aﬁ(r)e‘f“‘” L2
€ 1-

-0
foranyt e R..

Lemma 4.3. Letm € ‘pr (R, X) for some T € R. Then, for every € > 0,

1
f m(y)e " dy < c(ellmllzr e x),

where c(€) = l_i,f.

Lemma4.4. ([34]) Let g € C(R")NL'(R") be a non-negative function, such that g(s) = 0 whenever
g(s9) = 0and s > s, for some sy € R*. Let By, B, B| be three Banach spaces, such that By and B,
are reflexive and

By — B — B;

the first injection being compact. Let N C Lﬁ(R*, B) satisfy the following hypotheses:
(i) N is bounded in L;(RJ’, By) N H;,(RJ', B))

(ii) su}}\)(llfll(e_tw, nollz < h(s), ¥ s €R* for some h e Ly(R").
n'e

Then N is relatively compact in LE(RJ', B).

4.2 A priori estimates

Now, we first prove the existence of random absorbing sets for the RDS @, which is necessary
to establish the existence of random attractors. From now on, we always assume that D is the
collection of all tempered subsets of H with respect to (Q, 7, P, (8;),cr). The next lemma shows

that @ has a random absorbing set in H.

Lemma 4.5. Assume that (H1)—(H?2) hold. Then there exists a random absorbing set {K(w)},ecq €
D for ®inH, i.e., forany B = {B(w)}yeq € D and P — a.e. w € Q, there is T g(w) > 0 such that

O(t,60_,w)B(O_,w) C K(w), Yt =>Tp(w).

16



Proof. The process is similar to that of Lemma 3.3 with slight modifications. We only sketch it. We
first derive uniform estimates on ¢(t, w, o) = (V(t, W, Vo), ' (W, o)) = (u(t, w, uy)—z2(6,w), ' (w, Ny)),
from which the uniform estimates on ¢ = (u(t, w, uy), n'(w, no)) follow immediately.

Multiply (3.17) by e and integrate over [0, ] to obtain

!
ez, w, o)l + f e CIN(=D)2v(s, w, vo(w))IPd's
0

. 4.2)
< e Vo)l + ¢ fo (1 + BB,w))ds,
where
BOw) = 2O + @)} + (D) 26w < r(w),
and r(6,w) satisfies
rfw) < e%mr(w), teR.
Replacing w by 6_,;w in (4.2) yields
llp(t, 6w, po(0_w))ll, + fo t e N(=A) (s, 0w, vo(0-,w))IPds
< e llpo(0-w)lly, + ¢ f t (1 + B(0,-w))ds
0 (4.3)

0
< e_ﬂtllwo(e_tw)llé( + cf eﬂse_%sr(w)dr +c(l —e)

-t

< e lgo(w2, + @(1 _etyre

Note that (¢, w)Po(w) = P(t, w, Po(w)) = (V(t, W, uy—2z(w)) +z2(6,w), ' (w, 1y)). Consequently, from
(4.3), we have, for all r > 0,

1D(1, 6_,w)o(0-w)Il3

= |v(t, 60w, ug(6_,w) = 2(6-,w)) + ZW)II* + Il (6w, o (-w))I3;

< 2/v(t, 0w, uo(0-,w) = (8-, + 2/ @)I* + 17 (0w, 7o(0-w))Il3;

< 2e™Y(|luo(0-,w) — 26 )I” + Ino(B-w)Il3) + cr(w) + ¢ + 2lz(W)IF

< 4 (lluo(0-w)I* + lI70(0-w)lly; + 12(0-w)I*) + cr(w) + ¢ + 2llz(w)I

= de " (llpo(O_)Il3, + IO W)II*) + cr(w) + ¢ + 2llz(W)II*.

4.4)

Since ¢o(6_,w) € B(O_,w)(€ D) and ||z(w)|* is tempered, there exists T z(w) > 0, such that for all
t > Tp(w),

4e™"(lgo(0_w)ll, + l1z(O—)IIP) < cr(w) + ¢,
which along with (4.4) shows that, for all 1 > T 3(w),
D2, 6-,w)do(0-w)ll5, < c(1 + F(w) + [ZW)I*) = Ro(w). 4.5)
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Given w € €, denote by

K(w) ={p € H : llg(t,0_0, po(@-w)lly, < Ro(w)} .

It is obviously that {K(w)}.cq € D. Further, (4.5) indicates that {K(w)},cq 1S a random absorbing
set for @ in H, which completes the proof. O

We next derive uniform estimates for u in H*(O).
Lemma 4.6. Assume that (H1) — (H2) hold. Let B = {B(w)}yecq € D. Then there exists Trp(w) >
T p(w), such that for all t > Trp(w) and P — a.e. w € Q, it follows

t+1
f e SIN(=A) 2 uls, 01w, up(0_,_ w))|Pds < cRy(w),
t

where Ry(w) is defined as in Lemma 4.5.

Proof. By a similar procedure as it was done in Lemma 4.3 in [3], we can obtain

t+1
f I(=A)2v(s, 6_,_ 1w, vo(B_r_1)IPds < c(1 + r(w)).
t
On the other hand,

I(=A)Zu(s, 610, up(_ 1 ))I* = I(=A)2v(s, 0__ 1w, vo(O__1w)) + (=A) 2 2(0,_ )|

a a (4'6)
< 2/l(=A)2v(s, 6w, vo(O_ )|I* + 2/I(=A)2z(0,_,_ w)||* for all £ > 0.

Integrating inequality (4.6) with respect to s over [0, 7], one can check that there exists 75(w) >
T5(w), such that for all ¢ > T»p(w) we have

+1
f I=A)2u(s, 010, up(0- 1 w)IPds < c(1 + r(w) + @),
t
The proof is therefore completed. O

In order to show the existence of random attractor for @ associated with the problem (1.1)-

(1.3), we need to prove the existence of compact measurable attracting set of ©.

4.3 Asymptotic compactness

In this subsection, our main purpose is to obtain a random compact attracting set of ®. To
this end, we decompose the solution of (3.4) into a sum of two parts: one decays exponentially
and the other is bounded in a “higher regular" space by using the method in [23], and obtain
some a priori estimates for the solutions, which are the basis to construct a compact measurable
attracting set for ®@. More precisely, we split the solution ¢ to (3.4) as the sum ¢ = ¢; + ¢y, where

YL = QDL(t’ w, ()00) = (VL9 ntL) and YN = QDN(t’ w, QDO) = (VNa 775\/) SatiSfy’ reSpeCtiVCly,

{ 5z90L =Ly,

4.7)
QOL(Z’ w, CPO) = (POL(U)) = (V()’ n0)7 s = 0’

18



and

{ dipw = Lew + F(p, 6y0), “s)
en(t, w,p9) =(0,0), s>0.
First we have to show that ¢; has an exponential decay, that is,
llpL(t, 61w, @or(O- )7, < e llpo(0-w)ll3;, ¥ @o(0-w) € H. (4.9)
It is apparent that the solution ¢;, to (4.7) fulfills the estimates (4.3) with ¢ = 0, namely,
llpL(2, 61w, @or(O-))llz; < e llgor(@-w)llz; = e ligo(B- )3, (4.10)
Note that ¢; = ¢;, we have
6.2, 61, Bor(B-))llz; < e ligo (6l (4.11)
Since
16w (1, 6-1, )3, < 21¢(t, -1, (@), + 208, 0-1, Por(B-w))lz,
we also have
llgn (2, 6, 0)lI3; < 10e™llgo(6_w)llz, + c(1 + r(w)). (4.12)

For further reference, we denote by 77 (w, 170) the second component of the solution ¢y to (4.7) at
time ¢ with initial time O and initial value ¢(0, w, #9) = ¢o(w). Observe that ), can be computed
explicitly from the second component of (4.8) and the zero boundary data as follows:

fos un(t—rydr, 0<s<t,

4.13
fot un(t—rydr, s>t. ( )

nﬁv(w, 770) = {

Our goal is to build a compact attracting set for the random dynamical system ®.

Lemma 4.7. Assume that (HI)-(H2) hold, a € [%, 1)and p € [2,1 + ﬁ). Then there exists
Ts3p(w) > Trp(w), such that for all t > Tsp(w) and P-a.e. w € Q, it follows

1 _
g (t, 6-.w, 0I5, + > f (=N vy(s, 0w, 0)Pds < Ry(w),

0
where Ry(w) := ¢ (1+ C() (RA(w) + Ro(w) + r(w) + 1)).
Proof. First we take the inner product of the first part of (4.8) with (=A)?vy in L*(O) to deduce

1d . o0
EEII(—A)WII2 = —[I(-A)vxll* - f g(s) f (=M1l - (—A)*vydxds
0 0 4.14)

+ f(k — f(u) = (=AN)"z+2) - (=A)*vydx.
0
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Using (H2), Lemma 4.1 and Young’s inequality, we obtain

1
- ff(u)(—A)“dex < gll(—A)(’vNII2 + Il + w1
0
1 -
< SI=A) vl + e + cllullyy
1 (4.15)
< gll(—A)“vNII2 + c + cll(=A)Fulllul| "
l —A) 2 1 —A 5112 1 2
< A I+ e+ el +I=A)2ul DA + [lul[),
-2
where { = %(frl).
On the other hand, by Young’s inequality, we have
3
f (k(x) = (=A)"2) - (=A)"vydx < gll(—A)”VNII2 +c(1+ I=A)"2lP),
0
a A4 g o 1 212
2 (A vydx < ll(=A) 2 vull” + A—II(—A)ZZII :
0 1
By the precedent inequalities,
1—II( —A) 3wyl = ﬁll(—A)%v [ lll(—A)“v [ foo g(s) f(—A)“n’ - (=A)'vydxds
2ar T B o o T @ae)

+ (1 +I(=A)ZulP)(L + [Jull®) + c(1 + [I(=A) 22> + [I(=A)z|*).

Taking now the inner product of the second part of (4.8) with (—A)zanj\,, and thanks to similar
computations as above,

1 d 00 00
Ezll(—A)z"n’Nllﬂl :_f g(S)ané (—A)* thdS+f g(S)fV'(—A)zw vdxds
t 0 o)

+ f g(s) f 7 (=N)*nlydxds

5
S—Zf gI(=A)"ny IIZdS—f g(S)fO(—A)”V~Anivdde+Cll(—A)“z||2-
0 0
4.17)
Adding (4.16) and (4.17),

d 0 N o
—llenlly + SIA I, + 1A vl
/l a a
< 71||(—A)2VN||2 + cp(Bw) + c(1 + (=) 2ul)(A + [|ul®) + ¢,

Using Gagliardo-Nirenberg’s inequality,
e 1 "
AlI=2) 2wyl < SI=4) vl + cllvwlP.
Taking A = min{%, g}, by the previous inequalities we have
ill 115, + Allenll3, + lll(—A)“ I? < ep(Biw) + c(1 + I(=D)2ulP)(A +lul®) + clvylP + ¢, (4.18)
el onlly + 5 vnll” < ep(Bw) + ¢ u u cllvy c, (4.
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where p(6,w) = (1 + [[(=A)2z(6w)II* + [(=A)*z(Bw)[I).
On the one hand, Lemma 4.5 and Lemma 4.6 ensure that there exists T3z(w) > T>p(w) such
that for all t > Tsp(w),

r+1
f (1 +1(=A)Tu(s, 05— -1, ug(O-r—1 NI + [lu(S, -1, up(B—— 1 w))|P)ds
t t+1 t+1
+ f Va (s, Os—r-10, vo(O-—1w))IPds + f PO 1w)ds
t t
< cRé(a)) + cRy(w) + cr(w) + c.

Then, by Lemma 4.2 and Lemma 4.3 we can prove that for all # > T55(w),

L (.
||¢N(t,9-,w,0)||%/+§f e CON=A) vn(s, 01w, 0)lPds
0

< (1 +C) (R(w) + Ro(w) + r(w) + 1)) := Ry(w),
as claimed. m|

Remark 4.8. Notice that, unlike the previous results, we are imposing now some restrictions on

3.2
2a N p-1

belong to the interval (0, 1), and this implies that, for a given a € [%, 1), p has to belong to the

the values of a and p in Lemma 4.7. Indeed, the constant { = ), appearing in (4.15), must
interval [2,1+ ﬁ) (see Figure 1 below). We would like to emphasize that the statement in Lemma
4.7 also holds true for a € (0, %), but as we will need to impose a € [%, 1) in Lemma 4.10 to ensure

asymptotic compactness of our random dynamical system, we prefer to state it in this way.

4.1

0.8

0.6

(5/2,112)

0.4

0.2

0.0

20 25 3.0 35 4.0

Figure 1: @ > f(p) = %(1 - ﬁ)
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Remark 4.9. [6] obtained pullback attractor for random dynamical systems associated to (1.1)
with @ = 1 and p > 1, while [9] investigated the deterministic version of (1.1) (i.e. h(x) = 0) with
a = 1 dealing with global attractors for the whole range p < 4. And in [27], authors considered
(1.1) with u = 0 in the whole space R", they assume that p > 1 and a € [%, 1) hold, and proved

random attractor in L>(R™).
We now are in the position to finalize the proof of the existence of a random attractor.

Lemma 4.10. Assume that (H1) — (H2) hold, « € [, 1) and p € [2,1 + $3-). Denote by

N = U U U My(6-w, no),
noeK(0-1w) t>2T3p(w) WeQ
where {K(w)}oeq is defined in Lemma 4.5 and Tsg(w) is defined in Lemma 4.7.
Then N is relatively compact in L;(R*, H*(0)).

Proof. It is clear from Lemma 4.7 that N is bounded in Ly(R*, H**(0)). Let 7y, € N. The

derivative of (4.13) yields
0 un(t—3s), 0<s<t,

S 4.19
6an {0, s>t ( )

Thus

2 t t
ds = f g()llun(t — s)|Pds = f g(t — $)llun(s)lIPds
0 0 (4.20)

!
< g(0) f e uy(s)|*ds < oo.
0

f g(s)
0

_ 2
aan

We then conclude that N is bounded in L2(R*, H**(0)) N Hy(R*, L*(0)). Moreover, we can verify
that, for every ' € N,

2
sup [IVof'||* =
n'eN,s>0

s+ [T IVuy(r)lPdr, 0<s<t,
s - fOtIIVuN(r)Ilzdr, s>t

By the embedding H**(O) — H,(O), we find that

A
sup [[VA|I> < se - f (=AY un(MPdr := h(s), t > 0.
0

n'eN,s=>0

Consequently, from Lemma 4.7 and the relation u = v + z, it is obvious that

00 00 !
f gV (s)IPds < f sg(s)e*ds f e TIN(=D) uy(DIPdr < oo,
0 0 0

which shows that N C Lg(R*, H®(0)) is a bounded set and A(s) € L;,(R*). Using Lemma 4.4, the

proof can be completed immediately. O

Now we restate our main result about existence of random attractor for the RDS :
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Theorem 4.11. Assume that (H1) — (H2) hold, a € [%, 1)and p € (2,1 + ﬁ). Then for every
w € Q, the random dynamical system © associated with Eq. (1.1) possesses a compact random
attracting set K(w) c H and possesses a random attractor A = {A(w)}wea With A(w) = K(w) N
K(w), where K = {K(w)}ueq is defined in Lemma 4.5.

Proof. Let By(w) be the closed ball in V = H*(O) x L;(R*; H**(0)) of radius R;(w). Setting
K(w) = By(w) X N with N is the closure of N, which is defined in Lemma 4.10. Since H*(O) —
L*(0) is compact and N is compact in Ly(R*; H*(0)). Thus, K(w) is compact in H with H =
L*(0) x Lﬁ(R*; H*(0)). Now we show the following attracting property of K(w) holds for every
B = {B(w)}ueq € D, i.e.,

lim disty ((I)(t, 0_,w)B(6_,w), k(w)) =0. 4.21)
t—+00
By Lemma 4.5, there exits t* = t*(B) > 0 such that

d(t,0_,w)B(O_,w) C K(w), Yt>1, (4.22)

where K = {K(w)},eq 1s the absorbing set for ® in H.
Setting t = 7+ t* + t; > 0, and using the cocycle properties, we deduce that

@(t, e_ta))B(Q_,a)) = @(Z - t* - t] s 9[*+[1 e_ta)) o (D(t* + t], H_IQJ)B(H_[CL))

_ (4.23)
C O, 6_w)K(w).

Pick any ¢(, 0_,w, ¢o(0-,w)) € O(t,0_,w)B(O_,w) for t > t* +t; > 0. Applying now Lemma 4.7
with T53p(w) = t* + t; implies

I(=A)uylP < llgwlls, < cRi(w) + I(=D) 5 z(W)IP).
It is then clear that ¢y = (uy,77y) € K(w). Therefore, from (4.11),
mifgw) 16(t) = millge < lpellge < € GOz, ¥ 1> +1y.
We conclude that

disty; ((1,60w)B(6-1w), K(w)) < & ¥lIgo(@- )l — 0, as 1 — +oo.

The proof follows immediately from Proposition 2.8. O

5 Hausdorff dimension

In this section, we prove that the random attractor A(w), whose existence has been proved in

Section 4, has finite Hausdorff dimension. To this end, we need the following condition on f:
|f”(u)| < By, for some B; > 0. 5.1
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Set O(w) = O(1, w) and consider the following first variant equation of equation (2.6),

dw

;;:LW+FUVQMW, (5.2)
with
W(x, 1) = Wo(x, 1) = h, t <0, (5.3)
F (W,0,0)W = (—f w)U(1),0) (5.4)
and .
LW:G+AVU—j‘g®&m%bM&U—%L (5.5)
0

where W = (U(z), V(¢)) with U(z), V(¢) are the derivative of u(¢), ' of problem (2.6), respectively.

Lemma 5.1. Assume that (H1) — (H2) hold, a € [%, Doand p € [2,1+ =), and (5.1) is fulfilled.

3-2a
Then the mapping ®(w) is almost surely uniformly differentiable on A(w): P-a.e. w € Q, for every

w € A(w), there exists a bounded linear operator D®(w, w) such that if w and w + h are in A(w),
there holds

ID(W)(w + 1) = D(w)(w) = DD(w, wihllx < k(w)lIAlly",

where p > 0 and k(w) is a random variable such that
k(w) = 1, E(Ink) < oo, w e Q.
Moreover, for any w € A(w), DO(w, w)h = W(1), where W(t) is the solution of Eq.(5.2).

Proof. Let w = (u(t),n'), w = (u(t),7') be solutions to Eq.(2.6) with initial data w(0) = wy,
w(0) = wy and wy — wy = h. Then Y = w — w satisfies the following problem

dY
i LY + Fw, 6,w) — F(W, 6,w) (5.6)

with F(w, B,w) — F(W, 6,w) = (f(t) — f(u),0) and Yy = wy — wy = h.
Taking the inner product of (5.6) with Y in H, we obtain

d
EIIYH%{ = 2(LY, Y)3 + 2(F(W, B,w) — F(W, O,w), Y)g. (5.7

Notice that
2(F(w, 0w) — F(W, 6,w), Y)gr = 2(f () — f(u), u — i)
= =2(f"(u)(u — @t), u — it)

< 2a;3)lu — il 68
< 2a3|Y1[3,.
and -
2ALY, Y)p = =2M(=A) (u — w)|* + fo g @A) —7)lds < 0. (5.9)
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Then, it follows from (5.7)-(5.9) that
d o 2
EIIYH,H < 2as| Y|y, (5.10)

By Gronwall’s lemma, we obtain

1Y, w, Yol < €I, YO<t<1. (5.11)
Now, set Z = Y — W, then
dz
i LZ + F'(w,0,w)Z + Hw,w) (5.12)
with
Z(x,t) =Zo(x,1) =0, t<0, (5.13)

where Z = u—au-Un -7 -V), FW,0w)Z = (—f'(w)(u — u — U),0), while Hw,w) =

(f' @) = i) = f(u) + f(@),0).
Take the inner product of (5.12) with Z in H to get

%HZH%{ =2LZ,Z)y + 2(F' (W, 0,w)Z, Z)gy + 2(H(W, W), Z) 4. (5.14)

Note that
2ALZ Z)n = =2M(=A)% (u— it — U)|[3, + fo gD -7 - Vs <0, (5.15)
2(F' (W, 0,w)Z, Z)3¢ < 2a3llu — it — U|I* < 2a5]|Z]17,, (5.16)

and from (5.1) and Taylor’s series, we derive

2(HwW, W), 2y = 2(f" w)(u — &)’ u — it = U)

(5.17)
<cillu—all* +cllu— - UIP < eillu—all* + cllZIl,.
It follows from (5.14)-(5.17) that
d
EIIZIIZ < oollZll, + eillu — all*. (5.18)
Therefore, by Gronwall’s lemma, we find
!
12115, < cle”’f llu(s) — a(s)li*ds, (5.19)
0
which together with (5.11) gives that
IZ(W)llge < Cr(w)lAlly” (5.20)

7_{ 2

where Ci(w) = / %(64"3 —1)and p = 1. Choose k(w) = max{C,(w), 1}. Hence, we obtain
E(Ink) < co.
Therefore, ®(w) is almost surely uniform differentiable on A(w). Furthermore, the differential

of ®(w) at w is DO®(w, w). The proof is completed. O
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Next, we check condition (iii) of Proposition 2.9. In fact, taking the inner product of (5.2)
with W in H and performing analogous calculations to those leading to (5.20), we obtain

WD, < 2 NIWoll3, (5.21)
Since a(D®(w, w)) is equal to the norm of D®(w, w) € L(H), we choose
a;(w) = max {e"”g, 1}.
Then one has
@ (DD(w, W) < a1(w),
and
E(lInay) < co.

Theorem 5.2. Assume that (H1)— (H2) hold, a € [%, and p € [2,1+ ﬁ), and (5.1) is fulfilled.

Then the random attractor A(w) has finite Hausdorff dimension.

Proof. Now, we only need to verify condition (i1) of Proposition 2.9.
To this end, let W = (U, V) be a unitary vector belonging to the domain of L+ F’'(W, 6,w) with
F'(W,0,w)W = (=f'(u)U,0). Then

(L+FW.00)W, v‘v)(H = (LW, W)y — (F (U, U)p2. (5.22)

By means of direct calculations

~ ~ (3 6
(LW, W)y < (=MD U|* - Euvn@, (5.23)
and
~(f' WU, U)p < as||U|I. (5.24)
Thus,
- o~ a 1)
(@ +F W, 00)W, W), <-I(-0):UIP - 5||V||i4 + a3 || U (5.25)

Therefore, we conclude that L + F'(W,60,w) < A, where A is the diagonal operator acting on
L*(0)® L;(R*, H*(0)) defined by

—(=A)* + a3l 0
0 —5(-Ay
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From the definition of 7'r,, (Definition 2.7), it is clear that Tr,,(L + F'(W, 6,w)) < Tr,,(A). Since A
is diagonal, it is easy to see that

Tra(4) = sup Z(AW,, W),
j=1
where the supremum is taken over the projections Q of the form Q; ® Q,. This amounts to consider
vectors Wj where only one of the two components is non-zero (and in fact of norm one in its space).
Choose then m > max{f;,,} > 0, and let n;, n, be the numbers of vectors VV]- of the form (U, 0)
and (0, V), respectively. Using Sobolev-Lieb-Thirring’s inequality, we have

Tru(A) < —BlOI"n*™ + ny — ﬁ|0|“n;+” + gnz + a3y, (5.26)
and from [13] we can deduce that
Wn(DP(w, w)) < exp {—,81 01" * + (1 + az)n; — ﬂlOl“ e 4 jnz}
Denote
Wy(w) = exp{—ﬁ] 01 n** + (1 + az)ny — ﬂ|0|a e gnz}
On the other hand, (5.26) gives that
< —BIOFA + (1 -+ asm — L2i0PR + S

2

Since as m goes to infinity either n; or n, (or both) goes to infinity, it is clear that there exists my
such that g, < 0. Then we have w,,,(D®(w,w)) < w,,(w) and E(In w,,) < 0. Thus the desired
conclusion follows from Proposition 2.9.
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